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SPECTRUM OF THE LAPLACIAN ON MANIFOLDS WITH
SPIN(9) HOLONOMY

KWwWAN-HANG LAM

ABSTRACT. We consider noncompact complete manifolds with Spin(9) holonomy and
proved an one end result and a splitting type theorem under different conditions on the
bottom of the spectrum. We proved that any harmonic functions with finite Dirichlet
integral must be Cayley-harmonic, which allowed us to conclude an one end result. In
the second part, we established a splitting type theorem by utilizing the Busemann
function.

1. Introduction

In [13], the authors proved the following

Theorem. [13] Let M be a complete Riemannian manifold with a parallel p-form w.
Assume that f is a harmonic function satisfying

/ VI = o(R?)
By, (R)

as R — oo, then [ satisfies
dx* (df Nw)=0.

Combining the above theorem with the fact that a quaternionic Kéhler manifold
supports a global parallel 4-form w, the authors proved, by an explicit calculation
involving w, that a harmonic function with bounded Dirichlet integral is quaternionic-
harmonic. Utilizing the quaternionic-harmonic condition they proved that, under an
assumption on the bottom of the spectrum \; (M), such a manifold must have exactly
one infinite volume end. Since a manifold with holonomy group Spin(9) supports a
global parallel 8-form €2, by a careful and detail study of €2, we proved that any
harmonic functions with bounded Dirichlet integral is Cayley-harmonic. Similar to
the work in [13], with a suitable lower bound assumption on A;(M), an one infinite
volume end result has been established by utilizing the Cayley-harmonicity condition.
In the second part of this paper, we consider the case that A\; (M) = 121 achieves its
maximal value. By studying the Busemann function § on M and using the results in
[10] and [12], we proved that either M has only one end or M must splits as R x N,
where N is given by a level set of (.
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2. Cayley hyperbolic space

We give a brief introduction on the Cayley numbers O, and a description of the
sectional curvature of the Cayley hyperbolic space H%). The material presented here is
adopted from [3], we refer the readers to there for further details. The Cayley numbers
O, is an 8-dimensional non-associative division algebra over the real numbers which
satisfies the alternative law: z(ry) = 22y, (yz)z = yx?. It has a multiplicative
identity 1 and a positive definite bilinear form (, ) whose associated norm || - || satisfies
[labl| = ||al| - ||b]|- Every element a € O can be written as a = al + ag, where « is real
and (ag, 1) = 0. The conjugation map a — a* = al—ay is an anti-automorphism, that
is (ab)* = b*a*. Moreover, aa* = (a,a)l and {(a,b) = (a*,b*). O admits a canonical
basis {1,eq, - ,es} such that (e;, e;) = &;j, €2 = —1, e;ej + eje; = 0 for i # j, and
e;eiy1 = €;13, if 7 is an integer mod 7. Obviously, we can extend the positive bilinear
form from O to Q? by

<(a7 b)’ (Ca d)> = <a7 C> + <b7 d>7
where a,b,c,d € Q. For any point = € H(%), we make the following identification
T,H% ~ Q2% Let M be a Riemannian manifold with metric tensor (,). Let V be any
tangent space to M. The curvature operator of M at V is a map

R:A*(V) — A*(V) C Hom(V, V)
such that
Rz Ay)z+ R(zANx)y+ R(y A z)x =0.
The above two properties implies R is a symmetric linear operator, that is
(R(x Ay)z,w) = (R(x ANy),z Aw) = (R(z Aw),x A y)

for any x,y,z,w € V. For any =,y € V linearly independent, the sectional curvature
of the 2-plane spanned by x and y is defined by

(R(z Ay),z Ay)

K =
Y |z Ayll?

The sectional curvature K4 p)(c,q) of the 2-plane (a,b) A(c,d) of 0?2 has the following
properties:

(1) For any a,b,c,d € O with [|(a,d)|| = ||(¢,d)|| = 1 and ((a,bd), (c,d)) = 0, we
have

1 1
Kapneay = o{llanel+11oAd+ Zllalllld* + Zl[Bl[le]l”
1
+ §<ab, cd) — (ad, cb) }

Ka,000,0) = @ if (a,0) A (b,0) # 0.

(67
K,onop) = 1 if (a,0) A (0,b) #0.

[0 .
B < wne| < lal i (@.5) A (e.d) £0.
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In this article, we use the normalization that o = —4, hence the sectional curvature
of HZ, is pinched between —4 and —1. Let M be a complete noncompact Riemannian
manifold with holonomy group Spin(9). It was proved in [3] that a manifold with
holonomy group Spin(9) must be locally symmetric and its universal covering is ei-
ther the Cayley projective plane or the Cayley hyperbolic space HZ. Since we are
considering noncompact manifolds, its universal covering is HZ. We first compute the
Laplacian of the distance function of H3.

