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THE EXISTENCE OF HORIZONS IN AN ASYMPTOTICALLY
FLAT 3-MANIFOLD

Yu Yan

Abstract. In this paper we study the type of asymptotically flat manifolds of the
form (S3 \ {P}, G4g), where G is a Green’s function of the conformal Laplacian
of (S3, g) at P . We give a sufficient condition on the background metric g which
guarantees the existence of a minimal surface in (S3 \ {P}, G4g).

1. Introduction

In general relativity a spacetime is a 4 dimensional manifold with a Lorentz
metric g which satisfies the Einstein’s equation

G := Ric(g) − 1
2
R(g) · g = T(1)

where Ric(g) and R(g) are the Ricci curvature tensor and the scalar curvature of
g, respectively, T is the energy-momentum tensor, and G is called the Einstein
curvature tensor. Let (M, g) be a spacetime, an initial data set is a 3 dimensional
manifold N which is a spacelike time slice of M , with a positive definite metric
gij , a symmetric tensor pij (second fundamental form of N in M), a local mass
density µ, and a local current density J i. The constraint equations which deter-
mine whether N is a spacelike hypersurface in (M, g) with second fundamental
form pij are given by

µ =
1
2


R − Tr p +

(∑
i

pi
i

)2



J i =
∑

j

Dj

(
pij −

(∑
k

pk
k

)
gij

)
.

(2)

We assume that µ and J i obey the dominant energy condition

µ ≥
(∑

i

J iJi

) 1
2

(3)
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A very interesting question in the study of general relativity is the existence of
black holes, which are the regions where gravitation is so strong that no particle
or light entering that region can escape from it. We would like to determine
the existence and location of a black hole, and since sometimes we only have
the information about an initial data set of a spacetime, it would be useful if
such criteria don’t require the knowledge of the global time development of the
spacetime. One well-known such a criterion was given by Hawking and Penrose
which states that under some physical assumptions, the apparent horizon must
lie in a black hole, where an apparent horizon is a 2-sphere Σ in the initial data
set whose mean curvature H satisfies H = TrΣ p.

There are some interesting results on the existence of apparent horizons. For
example, R. Schoen and S.T. Yau [7] obtained an existence theorem under the
assumption of large mass density for mass fields by studying Jang’s equation∑

i,j

(
pij − DiDjf

(1 + |�f |2) 1
2

) (
gij − DifDjf

1 + |�f |2
)

= 0.

Later also from Jang’s equation Eardley [2] proved another existence result when
the area-to-volume ratio in some region is sufficiently small.

We look at the simplified case in which the spacetime is vacuum (T = 0)
and the initial data set (N, gij , pij) is totally geodesic in the spacetime, i.e., it
satisfies p = 0. Under these assumptions, since µ = T00 = 0, we know from (2)
that the scalar curvature R(g) of N is 0. The apparent horizon equation now
becomes H = 0, i.e, an apparent horizon is just a minimal surface in N .

We also assume that the initial data set is asymptotically flat, which is defined
as the following:

Definition 1.1. (Mn, g) is said to be asymptotically flat if there is a compact
set K ⊂ M and a diffeomorphism Φ : M − K → Rn − {|x| < 1} such that, in
the coordinate chart defined by Φ,

g =
∑
ij

gij(x)dxidxj

where

gij(x) = δij + O(|x|−p)

|x||gij,k(x)| + |x|2|gij,kl(x)| = O(|x|−p)

|R(g)| = O(|x|−q)

for some p > n−2
2 and some q > n, where we have used commas to denote partial

derivatives in the coordinate chart, and R(g) is the scalar curvature of (Mn, g).

We can construct a scalar flat and asymptotically flat manifold by conformally
deforming the metric on a compact manifold using the Green’s function:
Let (M, g) be a 3-dimensional compact manifold with positive scalar curvature
R(g) > 0. Choose a point P ∈ M , since R(g) > 0 the Green’s function G of the
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conformal Laplacian 8∆g − R(g) at P exists. Then G4g is a metric defined on
M \ {P} and conformal to g.

On M \ {P}, R(G4g) = −G− n+2
n−2

(
8∆gG − R(g)G

)
= 0, so the manifold (M \

{P}, G4g) is scalar flat.

By direct calculation it can also be shown that (M \ {P}, G4g) is an asymptot-
ically flat manifold.

