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EXAMPLES CONCERNING WHITNEY’S
C™ EXTENSION PROBLEM

EDWARD BIERSTONE, CHARLES FEFFERMAN, PIERRE D. MILMAN,
AND WIESELAW PAWLUCKI

ABSTRACT. We present several examples connected with our articles on Whitney’s ex-
tension problem. The first shows that Glaeser iterations cannot be avoided in the C™
extension criterion of [F2], and the remaining three are counterexamples to C™ extension
assuming a weaker criterion that was used to prove a C* extension theorem for closed
subanalytic sets, in [BMP1].

1. Introduction

We present several examples connected with our articles [BMP1, BMP2|, [F1, F2]
on Whitney’s extension problem (cf. [W]). The C™ extension criterion of [F2] is
a variant of that in [BMP1]. Both involve iterated “Glaeser operations” on gener-
alized finite difference operators. Example 2.1 below shows that Glaeser iterations
cannot be avoided in the criterion of [F2]. Examples 3.1-3.3 are counterexamples to
C™ extension assuming the weaker criterion of [BMP1], used in the latter to prove
a C™ extension theorem (or a C™ theorem with loss of differentiability) for closed
subanalytic sets.

Let P = P™(R") denote the vector space of real polynomial functions of degree
< m on R"™. Let S denote a finite subset of R™. The space W™(S) of Whitney C™
functions on S is the space of sections of S x P, with the Whitney C™ norm

_ o |0%(Pa — Py)(a)|
1Pllwm(s) = max q max |0 Fa(a)], I P S FT

la|<m la|<m
where P = (P,)qes € W™(S). (Each P, € P).
Given a Banach space B, with norm || - || g, we write || - || g~ for the dual norm on

B*.

Elements £ € W™ (S)* can be identified with sections & = (£,)qes of S X P*. Let
P = (P,)acs € W™(S) and £ = (€a)acs € W™(S)*. Fix a point ap € S (a reference
point). Then

E(P) = Zga (Pa_Pao>+ (Zfa) (Pao) :
aesS acsS
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Writing
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for each a € S\{ao}, we get
(L1) [§(P)] <
“ (%)

(aGS%{:ao}
la]<m
The expression in big brackets is a norm on W™ (S)* which, by (1.1), majorizes the
dual Whitney norm |||y (g)«-

Suppose that S C L, where L is a closed cube in R™. Then there is a natural
surjection C"™(L) > F — P € W™(S), where P = (P,)qecs and P, is the Taylor
polynomial T;"F. It follows from Whitney’s classical extension theorem (cf. [M,
Complement 3.5]) that [ - [[ym (g) is equivalent to the quotient norm from || - |lcm (1),
uniformly with respect to finite subsets S of L. Examples 3.1-3.3 show that the
norm given by the expression in brackets in (1.1) is not equivalent to || - [[yym(s)«,
uniformly with respect to S C L, #S < k. The criterion for C™ extension of [F2]
(as formulated in [BMP2]) involves bounds on || - [yym(s)«, whereas the criterion of
[BMP1] is formulated in the same way using bounds on the norm given by (1.1). (See
§1.1,81.2 below.)

One can obtain a norm uniformly equivalent to || - |lym gy~ by using a version of
(1.1) that depends on a “clustering” of S, with an arbitrary choice of reference point
in each cluster [BM].

In the examples following, we use several notions from [BMP2] that we briefly
recall. Let E denote a closed subset of R". We define the C™ Zariski paratangent
bundle T™(E) as

T™E) = {(a,§) e ExP*: &T"F)=0, FeI™(E)}

where Z™(E) C C™(R"™) denotes the ideal of C"™ functions vanishing on E. 7™ (E) is
a linear subbundle of E x P*.

(If V' is a finite-dimensional vector space, then a linear subbundle of E x V means
a subset " of E x V such that, for all a € E, the fibre I'(a) := {v € V : (a,v) € E}
is a linear subspace of V.)

la — ao|™ 1o +

>

a€sS

) Pl (s) -

P

1.1. Glaeser operation. Fix a positive integer k. Given a linear subbundle T of
E x P*, we define a new linear subbundle g(T) of E x P*, as follows: The fibre
g(T)(ag), where ag € E, is defined as the linear span of all elements £ € P* that are
obtained in the following way: There are subsets S; C F, #S5; < k, and elements
& eWm™(S))*, i=1,2,..., such that

1) All a € S; converge to ag as i — 0.

