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Two dimensional Monge-Ampere
equations under incomplete
Holder assumptions

QI1-Rur L1

In this paper, we study the regularity of solutions of the Monge-
Ampere equation in two dimensions when the inhomogeneous term
is Holder continuous only in one variable or piecewise Holder con-
tinuous.

1. Introduction

The aim of this paper is to study the Monge-Ampere equation
(1.1) det D*u(z) = f(x)

in a bounded convex domain € in R%. We are concerned with the anisotropic
regularity when f is merely partially or piecewise Holder continuous.

The Monge-Ampere equation has many applications in differential ge-
ometry and optimal transportation. The regularity problem for solutions
of (1.1) has received a great deal of attention. In [1] Caffarelli established
the interior C? estimates for the solution u when f is Holder continuous,
and later Jian and Wang [12] obtained the continuity estimates for D?u for
Dini continuous f. In the two dimensional case, the interior C% estimates
were established by Heinz, and these estimates were used for his solution of
Weyl’s embedding problem with the aid of a continuity method. In particu-
lar, following Lewy’s work [17], Heinz developed a characteristic theory for
the Monge-Ampere equations in two dimensions [9-11]. See Schulz’s book
[23] for an excellent exposition to this characteristic theory. The main ingre-
dient of the theory is the so-called partial Legendre transform, which was
later used by many authors in their study of the local regularity of certain
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degenerate Monge-Ampere equations, see e.g. [4, 7]. For more recent appli-
cations and detailed discussions of the partial Legendre transform, we refer
the reader to the paper [8].

The regularity theory mentioned above is isotropic, namely solutions
are regular in all variables. An interesting and quite natural question is
whether a solution of (1.1) is regular in one variable if the inhomogeneous
term is regular in this variable only. For some PDEs from fluid mechanics
or physical problems, the anisotropic regularity of the solutions is a signif-
icant problem, see e.g. [3, 16] and the references therein. It is known that,
for uniformly elliptic equations in second order, if the coefficients and in-
homogeneous term satisfy an anisotropic Holder continuity condition, then
the second derivatives of the solution satisfy a related anisotropic Holder
continuity estimates [5, 13, 24]. By [12], equation (1.1) is uniformly elliptic
for strictly convex solutions if f is Dini continuous in all variables and

(1.2) ASf<A

for two positive constants A, A. However, if f is not Dini continuous in all
variables, the uniform ellipticity of (1.1) is unknown even in two dimensions.

Let ¢ be a function defined in Q2 C R?, and ¢ be a fixed unit vector in
R2. We denote

we.e(r) =sup{|e(x +t&) — p(x)| : x +t&,x € Q,|t| <r}.

We say ¢ is Dini continuous in x; if

/1 w‘Pyel (T) dr < oo
y
0

T

and denote this by ¢ € C’al?lini(ﬂ). We say ¢ is Holder continuous in x; with
exponent « if wye, (1) € C¢, and denote ¢ € CfF (£2), with the norm

||<P||Cgl(sz) = Sgp | + [@]Cgl(g),

where

P w‘p7el (r)
[$los, @ = sup ===

The first main result of this paper is the following anisotropic Schauder
type estimate.
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Theorem 1.1. Let u be a smooth, strictly convex solution of (1.1) in a
bounded convexr domain Q C R?. Assume that f satisfies (1.2). ThenVz,7 €
Qs and VYa € (0,1),

(% Wies w ,61
(1. )wmw()aawxng&z0+é £H>+c/ e, (1)

where d = |z — z|, C >0 depends only on &, 6, A, A and the modulus of
convexity of u. It follows that, for 0 < a < 1,

(1.4) H@&w%mmécﬁ+m%mﬂ

for some C only depending on «, 6, X\, A, and the modulus of convexity of u.
In particular (1.3) also yields a continuity estimate of the second derivatives
0,0z, u in terms of the x1-direction Dini continuity of f.

In the above theorem we have used the notion of modulus of convexity
of u, which is given by

my0(t) = inf{m,(t) : z € Q},
m,(t) = ;relg{u(x) — Ll (x) |z — 2] > t},

where t > 0, ¢, a support function of u at z. Clearly when u is strictly
convex, m,, o(t) is a positive function of ¢ > 0.

