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GLOBAL WELL POSEDNESS AND SCATTERING FOR THE
DEFOCUSING, CUBIC NLS IN R3

QINGTANG SU

ABSTRACT. We prove global well-posedness and scattering for the defocusing, cubic
NLS on R? with initial data in H*(R3) for s > 49/74. The proof combines the ideas
of resonance decomposition in [8] and linear-nonlinear decomposition in [9,14] together
with the idea of large time iteration.

1. Introduction
Consider the defocusing cubic nonlinear Schrédinger equations (NLS) in 3D

{iut + Au = [ulfu, (t,z) € Ry x R,

(1.1) w(0) = ug € H3(R3),

where s > 1/2.
It is known that there is the mass conservation law for (1.1), i.e.,

(1.2) M(u(t)) = / lu(t, )% dz = M (u(0)).

If s > 1, there is also energy conservation law,

(1.3) Eu(t)) = ;/|Vu(t,x)|2 de + % / lu(t, 2)|* dz = E(u(0)).

Moreover, (1.1) is locally well posed for s > 1/2. In particular, there is blow-up criteria
for (1.1): If s > 1/2 and wu is the solution to (1.1) with maximal existence interval
[0,T*), then if T* < oo,

(1.4) m [u(®)]| s = oc.

Thus global well posedness of (1.1) for s > 1 (see [5]) follows immediately from
energy conservation law. Scattering in energy space or above is proved by Ginibre
and Velo in [11]. However, for s < 1, there is no energy conservation. More precisely,
there is no known coercive quantity that can be used to control the H® norm, which
is the main obstruction for global well posedness and scattering. It was conjectured
by the following
Conjecture. Let s > 1/2, then (1.1) is globally well posed in H*(R?) and there is
scattering.

Remark 1.1. The two-dimensional defocusing, cubic NLS analogy of this conjecture
has been solved by Dodson [10] recently. He showed that the defocusing, cubic NLS
is globally well posed and there is scattering in L?(R?).
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The conjecture has attracted much attentions. Previous work can be found in
[2,6,7,9,12]. We state these results briefly.

The breakthrough work was made by Bourgain (see [1-3]). He used the Fourier
truncation method to capture the smoothing effect of the nonlinearity. He proved
global well posedness for s > 11/13 and scattering for radially symmetry data ug €
H*(R3) with s > 5/7.

Inspired by the Fourier truncation method, Colliander et al. introduced the
I-method (or almost conservation law method) in [6], which is a smoothed version
of the Fourier truncation method. By smoothing out the rough data, they can make
use of the energy conservation law. Indeed, they proved almost conservation law for
the smoothed solution via multilinear estimate, and then proved a polynomial bound
for the solution of (1.1) for s > 5/6, thus obtained global well posedness for s > 5/6,
but not the scattering result.

To weaken the regularity requirement in [6] for global well posedness and radical
symmetry assumption in [2] for scattering, Colliander et al. [7] proved a new type
Morawetz inequality. Together with the I-method they are able to bound the solution
in H*(R?) and L}, uniformly provided s > 4/5, thus they are able to prove global
well posedness and scattering for s > 4/5.

Recently, Dodson [9] improved the result in [7] via linear-nonlinear decomposition
method introduced by Roy [14]. By using linear—nonlinear decomposition, /-method,
and together with double layer decomposition, he was able to show globall well posed-
ness and scattering for s > 5/7.

On the other hand, Kenig and Merle in [13] used the concentration-compactness
method to deal with global well posedness and scattering problems at critical regular-
ity. By profile decomposition and concentration compactness/rigidity argument, they
showed in [12] that in order to prove conjecture, it suffices to bound the solution in
H'?.

In this paper, we adopt an idea of large time iteration. Normally, in order to obtain
global well posedness, we would obtain local well posedness on a small time interval,
and then use the iteration method to extend the local solution to global one. Roughly
speaking, for each iteration, we extend the solution on time interval by one unit.
Such iteration is ‘slow’ in some sense. Thus, we would like to have a ‘faster’ iteration
strategy, where the iterates on time interval are larger than one for each iteration. As
a consequence, the number of iterations is heavily reduced.

To see how such an idea works, we combine the idea of linear—nonlinear decomposi-
tion used by Dodson in [9] and Roy in [14], the idea of modified energy via resonance
decomposition in [8], and the idea of ‘large time iteration’. It is captured that the
nonlinear part of the solution enjoys more regularity in high frequency. Thus, we can
make use of such a smoothing effect by linear—nonlinear decomposition. Furthermore,
by adding a correction term to the energy functional E(Iu), we can obtain a better
control of the increment of the energy (see [8] for more discussion). Thus we are able
to prove a refined version of almost conservation law. Finally, by large time iteration,
we are able to reduce the amount of iterations. The main result of this paper is the
following.

Theorem 1.1. (Equation 1.1) is globally well posed and there is scattering in H*(R3)
for s > 49/74.
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This paper is organized as follows. In Section 2, we set some notations and
recall some preliminary facts. In Sections 3 and 4, we prove a local existence the-
orem and an smoothing effect of the nonlinear part of the solution, respectively. In
Section 5, we recall the construction of modified energy in [8] and prove a refined
almost conservation law. Theorem 1.1 will be proved in the last section.

