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THE DERIVATIVE OF AN INCOHERENT EISENSTEIN SERIES II

Hui Xue

Abstract. Let K be an imaginary quadratic field with the norm map N. Let (K,−κN)
be a binary quadratic form with κ a positive rational number. In this paper, under some

minor conditions on κ, we first construct an incoherent Eisenstein series (in the sense of
Kudla) associated to (K,−κN). Then we study its derivative at the center of symmetry
s = 0, and show that each non-constant Fourier coefficient of the derivative can be inter-

preted as the degree of certain zero-dimensional schemes. This result together with our
previous work gives a complete answer to a question raised by Kudla–Rapoport–Yang.

1. Introduction

Let K = Q(
√−D) be an imaginary quadratic field of discriminant −D. Let B be an

indefinite division quaternion algebra over Q of discriminant N . We assume that K
can be embedded into B and fix such an embedding ı : K → B. We also assume thatN
is relatively prime to D. The embedding ι induces an orthogonal decomposition with
respect to the norm: (B,NB) = (K,N)⊕ (K,−κN) with κ ∈ Q×. Our assumption on
B and K implies that (−D,κ)p = −1 if p|N , and (−D,κ)p = 1 if p � N . In particular
κ > 0. Here (·, ·)p is the local Hilbert symbol at the (finite or infinite) prime p.

In Section 2, following the general mechanism developed by Kudla, we will define a
modified incoherent Eisenstein series E(g, s,Φ) on SL2(A) which is constructed from
an incoherent collection C = {Cp}p of local binary quadratic spaces. This incoher-
ent collection C coincides with the local quadratic space (Kl,−κN) at every finite
prime l, except that C∞ = (K∞, κN). The Eisenstein series E(g, s,Φ) vanishes at
the center of symmetry s = 0. Let τ = u + iv be in the upper half plane, write

gτ =
(

1 u
0 1

)(
v1/2 0
0 v−1/2

)
, and define

φ(τ) = − d

ds

(
v−1/2E(gτ , s,Φ)

) ∣∣∣
s=0

.

Then φ(τ) is a non-holomorphic modular form of weight 1. Let

φ(τ) = a0(v) +
∑
t>0

ate
2πiτ +

∑
t<0

at(v)e2πiτ

be its Fourier expansion. In this paper, we will study the Fourier coefficients of φ(τ),
and show for t > 0 the following identity

(1.1) at = (2dwK)−1 deg(Z(t)),
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where Z(t) is a zero-dimensional scheme supported only over primes which are in-
ert or ramified in K, see Theorem 3.2 of Section 3.3 for the precise statement and
interpretations of other Fourier coefficients.

We will devote the rest of this introduction to a brief description of the idea to
prove (1.1) and the relation with our previous paper [11]. We basically follow the same
approach as that in [11]. In [11], the splitting case is considered, i.e., the quaternion
algebra B is the splitting algebra of 2×2 matrices. In the splitting case, if D is prime
the identity (1.1) was first proved by Kudla–Rapoport–Yang [7].

In [11], we find a different approach and managed to give a simplified proof of (1.1)
for all fundamental discriminants D. In that paper, we do not compute either side of
(1.1) as explicitly as the authors did in [7]. Instead, after some light computation we
reduce the left-hand side of (1.1) to a weighted sum over non-split primes p of the
t-th Fourier coefficients of various coherent Eisenstein series E∗(g, s,Φ(p)). Then we
show that each weight matches the length of the local ring OZ(t),ξ at any geometric
point ξ of Z(t) over Fp. By applying a Siegel–Weil formula we also show that the t-th
Fourier coefficient of E∗(g, s,Φ(p)) equals the number of geometric points of Z(t) over
Fp. As the degree of Z(t) is given by the weighted sum of lengths of local rings at
all geometric points over Fp for various p, we are finally able to derive the equality
(1.1). We learned from the referee that in [9], using a method similar to that of [11],
Kudla and Yang have independently proved (1.1) (and much more) for general odd
discriminants D (but still in the splitting case).

The present paper serves as a complement to [11]. The case studied in this paper
is a non-splitting one, i.e., B is assumed to be a division algebra. So new phenomenon
naturally presents at the primes dividing N , the discriminant of B. At these places,
the t-th Fourier coefficient of the derivative of the original incoherent Eisenstein series
E∗(g, s,Φ) defined in [11] does not quite match deg(Z(t)). To remedy the discrepancy
we need to modify the definition to get the so called modified incoherent Eisenstein
series E(g, s,Φ). Roughly speaking, the series E(g, s,Φ) is obtained by adding a suit-
able combination of certain coherent Eisenstein series E∗(g, s,Ψ(p)) for all p|N , see
(2.10) for the detail. The idea of modifying Eisenstein series was first introduced by
Kudla–Rapoport–Yang [8]. In [8] the authors studied the derivative at s = 1/2 of a
modified coherent Eisenstein series of weight 3/2 associated to a division quaternion
algebra B. The result of [8] can be viewed as the one-dimensional counterpart of our
zero-dimensional case, so it seems natural for us to borrow the idea therein. Another
difference between the present paper and [11] is that, on the geometric side, in this
paper QM abelian surfaces with CM by OK need to be studied, while in [11] only
elliptic curves with CM by OK are considered.
Notation. The letter G denotes the group SL2. The standard Borel subgroup of SL2

is denoted by B. The following notation is used for elements in SL2:

m(a) =
(
a 0
0 a−1

)
, n(b) =

(
1 b
0 1

)
, w =

(
0 1
−1 0

)
.

