Math. Res. Lett. 18 (2011), no. 04, 791-804 © International Press 2011

LOCAL GAGLIARDO-NIRENBERG ESTIMATES FOR ELLIPTIC
SYSTEMS OF VECTOR FIELDS

J. HOUNIE AND T. PICON

ABSTRACT. We extend the global L! estimates proved by Bourgain and Brezis and
Lanzani and Stein for the de Rham complex on RY to the setup of local L! estimates
for the differential complex associated to an involutive elliptic structure spanned by a
family of linearly independent smooth complex vector fields.

1. Introduction
A standard a priori estimate in the classical Hodge theory is, for 1 < p < oo,
(1.1) IVullze < Cp (ldullLe +lld*ul[Lr),  u € CZ(RYN; A'RY),

where d is the exterior differential, d* its dual operator and Vu denotes the component-
wise gradient of u. This estimate is known to be false when p = 1, c0. By the Sobolev
embedding theorem, (1.1) implies

(1.2) lull Lov < Cp (lldullze + d*ullLe), we CE(RY;ARY),
with p* = pN/(N — p). The limiting case as p \, 1 of (1.2) is
(1.3) lull pvsev—1y < C (ldullpr + [[d*ullpy),  w € CZ(RY; AFRY),

which, however, cannot be obtained by combining the Gagliardo—Nirenberg inequality
with (1.1), since C, — oo as p \, 1. Nevertheless, Bourgain and Brezis [2, 3] and
Lanzani and Stein [9] have shown that (1.3) still holds for k-forms, as long as k # 1,
N —1 (for k =1 and N — 1 appropriate substitute a priori estimates are also known).
Estimates of this type have been extended in several directions, mainly within the
framework of the de Rham complex and constant vector fields [10-12, 17-19], although
related inequalities in the setup of nilpotent groups [4] and CR complexes [20] also
have been considered quite recently.

Notice that if u is a zero-form, i.e., a function, (1.3) may be written as ||u|| ,~x/(v-1) <
C||Vu|| 1 so we may regard (1.3) as a generalization of the Sobolev—Gagliardo—Niren-
berg inequality

(14) lull v < O [ Ljullr, e C2®Y),

j=1
where L; = d,, and n = N. In this paper, we address the following question. Suppose
that Lq,..., L, is a system of linearly independent vector fields with smooth complex
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coefficients defined on an open set Q C R¥: for which systems estimates like (1.4)
are valid, at least locally? The answer is given by

Theorem 1.1. If the system of vector fields L+, ..., Ly, n > 2, is elliptic then every
point xg € € is contained in an open neighborhood U C ) such that for some C' > 0

(1.5) [ull /-0 < CY N Liull,  we CEU),

j=1
holds. Conversely, if (1.5) holds, the system must be elliptic on U.

We recall that the ellipticity of the system {L1,..., L, } means that, for any real
1-form w (i.e., any section of T*(Q)): (w,L;)=0,j=1,...,n, = w=0.

When the system £ = {L1,...,L,} is involutive, i.e., each commutator [L;, L],
1 < j,k <mn, is a linear combination of Ly, ..., Ly, the subbundle of CT(Q)) spanned
by L is denoted by (£, L) and called an involutive (or formally integrable) struc-
ture. Examples of involutive structures include integrable distributions in the sense
of Frobenius, complex structures and CR structures. If the system {Lq,..., L.} is,
in addition, elliptic, an appropriate version of the Newlander—Nirenberg states that
the structure £ is locally integrable (on the subject of locally integrable structures
we refer to [1, 16]). In particular, there is a natural complex of differential operators
dz (which is precisely the de Rham complex when L; = 0,;, j = 1,...,N) and it
is natural to ask whether estimates analog to (1.3) hold with d. and d7 in the place
of d and d*. Suppose L = {Ly,...,L,} is a locally integrable system on € and denote
by E*(Q) the space of k-forms, 0 < k < N, with complex coefficients, i.e., the smooth
sections of the vector bundle AKCT*(Q) and let £1(Q) be the subbundle of CT™*(£2)
of all w € E*(Q) such that (w, L) = 0 for all sections of £. Denote by Z the ideal
generated by £1(Q) in ®sz0 AFCT™* (). Hence, if wi,...,wm, n+m = N, is a set
of local generators of £L+(Q), then Z#(Q) = Z N A*CT*(Q), 1 < k < n is spanned by
the k-forms

wiAw, j=1....m, « €E"1Q).
Write 9M%(Q) = AFCT*(Q)/Z%(Q), 0 < k < n, and denote by E*(Q) the space of
smooth sections of the vector bundle M*(Q2). The de Rham complex [5] d : E¥(Q) —