2. Notations and preliminaries

Given A,B > 0, by A < B we mean A < C - B for some universal constant C. By
A~ Bit means A < B and B < A. The notation A 2 B means B < A. The notation
A < B means A < K - B for some large universal constant K. The notation A > B
means A > K - B for some large constant K > 0. The notation A+ means A + € for
some universal 0 < € < 1. Moreover, the notation A— means A — e for some universal
0 < e < 1. By (a) we mean (1 + |a|?)'/2.

Definition 2.1. Let 1 < ¢,r < oo, we say that (¢, 7) is admissible if

2 1 1
(-2)
q 2 r

We recall the definition of I-operator, which is a Fourier multiplier.

Definition 2.2. The I-operator Iy : H*(R3) — H'(R3) is defined as
Inu(§) = mn (§)a(E),
where m is smooth, radially symmetric, and satisfies

1, €[ < N,
mN(f)‘{(fg)l—s, € > 2.

We abbreviate Iy, my as I, m, respectively. For the convenience of the readers, we
list some basic facts of the I-operator and explain how the I-method works. For more
details, the reader can refer to, for example, [6-9,14]. We have the estimates

IV Tull L2 gsy S N2l e sy -
||U”HS(R3) S ||IUHH1(R3)'
Therefore, [[u(t)| s gs) is controlled by E(Iu(t)):

[ o sy S E(Tu(?)).

Thus, we are reduced to controlling the modified energy F(Iu). Note that we can
write F(Iu) in a multilinear form:

E(ITu) = Ay(o2;u) + Ay(o4;u),

where Ag, A4 are some multilinear functionals and 09,04 are some symbols, see
Section 5.1 for the definition, and see [8] for more details.

To obtain a better control on E(Iu), we add a correction term to E(Iu) to con-
struct another modified energy functional F(u(t)) such that E(u(t)) has slower energy
increment. Similar to [8], we use resonance decomposition to construct E as

E(u(t)) == Aa(02;u) + As(Ga; ),
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where g4 is defined via resonance decomposition. See Section 5.1, also see [8] for more
details. By such construction, we are reduced to controlling E(u(t)).

Let u be a solution to (1.1) on time interval J = [to, T such that u(tyg) = ug. We
know that V ¢ € [tg, T], the Duhamel identity holds:

(2.1) u(t) = ePugy — z/ e =8 (Ju)?u) (s) ds.

to

We then decompose u into linear part uf] and nonlinear part u’}l adapted to J, i.e.,

t
(2.2) ub (1) == ePulty), uit(t) = —i / e =B (Ju)?u) (s) ds.
to
In later sections, if there is no cause of confusion, we simply write ulJ, uf}l as u! and
nl

u™, respectively.

We need some Littlewood—Paley theory, see [15,16] for example. Let ¢(£) be a
fixed radial bump function adapted to the ball {£ : |{] < 2} which equals 1 on the
ball {{ : |{] < 1}. Let N be a dyadic number. Define the Fourier multipliers

Pavi(©) =0 () a(6)

(e = (1-0 (57 ) ) o)
Pyu(§) = ($(&/N) — ¢(26/N))i(€).

Similarly, we can define P>y, P<p.
In the following, we state some facts that will be used frequently in later sections.
The first one is the Bernstein-type inqualities.

Proposition 2.1. [16] Let s > 0 and d a positive integer. 1 < p < g < co. Then

|1P>null e ey Spos,d N2 NVEPs Nul Lp (gay;
| P<nViul pray Spos.a NP P<null e ray;
HPNViSUHL‘;(Rd) Sposid NiSHPNUHLg(Rd);

d_d
| P<nullLa(ray Spos.a N7~ 9| P<null 1 ray;

_4
q

da
| Pyullparay Spos.a N7~ || Pvullpr ey

Next we state Strichartz estimate, which is fundamental to the study of dispersive
equation. The reader can refer to [4,16] for more details.

Lemma 2.1. Let (q,7) be admissible. Let u be a solution to (1.1) on time interval
J = [to, T with initial data u(tg) = ug, which satisfies the Duhamel identity,

t
u(t) = ePug — z/ e =98 1y 2u(s) ds.

to
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Then we have
(2.3)

e ulzz oy S ool 1| | e uPute) dslugayes S NPl g

where (4, 7) is admissible and

1 1 1 1
-+ = = 1, = = =1.
qg q T
Definition 2.3. Let J be a time interval. Define
Z1(Jsu) = sup IVIullps sy (ms)-

(g,7) admissible

3. Local existence
We need a simple lemma.
Lemma 3.1. Let 6 < s and (q,r) be admissible pair. Then
||V6PZNUHL§L; S Né*lHVIUHL‘gL;-

The proof is standard by Littlewood—Paley decomposition. We omit the details
and leave the proof to the reader.
We also need a local existence result, whose proof can be found in [7].

