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Volume Growth and Curvature Decay of
Positively Curved Kahler Manifolds
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Abstract

In this paper we obtain three results concerning the geometry of com-
plete noncompact positively curved Kéhler manifolds at infinity. The first
one states that the order of volume growth of a complete noncompact Kéahler
manifold with positive bisectional curvature is at least half of the real di-
mension (i.e., the complex dimension). The second one states that the cur-
vature of a complete noncompact Kéhler manifold with positive bisectional
curvature decays at least linearly in the average sense. The third result is
concerned with the relation between the volume growth and the curvature
decay. We prove that the curvature decay of a complete noncompact Kéahler
manifold with nonnegative curvature operator and with the maximal volume
growth is precisely quadratic in certain average sense.

1 Introduction

This paper is concerned with the geometric properties of positively curved com-
plete noncompact manifolds near the infinities. Let us first consider the volume
growth of the manifolds. When an m-dimensional complete noncompact Rie-
mannian manifold has nonnegative Ricci curvature, the classical Bishop volume
comparison theorem implies that the volume growth is at most as the Euclidean
volume growth. On the other hand, Calabi and Yau (see [25]) showed that the
volume growth of a complete noncompact m-dimensional Riemannian manifold
with nonnegative Ricci curvature must be at least of linear, i.e.,

Vol(B(xg,r)) > cr, forall 1<r<+oo,
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where Vol(B(zg,r)) is the volume of the geodesic ball centered at xg € M with
radius r, and c is some positive constant depending on xy and the dimension m.
The first result of this paper is the following volume growth estimate for Kéahler
manifolds with nonnegative holomorphic bisectional curvature.

Theorem 1 Let M be a complex n-dimensional complete noncompact Kdhler
manifold with nonnegative holomorphic bisectional curvature. Suppose also its
holomorphic bisectional curvature is positive at least at one point. Then the
volume growth of M satisfies

Vol(B(xzg,r)) > cr™,  forall 1<r <400,

where ¢ is some positive constant depending on xg and the dimension n.

Next we study the curvature behavior near the infinities. We still consider
complete noncompact Kéahler manifolds with positive holomorphic bisectional
curvature. In view of the classical Bonnet-Myers theorem, the Ricci curvature
can not be uniformly bounded from below by a positive constant. Our second
result shows that the curvature actually decays at least linearly in the average
sense.

Theorem 2 Let M be a complete noncompact Kdihler manifold with positive
holomorphic bisectional curvature. Then for any xo € M, there exists a positive
constant C such that
1
Vol(B(xzg,r))

/ R(z)dx < ¢ ,  forall0 <r < +oo,
B(zo,r) I+r

where R(x) is the scalar curvature of M.

The well-known conjecture of Yau on uniformization theorems asks if a com-
plete noncompact Kéhler manifold with positive holomorphic bisectional curva-
ture is biholomorphic to a complex Euclidean space. The combination of the
above Theorem 2 and the main theorem of [8] gives the following partial affirma-
tive answer to the Yau’s conjecture.

Corollary Let M be a complex two-dimensional complete noncompact Kdhler
manifold with bounded and positive holomorphic bisectional curvature. Suppose
the volume growth of M is mazximal, i.e.,

Vol(B(xo,7)) > crt, for all 0 <1 < +o0,

for some point xg € M and some positive constant c. Then M is biholomorphic
to the complex Euclidean space C?.
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Further we consider the relation between the volume growth and the curvature
decay. In [18], Mok-Siu-Yau studied complete Kéhler manifold with nonnegative
holomorphic bisectional curvature and with the Euclidean volume growth. They
showed that the curvatures can not decay faster than quadratically unless the
manifolds are flat. It was further shown in [9], [19] this result is still valid without
restriction on the volume growth. On the other hand, Yau predicted in [26] that
if the volume growth is of Euclidean, then the curvature must decay quadratically
in certain average sense. In [8], under an additional assumption that the scalar
curvature tends to zero at infinity in the average sense, Tang and the authors
confirmed this for the complex surface case by using some special features in
dimension 2 such as the Gauss-Bonnet-Chern formula and the classification of
holonomy algebras for 4-dimensional Riemannian manifolds. The third result of
the present paper is the following affirmative answer to this prediction of Yau for
all dimensions under a more restricted curvature assumption.

Theorem 3 Let M be a complex n-dimensional complete noncompact Kdihler
manifold with bounded and nonnegative curvature operator. Suppose that there
exists a positive constant c¢1 such that for a fized base point xg, we have

(*) Vol(B(zo,r)) > c17®™,  for all 0<r < 4oo0.

Then there exists a constant ca > 0 such that for all x € M, r > 0, we have

R(y)
——=——dy < colog(2 +r).
/B(x,'r) d(.%', y)2n—2 ? ( )

In particular,

1 log(2 + )
—_ R(x)dr < cg————=, orall 0<r<+oo,
VOl(B(xg, T)) /B(:to,r) ( ) ’ r? f

for some constant c3 > 0.

There are plenty of complete noncompact convex surfaces in R? with quadratic
volume growth (i.e., cone-like at infinity). All of them are complex 1-dimensional
Kahler manifolds satisfying the assumptions of Theorem 3. Clearly any product
of finitely many such Kéhler manifolds still satisfies the assumptions of Theorem
3. In this way we can produce a lot of complete noncompact Kéhler manifolds
satisfying all assumptions of Theorem 3.

On a Kahler manifold, the curvature operator of the Kahler metric reduces
to the space /\1’1 of (1,1)-forms, this is, the curvature operator R,, : /\1’1
A" and R,, = 0 on the subspace of A? perpendicular to A™'. Thus the best
possibility for a Kéhler metric is the positivity of its curvature operator restricted

—
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on the subspace /\1’1. In the last part of this paper we will show that the complete
noncompact Kéhler manifolds, constructed by Cao in [4], have strictly positive
curvature operator when restricted on (1, 1)-forms and satisfy the all assumptions
of Theorem 3.