EF+1(Q), given by the exterior derivative on complex-valued forms, gives rise to a
new complex d associated to the structure L,

dep: E*F(Q) — E¥(Q), 0<k<n.
We have

Theorem 1.2. Assume that the system of vector fields L1, ..., Ly, n > 2, is elliptic
and involutive and that 0 < £ < n is neither 1 nor n — 1. Then every point xg € §) is
contained in an open neighborhood U C € such that for some C' > 0

[[wll L v/ov—1) < C(Hdﬁ,éUHLl + ”d*ﬁ,é—luHLl), ue ELU).

For the special values ¢ = 1,n — 1 we have estimates involving the norm of the
localizable Hardy space h'(R™) of Goldberg [6].
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Theorem 1.3. Assume that the system of vector fields L1, ..., Ly, n > 2, is elliptic
and involutive. Then every point xo € ) is contained in an open neighborhood U C )
such that for some C >0

lull prev-n < C(lldz gullr + lldzaullze),  we ELU),
lull provn < Oz sl + ldemullny),  u€ EZ™H(U).

The organization of the paper is as follows. In Section 2, we prove the converse
part of Theorem 1.1 (Proposition 2.1) and a variation of a lemma of Van Schaftingen
(Lemma 2.1) that will be instrumental in the proof of Theorem 2.1. The latter implies
the other part of Theorem 1.1. The proof of Theorem 2.1 is given in Section 3 while
Section 4 is devoted to the proof of Theorem 4.1, which implies Theorem 1.2. The
special cases £ = 1 and n — 1 are also dealt with in Theorem 4.2.

2. A Sobolev—Gagliardo—Nirenberg inequality

Consider n complex vector fields Li, ..., L,, n > 1, with smooth coefficients defined
on a neighborhood € of the origin 0 € RY, N > 2, that may be viewed as sections of
the vector bundle CT'(€2) as well as first-order differential operators. We will always
assume that

(a) Li,...,L, are everywhere linearly independent.
Most of the time, we will also assume that
(b) the system {Lq,..., Ly} is elliptic.
This means that, for any real 1-form w (i.e., any section of 7*(£2))
(w,Lj) =0, j=1,...,n, = w=0.

This implies that the number n of vector fields must satisfy
g <n<N.

Alternatively, (b) is equivalent to saying that the second-order operator
LYLy+---+ LY L,

is elliptic. Here, L;, j = 1,...,n, denotes the vector field obtained from L; by
conjugating its coefficients and L;- is the formal transpose of L;.

We are interested in the following question: characterize the systems of complex
vector fields for which there exist local a priori estimates

(2.1) ullpv/v-1 € CY | Lyullpr, we CEU),
j=1
for some neighborhood U of the origin and some C' > 0.

Due to the local nature of the estimates, if (2.1) is valid, similar estimates replacing
N/(N—1) by any p € [1, N/(N —1)] will also hold true. Notice that in the case n = N,
Ly = 0/0xp, 1 <k < N, (2.1) is just the well known Sobolev—Gagliardo—Nirenberg
inequality that holds without any restriction on the size of the support of the test
functions.

Proposition 2.1. If (2.1) holds the system {Lq,...,Ly,} is elliptic.
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Proof. Write p = N/(N — 1), L; = Z,ivzlajk(x)é)k, Oy = 0/0zy, choose a bump
function ¢(x) € C(U) and set ¢-(x) = ¢(x/e), so ¢p. € CX(U) for small € > 0.
Applying (2.1) to ¢. we obtain

lollzr < CZ L5 s

Jj=1

with L = Zgil a;i(ex)0). Letting e — 0 we see that

n
(2.2) pllrr < CZ HL?’¢HL1~
j=1
If the system with constant coefficients {LY,..., L%} is not elliptic, we may assume
after a linear change of variables that a;;1(0) =0, j = 1,...,n. Taking now ¢.(z) =

P1(x1/e)p2(a’), 2’ = (x2,...,2N) in (2.2) we get, with ¢ = P12

gller < CETVPY LIl 11 = CMN Y NI 11,

j=1 j=1
which leads to a contradiction as e \, 0. Hence, {LY,..., L%} is elliptic and therefore
the system {Ly,..., Ly} is elliptic at = 0. The same argument can be applied to a
generic point of (2. O

Theorem 2.1. Let Lq,..., Ly, n > 2, satisfy (a) and (b). There exists a neighborhood
U of the origin and C' > 0 such that

(2.3) [ull /-0 < CY | Ljullzr,  uwe CE(U).