Lemma 3.2. Consider u(t,z) be as in (1.1) defined on J x R3. Assume
(3.1) lullsg iy < 6

for some small constant e > 0. Assume ug € C§°(R3)). Then for s > 1/2 and suffi-
ciently large N, we have

(3.2) Zr(J,u) < C([luoll go)-

The following local existence is a modification of Lemma 3.2. In Lemma 3.2, the
Lf’m norm is assumed to be small, while, for our purpose, we remove the smallness
assumption. In some sense, such a local existence can be viewed as a large-time exis-
tence and the iteration based on such a local existence can be viewed as a large-time
iteration.

Lemma 3.3 (Modified local existence). Let u be a solution to (1.1) on time interval
J =[0,7]. Assume

SUB)E(IU(t)) S1 ullps (rxrsy < oo
te '

Then for admissible pair (q,r),
Zr(J;uh) S 1
|V Iu™|

ey S max{l, fullzs 3%

192l yyz; S max{L,Juls, }/7.
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Proof. 1t is clear that by Strichartz estimate, we have
Zy(Jiu) S IVIuollrz S 1.
Thus by triangle inequality, it suffices to show that
IV 2ull yyp; S max({L, Julls; Y.
We decompose J into subintervals Ji, ..., J,, such that for each subinterval we have

4
[ellzs (g xmsy <€

for some small constant € > 0. Thus, m is essentially [|u|7. . Since for cach Jj
t,x

4q <
Lior; S 1

IV Lull

7

summing over k yields
IV Iul

4
qutI(J)L;» 5 ||u||L§,x(J><R)‘

Definition 3.1. We define

1/q
M(J,u,q) := max{1,||u||i?’m(JxR3)} .

4. Smoothing effect of nonlinearity

In this section, we prove a smoothing effect of the nonlinearity, which is crucial to
prove the almost conservation law in the next section.
The following lemma was proved by Dodson [9].

Lemma 4.1. Let u be a solution to (1.1) on time interval J = [0,T] such that
lullrs  (rxrsy <€ [[VIugllpz < 1.
Let N; be a dyadic number. Then if N; SN,

(4.1) 1P, VIu" || pa gy S N2 || Po, VI || oo e S N7
and If N; 2 N,
(4.2) 1Psn, VI |[pop, S NTY2 ||Poy, VIu™ | e S N7

By Lemma 4.1 and interpolation, we obtain the following smoothing effect.
Theorem 4.1. Suppose J is an interval such that

(4.3) SUB)E(IU(t)) S lullps, rxesy < oo
te '
For any admissible pair (q,r) with ¢ > 4, then if N; SN,

_3_96
(4.4) 1P, VIu™ | gy S Ny T M (J, 0, q)
and if Nj 2 N,

3 6

(45) ||P>NjVIunl|LgL; SN_Z_ZM(J,U,(])’
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where 0 satisfies

1 0 ,1-6 _1_ 0
{q ~t=7T =1— o
1_ 6 1-6 1.0
?—2"'3 _3+6

Proof. We only prove the case that N; < N. First, by the interpolation between
L°L2 and LZLS with

1 6 1-6 _ 1 __ 0
{4 §+2 -2 2
1_6,1-6 _1_, 6
§_2+ 6 _6+3’

we get § = 1/2. Thus by the interpolation we have

1/2 1/2
1Pon, VIu | aga S |1 Pon, VIUM |2 ol Pon, VIu™ |

L7LS
—1/2 73— 3%3 1/2
SNTVANT P M (T, u,2)
—3/4
< NTAM(T, 0, 4).

Second, observe that for each admissible pair (g,r) with ¢ > 4, we have

for some 0 < 6 < 1. Thus
| P>y, VIu™|

rir S ||P>vajunl||9L§°L§||P>vajunl||}:%z§

SNONT A0 (g, 4) 0
SN (T w4/ (1 - 6))
< NN ().

5. Modified energy functional and almost conservation law

In this section, we recall the construction of modified energy functional E in [8]. We
prove a refined version of almost conservation law. We show

Theorem 5.1. (Ezxistence of an almost conserved quantity) Assume w is a smooth
in time, Schwartz in space solution to (1.1) with initial data ug € HE(R3)(s > 1/2)
defined on J x R3 such that

(5.1) lullzs , (7xme) < 00, igI;E(IU(t)) SRR

then there exists a functional E = Ey : Sz(R3) — R defined on Schwartz functions
u € Sz (R3) with the following properties.
(1) (Fized-time bounds) For any u € S,(R3),

(5.2) |E(Tu) — E(u)| < N7Y8F,
(2) (Almost conserved law)

(5.3) sup [E(u(t)) — E(ug)| < N™%8" max
teJ

M(J,u,2) M(J,u,1)
17 Nl_ 9 N2_ °
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In Section 5.1, we recall the construction of modified energy functional E via res-
onance decomposition. The proofs of pointwise estimate (5.2) and the almost conser-
vation law(5.3) are given in Sections 5.2 and 5.3, respectively.