The ring of adeles of Q is denoted by A. The letter ω denotes the quadratic character
of the idele class group A×/Q× associated to K = Q(

√−D). For an algebraic object
L we write L̂ = L⊗ Ẑ and write 1L for the characteristic function of the set L. For g ∈
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G(A), let g = n(b)m(a)k be its Iwasawa decomposition, where k ∈ SO2(R)SL2(Ẑ).
Then the absolute value |a(g)| = |a|A is independent of the decomposition.

The additive character ψ of A/Q is the standard one defined in Tate’s thesis such
that ψ∞(x) = e2πix.

2. Analytic computations

In this section, we will first quickly recall the definition of various (coherent or inco-
herent) Eisenstein series. Then we define the modified Eisenstein series and calculate
the Whittaker values of the derivative E ′(gτ , 0,Φ) at s = 0.

2.1. Quadratic spaces and Schwartz functions. Let B be the indefinite quater-
nion algebra and K = Q(

√−D) be the imaginary quadratic field fixed as in Section 1.
We denote the quadratic character associated to K by ω. Define

V = {y ∈ B | ι(a) · y = y · ι(a), for all a ∈ K},
and let q be the quadratic norm induced by NB . So (V, q) ∼= (K,−κN), and we have
the orthogonal decomposition of quadratic spaces

(B,NB) = (K,N) ⊕ (V, q).

From now on we always let OB be a fixed maximal order of B which contains
OK . The incoherent collection C = {Cp} is taken to be the collection of local qua-
dratic spaces, such that at each finite prime p Cp = (Vp, qp) ∼= (Kp,−κN) and
C∞ = (V∞,−q∞) ∼= (C, κN). We now defined a special element ϕ = ⊗pϕp in the
space of Schwartz functions S(CA) on C. Let L = V ∩ OB be the quadratic lattice in
V . For each prime p <∞, the local Schwartz function ϕp is the characteristic function
1Lp of L⊗ Zp. At p = ∞, we take ϕ∞ = e−2πκN(z) on V∞ = C.

For each prime p inert or ramified in K, we will define a (coherent) rational qua-
dratic space V (p) and a Schwartz function ϕ(p) = ⊗lϕ(p)

l in S(VA). Let us begin with
finite p. Assume (A, ı) is a QM abelian surface over Fp with CM by the embedding
ι : OK → End(A, ı), see Section 3 for the definition of QM abelian surfaces. Thus
(A, ı) is supersingular and O(p) = End(A, ı) is an order of discriminant pN in the
definite quaternion algebra B(p) of discriminant N/p. Let

V (p) = {y ∈ B(p) | ι(a) · y = y · ι(a), for all a ∈ K},
then we have the following orthogonal decomposition of quadratic spaces

End(A, ı) = B(p) = K ⊕ V (p).

Write

(2.1) L(p) = O(p) ∩ V (p),

so L(p) is a quadratic lattice in V (p). Now the local Schwartz function ϕ
(p)
l for each

finite prime l is defined to be the characteristic function 1
L

(p)
l

of the local lattice

L
(p)
l = L(p) ⊗ Zl. At l = ∞, suppose (V (p)

∞ ,N) ∼= (C,ΛN), then

ϕ(p)
∞ (z) = e−2π|Λ|N(z).
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Now suppose p = ∞ and let (A, ı, ι) be a fixed QM abelian surface over C with CM
by OK . Similarly, the embedding ι : OK → O(∞) = End(Aa, ı) ∼= Oopp

B (see Section 3
for more details) induces an orthogonal decomposition

B(∞) ∼= Bopp = K ⊕ V (∞),

where V (∞) = {y ∈ B(∞) | ι(a) · y = y · ι(a)}. Let

(2.2) L(∞) = O(∞) ∩ V (∞)

be a quadratic lattice in V (∞). For each prime l <∞ the local Schwartz function ϕ(∞)
l

is then defined to be the characteristic function of L(∞)
l , and ϕ

(∞)
∞ (z) = e−2π|Λ|N(z)

provided that (V∞
∞ ,N) = (C,ΛN).

In order to define the modified incoherent Eisenstein series in next section, for each
p|N we also need to define another collection of local Schwartz functions {ψ(p)

l }. This
time we let OB(p) be a maximal order of B(p), and define a new quadratic lattice

M (p) = OB(p) ∩ V (p).

For each l < ∞ the local Schwartz function ψ
(p)
l is the characteristic function of the

local lattice M (p)
l = M (p) ⊗ Zl. At ∞ the function ψ

(p)
∞ is given exactly in the same

way as ϕ(p)
∞ .

2.2. Eisenstein series. Let (V, q) be binary quadratic space over a local field F .
Let SO(V ) be the group defined by

SO(V ) = {σ ∈ GLF (V ) : q(σv) = q(v) for v ∈ V }.
Given a fixed additive character ψ of F the Weil representation rV = r(V,q),ψ of
SL2(F ) on the space S(V ) of Schwartz functions on V is defined by the following
rules (see [4])

rV

((
1 a
0 1

))
f(x) = ψ(aq(x))f(x),

rV

((
a 0
0 a−1

))
f(x) = |a|ωV (a)f(ax),

rV

((
0 1
−1 0

))
f(x) = γV f̂(x),

where γV , called the Weil index of V , is an eighth root of unity, ωV is the quadratic
character of F× associated to the quadratic space V , which is defined by ωV (x) =
(x,−dV ), where dV is the determinant of V and (·, ·) is the Hilbert symbol over F .
The measure on V is taken to be self-dual with respect to the Fourier transform
f̂(x) =

∫
V
f(y)ψ(q(x, y))dy, where q(x, y) = q(x + y) − q(x) − q(y). In particular, if

(V, q) = (K,N) and F is non-archimedean, then the total measure of OK is |dK/F |1/2,
where dK/F is the relative discriminant of K/F . If F is archimedean, that is K = C,
then the measure on K is given by 2dxdy.