Assume that f is k- tlmes differentiable in variable x1. We denote by
feCEX(Q) (resp. f € C e (€2)) if the derivative O f is Hélder continuous
(resp. locally Holder contlnuous) in 1 with exponent «. As a consequence
of the previous estimates we have the following theorem.

Theorem 1.2. Let u be the convexr Aleksandrov solution of (1.1) in a
bounded convex domain Q C R?, and v =0 on 89 Assume that f satisfies
(1.2). If f € CP™(Q), then u € Cloc( ). If f € C' loc( ), for some nonneg-

ative integer k and 0 < a < 1, then D*u € Cf QZOC(Q) and OFFlu € ch ()
for any 0 < o/ < a.

The highlight of our assumptions in the above theorems are the following;:
no assumptions on the regularity of f in xo-direction as far as it is uniformly
bounded from zero and infinity. Since f is merely measurable in s, the
conclusions of [12] do not imply that (1.1) is uniformly elliptic, and the
higher order regularity does not follow from Evans-Krylov’s interior C%®
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estimate and the standard Schauder theory for linear elliptic equations. A
main work of this paper is to show that (1.1) is indeed uniformly elliptic in
two dimensions, under the assumption that f is Dini continuous in only one
variable.

Our idea is to show that the solution of (1.1) is very close to the solution
of the Monge-Ampere equation with certain inhomogeneous term that only
varies in one direction. The regularity of the latter equation shall be studied
in Section 2 by making use of the partial Legendre transform. By a pertur-
bation method similar to [12, 26], Theorem 1.1 will be proved in Section 3.
As an application of our a priori estimates, we prove Theorem 1.2 also in
Section 3.

Our method can be also used to study (1.1) with piecewise Holder con-
tinuous inhomogeneous term. Suppose {¥;}¥ ; is a family of disjoint simple
curves in R?. Assume ¥; divide Q into subdomains {Q;}*+!. Suppose that
f is Holder continuous in each €2;, but could be discontinuous across the
boundaries of €2;. We obtain the following result.

Theorem 1.3. Let u be the conver Aleksandrov solution of (1.1) in a
bounded conver domain Q@ C R%, and w =0 on 0Q. Assume that f satis-
fies (1.2), f € C*(Y), and 9% is of class CYP, for all i =1,...,N + 1.
Then u € Clloi(Q) Moreover, for xog € 0; NQ, if & is a unit vector tan-
gential to 08 at xq, then O, u € Cllo’?/ (Nay) for o < 3 min{a, B}, and some
neighborhood N, of xy.

Linear elliptic equations with piecewise Holder continuous coefficients
have been studied extensively. This problem is related to the study of com-
posite media, see e.g. [18, 19, 27] and the references therein. Theorem 1.3
deals with an analogous problem for the Monge-Ampere equation. The proof
of Theorem 1.3 follows from the same techniques used in previous sections,
and will be sketched in Section 4. In the appendix, we give a Pogorelov type
estimate which is needed in Section 2. This estimate was known in [22]. For
completeness, we also include a proof in the appendix.

2. Equations with inhomogeneous term independent
of one variable

In this section, we study the convex solutions of

(2.1) det D*u(z) = f(x2),
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in a bounded convex domain U C R?. The feature of (2.1) is that the inho-
mogeneous term f varies only in one direction. We assume that f satisfies
(1.2), but does not satisfy any smoothness. Namely f is merely measurable
in xs.

Our motivation is as follows. The C*% estimate in [1, 12] is based on
showing that under the regularity assumption of f, the solution u of (1.1)
can be approximated by convex functions which solve the Monge-Ampere
equations with constant inhomogeneous term, say 1, in appropriate scaling.
Since the latter solution has interior a priori estimates, one can prove by
perturbation that C? norm of u remains bounded. However, in our case, the
inhomogeneous term of (1.1) is not regular in all variables. This forces us to
consider (2.1) instead of equations with constant inhomogeneous term.

