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APPLICATIONS OF CUTOFF RESOLVENT ESTIMATES TO THE
WAVE EQUATION

HANS CHRISTIANSON

ABSTRACT. We consider solutions to the linear wave equation on non-compact Riemann-
ian manifolds without boundary when the geodesic flow admits a filamentary hyperbolic
trapped set. We obtain a polynomial rate of local energy decay with exponent depending
only on the dimension.

1. Introduction

In this paper we study local energy decay for solutions to the linear wave equation
on the non-compact Riemannian manifolds with trapping studied by Nonnenmacher-
Zworski [12]. Let (X, g) be a Riemannian manifold of odd dimension n > 3 without
boundary, with (non-negative) Laplace-Beltrami operator —A acting on functions.
The Laplace-Beltrami operator is an unbounded, essentially self-adjoint operator on
L?*(X) with domain H?(X). We assume (X, g) is asymptotically Euclidean in the
sense of [12, §3.2]. That is, for Ry > 0 sufficiently large, each infinite branch of
M \ B(0, Ry) agrees with R™, and on each branch, the semiclassical Laplacian —h?A
takes the form

—th\M\B(o,RO) = Z ao (T, h)(hDy)*,
| <2

with aq(z, h) € C°(R™) and independent of h for |a| = 2,
Z ao(z, h)E* > CHER, 0 < C < oo, and
|a|=2
Z ao(z, )€Y — |€|?, as |z| — oo uniformly in h.
laf<2

In order to quote the results of [12] we also need the following analyticity assumption:
Je > 0 such that the aq(x,h) extend holomorphically to

{rw:weC", dist (w,S") <e, r€C, |r| > Ro, argr € (—¢,¢€)},

and satisfy the same estimates in this extended region. As in [12], the analyticity
assumption immediately implies

97| D" aala,h)e* = € | = o(la[) (&)*, |a| — oo,

jal<2

We assume also that the classical resolvent (—A — A?)~! has a holomorphic con-

tinuation to a neighbourhood of A € R as a bounded operator L2, — Li,..
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We consider solutions u to the following wave equation on X x Ry,
(—=D? — A)u(z,t) =0, (x,t) € X x [0,00)

(1.1) u(z,0) = ug € HY(X) NCX(X),
Dyu(z,0) = u; € L*(X) NCX(X),
where here D; = —i0; as usual.

For u satisfying (1.1) and x € C2°(X), we define the local energy, E,(t), to be

1
By () = 5 (Il + Ixullin )

Observe if X = R3, then the Sharp Huygens Principle tells us there exists T depending
only on the supports of x, ug, and w; such that E,(t) = 0 for all ¢t > T. In more
general geometric settings, we study decay rates for the local energy as an analogue
of the Sharp Huygens Principle. The geometry of the underlying manifold can put up
serious road blocks to proving energy decay, especially if the geodesic flow has trapped
sets. A classically trapped set consists of geodesics which don’t escape to infinity as
their arclength parameter goes to infinity. Since on a complete Riemannian manifold,
geodesics are determined by an initial point and velocity, in this context we think of
geodesics as curves living in phase space, or the cotangent bundle T X, which project
onto X as the usual geodesics.

Local energy for solutions to the wave equation has been well studied in various
settings. Proving decay rates for local energy quantities is essential in the study of
nonlinear wave equations, as well as wave-type equations in various black hole back-
grounds. Morawetz [10], Lax-Morawetz-Phillips [8], and Morawetz-Ralston-Strauss
[11] study the wave equation in non-trapping exterior domains in R”, showing the
local energy decays exponentially in odd dimensions n > 3, and polynomially in even
dimensions. This has been generalized to cases with non-trapping potentials [15] and
compact non-trapping perturbations of Euclidean space [16]. In the case of elliptic
trapped rays (see [14]), it is known that exponential decay of the local energy is in
general not possible. Tkawa [6, 7] shows in dimension 3 there is exponential local en-
ergy decay with a loss in derivatives in the presence of trapped rays between convex
obstacles, provided the obstacles are sufficiently small and far apart. In the case X is
Euclidean outside a compact set, 9X # (), and with no assumptions on trapping, Burq
shows in [1] that E, (t) decays at least logarithmically with some loss in derivatives.
The author shows in [4] that if there is one hyperbolic trapped orbit with no other
trapping, then the local energy decays sub-exponentially with a loss in derivative
(including the case X = ().

