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CONGRUENCES BETWEEN ABELIAN PSEUDOMEASURES
JURGEN RITTER AND ALFRED WEISS

Dedicated to Professor Peter Roquette on his 80" birthday

In this paper K is a totally real number field (finite over Q), p a fixed odd prime
number, and S a fixed finite set of non-archimedian primes of K containing all primes
above p. Let Kg denote the maximal abelian extension of K which is unramified (at all
non-archimedean primes) outside S and set Gg = G(Kg/K). Serre’s pseudomeasure
Ak = Ak,g has the property that (1 — g)A\x is in the completed group ring Z,[[Gs]]
for all g € Gg [Se2].

Let L be a totally real Galois extension of K of degree p with group ¥ = G(L/K).
Moreover, assume that the finite set S of places contains all the primes of K which
ramify in L. Let Lg, Hs = G(Ls/L) and Ap be the corresponding objects over L
with respect to the set of primes of L above S. Observe that Lg is a Galois extension
of K, with group &, hence G is its maximal abelian factor group. Also, since Hg is a
normal subgroup of & of index p, the quotient ¥ = &/Hg acts on Hg by conjugation.
This situation induces the transfer map ver : Gg — Hg by means of which we can
compare A\ and Ar.

THEOREM.: For gk € Gg and hy, = ver(gk) € Hg,
ver(Age) = Ap, mod T,
where A\g,e = (1 — gr)Ak,s, Ao, = (1 — hr)Ar,s, and where T is the ideal
in the ring Zy[[Hs)]” of S-fized points of Z,[[Hs]] consisting of all $-traces
2oes @ @ € Lp[[Hs]]-

The proof follows from Deligne and Ribet [DR] by interpreting it on the Galois side
as in [Se2]. Explicitly, the group limG; of [DR, p.230], with f running through the

integral ideals of K with all prime factors in .9, is identified with our Gg, via class
field theory.

The theorem implies the “torsion congruences” of [RW, §3] in general, and thus the
proof of the ‘main conjecture of equivariant Iwasawa theory’ of [RW2, §4] ! is reduced
to proving the integrality of the logarithmic pseudomeasure ¢ of [RW, §2].
More precisely, let Lo, be the cyclotomic Z,-extension of L and I'y, = G(Ls/L). If
the element gx € Gs (as above) has infinite order, then the image of (1 — hr) under
Zp|[Hs]] — Zp[[I'L]] is not in pZy[[T'1]]. Letting Z,[[Hs]], be the localization obtained
Received by the editors July 10, 2007.
Lor the ‘main conjecture of noncommutative Iwasawa theory for p-adic Lie groups of dimension

1’ (see [K, §3])
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by inverting the multiplicative set of elements of Z,[[Hg]] whose image in Z,[[T'z]] is
not in pZy[[T'z]], the theorem reads

ver(Ag,s) = Ar,s mod T,

with T, the ¥-trace ideal in Z,,[[HSH? . If M is totally real and Galois over K with
Lo C M C Lg and [M : L] finite, then the “torsion congruence” is obtained by spe-
clalizing ® — G(M/K). Moreover, for p-extensions M /K the “torsion congruences”
also imply the “logarithmic congruences” of [RW], so that we get a proof of many
cases of the “main conjecture” of [RW2,FK] complementing the Heisenberg extensions
of Kato 2.

Here is a short description of the individual sections to follow. In §1 we write Ay, as
a limit element in 1imZ,[Gs/U]/p™Y) with U open in G5 and with certain integers
U

m(U). This allows us to study the claimed congruence on finite level, which is carried
out in §2. The next section is some preparation concerning Hilbert modular forms
that we need for the proof of the theorem, which in §4 is combined with the work
of Deligne and Ribet to finish the proof. A final section briefly discusses a weaker
version of the theorem when p = 2.

1. APPROXIMATIONS TO PSEUDOMEASURES

We review the construction of pseudomeasures [Se2] in a more explicit form that will
be essential for our purposes. We first fix notation.

