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VARIANCE OF THE EXPONENTS OF ORBIFOLD
LANDAU-GINZBURG MODELS

WOLFGANG EBELING AND ATSUSHI TAKAHASHI

ABSTRACT. We prove a formula for the variance of the set of exponents of a non-

degenerate weighted homogeneous polynomial with an action of a diagonal subgroup
of SL, (C).

Introduction

Let X be a smooth compact Kéhler manifold of dimension n. The Hodge numbers
hP9(X) = dim¢c H1(X,Q%), p,q € Z, are some of the most important numerical
invariants of X. They satisfy

hPI(X) = hPP(X), p,q € Z,
and the Serre duality
hPUX)=h""P"UX), p,q€Z.
The Euler number x(X) can also be written in terms of the Hodge numbers as
X(X) = Y (~)rara).
P.q€EL

One can easily calculate the expectation value of the distribution {q € Z|h?9(X) #
0}, which is given by the formula

1
Z (=1)PHag . pP(X) = 3" X (X).
P,q€L
Equivalently, this can be rewritten as
Z (—1)Pta (q _ g) hP(X) = 0.
P,q€L

This means nothing else but that the mean of the distribution {q € Z | h?%(X) # 0}
is n/2. Tt is then natural to ask what is the variance of this distribution. A formula
for this variance was given by Libgober and Wood [9] and Borisov [2]:

Theorem 1 (Libgober—Wood, Borisov). One has

01 30 (g D) ) = a0+ /X e1(X) U1 (X),

P,q€L 6
where ¢;(X) denotes the ith Chern class of X.
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52 WOLFGANG EBELING AND ATSUSHI TAKAHASHI

If the first Chern class, ¢; (X)) is numerically zero, then the above formula becomes

02) S 1 (g B) ) = n e x(X).

P,9EL

Similar phenomena were discovered in singularity theory. Let us consider a poly-
nomial f(z1,...,x,) with an isolated singularity at the origin. There, the analogue of
the set {q € Z|hP1(X) # 0} above will be the set of the exponents of f(z1,...,2,),
which is a set of rational numbers and is also one of the most important numerical
invariants defined by the mixed Hodge structure associated to f(x1,...,z,). Let us
give two important examples.

First, suppose that f(z1,...,z,) is a non-degenerate weighted homogeneous poly-
nomial, namely, a polynomial with an isolated singularity at the origin with the pro-
perty that there are positive rational numbers w;, ¢ = 1,...,n, such that

FOA ey, A xy) = Af(21,. .., 2), A € C\{0}.
We have the following properties of the exponents of f:

Theorem 2 (cf. [10]). Let ¢1 < g2 < --- < g, be the exponents of f, where p is the
Milnor number of f defined by

. 0 0
W= dlm(c(C[:vl,...,xn]/<ai,...,axf) .

s (G

Then one has

and
L
S T
In particular, one has a duality of exponents q¢; +qu—i+1 =n, 1 =1,...,u, and hence
>0
= Zp..
qi 9 H

i=1

The following formula was proven by Hertling [6] in the context of Frobenius man-
ifolds and an elementary proof was given by Dimca [3].

Theorem 3 (Hertling, Dimca). Let ¢1 < ¢2 < --- < g, be the exponents of f. One
has

- n\ 2 1 -
E (Qz_§> :ﬁé,u, é:n—QE w;.
i=1 =1

Next, consider the polynomial f(x1, 22, x3) := 27" + 5% + 25° — 12223 such that
1/aq + 1/042 + 1/a3 < 1. We have the following propertles of the exponents of f:
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Theorem 4 (cf. [1]). The set of exponents {q;} of f is given by
{ 1 2 a; —1 1 2