The main result of this paper is that if there is a hyperbolic trapped set which
is sufficiently “thin”, then the local energy decays at least polynomially, with an
exponent depending on the dimension n. For a precise definition of trapped set, see,
for example, [12, 1.5-1.6]. The assumption that the trapped set is “thin” is quantified
in the assumption in Theorem 1 that the topological pressure Pg(1/2) < 0 (see [12,
3.19,85.2] for the definition of topoligical pressure).

Theorem 1. Suppose (X, g) satisfies the assumptions of the introduction, dim X =
n > 3 is odd, and (X, g) admits a compact hyperbolic fractal trapped set, Kg, in the
energy level E > 0 with topological pressure Pg(1/2) < 0. Assume there is no other
trapping and (—A — X?)~1 admits a holomorphic continuation to a neighbourhood
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around R C C. Then for each € > 0 and s > 0, there is a constant C > 0, depending
on €, s, and the supports of x, ug, and uy, such that

2s
log(2 +¢t) 3+
=) (ol + lulie )

Remark 1.1. At the time of publication, the author was informed by Nonnenmacher-
Zworski [13] of an improvement to the resolvent estimate in Theorem 2 to a small
fixed strip in the imaginary direction, at the expense of polynomial growth in the
estimate. Using Theorem 3 and Remark 3.1 one can then improve Theorem 1 to
exponential decay in time. That is, under the assumptions of Theorem 1, we actually
have the estimate

By(t) < Coe™/% (lluolldse ) + ot By )

(1.2) E () <C (

As in [4], there are applications to the nonlinear wave equation, although we will
not record them here.

As an example of where such a trapped set might occur, suppose X is equal to R™
outside a compact set and —A is separable in at least one variable. After a conjuga-
tion, TAT !, and a rescaling, A = 1/h, we are left with a semiclassical operator

P(h) = hD;a"hD; + V (z),

where V' is a smooth, compactly supported potential. There are many potentials
which admit a hyperbolic trapped set. For example, the “three-bump” potential of
Figures 1 and 2 has a fractal trapped set in which each orbit is described by a finite
sequence of “reflections” off the soft boundaries. That means the trapped set can be
described via so-called symbolic dynamics, and hence is a Cantor-type fractal set. If
the bumps are far enough apart, the set is very thin, and Theorem 1 applies.

The proof of Theorem 1 is a consequence of an adaptation of [1, Théoréme 1] to
this setting and the following resolvent estimates.
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Theorem 2. Suppose (X,g) satisfies the assumptions of Theorem 1. Then for any
X € C(X) and any € > 0 there is a constant C = Cy, ¢ > 0 such that

- log(1+ (A
Ix(=A = X)Xl 20— 22(x) < Cg(</\><>),

for
Ae{A:|ImA| <T(ReA)}.

Here T' is a smooth curve satisfying

_ Cla |S| S COv

I'(s) = { C2|s|—3n/2—e7 s| > Co + 1,

and £1"(s) < 0 for £s > Cy, and for some choice of Cy,Cq,Cq > 0.
Remark 1.2. The proof of Theorem 1 depends more on the neighbourhood in which
the resolvent estimates hold than on the estimates themselves. Given a complex
neghbourhood of the real axis, any polynomial cutoff resolvent estimate will give the
same local energy decay rate. Theorem 2 represents a gain over the estimates in [12,

Theorem 5] in the sense that the estimate holds in a complex neighbourhood of R,
rather than just on R.

2. Proof of Theorem 2

To prove Theorem 2, we use the results of Nonnenmacher-Zworski [12] to prove a
high energy estimate for the resolvent with complex absorbing potential, then use the
holomorphic continuation to bound the cutoff resolvent by a constant for low energies.
If we consider the problem

(2.1) (=A = \u = f,

and restrict our attention to values |A| > C for some constant C' > 0, we can transform
equation (2.1) into a semiclassical problem for fixed energy by setting

A= vz/h
for z ~ 1 and 0 < h < hy. Then (2.1) becomes
(P — 2)u = hf,
where
P=—h’A

is the semiclassical Laplacian.
The following Proposition is the high energy resolvent estimate from [12] with the
improvement that the estimate holds in a larger neighbourhood of R C C.