The main goal of this section is to obtain the interior C'! estimate
for solutions of (2.1). One cannot apply Pogorelov’s estimate to get this as
the inhomogeneous term is merely measurable in xo. However, when f is
independent of 1, a partial Pogorelov type estimate has been shown in [22],
by which we conclude that if convex function u € C*(U) N C(U) solves (2.1)
with w =0 on 9U, then supy, uz,., < Cs for any Us CC U. For reader’s
convenience, we include a proof of this partial Pogorelov type estimate in
the appendix, by a slightly different computation. To bound the remaining
second derivatives of u, our idea is to reduce the two dimensional Monge-
Ampere equation (2.1) to a linear elliptic equation, and then apply the
regularity theory of linear equations. This shall be achieved by the partial
Legendre transform.

Let us define an injective mapping P : U — R? by

(2.2) =y ="Px)=(ug,x2).
Recall that the partial Legendre transform of u is given by
(2.3) u(y) = z1y1 — u.

It is easy to check that

* *
(2.4) Uy, = T, Uy, = —Usg,,
and
1 U f
* o * __ TTix2 * _
(2.5) Uyry, = v Uy, = v Uy, =
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Therefore u* satisfies
(2.6) f(yg)u;jly1 + u;yz =0 in P(U).

As we assume that f satisfies (1.2), the equation above is uniformly elliptic.
Morrey [20] and Nirenberg [21] proved a remarkable theorem (see also [6,
Chapter 12]), which gives Hélder estimates for the first derivatives of solu-
tions of linear uniformly elliptic equations in two variables. The significant
feature of their result is that the estimate depends only on bounds on the
coefficients and not on any regularity properties. By repeatedly differentiat-
ing (2.6) along y;-direction, we obtain

Proposition 2.1. Let u* be bounded smooth solution of (2.6). Assume
that f satisfies (1.2). There exist f and C only depending on X and A, such
that for any U' C U, and any p # q in P(U’') with d = min{dist(p, 0P (U")),
dist(q,0P(U"))} > 0,

p—al?

¢ k
> d1+5|\3y1U*||Lw(7>(U')),
where k is any nonnegative integer.

By the proposition above, we are able to prove

Proposition 2.2. Assume that convex function v € C*U) N C(U) solves
(2.1), u=0 on OU, By CU C By is normalised, and f satisfies (1.2).
Then

Jallensonys 1D?ullgs iy < Cs,
where Us = {x € U : dist(x,0U) > 6}, and Cys only depends on §, X and A.

Proof. By the uniform estimate [25],

C™' <suplu| <C
U

for some universal constant C. (Throughout this proof we say a constant is
universal if it only depends on A and A.) It follows that

sup | Du| < 46 ' sup |u| < Cs.
Usya U

By Proposition 5.1 in the appendix, we have supy, uz,z, < Cs.
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To prove supy, uz,z, > Cs, by the partial Legendre transform, it suffices
to show suppy,) u < Cs. We shall apply Proposition 2.1 to achieve this.
We first prove

*
Y11

(2.7) diSt(’P(Ug),&’P(Ugm)) > 05.

Let my;,, (t) denote the modulus of convexity of u on Usy. It is known that
my;,,(t) depends only on §, A and A. Indeed we have my, , (t) > Cst'*# for
some universal constant 3, see e.g. [25]. For any z € Us, by subtracting an
affine function, we assume that u(z) = 0 and Du(z) = 0. Let C, . = {z € R? :

|22 - eg] < 5|ﬁ\} where ¢ is a constant to be determined. For any Z € 9Us 5,

let p = (p1,p2) = Du(2) and ¢y = |zz] To prove (2.7), it suffices to consider
two cases: (i) 2 € C.c N OUs/o; and (ii) Z € OUs/o \ Cs . For case (i), by the
convexity of u,

=
p- 2z > my;,,(to)-

Consequently

= =
to(|p1] + |ple) > p1Zz - e1 + poZz - ex > Csty P,
This implies

@ﬂzcwg—mwzcmwmﬁ—syMDm.
5/4

Hence by choosing ¢ = €5 small, only depending on 4, A and A, we have
dist(P(2), P(2)) > [z, (2) — s, (2)] = Ip1] > Cs.

Now the constant ¢ is fixed. For case (ii), one gets

(it
dist(P(2), P(2)) > |22 - €] > e|Z2] > Cp.

