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WEAK TYPE (1,1) ESTIMATES FOR A CLASS OF DISCRETE
ROUGH MAXIMAL FUNCTIONS

ROMAN URBAN AND JACEK ZIENKIEWICZ

ABSTRACT. We prove weak type (1, 1) estimate for the maximal function associated with
the sequence [m®], 1 < a < 1+ 101%. As a consequence, the sequence [m®] is universally
L'-good.

1. Introduction and statement of the result

Let
M*f(z) = sup L > fla—[m), z €.
m>o0 M 0<m<M

The aim of this note is to prove the weak type (1, 1) of the maximal function M*
forl<a<l1l+ ﬁ. Thus we provide a counterexample of arithmetic set type to
the conjecture of J. Rosenblatt and M. Wierdl, see [4]. We use an approach similar
to those of M. Christ [5], see also [8, 11]. We reduce the problem of the weak type
(1,1) of M* to the regularity estimates for the convolution of a certain measure s
supported by the sequence [m®] and its reflection fip;. This is closely connected to
the problem of representation of a given integer as a difference of two numbers of the
form [m®]. In order to obtain necessary estimates, we use B. I. Segals approach, [7],
[9], see also [6]. The % (1 < p < co) boundedness of the maximal function M* has
been established in [1, 3] and [2].

Our main result is the following

Theorem 1.1. Letl <a <1+ ﬁ. Then the operator M* defined above is of weak
type (1,1).

Recall that a sequence of integers {a, }nen is universally L'-good if the following
property holds: for any measure preserving ergodic flow {T%} ¢z on any probability
space (9, F,p) and f € LY(Q, 1) the averages

v rorm — [ fa

n<N

p-a.e. as N — oo.
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Corollary 1.2. The sequence [m*], 1 < a < 1+ 1555 is universally L'-good.
Proof. By now, the classical argument can be found in [1]. O

Remark 1.3. The range of 1 < a < 1+ ﬁ can be improved by the method used in
the paper.

2. Some lemmas

For a fixed integer Q > 1, denote zp = x—%, P=0,1,...,Q—1. In our application
Q will be M To00.
Lemma 2.1. Let M < m <2M, and zp > M, and
fr(m) = ji(zp +m®)* + jom®,
where |j1| < M10+te=t and |jo| < M0, Then there exist mg € (M,2M) such that
for
(2.2) Im — mo| > Moo

we have
103 98
coM ™10 < flh(m) < CoyM ™ 100,

Proof. Straightforward calculation shows that

//m:a_lma—Q( Tpji 1_"_‘0()
om) = (o= e (e

Denote A(m) = (% + joa). Assume that for every M < m < 2M we have
T p+me a
103

|A(m)| > J)—OM_ﬁ. Then | f3(m)| > co M~ 106 and the lower bound follows. Assume
that |A(mo)| < ﬁM_%O and observe that for |zp| > M and |mg — m| > M1 we
have, using mean value theorem,

rp rp
- 1

_ 3
((E +ma)2—i (.’E +me 2—L1 M 00,
P S p+mg)

[A(m) — A(mo)| =

1
>
— 10

Hence for |mg—m/| > M 106 we have [A(m)| > ﬁM*%. The lower bound for f5(m)

follows. Direct calculation easily shows the upper bound

| fi(m)| < Co M~ 105,

Corollary 2.3. Let M=o < k < 2M 30, ¢ € C(—4,4) and
S(j1,j2) = Z ¢(%)62mfp(m)-

1 1
M7 200 k<m<M'™ 200 (k+1)
Then, under the same assumptions as in Lemma 2.1, we have

1S(ji1, jo)| < Co M35 M~ 200,

Proof. We use the following



DISCRETE ROUGH MAXIMAL FUNCTIONS 229

Theorem 2.4 (Van der Corput, [12]). Let a,b,k be positive integer numbers such
that a < b, 1 > 2. Let f € C'([a,b]). Denote r = inf,e[qy IfO(z)| and R =

SUPgela,b] |f(l) (1’)| Then

b

1S eftm)

where k = 2!,

Then we take ¢(t) = 1 for 0 < ¢ < 2, fix k, ji1, j2 and apply the above theorem to
estimate two sums S(j1, j2) taken over the intervals

max{mq + M0 M50k} <m < M0 (k + 1)
and
MY w0k < m < min{ M~ 20 (k + 1), mo — M 100 }.
We apply the above theorem with [ = 2, r > M_%, R < M_lgTso, b—a= M'"20
and we see that the sum is bonded by M 1=zt M~ 1. Consequently, remember (2.2),
we have |S(j1,j2)| < Co M =200 M~200. See [7].