2) For each i, § = (&a)acs,, where each &, € T'(a) C P*.

3) [[&llwm (s < ¢, for all i, where c is a constant;
4)

(
(
(
( g = hmlﬁoo Zaesl gia in P*.
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Then T +— ¢(T') is a Glaeser operation in the sense of [BMP1, Def. 3.2].
Let ¢ : T'— R denote a function which is linear on the fibres of 1. Let ay € E.
Suppose there exists a linear function g(¢)(ag, ) : g(T)(ag) — R such that

9(p)(ao,§) = lim > v(a,&ia)

a€Ss;

whenever £ € g(T)(ag) is obtained as above. Clearly, g(¢)(ao, ) is unique if it exists.
If g(p)(a,-) exists for all a € E, then we call the resulting mapping g(¢) : g(T) — R
the Glaeser extension of .

1.2. Higher-order tangent bundle. Fix k. We define a higher-order tangent bun-
dle (or paratangent bundle) T;"(E) C E x P* as follows: We begin with the line
bundle Ty C E x P* defined by

To = {(a,\os) : a € E, A€ R},

where 4, is the delta function 0,(P) := P(a), P € P. We then define a sequence of
linear subbundles Ty C 77 C --- of E x P*, by iterated Glaeser operations: T; =
9(Ti-1), 1 =1,2,.... Let r = dim P. By Glaeser’s lemma [G], [BMP1, Lemma 3.3],
Ty, is a closed linear subbundle 77" (E) of E x P*, and T} = T5,, for all [ > 2r.

Now consider f : E — R. We define ¢q : Ty — R by ¢g(a, Ad,) = A\p(a). Clearly,
o is linear on the fibres of Ty. We inductively define ¢; : T} — R by ¢; = g(pi—1),
Il =1,2,..., provided that the Glaeser extension g(¢;—1) exists. If ¢; exists for all
I, then we denote @9, by V' f and we say that Vi'f : T"(E) — R is the Glaeser
extension of f.

We can define a second Glaeser operation T +— p(T') by replacing (3) in the defini-
tion of g(T') above by the condition:
(3") Ja—a;|™ 1 & (2 — a)*/a))| < ¢, foralli =1,2,..., a € Si\{a;}, |a| < m,
where ¢ is a constant and a; € S;, for all 4.

Furthermore, for every ¢ : T — R linear on the fibres, we can define a Glaeser
extension p(¢) : p(T') — R as above, using the Glaeser operation p instead of g. Then

p(T) C g(T), by (1.1), and, if g(f) exists, then p(f) = g(f)[p(T).
Let 7;*(E) denote the paratangent bundle defined as above, using the Glaeser
operation p in place of g. Then

(E)Cc TN (E)CT™(E).
The main results of [F2] (in the dual formulation of [BMP2]) are the following:
Theorem 1.1. There is a positive integer k = k¥ (m,n) such that, if f : E — R,
then:

(a) f is the restriction of a C™ function if and only if f extends to VI'f :
T"(E) — R. Moreover, if F € C™(R"™) and F|E = f, then, for alla € E
and € € TP(E)(@), VI F(a)(€) = ETF).

(b) Suppose that f extends to Vi f : T;"(E) — R. Ifag € E and (V" f)(ao) =0,
then there exists ' € C™(R™) such that F|E = f and T,» F' = 0.

Corollary 1.2. If k = k#(m,n), then T/"(E) = T™(E).
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In these results, one can take k% (m,n) = 247 [BM]. (See also [S].)
In [BMP1] (p. 330), it was conjectured that the preceding results hold using 7;"*(E)
(for suitable k) in place of T;"(E); Examples 3.1-3.3 below are counterexamples.

2. On Glaeser iterations

We give an example of a closed subset E of R? for which the C! paratangent bundle
T} (E) cannot be defined without iterated Glaeser operations, no matter how large we
take k; in other words, for any &, the bundle g(T}) defined in §1.2 is a proper subbundle
of the Zariski paratangent bundle 71(E), so that g(Tp) G TY(E), by Corollary 1.2.
Klartag and Zobin have recently showed that, for any k > 2, there is a closed subset
E of R™ for which n Glaeser iterations are necessary, and that n + 1 iterations are
enough to obtain 7'(E) for any F C R™ [KZ]. ([BMP1, Example 1.8] shows that
Glaeser iterations cannot be avoided in the criterion of [BMP1].)