1, —+1,—+1,..., +1,—+1,—+1,
aq aq aq Q2 Q2

1 1 2 1
T PN P +1,2}.
Q2 Q3 as Qs

In particular, one has

p 2 3
N L)
=1 =1

The purpose of this paper is to generalize these results to pairs (f,G), where
G C SL,(C) is a finite abelian subgroup leaving f invariant. If f is weighted homo-
geneous, such a pair is also called an orbifold Landau—Ginzburg model because f is
the potential of such a model. Our main theorem in this paper is Theorem 19. The
generalization of Theorem 4 is given as Theorem 21. The similarity between smooth
compact Kahler manifolds and isolated hypersurface singularities with a group action
is not an accident but a matter of course. Mirror symmetry predicts a correspondence
between Landau-Ginzburg models and (non-commutative) Calabi-Yau orbifolds. For
example, a mirror partner of a weighted homogeneous polynomial with a group action
is a fractional Calabi—Yau manifold of dimension ¢, which has lead us to the statement
of Theorem 19.

1. Basic properties of E-functions

Let G be a finite abelian subgroup of SL, (C) acting diagonally on C™. For g € G, we
denote by Fixg := {o € C" | g -« = x} the fixed locus of g and by n, := dim Fix g its
dimension.

We first introduce the notion of the age of an element of a finite group as follows:

Definition ([8]). Let g € G be an element and r be the order of g. Then g has a
unique expression of the following form:

g = diag(e[ai /7], ..., e[an/r]) with0<a; <7,
where e[—] = e2™V=1— Quch an element ¢ is often simply denoted by
1
g= ;(al, ey lp)-

The age of g is defined as
1 n
age(g) := - ;:1 a;.

Since we assume that G C SL,,(C), the number age(g) is a non-negative integer for
all g € G.

Definition. An element g € G of age 1 with Fixg = {0} is called a junior element.
The number of junior elements is denoted by jq.

Let f = f(z1,...,2,) be a polynomial with an isolated singularity at the origin,
which is invariant under the natural action of G. For g € G, set f9 := f|pix -
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Proposition 5. The function f9 has an isolated singularity at the origin.

Proof. Since G acts diagonally on C", we may assume that Fixg = {2, 41 = --- =
2, = 0} by a suitable renumbering of indices Since f is invariant under G, g-x; # z;
fori=mng+1,...,n and of

form a regular sequence, we have

8Ing+17-~-,6
of of
(833"51—0—1"”’83:“) C (mng+1,...,$n) .

Therefore, we have

) af9 of9
dlmC(C{xl,...,xng}/<8£1,...,axf )

0
_d1mC(C{x1,...,xn}/<6I1 .. arf 7xn9+1,...,l’n>

< dim¢ C{z4,... xn}/<axl . ,;f) < 0.

We shall associate to f the following bi-graded vector space:

Definition. Let H"~1(Y,,, C) be the vanishing cohomology of f on which Steenbrink
constructed a canonical mixed Hodge structure in [10]. Denote by F® the Hodge
filtration on H" (Y, C).

Define the bi-graded vector space Hy := D, <o H?’q as

(i) If p+ g # n, then HY? := 0.
(ii) If p+ g =mn and p € Z, then

HE Y = Grip H"™ Yo, C)1.
(iii) f p+q=n and p ¢ Z, then
MY = Grgb H" ™ (Yee, ©) yor =t
where [p] is the largest integer less than p.

We shall use the fact that H ys admits a natural G-action by restricting the G-action
on C" to Fix g (which is well-defined since G acts diagonally on C™).
To the pair (f, G) we can associate the following bi-graded vector space:

Definition. Define the bi-graded C-vector space Hy ¢ as
(1.1) Hr.c = D (Mp0)¢ (—age(g), —age(g)),

geG

where (Hs)“ denotes the G-invariant subspace of H .

Since the bi-graded vector space Hy g is the analog of @, o, HY (X, Q%) for a
smooth compact Kahler manifold X, we introduce the following notion:

Definition. The Hodge numbers for the pair (f, G) are
hP4(f, G) ;= dimg Hfg, p,q € Q.
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Definition. The rational number ¢ with H%'¢, # 0 is called an ezponent of the pair
(f,G). The set of exponents of the pair (f, G) is the multi-set of exponents

