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LEFSCHETZ TRACE FORMULA AND ¢-ADIC COHOMOLOGY OF
LUBIN-TATE TOWER

Y oicHI MIEDA

ABSTRACT. In this paper, we investigate the alternating sum of the ¢-adic cohomology
of the Lubin-Tate tower by the Lefschetz trace formula. Our method gives slightly
stronger results than in the preceding work of Strauch.

1. Introduction

Let F' be a p-adic field, i.e., a finite extension of Q,, and O the ring of integers of
F. For an integer d > 1, we consider the universal deformation space of formal O-
modules of height d. It is called the Lubin-Tate space. By adding Drinfeld level
structures, we get a tower of affine formal schemes over the Lubin—Tate space, which
is called the Lubin—Tate tower.

Let 7 be a non-negative integer. Using the ith compactly supported cohomology
of the rigid generic fiber of the Lubin-Tate tower, we obtain a representation H{y of
GL4(F)xD* xWg, where D denotes the central division algebra over F' with invariant
1/d, and Wy denotes the Weil group of F' (for the construction of H{ ., see Section 2).
The representation H{ 1. is very interesting; in fact, it is known that for a supercuspidal
representation 7 of GL4(F') the m-isotypic component of the virtual representation
Hyr = Y",(—=1)"H{; can be described by the local Langlands correspondence and the
local Jacquet—Langlands correspondence. This was known as the non-abelian Lubin—
Tate theory or the conjecture of Deligne—Carayol (cf. [3]), and proved by Harris and
Taylor [9].

The proof of Harris and Taylor was accomplished by global methods; they related
the Lubin—Tate tower to the bad reduction of certain Shimura varieties, and deduced
the non-abelian Lubin—Tate theory from the global theory of Shimura varieties and
automorphic representations. Although local study of the Shimura varieties at bad
primes plays very important role in [9], they do not consider the Lubin-Tate tower
directly; their local study is mainly on the Igusa variety, which is in some sense
“vertical” to the Lubin-Tate tower.

On the other hand, for the action of GL4(F') and D>, there is a purely local study
by Strauch [15]. Inspired by a pioneering work of Faltings [5], he investigated the
virtual representation Hyr as a GLg(F') x D*-module by using the Lefschetz trace
formula, and obtained the result that Hyr realizes a supercuspidal part of the local
Jacquet—Langlands correspondence. One of nice points of his approach is that one
can directly observe that the character relation, that characterizes the local Jacquet—
Langlands correspondence, actually appears in Hrr.
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Roughly speaking, the work [15] can be divided into two parts; the geometric
part and the representation-theoretic part. In the first part ([15, Sections 2-3]),
Strauch established the Lefschetz trace formula for the Lubin—Tate tower and counted
the number of fixed points under the group action on the tower. In the second
part, he deduced from the Lefschetz trace formula that the local Jacquet—Langlands
correspondence appears in Hyp. The purpose of this paper is to give an alternative
approach to the latter, that is, the representation-theoretic part of [15].

The main difference is as follows. In [15], Strauch considered the 7-isotypic part
Hyr[r] of Hyr for a fixed supercuspidal representation @ of GL4(F). On the other
hand, we will begin with an irreducible smooth representation p of D* and consider
the p-isotypic part Hyr[p]. Although the final consequences are more or less similar,
our approach has some advantage. In fact, we can obtain some results on a non-
supercuspidal representation of GL4(F'). This is because the image JL(p) of p under
the local Jacquet—Langlands correspondence is not necessarily supercuspidal. Here is
a part of our main results:

Theorem 1.1 (Theorem 5.5). As a virtual representation, Hyr[p] — (—1)¢~1d JL(p)
is a linear combination of parabolically induced representations. In particular, Hyr|p)
1S not zero.

For a more precise statement, see Section 5. This theorem implies the following
consequence:

Corollary 1.2 (cf. Corollary 5.6). If an irreducible discrete series representation m
appears in Hyrlp], then m = JL(p).

Together with [13], we can also deduce the main result of Strauch [15, Theorem
4.1.3] from Theorem 1.1:

Corollary 1.3 (Corollary 5.7). For an irreducible supercuspidal representation m of
GL4(F), the m-isotypic part Hfrfl[w] of H&Tl is isomorphic to p®¢, where p is the
irreducible smooth representation of D* with m = JL(p).