Example 2.1. Let {v,};>1 and {6;};>1 denote decreasing sequences of positive num-
bers, both with limit 0. (Assume that 6, < w/4, 1 = 1,2,....) For each | > 1,
let

E, = {(’yl,O)} U {blm tm > 1} C Rz,
where b;; = (6;,0), v < § < y1—1, and, for m > 1:
(1) If m is odd, then by ,,+1 denotes the intersection point of the line L; : y =
(tan 6;)(x — 7;) with the line through b, with slope — tan6;.

(2) If m is even, then by ,,41 denotes the intersection of the z-axis with the line
through by, with slope tan 26;.

Let

E = JE U{(0,0)}.
l

Clearly, if f € C'(R?) and f = 0 on E, then (grad f)(v;,0) = 0, for all I, so the
C! Zariski paratangent space 71(E)(0) of E at 0 equals P*(R?)* (i.e., T71(E)(0) is
spanned by dg, (0/0x)]o, and (9/0y)|o).

Claim. Given any positive integer k, there does not exist a sequence
k
& =D Nijba, i=1,2,...,
j=1

such that all a;; € E\ {0}, a;; — 0 as i — oo (for each j), and & — (9/9y)|o on
CH(R?) (as i — 00).

It follows that (0/0y)|o ¢ 9(T0)(0), no matter how large we take k.

Proof of claim. Only finitely many points a;; lie in each cluster Ej. It is therefore
easy to find a C! function y = ¢(z), = € (0,0), such that the graph of ¢ contains all
points a;j, ¢’(7,0) = 0 for all I, and max{|¢’(z)|: = € [y141,7]} — 0 as | — .
Clearly, ¢ extends to a C! function ¢ on R such that ©(0) = 0 = ¢/(0). So
f(z,y) :=y — p(x) vanishes on all a;;, but (9f/dy)(0) = 1. The claim follows.
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3. On the criterion of [BMP1]

The following three examples are all counterexamples to the analogue of Theorem
1.1 above using the Glaeser operation p in place of g. In Example 3.1, F is given
by a convergent sequence of points in R?, and 72(E) & T?(E), no matter how large
we take k. In Example 3.2, we use a similar idea to define a closed subset E of the
line R with the property that, for any k > 2, 73(E) = T3(E), but there is a function
[ : E — R which admits an extension V3f : 72(F) — R, although f is not the
restriction of a C? function. In the final example 3.3, E is a union of 4 analytic arcs
in R3, but 72(E) & T*(E), for every k.

We use Whitney’s theorem [W] in Example 3.2. Whitney’s theorem asserts that,
for a closed set E C R, a function f : E — Ris C™ if and only if the limiting values of
all m’th finite differences A™(zo,x1,...,2m)(f) (where the z; are distinct points of
E) define a continuous function on the diagonal {z¢g = --- = 2., }. (See (3.4) below.)

Example 3.1. Consider four decreasing sequences of positive numbers,
{di}, {da}, {d3}, {di}, i=1.2,...,

where ‘

di < dy < di < di < const-di, di=di—d.
(“<” means “much less than”; here it is enough to define a; < b; by lim;_, a;/ bf =
0.) For example, we can take

) 1 ) 1 : 1 . 1
di = gv dy= g5 dy= o, dy= 5

For each i, let _ S
R' = {p1,ph,Di2: P} C R?,
where
pil = (di,di) ’ pél - (dzl + dl27 dfl) )
Pl = (dfude‘i»dll)v Phy = (dzl+dl27d§1+dzl)
Let -
E ={0}ulJ R,
i=1
where 0 denotes the origin (0,0) € R%. Clearly, the fibre 72(E)(0) of the C? Zariski
paratangent bundle of E at the origin is P* = P?(R?)*.
Fix a positive integer £ > 3. Consider the subbundle T of F x P* whose fibre

over every nonzero a € F is the 1-dimensional subspace of P* spanned by the delta-
function d,, and whose fibre over 0 is the codimension 1 subspace spanned by the
0 0

elements
02 0? 0? 02
28, (B, (55
or|, Oyl Ox 0x0y / |, y dxdy

(It is easy to see that all these elements belong to 77(E)(0); i.e., they can be real-
ized from the bundle Ty spanned by delta-functions, using iterations of the Glaeser
operation p.)

