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ESTIMATES FOR FUNCTIONS OF THE LAPLACIAN
ON MANIFOLDS WITH BOUNDED GEOMETRY

GIANCARLO MAUCERI, STEFANO MEDA AND MARIA VALLARINO

ABSTRACT. In this paper we consider a complete connected noncompact Riemannian
manifold M with Ricci curvature bounded from below and positive injectivity radius.
Denote by L the Laplace-Beltrami operator on M and by D the operator v/ £ — b, where
b denotes the bottom of the spectrum of £. We assume that the kernel associated to
the heat semigroup generated by L satisfies a mild decay condition at infinity. We prove
that if m is a bounded, even holomorphic function in a suitable strip of the complex
plane, and satisfies Mihlin-Hérmander type conditions of appropriate order at infinity,
then the operator m(D) extends to an operator of weak type 1.

This partially extends a celebrated result of J. Cheeger, M. Gromov and M. Tay-
lor, who proved similar results under much stronger curvature assumptions on M, but
without any assumption on the decay of the heat kernel.

1. Introduction

The purpose of this paper is to extend a celebrated multiplier result of J. Cheeger,
M. Gromov and M. Taylor [8, Thm 10.2], [29, Thm 1.6], by substantially relaxing its
geometric assumptions.

Suppose that M is a complete connected noncompact Riemannian manifold. De-
note by —L the Laplace—Beltrami operator on M: L is a symmetric operator on
C2°(M) (the space of compactly supported smooth complex-valued functions on M).
Its closure is a self adjoint operator on L?(M) which, with a slight abuse of notation,
we denote still by £. We denote by b the bottom of the spectrum of £, and by {Py}
the spectral resolution of the identity for which

Ef:/boo)\dPAf

for every f in the domain of £. For notational convenience, we denote by D the
operator v L — b.

We say that M has C'°° bounded geometry if the injectivity radius of M is positive
and the Riemann curvature tensor is bounded in the C'"*° topology. We say that M has
bounded geometry if the injectivity radius of M is positive and the Ricci curvature
is bounded from below. If M has bounded geometry, then there are nonnegative
constants «, 3 and C' such that

(1.1) p(B(z, 7)) < Croe®r Vr € [l,00) Ve M,
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where 11(B(z,7)) denotes the Riemannian volume of the geodesic ball with centre z
and radius r. The same is a fortiori true if M has C*° bounded geometry.

For each W in RT, denote by Sy the strip {z eC:Imz e (—W, W)} Taylor [29]
Thm 1.6], following up earlier work of Cheeger, Gromov and Taylor [8, Thm 10.2],
proved that if M has C*° bounded geometry and m is a bounded even holomorphic
function in Sg satisfying estimates of the form

(1.2) IDIm(Q)| <C(1+[¢)~  WeSs Vie{o1,...,J},

where J is a sufficiently large integer depending on the dimension n of M, then the
operator m(D) is bounded on LP(M) for p in (1,00), and of weak type 1.

In fact, the proof of this result requires control only of a finite number of covariant
derivatives of the Riemann tensor, but this number is of the same order of magni-
tude of the dimension of M. Notice that [29, Thm 1.6] extends a previous result of
R.J. Stanton and P.A. Tomas [27] in the case where M is a symmetric space of the
noncompact type G/K and real rank one (and £ is the Laplace-Beltrami operator
associated to the G-invariant metric on M induced by the Killing form of G). See
also the pioneering work of J.L. Clerc and E.M. Stein [9] on spherical multipliers
on noncompact symmetric spaces associated to complex semisimple Lie groups, and
recent related works [Il 20} 211, 25] on general noncompact symmetric spaces, which
have been stimulated by [29, Thm 1.6] and [9].

As M. Berger says in his book [3, p. 291] “Up to the end of the 1980s, Ricci
curvature was believed to be only useful to control volumes,... ”. Since then, various
geometric and analytic results on Riemannian manifolds have been established under
the hypothesis that the manifold is of bounded geometry. To mention a few, we recall
the relationship between isoperimetric inequalities and the behaviour for large time
of the heat kernel [T} [7, [30] and local Harnack type estimates for positive solutions
of the heat equation [26].

In view of these considerations, it is natural to speculate whether [29, Thm 1.6]
may be extended to Riemannian manifolds of bounded geometry. In this paper we
assume that M has bounded geometry in the sense specified above, but, for technical
reasons, we need also to assume that there exist constants p > 1/2 and C such that

(1.3) [H e < Ce™™ 877 W€ [1,00),

where {H'} denotes the heat semigroup generated by £, and ||H!||1,0c the norm of H*
qua operator from L'(M) to L>°(M). Note that on every manifold M with bounded
geometry estimate holds, but with p = 0 (see, for instance, [I7, Section 7.5]).
Moreover it holds with p > 1 on nonamenable unimodular Lie groups with a left
invariant Riemannian metric [23] and on noncompact Riemannian symmetric spaces
[12].

Our main result, Theorem [3.4] states that if M is a Riemannian manifold of
bounded geometry satisfying with p > 1/2; then the conclusion of Taylor’s
result holds with J > max([n/2 + 1]+ 2,[n/2 + 1]+ 2+ /2 — p).