The case we are interested in is M = S3. For manifolds not homeomorphic
to S3, there must be a stable minimal surface on M for topological reasons, so
the problem of finding minimal surfaces on (M \ {P}, G4g) is less interesting.

We make the following assumptions on (S3, g): the diameter of (S3, g) ≤ D,
the total volume of (S3, g) = VT ≥ V and the Ricci curvature has a (possibly
negative) lower bound Ric(g) ≥ µ.

The main result in this paper is:

Theorem 1.2. For any r > 3
2 , there exists 0 < δ = δ (V, D, µ, r) ≤ 1 such that

if ‖R(g)‖Lr(S3) < δ and R(g) > 0, then the asymptotically flat manifold (S3 \
{P}, G4g) contains a horizon, where G is the Green’s function of the conformal
Laplacian 8
g − R(g) at P .

There do exist metrics which satisfy the conditions in this existence theorem.
By a theorem of Kazdan and Warner [3] there exists a negative scalar curvature
metric on any compact Riemannian manifold. Then we can construct a contin-
uous path of metrics from a negative scalar curvature metric on S3 which has
negative Yamabe invariant to one with positive Yamabe invariant. Since the
Yamabe invariant changes continuously, we can find a metric on the path such
that its Yamabe invariant is 0. Then there exists a metric g conformal to that
metric with R(g) = 0, we can assume g has total volume 1, i.e.

∫
M

dvg = 1.
We claim that there exists a sequence of metrics {gi} such that R(gi) > 0 and
gi → g. Then gi has uniform lower and upper volume bounds, upper diameter
bound and lower Ricci bound, and since R(gi) → R(g) = 0, gi will satisfy the
condition in the theorem for sufficiently large i. To prove the claim, consider
the family of metrics ḡt = g + t Ric(g). It can be conformally deformed to a
continuous family of metrics gt = u4

t ḡt of constant scalar curvature and total
volume 1. By this definition g0 = ḡ0 = g. Suppose R(gt) ≤ 0 for all t near 0,



222 YU YAN

then d
dt

∣∣
t=0

∫
M

R(gt)dvgt
= 0. By an argument similar to that in [8],

0 =
d

dt

∣∣∣∣
t=0

∫
M

R(gt)dvgt

= −
∫

M

〈
∂gt

∂t
, Ric(gt) − 1

2
R(gt)gt

〉
gt

dvgt

∣∣∣∣
t=0

= −
∫

M

〈
4u3

t

∂ut

∂t
ḡt + u4

t

∂ḡt

∂t
, Ric(gt) − 1

2
R(gt)gt

〉
gt

dvgt

∣∣∣∣
t=0

= −
∫

M

〈
4
∂ut

∂t

∣∣∣∣
t=0

g + Ric(g) , Ric(g)
〉

g

dvg

= −
∫

M

〈Ric(g) , Ric(g)〉g dvg

since 〈g,Ric(g)〉 = R(g) = 0. This then implies that g is Ricci flat and hence flat
since the dimension of the manifold is 3. This is a contradiction, so the claim is
true.

2. Two Technical Lemmas

The proof of Theorem 1.2 needs to use two technical lemmas, which are rather
general. They can be applied to any manifold (Mn, g) as long as for BR ⊂ Mn

with R appropriately small, we have

• Sobolev Inequality: there exists a constant C1, such that(∫
BR

|f | n
n−1 dvg

)n−1
n

≤ C1

∫
BR

|�f |dvg

for any f ∈ C1(BR) with f = 0 on ∂BR.
• Weak Poincaré Inequality: there exist C2 and θ1 ∈ (0, 1] such that for any

R > 0 with BR compact in M,

inf
β∈R

∫
Bθ1R

|f − β|2dvg ≤ C2R
2

∫
BR

|�f |2dvg

for any f ∈ C1(BR).
• Upper Volume Bound: there exists a constant C3, such that for any R > 0,

Vol(BR) ≤ C3R
3.

Lemma 2.1. If u > 0 is a supersolution of the equation 
u − fu = h on a
geodesic ball BR and f, h ∈ Lr(BR) for some r > n

2 , then there exists p0 > 0
such that for any 0 < p < p0 and 0 < θ ≤ θ1, u satisfies

inf
BθR

u + R2−n
r ‖h‖Lr(BR) > C

(
R−n

∫
BR

updvg

)1/p
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where C depends on C1, C2, C3, n, θ, p, r, R and the upper bound on
∫

BR
|f |rdvg;

p0 depends on C1, C2, C3, n, θ, r, R and the upper bound on
∫

BR
|f |rdvg.