We will show that the bundle T is stable under Glaeser operations (i.e., p(T) = T),
so it coincides with 72(E). (Therefore, 72(E)(0) # T%(E)(0).) It is enough to show

(3.1) %0,

0
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that every & € p(T)(0) vanishes on (z — y)? € P. Of course, by (3.1), all elements of
T(0) vanish on (z — y)2.

Consider €& € P*, € = lim;_,» &, as in §1.1, where the condition (3) is replaced
by (3') of §1.2, and where & here means ), &a (in the notation of condition (4)).
Write dg,. = 51,5“', for each i = 1,2,... and ¢,r = 1,2. We can write each & as a sum

G =m+ Z (111811 + 51051 + 11201 + 1152055)
i
where 7; is a linear combination of terms (3.1) and at most k coeflicients are nonzero.
(Each coefficient depends on [, but we simplify our notation by not writing this
dependence.)
We can rewrite any linear combination

W11011 + 151051 + 19010 + 152059
as a linear combination

051 — 01y 81y — 0fy

. . 51‘ _ 5i
i )\z 12 i 22 21 )
&

A g
+ A3 @

Nooh + A
Of course,
0% —0fy iy — 0y Oy — O
d ’ di ’ di

i
5117

are all bounded as elements of P* (or C2(L)*, where L is a closed rectangle containing

For each [, there is a reference point a; € S; (as in the condition (3') of §1.2); either
a; = 0or aq = pf;; for some ig = ig(l), ¢, r. Passing to a subsequence of the & if
necessary, we can assume that either a¢; = 0 for all [, or a; = pff’r(l), for all [, where
q,r are independent of [. In the second case, we will assume that a; = pzlol(l), for all I.
(The other possibilities are similar.)

Let us first consider the second case. We will simplify our notation by dropping
the superscript ¢ whenever i = iy (the superscript for the reference point); i.e., we
io(l)7 dj = d;’_o(l)

write pgr = figr , etc. Now,

(d2)?pa = (d2)?5>

is bounded (i.e., bounded in absolute value, uniformly with respect to I), by the
condition (3'); therefore,

N3] < didy? — 0 (as ] — o0).

(< means bounded by (the following term), up to a multiplicative constant (indepen-
dent of 1).) For any other i occurring (as the superscript of a nonzero coefficient) in
this element & of the sequence,
L DY L DY L , AN
(€5 = (0255 (W) = (52, (% = @ (51— 3)
1 1 2 1
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are all likewise bounded; therefore,
A5l S di(dy)™® — 0, N3] S di(dy)? — 0,

i ds .\ i (o= i ogiy—
RIS £|A3|+d2(d3) 2 < dy(ds)™* — 0.
1

It follows that we can reduce to the case that each term & in our sequence is of the
form

i d21 — 011 012 — 611 0
2 01 b —
(3 ) ;C nre do * dq +a08$

0
+ by
0 an

0

82 82 82 62
+do <8z2 * 3x8y) 0 T <8y2 + 6x3y>
(The reference superscript and all coefficients depend on [; 69, means dy.)

(In the first case above (a; = 0, for all [), by the same argument, we can reduce
to the case that each term & in our sequence is of the form (3.2) where, in addition,
a=0b =0, for all [. Then & vanishes on (x — y)?, for all I, so the desired result is
verified in this case.)

Now, dy and ey are bounded (by condition (3')), so (passing to a subsequence if
necessary), we can assume that the sequence {(;}, where (; is given by the sum of the
last two terms in (3.2), converges. We can therefore assume that dy = 0 = eg; i.e., it
is enough to consider the case that & is of the form

0

i 021 — 011 | ;012 — 011 0
(3.3) ; cidiy +a & +5b @ + ao o

0
+bo—
0 an

0

We want to show that the limit of this sequence evaluated on (z — y)? is zero.
When we evaluate (3.3) on (z — y)?2, we get a nonzero contribution only from
a b a b
— 01 + —0 —y)?) = —(d2)* + —(d1)?
(d2 21+d1 12)(($ y)?) d2(2) +d1(1)
= ady + bdy ,

so that this sequence converges. But (d2)%a/ds and (d;)?b/d; are both bounded (from
(3"); i.e., adz and bd; are bounded, so that, passing to a subsequence if necessary,
we can assume that ads and bd; separately converge.