Hence (2.7) has been proved.
It is easy to check by (2.2), (2.3) and (2.4)

[0 (pws2)) < dlam(U) - [ Dull o (v,0) + lull L@y < Cs,

and
1D | L (p(5,2)) < diam(U) + [[Dull Lo, ) < Cs-
By Proposition 2.1 (for k = 1) and the estimate (2.7), we get

10y 0y, v || cs(p(uy)) < Cs-
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Hence

(2.8) 0y 0y, u”* || L= (pUy)) < Cs-
It follows from (2.5) that

SUp Ug,z, > 1/Cs and  sup |ug, ., | < Cs.

s 5
Noting that ve,e, = (f + U2 ,,)/ Uz a2, » We get [[ullcra,) < Cs.
The argument above shows (2.2) is a Lipschitz mapping. By Proposi-

tion 2.1 (for k = 2) again, (2.8) implies |luy , ,[lr~pw,)) < Cs. Differenti-
ating (2.6) along y1, we get

gyl Lo (P(U5)) < Cs.

It is not hard to see (u*)* = u. Hence

*
_ 1 _ uy1y2 _ f
uﬂflIl - * b ul‘ll’z - * bl ul’g.’,EQ - *
Y11 uylyl uy1y1
2 <
It follows that || D%ul|co.1 g,y < Cs. O

Before closing this section, we prove two lemmas which will be used later.

Kim and Krylov [14, 15] established the interior W?? estimate for linear
uniformly elliptic equations with coefficients that are measurable in one
variable and VMO in others. This enables us to prove the following

Lemma 2.1. Let u;, i = 1,2, be two convex solutions of (2.1) in By. As-
sume that f satisfies (1.2). Suppose ||uil|cri(p,) and HD2UZ‘”CS>11(31) are
bounded by Co. Then if |uy —ug| < v in By for some v >0, we have for
any a € (0,1),

ur — uzllcraem, ) < Cav,
and
|0z, u1 — Ox,uzl|cra(B, ) < Cav,

where Cg only depends on &, X\, A and Cy.
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Proof. We have

(2.9) 0= / —log det(tD*us + (1 — t) D%y )dt

= a0} (uz — wa),
,L"j

where a;; = fol tD2 ug + (1 — t)D2 u1]~1dt. By our assumptions, the opera-
tor L =3, . aij 2] is uniformly elhptlc and [|a;; || oy <C (only depend-
ingon A, A and Co). Denote w = up — ;. Since a;j is Llpschltz continuous in
z1 (hence VMO), by applying the interior W2 estimate in [14, 15] to (2.9),
we obtain

|’wHW2*p(B4/5) S pr7 vp > 27

where C), is a constant only depending on p, A, A and Cj.
Differentiating (2.9) in x; variable, we have

Zaijazgjwml = Zaﬂflalja NS Lp(B4/5).

By the interior W?? estimate again, we obtain [[wg, |lw2r(p,,,) < Cpr. We
complete the proof by Sobolev inequality immediately. O

The following lemma is a consequence of Proposition 2.2. It is almost
identical to a lemma in [12]. Let us first recall some notions. By John’s
lemma, for bounded convex domain U € R?, there is a minimum ellipsoid
containing U. We say U is normalised if its minimum ellipsoid is a ball. When
U is normalised, one has B, , C U C B, for two concentric balls B, ; and
B,.. There is a unique unimodular affine transform 7' (i.e., detT" = 1) such
that 7'(U) is normalised. Choose an appropriate coordinates system such
that T is determined by the matrix diag{\1, A2}, with A1 < A9. Following
[12], we say U has a good shape if

)\2 S C*)\l
for some constant ¢* under control.
Lemma 2.2. Let u be a convex solution of (2.1) in U which vanishes on

OU. Assume that f satisfies (1.2). Suppose u attains its minimum at the
origin and D?u(0) is uniformly bounded, then the domain U is of good shape.
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Proof. Let T be the unimodular affine transform such that By 2 C T(U) C
By, and Ao > A1 be the eigenvalues of T'. If U does not have a good shape, the
ration \g/)\; is very large. Let v(y) = u(T~(y)). Then detv(y) = f(ays +
bys + ¢), where a,b,c are determined by the transform 7. Notice that f
is constant in the direction ||T(e1)|| "' Ti(e1). By Proposition 2.2, D}v(0)
is uniformly bounded (independent of a,b,¢). Hence DZu(0) = T"D;v(0)T
cannot be uniformly bounded, a contradiction. (|