The main tool in the argument of [15, Section 4.1] is the description of a supercus-
pidal representation as the compact induction from a compact-mod-center subgroup,
which is a part of the classification result in [2]. On the other hand, in this paper
we extensively use local harmonic analysis, such as transfer of orbital integrals. The
author thinks it possible to extend our method to many other Rapoport—Zink spaces.
For example, in the forthcoming paper [11], we will investigate the alternating sum
of the ¢-adic cohomology of the Rapoport—Zink tower for GSp(4), by combining the
method in this paper with the Lefschetz trace formula developed in [12]; in this case,
we should replace orbital integrals by stable orbital integrals.

We sketch the outline of this paper. In Section 2, we briefly recall definitions
and notation concerning the Lubin—Tate tower. In Section 3, we deduce a relation
between the distribution character of Hyr[p] and that of p from the Lefschetz trace
formula. The author prefers this relation, since it is compatible with the modern
characterization of local endoscopic lifts. In Section 4, we prove that, over the subset
of GL4(F') consisting of elliptic regular elements, the distribution character of Hyr|[p]
is given by a locally constant function 6,, which is strongly related to the (usual)
character of p. Interestingly, in this section we do not need the character theory due
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to Harish—Chandra. In Section 5, we derive some representation-theoretic conclusions
from our character relation. In this step, in addition to the local Jacquet—Langlands
correspondence, we require a rather strong finiteness property on Hyr[p], which is
proved by using the Faltings—Fargues isomorphism ([6, 8]).

Notation

As in the introduction above, let F' be a p-adic field and O its ring of integers. We
denote the normalized valuation of F' by vp. For a € F, put |a|p = g~ vr(@)  where ¢
denotes the cardinality of the residue field of O. Fix a uniformizer @w of @. Denote
the completion of the maximal unramified extension of O by O and the fraction field
of O by F.

For a reductive algebraic group G over F', we sometimes denote G(F) simply by G.
Assume for simplicity that the derived group of G is simply connected. An element g
of G(F) is said to be regular if the centralizer Z(g) of ¢ is a maximal torus of G. In
particular, a regular element is semisimple. We denote by G(F)**¢ the set of regular
elements in G(F'). An element g is said to be elliptic if it is contained in an elliptic
maximal torus, that is, a maximal torus that is anisotropic modulo the center of G. A
regular element is elliptic if and only if its centralizer is a elliptic maximal torus. We
denote by G(F)°! the set of elliptic regular elements in G(F). Please do not confuse
it with the set of elliptic elements.

For a field k, we denote its separable closure by k.

Let ¢ be a prime which is invertible in O. Every representation is considered
over Q.

2. Lubin—Tate tower

Let us recall briefly the definition of the Lubin-Tate tower. See [15, Section 2.1] for
more detail. Fix an integer d > 1 and denote by X a formal O-module over F, with
O-height d (such X is unique up to isomorphism). For integers m > 0 and j, let
/\/1%) denote the following functor from the category of complete noetherian local
O-algebras to the category of sets; M%) (A) consists of isomorphism classes of triples
(X, p,n), where X is a formal O-module over A, p is an O-quasi-isogeny of O-height
j from X to X ® 4 A/m4 and 7 is a Drinfeld m-level structure of X. This functor is
represented by a complete noetherian local ring R%). We denote Spf R%) by M%)
again, and put M., =[], M.

Put Ky = GL4(O) and K,,, = Ker(GL4(O) — GL4(O/(w™))) for m > 1. We can
associate to a compact open subgroup K of Ky the formal scheme Mg =[] ez M%),
so that Mg coincides with M,,. Indeed, if K contains K, for some m > 0, we
define Mg as the quotient of Mg, by K/K,,, where the action of K on Mg, is
given by changing the Drinfeld m-level structures. Now we get the projective system
of formal schemes { M } i k,, which is called the Lubin—Tate tower.