Let us consider the limit of (3.3) also when evaluated on z(x — y) and on xy. On
x(z — y), the only nonzero contribution of (3.3) is

b b
(;2521 + d1512> (z(z —y)) = d%(d4 +dy)ds + d—1d4(—d1)

(a — b)d4 + ads .

Therefore, (a — b)dy is bounded.
On zy, we get
> ci(dy)? + ady + by .
>0
Now, Y.~ ci(d})? is bounded, as follows: For any “rectangle” R’ (including R* :=
{0}) lying “below” the reference rectangle R = R (i.e., i > ig), ¢;(dy)? is bounded



840 E. BIERSTONE, C. FEFFERMAN, P. D. MILMAN, AND W. PAWLUCKI

(using (3")); therefore ¢;(d})? is bounded. For a rectangle R’ lying above the reference
rectangle R, c;(d})? is bounded (and it follows that ¢;(d4)? is bounded). For the
reference rectangle R itself, it then follows that c¢(d4)? is bounded, because ), ¢; is
bounded (as we see by evaluating on the constant polynomial 1). Therefore, (a+b)dy
is also bounded.

It follows that ady and bdy are bounded. Therefore, ads = ads(d2/dy) — 0 and
bdy = bdy(dy/dy) — 0, as required.

Example 3.2. Consider
d < db < db < %
(It will be enough to take, for example, d = 1/2¢, dj = 1/2% di = 1/25") For each
i, let
dy —dy +dy
ab = di+dy —di, ay = di+dj.

i i i i
ay = dz —ds, a)

Take
E={0}J{a}: i=1,2,...,7=0,1,2,3}

For each fixed j = 0,1,2,3, write Ef = E'\ {aé—}i:m,_,
Given m + 1 distint points zg, z1,...,Tm € R, let A™(zg,21,...,2,) denote the
m’th finite difference operator

m
O,

3.4 A" (2o, 1, .., Ty) = _t
(34) (P01, m) = 2 Ty — )

Fix k > 2. Then it is easy to see that
T(E) = TXE) =T,

where T is the linear subbundle of E x P* (P = P3(R)) such that the fibre of T
over a nonzero point @ € E is the one-dimensional subspace of P* spanned by the
delta-function ¢,, and the fibre over 0 is P*. In particular, if a € E\{0} and £ € T'(a),
then &€ = Ad,, A € R, so that £(f) is well-defined as \f(a). We will show:

(A) There exists f : E — R such that:
(1) A3(ad,at,ab,al)(f) — oo (as i — o0), so that f is not the restriction to
E of a C? function.
(2) f€CHE) (ie., f is the restriction of a C! function).
(3) Foreach j =0,1,2,3, f E; is the restriction to E7 of a C3 function that
i;iﬂat at 0.
(1) DA% (aj, af a3, ad)(f) — 0.
(B) If € € %“(O), set £(f) := 0. Consider £ = lim;_, o & in P* as in §1.1, with the
condition (3) replaced by (3') (cf. Example 3.1 above). Then lim;_,o &(f) =
0.

Therefore, the criterion of [BMP1] is not sufficient to guarantee that a given function
on E is the restriction of a C3 function.
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We will first prove (B), assuming (A). We can write each & as
— ¢0 is
& =g +Z/J/j6a} )

4,J
where flo is a linear combination of derivatives of orders 0 through 3 at the origin (and
there are at most k nonzero coefficients). As in Example 3.1 each coefficient depends
on [, but we do not indicate this dependence. We will write 6; = 0.
J

For each [, we have a reference point which is either a;‘;, for some iy = ig(l) and
jo = jo(1), or 0. Replace {£;} by any subsequence for which every reference point is
either aj-‘;, where jj is independent of [, or 0. In the first case, take j; = 3 if jo = 0
or 1, and take j; = 0 if jo = 2 or 3; in the second case, take j; = 3. Let E* = E7 .
Let us say, for example, that j; = 3 (so that jo = 0 or 1 in the first case).