For a coset z of an open subgroup U of Gg set 6(*)(g) = 1 or 0 according to the cases
g € xor g ¢ x. Then, for integers k > 1, define (x(1—k,0@)) = (xs(1—k,6®)) €Q
to be the value at 1 — k of the partial {-function for the set of integral ideals a of K
prime to S with Artin symbol g, in = 3. Note that the definition of (g (1 — k,5*))
extends linearly to locally constant functions € on Gg with values in a Q-vector space
and gives values (i (1 — k, ) in that vector space.

Let N = Nk, : Gg — pr be the continuous character whose value on g, for an
integral ideal a prime to S is its absolute norm Na * For g € Gg, k> 1and € a
locally constant Q,-valued function on Gg we define, following [DR],

Ay(1—kye) = Cr(1—k,e) = N(9)*Cx (1 — k,e4) €Qp,
where €4(¢') = e(gg’) for ¢’ € Gs.
We can now state

THEOREM [(0.4) of [DR]].: Let €1,€2,... be a finite sequence of locally constant
functions Gg — Qp so that >, ex(g )N (g")*1 € Z, for all ¢ € Gs.
Then -

ZAg(l —k,er) €Z, forall geGs.
k>1

2see [RW, ‘Added in proof’]

350 Cx (1 — k,6(®)) = ¢g(z,1 — k) in [Se2], and = L(1 — k,6)) in [DR], up to identification

4i.e., Np is the cyclotomic character, so Np(g) is determined by the action of g on p-power roots
of unity (see [Se2, (2.3)]
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Call an open subgroup U of Gg admissible, ift N'(U) C 1+ pZ,, and define m(U) > 1
by N(U) =1+ p™7,.

LEMMA 1.: If U runs through the cofinal system of admissible open subgroups
of Gg, then Z,[[Gs]] = I%HZP[GS JU /oY) Z,[Gs /U] .

Proof. The natural map
ZyllGs]] = imZ,[Gs /U] — lingp[Gs/U}/pm(U)

is injective, since m(Uy) > m(Usz) for Uy < U, and since the m(U)’s are un-
bounded. In order to show surjectivity, it is sufficient to find a linearly ordered
cofinal family {U’} of open subgroups, because then it follows that the image of
li_n/lZp [Gs/U"/p™U") is dense in the compact group IEL?Z,, [Gs/U"]/p™T") | by taking
SllleCGSSiVG approximations which are compatible Witlljl the projections. Now, Gg is
finitely generated (over Z), as the inertia groups for the p € S are finitely generated
and they together generate an open subgroup (the fixed field of which is the strict
Hilbert class field of K). Thus G is a homomorphic image of a finite product ] Z

and hence the closed subgroup (Gg)™ has index dividing the finite order of [J(Z/n!)
and so is open. Il

PROPOSITION 2.: For g € Gg there is a unique element Ay € Z,[[Gs]], indepen-
dent of k °, whose image in ZP[GS/U]/pm(U) is
Z A,(1 =k, 6NN (z)F2 mod p™ )z, G/ U],
IEGs/U

for all admissible U, where N here also denotes the homomorphism Gg /U —

(Zp/pm(U))X induced by our previous N'. Moreover, if X is the pseudomeasure
of [Se2], then
(I—g)A=X,.

Note first that the displayed elements are well-defined by the definition of m(U) and
that, varying U, they determine a limit element A\, € Z,[[Gs]], since A, is a Z,-valued
distribution (see [DR, (0.5)]).
We check that A, is independent of k. Fix U and a coset . Choose a (set) map
n: Gg/U — Z,” so that n(¢'U) = N*~1(g") mod p™U) for all ¢’ € Gs. Viewing n
as a locally constant function on Gg, then
Ay (0,6@n) = A, (1 — k,6®)) mod p™U) .

To see this, apply Theorem [(0.4) of [DR]], repeated above, with &; = p~™(U)§@)y |
ex = —p~ U@ (‘and the other £’s zero). Hence, with # € =,

Ay(1 =k, 0NNEF = A, (0,6 n)n(z) " NE!