Let
I(s, ω) = IndG(A)

B(A)(ω| · |s)
be the global induced representation of G(A). Each Φ(g, s) ∈ I(s, ω) thus satisfies

(2.3) Φ(n(b)m(a)g, s) = ω(a)|a|s+1Φ(g, s).



THE DERIVATIVE OF AN INCOHERENT EISENSTEIN SERIES II 277

At s = 0, the induced representation I(0, ω) has the following decomposition into
irreducible representations of G(A) :

I(0, ω) = (⊕V Π(V )) ⊕ (⊕CΠ(C)).

Here V runs over rational binary quadratic spaces with ωV = ω, and C runs through
incoherent collections (in the sense of Kudla [6]) of local binary quadratic spaces with
ωC = ω. The subspace Π(V ) is the image of the equivariant map λV : S(VA) → I(0, ω)
defined by

(2.4) λV (⊗pϕp)(g) = ⊗p((rV,p(g)ϕp)(0).

Similarly, Π(C) is the image of the equivariant map λC : S(CA) → I(0, ω) defined by

(2.5) λC(⊗pϕp)(g) = ⊗p((rCp(g)ϕp)(0).

For each prime p not split in K, we define a coherent standard section by

Φ(p) = ⊗lΦ(p)
l = λV (p)(ϕ(p)) ∈ I(0, ω).

At each p|N , another coherent standard section is defined by

Ψ(p) = ⊗lΨ(p)
l = λV (p)(ψ(p)) ∈ I(0, ω).

Similarly the incoherent section is given by

Φ = ⊗lΦl = λC(ϕl) ∈ I(0, ω).

The next lemma is taken from [11, Lemma 2.3] which compares local canonical
sections attached to various quadratic spaces.

Lemma 2.1. If a (finite or infinite) prime l is different from p, then Φ(p)
l = Ψ(p)

l = Φl.

Now we are ready to define various Eisenstein series. Let us begin with the inco-
herent ones. Let Φ(g) ∈ Π(C) ⊂ I(0, ω) be as above, and set

Φ(g, s) = Φ(g)|a(g)|s
be the standard extension to I(s, ω). The incoherent Eisenstein series is given by

(2.6) E(g, s,Φ) =
∑

γ∈B\G
Φ(γg, s)

converges absolutely for Re(s) > 1. The series E(g, s,Φ) has weight 1 at infinity [10],
and it has an analytic continuation so that [6]

E(g, 0,Φ) = 0.

We complete the Eisenstein series by a factor

E∗(g, s,Φ) = D(s+1)/2Λ(s+ 1, ω) · E(g, s,Φ),

where Λ(s, ω) =
∏
p≤∞ L(s, ωp) is the complete L-function of the character ω.

Similarly, for each prime p non-split in K, the (coherent) Eisenstein series associ-
ated to Φ(p) is defined by

(2.7) E(g, s,Φ(p)) =
∑

γ∈B\G
Φ(p)(γg, s).

with
Φ(p)(g, s) = Φ(p)(g)|a(g)|s.
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The complete coherent Eisenstein series is given by

(2.8) E∗(g, s,Φ(p)) = D(s+1)/2Λ(s+ 1, ω) · E(g, s,Φ(p)).

In a similar fashion, for each prime p|N , we define E(g, s,Ψ(p)) and its completion
E∗(g, s,Ψ(p)).

To treat the primes at which B is ramified, i.e., the primes dividing N , we need
to modify the complete incoherent Eisenstein series E∗(g, s,Φ). First, for each prime
p|N , we fix an auxiliary function cp(s), which is a rational function of p−s, such that

(2.9) cp(0) = 0 and c′p(0) =
1

1 + p
log p,

and such that
cp(s) = −cp(−s).

The modified Eisenstein series is then defined as

(2.10) E(τ, s,Φ) = E∗(τ, s,Φ) +
∑
p|N

cp(s)E∗(τ, s,Ψ(p)).

The modified series E(g, s,Φ) can be analytically continued to the whole complex
plane (as each term involved can), and by the exact definition of cp(s):

E(g, 0,Φ) = 0.

Remark 2.1. (1) There are many choices for such cp(s). For instance, we can take

cp(s) =
1

2(1 + p)
(ps − p−s).

(2) The idea of modifying a standard Eisenstein series is inspired by [8, Section 6].
In [8], the authors modified a incoherent Eisenstein series by adding a combination of
incoherent ones, while here we modify an incoherent Eisenstein series with a combi-
nation of coherent ones.
(3) The choice of cp(s) is made such that E(g, s,Φ) satisfies an odd functional equation
under s �→ −s.
2.3. Whittaker integrals. In this section, we will carry out the analytic compu-
tation of the Fourier coefficients of the central derivative E ′(g, 0,Φ). In the range
of absolute convergence Re(s) > 1, the Eisenstein series E(g, s,Φ) has a Fourier
expansion

E(g, s,Φ) =
∑
t∈Q

Et(g, s,Φ)

with

(2.11) Et(g, s,Φ) =
∫

Q\A

E(n(b)g, s,Φ)ψ(−tb)db.