To prove Theorem we decompose, as in [20, Thm 1.6], the Schwartz kernel
km(py of m(D) as the sum of a kernel with support near the diagonal in M x M,
and of a kernel supported off the diagonal. As in [29] [§], we show that the part
near the diagonal satisfies a Hormander type integral condition, and that the part
off the diagonal gives rise to a bounded operator on L!(M). However, the technical
details are rather different. In particular, since we do not assume any control on the
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derivatives of the Riemann tensor, we cannot use either the eikonal equation or the
Hadamard parametrix construction to obtain the required estimates of k,,p) near the
diagonal. Our approach to these estimates is based on ultracontractive bounds for the
heat semigroup and for the restriction of the semigroup generated by the de Rham
operator to 1-forms on M and uses an adaptation of L. Hormander’s method [19].
We believe that our approach, though technically elaborate, helps to understand and
clarify the relationships between the heat semigroup and singular integral operators
on M.

We recall that the idea to use ultracontractive estimates for the heat semigroup
in the proof of multiplier results for its generator is not new (see, for instance, [15]),
but, to the best of our knowledge, it is indeed new in our setting.

Different endpoint estimates for various classes of multiplier operators on mani-
folds with bounded geometry will be considered in a forthcoming paper [24]. Those
estimates will involve the Hardy space H'(M) introduced in [5] and some related
spaces, which will be defined in [24].

We will use the “variable constant convention”, and denote by C, possibly with
sub- or superscripts, a constant that may vary from place to place and may depend
on any factor quantified (implicitly or explicitly) before its occurrence, but not on
factors quantified afterwards.

2. Notation, background material and preliminary results

Suppose that M is a connected n-dimensional Riemannian manifold of infinite
volume with Riemannian measure . We assume that M has bounded geometry, i.e.,
that the injectivity radius of M is positive and that

(2.1) Ric(M) > —x?

for some k > 0. It is well known that manifolds with bounded geometry satisfy the
uniform ball size condition, i.e. for every r € R

(2.2) inf {u(B(z,r)) 12z € M} >0, sup {u(B(z,r)) :z € M} < 0

(see, for instance, [14], where complete references are given). Moreover, by standard
comparison theorems [, Theor. 3.10], the measure u is locally doubling, i.e. for every
R > 0 there exists a constant Cr such that for every ball B(z,r) such that » < R

w(B(z,2r)) < Cru(B(z,r)).

If 7 is a bounded linear operator from LP(M) to L4(M), we shall denote by || 7 ||:q
the operator norm of 7 from LP(M) to L?(M). In the case where p = ¢, we shall
simply write [ 7]l instead of |7 l,-

Denote by —L the Laplace-Beltrami operator on M, by b the bottom of the L?(M)
spectrum of £, and set 8 = limsup,._, [log u(B(o,7))]/(2r). By a result of R. Brooks
[4] b < 3%. Denote by {H'} the semigroup generated by —£ on L?(M). It is well
known that for every p in [1, 00), the operator H' extends to a contraction on LP(M).
Furthermore, {H!} is ultracontractive, i.e., H* maps L*(M) into L°°(M) for every t
in RT. Recall that H® satisfies the following estimate [I7), Section 7.5]

(2.3) ], < Ce e/ (1 +1)/4=2 vt e RY

Il



864 G. MAUCERI, S. MEDA, AND M. VALLARINO

for some p in [0,00). Then, by standard subordination techniques of semigroups
(2.4) e P||,, < Ct 2@ +t)"/* "  vteR*

The proof of our main result, Theorem below, is rather technical and requires
some background material and a few preliminary results, which are the content of the
following three subsections. Specifically, Subsection [2.1] gives information about the
heat semigroup generated by £, and its natural extension to forms, i.e., the semigroup
generated by the de Rham operator L, Subsection [2.2] and Subsection 2:3] contain
estimates for the kernels of certain functions of the operator D and some technical
lemmata respectively. These results will be directly used in the proof of Theorem

2.1. The de Rham operator. Denote by LQ(A(’EM ) the space of square integrable
k-forms on M with complex coefficients, and by CSO(A(IEM ) the subspace of smooth
forms with compact support. As usual we identify O-forms with functions on M,
and L?(A2M) with the space L?(M). We shall denote by (-, -);;, the Hermitian inner
product on L2(AEM), i.e.

o= [ (@)10), duto).

where (-, ), is the Hermitian inner product induced by the metric of M on the com-
plexification of the space of alternating tensors of order k at the point y.

We denote by d the operator of exterior differentiation, considered as a closed
densely defined operator from L*(AEM) to L2(AET' M) and by 4 its adjoint operator,
i.e. the closed densely defined operator mapping L? (A(’éﬂM ) to L2(AEM) such that

(dw, i1 = (W, 6n)x  VYw € CZ(AEM) Wy € CZ(AETM).

As a consequence, for each nonnegative integer k the de Rham operator éd 4+ dd maps
smooth k-forms into smooth k-forms.
We denote by L the operator on @, _, C>°(ALM), defined by

Lw = (6d4+ dd)w  Vw € CX(ALM).

With a slight abuse of notation, the closure of L in @,_, L?(AfM) will be denoted
still by L.