Jj=1

Note that the assumption n > 2 in Theorem 2.1 cannot be dropped. Indeed, (2.3)
fails for the elliptic vector field L = 8y +ids in any neighborhood of the origin U C R?
as can be seen by taking u of the form

(@) (e * B)z), E(r)= ——

-2 s
Y g = ) = 5 )
e 0 =), @) = (/o)
where ¢(z) and ¢ (x) are bump functions. Recalling that F is a fundamental solution
of the Cauchy-Riemann operator and letting € \ 0, it is easy to blow up the estimate
[ull > < CllLul|Ls.

Since the vector fields
al )
L; :zajk(x)a—xk, ji=1,...,n
k=1
are linearly independent, after shrinking 2 and relabeling of the indices we may

assume that the matrix (ajr)i<jk<n is invertible in a neighborhood of Q. Let
(bjk)1<j,k<n be the inverse matrix and set

N
LT =) bj()Ly, j=1,...,n.
k=1
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As the coefficients bj, are bounded in 2 it will be enough to prove (2.3) with the
vectors fields L; replaced by the vectors fields Lf. Furthermore, we have

where the coefficients c¢;;, are smooth and m = N — n. Moreover, by modifying the
functions cjx(x) outside a neighborhood of Q and extending them to RY we may

assume that L’fé, ..., L are globally defined on RY and that the functions c;i ()
have bounded derivatives of all orders. In other words, we may have assumed from
the start that the vector fields of the system {Li,..., L,} have the form

0 0 .
(a") Lj:%+chk(x)7 ji=1,...,n,

with smooth coefficients globally defined on RY that possess bounded derivatives of all
orders. Similarly, hypothesis (b) could have been replaced by the uniform ellipticity of

where L; is the formal transpose of L; and Ej is its conjugate vector field, i.e., for
some constant ¢ > 0 and all z,¢& € RV

(b") >
j=1

From now on, we will work in this global setup. The following lemma, that does not
require ellipticity, is one of the ingredients in the proof of Theorem 2.1.

2
> ¢

m

&+ cirbntk
k=1

Lemma 2.1. Assume that n > 2 and the system {Li,...,L,} satisfies (a'). For
any u € CX(RYN) write f; = Lju. Then, there exist C > 0 such that for any
u, ¢ € CXRY) and1<j<n

<C Y Mfiler +llulles | lIgllw

j=1

(2.4 ] [ @t ds

If, in addition, the vector fields L1,. .., L, have constant coefficients then

(2.4 ‘ [ H@oe) s

<C Y Ml | IVl
j=1

Note that taking the sup on the right-hand side (2.4) with ¢ in the unit ball of
WY we obtain the equivalent estimate

(2.5) S llfillw-rwov-n <C Y Al + lullz

Jj=1 Jj=1
The proof of Lemma 2.1 adapts the arguments of Van Schaftingen in [17], in particular,
we recall a useful decomposition of a test function ¢(z) € C°(RH), depending on a
parameter ¢ > 0. Choose a bump function n(z) € C°(R*) with [ n(z)dx = 1, write
Ne(x) = e #n(x/e) and set ¢1 = ¢ — Nz * @, P2 = N * ¢. Then, for any p > p there
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exists a positive constant C' = C(u,p) such that the decomposition ¢ = ¢1 + ¢
satisfies for any e > 0 and y=1— u/p

(2.6) 1]z < CE7||V| Lo,
(2.7) @]l < Ce @] Lr,
(2.8) V2|l < CE V| Lo

We may now prove Lemma 2.1.