{g=hPU(f,G) | p,q € Q, W"I(f,G) # 0},

where by u * v we denote v copies of the rational number u.
Note that p + ¢ € Z for the rational number ¢ with h?9( f, G) # 0 since G C SL,,(C).
Definition. The E-function for the pair (f,G) is
(1.2) E(f,G)(t, 1) := > ()P Happa(f,G) - 1P 313,
P,q€Q
Definition. The Milnor number for the pair (f,G) is
wra =BG (1,1) = Y (=)PITaRra(f,G).
P,q€Q

Theorem 6. Assume that [ is a non-degenerate weighted homogeneous polynomial.
Write g € G in the form (M(g),-.., A\ (g)) where \;(g) = e[a;w;]. The E-function for
the pair (f,G) is given by the following formula:

(1'3) E(f7G><tvf) = ZEg(va)(taE)a

geG

Ey(f,G)(t,8) = (-1 | ] (et

a;w; €7

[SIE

1
£)? AN
1 (;) = Ai(h) (z)
PR AT O
Here [a] for a € Q denotes the largest integer less than or equal to a.

Proof. Theorem 2 enables us to obtain Ey(f, G)(t,t). In particular, the term

1 N (%) = Ai(h) (%)
G Z(*l) J H N\
heG awiez 1 —Xi(h) (;)
calculates the G-invariant part of E(f9,{1})(¢,t) and the term
(_1)77,7719 H (tawiai*[wmi]*g
Wi Qg gZ
gives the contribution from the age shift (—age(g), —age(g)). O
We have the following properties of the Hodge numbers h??(f, G).

Corollary 7. Assume that f is a non-degenerate weighted homogeneous polynomial.
We have
hPA(f, G) = h"P(f,G), p,q€Q.

In other words, we have

E(f7 G)(tvﬂ = E(fv G)(Evt)
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Proof. This is shown by an elementary direct calculation. (]

Corollary 8. Assume that f is a non-degenerate weighted homogeneous polynomial.
The Hodge numbers satisfy the “Serre duality”

hPA(f,G) = h""P"(f,G), p.q€Q.
In other words, we have
B(f,G)(t.1) = B(f,G)(t™',T7).

Proof. By using the formula
1 1
wi(—ai) — [wl(—al)] — 5 = —w;a; + [wlaz] + 57
an easy calculation yields the formula. O

Corollary 9. Assume that f is a non-degenerate weighted homogeneous polynomial.
The mean of the set of exponents of (f,G) is n/2. Namely, we have

> () (g = Z) w(£.G) =0,
p,9€Q

Proof. This is obvious from the previous corollary. O

Definition. Define the variance of the set of exponents of (f,G) by
o = ye—mta (- ™\ ppa
Var(r) = > (<1) (a=5) mr.6).

P,q€Q

In order to state our formula for the variance, we introduce the following notion of
dimension for a polynomial f with an isolated singularity at the origin.

Definition. The non-negative rational number ¢ defined as the difference of the
maximal exponent of the pair (f,{1}) and the minimal exponent of the pair (f,{1})
is called the dimension of f.

Proposition 10. Assume that f is a non-degenerate weighted homogeneous polyno-
mial. The dimension ¢ of f is given by

n
é::n—2g W .
=1

Proof. 1t easily follows from Theorem 2 that the maximal exponent and the minimal
. n n .
exponent are given by n — > ", w; and ) ., w;, respectively. d

It is natural from the mirror symmetry point of view to expect that the variance
of the set of exponents of (f,G) should be given by

1
(1.4) Var(y,c) = 156 M1.6):

This will be proved in the next section.
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2. Variance of the exponents

Definition. The x,-genus for the pair (f,G) is

X(f7 G)(y) = E(f7 G)(lvy)

We have
n age n- "g y2 - wli%
WO = (Y (o= ] "
geC heG xi(g)=1 My
One has

niro) = lim x (£, G) (),
. d d
Vargra = liny 5 (v x(5.6)0) ).
Proposition 11. Let
y: = Ni(h)y"i— 2
1= Ai(h)y™:

pi(y) :=

(i) For Ai(h) =1 one has
d, d, o
Lok L d < dypz(y)> _l-2w

limp;(y) =1— —
y—1 ( ) w;  y—1 pi(y) pi(y) 12

(ii) For A;(h) # 1 one has

lim pi(y) =1, li _ 2
ylgllp(y) =)

o @[, @@ (1= 2wk
vmrdy \Ypiy) ) T A=)

Proof. For (i) see the proof of [3, Proposition 5.2]. Statement (ii) follows from a similar
elementary but tedious computation. O

Let Iy :={1,...,n} and let H C G be a subgroup of G. For a subset I C Iy (I =0
is admitted) let H! be the maximal subgroup of H fixing the coordinates z;, i € I.