It is well known that for each nonnegative integer k, the restriction of L to L2(AEM)
is a self adjoint operator [28]. In particular, the restriction of L to L*(A2M) coincides
with £. Furthermore, it is known that the restriction of L to 1-forms is nonnegative.
Therefore, the restriction of —L to L2(A(1CM ) generates a strongly continuous one
parameter semigroup on L?(A{M) that we denote by {H'}.

The next lemma summarises some of the properties of the operator L on 1-forms
that we shall need in the proof of Proposition [2.2]

Lemma 2.1. Suppose that k is as in . Then

(i) for every bounded Borel function F on [0,00)
F(L)ow =0F(L)w Yw € CX(AEM);
(ii) for every w in L*(ALM)
‘Htw(x){z < ety |w] () vVt e RY Vz e M;
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(iii) for every w in L? (AéM)
[H'wlly < e Dwlly, Vi e R

Hence the bottom of the spectrum of L on L?(ALM) is greater than or equal
to b — k2.

Proof. (i) The identity F'(£)é = §F(L) is a straightforward consequence of the iden-
tity L6 w = L w and of the fact that the operators £ and L are self-adjoint.
For the proof of (ii) see [2, Prop. 1.7]; now (iii) follows directly from (ii). O

Suppose that w is a smooth 1-form with compact support. From Lemma 2.1, by
using the contractivity of H* on LP(M) for every p € [1,00] and interpolation, one
may deduce that if p is in [1, oo, then

B, < 2 ), vie RY,

Thus, {H'} extends to a semigroup on L?(ALM) for all p in [1,00), that we denote
still by {H!}. From Lemma [2.1) and the ultracontractivity estimates (2.3) for H! we
also deduce that

el = [/ e duw)]

1/2

2

< et [/M (H! |w] (x))2du(w)]

< CeW =Wt gmn/A (] 4 pn/Ae/2 |, Wt e RY.
Thus there exists a constant C' such that
(2.5) [H|| ., < C el =0ty=n/4 (1 4 y2/4=r/2 vt e RY

2.2. Estimates for certain kernels. For notational convenience, we denote by
D, the operator v L — b+ k%, and by D; the operator vL — b+ k2 (the operator
L — b+ x? is nonnegative by Lemma [2.1](iii)).

If 7 is an operator bounded on L?(M), then we denote by k7 its Schwartz kernel
(with respect to the Riemannian density ). In this subsection, we prove estimates
for kp¢py, krep,) and of dekpp,), when the function F' decays sufficiently fast at
infinity; here do denotes the differential with respect to the second variable.

We observe that the only reason to introduce the de Rham operator L and the
auxiliary operator D is that to estimate the kernel of dokp(;p,) we exploit the identity

in Lemma (i).
Proposition 2.2. Assume that p is as in (1.3), that v is in (n/2+1,00), and that F
is a bounded function on [0,00) such that
sup |(1+)\)7F()\)| < o0.
AERT
Then for every t in R™ the operators F(tD), F(tD;y) and dF(tD1)* are bounded from
LY(M) to L3(M). Furthermore, there exists a constant C' such that for all t in R
) supyers |[krem) ()|, < CE2 (14120
(ii) SUPy e s Hkp(tpl)(-,y)HQ < Ctn/? (1+ t)”/g_”;
) SUp, ¢ s HkoF(tDl)('a y)H2 <Ot /2-1 (1+ t)"/2+1”’, where doy denotes the
exterior differentiation with respect to the second variable.
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Proof. We may assume that the kernels kppy and kp(p,) are smooth. Indeed, it
suffices to prove that the desired estimates hold for all functions G with bounded
support such that |G| < |F|, with a constant C' that does not depend on the support.
Since for such functions the operator LN G (D) is bounded on L?(M) for every positive
integer N, its kernel is a smooth function on M, by elliptic regularity. The general
case will follow by approximating F' with functions of bounded support.

First we prove (i). Suppose that ¢ > n/4. Then, by @,

ds
1 t2D2 —o H‘/ —Sa —st?D?
lla + D27}, < =1,
1/t2
< Cf/ e (t2 ) n/4 =2 ds
S
+C / —e/2 45
/t2 S
(2.6) <Ct ™2 (1402 P  vteRY

By the spectral theorem and the assumption on F'

sup [|(1 + ¢*D?)7/2 F(¢D)]|, = sup ‘(1 T A2)/2 F(/\)‘ < o0,
t>0 A>0

Thus, by applying with o = /2, we get
IFED),., = [|(1+#D*) 72 (1 + D)2 FeD) ||,
< |l + D)2 F@eD)||, || (1 + t2D?) /2
(2.7) <CtTE(140)M?P vteRT.

Il

Then the adjoint operator F(¢D)* maps L?(M) boundedly into L> (M) and

I12@D) 50 = IECED, -

Thus, by Dunford-Pettis’ Theorem [I6, Thm 6, p. 503], the kernel kppy- of F(tD)*
satisfies the estimate

sup ”kF(tD) ( HQ ”’F tD H‘w
xeM ’
< C /2 1+ t)”/2*p vVt e RT.

Estimate (i) follows from this and the fact that kpp)(z,y) = kpepy-(y, 7).