= Ay (0,n(z) L@ NE=L = A,(0,0)NE"L mod p™) .
We next check that our A, satisfies

(eNF X)) = Ay(1 - k,e)

5This allows us to take k > 2 to avoid difficulties with K = Q.
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(compare [Se2, (3.6)]). As above, choose 11 : Gs/U — Z,* so that now n(yU) = N*y
mod p™Y) | Then, by [Se2, (1.1)],

(eNF NG = (em, Ag) =3 en(z) Ay (1 — k, 6@ )Nk

=Y, @A (1 -k, @) =A (1~ k>, e(x)d@®) = A, (1 — k,e) mod p™U) .

By the argument following [Se2, (3.6)] it follows that (1 — g)A is equal to our A, for
all g € Gs. 0

2. TRANSFER

Let L/K be as in the introduction. We decorate objects which depend on L and
are analogous to the ones of K appropriately, e.g. N7, myg,...; in particular we have
the notion of admissible open subgroups of Hg. Note that if V' is such an admissible
open subgroup of Hg, then [, 5, V7 is also open and therefore the system of ¥-stable
admissible open subgroups of Hg is a cofinal system of open subgroups of Hg.

LEMMA 3.: (1) If V is an admissible open subgroup of Hg and U is an ad-
missible open subgroup of Gs contained in ver=1(V), then my(U) >
mp(V)—1.

(2) Lety be a coset of a X-stable admissible open subgroup of Hs. If h € Hg
is fixed by X, then Ap(1—k, 5(Lyv)) =Ap(1—k, 5(Ly)) , where Ap, = A .
In particular, Ap, is fized by 3.
The first assertion uses Ny (ver(g)) = Nk(g)? for g € Gs. Now U < ver (V)
implies ver(U) < V, hence Ni(V) D Ny (ver(U)) = Ng(U)?, ie., 1 +pmtMV7Z, >
(1+pm=W7Z,)P =14 pmxW+17, Thus mg(U) + 1 > mp (V).
For the second assertion it suffices to show that {r(1 — k 5(ya)) (1l —k, §(Ly)) for

all y, because ((51(:y0))h = (5§:h_1ya) = 5((h 7 and 5 (hty) _ (6(y)) . Now view (527")
as a complex valued function on Hg/ V and write it as a C-linear combination of the
(abelian) characters x of Hg/V. It suffices to check whether (1 (1 —k,x) = (r(1 —

k,x%), with x?(h) = X(h“’_l) = x(cho™1). But this follows from the compatibility
of the Artin L-functions with induction, because ind //VX ind //VX

This finishes the proof. O
Let N be the kernel of ver : Gg — Hg. A Y-stable admissible open subgroup V' of

Hg gives rise to the transfer map Gs/U — Hg/V whenever U < ver—*(V). These
transfer maps combined yield the right hand map in the commutative square

Zp[[GS]] — UlgnN Zp [GS/U]/me(U)
ver | 5 - !
BiHS) =+ w2 [Hg V)0

explicitly sending (z¢)r to (yv)y with yy the image of zyy under Z,[Gg/U]/p™x (V)
Y [Hs V] )p ) — Z,[Hs/V]/p" (V)1 whenever U < ver~'(V). The bot-
tom arrow is an isomorphism by the proof of Lemma 1.

We recall that a locally constant function e, on Hg is even, if e (c,h) = €1 (h) for
all h € Hg and all “Frobenius elements” ¢,, at the archimedean primes w of L (so
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cw € Hg is the restriction of complex conjugation with respect to an embedding
Ls — C inducing w on L).

Set Z(p) =QNZ,.

PROPOSITION 4.: A sufficient condition for the Theorem in the introduction to
hold is the following :

Ay, (1 —k,er) = Ay (1 —pk,er over) mod pZ,

for all even locally constant Z,-valued functions €;, on Hg satisfying €7 =
er (Yo € %) witheg(h) =ep(h® ).

Proof. Look at the coordinates of
An, and ver(Ag,) in ZP[HS/V]/me(V)*l

for a Y-stable admissible open subgroup V' < Hg containing the group C generated by
all elements c,,. Note that ver(Agy, ) is then the image under ‘ver’ of the U-coordinate

of Mgy, where U = ver (V) < Gg contains N. These coordinates are the images of
() Xyene/v Bue (1= k0 INL(y) ™y,
respectively

(i) Ypeqev Dox (1= Pk, 85 )N () ~Prver(x)

in (Z,[Hs/V]/pmt()=1)® by Proposition 2 (recall that it asserts independence of A,
from k).