Proposition 1. Let r(z) = ry(z) be the distance function of H3 from a fized point
p, then

Ar = 14 coth 2r + 8 cothr.

Proof. Let 7 : [0, L] — M be a normal geodesic from p to x. Let e1(t) = +/(t) along
7. Let {ea}¥ , be a basis of T,HZ such that

(1)

We extend {ea} to be a local frame along ~(t), {7/ (t) = e1(t),ea(t), - ,e16(t)} by
parallel transporting along 7. Since H%) is a symmetric space and thus locally sym-
metric, we have

Ry = —4, 2<3<8
Rigia = -1, 9<a<16.

0
aRlAlA =Ria14, =0, 2< AL 16,

hence (1) is valid along 7. Let X4(t) = fa(t)ea(t) be the Jacobi field along v with
X4(0) =0, Xa(L)=ea(L). fa(t) satisfies the Jacobi equation

d? 9
@fA(t) —cafat) =0

fa(0) =0, falp)=1, 2< A<16.

where ¢; =2, 2<i<8andc, =1, 9 < a < 16. Solving the above equation, we have

@) falt) = sinh(cat)

SCAY) o< A< 16
sinh(caL)”  —  —

Now, we can compute the Hessian of r at x

Hweses) = [ (\CZ‘;“ —<R<XA,¢>7',XA>>dt

2
+c4 2) dt

Therefore, we conclude that

16
Ar = Z H(r)(ea,ea)
A=2

= 14 coth2r + 8cothr,
where we have used the fact that H(r)(e1,e1) = 0. O
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Theorem 2. Let M be a locally symmetric space with universal covering H%). Then

and
Apr < 14 coth 2r + 8 cothr,

in the sense of distribution.

Proof. Let A(r),V(r) be the area and volume of the geodesic ball of radius r of H3
respectively. By proposition 1, we have

il((:)) = 14 coth 2r 4+ 8 coth r,
hence
(3) Vu(p,r) < V(r)
- / " AWt
0
< C / T(sinh2t)7(sinht)8dt
< 016(;%7

where Vs (p, r) is volume of the geodesic ball with radius r centered at p and for some
constant C7. On the other hand, it was shown in [10] that

Var(p, 1) > Cyexp (2 Al(M)r) ,

for any manifolds with positive spectrum. Combining the above inequality with (3),
we conclude that A; (M) < 121. For the second part, let f(r) = 14 coth 2r + 8 cothr.
By proposition 1, we have

Apr(z) = fr(z)),
for any * € M \ Cut(p), where Cut(p) is the cut locus of p. For each direction
0 € Sp(M), let R(0) = sup,-o{t : mp(exp,(t0)) = t}. Let ¢ € C5°(M) be a non-
negative smooth function with compact support, then

/M of(r) = /SP(M) /OR(G) of(r) J(0,r) drdf

R(6)
/ / & 9 o
Sp(M) Jo or

¢
_/M = +/SP(M) ¢(0,R(0))J (0, R(9)) db

> - /M<w>, )

where the second equality follows from the fact that Ar = %(log J), for all » < R(9)
and the third equality follows from integration by parts, ¢ > 0 and J(6,0) = 0. Hence
the second result follows. O



SPECTRUM OF THE LAPLACIAN ON MANIFOLDS WITH SPIN(9) HOLONOMY 1171

Let us recall the definition of the Busemann function and some of its properties.
Let M be a complete manifold and v : [0, 4+-00) — M be a geodesic ray. Let 3! (z) =
t—r(y(t),x), where r(z,y) denotes the distance between z and y. Triangle inequality
implies

185 ()| = [r(v(t),7(0)) = r(7(t),2)] < r(7(0),2),
and
By (@) = B5(z) =t — s +r(v(s), x) = r(v(t),2) 2 0,
if t > s. Hence {ﬂi}tzo is uniformly bounded on compact subsets of M and non-

decreasing, it converges uniformly on any compact subsets of M. The Busemann
function with respect to a geodesic ray -y is defined as

: t
Bla) = lm ().
The following lemma is well-known, see [9] for instance.

Lemma 3.
VBl =1

almost everywhere.

