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THE CAFFARELLI-KOHN-NIRENBERG INEQUALITIES ON
COMPLETE MANIFOLDS

CHANGYU XIA

ABSTRACT. We find a new sharp Caffarelli-Kohn-Nirenberg inequality and show that
the Euclidean spaces are the only complete non-compact Riemannian manifolds of non-
negative Ricci curvature satisfying this inequality. We also show that a complete open
manifold with non-negative Ricci curvature in which the optimal Nash inequality holds
is isometric to a Euclidean space.

1. Introduction

Let C§°(IR™) be the space of smooth functions with compact support in the n-
dimensional Euclidean space IR™. Among a much more general family of inequalities,
Calffarelli, Kohn and Nirenberg proved the following result.

Theorem 1.1. ([CKN]) Let n > 2, » > p > 1, and «, B be fized real numbers
satisfying

1 « -1 1
(11) 7+7? pi—’—éa 7+1>O7
p n pr—-1 n r n
where
1 p—1
1.2 =—(a—1 .
(12) ==+ g

There exists a positive constant C such that the following inequality holds for all
f e Cge(R™)

(1.3) | lalisrds

< c (/ |x|“PVf|pdf)p</ Imiﬂf”g-l”dx) "
n RTL

where |x| is the Euclidean length of x € R™.

In this paper, we obtain the exact value of the smallest admissible constant C' in
(1.3) for some special cases. Namely, we have
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Theorem 1.2. Letn, r, p, a, B, v be as in Theorem 1.1. Then for all f €
C§°(IR™), we have

(1.4) / 271 de
R’VL
1 p—1
P p(r—1 P
([ elmspas) ([ e a)
n+r R™ R"

(1.5) n+ﬁ<<1—a+g>(7;_1p)p

the inequality (1.4) is best possible in the sense that

Moreover, when

)

1 p(r—1) ijl
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r

(1.6)

and a family of minimizers of (1.6) is given by

g(x) = (/\ + \916|17°‘+§>i%2 , A>0.

In the next part of the present paper, we study complete manifolds with non-
negative Ricci curvature in which the Caffarelli-Kohn-Nirenberg type inequality (1.4)
is satisfied. For a Riemannian manifold M, we let dv be the Riemannian volume
element on M, denote by V the gradient operator, C5°(M) the space of smooth
functions on M with compact support, B(z,r) the geodesic ball with center z € M
and radius r and vol[B(p, )] be the volume of B(p, ).

Theorem 1.3. Letn, r, p, o, B, 7y be as in Theorem 1.1 and assume that (1.5)
holds. Let M be an n-dimensional complete open Riemannian manifold with non-
negative Ricci curvature. Fiz a point xo € M and denote by p the distance function
on M from xo. If for any f € C§°(M), we have

(1.7) [ wrira

([werwara)” ([ i)
n+yr \Jum M

Then M is isometric to IR™.

The sharp logarithmic Sobolev inequalities or entropy-energy inequalities in Eu-
clidean space states that for any f € C§°(IR") with [, f?dz = 1 it holds (cf. [D],

[B])
2
. #2log f2dx < glog <m€ /ZR |Vf|2dx) .
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It has been shown by Bakry, Concordet and Ledoux that (cf. [BCL]) a complete
n-dimensional Riemannian manifold M with non-negative Ricci curvature satisfying
the optimal logarithmic Sobolev inequality, i.e.

2
/ f?log f2dv < Qlog </ |Vf2dv> ,
M 2 nwe Jus
Vf e Cgo(M) with / fPdv =1,
M

is isometric to IR™.

A similar result for the Sobolev inequality was obtained by Ledoux in [Le] and
he showed that a complete n-dimensional Riemannian manifold M with nonnegative
Ricci curvature in which one of the Sobolev inequalities

1/p 1/q
( / Iflpdv> < c( |Vdev) ,
M M

Vfe 5 (M), 1§q<n,1:1—l7
p q n
is satisfied with C' the optimal constant of this inequality in IR™ is isometric to IR"™.
This theorem of Ledoux has been generalized in [X1].
Another important inequality is the so called Nash inequality stating that for any
f € C§°(IR™) we have

(1.8) (/ ) f2dv>1+2/n <0, (/B |Vf|2dv) (/Rn f|dv>4/n

for a constant C,, depending only on n. This inequality is a particular case of the
Gagliardo-Nirenberg inequalities for which numerous applications have been found.
It has been shown by Carlen and Loss [CL] that the best possible constant in (1.7) is
given by

2((n +2)/2)(+2)/n

1.9 C, =
(19) nAY (BB

where |B,,| denotes the volume of the unit ball in IR", and where AT(B,,) denotes the
first nonzero Neumann eigenvalue of the Laplacian operator on B,,.