5.1. Construction of modified energy via resonance decomposition [8]. In
this section, we recall the construction of modified energy via resonance decomposition
in [8]. The construction of modified energy functional E in [8] is on R?, which can be
extended to R3 without any change.

Let k be an integer. Denote the space

Seo={(. &) € R [ &+ + & =0}
Let M : ¥ — C be a smooth tempered symbol, and uy, ..., u; € S(R?), define

the k-functional

Ak(M;ul,...,uk) = Re . M(&l,,fk)a(fl)ﬁ;(fk)

If k is even, we abbreviate Ay (M;u) := Ag(M;u, 4, ...,u,a). Let k be an even number
and set A:={1,3,...,k—1}, B:={2,4,...,k}. Let h be the operator be defined by

h(M(&,&2, . &r—1,&k)) := M(&2,&1, ., &k, Elmn)-

Let S(A) and S(B) be symmetric groups on A and B, respectively. Let H := {h,id}
be a group of two elements, where id is the identity map on Xj(hence on the space
of tempered symbols). Define G to be the group generated by S(A),S(B) and H.

Then |G| = 2(k/2)!(k/2)!. Define [M]sym = Gl ZC:: gM. Then
9€G

Ap(M;u) = Mg ([M]sym; u).
Define the extended symbol X (M) by

X(M)(Sb v 75]6) = M(€1237£47 v 7£k+2)7

where £123 := &1 + & + £3. Similarly, denote &, = & + &. Set

o 1= 2819 - €14 = —2|&1a]|€1alcos L (€12, E14),  02(&1, &) i= L& ]Pmi.
Let 0y be a small parameter to be determined later. Define the non-resonant set
Qnr =M U Q2a
where
1 {(51,52,53,54) €%y 121]?2(4|§J| < N}
and
Qo = {(£1,82,83,&4) € Ba | [cosL(&12,614)| > Oo}-
The symbol [X (02)]sym is given by
.4
. 1 i
21X (02)]sym = 1 Z(_l)j lm?|£j|2'

j=1
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Define the modified energy functional

(54) E(U) = AQ(JQ;U)+A4(5'4;U)7
where
(5.5) 5y e 2X(Oloymy

1004
Remark 5.1. Note that
E(Iu) = Ay(o2;u) + Ay(og;u).

Thus

(5.6) E(Iu) — E(u) = Ay(oy — 43 u).

Also note that

(5.7) E‘(u(t)) — E(u(O)) = /0 Ay ([—2iX (02)]|sym + 1040 u(t'))dt’

+/Ot A ([4i X (G4)]sym; u(t')) dt’.

5.2. Pointwise estimate. In this section, we obtain a pointwise estimate on the
modified energy functional E. We prove the following proposition, whose analogy in
R? can be found in [8].

Proposition 5.1. Let u € S(R?) be a Schwartz function, then we have
(5-8) |E(Tu) = E(u)] S N7 057 VIl 73 @s)-

To prove Proposition 5.1, we need the following lemma, whose proof can be found
in [8].

Lemma 5.1. For any (£1,&2,&3,84) € X4, we have

min(mla ma, ms, m4)2
) ’
Proof of Proposition 5.1. By (5.6), it suffices to show the following estimate

/E o4 — Gall(€1)a(Ex)alEs)a(En)| S N1 05 Y[V Tl 2.

log — 64| <

To do this, we decompose u into dyadic pieces u;, where u; is localized with a
smooth cut-off function in spatial frequency space having support |¢| ~ 2k = N i k; €
Z. By symmetry, we can assume N7 > No > N3 > N,. Furthermore, we can assume
Ny~ Ny > N.

So it suffices to show that

(5.9) m(N;)2 Huj < C(Ny, Ng, N3, Ny)N ™[V Tug]| 2,

Sy
where C' (N7, N3, N3, Ny) is sufficient small constant such that we can sum over Ny, No,
N3, N4y. Without loss of generality, we assume u; (i = 1,2, 3, 4) is real and non-negative.
To this end, we consider the following cases.
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Case 1. Ny > 1.
I < m(Ny)? s | 2z o s e ) s
S m(N1)2 VY 2un | 2 [V 2| p2 | Vus] p2 || V| 2
< Ny AN P (Ng) T hm (N YV Tua | 2 IV Tus | 2 |V Tus | 22 ||V T 2
< Ny N~ VIl

Case 2. V; 2N22N321>>N4
For each fixed &4 such that |£4| ~ Ny, let

Qe, = {(£1,62,&) €R? X R® x R? | & + & + &5 + &4 = 0},
Then we have

L = m(Nl)Q/ {/ Uy tiatiz d&y déa dfs} Uy dy
[€4|~Ny /S,

< m(Ny)? / Ggdéy | sup / T liglis d€y dEy dés
[€4]~ Ny €a:|€a|~Ny Qe,

1/2
< m(ND gl zz [p({€s € R |fea ~ Nap)]  sup { /Q iz déy dé d§3}
€4

[€4|~N4
< MmN N2 T 2 [ | ess | /sl g
< m(N2N |V Tug | 2 [V 4 2 [V Ao | 2 | Vs | 2
S NPTNEN TV T

Case 3. N3 < 1.
Similar to the argument in Case 2, let

Qegep = {(61,62) € R x R? | & + & + & + & = 0}.