Proof. Let δ = R2−n
r ‖h‖Lr(BR). Choose a C2(R+) function φ satisfying the

following conditions:


φ(t) = t + δ for t ≥ δ

φ
′′
(t) ≤ 0

φ(t) ≥ δ
2 for all t ∈ R+

|φ′
(t)| < C4 (fixed constant independent of δ)

By this choice t < φ(t) ≤ t + δ for all t ≥ 0.
For any ξ ∈ C1

c (BR), ξ ≥ 0, by the definition of supersolutions we have∫
BR

[
�u · �(

ξφ
′
(u)

)
+ fu

(
ξφ

′
(u)

)
+ h

(
ξφ

′
(u)

)]
dvg ≥ 0.

Since φ
′′
(u) ≤ 0, this implies

∫
BR

[
�

(
φ(u)

) · �ξ +

(
fuφ

′
(u)

φ(u)
+

hφ
′
(u)

φ(u)

)
φ(u) ξ

]
dvg ≥ 0.

By the choice of φ,∣∣∣∣fuφ
′
(u)

φ(u)

∣∣∣∣ < |C4f | and
∣∣∣∣hφ

′
(u)

φ(u)

∣∣∣∣ ≤
∣∣∣∣2C4h

δ

∣∣∣∣.
Define F = C4|f |+ 2C4|h|

δ , then φ(u) is a supersolution of 
−F = 0. The stan-
dard elliptic theory implies that there exists p0 > 0 which depends on C1, C2, C3

and the upper bound on R2r−n
∫

BR
|F |rdvg, such that for all 0 < p ≤ p0

inf
BθR

φ(u) ≥ C

(
R−n

∫
BR

φ(u)pdvg

) 1
p

for any θ ≤ θ1(4)

where C is positive and depends on n, θ, p, r, R, C1, C2, C3 and the upper bound
on R2r−n

∫
BR

|F |rdvg. Note that

R2r−n

∫
BR

|F |rdvg = R2r−n

∫
BR

(
C4|f | + 2C4|h|

δ

)r

dvg

≤ 2r−1Cr
4

(
R2r−n

∫
BR

|f |rdvg + 2r

)
(by the definition of δ)

So C depends on n, θ, p, r, R, C1, C2, C3 and the upper bound on
∫

BR
|f |rdvg;

p0 depends on n, θ, r, R, C1, C2, C3 and the upper bound on
∫

BR
|f |rdvg.

Since u < φ(u) < u + δ, by (4)

inf
BθR

u + δ > C

(
R−n

∫
BR

updvg

) 1
p

(5)
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Lemma 2.2. If u > 0 is a subsolution of the equation 
u−fu = h on a geodesic
ball BR and f, h ∈ Lr(BR) for some r > n

2 , then for any p > 0 and 0 < θ < 1,
u satisfies

sup
BθR

u < C

(
R2−n

r ‖h‖Lr(BR) +
(

R−n

∫
BR

updvg

)1/p
)

where the constant C depends on C1, C3, n, θ, p, r, R and the upper bound on∫
BR

|f |rdvg.

Proof. The proof is very similar to that of Lemma 2.1. Let δ = R2−n
r ‖h‖Lr(BR).

This time we choose φ(t) ∈ C2(R+) which satisfies


φ(t) = t for t ≥ δ

φ
′′
(t) ≥ 0

φ(t) ≥ δ
2 = φ(0)

Note that by this choice φ
′
(t) ≤ 1, φ(t) > 0 and t ≤ φ(t) ≤ t + δ

2 for all t ≥ 0.
For any 0 ≤ ξ ∈ C1

c (BR), by the definition of subsolutions we have∫
BR

[
�u · �(

ξφ
′
(u)

)
+ fu

(
ξφ

′
(u)

)
+ h

(
ξφ

′
(u)

)]
dvg ≤ 0.

So

∫
BR

[
�

(
φ(u)

) · �ξ +

(
fuφ

′
(u)

φ(u)
+

hφ
′
(u)

φ(u)

)
φ(u)ξ

]
dvg ≤ 0,

since φ
′′
(u) ≥ 0.