The case of nonconstant ¢ follows in a standard way by Abel summation formula.
O

Lemma 2.5. Let, for a fized ¢ € C°(1,2) with [ ¢ = 1, pm be a measure on Z
defined as follows

1 o me
(@) = 2= 3 dola = [m e ()
meEZ
where &y stands for Dirac’s delta. Then, for fi(z) = p(—2x),
par * i (x) = par(z) + O(M""’ﬁ)7
where pp(0) = M~ and for x # 0 we have
0<pu(z)<CM“.
Furthermore, for x > CM and x +h > CM,

(2.6 Joas () = pas ()] < O

Similar statement holds if t < —CM and x +h < —CM.

Proof. We start with the proof of (2.6). Since fi, * fi,, is symmetric, it suffices to
consider the case x > CM and z 4+ h > CM. We fix Q = Mﬁ, and define

up = M-k,

xp:m—g, P=0,1,...,Q — 1,
1

Ay = —.

a(zp +uf) =
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Let F be a C° function such that 0 < F <1 and

1 ifz<0
2.7 F = -7
27) (z) {0 if x > 1.
Define W} p(z) as a periodic, with period 1, extension of
. F %(x—%)) ingxgé,
(2.8) kp(T) = Q 10 1

Let G € C*(—1,1) and ), , G(x — s) = 1. Define,
Up(z) =Y G(Qzp+s5)) € CZ(T).

SEZ

It is easy to see that

Q-1
(2.9) > Up(z)=1.
P=0

Observe that by (2.9),
ping * fing (x) < OM™7 1

1 M35 (k+1)
EL X X Lt )eeme ()

AS)

(%57)

[m?]

error term C'M~*~! appears because of replacing ¢(57=) by @(A”}—Z) and is easily
estimated by Taylor’s formula. We will prove the estimate

(2.10) I<
1 Q—1*2Mﬁ71M17ﬁ(k+1)
ep> S Whelae+mN) YR m e () ¢ (4.
P=0 1 BN

k=M200 m=M"" 300k

where A = {[m®] : m € N}, and * in the sign of summation above denotes that the
first term with P = 0 is taken two times: with xp = 2 and xp = x + 1. In order to
prove (2.10) we need to show that the conditions (here ||z|| = mingez |« — k|, denotes
the distance of z to the nearest integer)

(2.11) Im® = 5 < &, o+ [m®] = [y°], M~k <m < M2 (k + 1),
M<ym<2M

imply that

(2.12) y— Ap(1+8) < (wp +m*)"* <y + 2% for P £0,

and one of the following estimates for P = 0,

(2.13) y— Ap(1+ %) < (z0 +ma)1/a <y+ 106,2%
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or
(214) Yy — Ak—(l 4+ 1670) S (371 +m&)1/a S y+ 1Oé4k7
and consequently

U} p((zp +m*)/*) for P # 0,

la(z 4+ [m?%)) <
Al [m?]) {‘1’270(@0+ma>1/a)+\llz7o(<$0+1+ma)1/a) for P =0,

which implies (2.10). In order to obtain (2.12)—(2.14) we notice that a number y € N
satisfies [y®] = x + [m®] =: z if and only if there exists 6 € [0, 1) such that the first of
the equalities below holds

0 N

y:(z+0)1/°‘:zl/a+ — + — [l < L.

Thus,

e 1 1 1
Zire\y- 0= a1 YT Jpet )

Since by (2.11), Up(m®) # 0, we can write

P Mo
z+[m¥=z——=4+m*+ = for P#0
[m?] 0 0

for some |ng| < 1. Then there exists 11, 71| < 1 such that

M= (zp +m® + %’)1/0‘ = (xp +m*)Y* 4 oRe—T-

Similar statement holds for P = 0, possibly with x replaced by ;. Hence,

ayl/a 1 1 1 1 1
(zp +m®) clv—- = T M2e—1 QMa—l’y+M2a—1 + QMo—1 )"

In particular, for M =200k < m < M'~ =0 (k 4 1) we have,

2
2.15 e e (y— — , )
( ) (xP+m ) Y aZuT—l QMO‘71 y+ QMO‘71
Since for some 79 with |ns| < 1,
1 1 Up)
(2.16) = — —
5 (z+me)tT MZe!

it follows from (2.15) and (2.16) that

1 1 2 2
ayl/a _ _ _
(xp +m?) € <y a(erma)a;l M2a—1 QMa,l»y‘f' QMal)