This paper contains seven sections. In Section 2 we give the proof of Theorem
1. Section 3 is devoted to the proof of Theorem 2. In Section 4 we establish some
basic estimates to the Ricci flow. In Section 5 we obtain the crucial time decay
estimate for the Ricci flow and Theorem 3 will be proved in Section 6. In the last
section we will give a family of complete noncompact Kahler manifolds which have
strictly positive curvature operator restricted on (1, 1)-forms, have the Euclidean
volume growth and have quadratic curvature decay.

We are grateful to L.F.Tam for many helpful discussions and Professor S.T.Yau
for his encouragement.

2 The Volume Growth Estimate

Let us first recall a cut-off function constructed by Schoen and Yau (see Theorem
1.4.2 in [20]).

Lemma 2.1 (Schoen-Yau [20]) Suppose M is an m-dimensional complete Rie-
mannian manifold with nonnegative Ricci curvature. Then there exists a constant
C(m) > 0, depending only on the dimension m, such that for any xo € M and
any number 0 < r < 400, there exists a smooth function @, € C*°(M) satisfying

eic(m)(1+d(z;ﬂvo)) < gpr(g;) < 67(1+d(z;zo))

Ver(z)| <

Q

(m)

r2

|Apr(z)] <

or(),

for x € M, where d(x,x) is the distance between x and xg.

PrRoOOF. In [20], Schoen and Yau constructed a C* function f satisfying

%(1 +d(z,20)) < f(z) <1+ d(z,20),

Vi) <G,
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[Af(x) < C,

for all x € M and some positive constant C' depending only on the dimension m.
Denote by g¢;j(x) the Riemannian metric of M. We define a new metric on M by

5 1
Gij(z) = r—zgij(@, xz e M.

Clearly the new metric g;;(x) is still a complete Riemannian metric on M with
nonnegative Ricci curvature. Thus there exists a smooth function f,(z) € C*°(M)
such that

é(1+d(x;%)) < fo(zx) < 1+M,
|6fr(x)‘§ < 07
Afo(z)|; < C,

for all z € M. Here V, A and |-|5 are the covariant derivative, Laplacian and norm
with respect to the new metric g;;(z), and d(x,z¢) is the geodesic distance with
respect to the original metric g;;(x). Therefore by setting ¢, (z) = exp(—fr(z))
we get the desired cut-off function. #

Let M be a complex n-dimensional complete noncompact Kéahler manifold
with nonnegative holomorphic bisectional curvature. Let xg be an arbitrary
point in M. Since M is complete and noncompact, there is a geodesic ray,
say (t), emanating from zg. The family of functions 7 : M — R defined by
ne(z) = d(zo,v(t)) — d(z,~(t)) is Lipschitz continuous (with Lipschitz constant
1) and also satisfies | (x)| < d(z,zo) (by the triangle inequality). It is thus an
equicontinuous family uniformly bounded on compact sets. By Ascoli-Arzela’s
theorem, a subsequence of {r;} converges to Lipschitz continuous (with Lipschitz
constant 1) function n : M — R, the convergence being uniform on compact sub-
sets of M. This function 7 is called the Busemann function of v (Cheeger-Gromoll
[6]). It was shown in [24] (see Theorem A(c) of [24]) that n is plurisubharmonic
and is strictly plurisubharmonic at the points where the bisectional curvature is
positive. We now use this plurisubharmonic function to prove Theorem 1.

PrROOF OoF THEOREM 1.  Without loss of generality, we may assume that the
holomorphic bisectional curvature is positive at xg. Then the Busemann function
7 is strictly plurisubharmonic in a neighborhood of xy. Since the holomorphic
bisectional curvature is nonnegative, the Ricci curvature is also nonnegative. By
Lemma 2.1 we obtain the cut-off function ¢, for any given r > 0.

Fix a small positive number ¢ and a large positive number 7. Let p : R?® — R
be a nonnegative smooth function supported in the unit ball centered at the origin
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of R?", with
/2 p(v)dv =1
R n
We set
W) = — (), for vERTe>0
Pe\V 82,”:0 e’ Y v ’
and

(n*pe)(x) = /RQ" pe(v)n(exp,(v))dv, for x€ M.

Clearly n * pe is smooth and converges to n uniformly on compact sets as € — 0.
It is well-known (see for example [10]) that 1 p. is also plurisubharmonic on any
compact subset as € > 0 small enough. Denote by w the Kahler form of M. We
compute

(0r = 8)"(V=1)"(90(n * p:))"

{pr>6}
—— [ e = D0 A0 ¢ p2) A (000 )"
{pr>6}
< [ B oy (VT 000 £ ) A
RSP C(2n))? _
< [ B sy 00 ¢ ) A
{er>d}
< [ GO 2.1)
{or>0} g

Since 7 is strictly plurisubharmonic in a neighborhood of zg, by letting ¢ — 0
and then § — 0, we know that there is a positive number ¢y > 0, depending on
zo and the dimension n, such that as r > 1,

0<cp< / (V=T (08n)"

ZnC’ 2n)) / n
Orw
M

ZnC’ 2n)) / o, (2.2)
M

73
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By using the standard volume comparison and Lemma 2.1, we have

_ d(z,zq)
M B(zo,r)

oo

_l’_
k=0 o~
< Vol(B(xg,r)) + Z e 2 (2812 ol (B(z0, 1))

< CVol(Blao. 1), (2.3)

d(

e )w

/B(x0,2k+1r)\3(10,2k7")

where C' is some positive constant depending only on the dimension n.

Thus a combination of (2.2) and (2.3) gives the desired volume growth esti-
mate. #

Remark 2.2 Klembeck [15] (see also [23]) and Cao [3] (see Remark 1.3 in [3])
presented some complete Kahler metrics on C™ which have positive holomorphic
bisectional curvature everywhere such that the volume of the geodesic ball B(O, )
centered at the origin O with respect to the Kéhler metric grows like ™. Thus
the volume growth estimate of Theorem 1 is sharp.