3. Equations with inhomogeneous term regular
in one direction

This section is devoted to the proofs of Theorems 1.1 and Theorem 1.2. We
prove them by a perturbation argument. Since f is merely measurable in x2,
our idea is to show that the solution u of (1.1) is very close to the solution
of certain equation of the form (2.1) (namely, the right hand side term is
constant in one direction). By the interior a priori estimates established
in the previous section, we can prove by interpolation that the C!' norm
of u remains bounded. Hence (1.1) is uniformly elliptic. As f could be very
rough in x5 variable, one cannot apply Evans-Krylov’s interior O estimate.
We shall obtain the higher order anisotropic regularity of v by the partial
Schauder theory for linear equations [5, 13, 24].

Proof of Theorem 1.1. Our argument follows [12] but some adjustments are
needed. The main ingredient of the proof is to show that (1.1) is uniformly
elliptic.

For zy € Qg, by a translation and subtracting an affine function, we sup-
pose that g = 0, u(0) = 0 and Du(0) = 0, so that the origin is the minimum
point of u. We consider the solution u in the level set

ngsgm ={x e Q:u(x) < h}.

Choose h > 0 small such that S is compactly contained in Q. There is a uni-
modular affine transform 7T}, such that 7j,(S})) is normalised. By making the
change x — Tj,z/v/h and u — u/h, we may suppose h = 1, SY is normalised,
and

(3.1) /01 wre(r)

r

where & = ||(Th)«(e1)|| " [(Th)+(e1)]. By a further rotation if necessary, we
may still assume that £ =e;. Note that € can be as small as we want,



Two dimensional Monge-Ampere equations 491

provided h sufficiently small. The Monge-Ampeére equation is invariant under
the above transform.

Starting with the function u satisfying the above conditions, we define
a sequence of convex functions {u}7°, as the solutions of

det D*uy, = f(x2) := f(0,22) in Sg,k’u,
up =u=4"" on 352%%
The feature of the above equations is that the inhomogeneous terms only

depend on xo. The interior regularity of such equations has been studied in
the previous section. Denote

v(t) = sup{|f(y) = fl@)] : 2,y € Stru(2),y — | ex},

ve = v(27F),

which is invariant under unimodular affine transform of z. Here S} (z) is
the level set of u at z, namely

Sgu(z) ={zeQ:ulx) <l (z)+h},
where £, is the support function of u at z. If S?QM has a good shape, then
l/(t) S wfvel (Ct) S wavel (t)'
Since S%u has a good shape, by Lemma 2.2, Hu0||01,1(5§/4 ) < C. The key

point in our argument below is to understand that SPQM has a good shape
for all ¢ > 0 small. Note that

det D*(1 — Cvp)u < det D*ug < det D*(1+ Cro)u in 57,
and v = ugp = 1 on the boundary. By the comparison principle, we have
|lu —up| < Cry in S?,u'

Similarly we have |u — u;| < Cvy. Hence we obtain |u; — ug| < Cuy. Since
S‘iu has a good shape, so does S, .- It follows by Proposition 2.2 that

|u1|cl,1(5§/16’u1) < C and ||D2u1||03‘11(57§/16,u1) < C. By Lemma 2.1, we obtain
(3.2) Hamul — 811’11,0”01,&(3272&1) < C@l/o.

In particular, this estimate implies D?u;(0) is uniformly bounded. It then
follows from Lemma 2.2 that 52,2 «, has a good shape.
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By induction we assume that Sfl)—k—l,u has a good shape, with the shape
constant c*, independent of k. Hence v, < Cwy ., (27%) for some C' (depend-
ing on ¢* but independent of k). Applying Proposition 2.2 and Lemma 2.1
to o := 4"uy, (%) and 4y = 411 (&), we obtain, for z € 57

k—27uk+17
|Duk(x) — Duk+1(x)| < 27"y,
and
‘8x8xluk(:r) - amaxlukﬂ(x)‘ < Cyy,
Note that C' is independent of k. Since
(U)o, = f (),
e (1Lk)11$1

9

the second inequality above implies

(3.3) |Dug () — D*upy1(2)| < O
Hence for x € Sg,k,z
yUk+1
k
(3.4) ‘D2u0(x) - D2uk+1(az)’ < Z ‘D2ui - D2ui+1}

1

Estimate (3.4) and assumption (3.1) imply that D?*uj1(0) is uniformly
bounded. Hence Sg,k,z T has a good shape, with the shape constant c*
(independent of k). Consider

o k1 £ N _ k41 £
U-—-4 u’(éE;T> N Uk+1-—-4 Uk+1 (§E;T)'

Then @ and 4341 satisfy the equations det D20 = f(5%) and det D%y =
f(0, 5i%r) respectively. By the comparison principle

|t — Upy1| < Crpgr.