The proof of (ii) is, mutatis mutandis, the same as the proof of (i). We simply
replace D? by D? in the proof of (i), and use the obvious ultracontractive bounds for
e—st? Dl instead of those for e—5t"D”

Flnally we prove (iii). By arguing as in the proof of (i) (with D; in place of D,
and using the ultracontractivity estimates in place of )7 we may show that
there exists a constant C' such that

(2.8) [FDY)||,, < Ct2 @ +1)"/27  vteR*
We claim that there exists a constant C such that

(2.9) 6 FED)|,, < CE2H A+ 1)/ v e RT
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To prove 7 observe that for every w in C2°(ALM)
|6 F(tD1) w|[3 = (6 F(tD1) w,d F(tD1) w)o
< (0 F(tDy)w,d F(tDy)w)o + (d F(tDy) w,d F(tDy) w)2
= <L F(tDl)w,F(tDl)w>1
= |Dy F(tDy)w|[3 + (b — &%) | F(tD1)wlf3.
This and imply that
l6 EEDDl,, < D1 FEDO],, + 0 [[FED]
<[Py FEDy)||,, + Ct "2 (1 +)"/* P vteRT
To conclude the proof of the claim it suffices to observe that
/D1 FDy) |, = [I(1 4+ D)~ 07D/ (14 D)0 D/24Dy FEDY)| .,
< [|(1 +#DH=V/24Dy F(ADy )|, || (1 + £*DF) -~ 1/2
<Ct™TME(140)"?P  vteRY,

where we have used (2.6) with o = (v —1)/2.
Recall that F(tDy)é = § F(tD;1) by Lemma (i). Thus, by (2.9), the operator
F(tD1) 6 maps L*(ALM) to L?(M), and

|F(tD1) 6|, < Ct™2 L (1 +1)"/2H = vt e RT.
Hence its adjoint d F/(¢D;)* maps L?(M) to L°°(A&M) and
l|[d E@EDy) ||, < Ct="/271 (1 4 ¢)n/2F1=e,

Thus, by Dunford-Pettis’ Theorem, the kernel kqp(ip,)- of the operator d F(tD;)*
satisfies the estimate

Séljlej | kar@n.)- (v, )H2 < CtTMEL (1 4 p)n/2Hir vt € RT.
Y

w
w

(2.10)

[

2;00

The desired conclusion follows because da kpp,)(2,y) = kap@p, )+ (¥, ). O

2.3. Some technical lemmata. To motivate the technical result contained in this
subsection, we briefly recall the main features of Taylor’s method to prove spectral
multiplier theorems for the Laplace—Beltrami operator on a Riemannian manifold M
of bounded geometry. Consider an operator of the form m(D), where m is an even,
bounded, holomorphic function in the strip Sg and satisfies Mihlin-type conditions at
infinity (see (1.2))). One of the main ingredients of Taylor’s method is the functional
calculus formula

1 o0
(2.11) m(D) = Py / m(t) cos(tD) dt,
based on the Fourier inversion formula and the spectral theorem. The analysis of m/(D)
ultimately relies on the finite propagation speed property for the wave equation and
uniform Sobolev estimates on M, proved in [8] under rather strong bounded curvature
assumptions on the manifold M. Since, in this paper, we want to relax the latter
assumption by requiring only a lower bound on the Ricci curvature of M, we need
to modify Taylor’s proof. The aim of this section is to provide some of the required
technical ingredients.

—0Q0



868 G. MAUCERI, S. MEDA, AND M. VALLARINO

The first step consists in replacing the cosine in the right hand side of (2.11]) by
a modified Bessel function (see Lemma (i1)). For each v > —1/2, denote by
Jv : R\ {0} — C the modified Bessel function of order v, defined by
Ju(t
T (t) = tS )
where J, denotes the standard Bessel function of the first kind and order v (see, for
instance, [22] formula (5.10.2), p. 114]). We recall that, if Rev > —1/2,

2!-v ' 2yv—1
- - 4V _ v—1/2 !
NN OESYE) t /0 (1-—s%) cos(ts) ds

?

(2.12) J,(t)

and that
2 2 sint
T_1)2(t) = \/; cost and Ji)2(t) = -

We recall the definition of the generalised Riesz means, introduced in [CM, Sec-
tion 1], and summarise some of their properties.

Suppose that d and z are complex numbers such that Red > 0 and that Rez > 0.
For every f in the Schwartz class S(R), the generalised Riesz mean of order (d, z) of
f is the function R, . f, defined by

1
Ra.f(t) = i/ s (1 — %)L f(st)ds vt € R.
’ I'(2) 0
For fixed d and ¢, the function z — Ry ,f(¢) has analytic continuation to an entire
function. R
For every f in L'(R) define its Fourier transform f by

Flt) = /_00 f(s)e ™ ds vt e R.

Sometimes we write F f instead of ]?7 and denote by F~!f the inverse Fourier trans-
form of f.

Suppose that f is a function on R, and that A is in R*. We denote by f* and fy
the A-dilates of f, defined by
(2.13) Ax)=fOz) and  fa(z)=A"Lfx/N) VreR.

For each positive integer h, we denote by O the differential operator t* D" on the
real line.