Lemma 12. Let H C G be a subgroup of G and i € Iy. Then

14+ Ai(h)
> Tum ="
1 =Xi(h)
he H\H{i}

Proof. One has

L+ N\i(h) 1 1 =
D TR S e v R SR ) e ik

heH\H{i} heH\H1{i} he H\H{}
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Proposition 13. Letr € Z, r > 2, and (, = e[1/r] be a primitive rth root of unity.

Then one has
- — E\2 :
2 a-gyp T 1

Proof. One has
r—1 k r—1

B m = }fi q (t) where q(t) := — Z
= ' k=1

1
1— ¢kt
One can easily see that

—r (ShTh ) + Thch(k + et

Q(t) = 1
hot"

This implies

P_r,riq/(t) :riz le(k—r+1)r— (Z(z—r)> (;k>] _r 151.

k=1 /=1

Corollary 14. Let H C G be a subgroup of G and i € Iy. Then

Loy A OO )
(1= (k)2 12 |

he H\H{i}

Proof. The image of the factor group H/H N H under the induced character \; :
H/H N HY — C* is a finite abelian subgroup of the unit circle S* and hence cyclic.
Therefore, the formula follows from Proposition 13. ([l
Let
1
x—[x]—§ ifreR,xz¢Z,
0 ifxeZ.

((z)) =

Proposition 15. Letr € Z, r > 2, (, = e[l/r] be a primitive rth root of unity, and
a, b be integers satisfying 0 < a,b < r. Then one has

1 & 1414 N[ [ak bk
w2 rara ()

rfak,bk

Remark 16. The right-hand side of the formula of Proposition 15 is a generalized
Dedekind sum and Proposition 15 is a slight generalization of [7, 5.2 Theorem 1],
since

1

lm =+ —1lcotma

1 —elz]
for any real number x. The difference is that [7, 5.2 Theorem 1] is only formulated
for integers a, b prime to 7.
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Proof of Proposition 15. We follow the proof of [7, 5.2 Theorem 1]. For simplicity, we
assume b = 1. By the formula [7, 5.2 (2)], which goes back to Eisenstein [5], we have

(9) -3 e

for any integers ¢ and r. (Note that there is a minor misprint in [7, 5.2 (2)].) Applying
this formula, we get

S () ()
—;<<af>><<r>> ER bRt 28

m=

k=
LU N B i S L .
4rk1 Gk — 1¢k—1 4rk:1)1—Cgk1—Cf’

T)/ak rfak

since

i: clmtak)e _ {0 if m + ak # Omodr,

r if m+ ak = 0modr.

Corollary 17. Let K C J C Iy. Then
2 2

1 1+ Xi(h)
1 Z Z ﬁj(h) = —|G¥| Z Z ((ajw;)) |
heGK \ jeI\K, J heGKE \jeJ\K
Sj(h)#1
where \j(h) = e[ajw;] for allh € GX and j € J\ K.
Proof. This follows from Proposition 15 by the same arguments as in the proof of
Corollary 14. O

Proposition 18. For a non-degenerate weighted homogeneous polynomial f, one has

(2.1) [(r.q) = {Z H( > l 3 (_1)J|—I||GJ|2] }

ICIyiel ICJClIy

Proof. Let J C Iy. Let G; be the set of elements g € G with \j(g) =1 for j € J and
Aj(g) # 1 for j & J, ie., the set of elements of G which fix the coordinates x;, j € J,
and only these coordinates. Then

Gsl= Y (~)IFPeR.