Hence Sg,k,z u has a good shape.
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From above argument, we obtain by letting k£ — oo,
1
|D2u(x) - D2u0(az)‘ < C’/ Ll(r)
0 T

Hence equation (1.1) is uniformly elliptic if f is Dini continuous in ;-
direction. However one cannot apply Evans-Krylov’s C*“ estimate to com-
plete the proof, since our estimate (1.3) does not depend on the regularity
of f in xo variable. For fully nonlinear uniformly elliptic equations, a partial
Schauder type estimate has been proved in [24].

For any given Z near the origin,

(3.5) 000, u(Z) — 030, u(0)| < I + Ip + I3
=: |8m8xluk(f) — 0y05,uk (0)|
+ [02:0z, uk(0) — 9,0, u(0)|
+ |00, up(T) — 0305, u(Z)|.

Suppose 4F=* < u(z) < 47%=3. Then by (3.3),

> &
56 1< ddnn0) -t <0 [ el
0

r
i=k
Let uz ; be the solution of
det DQUE,J' = fz:= f(Z1,22) in Sg,j7u(:f),
Uzj =Uu on 85271#(:?),
where Z; is the first coordinate of Z. Clearly fz only varies in one direc-
tion. Let jj, = inf{j : ST, (z) C SV, }. Obviously jp > k. By Caffarelli’s
strict convexity [2], there exists Iy (independent of k) such that ji < k + lo.

Note that ‘uk — ug—c,k+lo| < Cyy. By applying Lemma 2.1 to uy, and ug 4y,
in S, ,(Z), it follows that

\8w8xluk(:z~) — 0202, Uz jit1, (i‘)’ < Cuy.

Similarly to (3.6) we have

> ||
’axaxlu(ff) — 8I8I1u;f,k+l0 ({fj)‘ < C Z v; < C/ ij,@;(r)'
i=k+lo 0

We obtain the desired estimate for I3 by the above two inequalities.
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Denote h; = u; — u;—1. By scaling argument and Lemma 2.1, we have

‘a:vamhz(i') - 8‘1’8xlh1(0)‘ < HaacamhiHC“(SiLi,l’uv) ’ "ﬂa

< C@Q&iyi|i"d.

Hence

k
Il < }aa:aarlu()(j) - aa:aarlu()(o)’ + Z ‘axaxlhz(j) - 8&:8301 hl(o)}

1
— | (,Uf’el(T)
< Calz| (1+/|x| rl+a ) :

This completes the proof. O

We introduce a family of smooth functions f; to approximate the func-
tion f which can be very rough in one variable. Let o(t) be the standard
mollifier on R. Namely ¢ is a non-negative function in C°°(R) vanishing
outside the unit interval (—1,1) and satisfying [ odt = 1. Let us define, for

e — 0,
fe(z) = = //fts ( 1_t>g<$2€;5)dtds

= / flxy —ept, mo — e1.8)0(t) o(s)dtds.
|<1Jjt<1

Choose ¢ small enough such that Q' C B., () = {z : d(z,Q) < e} C Q.
It is not hard to see

(i) f converges to f strongly in L'(Q');
(i) If f € CP™(Q), then f, € CP™(€Y), and 1 fkllcpmi @y < N1fllcmme);
(iii) If f € C37(Q), then fi € Cz () || ”c;"la(Q/) < ||f|\c *(q), where
m is nonnegative integer and 0 < a <1
In (iii) we use the norm [|||cre(q) == Yo% supq |04, ¢| + (05 ‘elee (@)-