Lemma 2.3 ([CM]). Suppose that k is a positive integer, d and w are complex num-
bers, and Red > 0. The following hold:
(i) if Re(d — 2w) > 0, then Rag_oww Ra,> = Ri—2ww+z;
(ii) Rq,0 is the identity operator;
(ili) there exist constants Cj qr such that Rq i = Z?:o Cj.ak o9,

Proof. The proofs of (i), (ii), and (iii) may be found in [13] Section 1]. O

We shall make repeated use of the operator Ri25,—. For notational convenience,
in the rest of this paper we shall write R instead of Ri42,—, and we shall denote
the formal adjoint of Ry by R;. Thus

/ " F(0) Rug(t) di = / TR gydt Vg e S(R).
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Lemma 2.4. Suppose that k is a positive integer. The following hold:

(i) if g is a bounded smooth function with bounded derivatives up to the order k,
and f is rapidly decreasing together with its derivatives up to the order k,
then there exist constants C;;) . such that

k o
U Rig) =3 / O" f(t) g(t) dt
h=0 -

Thus Ry = Y5 _, Cf ,O".
(ii) if f is a tempered distribution such that O" f is in L*(R) N Co(R) for all h in
{0,1,...,k}, then

[ " A1) cos(vt) dt = ym2k-1/? / T RLF() T po(t) .

— 00

Proof. First we prove (i). By using Lemma (iii), and then integrating by parts

k )
(f, Rrg) = ch,1+2k,k/ F(t) O7g(t) dt
i=0 —0

oo

= ZCj,1+2k,k(—1)]/ DIt f)(t) g(t)dt.

— 00

Define a; ¢ = (é) Tk By Leibniz’s riile D7 (7 f)(t) = Zi:o ajc OI=*f(t). Then

(f, Reg) = ZC,1+2kk Zagz/ 07 f(t) g(t) dt
_Zc7l+2kk Zam h/ Oh d

where C} | = Z?Zh(—l)j Cj142k.k Gj j—h, as required.
Next we prove (ii). For every v in RT, denote by C” the function C”(t) = cos(tv).
The required formula follows from (i), once we prove that

C* = a2 P R (T )

To prove this formula, observe that for every positive integer k

(R1,,C")(t) = i)/o (1 — s>kt cos(stv) ds

T(k
= \F2k_1/2 jk 1/2(tv)
by (2.12] - Then we use Lemma - and (ii), and write
Vr 2k Ry (Jk_l/g) = Ry (Rl,kcv) = Ri4o1,0C" = C",

as required. O
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In the rest of this section we shall provide various estimates of functions of the
form R;g that, in combination with Lemma (i), will be needed in the proof of
Theorem 341

Suppose that J is a positive number. Denote by ¢ : R — [0,1] a smooth even
function, supported in [—4, —1/4] U [1/4, 4], equal to one on [—2,—1/2]U[1/2,2], and
such that >, , ©>’ =1 on R\ {0}. We denote by H”’(R) the standard Sobolev
space on R, modelled over L?(R).

Definition 2.5. We say that a function g : R — C satisfies a Hormander condi-
tion [I9] of order J on the real line if

(2.14) sup || g™ ) < o©.
A>0

We set HgHHorm(J) *=SUPyx>g ||909)\||HJ(R)-

Note that (2.14)) implies that ||glloc < 2||g[/Horm(.s) if J > 1/2. We need a technical
lemma, which is a version of Hérmander’s method [I9].

Lemma 2.6. Suppose that s is in (1/2,00), that k is a positive integer and that
g : R — C is a bounded even function that extends to an entire function of exponential
type 1. For each integer j define the functions g; by

g=9%" .

Then g; is an entire function of exponential type and § = Zj g; in the sense of

distributions. Furthermore, for every € in [0,s — 1/2) there exists a constant C such
that for all v in RT

(i) /| VEGO14 2 00 lglbnnern:
t|>r

(i) r /| | |k|gtj()|dt < C@ 1) gltorm;
t|>r

(iii) sup [|g5]l1 < C l|9/lHorm(s)-
JEL

Proof. For every integer £ in {0,..., k} define the tempered distribution G* and the
functions G§ by

L 0~ 74 0~
G* = 0%, and G, =0g;.
By Lemma (i), Ryg; = Z?:o Cix 0O'g;. Thus, to prove (i) and (ii) it suffices to
prove similar estimates with G4 in place of Rjg; for all £ in {0,...,k}.

Note that both g; and Gf are entire functions of exponential type 2712, Observe
that

g =Flg* )] = [Fl¢¥ )], -
Hence

(2.15) G = OY[F(g* 9)], .} = [0°F (g )], ..

By elementary Fourier analysis F~![O* f(gzj ©)] (&) = (-1)! D*[¢t g7 ©] ().
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Now we prove (i). Note that

/|t> |G4(t)| dt:/ [[0'F (g% 9)],-, ()| dt

[t]|>r

— 0y 20
(2.16) /|t|>2“|0 F(g* @) ()] dt

<(@2r)e /RW 0" F(g¥ ) (t)] dt

<C @) |FOFG o)l gmy

by the classical Bernstein’s Theorem, where ¢ is in [0, s — 1/2). Note that C' depends
on ¢ but is independent of j. Now, by Plancherel’s Theorem,

1708 F(® )] [ = / 0 F[g 0 (1+ [t2)° dt
< /|D£.7:[g2j el () (1+[¢2)° " at
R

_ /R|f[gf o o) (1 + ()" ar.