Let D be the central division algebra over F' with invariant 1/d. Then D* naturally
acts on each Mg, because it is isomorphic to the group of self O-quasi-isogenies of
X. On the other hand, for g € GL4(F) and a compact open subgroup K of K, with
g 'Kg C Ky, we can define a morphism Mg — M -1x,. Thus we have the action
of GLg4(F') on the tower {Mg }rkcKk, as a pro-object.
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Denote the rigid generic fiber of Mg by Mpg. It is the generic fiber of the adic
space t(M ) associated to Mg . We simply write H:(Mp) for the f-adic cohomology
HY((Mg)®pF,Q,), and put H:(My,) = lim H!(My). It is a smooth representation
of GL4(F) x D*. In fact, we may also define the action of the Weil group of F' on
Hi{(Mg) and H: (M), but in this article we do not consider it.

However, this representation is too large to deal with. It is mainly because the
formal scheme Mg is not quasi-compact. To make it quasi-compact, we take the
quotient by the action of @w? C D* (or w? C GL,(F), since the action of F* C
GL,(F) x D*, embedded diagonally, is trivial). Namely, we shall consider the repre-
sentation H!(My,/w?) in place of Hi(M,). This change makes no serious problem;
as in the beginning of the proof of [15, Theorem 4.1.3], we can reduce the latter to
the former by twisting. Set Hi := Hi(Mu/w?”) for simplicity.

3. Application of Lefschetz trace formula

Let us fix an irreducible smooth representation p of D* which is trivial on w? C D*.
Then H{y[p] := Hompx (Hiyp, p)*™ is an admissible representation of GL,,(F) (here
(—)®™ denotes the subset of smooth vectors). We would like to study the alternating
sum Hyrlp) := >,(=1)"Hiy[p] by the Lefschetz trace formula.

The following Lefschetz trace formula was established in [15]. See also [12] for more
transparent approach to the Lefschetz trace formula for rigid spaces.

Proposition 3.1 ([15, Theorem 3.3.1], [12, Example 4.21]). Let (g,b) be an element
of GL4(F) x D* and K a compact open subgroup of Ko. Assume that g normalizes
K and gK consists of elliptic regular elements. Then we have

> (1) Te((9.b); Hi(M /w™)) = # Fix(g. ).
Here the right-hand side denotes the number of fized points under the action of (g, b)
on My |w”.

Before applying this formula, we will introduce some notation on harmonic analysis.
Let us fix arbitrary Haar measures of GL4(F') and D*. For b € D*, there exists an
elliptic element g, of GL4(F'), which is stably conjugate to b. Such an element is
unique up to conjugacy, and the map [b] — [gp] gives a bijection between the set
of elliptic conjugacy classes of D* and that of GL4(F). If b is regular, there is an

isomorphism Z(b) =,z (gp) of tori which is determined naturally up to conjugacy

(cf. the proof of Lemma 4.4). We fix Haar measures of all centralizers of GL4(F') and
D>, so that the measures of Z(b) and Z(g;) are the same under the isomorphism
above.

For p € C°(GL4(F)) and v € GL4(F), we denote its orbital integral

/ (9~ '79)dg
Z(v)\ GLa(F)

by O, (f). Similarly for D*. For ¢ € C°(GLy4(F)) and P € C°(D>), we say that
©P is a transfer of ¢ if Oy(fP) = (—1)4710,, (f) for every regular b € D*. Note that
the direction of our transfer is the inverse of the usual one.

The following lemma gives the existence of a transfer in some cases.
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Lemma 3.2. Let ¢ be an element of C°(GLg(F)*Y). Extending by 0, we regard
as a function on GL4(F). Then there exists a transfer o € O (D) of .

Proof. By [14, Lemma 3.3], we have only to prove that ¢ is type E (cf. [14, p. 174,
Definition A]). Let T be a maximal torus of GL4(F) and vg € T \ T*8. It suffices to
observe that O (¢) = 0 on some neighborhood of 9. We use Shalika’s germ expansion
(cf. [14, p. 170]). Let {u;} be a set of representatives for the unipotent conjugacy
classes which contain an element commuting with ~g, such that u; commutes with ~q.
Then there exist functions on, ; on T and a neighborhood N(¢) of 7o such that

04(p) = Z Orgu; (0)T2 ()

for all v € T™& N N(g). Since vyou; is not regular, ¢ vanishes on the conjugacy class
of you;. Thus we have O, () = 0 for v € T8 N N(p). O

We endow the discrete group w? with the counting measure. By using orbital
integral, the number of fixed points on My /w? is given by the following formula:

Proposition 3.3 ([15, Theorem 2.6.8]). Let g be an element of GLgq(F) and b an
element of D*. Let K be a compact open subgroup of Ko which is normalized by g.
i) Unless vp(det g) — vp(Nrdb) is divisible by d, # Fix(g~%,b71) = 0.
ii) Assume one of the following:
e vp(detg) = vp(Nrdb) and b is regular,
e or gK consists of reqular elements.
Then #Fix(g~1,b71) is equal to dvol(Z(b)/w?)O,, (vol(K) '1,k), where
1,k denotes the characteristic function of gK.