Proposition 2.1. Suppose W € C*(X;[0,1]), W > 0 satisfies
suppW C X\ B(0,R;), W =1 on X\ B(0,Rs),
for Re > Ry sufficiently large, and

) _ N
(P —iW — z) 1||L2_,Lz <Cn (1+10g(1/h) + Imz) ,
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for z € [E =6, E+ 6] +i(—ch,ch). Then for each € > 0 and each x € C°(X), there
is a constant C' = Ce, > 0 such that
log(1/h)
o
for z € [E — c1h, E + c1h] 4 i(—cgh®n/2F1Fe copdn/2+1+e),

IX(P = 2)"'X|lp2—p2 < C

We first improve [12, Lemma 9.2] in order to get cutoff resolvent estimates with
the absorbing potential in a polynomial neighbourhood of the real axis. The proof
of the following lemma is an adaptation of the “three-lines” theorem from complex
analysis and borrows techniques from [3, 2, 12] and the references cited therein.

Lemma 2.2. Suppose F(z) is holomorphic in a neighbourhood of
Q=[-1,1]+i(—c_,cq),
and satisfies
log|F(z)] < M, z€Q,

v
< _— .
|F(z)] < a+ T’ zeQN{Imz > 0}

Then if v < eM~3/2 for € > 0 sufficiently small, there exists a constant C' = C. > 0
such that
|F(2)| < Ca, z€[-1/2,1/2] +i(—M~3/2 M~3/2),

Proof. Choose 9(x) € C°([-1,1]), ¥ =1 on [—1/2,1/2], and set
o) = g2 [ oy ),

where 0 < 3 < 1 and ¢ > 0 will be chosen later. The function ¢(z) enjoys the
following properties:
(a) ¢(z) is holomorphic in Q,
(b) [¢(2)| < C on QN {|m 2| < 5172},
() |p(2)] > C~ton {|Rez| <1/2} N{|Imz| < B} if ¢ > 0 is chosen appropriately,
() [p()] < CemC1% for = € (&1} +i(~5Y/2, B112).
Now for a € R to be determined, set

9(2) = €% p(2)F(2).
For 6+ > 0 to be determined, let
QO =0n{-6_ < Imz<d;}.
We have the following bounds for ¢g(z) on the boundary of Q':

—C/B+ M —almz, Rez = +1, if [Im 2| < BY/2,
loglg(z)| < ¢ C+ M +ad_, Imz = —6_ > —pY/2,
C +log(a+v/64)—ad,, Imz=d, < B2
We want to choose a, 3, and 0+ to optimize these inequalities. Choosing a = —2M /§_
yields

loglg(z)| < C— M for Imz=—4_,
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and choosing §; = |2/a| yields
log |g(2)] < C +log(aw+v/d4+) + 2, for Imz = 4.
Finally, chooing 8 = C’/M for an appropriate C’ > 0 yields
log|g(z)| £ —C™'M for Rez = £1, |Im z| < max{d;,d_},
and taking 6_ = C"M~1/2, 5, = C"M—3/2 gives
log |g(2)| < C" + log(a + v/d) on 9.
In order to conclude the stated inequality on F(z), we need to invert e~ y(z),
which, from the definition of a and the properties of ¢ stated above, is possible for
z€[—1/2,1/2) +i(=M3/2 M~3/%).
Then for z in this range and v satisfying v < eM ~3/2,
|F(2)] < Ca(l+¢€) < C'a,

as claimed. O

Now to prove Proposition 2.1, as in [12], we apply Lemma 2.2 to
F(C) = <h(P —iW - hg)_lfag>L2 )

for f,g € L?. For M we use the well-known estimate (see, for example [5, Lemma
6.1])

(P —iW — 2)"Y|2re < Cee™ ™", Imz > —h/C,
and take M = C.h~"~¢. For the other parameters, we take
y="hY, a=co+log(1/h).

Rescaling, we conclude

log(1/h)
h
in the stated region. Then we apply the remainder of the proof [12, Theorem 5]. O

I(P—iw -2 <C

3. Proof of Theorem 1

In this section we adapt the proof of [1, Théoréme 1] to the case where one has
better resolvent estimates. Theorem 1 follows from a more abstract theorem on
semigroups (see [1, Théoreme 3] and [9]). In order to motivate this theorem, let us
see what is needed for the proof of Theorem 1.