3. Manifolds with parallel forms

Let us first recall the Hodge star operator * and some of its basic properties. Let
V™ be a n-dimensional oriented real inner product space, we have the Hodge star
operator

x: NPV — APV
for any 0 € A'V,v € V, exterior multiplication and interior product operators
() : APV — APTLY
I(v): APV — APV,

where e(0)w =  Aw and (I(v)w) (*) = w(v,) for any w € APV. Let 0,6’ € A'V and
v,v" € V be the dual of # and 0’ respectively with respect the inner product of V.
For any n € APV, we have the following basic properties
(1) *%n = (~1)PC=Py

) *e(0)n = (=1)PU(v) * 7
3) e(0) xn=(=1)"""*l(v)n
) xe(6) *n = (=1)P=D=P(v)y
5) U(v)e(8)n+e(0)I(v")n = 0, where v L o'
(6) 1()e(0)n + =(O)(v)n = n

The following theorem is an over-determined system of equations satisfied by har-
monic functions and generalized Corlette’s argument to harmonic functions with finite
Dirichlet integral on a complete manifold with a parallel p-form. This kind of result
was first proved by Siu [14] for harmonic maps in his proof of the rigidity theorem
for Kéhler manifolds. Corlette [5] gave a more systematic approach for harmonic
maps with finite energy from a finite volume quaternionic hyperbolic space or Cayley
hyperbolic plane to a manifold with nonpositive curvature. In [7], the author gener-
alized Siu’s argument to harmonic functions with finite Dirichlet integral on Ké&hler
manifolds.
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Theorem 4. ([13]) Let M be a complete Riemannian manifold with a parallel p-form
w. Assume that f is a harmonic function satisfying

[ 9P =)
By (R)

as R — oo, then f satisfies
% (df ANw) = 0.

By taking a careful and closer look at the nature of the proof of the above theorem,
we found out that the proof not only works for harmonic functions with finite Dirichlet
integral but also L? harmonic 1-form. The key ingredient is that any L? harmonic
1-form is both closed and co-closed. We have the following:

Theorem 5. Let M™ be a n dimensional complete Riemannian manifold with a
parallel p-form w. Assume that o is a L? harmonic 1-form, that is Aa =0 and

/ laf? < 4o0.
M

d*(aANw)=0.

Then a satisfies

Proof. We first show that
(4) *d* (a Aw) = (=1)""td * (a A *w).

For any « € M, we choose a local orthonormal frame {e;}?_; such that Ve;(z) = 0.
Let {0}, be the coframe. For any p-form w, we have

dw = £(0))V,,w

at © and w is parallel if and only if V., w = 0,Vi. Let a = Z?Zl a;0%, and hence @ =
> iy aie; is the dual of a. We use the notation da = Y77, a; ;67 A 0°, where a; ; =
Ve, a;. Since a is L? harmonic, it is both closed and co-closed, which are equivalent
to the conditions that a; ; = a;; and >, a; ; = 0. The following calculations are all

evaluated at x.

(5) dx(aAN*w) = dxe(a)*w
(—pp=Din=p) [()]

= (-1 pl)(npz Jw)

=1
n

= (~-1 p 1)(n—p) Z aﬂ ej)w),
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where the third equality follows from V., e;(x) = 0 and the last equality follows from
Vw = 0. On the other hand,

(6) *dx(ahNw) = xdxe(a)w

|
*
Ngb
™
—~
>

©
Il
=

zn:aj&j w
j=1
= Z a;€(0") x (e(67)w)

1,j=1

= (_1)p(n—p—1) Z ai,jl(ei)e(e w

i,j=1

= (=1)pr=r=D) Zaiyil(ei)e(w)w+Zai7jl(ei)s(0j)w
i=1

i£j
_ pnmﬂ*(ipmwﬂwm@p
- Z ai,js(ﬁj)l(ei)w)
i#£]

= (~D)POTPEDREY g e(6)(1(es)w),

4,J=1

where the last equality follows from a;; = a;; and Y ., a;; = 0. (4) now follows
from (5) and (6). Let

[ 1 on B,(R)
W@—{o(m M\ B,(2R)
such that [V¢| < C;R™!. Consider
/ Pld* (e Aw))? = / qbzd*(a/\w)/\*d*(a/\w)‘
M M
= / ¢2d*(a/\w)/\d*(a/\*w)‘

- /d¢2A*(aAw)Ad*( A *w)

2( [ 1ol omw> (/ ¢>2d*<w*w>|"‘)1/2
2 ([ 1o« @ne )1/2 ([ #axtana) )/

where the second and the last equality follows from (4), the third equality follows
from integration by parts and the fact that d?> = 0. w is parallel implies

IN

[ * (@ Aw)[ < Cala,
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for some constant Cy. Combining the above with (7), we have

/ |d* (a Aw)|* < C3R™2 laf?.
By (R) Bp(2R)

Let R — 400, the result follows from the assumption that « is L? integrable. O

Remark 6. Applications of the above theorem is available in the forthcoming paper

[6].