Proof. Let p: Mg — F = P?! be the period map. Let us take a fixed point
x € F under the action of b1, and consider fixed points on p~!(z) under the action
of (g71,b71). In [15, 2.6], it is proved that such fixed points are in bijection with
elements of the set S(, 4 = {h € GLy(F)/w”K | h ' gphw”K = gw”K}.

Assume that Sy ) is not empty. Then there exist h € GL4(F) and an integer n
such that h=tgyh € gow”K. Then vg(det gy) = vr(det g) + dn. Since det g, = Nrd b,
vp(det g) — vp(Nrdd) is divisible by d. Thus we have i). Moreover, if vp(detg) =
vp(Nrdb), then n = 0. In other words, h satisfies h~1g,h K = gK.

Let us prove ii). First, assume that vp(det g) = vp(Nrdbd) and b is regular. Then
there are d fixed points on F, and we have

#Fix(g~',b71) = d#S(gp) = d#{h € GLa(F)/@"K | h™'gyh K = gK}
d
= 1,6 (h"tgph) dh
vol(w?K [ w?) /C}Ld(F)/wZ gic (" goh)
vol(Z(gy)/w") /
vol(K) Z(gy)\ GLa(F)

= dvol(Z(g)/w")Oy, (v(ilg(lf(())

— dvol(Z(b) /=)0, (Volfzf;())

1, (h"*gyh) dh
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Next assume that b is not regular and gK consists of regular elements. Then, since
h~lgyh is not regular, it does not belong to gww? K. Therefore, #S(g,p) = 0. Similarly
the orbital integral Oy, (vol(K) 11,k ) is 0, and we get the equality. O

Putting these results together, we obtain the following:

Proposition 3.4. Let g be an element of GLg(F) and K a compact open subgroup
of Ko such that K = gKg~' and gK consists of elliptic reqular elements. Put PgK =
vol(K)™'1yk. Let ply € C(D*) be a transfer of wgx. Then we have

Tr(pgr; Hurlp]) = (=1)* ' d Tr(@)k; p).-

Proof. Put (D*), = {b € D* | vp(Nrdb) = vp(detg)}. By Proposition 3.1 and
Proposition 3.3, we have

Tr(pgxc; Hur[p]) = Tr(g; (Hur[p)™)
(( HL ))
= Tr(g,Home(
1

= (D /=) /Dx/wz Tf<<g‘lvb‘l>;H:<MK/wZ>>Tr<b;p>db

= Tr(g7 Hom p«

1 L |
~ vol(D* /w?) /(Dx>g # Fix(g™,67") Tr(b; p)db
_, vol(Z(b)/=") '
=d Vol(DX JwZ) /(Dx)g Oy, (@i ) Tr(b; p)db

vol(Z() /") |
D) Ly, Ovh e b

. VOl(Z(b)/wZ)
vol(D* /w?)

X / / @l (W= 1bh) Tr(h™'bh; p)dh db
(D*)y JZ()\D*

= (-1l

_ <_1)d—1d

(-1)*'d / / 1 1
:7 h™"bh) Tr(h™"bh; p)dh db
VOI(DX/W DX DX/WZSOQK( ) r( p)

( d ld / /
= — (b) Tr(b; p)dbdh
vol(DX/w DX Jw? J DX QOQK ) r< p)
(-1)"'d / D
= T ;p)dh
vol(D* /w?) Jpx jm2 H(gri P)
= (=) dTr(plk; p),
as desired. O

We want to replace gk in the proposition above by an arbitrary ¢ which is
supported on GLg4(F)®". To do it, we need the following two elementary lemmas:

Lemma 3.5. For every elliptic element g of GL4(F), we can find a compact open
subgroup of PGL4(F) which contains the image of g in PGL4(F).
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Proof. Since g is elliptic, it is contained in a maximal torus which is compact modulo
the center of GL,4(F'). In particular, its image g in PGL4(F) topologically generates a
compact abelian subgroup H. Take a compact open subgroup K of PGL4(F'). Since
H/H N K is a finite group, we have an integer n > 1 such that g" € K. Therefore
K' =z 9'Kg ™' = ﬂ?;ol g'Kg~"is a compact open subgroup of PGLy(F) which
is normalized by H. Then HK' = {hk | h € H,k € K'} is a compact open subgroup
of PGL4(F') containing g. O

Lemma 3.6. Let U be the inverse image of a compact open subgroup of PGL4(F)
under the canonical map GLg(F) — PGL4(F). Then there exists a fundamental
system. of neighborhoods {U,} of 1 € U consisting of compact open normal subgroups

of U.

Proof. Denote the natural projection GL4(F) — GL4(F)/w? by pr. Note that
pr(U) is a compact open subgroup of GLg(F)/w?”.

Let U’ be a compact open subgroup of U. It suffices to find a compact open
subgroup U” of U’, which is normal in U. Since pr(U’) is an open subgroup of a
profinite group pr(U), there exists an open normal subgroup K of pr(U) contained in
pr(U"). Put U” = pr—}(K)NU’. It is an open subgroup of U’, and thus is compact.
Let us observe that it is normalized by an element g of U. For an element u € U”,
pr(gug™?) lies in K = pr(U"). In other words, gug~'w™ € U” for some n € Z. Since
the determinant of every element in U” is a unit of O, we may conclude that n = 0.
This completes the proof. O

Theorem 3.7. Let ¢ be an element of C2°(GLy(F)M) and P € C°(D*) its trans-
fer. Then we have

Tr(¢; Hurlp]) = (-1)4 1 d Tr(¢"; p).

Proof. First note that the right-hand side is independent of the choice of a transfer
P since it depends only on the orbital integral of o (for example, by Weyl’s integral
formula). Therefore, by Lemma 3.5, we may assume that the support of ¢ is contained
in some open subgroup U such as in Lemma 3.6. Take {U,,} as in Lemma 3.6. Then
¢ can be written as a linear combination of 14, with g € U. Since every maximal
compact open subgroup of GL4(F') is conjugate to Ky, there exists h € GL4(F') such
that U/ = hU,h~! is contained in Ky. Put ¢’ = hgh™!. As ¢’ normalizes U/, by
Proposition 3.4 we have

Tr(1gw;; Hurlp) = (=) dTr((1g0;) 75 p).

It is clear that the left-hand side is equal to Tr(1,y,; Hurlp]). On the other hand,
(1g/U7/L)D also gives a transfer of 1,4y, , since 1,5y, and 1,y have the same orbital
integrals. Therefore the right-hand side coincides with (—=1)¢~1d Tr((140, )?; p). This
concludes the proof. O

4. Character of Hyr[p] as a function

We continue to use the notation in the previous section. Let O be the distribution
over GL4(F)" defined by ¢ —— Tr(p; Hrr[p]). We want to show that it is given by a
locally constant function on GL4(F )" which is strongly related to the character of p.
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Put ch = F%1 x FX. Let XLy (F): GLq(F) — ch be the map that associates to
g € GL4(F) the coefficients of the characteristic polynomial of g. Similarly we define
Xpx: D* — ch. We set ch®! = xar,(r) (GLa(F)™) = xpx (D*)°#).

Lemma 4.1. The map xpx is proper.

Proof. For an integer n, put ch,, = {(a1,...,aq) | vr(aq) = n}. Then ch is the dis-
joint union of ch,, as a topological space. It suffices to show that x px : X]_Jlx (ch,) —
ch,, is proper, but it is clear because Xf)lx (ch,) is compact and ch,, is Hausdorff. O

Lemma 4.2. There exists a unique locally constant function 0, on GL4(F)" such
that 0,(g) = Tr(b; p) whenever g € GL4(F)" and b € D* are (stably) conjugate.