Then we obtain

I = m(Ny)? / / { / Tiq Qo d&q dfg} figliy d€s déy
|€4|~Na J[€3|~Ny 953,53

1/2 1/2
< m(N1)2N; 2|V Tug| 12 Ny 2V Tua g2 [Jua | 22 [us | 22
< NPTN ANV Luf,.
The proof of Proposition 5.1 is concluded. O

5.3. Almost conservation law. In this section, we prove an almost conservation
law for the modified energy functional E, which is crucial to establish global well
posedness and scattering.

Proposition 5.2 (Almost conservation law). Let J = [0,T]. Let u be a smooth in
time, Schwartz in space solution to (1.1) with initial data vy € HE(R3)(s > 1/2)
defined on J x R3 such that

(5.10) sup E(Iu(®) < 1, ullgg sz < o0,
u ,
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then we have the quadrilinear estimate

(5.11)

to

A4([_2iX(0—2)]sym + i54a; u(t)) dt‘ SN_9/8+ max {17 M(J,U, 2) M(J7ua 1)}

0 Nl=- 7 N2-
and the sextilinear estimate

(5.12)

J AR SR IRE) ) < N e {1,

NI-= ' N2

M(J,u,2) M(J,u,1) }
5.3.1. Seatilinear estimate. Now we prove the sextilinear estimate. First, we show
the following lemma.

Lemma 5.2. Let J = [0,T]. Let u be a smooth in time, Schwartz in space solution
to (1.1) with initial data ug € HS(R3)(s > 1/2) defined on J x R® such that

(513) sup E(Tu(t) <1, ullg, i) < o0,
then
(5.14)

T
| Ao @)l utr)

S 6;0—1N2+max{1, M(J7u72) M(J»uvl)}

N'- 7 N2-

Proof. We may assume that 1121356{|§j|} > N/3, otherwise the symbol [4iX(5)]sym
<<

vanishes(recall that if max;<;<¢{|{;|} < N/3, then 4X(64) = 1). With such assump-
tion, we then remove the symmetry of the symbol. It suffices to show that

T
(5.15) /0A6(4iX(&4);u(t))dt il Mo

,S 0()_1N2+1'naX{1, M(J,u72) M(‘LU)]-)}

By Lemma 5.1, we have
- 1 2
[X(04)] S G*mln{mm&mz;,m&mﬁ} :
0
If we arrange &1,...,8& as &, ..., &5 such that || > &5 > -+ > [£5], then we have
~ < 1 *\2
| X(04)] S ?m(§4) :
0

Thus, we can assume [£1| > |&a] > -+ > |€6]- We can also assume |[€1| ~ || 2 N.
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Case 1. N1 ~ N2 Z N,N3 z 1.
e Case 1(a). Ng 2 1. Observe that

771(1\74)2/;/Z ﬁuj dt

6 j=1

4

T
mvg? s ([, Mosar| [ iodss [ asass
|€6]~Ng,|€5|~N5 \J 0 _215;:*55*56]':1 |€6|~Ng |€5]~Ns
;=

T
<m(Ny)? sup //z HujdtN HVU6||L;>0L§N;/2||VU5||L§CL3
§j=—E5—

|€61~Ne,|&5|~Ns €6 j=1

SN / / u] dt.
€5 ~N5,|56|~N6 Z §i=—8—%6 j—1

We decompose u1 and us into linear-nonlinear components, i.e.,
1 nl .
up =u; +u;°, =12

In the case of (u!,ub), we have

T A ~
N5/ /4 ulluéﬁgfm dt
0 21 §i=—85—¢6
j=

< N5||ul1||LfL§||ul2”Lng||u3||L§°L§Hu4HL§°L2
S NsNyT NG PNy 'm(Ny) " m(Na) ~hm(Na) T tm(Ng)
<NPTNT2F

If there is one nonlinear term, for example, (u!,u}'), then we obtain

T
N5/ /4 ull nZU3U4dt
0 Z §i=—85—%6

< Nsllud || p2re llus' | oo 2 lusll £2 ro luall oo 2o
S NN NG NG ENg (N ™ m(No) ™t (Ng) ™t (Ny) ™ M (J, u, 2)
SNYTNT3YM(T, u,2).