4. Holonomy and Spin(9) invariant

We give a very brief introduction and list some basic principles about the holonomy
group of a Riemannian manifold. We refer the readers to [2] and the references therein
for further details. Most of the following introductory material are adopted from there.
Let p € M and v : [0,1] — M be a C'-piecewise closed curve with v(0) = v(I) = p.
Let 7(v) : T,M — T,M be the parallel transport along . Since parallel transport
preserves inner product, 7(y) is an element of O(T,M), the orthogonal group of
T,M. Since the inverse of a curve y~! and the composition of two curves yUo satisfy
7(v 1) = (r(y)) ! and 7(yU o) = 7(v) o 7(c). We can have the following definition:

Definition 7. The holonomy group (or the holonomy representation of M at p) of a
Riemannian manifold (M, g) at p is defined by

Hol(p) = {7(v) : v € C*-piecewise closed curves of M based at p},
the subgroup of the orthogonal group O(T,M).

On M, let us consider a tensor field a. If « is invariant by parallel transport, that
is, for any p,q € M and any curve  from p to ¢, we have

() (a(p)) = alq),

where 7*(7) is the tensorial extension of the parallel transport 7(7) along v. By the
above definition, a(p) at T,M is hence invariant by the tensorial extension of the
holonomy representation Hol(p) C O(T,M). Conversely, given any tensor on T, M, if
ayp is invariant under the tensorial extension of Hol(p), we can construct a tensor field
a on M by the formula 7*(v)(a(p)) = a(q). Since «q is invariant under the tensorial
extension of Hol(p), the above definition is independent of the choice of the curve ~
and thus it is well-defined. Clearly, a(p) = ap. By the above discussion, we have
established a fundamental principle of holonomy group.

Proposition 8. Let M be a Riemannian manifold and we consider a fized type (r,s)
tensors on M. Then the following three properties are equivalent:

(1) There exists a tensor field of type (r, s) which is invariant by parallel transport
(2) There exists p € M and a tensor ag of type (r,s) which is invariant by the
tensorial extension of type (r,s) of the holonomy representation Hol(p).

(3) There exists a tensor field a of type (r,s) which has zero covariant derivative.

Proof. We have already established the equivalency of the first two statements in the
discussion above. For the last statement, it can be seen easily via the formula
(Da)(X1,-+, X3 X) = Dx(a(X1,-+, Xo)) = > _a(Xy,-+ , Dx X, -, X,).
i=1
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For any curve v, let X;,---, X, be vector fields parallel along v and X = +'. Hence,
the above equation becomes

(Da)(Xq, -, Xs; X) = Dx(a(Xy, -+, Xs))-

Therefore, Do = 0 is equivalent to Dx (a(X71,- -, X)), which implies o(X7, -+, X;)
is constant along ~. Conversely, for any tangent vector X (p), we can choose a curve
~ such that v = X(p). O

Let M be a manifold with holonomy group Spin(9). We are now ready to describe
the parallel 8-form of M. The parallel 8-form of H2 has been obtained by Brown and
Gray in [3]. However, it is not easy to read off its properties for further applications
because their 8-forms are defined via integration. In [1], the authors defined an 8-
form €2 and showed that it is Spin(9) invariant. In [13] the authors used the explicit
formula of the parallel 4-form of a quaternionic Kéhler manifold and proved that any
harmonic function with finite Dirichlet integral is quaternionic-harmonic. Similarly,
we will combine the explicit formula of € in [1] with a result in [13] to conclude that
any harmonic function with finite Dirichlet integral is Cayley-harmonic. We now give
a brief description of the Spin(9) invariant 8-form € and we will follow the notations
in [1]. For any point p € H%), we identify the tangent space at p to the ordered pair of
Cayley numbers, T,,(H3) = 0% = {(z,y) : z,y € O}. Let ey = 1,&, - - €7 be a basis of
0 as in [15]. For any = € O, we let 2(?) = (2,0) and 2® = (0,z). Let {v;}]_, be the
dual 1-forms of {EEQ)}ZZO and {w;}7_, be the dual 1-forms of {553)}17:0. Equivalently,
we have

D) = 6y, wiel?) =0

for any 0 <i4,5 < 7. Let ei:El(.Q_)l for 1 <i<8and e :ég?’_)g for 9 < j < 16 so that
{ei}:¢, is an orthonormal basis of T},H3.
Wij = V(i) NVo(j)s  Mij = Wr@) N Wr(j),

for some permutation functions o, 7 defined in [1]. For our purpose, we do not need
to know the explicit forms of ¢, 7 and so we ignore it here for the sake of simplicity.
Now we are ready to write down the formula of Q.

Theorem 9. [1] With the above notations,
Q= (-vo A Avr+wo A Awr) + Flwij, )

is Spin(9) invariant, where F is a linear combinations of 8-forms, each of which is
wedge products of some combinations of w;j, Mk .