Proof. We endow Q, with the discrete topology. The continuous function (D> )& —
Qy; b —— Tr(b; p) descends to a function ch! — Qy, which is continuous by Lemma
4.1 (note that the fiber of xy px over ch®" consists of one conjugacy class of D* ). Then

we may define 6, as the composite GLg(F)°! Xt opell Q. |
Theorem 4.3. We have Oy = d -0, as distributions over GLd(F)e“. Namely, for
every o € C°(GLg(F)Y), we have

Tr (i3 Hurlp]) = d/ (9)0,(9) dg.
GLd(F)ell
Let P € C°(D*) be a transfer of ¢. By Theorem 3.7, it suffices to show the
equality

/ 2(9)0,(9)dg = (=1)"~1 Tr(pP; p).
GLd(F)ell

Obviously the right-hand side is equal to (—1)4"! [, ¢ (b) Tr(b; p) db. Therefore,
what we should show is

[ ealads = (0t [P T an
GLg(F)ell DX
The following lemma is used to obtain the equality above:

Lemma 4.4.

i) There is a natural bijection between the set of conjugacy classes of elliptic
mazimal tori of GLg(F) and the set of conjugacy classes of elliptic mazimal
tori of D*.

i) Let T (resp. T") be an elliptic mazximal torus of GLg(F) (resp. D* ) such that
T corresponds to T' under the bijection in i). Then the rational Weyl group
Wr = Ngr,r)(T)/T of T and the rational Weyl group W = Npx(T") /T’
of T" are naturally isomorphic.

Proof. Perhaps this lemma is well-known, but we include its proof for completeness.

Let us prove i). Let T be an elliptic maximal torus of GL4(F'). Take v € T*®
and find 7/ € (D*)°! so that 4’ is (stably) conjugate to 7. Let T" be the centralizer
of /. Then T" is an elliptic maximal torus of D>, and its conjugacy class depends
only on the conjugacy class of T'. Similarly we can attach an elliptic maximal torus
of GL4(F') to an elliptic maximal torus of D*. Clearly they are inverse to each other.
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Next consider ii). Let T, T', v and ' be as above. Let Wg%l be the Gal(F/F)-
invariant part of the absolute Weyl group Wy = Ngp, (7 (T(F)) JT(F). Define
Wgalf similarly. Since H'(F,T) = H'(F,T") = 0 by Shapiro’s lemma (note that T
and 7" are the Weil restrictions of G, over some finite extensions of F'), the natural
inclusions W «—— Wg%l and Wpr —— Wgalf are isomorphisms. Therefore, it suffices

to construct an isomorphism from Wg%l to,chf,?lF.

Let us fix an isomorphism v: GL4(F) =, (D ®@p F)* of algebraic group over F
which gives D* a structure of an inner form of GL4(F). Since v and 7' are stably
conjugate, there exists h € GL4(F) such that ' = ¢ (hyh~1t). Then 1y, := 1 o Ad(h)
gives an isomorphism T =5 T’ over F', and an isomorphism Wi =, Wpp It

suffices to show that the second isomorphism induces a bijection from Wg%l to Wgalf

)

Let n € Ngp,, 7 (T (F)) be an element whose image in Wy 7 lies in WTGZ%I For

o € Gal(F/F), o(n) € nT(F), and thus o(nyn~!) = nyn~!. Namely nyn~! is
rational. Hence 1, (nyn=1) = 1, (n)y¢n(n)~t € T'(F) is also rational. This means
that ¢, (n) Lo (yYn(n)) € T'(F) for every o € Gal(F/F). In other words, the image of
Yn(n) in Wy, 7 is Gal(F /F)-invariant. Thus v, induces a map from Wf%l to Wﬁalf

Similarly, we can check that ¢,:1 induces a map from Wﬁalﬁ to Wg%l This completes

the proof. 0

Proof of Theorem 4.3. Let {T;}icr (vesp. {T!}icr) be a system of representatives of
conjugacy classes of elliptic maximal tori of GLg(F') (resp. D*) such that T; corre-
sponds to T/ under the bijection in Lemma 4.4 i). By Weyl’s integral formula, we
have