Proof. For j = 2, the left-hand side of (2.4) may be written as

/RJ($1)d371, J(:Ul)—/RN1 S (z") g™ (2) da’

with o' = (z2,...,2N), [3(2) = fa(z1,2") and ¢™* (2') = ¢(x1,2"). Using the above
decomposition for ¢*1 € C®°(RN~1) we write J(x1) = Ji(z1) + Jo(x1) with

Ji(21) :/ (" )gt(2)da!, k=1,2.
RN-1
Then
(2.9) [1(@)] < [1f5" | @v-nllo7" [ e

and

an / x1 / /
(2.10) 2(x1) / /RN ) 38 5t (2") da'ds.

Next we write L fo = Lof1 + [L1, Lo]u as

(2.11) Ok _ _ Z 1k% + [L1, LaJu + La f1.

8.%‘1
k=n+1

Note that, (a’) shows that no term on the right-hand side of (2.11) involves derivatives
with respect to z1. Plugging (2.11) in the integrand of (2.10) and integrating by parts
in the integral over RN ~1 to switch the derivatives of f, fo and u over ¢3! we obtain

(2.12) |J2(z1)] < C([fllr + lull) (VRS | Lo + ([ @5 | o)
with the notation || f|lzr = 3°7_, [|fillz1. To estimate [|[V®5|[ro + || 5|1 we will
apply estimates (2.7) and (2.8) withp = N, u = N—1, v = 1/N, with an appropriate
choice of € = ¢(z1). If J(x1) # 0 note that || f3*||zr > 0. In this case, we set
b
e(ry) = —,
(1) a(en)
If follows from (2.6)—(2.9) and (2.12) that
[J(z1)] < Cla(@)[[¢7 | + bV Lo + b[|D5" [[)

Clac'™[¢" | pn + e NN (6™ | v + [IVo™ [ Lv))
C (e + Tl NI (167 o + 1967 (o).

a(ey) = 154 e, o= [F e + [lullzr

<
<
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If J(z1) = 0 the inequality is trivially true. Integrating on R the latter estimate and
using Holder inequality with exponents N and N/(N — 1) we obtain

/RIJ(I1>I < CO Nl M lollwe < C@IA + ul)lglwr

This proves (2.4) for j = 2 and a similar argument can be given for any 1 < j < n.
When the L;’s have constant coefficients we have [L;, L] = 0 and L} = —L;, so
the same calculations give the better estimate (2.4). O

3. Proof of Theorem 2.1
Proof. To estimate the right-hand side of (2.3) we must look at

(u, ) = / u(x)$() da

with ¢ € C°(U) and ||¢||p~ < 1. Here U is a ball B(0, p) centered at the origin with
small radius p < 1/2 to be chosen later. We assume that the vector fields L1, ..., L,
satisfy (a’) and (b), in particular, the second-order partial differential operator

AL<1‘,D) = Liil —+ -4 L%En,

may be regarded as an elliptic pseudo-differential operator with symbol in the Hérman-
der class S? = S ((RY) (since we will only work with symbols of type (1,0), the type
will be omitted in the notation; on the subject of pseudo-differential operators we
refer, for instance, to [8, Chapter 3, 15]). Then, there exist symbols q(x,¢) € S—2
and r(x,&) € S~°°, such that

¢ = Ap(z,D)q(z,D)¢p +r(zx,D)p, ¢e€ C=(RN).

Then
<uv ¢> = <u7 AL(CE,D)(](LU, D)¢> + <U,7’($, D)¢>
N
= Z<Lju7 I’j(x»D)Q(xv D)¢> + <U,T<.’L’,D)¢>
]; 7
(31) = Z<Lju7 L](x',D)X(Z')q((IJ, D)¢> + <’U,,’I”(LL',D)(25>,

<.
I
—

where x(x) € C°(U*) is identically equal to 1 on a neighborhood of U and U* =
B(0,1). Set ¥; = Lj(z, D)x(x)q(x, D)¢, f; = Lju and apply (2.4) to obtain

(i)l < C DIl + luller | (V%511 + ll]lz~)
j=1

<C D Mfiller + lulles ) 1V ln

j=1

(3.2) <C DMl + llulles | 18]z

j=1
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Here we have used that ¢; € CS°(U*) and the fact that the peudodifferential oper-
ator VL;(z, D)x(z)g(z, D) of order zero is bounded in LY (RY). Furthermore, since
r(z,&) € S7°° we may write r(z,D)¢ = [k(z,y)é(y)dy with a continuous kernel
k(x,y) that decreases rapidly as y — oo uniformly for = € U. Hence, for x € U,