By the choice of φ,
∣∣∣∣fuφ

′
(u)

φ(u)

∣∣∣∣ ≤ |f | and
∣∣∣∣hφ

′
(u)

φ(u)

∣∣∣∣ ≤
∣∣∣∣2h

δ

∣∣∣∣.
Define F = |f | + 2|h|

δ , then∫
BR

[
�

(
φ(u)

) · �ξ − Fφ(u)ξ
]
dvg ≤ 0,

i.e. φ(u) is a subsolution of 
 + F = 0. The standard elliptic theory implies
that for any p > 0, there exists a constant C ′ which depends on C1, n, θ, p and
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the upper bound on R2r−n
∫

BR
|F |rdvg, such that

sup
BθR

u ≤ sup
BθR

φ(u)

≤ C ′
(

R−n

∫
BR

φ(u)pdvg

) 1
p

≤ C ′
(

R−n

∫
BR

(
δ

2
+ u

)p

dvg

) 1
p

≤ C

(
δ +

(
R−n

∫
BR

updvg

) 1
p

)

= C

(
R2−n

r ‖h‖Lr(BR) +
(

R−n

∫
BR

updvg

) 1
p

)

where C depends on C3, r and C ′. Same argument as that in the proof of Lemma
2.1 shows that

R2r−n

∫
BR

|F |rdvg ≤ 2r−1

(
R2r−n

∫
BR

|f |rdvg + 2r

)
.

So C depends on C1, C3, n, θ, p, r, R and the upper bound on
∫

BR
|f |rdvg.

3. Proof of the Existence Theorem

We first give the idea of the proof. By a Harnack inequality type estimate,
when ‖R(g)‖Lr(S3) is small enough, we can get good control of the Green’s
function G. Then since (S3, g) is convex near P , using the isoperimetric surfaces
it can be shown that in at least a small region of the compact component of
(S3 \ {P}, G4g), there is a surface on which the mean curvature points toward
the asymptotically flat end. On the other hand, in the asymptotically flat end,
we can always find a surface whose mean curvature points toward the compact
component. Then by the standard existence theory in geometric measure theory
there must be a minimal surface in between.

Proof of Theorem 1.2. Since we have the lower bound µ on the Ricci curvature
and S3 is compact hence complete, we have the following Poincaré inequality [5]

inf
β∈R

∫
B R

2

|f − β|2 ≤ C2(µ)R2

∫
BR

|�f |2(6)

for any f ∈ W 2
1 (BR).

By the Bishop comparison theorem we also have the upper volume bound

Vol(BR, g) ≤ V (µ, R) ≤ C3(µ, D)R3 for R ≤ D(7)

where V (µ, R) is the volume of the geodesic ball with radius R in the manifold
of constant curvature µ.
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By a theorem of C. Croke [1], the isoperimetric constant of S3

inf
Σ

Area(Σ, g)
min{Vol(M1, g),Vol(M2, g)} 2

3

(where Σ runs over all the hypersurfaces which divide S3 into M1 and M2) can
be bounded below by some constant C1 depending only on V, D and µ.

For BR ⊂ S3 with Vol(BR) < 1
2V ≤ 1

2VT ,

inf
Ω⊂BR,∂Ω∩∂BR=∅

Area(∂Ω, g)
Vol(Ω, g)

2
3

= inf
Ω⊂BR,∂Ω∩∂BR=∅

Area(∂Ω, g)
min{Vol(Ω, g),Vol(S3 \ Ω, g)} 2

3

≥ inf
Σ

Area(Σ, g)
min{Vol(M1, g),Vol(M2, g)} 2

3

≥ C1.

Because [4]

inf
f∈C1(BR),f=0 on ∂BR

∫
BR

|�f |dvg

(
∫

BR
|f | 32 dvg)

2
3
≥ inf

Ω⊂BR,∂Ω∩∂BR=∅
Area(∂Ω, g)
Vol(Ω, g)

2
3

,

on BR the Sobolev inequality holds:

C1

(∫
BR

|f | 32 dvg

) 2
3

≤
∫

BR

|�f |dvg(8)

for f ∈ C1(BR) with f = 0 on ∂BR, and C1 = C1(V, D, µ).
Therefore we can use Lemmas 2.1 and 2.2. in the proof.
We choose ρ small to satisfy

Vol
(
Bρ(P ), g

)
<

V

2
≤ VT

2
(9)

and

Area
(
∂Bρ(P ), g

)
< (1 + ε)−10I(S3)

(
V

2

)
≤ (1 + ε)−10I(S3)

(
VT

2

)
(10)

where ε > 0 is some fixed constant, and

I(S3)

= inf
{

Area(Σ)
min{Vol(M1),Vol(M2)} : Σ divides S3 into M1 and M2

}
.