We show that the sums in (i),(ii) are congruent modulo T'(V'), where T'(V) is the
Y-trace ideal in (Z,[Hg/V]/p™t(V)=1)% by distinguishing two cases :

(1) y is fized by . Then 6(Ly) is an €7, as appearing in the proposition and so
Ay, (1 — k,é(Ly)) = Ay (1 —pk,é(Ly) over) mod p. Now, if y = ver(z), then,
because ver : U/N — V is an isomorphism, z is uniquely determined by y and
NL(y)™* = Np(ver(z))™% = Ng(z)"P* . Moreover, (5(Ly) o ver = (5%). Hence
the corresponding summands in (i) and (ii) cancel out modulo T(V'), since
pa is a X-trace whenever « is Y-invariant. However, if y ¢ im (ver), then
5(Ly) o ver = 0, hence the y-summand vanishes modulo T'(V).

(2) y is not fized by ¥. By 2. of Lemma 3, Ap, (1 — k75(Ly)) =Ap, (1- k,é(Lya)),
whence the Y-orbit of y yields the sum Ap, (1 — k,é(Ly))NL(y)_k Yooen ¥’
which is in T'(V).

Now subtracting type (ii) sums from type (i) sums for all ¥-stable admissible open V' >

C gives a compatible system of elements in  lim T(V) C lim Z,[Hg/V]/pme(V)~L,
v>c v>ec

Set HY = Hg/C; so HY = G(L§ /L) where L} is the maximal totally real subfield
of Lg. Since T(V;) — T(V) is surjective whenever V; < V', we get a limit s* € TF C
Zp|[[HE]). Thus the proposition follows from

LEMMA 5.: Suppose that s def Anp, —ver(Ag.) € Z,)[[HS]]E has image sT under
Zp|[Hs]| — Zy[[HZ]] in the S-trace ideal T in Z,[[HI]|®. Then s € T.
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Proof. We know, from [Se2, (3.12)], that the Frobenius elements ¢, € Gg for the real
primes v of K satisfy ¢2 = 1, ¢, Ay = A and that they generate the kernel of
Gs — G; Put cx =[], (1 + cy).

The analogous properties hold for the ¢, for the real primes w of L, and we can form
cr,. Moreover,

9K

e, = ver(ck) modT.
To see this, expand ¢y, in a sum of products of ¢, 's and consider the Y-action on the
summands. The sum of each orbit of length p is in 7" and the products fixed by X
add up to ver(ck), because ver(c,) = [, cw for every v.

Now st € TT and the surjectivity of T' — TT mean that sT = ¢t for some t € T,
hence s —t is in the kernel of Z,[[Hs]] — Z,[[Hd&]] which is generated by all 1 — ¢,

as a Zp|[Hg]]-module. Then ¢y (s —t) =0, implying cr.s € T because ¢, € Z,,[[HS]]E
and T is an ideal of Z,[[Hs]]”.
Moreover e\, = 21L@),, and

crver(Agy ) = ver(cr )ver(Ag, ) = ver(cx Ay, ) = 28 Uver(),, ) mod T .

Since 2? =2 mod p, it follows that 2K %Us = ¢ (A, —ver(\g,)) = czs =0 mod T,
from which the lemma, follows as p € T is odd. O

3. @-EXPANSIONS

Let [K : Q] =7, let f be an integral ideal with all prime factors in S, and denote the
usual Hilbert upper half plane associated to K by § = {r € K ® C: (1) > 0}.

If k£ is an even positive integer, we define, as usual, the action of GL‘*‘(27 K ®R) of
matrices with totally positive determinant on functions F': §§ — C by

(Flk(gg))(T) = N(ad — bC)k/zN(CT+d)*kF( a7+b)’

cT+d
with N': K ® C — C denoting the norm.
Set

Too() ={(2Y) €SL(2,K):a,d€1+f,beD !, c€fD}
where D is the different of K. A Hilbert modular form F' of weight & on Tgo(f) is a
holomorphic function ) — C 6 satisfying FipM = F for all M € T'go(f). Denote the
space of these by My (Too(f),C) (see [DR, (5.7)]). Such an F' can be expanded as a
Fourier series
c(0) + Z c(p)g" with ¢t = e2mitrlen) 7

HEOK
>0
1

called the standard g-expansion of F, i.e., the g-expansion at the cusp co = 5.