(For each [ and) for each 4, write

5 — o
di

o — o
dy

o — o
d;

3
D pEsh = Ndp + A + b + A
j=0

(so that Xj/di = pi and \j/dy =y}, j = 2,3).
Consider i # iy (or any ¢, if the reference point is 0). If j = 2 or 3, then
S|

il iy—3
dé —|Mj|§(d3) )

by (3'), so that A} — 0 (as | — 00). Also,

|)‘Z‘ i i\ —
oH =l S (@),
1

so that A} — 0.

Consider the sequence {7;}, where each 7; is obtained from & by setting )\;- =0
for all i # iy and j = 1,2,3 (or, for all i and for j = 1,2, 3, if the reference point
is 0). Then {n} satisfies our conditions (using (3')). Since f is C! (by (A)(2)), if
limn;(f) = 0, then lim&(f) = 0. Therefore, we can assume that (for each 1) A} =0
for all ¢ # ig and j = 1,2, 3 (or, for all ¢ and j = 1,2, 3, if the reference point is 0). In
the second case, if follows that lim;_,o &(f) = 0, by (A)(3).

In the first case, let us now consider the reference terms in & (which we denote
again by dropping the superscript ig = ig(l)). Write

01 — o
1

3
Zuj5j = Aodo + A1 + XaA%(ag, a1, as) + A3A%(ag, a1, as, az) .
i=0

Every denominator in the expression (3.4) for A3(ag,a1,as,a3) is comparable to
di1(d2)?. Therefore,

‘A3| < -3
~ d
dl(d2)2 |M3‘ ~ %2 >

so that [A3| < didyt — 0. Moreover, A3A%(ao, a1, a2,a3)(f) — 0 (as I — o), by

(A)(4).

Now consider the sequence {n;}, where each 7; is obtained from & by setting
Az = )\;‘)(l) = 0 (so that n; has its coefficient u3 equal to 0). Then {n;} converges and
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satisfies our conditions. Moreover, {n;} is supported in E*, so that limn;(f) = 0. Tt
follows that lim & (f) = 0, as required.
It remains to verify (A). For each 4, set

‘ i3
fi(z) = i(z—dy)” .
Define f by f(a}) = fi(a}), for all 4, j, and f(0) = 0. Then:

(1) A%(ah, a, by ab) () = A% (ah, ai by ab) (fi) = i — o0, s i — oo,

(2) Tt is easy to check that, given b # ¢ in E, Al(b,c)(f) — 0 as b,c — 0.
Therefore, f € C1(E).

(3) It is again easy to check that, for each j = 0,1,2,3, all A3(bg,by,b2,b3)(f),
where the b; € EY, tend to 0 as the b; — 0. (Thus (A)(3) follows from
Whitney’s theorem [W].) o

(4) (di/d5)A%(ab, ai, ab, a)(f) = idi(ds)~" — 0.

Example 3.3. Let E C R? denote the union of the (images of) the four arcs
Yie() = (1783, (=1)*", ¢), t>0, wherej k=1,2;

i.e., E is the zero set in z > 0 of the polynomials

f1(1'7y,z) = 12 _267 f2($7y72) = y2 _214‘

We will compare FE with the union E* of three of the four arcs, the arcs v11, 712, V21,
say. Then E* is the zero set in z > 0 of the three polynomials f1, fo and

Fa(w,y,2) = (+27)(y +27).

Clearly, the fibre 72(E)(0) of the C? Zariski paratangent bundle of E at the origin
is the orthogonal complement in P* of the linear span of x2,3? € P := P?(R3); i.e.,
T2(E)(0) C P* is spanned by all partial derivatives of order < 2 except for

02 02
On the other hand, 72(E*)(0) is the orthogonal complement of the linear span of
22, y% xy; ie., T?(E*)(0) is spanned by all partials of order < 2 except
o? 0? o?
922 0 Oy? o 0xdy|,’

Fix any positive integer k > 3. It is easy to see that 72(E*)(0) C 72(E)(0); i.e.,
72(E)(0) includes the span of all partials of order < 2 except (3.5). We will show that
TR (E)(0) = T*(E*)(0); ie., 72(E)(0) & T*(E)(0). 4

Consider any of the four arcs ;. Then v}, (t) = ((—=1)73t2, (=1)k7¢%, 1), so that