It is easy to see that Et(g, s,Φ) = 0 if t �∈ Z (see [7, Lemma 2.3]). So from now on we
always assume that t is an integer.

For t �= 0 unfolding (2.11) gives

(2.12) Et(g, s,Φ) =
∏
p

Wt,p(gp, s,Φp),
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with

(2.13) Wt,p(gp, s,Φp) =
∫

Qp

Φp(wn(b)gp, s)ψp(−tb)db

being called a local Whittaker integral. For t = 0 the constant term is given by

(2.14) E0(g, s,Φ) = Φ(g, s) +M(s)Φ(g),

where M(s)Φ = ⊗pMp(s)Φp is the intertwining map from I(s, ω) to I(−s, ω), and

(2.15) Mp(s)Φp(g) = W0,p(g, s,Φp).

The modified local Whittaker integral is defined as

(2.16) W ∗
t,p(g, s,Φp) = Lp(s+ 1, ωp) ·Wt,p(g, s,Φp).

All the above constructions and definitions also apply to E(g, s,Φ(p)) and will be
assumed automatically.

To get the Fourier coefficients of E ′(g, s,Φ) we need to compute the local Whittaker
integrals W ∗

t,p(g, s,Φ) for g = 1 at p <∞ and for

(2.17) gτ =
(

1 u
0 1

)(
v1/2 0
0 v−1/2

)
= n(u)m(v1/2),

at p = ∞.
For each prime p not split inK, we introduce the following notation. Let dp = vp(D)

and let fp be the residue degree of K/Q at the prime p. For each non-zero integer t
define

(2.18) 
p(t) =

⎧⎪⎪⎨
⎪⎪⎩

vp(t)+1
2 , if p is inert in K and p � N ,

vp(t)
2 , if p|N ,

vp(t) + dp, if p is ramified in K.

See Proposition 3.1 for justification of the above convention.
We first recall some results from [11] on the local Whittaker integrals at places not

dividing N .

Proposition 2.1. Let t �= 0 and p � N be not split in K, then W ∗
t,p(1, 0,Φ) = 0 if

and only if ωp(−t) = −1 and

W ∗,′
t,p(1, 0,Φp) = −1

2
fp
p(t) log p ·W ∗

t,p(1, 0,Φ
(p)
p ).

Proof. This is the combination of Corollaries 3.5 and 3.7 of [11]. �

Proposition 2.2. Let τ = u+ iv be in the upper half plane.
(1) If t < 0, then W ∗

t,∞(gτ , 0,Φ∞) = 0 and

W ∗,′
t,∞(gτ , 0,Φ∞) = −1

2
β1(4π|t|v) ·W ∗

t,∞(gτ , 0,Φ(∞)
∞ ) = i

√
ve2πitτβ1(4π|t|v).

(2) If t = 0, then

W ∗
0,∞(gτ , 0,Φ(∞)

∞ ) = −W ∗
0,∞(gτ , 0,Φ∞) = −i√v.
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(3) If t > 0, then W ∗
t,∞(gτ , 0,Φ

(∞)
∞ ) = 0 and

W ∗,′
t,∞(τ, 0,Φ(∞)

∞ ) = −1
2
β1(4π|t|v) ·W ∗

t,∞(gτ , 0,Φ∞) = −i√ve2πitτβ1(4π|t|v).
Here for t > 0

β1(t) =
∫ ∞

1

u−1e−utdu.

Proof. The result follows from Lemmas 3.10 and 3.11 of [11]. �

We now investigate the local Whittaker values at the primes p|N .

Lemma 2.2. Suppose that p|N (i.e., B is ramified at p), so p is inert in K. Then

W ∗
t,p(1, s,Φp) = − 1 + p

p+ p−s
+
vp(t)∑
r=0

(−p−s)r,

and for each integer t with vp(t) even

W ∗
t,p(1, s,Φ

(p)
p ) =

{
0, if vp(t) = 0,
1, if vp(t) ≥ 2.

Proof. The first statement is [11, Lemma 3.4], see also Yang [12]. It is well known
that [11, Lemma 3.1]

∫
O×

p

ψp(−bt/pr)db =

⎧⎪⎨
⎪⎩

1 − p−1, if r < vp(t) + 1,
−p−1, if r = vp(t) + 1,
0, if r > vp(t) + 1.

Also recall the following formula regarding the value Φ(p)
p at k =

(
a b
c d

)
∈ SL2(Zp)

[10, Lemma 3.1.3]

Φ(p)
p (k) =

⎧⎪⎨
⎪⎩
p−2, if vp(c) = 0,
−p−1, if vp(c) = 1,
1, if vp(c) ≥ 2.

By the above two identities and suppose vp(t) is even

Wt,p(1, s,Φ(p)
p )

=

⎧⎪⎪⎨
⎪⎪⎩
p−2 − p−s−2, if vp(t) = 0,
p−2 + p−s−1(1 − p−1) +

∑vp(t)
r=2 (−p−s)r ∫O×

p
ψ(−btpr )db

− p−(vp(t)+1)s
∫
O×

p
ψ( −bt

pvp(t)+1 )db, if vp(t) ≥ 2.