If there are two nonlinear terms, then we get

N5/ / uplug! | [ @ dt < Nsllultl|zee 2 llus' || 22 s lusll 22 s lual Lo o
Y6
Jj=3

<SNTNTT2HM(J,u,1).

e Case 1(b). Ng < 1. For this case, we need a factor Ni~ to sum over Ng. Again
we decompose u1,us into linear—nonlinear components. We can argue exactly as in
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Case 1(a) to get

=3
T 6
m(Ny)? / upbub [T @y dt < Ny Ng/*N=3F M (J, 0, 2);
0 Y6

j=3
T R 6
m(N4)2/ / wbugt [T @y dt < Ny Ng> N7+ M(J,u,2);
26 ]_3
m(Ny) / / u uleu]dt<N NG2PN=T2 M (J,u,1).
26 ] =3

Case 2. N; ~ Ny 2 N, N3 < 1. Similar to Case 1(b), we decompose uy,us into

~

linear and nonlinear components.
In order to obtain a factor N, we interpolate [[{uill Lo rs and ||Tu;l|zs . Note that
by Sobolev embedding,

[ Huil|zoers S [IVIui|peerz S 1.

Then for 0 < a < 1, since

_ 1—
i6—|—7

—
B‘C\u »‘T
Q Q

I

IS} 8‘@

we have

||Iu,HL1 e S Vil e g 1Tl sy S MOy, 4/(1=a)), ()

where the last inequality is by the definition of M (J, u,q). Take a = 1—, then
M(J,u,4/(1 —a)) = M(J,u,c00—). Note that (1+ , 72-) is admissible. By Bernstein
inequality (Lemma 2.1), inequality (*x*), we have

m(Ny) //ultLQHu]dt
Y6

=3

< N2/2NY? / /2 e ub ubdgiig dt
0 i=—&—&6
j=1

1/2 1/2
< NSPNg! Huill oo ||ubllpzpellTusl) 12

1+a L127a t J LOQL11+a L 1—a Li’)—a

1/2 2
< N32Ng/2N. o lubllozos I Tuslz sz sl o e
t I t x

<N1/2N1/2N N INg 1N3(1 N -1 -1
m(N1)™ m(Nz)™ M(J,u,4/(1 - a))

||u1||

<Ny N T N M (Ju,4/(1—a))
5 Nl N6+N 2+M(J7’LL,OO*),
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Remark 5.2. The presence of M(J,u,00—) is not essential. As we can see in
section 6, M(J,u,00—) ~ N~, so M(J,u,00o—)N~+t ~ N7+ Thus, we omit the
factor M (J, u, 0c0o—) throughout this paper.

Use similar argument as the above, we obtain

< Nl/2 1/2/ / "luéu3u4 dt
Z 51:_55 &6

1/2 n71/2 i
S N5 " Ng'™||uf || L2+“ ||U2H H’“LI s_[jusl| 2 ¥ 12 [|ua ||L1 aLgl

5 N51/2N61/2N1(1 a)/2 1 1N2—1N3 1N3(1 a)/4 ( ) lm(NQ) 1
X |V Iug | oo 1 | Vb 2+ o~ 11V Tus | 12 0o M (J,u,4/(1 = a))
S NYTNG N3 M(J,u,2).

The (uf!, u3') case:

T
m(N4)2/ / ul uleu] dt
0o Jxg

=3

T ~ A
5N§/2Ng/2/0 /z e uPluniigiy dt
; j— 685766

< N32NG| ut'l o flusll a2 [lua
L1+a Ll aLS

g’
L2+a 2 1+aL2 a

S NGPENGENY “”szlN;lNg NG (N2 (V)
< VLU e 2 IV 23 | 2+ o 1V Tt g M, w, 4/ (1 = )
< NYTNGF N2 M (T, u, ).
This ends the proof of Lemma 5.2. ]

5.3.2. Quadrilinear estimate. We prove the quadrilinear estimate. We first show the
following lemma.

Lemma 5.3. Let u(z,t) be a smooth in time, Schwartz in space solution to (1.1) with
initial data ug € HS(R3)(s > 1/2) defined on J x R? such that

(5.16) sup E(Tu(t)) < 1. [l (7w < o0
then
(5.17)

/O " AL([=20X (09)) sy + G20 u(t)) dt

gma’x{ 90 N—3/2+ M(J,U’Q) M(J,’LL, 1) M(J7u72) M(Jauvl)}

Ni/2—’ ' TNB/2— 0 N13/a— 0T NTa— 00T N9/a-
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Proof. From (5.5) we have

.4
. e . 2 ;
([-2iX (02)]sym + iG10a)(§) = [-2iX (02)]sym 10, = 1 D (=1 milg ...,
j=1
where the resonant set

Dres = {(&1,62,83,&4) € X4 | 1T£lfl<X4{|5i|} > N |cosZ(&12,&14)] < 6o}

As in the above, we decompose u;(i = 1,2,3,4) into dyadic pieces such that |§;| ~
N;. By symmetry, we may assume that Ny > Ny, N3, Ny, and No > N4. Thus, we can
further assume Ny > N3 > N4 by symmetry argument. Denote

Q, = {(51,52353354) € X4 | N1 > N;Ny ~ No; Ny > Ny > N3 > Ny,

|cosZ (€12, €14)] < eo}.