Set
0 —iid
b= < —iA 0 )

U := (ug,u1) € H := H'(X) x L*(X)

is smooth with compact support, and u solves (1.1),

U(t) := ( ai‘%) > = €iBY,,.

so that if
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We note also that for s € R we have
woll =+t + luall s = [|(1 = iB) Vol  ,
so that if x1,x2 € C°(X) and x2 = 1 on supp Up, to prove Theorem 1, we want to

estimate

itB

Ix1e™P Ul pres1scrrs = lIx1€" P Xx2Uoll o1 sy

We observe the commutator [yz, B] is compactly supported and bounded on H, so
that we are left to estimate

Ixie"Pxellmesrxmemn = |Ix1€"Px2(1 —iB)™®||lu—u
< COlxae"?(1 —iB)*Xallu—n,

where Y2 € C°(X) is supported on a slightly larger set than y2. Hence if we can
show

A

—2s
itB s (t) st
1—1B _g<C|———— ,
||>(1e ( ? ) X2||H HS <log(2+t))

we are almost done. This estimate follows from the next theorem, upon taking (in
the notation below), k = 2, P(t) = t~3%/27¢/2 and

F(t):(logt> .

Finally, we observe the spaces H'** x H® are complex interpolation spaces, hence
interpolating with the trivial estimate

Ey(t) < C(luollFr + lluallZ2),

yields (1.2) for s > 0.
O
This motivates trying to estimate quantities involving semigroups and cutoff resol-
vents of the form
Ix1e*? (1 = iB) X2l p—m,

where x; : H — H are bounded operators on a Hilbert space H and the resolvent
satisfies some analyticity assumptions. For this we develop the following more general
theorem similar to [1, Théoréme 3] and [9)].

Let H be a Hilbert space and let B be an unbounded linear operator on H. Assume
for Im& <0,

Im (Bu,u)g > 0.

Let Dom (B) = Dom (1 — iB) denote the domain of B. Assume for Im¢ < 0, £ — B
is bijective and bounded with respect to the natural norm on Dom (B),

[l Bom 5y = llullFr + 1Bull3,
and

1€ = B) Y lg—n < C|Im¢| ™.
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By the Hille-Yosida Theorem, for every £ € N and s > 0, we can construct the
operators
ez'sB
(1—iB)k’
where P satisfies the evolution equation

(Ds _ B)eisB — O7
(31) { eiSB‘s:O = id.

Now suppose x;, j = 1,2 are bounded operators H — H, and x1(§ — B) 'x2
continues holomorphically to a neighbourhood of the region

- . Ch, |Re&| < Cy
Q—{§EC|Im§|S{ P(JRe¢|), |Re&| > Cs, }7

where P(|Re&|) > 0 and is monotone decreasing (or constant) as |Re&| — oo,
P(C3) = C1, and assume for simplicity that 02 is smooth. Assume

(3-2) Ix1(6 = B) " xallu—n < G(|Re))

for ¢ € Q, where G(|Reé|) = O(|Reé|V) for some N > 0. We further assume that
the propagator e?*B “acts finitely locally,” in the sense that for s € [0, 1],

)22 = eisBX267isB
is also a bounded operator on H, and x1 (£ — B)~'Y2 continues holomorphically to a
neighbourhood of  and still satisfies the estimate (3.2), possibly with G replaced by
CG for a constant C' > 0.

Theorem 3. Suppose B satisfies all the assumptions above, and let k € N, k > N+1.
Then for any F(t) > 0, monotone increasing, satisfying

(3.3) F(t)"D/2 < exp(tP(F(t))),
there is a constant C' > 0 depending on the supports of x1 and xo such that
itB
(3.4) ’ X1 X2 < OF(t)7*/2
(]‘ - ZB)k H—H

Remark 3.1. Evidently, if we have polynomial resolvent bounds in a fixed strip
around the real axis, we have exponential local energy decay for the wave equation
with a loss in derivatives.

Further, Theorem 3 applies if X is a compact manifold, H = H'(X) x L?(X), and

0 —iid
B= ( —iA,  2ia(x) )’

which is the the matrix for the first order system associated to the damped wave
equation. In this situation if @ controls X geometrically except for in a neighbourhood
of a single closed hyperbolic geodesic (see [3, Corollary 8]), there are indeed polynomial
resolvent bounds in a fixed strip. We can take x; = x2 = 1 to conclude there is
exponential energy decay with loss in derivatives for solutions to the damped wave
equation. This corrects a mistake in the proof of [3, Theorem 5].