The square root of the last integral is a constant times ||&¢ ng @l grs+e(m), Which is
clearly dominated by ||g%’ ¢|| me+e(r)- Then 1' implies that

(2.17) /| _160] 4t < 0@ Ialncesn,
>r

as required to conclude the proof of (i).
Next we prove (ii). Observe that

T/ IGﬁ(ﬂ\dt:T/ [0 F(g* 2)],, 0]
[t|>r [t|>r

It

=2 /t|>21r

(2.18) A 1/2 ;
<air(f @) o ol
|t]>27 r

. 1 2 g
<@ g el
<C (2] T)l/z ”g”Horm(Z)v
as required.
The inequality (iii) follows from (i) by taking k =& = 0. O

Remark 2.7. Notice the following variant of Lemma (ii) that will be used in the
proof of Theorem [3.4] (i) below. For every n in (1/2,1] and for every R in RT there
exists a constant C such that
Rig;(t 4

(2.19) r/ |’ff|i7()|dt <C (2 1) gllnormpy  Vr € (0, R).

[t]|>r
The proof is much the same as the proof of Lemma [2.6 (ii). As before, it suffices to
prove 1] with G? in place of Rjg; for all £in {0,...,k}.
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Observe that

T/ |G§<t)|dt:T/ [0 F(g* 9)],-, ()]
[t]>r [t|>r

1K [t

) O'F(g% o)(t
— 27”7«/ |H9—Wdt
[t]|>27 r |t|

(2.20) |
<ovr([urma)” jotFe o,
|t]>27 r

< C 2723270 || g% || ey
<C (2j T)1/2 ”gHHorm(Z)a

as required. Note that in the last inequality we have used the fact that r varies in a
bounded set.

3. Spectral multipliers on Riemannian manifolds

In this section we prove our main result, Theorem [3:4] To treat the part of the
kernel k,,(p) near the diagonal of M x M, we shall need the following result, which
is the analogue on manifolds with bounded geometry of a well known result in the
setting of spaces of homogeneous type in the sense of Coifman and Weiss [I0]. For
the reader’s convenience we sketch its proof, but omit the details of the part which is
very similar to the proof of [I0, Théoreme 2.4].

We denote by B, the family of all balls with radius at most s. Given a ball B, we
denote by cp its centre, by rp its radius and by 2B the ball with the same centre as
B and radius 2rp.

Proposition 3.1. Suppose that T is a bounded operator on L*(M) and that

(i) its Schwartz kernel kr is locally integrable in (M x M)\ {(z,z) : x € M},
and is supported in {(z,y) € M x M :d(x,y) < 1};
(ii) the following Hormander integral condition at scale 1 holds

A:= sup sup / lkr(z,y) — kr(x,cp)| du(z) < oo.
BEB: yeB JB(cp,2)\(2B)

Then T extends to an operator of weak type 1 and there exists a constant C' such that

N7 Ner(ary;roeary < CA.

Proof. Denote by I a 1-discretisation of M, i.e., a subset of M that is maximal with
respect to the following property:

d(z1,22) > 1 V21,29 € M and d(z, ) <1 Vxe M.

We denote by {z; : j € N} the points of 9. Since the measure p is locally doubling,
the family {B(z;,1) : z; € M} is a covering of M such that {B(z;,2) : z; € M} has
the bounded overlap property, i.e., there exists a positive integer Ny such that

1< Z 11 < Z 1p(z;,2) < Na,
jEN jEN
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where 1g denotes the indicator function of the set E. Given f in L'(M) and a
nonnegative integer j, we define f; by f; = f1p(z,.1)/ >y 1B(z,,1)- Then f = EjeN fi,
and
Tf=> Tf.
JEN

Note that this sum is locally uniformly finite, because the function 7 f; is supported
in the ball B(z;,2), by (i) above, and the family {B(z;,2) : z; € 9} has the bounded
overlap property. Then there exists a constant C' such that

p({z e M:|Tf(x)|>s})<C Zu({m eM: ’Tf](x)‘ > s/Na}) Vs € RT.
JEN
Thus, to conclude the proof it suffices to show that there exists a constant C' such
that

(3.1) sp({z e M |Tfi(x)| >s}) <CAlflh VseRT VjeN,

for then we may conclude that

sp({zeM: |’Tf(x)| >s})<CA Z I1£5ll1
JjEN
<CAlfli  VseR*

by the bounded overlap property, as required.

To prove 7 we may follow the proof of the original result of R.R. Coifman and
G. Weiss on spaces of homogeneous type [10, Théoreéme 2.4]. Define the local doubling
constant Do by

n(2B)
Dy = sup .
2 BeBs /’L(B)

Then, given s in R, consider a Calderén-Zygmund decomposition of f; at height s.
Note that, though M need not be a space of homogeneous type, each f; is supported
in a ball of radius 1, and all these balls are spaces of homogeneous type with doubling
constant dominated by Ds. Thus, the constants appearing in the Calderén—Zygmund
decompositions of the functions f; depend on D5, but not on j. Then the proof of

(3.1) is exactly as in the setting of spaces of homogeneous type, and the constant C
in (3.1) depends on D5, but not on s or j. We omit the details. O

Now we define an appropriate function space of holomorphic functions which will
be needed in the statement of Theorem Then, for the reader’s convenience, we
recall one of its properties, which will be key in the proof of our main result.