Remark 2.3 The assumption that the holomorphic bisectional curvature is pos-
itive at least at one point is necessary. Indeed, let M; be a noncompact convex
surface in R? which is asymptotic to a cylinder at infinity. Clearly M; is a
complete noncompact Riemannian surface with positive curvature and has lin-
ear volume growth. Also let CP"~! be the complex projective space with the
Fubini-Study metric. Then the product M; x CP"~! is a complex n-dimensional
complete noncompact Kéhler manifold with nonnegative holomorphic bisectional
curvature. But its volume growth is of linear.

Remark 2.4 In view of Theorem 1, it is naturally raised a question whether
there is a similar volume growth estimate for Riemannian manifold with positive
sectional curvature. The answer is negative. More precisely, for each dimen-
sion n > 2, there exist n-dimensional Riemannian manifolds which have positive
sectional curvature everywhere but have linear volume growth. In fact on any
bounded, convex and smooth domain 2 in R™, we can choose a strictly convex
function u(z) defined over €2 which tends to +o00 as x approaches to the boundary
09. The graph of the convex function u(z) is a hypersurface in R"*!, denoted by
M™. Clearly the hypersurface M" is strictly convex, i.e., the second fundamental
form is strictly positive definite. It then follows from the Gauss equation that
M™ has strictly positive sectional curvature. Since the domain 2 is bounded, the
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volume growth of M"™ must be of linear.

3 The Minimal Curvature Decay

In this section, we will prove that the curvature of complete positive curved
Kahler manifold decays at least linearly.

PROOF OF THEOREM 2. Let n(x) be a Busemann function constructed from a
ray initiating from zy. By a smoothing argument, we may assume n(z) is smooth,
|dn(z)| < 2, and the Levi form /—1099n(z) of n(x) is strictly positive on M.

Let Kjs be the canonical line bundle of M, then there exists a continuous
positive function A(z) on M, such that for any k£ > 0,

V—109(kn(x)) + C(Kyr) + Ric > kX (z)w(z) (3.1)
where C(K)s) be the curvature of K7, and w(z) is the Kéhler form of M.

By the L2-estimates of J-operator of Hérmander ([14]), there exist a positive
constant kg > 0, and a nontrivial holomorphic section S of Kj; such that

/ 1S ]2e= 7@ qv (z) < +oo. (3.2)
M

and [|S(zo)[|* = 1.
Recall the Poincaré-Lelong equation
V—=18dlog||S||? = [S = 0] + Ric
in the sense of currents. And for any 0 < § < 1, a direct computation gives

IS

Al 2.6)> e
og([|S]]* + )_R(CLU)HK.;HQJHS

(3.3)

and
AllS|[* >0, (3.4)

in the classical sense. By the mean-value-inequality (see [17]), we have for any

zeM,r >0,
S||?(x) < Vol C(nr /B S|
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Here and in the followings, ¢(n) is denoted by various positive constant depending
only on the dimension.

Choosing r = d(x, zg) + 1 and noting that n(z) < 2(d(z,xq) + 1), we have

c(n) / 2
S|I? S

Qkod(l‘ a:())
< / ||su2 ~hm
Vol (zo,1

< const.erOd(x’xO),

hence
log || S|1*(x) < c1d(z,z0) + c2,  for some ¢y, ¢y > 0. (3.5)

Suppose M admits a positive Green function G = G(x,x9). Then for any
a>0,3>0,e>0and 0<d <1, it follows from (3.3) that

ISI°0) (1 1y — it
{B>G>a}

/ Alog([1S]2 + 8)(G — o)+

{B>G>a}
= [ loallSIP+ 9)AG - )t
{B>G>a} )
TR PR
{G=p}
49 [ os(ISP+0)G - )G
{G=p}

where 7 is the outer normal vector of {3 > G > a}.

Since
A(G - ) = (146)(G — a) VG 2 0,

on {f# > G > a}, we get

/ log(|IS]2 + )A(G — )+
{8>G>a}
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< sup log(|IS|? + ) / A(G — )+

{6>G>a} {B>G>a}
9 0G
= sup log(||S||* +9) (1+¢)(G— )a_,.
{B>G>a}
{G=p}
Letting € — 0, it follows
IS%(2) 2 oG
R(z)———"—(G(x,z9) — a) < sup log(||S||*+ o —
/{MM ) 5Pty 3 (Cm0) ~ o) < s los((S] >{G o
dlog(||S]]? + o
o [ (- a2ellsl s
{G=p} .
— [ Thoslisi?+ o)
{G=p}

(3.6)
On {G = B}, G and 52 G are asymptotic to dQ(n )2 and (2n—2)c(n )dgi,l respectively,
as 3 — 4o00. So we have

d?nl
r/G (600 < el ey = ) =0, 5 5 4oc,

and

/ oG — c(n), as B — +o0.
{G=p} O

Hence, letting 8 — +oo in (3.6), it follows

[ R IO (G, a0) - 0) < el sup tox(ls]7 + )
(G>a) [SI?(x) + 0 7 - (G>a}

since ||S]|(z¢) = 1. This implies

1]2(2) 2
R(z) 55 —~——<G(x,z9) < c(n) sup log(||S]*+ ).
/{G>za} @) 5@ + 30 @20 =< ){G>a} (ISI* +9)

Then letting 6 — 0, we obtain,

/ R(z)G(,20) < c(n) sup log |S|% (3.7)
{G>2a} {G>a}

Since the positive Green’s function may not exist on M in general, we consider
M = M x C2, equipped with the product metric. By regarding ||S||? as a function
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on M, the inequality (3.3) still holds. Let zp = (20,0), z = (z,y) € M, the
minimal positive Green function of M exists and satisfies

c(n 2 (Z,Zo) <C¥(z 20) < 0(7})CP(Z~, 20)
Vol(B(z,d(z,20)) — ~ Vol(B(z0,d(2, 2))

(3.8)

where 0?2(2, z0) = d*(z, m0) + |y|?.