Then it suffices to show
(5.18)

/ / D m(en)? 6 ? | a6 ale)ales )il

90 —3/2+ M(J,U,2> M(']7u71) M(J,U,2) M(Jaua 1)
S/max{]\rl/z—’N 'TN5/2— 7 N13/4— % N7/4— 00 N9/4—

Observe that on €.,

&7 — & + &) — €] = 2|&2]|€14]|cosZ (€12, €14)] S [€12]|€14] o
Also note that

€17 — &1 = (1&1] + [€2D (161] — 1€2]) > 1€ + &al(161] — [€2]) = [€12](1&1] — [€2])

and

[€s]* — [€al? = (1] + [€a]) (|€3] — 1€a]) > |€3 + Eal(1€s] — [€a]) = [€12] (€3] — [€al)-
Thus we have
(5.19) &1| = [&2] S 161160, (€3] — [€a] < 1€1]60-

To finish the proof of (5.18), we consider four cases.
Case I. Ny > Ny > N3 > N, 2 N. Then we have

2—2s N2 2s 2—25 N2 2s

4
N
Z ]+1 |§1|2 |§ |2 29|€1|2 |€ |2 29|§2|2 |§3‘2,25‘§3|2 |£ |2 29|€4|2

j=1
S N[ (e — [6f*) + (&[> — 1€*)]

S N2 el - I + oo 0] — )
< N2_2S(|£1‘25_1|§1|90 + |£3|2S_1|£1|90)
S N2_25N12890.
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We decompose uq, usg, u3 and obtain

T 4 ) . .
/O /Q Z<—1>J‘“m<&>2lfil2 b (62)ub(E2)u (€3 )ida (€4)

< NP2, / /Z (61 )l (€20l (€3 )12 (€4)

S N2~ 28N12890||u1||L§°L§||u2||L§Lg||U3||L$Lg||u4||L§°L2
< NN,

Next if there is one nonlinear term, for example, (u}!,u}, u}), then

/ / D m( 21602 | it (6 b (€t (€3 (E0)

S N22 N2, / [ bl (&)

P
SN 25N1590||U1l||L;>°LgHu2||L§Lg\|Ué||L§Lg||U4||L;>°Lg
<Ny N72F6,.

If there are two nonlinear terms, for example, (uf!,u3’ ub), take L{°L2, L2LS,
L2LS, L2 LS for uy,uz, ug, ug, respectlvely, then the above argument implies that

// 1)+ (i)2\51’|2)ui‘l(§1)u;2”(§g)@2§(§3)@[4(§4)

< N;N—5/2+00M(J, u,2).
If there are three nonlinear terms, say, (ul!,uf!, uf!), take L°L2, L2LS, L2?LS,
L LS for uy,us,us, uy, respectively, then we have

/ / Z( DI m(E)2 162 | (€0 (62)uf (€ iia (€4)

< N;N—3+00 (J,u,1).

Case II. N3 2 N, 1 < Ny < N. For this case we have

4
N N2 2s
1 2 < 2 2 2 2
EZ: ]+ |§1| |§ |2 25|€1| |£ |2 2s |€2| |§ ‘2 2s ‘£3| |€4|
SNZE(l6® = 16) + (16]7 - &)
S NP (6] = 1€)) + [€ll€s]6o
< NP2NE 0 + NiN3by.
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By the same argument as in Case I, we obtain

/ / D/ im(&)? &) | i (62)tin(E2)tis (E3)1ia(Ea)
< NfGO(N_3/2+ + N72FM(J,u,2) + NT3FM(J,u,1)).

Case III. N3 2 N, Ny < 1. The argument is similar to Cases I and II except that
we can obtain an IV, j factor to sum over N, directly. More precisely,

/0 /Q Z LY (€026 | b (€)ida(E2)da(€s)ia (&)

< NfNjHO(N_3/2 + N2 M (J,u,2) + N3YM(J,u,1)).

Case IV. Ny < N3 < N. For this case we need the following lemma in [8]. The
reader may refer to [8] for the proof.

Lemma 5.4. Let N1 > N2 > N3 > N4, Nl ~ Ng Z N, N3 < N. Let (51,52,53,54) €
Q, be such that || ~ N;(j =1,2,3,4). Then

(5.20) m?(€0)[&1 7 —m?(&2)l&2l* +m?(&)I&s]* — m* (§a)|&l’]
S m(N1)2N1N300 + m(N3)2N32

Case IV is divided into three subcases.

Case IV(a). N3 < 1. We argue similar to Case 2 of Lemma 5.2. We decompose uy
and us into linear and nonlinear parts. Again we use the estimate

[ i 12 S il oo o 1Tl

Ll rLLS (L(J RS) JXRS) N (Ju 4/(1_a)) <**>

Let a = 1—, for (u!,ub), we have

T A A
m(N1)2 Ny Ny / /Q (€0 ) (62 i (€31 (€4)
< m(N1)2N1N390

o bl sl e

T t T x

5(1—a)

<SON, T N,T M(J u,4/(1 — )| VI |

L1+a L27

3—a
T

X ||IU4||L2%G 12

< Ny NTYTNS 6.
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If only one nonlinear term appears, then we argue similarly. For example,

m(N7)2N: Naflo / / b (€)1 (€)1 (64)
24 ||U, || 24

< m(N1)* N Nafol it Wnugn gl fuall s

x t t

seoNrN;N:Mu,u,oo—>||v1u?’||L;oLg||Iu2||Lg+Lg-\|v1u3||Lng|uu4||Ll4a ”

i oLde
SNy N2TNSOoM(J,u,2).