Definition 3.2. Suppose that J is a positive integer and that W is in RT. We recall
that Sy denotes the strip {¢ € C: Im(¢) € (=W, W)} and we denote by H*(Sy; J)
the vector space of all bounded even holomorphic functions f in Sy, for which there
exists a positive constant C such that

(3.2) DI <C+[E)7  Y¢eSw Vie{0,1,...,J}.
The infimum of all constants C' for which (3.2]) holds will be denoted by || f||syw:J-
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Lemma 3.3 ([I8, Lemma 5.4]). Suppose that J is an integer > 2, and that W is
in RT. Then there exists a positive constant C such that for every function f in
He (SW; J), and for every positive integer h < J — 2

0" F®)] < Clifllswer [t~ ™™ v e R\ {0},

Theorem 3.4. Suppose that M is a Riemannian manifold with bounded geometry,
and suppose that holds for some p > 1/2. Assume that o and B are as in
, and denote by N the integer [n/2 + 1] 4+ 1. Suppose that J is an integer >
max(N + 1, N + 1+ «/2 — p). Then there exists a constant C such that

Im(D) s anyzroany < Cllmlls,, — Vm € H*(Sg;J),
Proof. For notational convenience in this proof we shall write J instead of Jy_1/2-

Denote by w an even function in C°(R) which is supported in [—1, 1], is equal to 1
in [—1/4,1/4], and satisfies

wlt—j)=1 VteR

JEZ
Clearly @ *m and m — & *m are bounded functions. We follow the strategy of Taylor
(see [29, Thm 1]), and define the operators A and B spectrally by

A= (& x«m)(D) and B=(m—oxm)(D).
Then m(D) = A+ B. We shall prove that there exists a constant C' such that

(3.3) WAt (aryspr0e ary < C lmlls p0
and
(3.4) 1Bl ary < Climlls,;-

These estimates clearly imply the desired conclusion.
First we analyse the operator A. Since Wxm is an even entire function of exponential
type 1, the function A, defined by

A(¢) = (@*m) (V¢ — k?) V(¢ € C,

is entire of exponential type 1. The reason for introducing the new function A is to
write A as a function of the operator D; (defined at the beginning of Subsection [2.2)
rather than of the operator D. Observe that

A= A(Dy),

and that the support of k4 is contained in {(z,y) € M x M : d(z,y) < 1}. It is
straightforward to check that

(35) < ¢ ||ZJ * m”Horm(

HAHHorm(J) J)?

where the constant C' does not depend on m. By arguing much as in the proof of [I8],
Proposition 5.3], we may show that the function & * m satisfies a Mihlin-Hérmander
condition of order .J, with ||& * m||orm(s) bounded by a constant times ||m||torm(.)-

Furthermore, it is clear that

lm[Horm(ry < C llmlls,.s,
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with C independent of m. In view of this observation and of Proposition to prove
that A is of weak type 1, with the required norm estimate, it suffices prove that its
integral kernel k4 satisfies the following

(3.6) sup / ka(z,y) — ka(e.c5)] du(@) < C | Allszom(.
yeEBEB1 JB(cp,2)\(2B)

To prove (3.6) we further decompose the function A, and then decompose the
operator A accordingly. For all j in Z define the functions A; by

Aj=Ap*,

where ¢ is defined just above Lemma Then Ej is an entire function of exponential
type and A = >, A; in the sense of distributions. Furthermore, Lemma (with

A in place of g) and Remark imply that for every 7 in (1/2,1] there exists a
constant C' such that for every j in Z and for every ¢ in {0,1,..., N}

(3.7) / R A; (1) dt < C | Allsomm(sy 2 7)°  VreRY
|t]|>r
R%AL(t ,
(3.8) r / |N|t|g()| dt < C || Allmorm(s) (27 7)Y vr e (0,2].
[t]|>r

Here we have used the fact that J > N + 1/2.
For each ball B in B; and for each integer j, define I;(B) by

I;(B) = sup/ ’kAj(Dl)(Ly) — kAj(Dl)(x,cB)| dp(z),
yeEB JEp

where, for notational convenience, we write Ep instead of B(cg,2) \ (2B). To prove
(3.6)), it suffices to show that there exists a constant C' such that for

I;(B) < C||Allsorm(sy min((27rp)~%, (27 r5)"?) VBeB, VjecZ.

To prove this, we shall prove separately that

(39) IJ(B) < C”A”Horm(J) (2j TB)767
and that
(3.10) I;(B) < C || Allor(sy (27 75)"2.

The key formula here is

2N71 0o

- V2T )

which follows from the Fourier inversion formula and Lemma (ii), and its conse-
quence

A;(\) Ry A;(t) J(tN) dt,

2N—1 [e7e] . -
ka;py) = Nt /_ Ry A;(t) kg, dt.

Note that the modified Bessel function A +— J(tA) is an even entire function of
exponential type [¢t|. Thus, by the finite propagation speed property for £, the kernel
kgD, (-, y) vanishes outside the ball B(y, [t]).