So Wt,p(1, 0,Φ
(p)
p ) = 0 provided vp(t) = 0. Suppose vp(t) ≥ 2 is even then

Wt,p(1, s,Φ(p)
p ) = p−2 + p−s−1 − p−s−2 + (1 − p−1)

vp(t)∑
r=2

(−p−s)r + p−(vp(t)+1)s−1.

Specializing at s = 0 we get

Wt,p(1, 0,Φ(p)
p ) = p−2 − p−2 + p−1 + 1 − p−1 + p−1 = 1 + p−1 = L(1, ωp)−1.
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Thus W ∗
t,p(1, 0,Φ

(p)
p ) = L(1, ωp) ·Wt,p(1, 0,Φ

(p)
p ) = 1. �

Corollary 2.1. Suppose that p|N , then
(1) W ∗

t,p(1, 0,Φ) = 0 if and only if vp(t) is even;
(2) if vp(t) is even then

W ∗,′
t,p(1, 0,Φp) = −

(
1

1 + p
+
vp(t)

2

)
log p

=
(
−1

2
fp
p(t) log p− c′p(0)

)
·W ∗

t,p(1, 0,Ψ
(p)
p ),

see (2.9) for the definition of cp(s);
(3) if vp(t) is even then

(2.19) W ∗,′
t,p(1, 0,Φp) + c′p(0) ·W ∗

t,p(1, 0,Ψ
(p)
p ) = −1

2
fp
p(t) log(p) ·W ∗

t,p(1, 0,Φ
(p)
p )

Proof. (1) is clear. (2) follows by taking the derivative and noticing that (2.9)

c′p(0) =
1

p+ 1
log p

and that [11, Corollary 3.2]
W ∗
t,p(1, 0,Ψ

(p)
p ) = 1.

For (3) notice that if vp(t) ≥ 2, then (2.19) clearly holds because W ∗
t,p(1, 0,Φ

(p)
p ) = 1

as well. If vp(t) = 0, then (2.19) holds trivially because both sides equal zero. �

Remark 2.2. The identity (2.19) is the exact motivation for the introduction of
the modified Eisenstein series (2.10), also see the proof of Proposition 2.3 for further
justification.

Corollary 2.2. Let t �= 0 be an integer, then an odd number of local Whittaker factors
W ∗
t,p(1, 0,Φp) for p ≤ ∞ vanish.

Proof. We only give the proof for the case t > 0, and the case t < 0 follows similarly.
So W ∗

t,∞ does not vanish. Suppose there is an even number of zero local factors,
say W ∗

t,p1 , . . . ,W
∗
t,p2m

. Let p1, . . . , pk be the ones that do not divide N and let S =
{pk+1, . . . , p2m} be the part of primes that divide N . From results above we know
that if p|N and p �∈ S then ωp(−t) = −1, and

−1 =
∏
p<∞

ωp(−t) =
k∏
i=1

ωpi(−t) ·
∏

p|N, p�∈S
ωpj (−t).

Let d be the number of prime divisors of N , then k + [d− (2m− k)] = 2k + d − 2m
must be odd, which is a contradiction because d is even. �

Now we can relate the non-constant Fourier coefficients of E ′
t(gτ , 0,Φ) to those of

coherent Eisenstein series Et(gτ , 0,Φ(p)) for various primes p.

Proposition 2.3. (1) If t > 0 is an integer then

E ′
t(gτ , 0,Φ) = −(2wK)−1hK ·

∑
p

fp
p(t) log(p) · Et(gτ , 0,Φ(p)),
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where p ranges over finite primes that are not split in K.
(2) If t < 0 is an integer then

E ′
t(gτ , 0,Φ) = −(2wK)−1hK · β1(4π|t|v)Et(gτ , 0,Φ(∞)).

Proof. We only give the proof of part (1). As t > 0 only W ∗
t,p(1, 0,Φp) at non-split

primes p can vanish. Since W ∗
t,p(1, s,Φp) is 1 for almost all p we can take the product

of local factors without worrying about the convergence. Thus

E ′
t(gτ , 0,Φ)

= E∗,′
t (gτ , 0,Φ) +

∑
p|N

c′p(0)E∗
t (gτ , 0,Ψ

(p))

= D1/2W ∗
t,∞(gτ , 0,Φ∞)

⎛
⎝∑
p�N

W ∗,′
t,p(1, 0,Φp)

∏
l �=p

W ∗
t,l(1, 0,Φl)

⎞
⎠

+D1/2W ∗
t,∞(gτ , 0,Φ∞)

⎛
⎝∑
p|N

W ∗,′
t,p(1, 0,Φp)

∏
l �=p

W ∗
t,l(1, 0,Φl)

⎞
⎠

+D1/2W ∗
t,∞(gτ , 0,Φ∞)

∑
p|N

c′p(0)W ∗
t,p(1, 0,Ψ

(p)
p )

∏
l �=p

W ∗
t,l(1, 0,Ψ

(p)
l )

= D1/2W ∗
t,∞(gτ , 0,Φ∞)

⎛
⎝∑
p�N

−1
2
fp
p(t) log(p) ·W ∗

t,p(1, 0,Φ
(p)
p )

∏
l �=p

W ∗
t,l(1, 0,Φl)

⎞
⎠

−D1/2W ∗
t,∞(gτ , 0,Φ∞)

⎛
⎝∑
p|N

1
2
fp
p(t) log(p) ·W ∗

t,p(1, 0,Φ
(p)
p )