To put these estimates in perspective, we recall that in the original paper of Burq
[1] there were no assumptions on trapping, but X # (. In this case, there can
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be resonances near 0, so the domain to which the cutoff resolvent extends is more
complicated. Roughly, the cutoff resolvent extends for large Re€ to a region in the
upper half plane bounded by e~ Re&l/C | with exponentially growing bounds. There is
also possibly an angular sector containing the origin in the upper half plane where the
resolvent does not continue. In this paper we have much better bounds (as mentioned
above, polynomial bounds are all we need), and a polynomial neighbourhood of the
real axis to which the cutoff resolvent extends. This explains why the estimate in this
paper is stronger, but of course under more assumptions.

Before proceeding with the proof of Theorem 3, we first need a lemma, which gives
a nice representation of the propagator as a contour integral.

Lemma 3.2. For k > 2, the propagator satisfies the following identity on H :
eitB 1

B (1 _ se\—k(e -1
(1—iB)’f2m'/Im§_ée (1 —i§)""(§ — B) ™ d¢.

Proof. We write Iy, for the right hand side and observe both the left hand side and
I}, satisfy the evolution equation

(D — B)w=0.

To calculate I (0), we deform the contour to see

1(0) = 5 ( | D(_@ﬁ)) (1—i§) (e — B)de.

Letting C' — oo, the first integral vanishes. Thus we need to calculate the second
integral, which actually makes sense for k£ > 1. For k = 1, this is the residue formula,
while for k& > 1 the formula follows by induction and the continuity of (¢ — B)~! as
e—0.

Thus the left hand side and I have the same initial conditions, and the lemma is
proved. ([

Proof of Theorem 3. The idea of the proof of Theorem 3 is to introduce a cutoff to
times ¢ > 0. This has the effect that, upon differentiation in ¢, a solution to a
homogeneous equation (e.g. the propagator (3.1)) becomes inhomogeneous, allowing
us to use Duhamel’s formula to write an integral representation of the solution. Having
done this, we estimate the “high-frequency” part of this integral separately from the
“low-frequency” part, and then finally choose an appropriate definition of “high-
frequency” which optimizes these two estimates.

For an initial condition ug € H, let V(¢) = e*Byquq, and consider U (t) = 9 (¢)(1 —
iB)~FV (t) for ¥(t) € C(R) satisfying 1 = 0 for t < 1/3, ¢ = 1 for t > 2/3, and
1’ > 0. We observe by the sub-unitarity of e®? for t > 0,

IT@l < ClIvVOl < Cfluoll,

where for the remainder of the proof, || - || = || - ||z unless otherwise specified.
The family U(t) satisfies

(Dy — B)U = A(t)(1 —iB)~*V (1),



586 HANS CHRISTIANSON

where A is a bounded operator on H with support contained in [1/3,2/3]. As U(0) =
0, Duhamel’s formula yields

t
U(t) = / =B A(s)(1 —iB)*V (s)ds,
0
and by Lemma 3.2,

= t =98 A(s)(1 — i)~ F (e = B) 'V (s s.
vw=[ [ A e BV (s)ded

For a function F'(t) > 0, monotone increasing in ¢ to be selected later, we will cut off
frequencies in || above and below F(t). We convolve with a Gaussian to smooth this

out:
t
vw = [ ] feeraen o n)
-(co/w)%e_CO(’\_f/F%(t))zV(s)d)\dgds

t
- // (/ 1 +/ 1 >(~)d)\d§ds
0 Jme=12 \Jnsrtw  Jnerie

= Il +123

where ¢y is a constant to be fixed later.
Claim 1: For A > 0 to be chosen later, there exist constants C,cs > 0 such that Iy
as defined above satisfies

F3(t)e tPAF(Y)
Y ol

hanl < Cmax{ 1300

Proof of Claim 1. From the resolvent and propagator continuation properties (3.2),
the integrand in x1I; is holomorphic in {—1 < Im¢ < 0} U neigh Q. Observe that
since A2 < F(t), and

>

— <1,
Fz(t)
for |[Re&| > F(t) and Im¢ bounded, we have the estimate
1 2X¢ £
A—E/F2(1)? = N - 2> 4
(- /R ) et R
52
0
> €],

and the integrand is rapidly decaying as |Re&| — oo in R. Hence we can deform the
contour in £ to

_ . _ Ch, |Re§‘§0
r= {560 Img{ P(Ree]). |Reé > Co. }
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Let A > 0 be a parameter to be fixed later. We further break I; into integrals
where Re¢ is larger than or smaller than AF(¢):

t
xili = Xl/ (/ +/ )/ . (-)dXdgds
0 FN{|Re&|<AF(t)} In{|Re&|ZAF ()} / JIN<F2 (1)