S.T.Yau [10] showed that I(S3) can be bounded below by D, V, and µ. Note
that ρ only depends on D, V, µ and ε.
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After scaling we can assume G > 1 on S3\B ρ
2
(P ). We define the isoperimetric

function as

A(V )(11)

= inf
{

Area(∂Ω, G4g) : Ω ⊆ S3 \ B ρ
2
(P ) and Vol

(
(Ω, G4g)

)
= V

}
.

Lemma 3.1 below shows that there exists 0 < δ = δ(V, D, µ, r, ε) ≤ 1 such
that if ||R(g)||Lr(S3) < δ, then we can find appropriate 1 < G < 1 + ε on
S3 \ B ρ

2
(P ).

Because Vol
(
S3 \ B ρ

2
(P ), g

)
> VT

2 , we know Vol
(
S3 \ B ρ

2
(P ), G4g

)
> VT

2 .

By an existence theorem in geometric measure theory [6], there exists a surface
Σ1 ⊆ S3 \ B ρ

2
(P ) which realizes A(VT

2 ). That means A(VT

2 ) = Area(Σ1, G
4g)

and Vol(Σ1, G
4g) = VT

2 , where Vol(Σ1, G
4g) denotes the volume of the region in

S3 \ B ρ
2
(P ) with Σ1 as its boundary under metric G4g.

Then since G > 1,

A

(
VT

2

)
> Area(Σ1, g)

> I(S3) · min {Vol(Σ1, g), VT − Vol(Σ1, g)}(12)

Because 1 < G < 1 + ε on Σ1,

1
(1 + ε)6

VT

2
=

Vol(Σ1, G
4g)

(1 + ε)6
< Vol(Σ1, g)

and

Vol(Σ1, g) < Vol(Σ1, G
4g) =

VT

2
.

Then by (12)

A

(
VT

2

)
> I(S3) · Vol(Σ1, g) > I(S3) · 1

(1 + ε)6
VT

2
(13)

By the fact 1 < G < 1 + ε on S3 \ Bρ(P ), we also have

Area
(
∂Bρ(P ), G4g

)
< (1 + ε)4 Area

(
∂Bρ(P ), g

)
< (1 + ε)−6I(S3) ·

(
VT

2

)
( by (10) )

< A

(
VT

2

)
( by (13) )

Therefore by the definition of the isoperimetric function

A
(

Vol
(
S3 \ Bρ(P ), G4g

)) ≤ Area
(
∂Bρ(P ), G4g

)
< A

(
VT

2

)
.(14)
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Since

Vol
(
S3 \ Bρ(P ), G4g

)
> Vol

(
S3 \ Bρ(P ), g

)
>

VT

2
, ( by (9) )

and A(V ) is continuous, (13) implies that the function A(V ) attains its minimum
on the interval

[
VT

2 ,Vol(S3 \ Bρ(P ), G4g)
]

at V = Vb where VT

2 < Vb ≤ Vol(S3 \
Bρ(P ), G4g).

Let Σb = ∂Ωb be the surface which realizes A(Vb). Since (S3 \ {P}, G4g) is
almost Euclidean near P , we can find a surface Σ∞ outside of Σb whose mean
curvature points away from P , which means that the area will increase if we
deform the surface in the direction pointing at P .
Let U ⊂ S3 be the open subset bounded by Σ∞ and Σb. By the existence theory
in geometric measure theory there is a surface Σ ⊂ U such that

Area(Σ, G4g) = inf{Area(Σ′, G4g) :

Σ′ ⊂ U, ∂Σ′ = ∅ and Σ′ divides U into two parts }
We will show that Σ is a smooth minimal surface. First of all, because Σ is

area-minimizing inside U and Σ∞ is strictly convex, we know that Σ∩Σ∞ = ∅.
If also Σ∩Σb = ∅, then Σ is minimal since it is area-minimizing in U and doesn’t
touch the boundaries of U .
If Σ does contact Σb, then let P̃ ∈ Σ ∩ Σb and Bl(P̃ ) be a small ball centered
at P̃ of radius l under metric G4g. Let Γ =

(
∂Bl(P̃ )

) ∩ Σ, and let ΣΓ be the
surface bounded by Γ which minimizes area, i.e.,

Area(ΣΓ, G4g) = min
{

Area(Σ̂, G4g) : ∂Σ̂ = Γ
}

.