∏
l �=p

W ∗
t,l(1, 0,Φ

(p)
l )

⎞
⎠

= −D
1/2

2
W ∗
t,∞(gτ , 0,Φ∞)

⎛
⎝∑

p

fp
p log(p) log(p)W ∗
t,p(1, 0,Φ

(p)
p )

∏
l �=p

W ∗
t,l(1, 0,Φ

(p)
l )

⎞
⎠

= −1
2

∑
p

fp
p(t) log(p) · E∗
t (gτ , 0,Φ

(p))

= −1
2
D1/2Λ(1, ω)

∑
p

fp
p(t) log(p) · Et(gτ , 0,Φ(p))

= −(2wK)−1hK ·
∑
p

fp
p(t) log(p) · Et(gτ , 0,Φ(p)),

where we have applied Lemma 2.1, Proposition 2.1 and Corollaries 2.1 and 2.2. �

The next proposition is a key result proved in [11, Proposition 3.16], which follows
essentially from a Siegel–Weil formula. Let a1 = (1), . . . , ahK

be a set of representatives
of Cl(K). For each prime p non-split in K, let L(p)

1 = L(p) be the quadratic lattice
defined by (2.1) (or by (2.2) if p = ∞), and define

(2.20) L
(p)
i = V (p) ∩ aia

−1
i L̂(p),

for i = 1, . . . , hK .
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Proposition 2.4. Let τ = u + iv be in the upper plane and t �= 0, then for each
(finite or infinite) prime p non-split in K

Et(gτ , 0,Φ(p)) =
2
hK

√
ve2πitτ

hK∑
i=1

|{y ∈ L
(p)
i |N(y) = t}|,

where L(p)
i is the quadratic lattice given in (2.11).

Combining Propositions 2.3 and 2.4 we get the following result about the non-
constant Fourier coefficients of the derivative.

Proposition 2.5. Let τ = u+ iv be in the upper half plane.
(1) If t > 0 is an integer then

E ′
t(gτ , 0,Φ) = −w−1

K v1/2e2πitτ
∑
p

fp
p log(p) ·
hK∑
i=1

|{y ∈ L
(p)
i |N(y) = t}|,

where p ranges over finite primes which are not split in K.
(2) If t < 0 is an integer then

E ′
t(gτ , 0,Φ) = −w−1

K v1/2e2πitτβ1(4π|t|v) ·
hK∑
i=1

|{y ∈ L
(∞)
i |N(y) = t}|.

Although the constant Fourier coefficient is not our main concern, for the sake of
completeness we also sketch the computation of E ′

0(gτ , 0,Φ).

Proposition 2.6. Let τ = u+ iv be in the upper half plane. Then

E ′
0(gτ , s,Φ) =

hK
√
v

wK

(
1 +

(
−1

2

)d)(1
2

log(vD) +
Λ′(1, ω)
Λ(1, ω)

)
(2.21)

+
hK

√
v

wK

∑
p|N

(
(−1

2 )d−1(p− 1) + 1
p+ 1

)
log(p).

Proof. To apply the results above to the case t = 0 we just need to take vp(t) = ∞
for p <∞ and take the limit. So we have [7, (2.19)] or [11, Proposition 3.14]

E∗
0 (gτ , s,Φ)

= D(s+1)/2Λ(s+ 1, ω)Φ(gτ , s) +D(s+1)/2M∗(s)Φ(gτ , s)

= (vD)(s+1)/2Λ(s+ 1, ω) −Ds/2v(1−s)/2Λ(s, ω)
∏
p|N

(
− 1 + p

p+ p−s
+

1
1 + p−s

)
.

Also at each p|N [11, Corollary 3.2]

W ∗
0,p(1, s,Ψ

(p)
p ) = L(s, ωp),

which implies that at s = 0

E∗
0 (gτ , 0,Ψ(p)) = (vD)1/2Λ(1, ω) + v1/2Λ(0, ω)

(
−1

2

)d
.

By the functional equation of Λ(s, ω)

Ds/2Λ(s, ω) = D(1−s)/2Λ(1 − s, ω),
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we get

E∗
0 (gτ , 0,Ψ(p)) = v1/2Λ(0, ω)

(
1 +

(
−1

2

)d)
.

So

E ′
0(gτ , 0,Φ) =E∗,′

0 (gτ , 0,Φ) +
∑
p|N

c′p(0)E∗
0 (gτ , 0,Ψ(p))

=
1
2

log(vD)(vD)1/2Λ(1, ω) + (vD)1/2Λ′(1, ω)

− 1
2
v1/2 log(D/v)Λ(0, ω)(−1/2)d − v1/2Λ′(0, ω)(−1/2)d

+ v1/2Λ(0, ω)
(
−1

2

)d∑
p|N

p− 3
2(p+ 1)

log(p)

+ v1/2Λ(0, ω)

(
1 +

(
−1

2

)d)∑
p|N

1
p+ 1

log(p).

Note that
Λ′(0, ω) = −D1/2 (log(D)Λ(1, ω) + Λ′(1, ω)) ,

therefore

E ′
0(gτ , 0,Φ) = (vD)1/2Λ(1, ω)

(
1 +

(
−1

2

)d)(1
2

log(vD) +
Λ′(1, ω)
Λ(1, ω)

)

+ (vD)1/2Λ(1, ω)
∑
p|N

((−1
2

)d−1 (p− 1) + 1
p+ 1

)
log(p),

which together with the class number formula Λ(1, ω) =
hK
wKD

concludes the proof

of (2.21). �

3. Geometric computations

In this section, we first introduce the moduli scheme M of QM abelian surfaces with
an extra action by OK , called with CM by OK . Then for each positive integer t we
define a zero-dimensional moduli scheme Z(t) which has a natural morphism to M .
In the end, we will compute the degree of Z(t), compare it with the t-th Fourier
coefficient of E ′(gτ , 0,Φ), and then prove (1.1).