1
C y— a—1 a— 7:l/+ a— .
< a(x—|—ug)Tl QM1 QM 1)

Thus we get (2.12)—(2.14).
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Expanding ¥} p and Wp in (2.10) into the Fourier series we obtain,

parfing ()
;9L 2M 200 —1 M 300 (k1)
* (k,P) (P) me z+m™\ 27i
Ny Z Z Gy Gy Z ¥ (W) ¥ (%) e2mifrim)
P=0 1 _prooo (41,52)7#(0,0) me=M1'" 200 k
= 2M 760 —1 M~ 200 (k+1)
+35 S A+ D) S )e(HE) = L + I,
P=0 M35 m=M'"Tok
where cgll“P) and c;f) are Fourier coefficients of ¥} p and ¥p, and moreover, we have
used the fact that for kM1=200 < m < (k+ 1)M1—ﬁ,
1
0 <P <Ak(1+%) < 4+ CM' T
alz+me)
and ¢\ = Q1.
Let
I m< z+m® 1
pu(z) = 72 Z (3=)e(55ra) PR

It is easy to see that

(1) lpas(z) = I| < CM~*Q ™,
(2) par satisfies conditions (2.6).

Therefore, we have to show that for 1 < a < 1+ 5 we have |I;| < M~ o0m.

Notice that independently of (k, P) and (P), (see [10, chapter 1], for example)
S T eatmd Y <t
|g1|> M+ 105 ljz|> M TO0

Therefore, it suffices to take ji, jo satisfying assumptions of Corollary 2.3 in the sum

defining I;. Since also Y | (k.P)
g I1. Since also }-; . |c;

[10, chapter 1]) we have

QM =0 log M

Hcg)\ < Clog M (the proof is an easy exercise,

|| < sup  |S(j1,2)]
M? (41,32)#(0,0)
<QM =00 M1~ m00 Mz log M < MM~ for 1 < a < 1+ —10100,

where the indices ji, j2 in the sup |S(j1, j2)| are as in Corollary 2.3. Hence, we obtain
the upper bound in

(2.17) —CM M™% < pupg * fing (z) — par(z) < CM ™M~ 100,
To obtain the lower bound in (2.17) we repeat the proof with the following changes.
e We replace ¢} p in (2.8) by the function w}@p, defined below,

204,
Uk p(w) = Fair (- Ak (= F) —a))  for =5 <o < -5,
kP F(Agrl (x+ 7202‘“ ) for —Lg‘“ <z <3
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where F is defined in (2.7).
e Observe that similarly to (2.12), for kM~ =0 < m < (k + 1)kM'~ =0, the
inequalities
y— Agp1(1— g) < (atp—i—m“)l/a <y-— m% for P#0
and [[m® — | < & imply @ + [m®] = [y*]. Hence, we have that for P # 0,

Uy, p((@p +m™) V) Wp(m®) < 1a(z + [m*)¥p(m®).
e We do not take into account P = 0 in the sumation in (2.10).

We leave the details for the reader.
In order to prove the estimate for pps(z) for 0 < |z| < CM we argue as follows.
Assume that the following equality holds

x4 [m*] = [(m+ s)*] where s >0, > 0.

Then we have

(2.18) r—1<(m+s8)*—m*<z+1
and hence
(2.19) Mot <esMt <z < CsMOh

Observe that for the increasing function g(m) = (m + $)* — m® we have
gm +1) — g(m) =~ sM*? < 1, for |z| < CM,
and thus for a fixed s there are at most 1 + s~ M?2~% ~ Ma~! different consecutive
values of m for wchich (2.18) can hold. Since moreover, by (2.19), s has to satisfy
s~ x M~ the total number of solutions of (2.18) is bounded from above by
CMz (xM*~*) = CM?*~°.

Hence we easily obtain pps(z) < CM~% for 0 < |z| < CM and the lemma follows. O

3. Proof of Theorem 1.1

Let
M f(x) = Sgpoluzn  f(z)].

With no loss of generality it suffices to show the weak type (1,1) of M*. We will use
the argument of [5] and [11] adapted to our setting. Let A > 0 and f € ¢*(Z). Let
N =2" n € N. We consider the Calderén-Zygmund decomposition

f:g+2fs7j :st +9,

where |g| < X and by contains terms f,; supported by Q,; with |Qs ;| ~ 2°,
26 1@l < A fller and || fs,jllee = A@Qs ;|- We do not assume [ fs; = 0, in-
stead we decompose further each by writing b(z) = V) () + BgN)(:z:) + gt (x),
where ng)(:z:) = X{Jb.|>aN}(2)bs(z), and for th)(z) = bs(x) — ng)(z) we have