In fact, (3.8) comes from the following well-known estimate ([20]):

e(n)™? - di 3z, 2 c(n - #
O o vy S e s [ st

in particular, we have

c(n)~ta?

Gz 20) 2 Vol(B(z0,a))’

for all z € B(z,a). (3.9)

The same argument of obtaining (3.7) gives us

/ R(x)G(z,20) < ¢(n) sup log||S|?>. (3.10)
{G>a}
{G>2a}

For a > 0, let 7(«v) be the maximum positive number such that
B(z0,7()) C {G > a}

which, together with (3.8), implies

8),
o) e) __ elmre)
Vol(B(zp,7())) Vol(B(z0,7()))

Since
1 1 -
B(xo, ir(a)) x B(0, Qr(a)) C B(zg,7(a)) C B(zp,r(a)) x B(0,r(a)), (3.11)
we get by combining with (3.8) that for any z with G(z,z29) > «

IRETRR T
Vol(B(z0,7(cv))) ~ Vol(B(z0,d(z,20)))

ie.,

Vol(B(z0,d(2 )
VolBoria)) " ey
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and then _
Vol(B(zo, 3d(z, 20))) < efn)(@) r2(a)
VOZ(B((L‘(),T(O[))) N CP(Z,ZO)
Thus if d(z, z) > 2r(a), we get that r(a) > ¢~ '(n)d(z, 20). So we get

B(zg,7()) € {G > a} € B(zo, c(n)r(a)). (3.12)
y (3.9), (3.10), (3.11) and (3.12), we have

r?(a)

Vol(B(xg,r(x)))

Combining (3.5), we get for any a > 0,

/ R@)dV(z) < c(n) sup  log|S|>.
B(zo,r(a)) B(zog,c(n)r(a))

! c
Vol(B(zo,a) /B(W) R@)dV(e) < T

Therefore the proof of the theorem is completed.

4 The Ricci Flow and Preliminary Estimates

From now on we consider (M, g_ 5) to be a complete noncompact Kéhler manifold
satisfying the assumptions of Theorem 3. Our method to prove Theorem 3 is not
directly working on the Kéhler metric. Instead we use the Kahler metric as initial
data and evolve it by Hamiltion’s Ricci flow. We study the dynamic property of
the evolving metric and prove that the curvature of the evolving metric decays
linearly in time. The curvature of the evolving metric satisfies a nonlinear heat
equation. Intuitively, the Harnack inequality of heat equation bridges the time
decay with the space decay. By using the time decay estimate on the evolving
curvature we will be indeed able to prove that the curvature of the initial metric
decays quadratically in space in average sense. In this section we give some
preliminary estimates for the Ricci flow.

Let us evolve the metric g 5 according to the following Ricci flow equation

%ui (0 iy = "R (2t). meM.t>0
ot ’ ad \ b)) ) ) (41)

gaﬁ(x,O) = gaﬁ(ac), r e M,

where R__(z,t) denotes the Ricci curvature tensor of the metric g . (x,1).
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It was shown in [21] that the Ricci flow (4.1) has a maximal solution g,5(z,t)
on M X [0, Tinax) with either Tiax = +00 or 0 < Tpax < +00 and the curvature
becomes unbounded as t — Tipax(< 400). Since the initial K&hler metric has
nonnegative curvature operator, it is known from [11], [22] that the nonnegativity
of the curvature operator and Kéhlerity are preserved under the evolution of (4.1).

When the initial metric satisfies an additional assumption that the initial

curvature decays pointwisely to zero at infinity (i.e., lim  R(z) = 0), one
d(z,x0)——+00

knows from Hamilton [13] (Theorem 18.3 in [13]) that the Euclidean volume
growth condition is preserve under the Ricci flow. Thanks to Theorem 2, we can
remove the curvature decay assumption in the following result.

Lemma 4.1 Suppose (M, gaB) is a complex n-dimensional complete noncompact
simply connected Kdahler manifold with bounded and nonnegative curvature oper-
ator and satisfies the conditions (*) in Theorem 3. Then the Euclidean volume
growth condition (*) is preserved under the evolution of (4.1), i.e.,

Voly(Bi(z,r)) > c1r®", forall r>0,2€M and t€ [0, Tmax),

with the same constant ¢y in the condition (*). Here B(x,r) is the geodesic ball
of radius r centered at x with respect to the metric gaé(', t), and the volume Vol;
is taken with respect to the metric gaﬁ(',t).

PROOF. Let us first consider the evolution equation of the curvature operator
of the evolving metric gag(m,t). By applying the strong maximum principle to
the evolution equation, it was shown by Hamilton [11] (see Theorem 8.3 of [11])
that there exists a small positive constant dp(< Tiax) such that on the time
interval 0 < ¢ < Jg, the image of the curvature operator of ga[;(-,t) is invariant
under parallel translation and constant in time. Since the curvature of gag(-, J)
is uniformly bounded for § € [0, do], it is easy to see from the evolution equation
(4.1) that each metric g,5(-,0) is quasi-isometric to the initial metric g,5(-) and
satisfies

Vols(Bs(zo,7)) > c1(6)r*™,  for all 0 < r < +00,d € [0, &),

where the function ¢;(9) is defined and positive on [0, dg] such that (lsir% c1(6) = c1.