Proof of Theorem 1.2. We define a family of smooth functions f; as above.
Let uy, be the convex solution of det D?uy, = f, in Q, vanishing on 0€2. It is
known that uy is smooth in €, see e.g. [25]. Since fj, converges to f strongly
in L'(Q), u; uniformly converges to u. By the proof of Theorem 1.1, for
Q' cc Q,if f € CP™M(Q), then |uk|lcr1(qy is uniformly bounded, hence u €
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CH'(€). By the estimate (1.4), we have (|0, ugllcro () < C[1+ [fk]Cgl @)

loc
Using the equation (1.1), we conclude

(3.7) [1D?urllce @) < C[1+ [filee @)]-
This implies 0y, u € Cllog(Q) and D?u € Cy 10c(§2) provided f € CF 1,.().
For higher order regularity, we dlﬁerentlate (1.1) along z; to get

k—1

(3.8) Zal] = k) — Z < K ; ! > Zag)afju(k_l) = U,

=1 ij

where a;; is the cofactor of {u;;}, u® = 0% u, and agf), f*) are defined
similarly. We claim that, if « is a smooth solution of (1.1) in 2, vanishing
on 99, then for any 0 < o/ < o and § > 0, there exists a constant Cy/ o 5.m,
only depending on o, a, §, A, A and | fllcze (), such that

(3-9) Hagz+lu”01v“'(§25) < Ca’,a,é,m and HDZu’

C;’;’a’(ﬂg) < Ca’,a,&,m-
By applying the a priori estimate above to uy, and using the approximation
argument, the proof is completed.

We prove the claim by induction. For m = 0, we already know that the
claim is true. By (3.7), we also have

(3.10) laijlice @s.) < C[1+ [flos @)]-

Assume (3.9) holds true for m = 0,...,k — 1. Then the inhomogeneous term
of (3.8) satisfies, for any o/ < o < a,

(3.11) IWllcer(9,0) < Car bk

Let v = u® which solves (3.8). In [13] the authors established a partial
Schauder estimate for linear uniformly elliptic equations with coefficients
and inhomogeneous term that are Holder continuous in one direction. They
do not assume the continuity of the coefficients in two dimensions. When

applying to (3.8), their result reads as, for any p > =2, and 0 < 8 < o/ — 2

a” D’

|0405,0(%) — 030, v(2)| < Cd°

Sup 0] + [ ¥ oy ) + it 212)
Q,;/z o _/8

+ Cllajllcer @,z (SUP [0l + (19| Lo (05.0) ) d* ",

Qs/2
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where z,Z € Qs and d = |z — Z|. The constant C' only depends on o”, 3,
p, & and the elliptic constants of (3.8). Set =o' and o = %(o/ + ), and
choose p large (only depending on o’,a) such that % < o” — . Then, by

the above estimate, and (3.10) (3.11),
Haxaa:lu(k)uca’(ﬂé) < Coz’,a,é,k-

By the equation (3.8), ugsz = a221 (\I' - allug?rl - 2a12u§ff)xz). Hence (3.9)
follows. O

4. Equations with piecewise Holder continuous
inhomogeneous term

We need the following approximation lemma. Its proof can be found in [12].

Lemma 4.1. Let u; be the convex Aleksandrov solution of the Monge-
Ampeére equation det D*u; = f; > 0 in conver domain U, i =1,2. Assume
up = ug on OU C R™. Then

sup lup —uz| < O f1 — f2\|1L/1?U),

where C' depends only on n and diam(U).

To prove Theorem 1.3, it suffices to show the regularity at z¢ € ¥,,,. By
a translation and subtracting a support function, we assume xy = 0, and the
origin is the minimum point of u. Choose h small so that Sg is compactly
contained in 2 and does not intersect with 3; if j # ng. Make the change
z + Tpx/vVh, u— u/h, where T}, is a unimodular affine transform such that
Ty (SY) is normalised. By a further rotation, we assume X, = {(z1,9(z1))}
for some function g € C# satisfying g(0) = ¢'(0) = 0. Assume %,,, divides
By into two parts: DY = {x € By : 29 > g} and D™ = {x € By : 13 < g}. We
define locally

yeg{%_}of(y) in Bf = B N{xzy > 0},

f(z) = lim f(y) in B = By N{xy <0},
yeD— y—0
f(0) on By N{xa =0}.