LEMMA 6.: Let B € ox be totally positive with § C Box. There is a Hecke
operator Uz on My (Too(f),C) so that, if F € Mi(Too(f),C) has standard g-
expansion as above, then F,Us € My(Too(f),C) has standard q-expansion

c(0) + 2,50 c(Br)g" -

6and holomorphic at infinity, if K = Q
70K is the ring of integers in K; from now on g will always be in ox
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Following [AL, §§2,3] for the proof, let B = (g 9) and set Q = BTgo(F) B~ NToo(f) -

The matrices Sg = (é % ), with £ running through a set of coset representatives of

BD~1in D71 satisfy Too(f) = U 2S¢, because f C Bo.
Define Ug on My(Tgo(f),C) by

FipUsg = N(p) 5 -1 ZF‘kal‘S’g , with A/ as above in this section.
3

Then F|;.B ~1is modular on BIl'gy(f)B~!, hence on 2. The usual averaging argument
then shows that Fj,Up is modular on ['g(f). Now,

(FpUp) (1) = N(B) L F(B1r + @*1{15
= N(ﬂ)*l Zf (C(O) —+ ZH>>O c(u)e%mtr(u )
=N(B) D1 D e(0) + X500 (1) (J\/(g)—l e ezmrx/@(ug/ﬁ))egmr(w/ﬁ)

=c(0)+ > u>o0 C(M)e%i“(lﬂ/ﬁ)
HEBO K

as N(B) = [© 1 : D] and as ¢ s 2™t x/e(1e/B) s a character on D' /FD .
Since [ is totally positive, the proof of the lemma is complete. (I

We next discuss restriction of Hilbert modular forms from L to K.

The containment K C L induces natural maps $x — 97, and SL(2, K®R) = SL(2, L®
R). For a holomorphic F' : $;, — C define the restriction res F' : $; — C of F' to be
the holomorphic function satisfying (res F')(7) = F(7*). Then

(%) (res F) o M = res (F, M*) for M € SL(2, K ® R).
The g-expansion at a cusp determined by a finite idele a0 € K> is discussed in [DR,
bottom of p.229 and (5.8)].
LEMMA 7.:  Let F € Mp(Too(for),C) and let c(0) + > vso0 c(v)q? be its
standard q-expansion (with q7 = 62”“”(”)). Let a € K* lieolfhen

(1) res F € Myk(Too(f), C) has standard g-expansion c(0)+Y >0 cx(p)qh

HEO K
with ¢, (1) = Y vs0,veor, ¢(v) (and ¢h = 2™0x ) )
trp k (V)=p

(2) the constant term of resF at the cusp determined by « equals the
constant term of F' at the cusp determined by o € L* .

Assertion 1. follows from observing that trp (v7*) = trg (trp g (v)7) forv € L, 7 €
K ® C, and substituting this into the definition.

For 2., the constant terms in question are those of
(res F)o = (res F)pe (¢ ,%) and  For = Fj (2 .%)7,

respectively, by [DR, p.229]. By 1., F,~ and res F,,~ have the same constant term in
their respective standard g-expansion, so it suffices to show (res F'), = res F,,~. For
that, decompose M = (§ agl) € SL(2,K) as M = MM, according to SL(2,K) =
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Too(f) - SL(2, K), hence M* = M;M; according to SL(2, L) = Too(for) - SL(2, L).
Then

(res F)o = (res F)jpi M = (ves F) p, Mo W res (FjMy) = res (F|p,M™) = res i,

with equation @ referring to the formula displayed prior to Lemma 7. O

4. PROOF OF THE MAIN RESULT

We use the notation of the previous section, except that we now also use N for the
norm map K — Q and any norm map derived from it 8, as in [DR,§2].

We attach an Eisenstein series of every even weight k to even locally constant C-valued
functions ¢ via [DR, (6.1)].