Thus, without loss of generality, we may assume that the image of the curvature
operator of the initial metric g, 5 is invariant under parallel translation. Accord-
ing to the decomposition theorem of de Rham (see for example Theorem 8.1
in [16]), the simply connected, complete Kéhler manifold with the metric g,z

is holomorphically isometric to the direct product C*¥ x M; x --- x M,,, where
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My, .-+, M, are all simply connected, complete, irreducible Kahler manifold.
Since M has nonnegative curvature operator and satisfies the maximal volume
growth condition (%), each M;, i = 1,---,m, also has nonnegative curvature
operator and is noncompact. By applying the well-known theorem of Berger[1],
each irreducible Kahler manifold M;, i = 1,--- ,m, is either a Hermitian symmet-
ric space or has its holonomy group as U(n;), SU(n;) or Sp(%), where n; is the
complex dimensional of M;. Since M; has nonnegative curvature operator, M; is
thus either Ricci flat or has U(n;) holonomy (see for example [5]). Hence each
M;, i =1,---,m has U(n;) holonomy. By noting that M; is simply connected,
the restricted holonomy group agrees with the full holonomy group. Also note
that the image of the curvature operator is invariant under parallel translation.
We then have from Ambrose-Singer holonomy theorem that the image of the
curvature operator at any point x is u(n;) = /\IIRI (T M;), the space of real (1,1)-
forms on the tangent space T, M;. Therefore, together with the nonnegativity of
the curvature operator, it follows that the curvature operator of M; is strictly
positive when restricted to /\ﬁgl (T M;). In particular the holomorphic bisectional
curvature of M; is positive everywhere.

Denote by R;(z) the scalar curvature of the Kéhler manifold M;,i=1,--- ,m.
We then know from Theorem 2 that the scalar curvature R;(x) decays at least
linearly in the average sense. Since the scalar curvature R(x) of M is given by
Ri(z)+ -+ + Ry(x), it follows that

1

lim/ R(x)dx =0, 42
r—00 VOZ(B(:EOJQ)) B(ﬁfoﬂ") ( ) ( )

where Vol(B(x,r)) is the volume of the geodesic ball B(zg,r) with respect to
the initial metric g, 3.

We have seen that the curvature operator of the evolving metric ga5(~,t)
is nonnegative, and then the Ricci curvature R_; (x,t) is also nonnegative on
M x [0, Tinax)- The equation in (4.1) thus implies that the metric is shrinking in
time. In particular,

9.5(@ 1) < g ;(2,0), on M x [0, Tax).

Set
det(g,;(z,1))

F(x,t) =log W7

on M x [0, Tmax)-
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We then have

det(g_;(,1))
det(gaE (z,0))

=l

"D R(z,t) = god (x, )R, (x,1) -
< g°8 (2, 0)R_;(z,1)
= o3 (2,0)(R_,(x,t) = R_,(2,0)) + R(x,0)
— —AoF(x,t) + R(z,0), (4.3)

where A denotes the Laplacian operator with respect to the initial metric g_ 5 (z,0)
and R(z,t) denotes the scalar curvature of the metric g_, (x,¢). From the equation
in (4.1), we see
OF (x,t) _ 0
=Y = geb(m,t) =g (x,t
ot g, )8759"5 (%)
= —R(z,1). (4.4)

A combination of (4.3) and (4.4) gives

JWﬁﬁfﬂzAw@@—m%m on M x [0, Tmax)- (4.5)

For any fixed point 29 € M and any number 0 < r < +oo, we let ¢,.(z) be
the cut-off function on (M, g, B) obtained in Lemma 2.1. We compute

3875/1\4 or(z)el @D vy > /M or(x)(AgF(z,t) — R(2.0))dV}

C(2n

> (2 ) / or(x)F(z,t)dVy — / or(x)R(x,0)dVy,
r M M

where dVp denotes the volume element of the initial metric g 5 and we note that

F(z,t) is nonpositive. Note from (4.4) that F(-,¢) is nonincreasing in time and

F(-,0) = 0. We integrate the above inequality from 0 to ¢ to get

/ oo ()(1 — FE0)ay < CCR / o0 () (—F (2, £)) AV
M r M

—l—t/ or(z)R(x,0)dVp. (4.6)
M
Since the metric is shrinking under the Ricci flow, we have

By(zo,r) D Bo(zo,r), for t>0,0<r < 400,
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and
Vol (B (xg,r)) > Vol (By(xg,r))
— / eF(x,t) d‘/()
Bo(zo,r)
= Volo(Bo(zo, 7)) + / ('@ — 1)av;. (4.7)
Bo(zo,r)
By Lemma 2.1 and (4.6), the error term in (4.7) satisfies
/ (eF(z,t) - 1)d‘/b > e2C(2n) / @T(x)(eF(z,t) - 1)dVO
B(zo,r) M
C(2n)e2CCn¢
> — /M or(x)F(x,t)dVh
—620(2")16/ or(z)R(xz,0)dVp. (4.8)
M

Consider any fixed Ty < Tiax. Since the curvature in uniformly bounded on
M x [0, Tp], it is clear from (4.4) that F'(z,t) is uniformly bounded on M x [0, Tp).
We then set

A =sup{|F(z,t)] | =€ M,tel0,Tp]}

and

1
R(x,0)dV, a>ry.
VOZO(BO(an a)) /BO(IO,G) ( ) " | }

From (4.2) we see that e(r) — 0 as 7 — +o00. By using the volume comparison
theorem, we showed in (2.3) that

e(r) = sup{

/M or(x)dVy < CVoly(B(zo,1)), (4.9)

and similarly

1+ dO("‘l;Ovz) )

/ o () R(x,0)dVy < / R(z,0)e( dVy
M M

< / Rz, 0)dVp + 3 e~2 (2120
By (zo,r) E—0

Voly(Bo(xo, 1)) /
R(z,0)dV,
Volo(B0($0,2k+1T)) Bo(zo,2k+1r) (x ) ’

< C-e(r) - Volo(Bo(zo, 1)), (4.10)
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where dy(xo, x) is the distance between xy and = with respect to the initial metric
g, B(" 0) and C' is some positive constant depending only on the dimension n.
Substituting (4.8),(4.9) and (4.10) into (4.7) and dividing by r?*, we obtain

Voly(By(xg, 7)) _ Volo(Bo(xo,r)) C(2n)e2c(2”)ATg Voly(By(xp, 1))

r2n = r2n o r2 (@ r2n )
n Volo(Bo(xo,
20N (O o(r) O(TST(L 0 )))
C(2n)e*C M AT, n Volo(Bo(zo,
_ - (2n) S 0 _ Ce2CC () O(TSSL 0:7))

Then by letting » — +o00, we deduce that
lim Voly(Bi(zo, 1))

C1.
r—+4o00 r2n

Hence by using the standard volume comparison we get
Voly(By(x,r)) > c1r®", forall z€ M,0<r<+oo and t€[0,Tpl

Finally, since Ty (< Tmax) is arbitrary, this completes the proof of the lemma.