876 G. MAUCERI, S. MEDA, AND M. VALLARINO

To prove , note that
I;(B) <2 sup HkA ) ( HLl(EB)

=¢ ven /|ter|R7VA )| k@) o)l 1,y At

Now we split each of these integrals as the sum of the corresponding integrals over
the sets {t e R:rp < [¢t| < 1} and {t € R : |t| > 1}. We denote these two integrals
by T; and Y5 respectively. They depend on y in B and j.

By the asymptotics of Bessel functions [22] formula (5.11.6), p.122]

sup | (1 + s)Nj(s)’ < 00,
5>0

so that J satisfies the assumptions of Proposition (with N in place of ). Hence
by Schwarz’s inequality, (2.2) and Proposition ()

[ IE HLl (Blep2) = 1(B(y, [t]) ) kg (D) (- HL2(B (w,1t)
<C Vvtel[-1,1]\{0}.
As a consequence
T, <C |RyA;(t)] dt
re<|t|<1
< C||Allnorm(ry (2 78) 75

Note that we have used (3.7) above in the last inequality.
To estimate Yo we argue similarly, using Proposition (i) and the fact that

wW(Eg) < p(B(y,3)) < C by . Thus we obtain

T, <C |R5 A (1)] [¢]77 dt
[t]|>1

<C |Ry A (t)] dt
[t|>rp
< C ||A||Horm(J) (2] TB)_E
Then (3.9)) follows.
To prove (3.10)), observe that

I;(B)<Crp sup/ ’koA 1) (T, Yy ’du
yeB

<Crosm [ A0] lastgum ool o

(3.11)

Much as before, we split each of these integrals as the sum of the integrals over the
sets {t e R:rp <|t| <1} and {t € R : || > 1}, and denote them by T; and T5.

By the finite propagation speed for £, the kernel daky(;p,)(,y) vanishes outside
the ball B(y, |¢|). Hence by Schwarz’s inequality and Proposition (iii)

[dokzepy) (- HLl (B(cp,2)) = < u(By, [t]) ) [d2kz(epy) (- HL2 (B, t]))
<O vee [-1,1])\ {0}
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and
|2k 7m0 (- HLl(B(cB 2)) = < pu(B(cp, 2 ) [d2k 7 (5 9)
<C "’ vt e R\ [-1,1].

Then, by ,

T, <C M dt < C'[|Allzorm(.r) (27 /rp)t/?,

ro<iti<t [t

and

To<C | [RNA;@0)]1H7 dt < Ol Allorm(s) (2 /rp)'/>.

[t]>1
The required estimate (3.10)) follows from this and (3.11). This concludes the proof

of (3.6]), hence of (3.3).

Next we estimate ||B]|z1(ar). For each j in {2,3,...,}, define w; by the formula
wit) =w(t—j7+1) +wt+j—1) vt e R.

Observe that F(m — @+ m) = Z?iz w; M. Since m is in H*®(Sg; J) and J > N + 2,
the function m and its derivatives up to the order N are rapidly decreasing at infinity
by Lemma so that O"((1 — w)m) is in L'(R) N Co(R™) for all h in {0,...,N}.
Hence we may use Lemma (ii) and write

1 [
Ly / w; (1) F(t) cos(tN) dt
T i) s
2N—1 et o]
V2T ]z:; _
for all A in R. Define the kernel kg by
kj _ 2N71 0o
5 V2T
Then, at least formally, kg = Zjoi2 k{s. Note that kfé is supported in {(x,y) € M x M :

d(z,y) < j} by finite propagation speed. For all positive integer ¢ and for each p in
M, denote by A(p,¢) the annulus with centre p and radii £ — 1 and ¢. Fix y in M.

Then .
il =3 [, st ante)

< n(B ) [ hste ) an)]

=1
Note that if j < £ — 1, then the restriction of k} to A(y, ) vanishes, because kj(-, y)
is supported in the ball B(y,j). Thus, by Schwarz’s inequality

lesCow)lly, <D n(Bw.0)"* Y [kaC)l,
{=1 j=t

<C Z /2 oL Z/ |RN w; m ‘ ||kj(tD) HQ dt,

(m —©xm)(N)

Ry (w; m) (t) T (tX) dt,

RN (wj M) (t) kg(p) dt.



878 G. MAUCERI, S. MEDA, AND M. VALLARINO

where we have used 1) and the formula above for kzé. Recall that N — 1/2 >
(n+1)/2. Then, by Proposition (i) there exists a constant C' such that

sup ||kgepy ()], <C 1772 (1+1e)"*" veeR*.
yeM

Furthermore, by Lemma there exists a constant C' such that for h in {0,..., N}
O™ (w; M)(®)] < Clmlls e e"™" Ve e R\ {0}
here we have used the fact that J > N + 2. Since O"(w;m) vanishes in [2 — j, j — 2],

oo o
_ N—J—
sup |[ks(-,y), s0||m||swzea/2e”2/ I IR
yeM =1 j=pItz5-2

[
< C ||m||SB;J Zea/2+N—J—P.
=1

The series above is convergent, because a/2 + N — J — p < —1 by assumption,
so that

sup Hklg(vy)Hl < C”m”S[f;J'
yeM

Since kg(x,y) = kg(y, ),

sup ||k3(:v, )||1 < Clmllsg;g-
xeM

Hence B maps L'(M) into L'(M), with operator norm bounded by C ||m||s,.s, as
required to to prove (3.4]).
The proof of the theorem is complete. O
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