(Nfl)/N
(e, D)ol < sup ( JC A dy) I6lloy < Clléllon
e
and it follows that

(3-3) [(u, r(z, D)@)| < Cllul L[4l -
Thus, (3.1)—(3.3) give

[, ) < C [ D Ifilles + lullzs | Iglley, ¢ € C(RY),

Jj=1

which implies

lull v < C Y NIfilles + Cllullzy,  we C2(U).
j=1

Since ||[ul|zr < Cp N ||u||;5/v-1), the term C|lu|| ;1 may be absorbed for small p and
this proves (2.3). O

Since L; = —L% +¢;(x), ¢; € C°(RN), j =1,...,n, we easily get from (2.3) after
shrinking U if necessary

(3.4) [ullpv/ov-1y < CY | Lhullpr,  we CE(U).

Jj=1

A standard duality consequence of estimate (3.4) is the following local solvability
result

Corollary 3.1. Let L, ..., Ly, n > 2 satisfy (a) and (b). There exists a neighborhood
U of the origin such that for every f € LN (U), the underdetermined equation

L1U1++Lnun:f
can be solved in U with (uq,...,u,) € L=(U)N.

Note that the result is false in general when n = 1.

4. Involutive systems

Let Li,...,L, be defined on a neighborhood € of the origin 0 € RY, N > 2, and
assume they are linearly independent. The system {L1, ..., L, } is said to be involutive
if the vector fields L;, j = 1,...,n, satisfy the Frobenius condition
(¢) [Lj, Li] = > )y cjre(x)Le, 1 < j,k, < n for some complex—valued functions
cire(x) € C*(Q).
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Note that this is a property of the subbundle £ C CT'(€2) generated by Ly, ..., L,, i.e.,
every other set of generators of £ will satisfy (c). After a local change of generators
and extension to RY preserving involutivity, we may assume that the vector fields L;
are of the form

0 o 0
(&) Lj=5-+ ) cir(@)
T k=1

k)
0Ty,

j=1....n,

with globally defined smooth coefficients possessing bounded derivatives of all orders.
The special form of Ly, ..., L, shows that (c) reduces to

(<) [Lj, L) =0, 1<jk,<n.

Now the proof of Lemma 2.1 gives a strengthened form of (2.4), namely

(4.1) \ [ Liu@o@)ds| < Cllslwrn Y Egulls, .6 € C2R),

j=1

since the term [Ju|;1 in (2.4) was due to the presence of the commutators [L;, L.
We then have

(42) > ILjullw-snvoen < O |Ljullr,  we CE(RY).
j=1 j=1

We now consider elliptic involutive systems.

4.1. Elliptic involutive systems. Let Lq,..., L, be a set of linearly independent
smooth complex vector fields defined on a neighborhood  C R¥ of the origin and
assume that the system {Li, ..., L,} is elliptic and involutive, so they are generators
of an involutive subbundle £ of CT(f). Denote by E¥(Q) the space of k-forms,
0 < k < N, with complex coefficients, i.e., the smooth sections of the vector bundle
AFCT*(Q) and let £1(2) be the subbundle of CT*(2) of all w € E'(Q2) such that
(w,L) = 0 for all sections of £. Denote by Z the ideal generated by £(f2) in
®;€V:0 ARCT*(2). Hence, if wi,...,wm, n+m = N, is a set of local generators of
L1(Q), then ZF(Q) = TN A*CT*(Q), 1 < k < n is spanned by the k-forms

wiAW, j=1....m, « €E"1Q).

Write 9M%(Q) = AFCT*(Q)/Z%(Q), 0 < k < n, and denote by E*(Q) the space of
smooth sections of the vector bundle M*(Q2). The de Rham complex [5] d : E*(Q) —
E*+1(Q), given by the exterior derivative on complex-valued forms, gives rise to a
new complex d, associated to the structure L,

dg’k : Ek(ﬂ) — Ek+1(Q), 0 S k § n,

defined as follows: if u € E¥(2) then dg x(u+Z*) = dju+ ZF1. This is well defined
because the involutivity of £ implies that d,Z* C Z¥*!. In particular, we have the
basic complex property dg p+1dc k= 0.