= xi1J1 +x1/te.
For Jy, if t > 2, since P(|Re€|) is monotone decreasing, we have
Im¢ > P(AF(1)),
and on the support of A(s), we have t —s >t — 1. Hence if k > N + 1,

IxiJil| < O/ / ) e~ (t=1)P(AF(t)) <€>—k G(|Re€))
IN{|Reé|<AF(t)} JIN<F2 (1)

1
Jemeotr-errt ‘ AAdE o

< CAF(t)e PAFO)|yq]).
For J,, we observe that, again since |A| < F3 (t), for A large enough and |Re¢| >
AF(t),
\2 2ARe¢ n (Reé)? — (Im¢)?
F3(t) F(t)

Re(A\—¢/F2(t)? =

> C7H(W + (Re§)?/F(t)).
Hence,
bkl < C [, (@7 G(Re)
FN{|Re&|ZAF ()} JIN<SF2(t)
e~ Co(A=¢/F2(1))? ANdE o |
< of L Fie Tyl
[n|>F72(t)
< CFE(t)e " Ol

Claim 2: We now claim there exists a constant C > 0 such that

Cle F® 4 e—F%(t)/3) ol
oll-
)

<
[x1L2]] < Cmax{ C(F ()2 4 e~ F®)/C

Proof of Claim 2. Now since fl(s) is only supported in [1/3,2/3], the integrand in the
definition of I5(t) is independent of s for s > 2/3. Hence if we set

1
10 = [ AT i e - B

IN>FL/2(t)

(co/m)2e @A/ FEO Y (5)dNdEds,
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we have J(7) = I5(7) for 7 > 1. Observe

1
(D‘r — B)J(T) = / e 1 A(S)ei('r—s)§<1 _ if)_k
=0 N> F1/2(1)
-(co/ﬂ)%ech()‘fg/Fé(t))2V(s)d)\d£ds
= K(7).
Hence

t
J(t) = e*BJ(0) + / =B K (s)ds.
0

Again, by the subunitarity of the propagator, we need to estimate ||x1J(0)| and
t
3 K (s)]ds. 1
For J(0), we first consider A > Fz(t). Since k¥ > N + 1, we can deform the
&-contour to

I'=T_uUr,
where
I = {Re&<F(t)/A, Im¢&=—1/2}
U{Re¢ = F(t)/A, —F(t) < Tm¢ < —1/2}
and

Iy ={Re& > F(t)/A, Tm&=—F>(t)}.
If ¢ e ', we have
Re (A —&/F3(1))* > \?/C,

so
L] @7 GReg) e O Y andg < 0T,

¢er_ JA>F2 (1)

For ¢ € ', we have
i€ | — e—F%(lt)/?,7
and since the remaining integrand in |[x1J(0)|| is integrable, the contribution to
[x1J(0)|| coming from A > Fz(t) is bounded by
Cle™F 0 4 = FHO/3) g .

The contribution to || x1J(0)|| coming from A < —F2(t) is handled similarly to obtain
the same bound.

For s € [1,t], since k > N + 1, we can deform the ¢-contour in the definition of K
to Im& = Fz(t). Then for this range of s,

K@) < C / e (=230 (v gl
n

and hence

t 1
/ X1 K (s)|ds < CF3(t)~te= " /3,
1
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We have yet to estimate fol [Ix1 K (s)||ds. For this we use Plancherel’s formula to

write
(/ 1 Pk (s)lds)

< / 1K ()| 2ds

— 00

(3.5) - [ Z

If we estimate this integral by again considering regions where |£] < F(t)/A and
|€| > F'(t)/A respectively, we see (3.5) is majorized by

2

2
de.

(1—15)*’2@7(5)/ et-e/rE07 gy
AR ()

o0 2
ce e rw [ |vie| a
= C(e‘F(t)/C+F(t)_k)/_oo |AV (s)%ds

< C(e_F(t)/C + F(t)_k)||u0||2.

To finish the proof of Theorem 3, we combine all of the above estimates to get
F(t)—k/2
1
—F2(t)/3 -F@)/C
e +e s
< 1 .
||X1U<t)|| — Cma’X ‘Z:‘%(t)e,}?f(t)/g7 ||U0||
F3 (1) tPAF®) 4 p3 (1)e=F2 ()

Optimizing these estimates with respect to F' recovers (3.3), which then yields (3.4).
O
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