BgN)(x) = nV) (x) — ggN)(x) and ggN)(ac) =2 XQ;;XS(QJ) wi hY) . Consequently,

(3.1) F=g+Y g™ +3 BM +3 M.
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Observe that

h(N)| < C\ and, since ), ; are mutually disjoint, we get

2m Q..
(3.2) )| + Z 19" ()] < O
We have
{z:py * DMV |(2) > 01 = (| ([m®] + {: [pV|(2) > 0}).
m~N
Thus,

s+ [0V (@) > 0} = Y = V)| () > 0}

m~N
—Nl{z: pV[(z) > AN},

Consequently (remember that N = 2"),

YooY HeipwxbMl@) >0} <Y Y Nlfz:|bsl(z) > AN}

s N - dyadic s N - dyadic

(3.3) ) .
<3 5 ulls < 51l

Moreover, since for the fixed dyadic N the supports of BgN) (x) are mutually disjoint,
it is easy to see, for a fixed x € Qs o,

> YN BN @ 3 N~ by, () 2

N dyadic s {N - dyadic:NX>|bs, (z)[}

(34) + >\2 Z NﬁlX{Suppbso}(l‘))
N - dyadic

SCAbsy ()] + A X fsupp by } (%)
<C)\Z |bs(@)| + CAX {supp b.} (T)-

Hence by (3.4), we have

(3.5) A2y N NlIIB(N)||p<*||fHel

s N - dyadic

We will use the following lemma,

Lemma 3.6. Let N = 2", n € N. For sufficiently small § > 0 we have the following
estimates, see [5],

(3.7) lpn * BE )2 < OB |n27% 4 27| BV |12
and for s1 > Sa,

N —Js
(3.8) un * B e« BV, < OXIBEY, 27051
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Proof. By Lemma 2.5,
i * fin(2) = Cpy () + 27"80(2) + O(2~ ™+ 10
where py satisfies
lon(@)] < % = pn(0) = 0.
Moreover, for |z| > CM and |z + h| > CM,

(3.9) x4 h) — pr(a)] < o AL

27’7,0( 277,&

Let for s < n, supp B ¢ [0,4 - 2] and supp p,, C [0,4 - 2"*]. Denote by Fj ; the
restriction of B to Q, ; By the estimate HBgN) [ler < A2°¢ we have,

N N
A=l By BUU) = G+ i+ B BRYL)|

—noo— 1 N N N

10) <22 B [a B, e + <Z [P * s . BSL_L|>
Ji
1) p@)

+N |<Bn 517B’n752>|'

Observe that for s; # sy the supports of B,(LN?W B,(LNLZ are disjoint and consequently

the third summand is equal to zero. Consider the second summand in (3.10). By the
regularity estimate (3.9) and the fact that [ F,_,; =0 we get in a standard way

2007V || Py llen
2na 2na
for |z — x4, ;| > CN + 025U where x4, ; denotes the center of Qs, ;. Moreover,

for any x, |pn * Fps, j(z)] < N7 Fy_s, jlln < ANT@2(r=502 Consequently, we
have

lpN * Fn—slaj($)| <

S low * Fuay (0] < 2 2 sl
J

{j:lz—zs, jISCN+C2(n—sDa}
+27me > 27 sy e
{jilo—ms; |>CN+C2An—s1)a}
<CAmax{N17% 27519} L OA2751% < OA27*1°,
Thus we estimate the second summand in (3.10) by
1B e D I
oo

Finally, we get
A< CN27| B _ gyl 4+ CN| By, 1270 < CA||Bp_s, |1 27%%1.

The assumption supp B,(L]X)g C [0,4 - 2] can be removed in a standard way. The
estimates (3.7), (3.8) follow. O
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Now we are ready to give

Proof of Theorem 1.1. Using Lemma 3.6 we have,

Nz maX|ZB(N x)| > A} <ZmaX|ZBN s un (z)]?
s>0 s>0
N
<ZZIZB£ v ()
s>0
N
(3.11) < Z [; *B( )||£2+2 Z MN*Bn )Sl’MN*B(—)szH
N,s>0 N,s1>s2
N) s n N N —ds
< > OB ez + 2B R 2 Y OB, 2
N,s>0 N,s1>s2
<CA[fller,

where the second summand in the last inequality is estimated by (3.5).
By (3.1) we have,

{sup o+ f ()] > 4CA} € {sup [pn + (|g] + Z 98 ) ()] > OAY

U {sup [ + O BE D@ )| > CAYU{sup fuu OB @) > CA
s>0 >0

U{supZuN* BN > CA} =: §; U S, U S5 U Sy
N S

In the above sum, by (3.2) the first set is empty if the constant C is sufficiently

large. Since supp un * B( C Us,; Q37 for s > n, the set S3 is a subset of U, ;Q7""

and consequently |S3| < |Us; Q75| < O3 1Qs 5] < S| f|ler. Moreover by (3.11)
we have |So| < §||f|ler. The set Sy C Un s tin = |ng)|(x) > 0}. Hence by (3.3)
4] < s i # [B8](2) > 0} < S f]ler. The theorem follows. O
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