3.1. A moduli scheme. An abelian surface A over a base scheme S is said to have
quaternionic multiplication (QM) by OB if there is an embedding ı : OB → EndS(A),
such that the action of OB is “special” in the sense of Drinfeld. Since the exact
definition of “special” will not be used, we simply skip its definition and refer readers
to [5, p. 5]. We say a QM abelian surface A has CM by OK if there is an embedding

ι : OK → End(A, ı),

where End(A, ı) means the subring of endomorphisms of A which commute with the
action of OB .
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We consider the following moduli problem M on the category (Sch/OK). To each
scheme S over OK , let M(S) be the set of isomorphism classes of triples (A, ı, ι),
where (A, ı) is a QM abelian surface over S, and ι : OK → End(A, ı) is the CM such
that the induced homomorphism Lie(ι) : OK → EndOS ,B(LieA) = OS coincides with
the structure homomorphism of OS .
The following result on the functor M is well known, see [5, 13] and an argument in
[7, Proposition 5.1] for the case of CM elliptic curves.

Theorem 3.1. The moduli problem M has a coarse moduli space M which is étale
over Spec (OK).

The existence of the coarse moduli schemeM follows by the relative representability of
the natural morphism (A, ı, ι) �→ (A, ı) from M to the algebraic stack of QM abelian
surfaces. The étaleness of M over Spec (OK) can be easily obtained by Gross’ work on
canonical liftings and the Serre–Tate theorem on p-divisible groups of abelian schemes.
The étaleness of the moduli scheme M is due to the fact that the automorphism group
of each geometric point ξ on M is O×

K , which acts trivially on the completion ÔM,ξ.
Actually the coarse moduli scheme M consists of 2d disjoint copies of Spec (OH),

where d as usual is the number of prime factors of N and H is the Hilbert class
field of K. Each copy is distinguished by the orientation class determined by the
OK-action on the complex QM-abelian surface. Here the orientation class attached
to (A, ı, ι) ∈ M(C) is determined as follows. For each finite prime l let Tl(A) be the
l-adic Tate module of A. Then Tl(A) is a free OB-module of rank 1, and thus ι induces
a natural embedding

ιl : OK,l → EndB(Tl(A)) ∼= Oopp
B,l ,

see [5, Lemma 2.7] for the last isomorphism. The group Oopp,×
B,l acts on the set of

embeddings Hom(OK,l,Oopp
B,l ) through conjugation. The class ιl of ιl in the coset

Hom(OK,l,Oopp
B,l )/Oopp,×

B,l is called the orientation (class) of (A, ı, ι) at l. The collection
{ιl}l over all finite primes l is called the orientation of (A, ı, ι). Locally at each l,
Hom(OK,l,Oopp

B,l )/Oopp,×
B,l has cardinality 2 or 1 depending on whether or not l|N ,

hence there are exactly 2d different orientation classes, see [13, p. 54] or [5, p. 11] for
more details. By CM theory (Shimura–Taniyama) each orientation determines one
copy of Spec (OH), whose points over any algebraically closed are permuted by the
Galois group Gal(H/K) ∼= Cl(K), see [13, p. 55]. Altogether there are exactly 2d

disjoint copies of OH in M .
To conclude this section we remark that the orientation introduced above is parallel

to the one on CM elliptic curves with a cyclic M -structure. In the elliptic curve case,
an orientation is equivalent to choosing an OK-ideal M such that OK/M ∼= Z/MZ,
see [3].

3.2. Special endomorphisms and zero cycles. We first give the following defi-
nition of special endomorphisms on a QM abelian surface with CM by OK .

Definition 3.1. Let (A, ı, ι) ∈ M(S). A special endomorphism of (A, ı, ι) is an ele-
ment y ∈ End(A, ı) such that

y · ι(a) = ι(a) · y,
for all a ∈ OK .
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In general, the set of special endomorphisms of (A, ı, ι) ∈ M(S) is denoted in short
by L(A). If p is a finite prime, the set of special endomorphisms of (A, ı, ι) ∈ M(Fp)
is also denoted by L(p)(A), which is a non-trivial if and only if p is not split in K.

Definition 3.2. Let Z(t) denote the functor which assigns to each OK-scheme S
the set of isomorphism classes of quadruples (A, ı, ι, y), where (A, ı, ι) ∈ M(S) and
y ∈ L(A) such that

N(y) = y · y′ = t.

Here y′ is the main involution of End0
B(A) which is either K or a quaternion algebra

containing K.

The natural forgetful morphism pr : (A, ı, ι, y) �→ (A, ı, ι) from Z(t) to M is rela-
tively representable. So Z(t) has a coarse moduli scheme, which is denoted by Z(t).
Similar to the CM elliptic curve case the scheme Z(t) is artinian and concentrated on
finite characteristics p which are not split in K. The degree of Z(t) is defined as

(3.1) deg(Z(t)) =
∑
ξ∈Z(t)

log(|OZ(t),ξ|),

where the sum is over the geometric points of Z(t).
Recall the following theorem about the length of OZ(t),ξ at each geometric point

ξ, which is due to Gross [1]. Let p be non-split in K and let p be the prime ideal over
p in K. Let k(p) = OK/p be the residue field of p.