By an elegant combination due to Treves of the Newlander—Nirenberg theorem [13]
and the Frobenius theorem on real integrable distributions (see, e.g., [1, Theorem
1.12.1; [16]]), there exist local coordinates

$1;-~-a$r7y17~--yr,t1-~-7t37 r+s=mn,
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defined on a neighborhood €’ of the origin such that £ is generated over Q' by the n

vector fields
1/ 0 0
Di=—-|—+i— i=1,...
7 2<8x]+15yj>’ J ) Ty

0
ot
In this case, £ is generated over Q' by dz; = dx; + idy;, 1 < j < r, and diy,
1 < k < s. Then E*(Q) may be identified with the subspace of E* (') generated by
the monomials

dtg, AN Nty Adz; A Az Ky € {1, s} g € {L,....r},
C+pu=k
and for u € EY(Q) = C°°(€') we have

Tk: ]4121,...,5.

deou=Y Teudty+ Y Djudz;.
k=1 j=1

Note that when r = 0, the complex d is just the de Rham complex while when s =0

it is the Dolbeault complex [7]; this justifies the notation dz = d + d in the general
case. In other words, in appropriate local coordinates, the elliptic complex d, has

constant coefficients and
S ™
A =312 +3 DD,
k=1 j=1

is a slight variation of the Laplace operator in RY = R*T2". Applying (2.4') to the
system {T1,...,Ts,D1,...,D,} gives, for N = s+ 2r > 2 and setting fr = Tpu,
g9; = Dju

an | o

s |fa

for any u,¢ € C°(RY), 1 <k <s,1<j <r. Consider the norm

[[ull o = sup  [(u, )| = [[Tullpysv-n), u € CE(RY)
W—1,N/(N=1) Voliest L ; c ;

where I denotes the Riesz operator

Tu(x) :/u(y)dy.

|z —y["t
Then (4.3) and (4.3a) could be written as
(4.4) ldzoull < Clldzoullys, ueCERY),
More generally, for k-forms we have

(45) ||d£,k;u|| CHdL ku||L1 u e Ef(RN), 0<k<n-— 2,

<C Zl'f]||L1+Zl|gJ||L1 IVl L,

Jj=1

<C Z||fk||L1+Z||QJ”L1 IVl p~

W-1LN/(N=1) —

—1,N/(N—1) —
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where EF(RY) denotes the compactly supported elements of E*¥(RN). Similarly, if
d}. denotes the dual complex

g, EMTYRY) — EFRY), 0<k<n-—1,
determined by

/dg,ku~17da::/u~dzkvdx, uwe EFRY), ve EFMYRY),

where the dot indicates the standard pairing on forms of the same degree, we have

(4.6) M stll s s sy < Clldzgullr, we BEFIRY), 1<k <n-1.

1) —

Estimates (4.5) and (4.6) follow from an application of the next lemma which
extends estimate (2.4") (the proof is similar and will be omitted).

Lemma 4.1. Let Ly,...,L,, n > 2, be linearly independent vector fields with complex
constant coefficients defined on RN. Consider test functions fi,...,f, € C(RY)
and suppose that for any 1 < k < v there exists 1 < j < n such that

Ljfr= Z Z%%Lj'fz,

J'#i =1
with cij0 € C. Then

(@) ST TNEe) U TA By
k=1 k=1

Observe that
A = dzkdg,k + d£7k_1d*£7k71, 0<k<n

is just a tiny variation of the standard Laplace—Beltrami operator on k-forms defined
on RY. Note also that for k = 0 and k = n the operators d , dz _; should be

understood as zero. If ¢ € Ef(]RN) we have ¢ = ApGr¢o, where Gy, is the canonic
fundamental solution of Ay (cf. [1, p. 339] for explicit formulas). Assume that
2 < ¢ <n—2. Thus, the arguments of Theorem 2.1 with (3.1) simplified to

/U'Gf):/u'Aer:/dc,zwdc,er +/d2,e—1u'd2glGe¢

yield, taking account of (4.5)—(4.7) and invoking the Calderén—Zygmund theory,

\ I ¢\ < Nldz.cull o |VdeeGedlow + dierullor [V e 1Gedllun
< O(Idecull + 1z o rulls) 6]l
This implies by duality that
48 Julgsison < Cldeeulls + e ), we BLRY),

Note that the argument breaks down for £ = 1,n — 1 because (4.6) fails for k = 1
and (4.5) fails for & = n — 1. Nevertheless, (4.8) holds for ¢ = 0 and for ¢ = n by an
application of (2.4"). This proves
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Theorem 4.1. Let u € EX(RYN) and assume that 0 < £ < n is neither 1 nor n — 1.
Then

49 ullpvov—n < C(Id+ullpr + (d+0) ullrr), ue EL(RY).