Clearly f only depends on xo. We denote
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Note that

(4.1) /yf—f\:/ +/ +/ +/
B, BifnD+ BHI\D+ BrnD- B \D~

< C’/ |z|* +2A|B,7 \ DT| +2A|B, \ D™ |
B,

< C’r2+7,

where v = min{a, 8}, and C only depends on A, A, ||f[lce(q,), [I%illcre.

Hence
1 ~
[
0 T

for any small ¢, if h is sufficiently small.
Again, let convex functions ug, £k = 0,1, ..., be the solution of

det D?uy, = f(0,22) in Sff_k,u,
u— 4k

up =u=4 on(‘)Sff,k’u.

Denote

1/2
a@):i(/so |f—f|> and 7 = #(27").

For each k, by scaling, we consider @ = 4Fu(%) and 4y = 4%u;,(5%). Then
@ and 1y, satisfy the equation det D%4 = f(27%x) and det D2y, = f(27%x)
respectively. By Lemma 4.1,

|4 — dy| < Ci.

Hence, by the proof of Theorem 1.1 (replacing wy,, v by @, ¥ respectively),
we obtain that ||ullc1.1(q,) < Cs, and for any 2 close to 0,

- Lor Izl &
0,0g,u(2) — 0,0,u(0)] < CJef° (1 o rﬁi) ro [T20

P T

where C depends only on &, A and A.
Similar to the proof of Theorem 1.2, Theorem 1.3 follows from (4.1), the
above a priori estimates and the standard approximation argument.
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5. Appendix

In this appendix, we prove a Pogorelov type estimate for smooth solutions
of equation

(5.1) det D*u = f(2) inU,

where U is a bounded convex domain in R™ and z’ = (x9,...,2,). This
Pogorelov type estimate was known to Savin [22]. Here we include a proof
for completeness by a slightly different computation.

Proposition 5.1. Assume that convex function v € C*{U) N C(U) solves
(2.1), u=0 on OU, and f > 0. Then

[—u(x)]ui; < Oy <sgpu% + 1> .
where Cy, only depends on the dimension.

Proof. Consider the auxiliary function

(o) = oo (a2 ) .

The function 7(t) is to be determined and p is a cut-off function. Assume H
attains its maximum at 0 € U. By performing the affine transform

ﬂ(l‘) =u\|x — Zulz xzv s

Ull

which does not affect the equation or the maximum, one can also assume that

D?u(0) is diagonal. Then the inverse matrix {u} = diag{uy', ..., u;'}.
We have, at 0,
(5.2)  0=D;logH =2 4 M Ui
pon U
0> D2 log H = Pij pi/;j i 77i727j i Ullij ’L011i2u11j7
p n n Uil Uty
consequently

(5.3) 0>Z n(loll P@>+Zu (nu_>+z i <U11m_u%2h>.

U1l Uty
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Differentiating (5.1) w.r.t. 1 up to twice, we get

(5.4) Z uug =0,
(5.5) Z u i = Z Uiiujju?jl-

+ UTl > utulufy — — Z 'y

(22 s (2-5)
+f S i,

Lis1j>2

Setting p = —u, we compute

2
ilPi PP\ . 0m 1 i 2
X (5 5) = X
2 2
n Uy i (M U11d
o - o (2 u>

i>2
- e (G eo )
lul  |ul?u11 7> o Uiy
2
n uy 1 i 9
i i, e
11 11 i>2

2
where we have used 12 = 0. We may assume ‘uqr;u < C, otherwise we are
through. Hence

2
S (- )2 S

P 11 j>2
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Plugging this into (5.6), one gets

= N 7 iy, JJ
0> \u|+z ( > Zuuul

zg>2

> —— +Z SN i utud; + 777/“2' + n—/u U1
e ‘U| 772 1%14 n 17 n 1UT4g
C /! /2 /
:_+[(n_z)uf+q
|ul noon 7

Let n(t) = (1 m) 18, Clearly 7 is non-decreasing and n > 1. It is

direct to compute

r_ 779 "o I

16 supg u? + 8’ = (16 supg, u? + 8)2’

17

and therefore

2 16
n

2 8(2supgul 4+ 1)2

3

==

Consequently, we have

C 2n® — 1)n®
0 > —— + ( il 2)77 Uil
ul ~ 8(2supq uf +1)
< C n C
T
= Jul " supguf +17
thus finishing the proof. O
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