#

In the next section we will use rescaling arguments to analyse the behavior of
the evolving metric near the maximal time Ti,a«. In view of the compactness the-
orem of Hamilton [12], we need to estimate the injectivity radius of (M, g_,(-,t))
in terms of the maximum of the curvature.

Let us recall the local injectivity radius estimate of Cheeger, Gromov and
Taylor [7] which says that for any complete Riemannian manifold N of dimen-
sion m with A\ < sectional curvature of N < A and let r be a positive constant
satisfying r < 7r/4\/K if A\ > 0, then the injectivity radius of N at a point x is
bounded from below as follows
Vol(B(z,1))

i@ N) 2 o B ) + Vi)’

where V" (2r) denotes the volume of a ball with radius 2r in the m-dimensi- onal
space form V| with constant sectional curvature A.

Denote by
Riax(t) = sup{R(z,t) | x € M}, for t€ [0, Tmax)-
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By applying the local injectivity estimate to the evolving manifold (M, g_ ﬁ(-, t)),
we get

Voly(By(z, #mx(t)

) o ) VB, )+ Vi (0 e
T 2!
% R 0 V)

here we used Lemma 4.1. Thus we have proved

an(Ma gag('vt

Lemma 4.2 Suppose (M, g, ;) is assumed in Theorem 3 and let g_;(z,1), (z,t) €
M x [0, Tiax), be the mazimal solution of (4.1). And suppose M is simply con-
nected. Then there exists a positive constant 3 such that

__B
Rmax(t) ,

fort € [0, Thax)- #

ZTL](M, gag('7 t)) >

5 Curvature Decay in Time

In this section we analyse the behavior of the evolving metric near the maximal
time Thax.

Theorem 5.1 Let (M, g, ,(x)) be a complex n-dimensional complete noncompact
Kdhler manifold satisfying the assumptions of Theorem 3 and let (M, g ;(,t)),
t € [0, Timax), be the mazimal solution of the Ricci flow (4.1) with g, ;(x) as initial
metric. Then Tyax = +00 and the scalar curvature R(x,t) of the solution satisfies

OSR(a:,t)Slit, on M x [0,+00)

for some positive constant C.

PROOF. In [8] we established this result for complex 2-dimensional case under an
additional assumption that the initial curvature decays to zero at infinity, where
we used some special features of complex 2-dimension such as the classification
of holonomy algebras and the splitting results in the (real)4-dimensional Rie-
mannian manifolds obtained by the combination of Berger [1] and Hamilton [11].
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In the followings we don’t assume the curvature decay and design a dimension
reduction procedure.

According to Hamilton [13], the maximal solution of (4.1) is of either one of
the following types.

Type I Thax < +00 and sup(Timax — ) Rmax(t) < +00;
Type II:  either Thax < 400 and sup(Timax — t) Rmax(t) = +00,
or Thax = +00 and sup t Ryax(t) = +o0;

Type III:  Tipax = +00 and sup tRpax(t) < +00.

We need to show that the maximal solution must be of Type III. Let us argue
by contradiction. Suppose the maximal solution is of Type I or Type II. We
first note that we may assume M is simply connected. Indeed by considering
the universal covering of M, the induced metric of g,5(x,t) on the universal
covering is clearly still a solution to the Ricci flow and satisfies all assumptions of
Theorem 3, and of course is still of Type I or Type II.In the previous section we
have obtained an injectivity radius estimate for the solution. By combining with
a result of Hamilton (Theorem 16.4 and 16.5 in [13]), we know that there exists a
sequence of dilations of the solution converging to a limit (A1), QSB) (x,t)) which
is a complete solution of the Ricci flow with nonnegative curvature operator,
exists for —oo < t < ) for some 0 < 2 < 400 and

RW(z,t) < Q/(Q—1t)

holds everywhere with equality somewhere at ¢ = 0. Here we denote by R() (x,t)
the scalar curvature of the limiting metric gfj[; (z,t), and denote Q/(2 —t) to be
1 if Q = 4o00. Clearly the limiting solution (M“),g};}; (z,t)) is still noncompact.
By Lemma 4.1 and the rescaling invariance of the condition (*), we see that the

limiting solution (M <1>,gfjg (z,t)) also satisfies

Voly(B (z,7)) > e1r®®, forall ze MY and 0<r<+oo, (5.1)

where Voly(B{" (z, 7)) denotes the volume of the geodesic ball B (z,r) of radius
r centered at z of M) with respect to the metric §Sg (z,t).

Denote by ciffl)(a:, xo) the distance between two points x, g € M® with re-
spect to the metric §SB) (+,t). We first claim that at time ¢t = 0, we have

lim sup R(l)(x,O)CZS)2(x,xo) = +o00, (5.2)

4V (@,20)—-+o00
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for any fixed zo € M.

Suppose not, thus the curvature of the metric gfjg (+,0) decays quadratically.
By applying a result of Shi (see Theorem 8.2 in [22]), we know that the solution
f]fllg (+,t) exists for all t € (—oo0, +00) and satisfies

tlim sup{RW (x,t) | z € MW} = 0.
— 00

On the other hand, by the Li-Yau-Hamilton inequality of Cao [2], we have

2(0)
IR -0

5 =0 on M(I)X(—OO,+OO)-

Thus we deduce that R = 0 on M x (=00, +00) which contradicts with the
fact that the scalar curvature R(Y) achieves 1 somewhere at t = 0. This proves
the claim (5.2).