We would like to point out that F' was given explicitly in [1]. However, the above
simplified form of € is enough for our application.

Theorem 10. Let M be a manifold with holonomy group Spin(9). Assume that f is
a harmonic function satisfying

/ VFP = o(R?),
Byp(R)
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as R — oco. Then with the above notations, we have

8
> fi=0,
i=1
where f;; = Hess(f)(ei, e;).

Proof. Fix x € M and let {e;}}°; be the orthonormal frame of T,,M in the above
discussion. By the above construction, {#°}¢, = {vg,-- ,v7,wp, -+ ,wr} is the or-
thonormal coframe. By theorem 9,

Q:(—U()/\"'/\'U7+U/()/\'~-/\U}7)+F(wij,’l7kl)

is Spin(9) invariant. Since M has holonomy group Spin(9), proposition 8 implies that
Q) can be extended to be a parallel form on M, which we still denote it by 2. By
theorem 4, we have

dx (df AQ) = 0.

From (6), replacing a; ; by fij, the above equation is equivalent to

16
3" Fie@) (Ue;)2) = 0.

i,j=1

Evaluate the above equation at x, we claim that the only terms containing vgA- - - Avz
are the followings

8 8
D fus(@) ((e)(—vo A= Avr)) = = favg A+ Avr.
i=1 i=1

Since d x (df A Q) = 0, we conclude that

8
> fi=0
i=1

at . To prove the claim, since I(e;)F (wab,Neq) kills off a v;_q term if 1 < j < 8
or a wj_g term 9 < j < 16 of F(wap,Neq).- On the other hand, when () acts on
l(e;)F(wab, Meq), it adds a v;—q term if 1 < i < 8 or a w;—g term 9 < i < 16 to
l(e;)F (wab, Nea)- By the above discussion, since

Wab = Vg (a) N\ Vo (b)
and
Nab = Wr(a) A Wr(b),

it is easy to see that £(6") (I(e;)F(wap, nea)) does not contain any terms of the form
vog A+ Avg and wg A -+ Awy, for any 1 < 14,5 < 16. This proved the claim and the
result follows. O
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5. Manifolds with positive spectrum

We summarize some useful properties of manifolds with positive spectrum. We
refer the readers to [10] for a more detailed description on this subject. Let M be
a manifold with positive spectrum A;(M) > 0. By the variational principle, it is
equivalent to the following condition:

(M) /M $* < /M Vo2,

for any compactly supported smooth function ¢ € C°(M). Since A\ (M) > 0, M
must be nonparabolic and it implies M must have at least one nonparabolic end.
A1(M) > 0 also implies an end E of M is nonparabolic if and only if it has infinite
volume. Assume that M has at least two infinite volume ends, E1, Es. Let B,(R) be
the geodesic ball with radius R centered at p. We write B(R) = B,(R) when there
is no ambiguity. We construct a sequence of harmonic functions {fg} by solving the
following equation

Afr=0 on B(R)
fr=1 on O0B(R)NE;
frR=0 on JB(R)\ E;
By the theory of [8], {fr} converges (by passing to a subsequence if necessary) to a
nonconstant harmonic function f with finite Dirichlet integral on M as R — +oo.
Maximum principle implies that 0 < f < 1. By the construction, it is clear that
supy, f =supg, f =1 and infy; f = infg, f = 0. We will need the following lemmas:

Lemma 11. [10] With the above notations, f as constructed above. Then

(1)

/ (1-f? < Cexpl—2VMGDR)
Ei(R+1\E1(R)
/ 2 < Cexp(—2y/M(MR)
E(R+1)\E(R)

for some constant C' depends on f, A\ (M) and the dimension of M, where E
s any other end different from Fj.
(2)

/ V12 < Cexp(—2y/M (M)R),
E(R+1)\E(R)

for R sufficiently large, where E is any end of M.
Lemma 12. [12] For the function f constructed above, let inf f < a < b < sup f,
(ty={zeM: f(x) =t}

and
L(a,b) ={x € M :a < f(z) < b}.
Then
2
= (h—
/ =) /l@ /]
and

/l(b) vl = /l(t) v,
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for any t € (inf f,sup f).

6. An one end result

Theorem 13. Let M be a complete noncompact 16-dimensional manifold with holo-
nomy group Spin(9). Assume that the lowest spectrum satisfies A (M) > % . Then
M has only one end with infinite volume.