In [L1], Ledoux proposed the problem that if a complete n-manifold of non-negative
Ricei curvature in which the Nash inequality (1.7) holds with C,, given by (1.8) is
isometric to IR™. With respect to this problem, Druet, Hebey and Vaugon showed in
[DHV] that a complete n-dimensional manifold M with non-negative Ricci curvature
in which the following Nash inequality holds:

4
n

1+2
2 2 e%e]
(/Mf dv) <, (/M |f|dv) [ 1vstae, vreci,

is flat, where C,, is given by (1.9).
In this paper, using the result proved by Druet, Hebey and Vaugon [DVH], we
show that the problem by Ledoux has a positive answer.
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Theorem 1.4. Let M be an complete n-dimensional manifold M with non-negative
Ricci curvature. If for any f € C§°(M), it holds

142 B
(1.10) (/Mf2dv> <Cp (/Mf|dv> /M|Vf|2dv,

where C,, is given by (1.9), then M s isometric to IR™.

Complete manifolds with non-negative Ricci curvature in which some other type
Caffarelli-Kohn-Nirenberg ineqaulity (cf. [CKN], [CCh], [L], [CW]) holds were studied
in [CX1]. The structure of complete manifolds with non-negative Ricci curvature in
which some Gagliardo-Nirenberg type ineqaulity (cf. [DPD1], [DPD2]) holds has been
studied recently in [X3]. For some interesting results about complete manifolds with
non-negative Ricci curvature, we refer to [AG], [A], [CX1], [CC], [Li], [SS], [S1], [S2],
[SSO], [SO1], [SO2], [W], [X2].

2. A Proof of Theorem 1.2

Let A be the Laplacian operator on IR™; then for the position vector x in IR™,
it holds A|z|?> = 2n. For any f € C§°(IR"), since |V|z|| = 1 almost everywhere, it
follows from the divergence theorem that

ey [ i

S
1 .
R A (R
RTL
_ or It 2 r yr+1 r—1
= —— [ [&["fI" V]l d$+*/ 2"Vl VI da
n Jgrnr n Jgrnr

= I gelrirde e L [ a1l 1)
n Jmgn n Jrn

The Schwarz inequality implies that (V|z|, V|f]) < |Viz|| - |V|f]| = |VIf]| almost
everywhere. Since |V|f|| = |V f] almost everywhere, we conclude from (2.1) that

[oterrigras < <2 [ apriras s [ aprew iy,
R» n Jpn n Jpn

which implies that

(22) [ Jalrisvas
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—— [ 19l = 5
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< (/ lx@plwf’dl‘)p(/ Iwﬂfr’g_l”dx)p,
n+r R Rn

where in the last inequality, we used the Holder’s inequality. Thus (1.4) holds.
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To conclude the proof of Theorem 1.2, it suffices to check that when

g(x) = ()\ + |x|17°‘+%):‘%g ., A>0,

then
p—1
1 p(r—1) >
s (Jipn o121V gl ) ? ([ l2Plgl 5 d2) T,
| IPAERITRE: T

For X € (0,400), set

p—1)(1—a+2 G-ne
A(/\):( I P)/ |z|? </\+|x\1*“+%) dz,
r—p

d—-p)r

B()\) :/ |1‘|a71+(17%),@ ()\+ |x|1,a+g> o

We claim that the functions A and B are well defined. In fact, we have

B (A-m)p
p—1H(l—a+ & —
A1) = ol ) / B (1 + |x|1—a+%) " da
r—p R
8 a-np
p—1)(1l—-a+=2 too e
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r—p 0
where c¢,,_1 denotes the area of the unit sphere in R™. Since
-1
pi + é > 07
p(r—=1) n
one has
(2.4) B+n—1>—1.