PROPOSITION 8.: Let € be an even locally constant C-valued function on Gg.
(1) There is an integral ideal § in K with all its prime factors in S and a
modular form Gy € My(Too(f),C) with standard q-expansion

2=k + Y (Y e@N @)

n>0 peaCogk
pEoKx  aprimetoS

where e(a) = £(gq) with go € Gg the Artin symbol of a.
(2) Its g-expansion at the cusp determined by o € K* has constant term

N((@) 27" (1 — kyeq)

where () is the ideal generated by o and a € Gg 1is the image of o under
the map

(2a) K* 1.6 =GK™/K) - Gg

with j taken from [DR, (2.22)] and the identification G = G(K*"/K) as
in [DR, p.240], via the Artin symbol on integral ideals prime to f.

(3) N(()) = Nl(ap) - Np(a) where a, € K @ Q, is the p-component of
a € K* and N,(a) = Nk ,(a), as in §1.

For 1. choose an open subgroup U of Gg so that ¢ is constant on each coset of Gg/U.
Let f be an integral ideal which is a multiple of the conductor of the field fixed by U
acting on Kg and with all its prime factors in S. Then the Artin symbol maps the
strict ideal class group Gy onto Gg/U. Viewing Gy as the group of invertible elements
of As, as in [DR, (2.6)], makes € a map on G = lim Gy . Finally extend € to I by zero

s
9. In particular, if a is an integral ideal prime to S, then £(a) = £(g,). Moreover, by
[DR, (2.3) and (2.4)], e(a) = 0 for every (fractional) ideal a of K which is not integral

and prime to S.
Now, with this ¢, [DR, (6.2)] gives the standard ¢-expansion of Gy, . :
27k (L —k,e)+ Y (Y elmr N () e,

pu>0 rCogx
HEOK

Shence consistent with our usage in §3
or the definition of I see [DR, §2]
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where we have chosen the ideal B of [DR] to be 0. Set a = uz~!, so p € a, and we
may assume that a is integral and prime to .S, because otherwise € will be zero on a.
Thus the above uth coefficient is turned into > ucacox e(@)AN(a)*~1.

aprimeto S
For 2., [DR, (6.2)] shows that N((a))*27"Cx (1 — k,&.) is the constant term of the
g-expansion at the cusp determined by o € K*, with ¢ = j(a@). Our extension of € to
G has been such that, for g € G, e.(g) = €(cg) = £(¢g) = =(g) with ¢, g the images of

¢,gin lim Gy, where ‘f inS’ means that every prime factor of f is in S. Hence
f/Cf,in S
the commutative square

G E— IEH Gf/
f'Cf,in S
|
G(K**/K) — Gs
shows ¢ = a, up to identification.

For 3., we get from [DR, (2.12),(2.16)] that the norm of ¢ = j(«a) is N(a) N (()).
Thus the p-component of N'(c) € Z* in Z,™ is N(a,p) "N ((«)) since N((a)) € Q*.
On the other hand, the p-component of N (c) is N,(a) by the commutative diagram

. Nk/o )
ceG@ — m Gpng e — im G pyng,

n n
U ~|

a€Gs — ImG(Quy)/Q) - tin (Z/p")*

with the left map as in (2a) and p,» the p™th roots of unity. Here, the map G —

lim (Z/p™)* = Z,™ around the top row takes ¢ to the p-component of A'(c), which

thus is Np(a).

The proof of the proposition is complete. O
LeEMMA 9.: 0 Let k be an even positive integer and €5, an even locally constant

Zp)-valued function on Hg. There is an integral ideal f C por with all prime
factors in S, so that

E = (res Grep)pkUp — Gprepover is in - Mpp(Too(f),C) M.
If e] = e for all o0 € X, then the constant term of the standard q-expansion
of E is
27" (1 — k,er) — 27"k (1 — pk, e, o ver)
and all non-constant coefficients are in pZ,).