Proof. Suppose that M has at least two infinite volume ends, Fy, Es. Since A1 (M) >
0, E1, Es must be nonparabolic. Let f be the harmonic function constructed as in the
previous section. Let e; = % and {ey, -+ ,es,eq, -+ ,e16} be a local orthonormal

frame as in theorem 10 such that e; f = |V f|, e f =0, 2 <« < 16 at a point = and

8
> fi=0,
i=1

hence we have

16 8 16
YoM oz Y s A
ij=1 i=2 i=2
2 16
> et (S8) 2
=2
8
8 2
= > 1
j=1
8
= Z|VIVAIP
VIVl
at . Combining the above inequality with Bochner formula gives us
1 2
SOIVFE = ]Zl 2 +Ric(Vf, V)

v

8

SIVIV AP - 361V
Let g = |[V£|%/7, the above inequality becomes

(8) Ag > -9

The variational principle of A; (M) implies that for any compactly supported smooth
function ¢ € C°(M), we have
[ 199
M

216 [ ., ,
7/M¢ g
/ (|v¢|292+|w| o+ 2(v62.vg >)

IVol’g* — | ¢%gg.
/M /M

IN
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Combining the above with (8), we have
216
/ ¢*g (Ag + 79)
M

| vatla

We choose ¢ = 1 - x to be the product of two compactly smooth functions. For any
e € (0,1/2), we construct 9, x as follows

9) 0

IN

IA

0 on L(0,e/2)UL(1—¢/2,1)
(z) = (log2)~t(log f —log(g/2)) on L(g/2,e)N (M \ Ey)
(log2)~*(log(1 — f) — log(e/2)) onh L(1—-e1—¢/2)NE;
1 otherwise

1 on B(R-1)
Y=< R—r on B(R)\B(R-1)
0 on  M\B(R)

Then applying the right hand side of (9), we have
10 [ weps <2 [ vepvat ez [ ot
M M M

M is Einstein and the Ricci curvature satisfies Ricy; = —36 under our normalization.
The local gradient estimate of Cheng-Yau [4] (see also [11]) implies that

VIl < Cf,
for some constant C'. The above inequality implies that
(11) VI < C1-fl,

by replacing f with 1 — f. On FEj, the first term of (10) can be estimated by

6/7 17
(12) [ v < (/Q IVf|2> (/Q 1) ,

where Q = EyN(B(R)\B(R—1))N(L(1—¢,1—¢/2)UL(g/2,¢)). Since 0 < £ < 1/2,
€/2<1— f on Q and we have

o= L)
< CrePexp(—2/ M (M)R),

where the last inequality follows from lemma 11. Combining lemma 11, the above
inequality and (12), we conclude that

(13) / VORIV 127 < Coe exp(—20/ M (WD R).
Eq



1180 KWAN-HANG LAM

The second term of (10) can be estimated by

/ VPRIV < (log2)™ / V127 [V log(1 — £)2
Ey L(l—e,1—¢/2)NE1NB(R)

~ (log2)™ / VP )
L(1—e,1—e/2)NE1NB(R)

< IVFI2(1 - f)~2/7,

Cy /
L(1—&,1—/2)NE1NB(R)

where the last inequality follows from (11). Co-area formula and lemma 12 give us

1—¢e/2
VAR - f)2T = / (1—1)2/7 / IV fldAdt
1 I(H)NE1NB(R)

—€

1—€/2
/ |Vf\dA/ (1—t)~2/"dt
1(b) l1—¢

0455/7/ IV f|dA.
I(b)

/E(ls,ls/Q)ﬁElﬁB(R)

IN

IN

Therefore, combing the above inequalities, (10) becomes
(14) / IV|*g* < Cs (5’2/7e><p(—2\/)\1(M)R) + 55/7) .
E;

Applying the same argument to 1 — f instead of f to the rest of the ends of M, we
have

(15) /M\E IVo|2g? < Cs (5—2/7 eXp(—2\/WR) + é_5/7) .

Combining (9), (14) and (15), letting R — 400 and € — 0, we conclude that

216

i

and hence all the inequalities in proving (8) are indeed equalities. In particular, (f.g)
is diagonal and there exists a function p such that

T
(16) (fap) = Dy ;
Dy

where Dy = pl and Dy is the 8 x 8 zero matrix. Since f1, = 0 for any o # 1,
|V f| is constant along the level set of f. In particular, the level sets of |V f| and f
coincide. Suppose |V f|(z) = 0, by considering f + ¢, we may assume that f(z) = 0.
The regularity theory of harmonic functions asserts that f locally in a neighborhood
of = behaves like a homogeneous harmonic polynomial in R™ with the origin at z.
This is impossible since the level sets of |V f| and f coincide. Hence |Vf| # 0 on
M and M is diffeomorphic to R x N, where N is given by the level set of f. N is
compact since we have assumed that M has at least two ends. Fix a level set N of
f. We choose a local orthonormal frame {e;}1¢, of N and e; = %. Let ~(t) be