If two nonlinear terms appear, then

m(Ny) N1N300/ / 52)%(53)”4(54)

m(Ny)NiNsbo[[uf'|| e [|us
LeL2

2 [lual

G ”u3|| L3+a Ll aLS

t

1+a L

12
l—a 5 3—a
t Lw

SO0NTT N3 N M(J, u, 00-) ||V Iuf
SNy NT2ENFOM (T, u,1).
Similarly, we have
T
m(N3)2N§/ / Ui (§1)ui2(€2)is(€3)0a(a)
0o JQ.
SNTNS (N2 £ N3P M(J,u,2) + NT72H M (J,u,1)).

Case IV(b). Ny < 1,N3 2 1

o If 1 < Ny < N/2
First estimate

Iy = m(N1)2N1N390/0 /Q dl(gl)ﬁ2(€2)d3(€3)ﬁ4(€4>

Again we decompose u, us into linear and nonlinear components. The cases (ull, ul2),
(upt,ub), (ul,uht) are easy to deal with. For example, we have

T R R
m(N3)2 N, Nyfo / / (€ YU (60 (€3 (E4)

S m(N3)2NuNsbo|[ul || 2+ po- lu5' | oo r2 lusll L2 e lwall oo o+
<Ny NFN2T0,M (J,u,2).

It remains to deal with the case (u}!,u3!). We have

m(Ns) N1N390/ / (&) Ug (&2)u3(&3)ta(Es)

< m(Ns)? Ny Nsbo||u
SN NS N2 0, M (J,u,1).

|| g2+ po- llusll 2 pg lluall oo o+
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Next, since 1 < N3 < N'/2, by decomposing u1,us and ug, we get

T
m(Ns)? N2 /0 /Q iy (62t (€2 )i (€3 )iia (&)

SNy NF(NT3/24 L N=WAR A (T 0, 2) + N78/ATM (T, u,1)).

o If Ny > N'/2,
We use the bound
4

Z(—l)j+lm(§1)2|§1|2 < N?72*Ni*6y + N1N3by.
j=1

The argument in Case I indeed gives that

T
(N2_25N12500+N1N3‘90)/0 /Q Uiy (§1)i2(§2)1is(€3)1ia(Ea)

SNy NS O(N7Y2H 4 NTTAFM (T u,2) + N™Y4 M (T, u,1)).
Case IV(c). Ny 2 1,1 < N3 < N. Just argue similarly.

This ends the proof of Lemma 5.3. ]
Proof of Theorem 5.1. Take 6y = N~7/8, then Theorem 5.1 follows from Proposi-
tion 5.1 and Proposition 5.2. ]

6. Global well posedness and scattering

We prove Theorem 1.1.

Proof of Theorem 1.1. Choose A\ ~ N#17 such that E(Iu,g)‘)) < 1/4. Define
(6.1) W:={T e€0,00): sup E([IuM(t)) <1/2}.
0<t<T

Then W # () since 0 € W. Also W is closed by dominated convergence theorem. Note
that if T' € W, then we obtain

||u(’\) ||L;{I [0,T]xR3)

SC(||UO|L?,,)<)‘3/8 sup [[VIuN (@)]|155 + A4 sup ||VIu(A)(t)||1Lé4S>
0<t<T z 0<t<T z

1 1
< C(HUOHLZ;) (2/\3/8 + 2)\1/4)
< C(Juolp2 )N/,

Thus |Ju 4 (fo,17xr?) 18 uniformly bounded for any 7" € W.

We show that W is open so that W = [0, 00). Assume 7" € W. By continuity, there
exists § > 0 such that for each 7" € (T — §,T + 0) N [0, 0),

sup E(Iu™ (1)) < 1, ||U(A)||L;1 (0.7xm3) < 2C(|Jug|l 2 )A/5.
te[0,77) o ”

7\27/50

Now we decompose [0,7"] into A27/50 subintervals {J,,}_] such that for each

Jm’ A) 14 24/25
W™ (g, xmey S A,
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Note that A?*/2> < N? provided s > 49/74. Thus if we choose s > 49/74, then we
have

max{1, A\'/25} max{1, \?4/25}
max{l, Ni= , N <1

Thus, we can choose N so large such that

sup |E(ITu™ (1)) — E(Iu™(0))] < 1/s.
t€[0,77]

By choosing N large enough, we obtain

|E(Tu(t)) — E(Iu(0))]
< |E(Iu(t)) = E(u(®)| + |E(u(t)) — E(u(0))] + | E(u(0)) — E(u(0))|
SNV p1/8<1/4.

Thus

sup E(Tu™M(t)) < 1/2.
t€[0,77]

Hence T" € W. So W is open, which implies that W = [0, c0).
Scattering follows from standard argument. O
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