With the estimate (5.2) we can then apply a lemma of Hamilton (Lemma 22.2

in [13]) to find a sequence of points z;,j =1,2,--- , in MM a sequence of radii
rj,J =1,2,---, and a sequence of positive numbers 4;,j = 1,2,--- , with 6; — 0
such that

(@) RW(z,0) < (1+ 5j)R(1)(mj, 0), for z € B(()l)(:nj, 75);

(b) T?R(l)(l‘j,()) — 400, as j — +oo;

(c) if s; =d" (x,20), then \j = 5;/r; — 400, as j — +00;
(d)  the balls B{" (x;,r;) are disjoint.

Since the metric ggjg (+,0) has nonnegative curvature operator, the sectional cur-
vature is nonnegative. Denote the minimum of the sectional curvature of the

metric §((¥15) (-,0) at =; by 1/](.1). We next claim that the following holds

o

gj=—=—2—— 0, as j — +o0. 5.3
7 RO (a,,0) ’ >3

In fact , suppose not, there exists a subsequence j, — 400 and some positive
number € > 0 such that

(1)
v
5jk:~¢25, forall k=1,2,---. (5.4)
R(l)(LL’jk,O)
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We have seen that the scalar curvature ]:2(1)(33, t) is pointwisely nondecreasing in
time. Then by using the local derivative estimate of Shi (see Theorem 13.1 in
[13]) and (a), (b), we have

- - 1 -
sup VR (2,0)]* < C(RW(2,,0))* (= + RY(z,,0))
weé(l)(:c]-k,rjk) T

< 2C(R(1)(xjk70))37 (5.5)

where R,(%) is the Riemannian curvature tensor of f];lg and C is a positive constant
depending only on the dimension.

Denote by (M (z) the minimum of the sectional curvature of gfg(-,O) at x.
From (5.4), (5.5) and (b) we have

v (@) > 1D — VAC (RO (w,,0))3 5 (2, 25,)

> R(l)(‘rjkv 0)(e —v2C - R(l)(lewo) : J61>(x7xjk))

Vv
| ™

RW(z;,,0),

as

5 €

d(()1>(xvmj ) < =

YT 9v20 VRO, 0)

and k large enough. Thus by combining with (a), there exists kg > 0 such that

R(1) 5
> ; q Wi
for any k > ko and x € By’ (xj,, 7o R(l>(ibjk,0))’ e have

R(l)(mjk, 0) < the sectional curvature at x < ZR(I)(xjk, 0).

DN ™

Therefore the balls Bél)(xjk, ), ko < k < 400, are a family of

S
2v2C.  R(z;, ,0)
disjoint remote curvature S—bumps for some 5 > 0 in the sense of Hamilton [13].
But this contradicts with the finite bumps theorem of Hamilton [13]. So we have
proved the claim (5.3).

In the followings we are going to rescale the limiting solution (M), gf:g (x,t))
along the points xj,j = 1,2,--- . We begin with an injectivity radius estimates.
We claim that there exists a positive constant a such that the injectivity radii of
(M(l),gfj[; (+,0)) at z; (j =1,2,---) are uniformly bounded from below by
ini - sG> ¢ 5.6
Zn]M(l)(xjvgaE(a )) = = ) ( . )
R(l)(xﬁ 0)



Volume Growth and Curvature Decay 89

for j =1,2,- .

We prove the claim by contradiction. Suppose there exists a subsequence j,
k=1,2,---, such that

5jk = R(l)(xjkvo) ’ ian(l)(xjkvg,ilB) (70)) - Oa (57)
as k — +o0. For each k, let us choose x;, as the new origin and dilate (M(l) , g;lg (-,0))
along x;, such that the dilated manifold, says M ,gl), has the injectivity radius 1
at the origin and has the curvature bounded by 25?}C on the ball centered at the

origin with the radius not less than 7#;, = 7,1/ RM(xj,,0) (— +oo, by (b)).
We have seen that the scalar curvature of g((j@) (x,t) is pointwisely nondecreasing
in time. The curvature bounds on the balls at ¢ = 0 also give the bounds for

previous time in these balls. Then by the local derivative estimate of Shi (see
Theorem 13.1 in [13]) and the convergence theorem of Hamilton [12] we know

that a subsequence of M,El), k=1,2,---, converges in C}. topology to a com-
plete noncompact flat manifold which has the injectivity radius 1 at the origin.
But the estimate (5.1) and its rescaling invariance imply that the flat manifold
is R?" with the Euclidean metric. This contradictions proves the claim (5.6).

Now we let x; be the new origin, dilate the space by a factor \; so that the
scalar curvature R() (x,0) becomes 1 at the origin at ¢t = 0, and dilate the time

by )\? so that it is still a solution to the Ricci flow. The balls B(()l)(a:j,rj) are

dilated to the balls centered at the origins of radii 7; = r; R(l)(xj, 0) — +o0 as

j — +oo (by (b)). Since the scalar curvature of the limit QSB) (x,t) is pointwise

nondecreasing in time, the curvature bounds on Bél)(xj, r;) also give bounds for

previous time in these balls. Thus by applying the injectivity radius estimate
(5.6) and the compactness theorem of Hamilton [12] again we can get a limit for
the dilated solutions. It follows from (5.1), (5.3), (a) and (b) that the limit is
a complete noncompact solution, still denoted by (M @, gfg (z,t)), to the Ricci
flow on ¢ € (—o0, 0] such that

(e)1 the curvature operator is still nonnegative;

(f)r RW(x,t) <1, for € MWt € (—00,0], and R (0,0) = 1;
(9h Volt(Bgl)(x,T)) > ¢yr??, for all z € MM, 0 < r < 4o0;
(h)1 there exists a 2-plane at the origin so that at ¢ = 0, the correspond-

ing sectional curvature vanishes.

If we consider the universal covering of MY, the induced metric of gfg (z,t) on

the universal covering is clearly still a solution to the Ricci flow and satisfies all of
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above (e)1, (f)1, ()1, and (h);. Thus, without loss of generality, we may assume
that M@ is simply connected.