We claim that ΣΓ ⊆ U . Suppose this is not true, then ΣΓ ∩ Ωb �= ∅. Let
Σ̃ =

(
Σ \ Bl(P̃ )

) ∪ ΣΓ, then Σ̃ = ∂Ω̃ for some region Ω̃. By making the radius
l sufficiently small we have Vol(Ωb ∩ Ω̃, G4g) > VT

2 . Then since A(Vb) is the
minimum of the function A(V ) on

[
VT

2 , Vb

]
,

A
(
Vol(Ωb ∩ Ω̃, G4g)

)
> A(Vb) = Area(∂Ωb, G

4g).

By the definition of A(V ) this implies that

Area
(
∂(Ωb ∩ Ω̃), G4g

)
> Area(∂Ωb, G

4g).

This contradicts the minimizing property of ΣΓ, thus ΣΓ ⊆ U . Then since Σ is
area-minimizing inside U and ∂ΣΓ = Γ ⊂ Σ, we have ΣΓ ⊆ Σ. Then because we
also know Σ ∩ Σ∞ = ∅, Σ is a minimal surface. This completes the proof.

Lemma 3.1. Same assumptions as those in Theorem 1.2. Let u = G − 1. For
any ε > 0 and r > 3

2 , there exists 0 < δ = δ(V, D, µ, ε, r) ≤ 1 , such that for our
choice of G we have 0 < u < ε on S3 \ B ρ

2
(P ) provided ‖R(g)‖Lr(S3) < δ.
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Proof. Let R = ρ
8 , and let θ = 1

2 . We can cover S3 \B ρ
2
(P ) by balls centered on

S3 \B ρ
2
(P ) of radius R. Then each ball BR is away from the north pole P , and

the enlarged balls BR
θ

is also away from P . On BR, u satisfies

8
u − R(g)u = R(g)

and u > 0 after scaling.
On the one hand, u satisfies 8
u − R(g)u > 0, so the standard elliptic theory
implies that

sup
BR

u < C5


R−3

∫
B R

θ

updvg




1
p

for all p > 0(15)

where C5 depends on C1, p, r, R and the upper bound on
∫

B R
θ

|R(g)|rdvg.

On the other hand, Lemma 2.1 shows that

C6


R−3

∫
B R

θ

updvg




1
p

≤ inf
BR

u +
(

R

θ

)2− 3
r

‖R(g)‖
Lr

(
B R

θ

)(16)

where p and C6 depend on C1, C2, C3, r, R and the upper bound on
∫

B R
θ

|R(g)|rdvg.

Combining (15) and (16) we have

sup
BR

u < C7

(
inf
BR

u + R2− 3
r ‖R(g)‖

Lr

(
B R

θ

)
)

< C7

(
inf
BR

u + R2− 3
r ‖R(g)‖Lr(S3)

)
(17)

where C7 depends on C1, C2, C3, r, R as well as the upper bound on
∫

B R
θ

|R(g)|rdvg.

Since we assume
∫

S3 |R(g)|rdvg < 1, C7 depends on C1, C2, C3, r and R, hence
only depends on V, D, µ, ε and r.

We can cover Ω = S3 \B ρ
2
(P ) by finite small balls of radius R, such that the

number of balls needed has an upper bound depending on D, V and R, therefore
on D, V, µ, ε and r. To prove this, let N be the maximal number of disjoint balls
with radius R

2 on S3, by the maximality balls with the same centers but radius
R will be able to cover S3. Since these balls are disjoint,

N∑
i=1

Vol
(
BR

2
(Oi), g

)
< VT < C3(µ, D)D3

where Oi are the centers of the balls.
We also know by the relative volume comparison theorem that

Vol
(
BR

2
(Oi), g

) ≥ C8(D, V, R) = C8(D, V, µ, ε, r).

Therefore N ≤ C3D3

C8
which only depends on D, V, µ, ε, r.
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Then by (17)

sup
Ω

u < C9

(
inf
Ω

u + ‖R(g)‖Lr(S3)

)
(18)

where C9 = C9(C3D3

C8
, C7, R, r) = C9(V, D, µ, ε, r).

Let δ = min
{

1, ε
C9

}
, then δ only depends on V, D, µ, r and ε. If ‖R(g)‖Lr(S3) <

δ, then we can always by scaling choose an appropriate G such that u > 0 and

C9

(
inf
Ω

u + ‖R(g)‖Lr(S3)

)
< ε.

Thus by (18) supΩ u < ε.
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