1
g)0,(g)dg = / D, (t / g tg)0,(g  ttg)dg dt
S PO =S [ on0 [ e )

el
1 _
=> W Dr,(t) / w9~ 'tg)0,(t)dg dt
iel T; JTic® T;\ GLa(F)
1
- D ()04(0)8,(£)dt,
;#%LﬁnUA@A)

where Dr, (t) = |det(Ad(¢) — 1; Lie(G)/ Lie(T;))|r for t € T;®. Similarly, we have
(01 [Pl Tt
DX

-1 d—1
S N iy ) / o (b=1¢') Te(b=1t'b; p)dbdt’
i AW Jrpes

(_1)d_1 / / D/p—1y/ ! !
= — Dri(t b~ t'b) Tr(t'; p)dbdt
2 i J D) [ PO T )

1 , . N
=2 Fivy /T Dry(t') - (1) 10p (o) Tx(t'; p)at”.
i€l i i
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Let ;: T; =, T! be the isomorphism constructed in the proof in Lemma 4.4. Tt

preserves Haar measures on T; and T/. For t € T;°®, put ¢’ = v;(t). Then we have
Dr,(t) = Dr: ('), O(p) = (=1)* 'O (¢P) and 6,(t) = Tr(t'; p). Finally, by Lemma
4.4 i), we have #Wr, = #Wr/. Therefore we have

/ ©(9)8,(9)dg = (1)d_1/ ¢ (g) Tr(b; p)db,
GLg(F)el DX
as desired. O

Remark 4.5. So far, we need neither a finiteness result on H{, nor the deep theory
of distribution characters.

5. Representations in Hyr|[p]

In this section, we need the following two deep results, Theorem 5.1 and
Theorem 5.4:

Theorem 5.1. The admissible representation Hiy[p] has finite length.

Proof. Let {MP"},>0 be the Drinfeld tower. For simplicity we put H:(MPD*/w?) =
Hi(MP*/w”) @4 F,Q,). By the Faltings-Fargues isomorphism [6, 8], we have a
GL4(F) x D*-equivariant isomorphism H{ = h_n)ln Hi(MPr /).

As in [7, Proposition 4.4.13], we can prove that H:(MP* /w?) is a finitely generated
CLg4(F)-module. Consequently, (Hip)%" is a finitely generated GLg4(F)-module for
every compact open subgroup K’ C D* (recall that a submodule of a finitely gener-
ated GL4(F)-module is again finitely generated [1, Remarque 3.12]). Therefore, the
theorem is reduced to the following general lemma. O

Lemma 5.2. Let G and H be connected reductive algebraic groups over F, p an irre-
ducible admissible H-representation, and V' a smooth G x H-representation. Assume
the following:
(a) for every compact open subgroup K' of H, VE s a finitely generated
G-module.

Then Hompg (p, V) is a finitely generated smooth G-module. If moreover

(b) for every compact open subgroup K of G, VE is a finitely generated H-module,

(c) there exists a closed subgroup Z' of the center Z(H) of H such that Z(H)/Z'
is compact and Z' acts on V' via the central character of p,

(d) and p is supercuspidal,

then Vip] = Hompg (V, p)*™ is an admissible G-representation of finite length.

Proof. Since p is irreducible, it is generated by one element x. Take a compact open
subgroup K’ of H which stabilizes x. Then an element f of Homg (p, V') is determined
by f(z), which lies in VE'. Therefore we have an injection Homp (p, V) — VE' of
G-modules. Since VX' is finitely generated G-smooth, so is Hompg (p, V).

Next assume moreover (b), (c) and (d). By (b), Vip] is admissible; indeed,
V[p]® = Hompy(VE, p) for every compact open subgroup K of G. Let us observe
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that Hompg (p,V) is also admissible. Take a compact open subgroup K of G and
consider the natural G-invariant pairing

Hom g (p, VX)) x Homp (VX p) — Homp (p, p) = Q.

Let Z’' be as in (c), and consider the category of smooth representations of H on which
7' acts via the central character of p. By (c), V¥ belongs to this category, and by (d),
p is injective and projective in this category. Therefore the pairing above is perfect,
and we have an injection Homg (p, V)% = Homy (p, VE) — Hompy (VE, p)*, where
(—)* denotes the (algebraic) dual. Hence Homy (p, V)X is finite-dimensional, and
thus Homp (p, V') is admissible.