Choose an § C pog by Proposition 8 so that Gk c;over € Mpr(Too(f), C) and G, €
My(Too(for),C). Using Lemmas 6 and 7, the standard g-expansion of Gpk ¢, over 1S

27"Ck (1 — pk,er, o ver) + Z ( Z EL(aOL)NK(a)pk—l)q?{

n>0 peaCog
pEoK aprimetoS

10compare [Ty]

Hyith Up as in Lemma 6
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because (e, over)(a) = (er, over)(gq) = £ (ver(gq)) = er(aor) (see [Sel, VIL8]), and
that of (res Gr.cp)prUp is

27 (ke + Y 3 eL(b)NL(6)" )

p>0 (b,v)sovebCor ,v>>0
KEOK  bprimeto S, try, x (v)=pu

Hence, the pth coefficient of F is

Z ( )NL ZEL CIOL NK( )pk 1

(b,v)

with (b, ) so that v > 0, € b C or, b prime to S, try/x(v) = pu and a C ox prime
to S.

The group ¥ acts on the pairs (b,v) by (b,v)? = (b%,v7). If ¥ moves (b,r), then
the orbit sum Y ez, (b7)NL(67)5~ 1 = pep, (b)N7(b)*1 because e, (b7) = €9 (b) =
EL(b) and NL(bU) = NL([]).

However, if ¥ fixes (b,v), then v € K, tr g (v) = pp, so v = p, and b7 = b, so
b = aoy, for a unique integral ideal a of K prime to S, since S contains all primes
which are ramified in L. Thus (b,v) = (aop, u).

The above claim on E now follows from
eL(B)NL(6)" " = ep (a0 )N (a0 ) ! = ep (a0 )Nk (a)PF—1)
er(aop)Ng(a)P*~1 mod p, by Nx(a)?"1 =1 mod p. O

We finally turn to the PROOF of the THEOREM stated in the introduction. We check
the sufficient conditions for every e as in Proposition 4. These are the £, appearing
in Lemma 9. With E as in Lemma 9 and a € K X, let E, be the g-expansion of E at
the cusp determined by a and let E(a) = Nk () PFE,,.

Since, by [DR, (2.23)], the map j in (2a) is surjective, there is an idéle v € K which
maps to gx € Gg by (2a). According to Lemma 9, E(1) = E; has non-constant
coefficients in pZ). Then, by [DR, (0.3) and Variant: Forms on Too(f) at the end of
85], E(1) — E(7y) has constant coefficient in pZ,. This coefficient is, by Lemmas 6,7,9
and Proposition 8§,
27P"(r (1 — k,ep) — 27"k (1 — pk,ep, o ver) —
N (7p) PPNE ((7))P* {2_WCL(1 —k, (e L)h ) = 27"Ck (1 = pk, (L o ver)y,)
=27P [CL(l —k,er) — Nk (9x)P*¢(1 =k, (eL)n, ]
2°r [CK(I — pk, e, over) — NK(gK)kaK(l — pk, (er, o ver), )]
=2"P""AL, (1 —k,er) —27"Ag (1 — pk,eg over) =
2_7'(AhL(1 —k,er) — Ay (1 —pk,er, over)) mod p

where we have used that v* € L* has image ver(gx) = hz, under the map (2a);, as
well as N (9x)? = Ni(hr)

Thus, Proposition 4 finishes the proof. O
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5. ABOUT p=2

For p = 2 the theorem needs to be reformulated because of the “extra” 2-adic divisi-
bilities of [DR]. In view of Lemma 8, we define

CNK,S(l - k76) = 2_T.CK,S(1 - k75) )
whence Ay, (1—k,e) =27"A,, (1 -k, ) takes values in Zy for Zy-valued ¢, since an
admissible subgroup never admits conductor (1) (see [Ri, §3]). Hence Ay, =27 "¢y

is in Z2[[Gs]] (by e.g. Proposition 2). Following the proof of the theorem now shows
that

the image of ver(\g,) — An, under Zy[[Hg|] — Zo|[HE)) isin T,

in the notation of Lemma 5. But the proof of Lemma 5 does not work anymore. One
imagines that the methods of [DR], which gave the extra 2-adic divisibilities in the
first place, would also sharpen the conclusion displayed above.

REMARK. Actually, we can do the same modification for odd p. The equivariant
“main conjecture” of [RW2] is unaffected because [QG o, 2] is then in the kernel of
0: K1(Q(Zp[[G]])) = KoT(Zy[[Go)]) (see equation (F) on p. 550 of [RW2]).
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