K,
JCKClIg

Let I C J. Let Gy, be the set of elements g of G with \;(g) = 1 for i € I and
Aj(g) # 1 for j € J\ I (and Ai(g) arbitrary for k € Iy \ J). Then

Grsl= Y (=pF=ex.

K,
ICKCJ
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By Proposition 11 one has

tin (.6 = a3 16 | S TT (1 o) 6

I, el
ICIO IcJ
=D || > 164G
o S I-n)| 2
ICIy IcJCIg

Now let I C Iy be fixed. Then

YoolaslGral= 3" | Y (~nFeR Z( DE=ar|

7, 7, K,
1cici, rciciy \JcKciy icics
= z Z Z (,1)\K|+|L\—|I|—|J\ |GK||GL|
ICLCIO LCKCIO LC‘;CK
= > (-pEEeRpe,
K,
ICKCIg

since for fixed L C Iy and K C Iy with L C K
(2.2)

K|—|I —
Z (=) EIHEIIT=1] ()l KI=H (g Kl {(—1) =1 for L = K,

n 0 otherwise.
LC J’C K

Now, we are ready to state the main result of our paper.

Theorem 19. For a non-degenerate weighted homogeneous polynomial f, one has

_n n 1
Var(rg) = Y (D) (g 5) WF,G) = 5e- i)

p,q€Q

Proof. We use the notation introduced in the proof of Proposition 18. By Proposi-
tion 11 and Lemma 12 we have

d(d B
tin 2 (1 (GO ) =4+ B+ C.

where

=SS (et - "5) ST (1 L) 6.

J, geGy I, 4el
JCIg ICJ




VARIANCE OF THE EXPONENTS 61

. 1 14+ X;j(h)
- T ZH(“),%A(Z 1—Aj<h>) ’

JCIO IIC'I el JeJINI

cho
ZH(“) Gl (Z 2wz> >y 1—2w] h)
11' el i€l heGr, s JEJ

(a) We first show that A+ B = 0. We first take the sums in A and B in a different
order:

S SI(-)a am 2 % (w015 o)

Ié}O iel Ici'cz 9eGy
1
= — B
|G| Z H( w> "
1y €
2
. 1 1+ Aj(h)
Bri= Y |G/ | > 4(2 T
7 he€Gr, s JeINI J

ICJCIg

Now let I C Iy be fixed. Let \;(g) = e[a;w;]. Then, we have on the one hand:

Ar= > Gl Y] ( > ((@jwj)))

J, a ;
1CJCIy 9€Gs \jelo\J

= > |Gl D (=EEER (Z ((ajwj))) .

J, K, K\
ICJCIg JCKCIg 9€G J€l\K

On the other hand, we have by Corollary 17
2
1 1+ X;(h)
By = - - T AN
= Y16 Y (z Hj(h))

7. .
Icier heGr, s JjeEJ\I

N IEEEDS ;(z iigjﬁZi)

IC.%CIO ICKC] heGXK JEJ\K
2
== Y eyl Y (~yEEeR Y (Z <<ajwj>>) .
Ic}]bzo Icﬁ’CJ heGK \jeJ\K
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ForIc K CJcClIjlet

s(K, D) = )0 | Y ((aw)))

geGK \jeJ\K

Then

Ar= Y Z DIEE Gy 15K, To)

K,
ICKCIg ICJCK

= Z Z 1)1KI=171 Z (—DIEHINGE | s(K, To)

ICKCIO IchK Ici'cJ
=3 S | Y CyEHEAIEI GEs(K, I)
L, K 7,

ICLCIg LCKCIy \LCJCK

= >0 DMIGH s 1)

ICKCIO

by Formula (2.2). On the other hand, we have

- > Z )K= G| G5 s(K, J)

K,
ICKCIy KCJCIO

= D0 X0 ORI ST G | (6K s(K, )

K, J, L,
ICKCIy KCJCIg JCLCIg

Z Z Z (_1)|K\+|L|—\I|—\JI \GH||GE|s(K, J)

J
ICLCIO ICKCL LCJCIg

== > (DGR s(K, o) = ~Ar,
K,
ICKCIg
again by Formula (2.2) and since |G°| = 1. This shows that A + B = 0.