Since Hompg (p, V') is admissible and finitely generated, it has finite length. The
perfect G-invariant pairing

Homp (p, V') x Homp (V, p) — Homp (p, p) = Q;

gives rise to an injection V[p] — Hompg (p, V)V, where (—)" denotes the contragre-
dient. Now we can conclude that V[p] also has finite length. O

Remark 5.3. The lemma above should be useful in proving the similar result as in
Theorem 5.1 for other Rapoport-Zink spaces, once we could establish the analogue of
the Faltings—Fargues isomorphism for such Rapoport—Zink spaces.

Theorem 5.4 (Local Jacquet-Langlands correspondence). Let us denote the set of
isomorphism classes of irreducible smooth representations of D* by Irr(D*), and the
set of isomorphism classes of irreducible discrete series representations of GL4(F') by
Disc(GL4(F)). There ezists a unique map

JL: Irr(D*) — Disc(GLq4(F))

satisfying the following: for an irreducible representation p of D*, the character of
JL(p) coincides with (—1)?710, over GLq(F)*" (for 0,, see Lemma 4.2). The map
JL is bijective and preserves central characters.

Let R(GL4(F)) (resp. R(D*)) be the Grothendieck group over Q, of admissible
representations of GL4(F) (resp. D*) of finite length. We denote by R;(GL4(F)) the
Qg-subspace of R(GL4(F)) generated by the images of parabolically induced represen-
tations (cf. [10]) and set R(GL4(F)) = R(GL4(F))/R;(GL4(F)). For an irreducible
representation , its image [r] in R(GL4(F)) is not equal to 0 if and only if the cuspi-
dal support of 7 is the same as some irreducible discrete series representation (such =

is called elliptic, cf. [4, Lemme 2.1.6]). Moreover, the local Jacquet—Langlands corre-
spondence gives an isomorphism JL: R(D*) — R(GL4(F)) ([4, Corollaire 2.1.5)).

Theorem 5.5. The image of Hyr[p] in R(GLq(F)) is equal to (—1)?=1d[JL(p)]. In
particular, Hyr[p] is not zero.

Proof. The image of Hyr[p] is written uniquely in the form ) _a,[JL(T)], where T
runs through isomorphism classes of irreducible smooth representations of D* and
a, € Q. Since w? C GLy4(F) acts trivially on H{[p], the central character of JL(r)
such that a, # 0 is trivial on w?. Therefore, if a, # 0, 7 is trivial on w? C D*.

By taking characters, we have dch, = Y. _(—1)%"la, ch, over (D*)"8 (cf. The-
orem 4.3), where ch, denotes the character of 7. By continuity, we have dch, =
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> _(=1)4"ta, ch, over D*. By the orthogonality of characters for the compact group
D> /w?”, we have a, = (—1)471d if 7 = p, and a, = 0 if 7 2 p. This concludes the
proof. O

Corollary 5.6. Let m be an irreducible elliptic representation of GLgq(F). If the
coefficient of w in Hyr|p] is non-zero, then the cuspidal support of 7 is the same as
that of JL(p).

Proof. Tt suffices to note that the image of 7 in R(GL4(F)) is equal to &[r'], where
7' is the unique discrete series representation whose cuspidal support is the same as
that of 7 (¢f. [4, proof of Lemme 2.1.6]). O

The following corollary recovers the main result of [15]:

Corollary 5.7. An irreducible supercuspidal representation © of GL4(F) which is
trivial on w” C GLg(F) appears in Hi:'[p] if and only if = = JL(p). Moreover, if
JL(p) is supercuspidal, then we have HE:'[JL(p)] = p®<.

Proof. By [13], a supercuspidal representation appears only in qu_? L Therefore, the
multiplicity of 7 in Hi:'[p] coincides with the coefficient of 7 in Hyr[p] multiplied by
(—1)4=1. By Corollary 5.6, if it is non-zero then the cuspidal support of 7 coincides
with that of JL(p). Namely, 7 = JL(p).

Moreover, if # = JL(p), the multiplicity of 7 in Hﬁfl[p] is d by Theorem 5.5.
Therefore the multiplicity of p in HI‘E ![x] is also d. On the other hand, any irreducible
smooth representation p’ of D* which is not isomorphic to p does not appear in
H{ [n], as 7 # JL(p'). This concludes Him [JL(p)] = p®¢, as desired. O
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