For ¢ =1 and n — 1 the a priori estimates (4.9) fail. There are two alternatives,
either we replace the L! norm on the right-hand side by a stronger norm or we may
impose an additional differential condition on u. Suppose that £ = 1, u € E}(RY)
and

(d+8)u =0,
Then, for any ¢ € EL(RY),
/u'¢_/U'A1G1¢_/(d+3)u‘(d+5‘)G1¢
s0

\ [ ¢>‘ < (d + Byull 2 [V(d+ )Grdll Ly < Cli(d + Byull s 6]l

which implies for

(4.9 lul|pv/ov-1 < Cll(d+ D)l if (d+ d)*u=0, ue EXRY).
Similarly,
(4.9") lull pyvvov -y < Cll(d+ ) ullpr if (d+8)u =0, ue EH(RY).

Next we discuss the other possible strategy, namely, to replace at the appropriate
place the L' norm by a stronger one, rather that imposing additional conditions on
u. In the case of the de Rahm complex, Lanzani and Stein showed that when ¢ =1,
an estimate analogous to (1.3) holds as soon as ||d*u| ;. in replaced by ||d*ul,:.
Similarly, for £ = N — 1, one has to replace ||dul|;. by ||dull;.. Here, H(RY)
is the Hardy real space (on the subject of Hardy spaces we refer to [14]). Since
we are dealing with local estimates, and we would like them to be invariant under

coordinate changes, the natural replacement is Goldberg’s localizable Hardy space
h*(RY) introduced in [6]. We have

Theorem 4.2. If the diameter of ) is sufficiently small, the following local estimates
hold:

(4.10) lull s < C(lldz gullm + ldeaulry),  we ES(Q),

(4.11) ull v < C(lldz p—gullr + denulln), v € E27H ().

Proof. Here we proceed as in Theorem 2.1. Let ¢ = 1 and consider the identity
¢ = Dig(z, D)¢ +1(x, D), ¢ € E(),

for q(x,¢) € S2 and r(x,£) € S~°. Then

<u7 ¢> = <’LL, Ay (JJ, D)Q(xv D)¢> + <U, T(x7 D)¢>
= (dz ou,dz oq(z, D)¢) + (dz 1w, de1q(z, D)) + (u,r(z, D)g).
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The second and third terms of the right-hand side may be majorized by (||dz 1ulrr +

|ull1)|[¢]lLy as in the proof of estimates (3.2) and (3.3). This approach cannot be
used to handle the first term so we write instead

(dz 0w dz0q(z, D)¢) = (q(z, D)d gu, dz o @)
= (j(z, D)q(z, D)d} gu, j~ ' (z, D)d} 4¢)
with j(z,€) = (14 [¢[*)Y2, j7 (x,€) = (1+[¢*)/2. Thus
|(d}: ou, d7 gq(x, D))
< C’Hj(x,D)q(x,D)dz,OuH N Hj_l(a:, D)d,*c,o¢||LN~

LN-T
Since j~'(z,D)d} o € S° we have ||j~!(z, D)d}¢|| v < Cl|¢|l,~ and by Gagliardo-
Nirenberg’s inequality

i (@, D)g(w, D)dy gul| | v < C||Vi(z, D)q(x, D)dz gul| -

N-—-1

Since Vj(z, D)q(z, D) € S, it takes continuously L' C k! into h' [6] so

Vi, Dya(, D)L g 1 < Cldz gul], -
Hence,

|(dz 0w, dz ga(z, D)o)| < [|dz gul],, |0l o -
This shows that |(u, ¢)| < C(||d% gullpr + |deaullpr + [JullLr ) [|6]] L~ and proves (4.10)
after taking the sup on {||¢||;~ < 1} and shrinking € if necessary. The proof of (4.11)
is similar. 0O
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