(b) We now consider the term C. Let J C Iy, I C J and j € J, j € I. Then it
follows from Corollary 14 that

Aj(h) 1
-2 Goamp T e

where

mi; = 3 (_1)K|z||GKu{i}|<

K,j¢K,
ICKCJ

_1),
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(=D
C=-——2 G/
>
JCIg
1 1 —2w; 7 1 — 2w,
AZT () (e (S5 - S (155
I, el ! icl g€
IcJ JE1
=" < 1)
— 1_7
o 2- L
ICIq
1 —2w; 1 —2w;
<| X e |Gu|(2 : ’>+Zm¥,j< )
J, el J€J,
ICJCIg JEI

Now let I C Iy and j & I be fixed. Then

Yo leami;= > | > nFeR

Jij€Jd, Jyi€Jd, K,
IcJcI IcJcl JCKCI
0 0 0

<[ T commgmo (ot e 1)

L,j¢L,
ICLCJ

— Z Z Z (= 1) KIHIEI= =]

LjgL, Kjek, Jge€d,
ICLCIg LCKCIg LCJCK
2
- 1) |
Since j & L but j € J, the case J = L and hence also K = L is excluded in the sum

« |GK||GLU{J'}| (‘GL/GLU{J'}
Z (_I)IK\HLIf\I\flJI_

J,i€J,
LCJCK

Therefore

0 otherwise.

S () K] {(—1)”_'[ for K = LU {j},

J,i€J,
LCJCK
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Hence, we obtain

. 12
> (Gt = X (a0 ([or o) 1),

Jjed, L,j@L,
ICJCIy ICLCIg

> O (jEtp —jatuip)

L,j¢L,
ICLCIg

Z (—1) |K|— \I\|GK|2

ICKCIO

Therefore, the statement follows from Proposition 18. O

3. Variance of the exponents for cusp singularities with group actions

Let f(x1,z2,23) = a2 + 25 + 25° — x12923 and G be a finite subgroup of SL,,(C)
acting diagonally on C" under which f is invariant. Let K; C G be the maximal
subgroup fixing the coordinate x;, i = 1,2, 3. Define numbers ~v1,...,7s by

(673
) = « |K; 1,2,3),
(717 aV) <G/K| | | i = 3>

where we omit numbers which are equal to one on the right-hand side. Define a

number x(r gy by
(1
X(£,G) =2—2jc + Z ( - 1) :

i=1 v

Lemma 20. Let the pair (f,G) be as above.
(i) The Milnor number of the pair (f,G) is given by

(3.1) wre) =2-2jc+ > (i —

(ii) The set of exponents for the pair (f,G) is given by

(3.2) {, 2}]_[{ 1—+1 71_1+1}

ga!
1 2 vy — 1 }
R (I T 1
H {’72 72 72 H
1 2 vs — 1
S | R et TR +1
Vs Vs Vs
Proof. See Corollary 5.13 and the proof of Theorem 5.12 of [4]. O

We have the following formula for the variance. Note that we have ¢=1 by
Theorem 4.

Theorem 21. Let the pair (f,G) be as above. The variance of the set of exponents
of (f,G) is given by

1 1 1 1
. v .
(3.3) ar(r.a) = RIUEG) T gX(e) = ¢ e T gXro)



VARIANCE OF THE EXPONENTS 65

Proof. Some elementary calculation yields the statement. 0

Note that the pair (f, G) can be considered as a mirror partner of the orbifold curve
(Deligne-Mumford stack) C which is a smooth projective curve of genus jg with s
isotropic points of orders ~q,...,7s (cf. Theorem 7.1 of [4]). The above formula for
the variance is compatible with this observation. In particular, the dimension of C
is 1, p(s,¢) is the orbifold Euler number x(C) of C and x(y,q) is the orbifold Euler
characteristic of C, which is the degree of the first Chern class ¢1(C) of C. Applying
this to the formula in Theorem 1, we recover the equation (3.3).
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