Ng=—

the integral curve of e; and {e,(t)}15 , be the parallel transport of {e,}.¢ , along ~.
(Ve,e1,e1) =0= (V. e1,e,) for any o > 2 implies

Vel €1 = 0,
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and hence 7 is a geodesic. The second fundamental form of the level set of f satisfies
the following equations

(17) focﬁ = eaeﬁf - (Veaeﬁ)f
= (=(Veaep),e1)f1
= haﬁfl

16
(18) Vee1 = Zhaﬁeﬁ
B=2

where hog = (—(Ve,e3),e1) is the second fundamental form of N. We now compute
the curvature of M

(19) (R(e1,ea)er,ea) = (Ve,Veser = Ve, Veer — Vi, coj€1,€a)
= <vel vea €1, ea> - <V[el,ea]el7 eoz>
= <vel Vea €15 ea> - <Vvelea—vﬂae1 s €a>
16
= <vel Ve, €15 ea> + Z<vea617 6[3><v65617 €a>
B=2
16 16
= > (er(hap)ep ea) + > his
B=2 B=2
= ei1(haa) + hiaa
where we have used (17), (18) and the fact that (fag) is diagonal. In particular, since
M is covered by H2, (16) and (19) implies the sectional curvature
Ky(er, ex) = Kyz (€1, ex) =0,

for any k > 9. It contradicts to the fact that the sectional curvature of HZ is pinched
between —4 and —1. Therefore, M has only one infinite volume end. ]

7. Splitting type theorem

Theorem 14. Let M be a complete noncompact 16-dimensional manifold with ho-
lonomy group Spin(9). Assume that the lowest spectrum of M achieves the mazimal
value, that is A1 (M) = 121. Then either

(1) M has only one end; or

(2) M is diffeomorphic to R x N with metric

8 16
2 2, -4 2, -2 2
dsyy =dt” +e tE wyp +e tE Wi,
k=2 k=9

where {wa, -+ ,wig} s an orthonormal basis for a compact manifold N given by a
compact quotient of the horosphere of the universal cover M of M.

Proof. Since A1(M) > 0, M is nonparabolic and hence M has at least one non-
parabolic end. Assume that M has at least two ends. Theorem 13 implies that M
must have a parabolic end. Let E; be a nonparabolic end and E5 be a parabolic
end with respect to B,(Ry), the geodesic ball with radius Ry centered at p. In other
words, E1, E, are two unbounded component of M \ B,(Ry). Let 7 : [0,400) — M
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be a geodesic ray with F(0) = p and F([Rg,+00)) C Es, for some a > 0. Let
B(x) = lims—oo(t — r(x,7%(t))) be the Busemann function with respect to 7. The-
orem 2 gives us

Ar(x,7(t)) < 14 coth(2r(z,7(t))) + 8cothr(x, ¥(t)),
which implies
in the sense of distribution. Let f = exp(113), we compute
Af = 11fAB+ 121V
> —121f.
Using the variation principle of A;(M) = 121, for any ¢ € CS°(M) nonnegative

smooth function with compact support, we have

121 [ ¢*f? < /IV(¢f)I2
M M

2,2, 1 2 w42 2 2
|verreg [ witve+ [ e

_ Vol? £2 — I
/M|¢|f /quff
thus

(20) /N rarrg) < /M Vo212,

Follow the argument in [9], if we choose the following cut-off function

1 on By(R)
o) = #HFE on B,(2R)\By(R) ,
0 on M\ By(R)

then the right hand side of (20) converges to zero as R — +o0o. Indeed,

(21) / Ve2lf? < R / P +R / 7.
M (Bp(2R)\Bp(R))NE> (Bp(2R)\Bp(R))\E-

For an end E, let Vi(E) be the volume of the set B,(R)NE and let k —1 < R < k.
The first term on the right hand side of (21) can be estimated by
k
(22) / 2 S / 2
(Bp(2R)\Bp(R))NE2 i=1 Y (Bp(R+i)\Bp(R+i—1))NE;

IN

k
37 22D (Vg (R +4) \ Vigy (R +1 — 1))

i=1

IN

k
c, Z o22(R+4) ,—22(R+i—1)
i=1

C3R,

IA
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where the second inequality follows from |8(x)| < r(z,p) and the third inequality
follows from the volume estimate on a parabolic end E of [10]

Voo (E) — VR(E) < Cexp(—2v/A(E)R) if \M(E

On the other hand, let T be the geodesic ray given in lemma 3. For any z € M \
(Bp(Ro) U Es), then 7 must intersect B,(Ry). Let y to be the first point on 7 that
intersects B, (Ry), it is easy to see that ([9])

Bly) —B(z) = r(z,y)
> r(z,p) —7(y,p),
and hence
Blx) < —r(z,p)+7r(y,p)+ By)
< —r(z,p) +2r(y,p)
< —r(z,p) + 2Ry,

and hence the second term of the right hand side of (21) can now be estimated by

) Po< Z / I
(Bp(2R)\Bp(R))\ E2 »(R+i)\ Bp (R+i—1))\ Es

< / exp(44Ry — 22r(x,p))
i=1 Y (Bp(R+i)\Bp(R+i—1))\E2
k
< > CaePIHTUY(B,(Rg + i)
i=1
k
< Z 036722(1%“—1)622(1%%)
i=1
< C4R.