Proposition 3.1 (Gross). Let dp = vp(D) and fp be the residue degree of p in K.
Then

lengthOK,p
OZ(t),ξ = 
p(t),

where

(3.2) 
p(t) =
vp(t) + dp − 1 − εp

fp
+ 1

and

εp =

{
1, if B is ramified at p, i.e., p|N ,
0, if B is unramified at p.

As
|Z(t)(k(p))| =

∑
(A,ı,ι)∈M(k(p))

|{y ∈ L(p)(A) |N(y) = t}|,

the next lemma on deg(Z(t)) is prompt.

Lemma 3.1. The degree of Z(t) is given by

(3.3) deg(Z(t)) = 2d
∑
p

fp
p(t) log(p) ·
hK∑
i=1

|{x ∈ L(Ai) |N(x) = t}|,

where p ranges over primes which are not split in K, and (Ai, ıi, ιi) for i = 1, . . . , hK
runs over points in M(k(p)) with a fixed orientation.



THE DERIVATIVE OF AN INCOHERENT EISENSTEIN SERIES II 287

For all i = 1, . . . , hK , End(Ai, ıi) is an order of discriminant Np in B(p), and OK is
optimally embedded into End(Ai, ıi). By the Chevalley–Hasse–Noether theorem (see
[2, Proposition 3.4]) there is an ideal ai such that

L(p)(Ai) = aiai
−1L(p)(A1).

Conversely, by canonical lifting theory [1] and Serre–Tate theorem on p-divisible
groups of abelian schemes, every ideal class ai shows up. We can choose a1 = (1), . . . , ahK

to be the same set of representatives as in Proposition 2.4. Then L
(p)
i = L(p)(Ai)

(see (2.20) for the construction of L(p)
i ) and for each finite prime p non-split in K

(3.4)
hK∑
i=1

|{y ∈ L
(p)
i |N(y) = t}| =

hK∑
i=1

|{y ∈ L(p)(Ai) |N(y) = t}|.

For each negative integer t and τ = u + iv in the upper half plane, we define an
Arakelov divisor concentrated at archimedean points M(C) of the scheme M (notice
that Z(t) is actually not a subscheme of M). For a point (A, ı, ι) of M(C), write
Aa for the underlying real torus. Let End(Aa, ı) denote the ring of real analytic
endomorphisms of Aa which commute with the action of OB , then End(Aa, ı) ∼= Oopp

B

[5, Lemma 2.7]. The set of special endomorphisms (at infinity) of (A, ı, ι) is defined
as

L(∞)(A) = {y ∈ End(Aa, ı) | y · ι(a) = ι(a) · y}.
Similar to (3.4) we have

(3.5)
hK∑
i=1

|{y ∈ L
(∞)
i |N(y) = t}| =

hK∑
i=1

|{y ∈ L(∞)(Ai) |N(y) = t}|.

The Arakelov divisor Z(t, v) is now defined by

Z(t, v) =
∑
i,j

ri(t, v)σ
j
i ,

where σji runs over archimedean places of M with i = 1, . . . , hK , j = 1, . . . , 2d and

ri(t, v) = β1(4π|t|v) · |{y ∈ L(∞)(Ai) |N(y) = t}|.(3.6)

The degree of the Arakelov divisor Z(t, v) is then given by

(3.7) deg(Z(t, v)) = 2d
hK∑
i=1

ri(t, v).

3.3. Conclusion. We conclude our paper with the following main result.

Theorem 3.2. Let τ = u+ iv be in the upper half plane and let

φ(τ) = − d

ds
(
√
v
−1E(gτ , s,Φ))|s=0.

Then the non-holomorphic modular form φ(τ) has the following Fourier expansion

φ(τ) = a0(v) +
∑
t>0

ate
2πitτ +

∑
t<0

at(v)e2πitτ ,
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where

a0(v) =
hK
wK

(
1 +

(
−1

2

)d)(1
2

log(vD) +
Λ′(1, ω)
Λ(1, ω)

)

+
hK
wK

∑
p|N

((−1
2

)d−1 (p− 1) + 1
p+ 1

)
log(p),

for t > 0
at = (2dwK)−1 deg(Z(t)),

and for t < 0
at(v) = (2dwK)−1 deg(Z(t, v)).

Proof. The formula for a0(v) is proved in Proposition 2.6 (2.21). The claim for at
with t > 0 follows from Proposition 2.5, Lemma 3.1 and (3.4). The claim for at(v) is
obtained by comparing Proposition 2.5, (3.5), (3.6) and (3.7). �

Remark 3.1. (1) It should be noted that the construction of E(gτ , s,Φ) and thus
Theorem 3.2 depends on both the constant κ and the quaternion algebra B.
(2) We begin with a fixed choice of the maximal order OB of B for which OK admits
an optimal embedding into. By the Chevalley–Hasse–Noether theorem, any two such
maximal orders are conjugate by an element of K×

A
, which locally on V or V (p)

(see Section 2.1) is equivalent to the multiplication by an element from SO(V ) or
SO(V (p)). On the other hand, all the Eisenstein series are actually O(V ) or O(V (p))-
invariant [6, p. 554], therefore Theorem 3.2 does not depend on the choice of OB .
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