It follows from (1.5) and (2.4) that A(1) converges. On the other hand, one has

d—-p)r

(2.5) B1) = / o008 (14 =t E) g

a-pr

> B r—
_ / Cn_lrnf1+a71+(17%)5 (1+T17a+;) "
0

Since n + vyr > 0, we have
1
n—1+a—1+(1—)6>—1.
p
Also, it is easy to see that (1.5) is equivalent to
1 1-—
n—1+a—1+(1—)ﬂ—i—(l—a—i—ﬁ)(p)r<—l.
p p r—=p

Thus B(1) converges. It is easy to see that

r(p—1) ntyr r(p—1)

(2.6) AN) = AT L A(L), B(X) = AT e . B(1).

So our claim is true.
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Since 5
(1-p)l—a+7) i
Vg = 2oJa] = (A [ T4 ) T Val,
r—p
one can easily obtain that

—1

(2.7) (/ lxl“ﬂvmpdf)P(/ leﬂm‘”*l”“) T = Ao,
n Rn

and that
(2.8) /}R 2" lgl"dz = B(N).
In order to see that (2.3) holds, we need only to show that
n+yr
(2.9) A1) = —B().
This can be seen as follows.
(2.10) A1)
p—D(1—a+2 L=
= ( A p)/ || (1 + |x|1_°‘+§) dx
r—p R™
— — 8 r(1—p)
_ oDl -aty) (/ g1+ 0)8 (1 + |x\1fa+%) e
r—p n

. a p(}—r)
—/ ||t (=)8 (1+|x\17a+?) o dx)

D1 B L
_ -1 +p)<B(1)+Tp)B,(1))

r—p (p—1

By (2.6),
(2.11) B'(1) = <1 7”;:;/17 - r(f_pl)> B().

Combining (2.10) and (2.11), one gets (2.9). This completes the proof of Theorem
1.2.

3. Proofs of Theorems 1.3 and 1.4
Proof of Theorem 1.3. Let # > 1 be fixed and set p = 0~ 1. For any A > 0, let

a71+(17%)[3 v

r(p=1) *

(o)

Let us first verify that F is a well defined C* function on (0, +00). In fact, by Fubini
theorem (cf. [SY])

+o0 pa71+(17%)5
(3.1) F(\) = / vol} x : o (T) > 5 p ds.
0

(rpimert) 7




THE CAFFARELLI-KOHN-NIRENBERG INEQUALITIES 881

Since M has non-negative Ricci curvature, the Bishop-Gromov comparison theorem
implies that vol[B(zg,t)] < |Bp|t™ (cf. [BC], [G]). Set

1 -1
wzl—a—i—(—l)ﬁ,z:r(p )7
p r—p

then we have from (1.5) that
(3.2) n—w—1-—zw+p) < -1
Making the variable change

in (3.1), we get

oo WA+ (W + z(w + B))t“+P
/0 vol[B(wo, 01)] fot () ot B+l dt

/+oo | B |07 (WA + (w + z(w + Bt o)t
o (>\ + tw+ﬂ)z+1

Since n —w—1=mn+~vyr —1 > —1 and (3.2) holds, we know that 0 < F(\) <
400, VA > 0, that I is differentiable and that

r(p—1) / p 1+ (1-5) gy
p(r—1)
r=p Jm —at B\ T
)
Observe that |[Vp| = =1 almost everywhere. By an approximation procedure, we can
apply (1.7) to (A + /)1_0‘4'[3/1))7H for every A > 0 to get
(3.5) F(\)

_ / pa71+(17%)ﬁdv
M

r(p—1)

()\ + pl‘a+§) "=

r(p—1)(1—a+3/p) / pPdv
(n+97)(r —p) M

(3.3) F())

< dt.

(3.4) F'(\)=-

p(r—1)

()\ + ,ol*“*%) r

_ rlp-1(-a+8/p) / P A
(n4~r)(r —p) M (/\ R pl_a+%> S
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Thus we have

(36) 1 _n(fvf/pml(/\) < (r(p(;i)glr;(fjpﬁ)/p) 3 1) FOV),
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or
(3.7) —AF'(\) <1F(N),
where
;o rp—1) n+qr
r—p (1—a+p/p)
r(p—1) n+p

rT—p (1—a+8/p)
p(r—=1)(1—a+B/p) — (r—p)(n+p)
(1—a+p8/p)(r—p)

> 0,

where in the last inequality, we used (1.5).
Consider the function B : (0,400) — IR introduced in the last section. By (2.6)

(3.8) B(\) ="' B(1)
and so
(3.9) —AB'(\) =IB()).