Combining (21), (22) and (23), we conclude that the right hand side of (20) converges
to zero as R — +4o00. Since f is non-negative, (20) now implies

Af+121f =0,
and all inequalities in the proving (20) are indeed equalities and in particular,
(24) NG =-22, |V =1,

and 3 is smooth by the regularity of the above equation. The above equation implies
M is diffeomorphic to R x N, where N is diffeomorphic to the level set of 3. N is
compact since otherwise M would have only one end, contradicts to our assumption
that M has two ends. Let Ny be the level set of 8 with x € Ny. Let e; = V3(z) = 7/ ()
be the unit normal direction of Ny at x, where 7 was the geodesic ray given in lemma
3. Let () be the integral curve of V3 with v(0) = z € Ny and ey (t) = ~v'(¢). We
pick a local orthonormal frame {e;}'¢_, of Ny around z as in the proof of proposition
1 such that

Riji(z) = —4,2<i<8
Rigia(z) = —-1,9<a <16,



1184 KWAN-HANG LAM

at x. We extend the frame to a local orthonormal frame {e(t)}'2_, along v by parallel
transport. ej{eq, e,) = 0 = ej{e, e1) implies V., e; = 0, thus v(¢) is a normal geodesic
with 7/(0) = 7/(z). Therefore v = 7. As in the proof of proposition 1, we have

Rini(y(t)) = —4,2<i<8
Ria1a(7(t)) = -1, 9<a <16,

along ~. Bochner formula gives us

(25) 0 = SAIVAP

= Z +Ric(VE,VB) +(VE,VAS)

7,7=1

ij=1

The proof of proposition 1 with e; = ~'(0) = 7/(x) implies

8 16
Bi1 =0, Zﬂn > —14, z Baa = —8,
=2 a=9

where the first equality comes from the fact that (§ is linear along 7 (lemma 3).
Combining the above with (24) implies

8 16
(26) Y B = =14, > Baa=-8
=2 a=9

Combining (25) and (26), we have

16
36 = > i
A,B=1
> Z +Zﬂ
>

1 WAL 2
? (;ﬂu) + g <Zgﬂao¢>
= 36.

Therefore all inequalities in the above proof are indeed equalities 84 p is diagonal and

(27) BaB = —€A0AB,
where
0 A=1
cA = 2 2<A<S8

1 9<A<L16
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The second fundamental form of the each level set N; = { € M : f(z) = t} with
respect to the normal vector V3 can now be calculated

hor = (=Ve,er,e1)
= (=Ve,e,Vp)
= —(Ve,er)8
= Bor,

where 2 < 0,7 < 16 and the last equality follows from the fact that V; is a level set
of §. In particular, we have

16
(28) Ve,e1 = Borer.
T=2

For any p € Ny, let v(t) be the integral curve of V3 with v(0) = p. Define ¥, (p) = v(t),
and it induces a map ¥ : Ng — N;. As we have already seen that the integral curve
of V{3 is a normal geodesic, o(t) = 1¢(-) is always a normal geodesic and thus ¢, is a
geodesic flow on M, therefore di;(X) is a Jacobi field along each integral curve. Let
€i be the restriction of e on Ny, 1 <k < 16. We claim that di(e;) = V;(t), where

Va(t) = e “leq(t), 2< A<16.

By the uniqueness of Jacobi field, it is sufficient to show that V4 (t) satisfies the Jacobi
equation with the same initial conditions as di;(e4). We have

VyVyVa = —chea
Riai1a€a

R(Y, V)Y,

since Ryp = Rya1p is diagonal. On the other hand, V4(0) =€4 = di¢p(€4) and (28)
implies

Vo (dip(a))(0) = Ve, ei(0)
16
= Z ﬁATéT
T=2
= —Cj€4,

since we can view e; and di;(€4) as tangent vectors of a map from a rectangle.
Therefore V4 (0) = —ca€a = V. (di)¢(€4))(0). In conclusion, each Ny can be viewed
as a copy of Ny and M is diffeomorphic R x Ny with the metric

8 16
dsy; = dt* + e * E wp+e g w3,
k=2 k=9

where {wy, }1% , is the coframe of {2, - ,€16}.
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