0 50 0 0

— = (=132 = 4 (— DR =

or (=1) 23x+( ) 28y+3z
is tangent to ;i at every point (z,y,2) € yjr. Write 01 := 322, 6 := 726, At a
nonzero point a € E, 72(E), = T*(E), is spanned by
o &
or|,’ or?|,

0

(3.5)

da s
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For each fixed z > 0, there are four points of F, forming the vertices of a rectangle.
Let di = di(z) and ds = da(z) denote the height and width (respectively) of this
rectangle, so that dy ~ di’ﬁ, 0 ~ d?”, 0 = dfﬁ. In particular, d1d2_2 —0asz—0.

As in Example 3.1, consider the limit of a sequence {§} in P* satisfying our
condition (3'). There is a sequence of positive numbers z¢ — 0 such that, if aj- E =
vik(2Y), 4,k = 1,2, and 5;% = 6a§k, then each & is of the form Zw-’k ,u;,cé;k plus a
linear combination of 9/97, 9*/012 at the points aék, plus a linear combination of
terms (3.5) (at the origin).

For each [, there is a reference point which is either 0 or a’,, for some i, j, k. We

gk
can assume that the reference point is either 0 or al, for some iy = io(l). We will
write a11 = a3y, for each I, and we will consider both cases at once by allowing a1y
to mean 0.

For each ¢, we write
. NG
PICI D DEIR T el
gk (G:k)#(2,2) !

Le., N/di = by, Ny = piby + A3/d, and /\jk = N;k when (j,k) = (1,1), (1,2).
Accordmg to condition (3'),

62
* R—
i + 87’2

g2

o B
la11 — ads| (/1325;2 +x — > (1) < const,
67’ at
22
where the asterisks indicate the coefficients of the corresponding terms in the expres-

sion for & above. But (by the Pythagorean theorem)

: di+diN®  (do+d)\ di)?
on - aaf’ = (D3 0) + (B52) 4 (@) 2 &) |

where d} = |2 — 2%|, so that

X

i i\ 2
dli = |M22| S (d2) ;

e [N| 5 di ()

~

sequence is of the form

(3.6) Z 153,05, + Z Vi, 87

i,5,k 1,5,k
(4,k)#(2,2) (4,k)#(2,2)

— 0. We can therefore assume that each term & in our

+ZV223 +Zpﬂk32

aby 0,7,k

plus terms supported at the origin. (Here and in a further reduction at the end of
our argument, condition (3') is preserved because we subtract off sequences satisfying
(3).)

Note first that the are bounded (by our condition), so (passing to a subse-

quence if necessary) we can assume that pé- k ((’92 / 87'2) converges to a multiple

i
ajk

of (0%2/02%) at 0. It follows that we can assume that all pék =0.
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Now, for each i. rewrite the sum of the middle two terms in (3.6) as

o] _ 90
Z i 0 i 97 lad,

, * or

(4,k)#(2,2)

y or
% 4
di
(In particular, 74, = vi; + v4/dt.) Tt is easy to check that

= |vho| S (d) ",

i
a21

i
ajk

i
3

i
di

using condition (3') on 7, o =1 ((z - ag2)“ /a), where |a| = 1 and

0 <8 40 0 Lo 8)
n= 4 = | 5 13- 25— ;
ot | i 0z Oz Y ) ai,
therefore,
-1
5| £ di(dy)  — 0
Now,
9 _ 9 Q} _ 9
a7 lak, otlay,  0zlal, Oz lad,
dj dj
21 _ 2| 2o+ 2
4 gy 02 labs Z_ las g, Y lad, i aj,
dy dy

On the right-hand side, the first term tends to (82/8y6z) o» the second term tends to
0, and 74 times the third term tends to 0 (because |vi|/d} < (db)~! and 0y ~ (db)?).
Therefore,

9

or

o)

ab, or
di

so we can assume that each term & in our sequence is of the form
o 9
Do Hdt D Vikge

1,5,k 1,5,k

(4:k)#(2,2) (4:k)#(2,2)

plus terms with support {0}. But now the support of each term lies in E* (union of

three arcs), so the limit is in the linear span of all partials of order < 2 at the origin,
except (3.5).

al
21 N 0

%
Vg -

i
ajk
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