We claim that if for some Ag > 0, F'(Ag) < B(Xo), then F'(A) < B(A), VA € (0, A¢]. In

order to see this, suppose that there exists some A € (0, Ag) such that F(\) > B(\).
Set

A1 =sup{A < Ao; F'(A) = B(\)}.
Then for any A € [A1, Ao], 0 < F(\) < B()\) and so we have from (3.7) and (3.9) that
AF'(A) = B'(A) 2 U(B(A) = F(X)) 20, YA€ [Ar, Aol

It follows that the function F'(A\) — B()\) is increasing on [A1, A\g]. Consequently, we
have

0= (F—B)(\) < (F - B)(\) < 0.
This is a contradiction. Thus the above claim is true.
Before we can finish the proof of Theorem 1.3, we will need the following lemma.

Lemma 3.1. We have

F(\)

im 1 > o .

hg\n_}glf BOY >60">1
Proof. Fix a small € > 0. Since

lim vol[B(zg, u)] _1,

u=0 Vo(u)

there exists a § > 0 such that

vol[B(zg, h)] > (1 —e)Vo(h), Vh < g,
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where Vy(h) denotes the volume of an h-ball in IR"™. It then follows from (3.3) that

WA+ (W + z(w + B))ttP

tw-‘rl()\ + tw+5)z+1 dt

5/6
FO\ > /0 vol[ Bz, 0t)]

9/6 WA+ (w+ 2z(w + B))teth

> (11— "
> (1—e)f o Vo(t) fo () f Byt

C gt [T et @ 2w+ )5
= (1-¢ ; o(s) soT1(1 4 swotB)=+1 o

dt

On the other hand, it is easy to see that

B 400 + + +ﬂ w+3
B(A) = A l/o VO(S)w ij1(1ﬁiw+ﬁ;2i1 5

Thus

. FN
> _ n
hrAnnglf o > (1 —¢)0".

Letting € — 0, one finishes the proof of Lemma 3.1.

Let us go on the proof of Theorem 1.3. It follows from the above Claim and Lemma
3.1 that F'(A) > B(\) for every A > 0, that is

+o0 A w+0B
/0 (vol[B(xo, 01)] — Vi(£))“ ;E“j&f;;@fl dt > 0.

Letting 6 — 1, we have

Foo WA+ (W + z(w + B))ttP
/0 (vol[B(zo,t)] — Vo(t)) twil(A _A'_(tw—&-ﬁ)j—)&-l dt >0, VYA>0.

Since M has non-negative Ricci curvature, we have vol[B(zg,t)] < Vo(t), Vt > 0. It
then follows from (3.11) that vol[B(zo,t)] = Vo(t) for almost every ¢ > 0, and thus

every t > 0 by continuity. Consequently, M is isometric to R™ by the equality case
in Bishop-Gromov’s theorem. This completes the proof of Theorem 1.3.

Proof of Theorem 1.4. Let p;(x,y) be the heat kernel on M. By [BCL], there exists
a positive constant Cy > 0 such that

Co
su z,y) < —=, Vt>0.
SR < o

In [LY], Li and Yau showed that there is a positive constant C4(n) depending on the
dimension of M, such that
Ci(n) < litm inf vol[B(z, Vt)|p:(x,y), Vz,y € M.
Combining the above two inequalities, we know that
1|B
lim inf Lo [B(z, )]
r—+00 rn

Thus M has large volume growth (cf. [S2]). On the other hand, the work of Druet,
Hebey and Vaugon [DHV] implies that the sectional curvature of M is identically zero.
A theorem of Marenich and Toponogov [MT] states that a complete Riemannian man-
ifold with non-negative sectional curvature and large volume growth is diffeomorphic

> Gyt > 0.
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to a Euclidean space. Combining all these facts, we know that M is isometric to R™.
This completes the proof of Theorem 1.4.
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