Since M@ is a Kahler manifold, at any point z, the curvature operator of
the underlying Riemannian manifold restricts to the real (1,1) forms, this is,
R /\ﬁél (T,MMV)) — /\ﬁél(TxM(l)) and R'Y = 0 on the subspace of A?(T, M (1)
perpendicular to /\]E (T, M™). This is equivalent to the fact that the Levi-Civita

connection of the underlying Riemannian metric on ]\~{ (1) restricts to the unitary
frame bundle. If we define the Lie bracket on A?(T,M1) as in [11] by

2 ~
[0, ¥i; = g et — g™ inpji, where .9 € N\ (T MM),

then /\1 YT, M®) is a Lie subalgebra of A*(T,M®) isomorphic to u(n).

Let us consider the evolution equation of the curvature operator of gfjg (z, t).
By applying the strong maximum principle to the evolution equation as in [11]
(see Theorem 8.3 of [11]) we know that there exists a positive constant K such
that on the time interval —oo < t < —K, the image of the curvature operator of
(M(l),§<1)( t)) at every point x is a fixed Lie subalgebra of /\IlRil (T, MM) = u(n),
invariant under parallel translation and constant in time.

We now want to show that A1) must be a reducible manifold. Suppose M®)
is an irreducible manifold. Then according to the well-known theorem of Berger
1], M® is either a Hermitian symmetric space or has its holonomy group as
U(n),SU(n) or Sp(%). Since M ™ has nonnegative curvature operator, M) i
thus either Ricci flat or has U(n) holonomy (see for example [5]). The case of
Ricci flat is ruled out by (e); and (f);. This says that M) has U(n) holonomy
group. Since M1 is simply connected, the restricted holonomy group agrees
with the full holonomy group. We then have from Ambrose-Singer holonomy
theorem that the image of the curvature operator R( ) at every point x € MO is
u(n) = /\1 Y(T, M ™). This, together with the nonnegativity of RV , implies that

R is strictly positive when restricted to /\1 YT, M),

Let  be an arbitrary point in MO and ey, es be two vectors at z. Denote by
J the complex structure of M), Consider the following (complex) (1,1) vector

(61 + \/—71J61) A (62 + \/jljeg)
= (61 + ﬁjel) A (62 — \/leeg)

=(egr Neg+Jer ANJea) +vV—1(Jeg ANea —er A Jes).
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Since R\ is strictly positive when restricted to /\IlRl(M 1), we have

RW (e Aeg+ Jeg A Jeg,er Aes+ Jer A Jes) > 0.

By the Kéahlerity of M the sectional curvature K (e1, e2) of the 2—plane spanned
by e1, eg satisfies

1~
K(el,eg) = ZR%)(el Neg+ Jep N Jes,er ANeg + Jep A Jeg)

> 0.

But the arbitrariness of the point z and the vectors e, ez gives a contradiction
with (h);. So M™) is a simply connected reducible Kihler manifold.

According to the decomposition theorem of de Rham (see for example Theo-
rem 8.1 in [16]) M) can be isometrically splitted as the direct product M (1)

MQ( ) where each fact is also Kihler. Clearly each factor M a ), it = 1,2, is still
a complete noncompact solution of the Ricci flow for ¢ € (—o0,0], has uni-
formly bounded and nonnegative curvature operator and satisfies the associated
Euclidean volume growth, moreover at least one, denoted by (M (2),@% (x,t)),
t € (—o0,0], is not flat. Denote the complex dimension of M) by ny which is
strictly less than n.

Now we repeat the above argument for (M%), f](? (x,t)), t € (—00,0]. For
clearity, we outline the main points as followings. We first apply the Li-Yau-
Hamilton inequality of Cao [2] and a result of Shi (Theorem 8.2 in [22]) to show
that for any fixed zo € M®),

limsup R® (x,O)cZg)Q(x,xo) = +00. (5.2)
d~(()2) (z,20)—+00

By using a lemma of Hamilton (Lemma 22.2 in [13]) we can find a sequence
of points z;, 7 = 1,2,---, in M®@ | a sequence of radii rj, 3 = 1,2,---, and
a sequence of positive number 05, 7 = 1,2,---, with J; — 0, such that the
corresponding (a), (b), (c) and (d) hold. We then apply the finite bumps theorem
of Hamilton [13] to show that

(2)
%Ho,asj—wkoo, 5.3)
R®)(z;,0) >3
where VJ( ) denotes the minimum of the sectional curvature of the metric g<2)( 0)
at z;. Next by combining the property of Euclidean volume growth and a rescal-
ing argument we can show that the injectivity radii of (M, gffﬂ’( 0)) at x; are
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uniformly bounded from below by

o - @
gy (25, 9.5 (-, 0)) > ——e, (5.6)'
R(2;,0)
for j = 1,2,.--. Here « is some positive constant. Thus we can rescale the
solution (M(Z),gg(-,t)), t € (—o0,0], along the points z;, j = 1,2,---, to get a

limit which is a complete noncompact solution, still denoted by (M), gff% (z,1)),
to the Ricci flow on t € (—o0,0] such that

(e)2  the curvature operator is still nonnegative;
(f)2 R®(z,t) <1, forz € M@t € (—0,0], and R?(0,0) = 1;

(g)2 there exists some positive constant cg such that
Volt(Bt@) (z,7)) > cor?™, for all z € M® 0 < r < +o0,

where Bt(2) (z,7) is the geodesic ball of M(?) centered at x and with
radius 7 with respect to the metric §fj§ (-, t);
(h)2  there exists a 2-plane at the origin so that at ¢ = 0, the corresponding

sectional curvature vanishes.

Without loss of generality, we may assume that M ® is simply connected. Exactly
as before by using the theorem of Berger [1] and the decomposition theorem
of de Rham we further deduce that M® can be isometrically splitted as the
direct product Ml(Q) X M2(2). Also each factor Mi(2)7 i = 1,2, is still a complete
noncompact solution of the Ricci flow for ¢ € (—o0,0], has uniformly bounded
and nonnegative curvature operator and satisfies the associated Euclidean volume
growth, moreover at least one, denoted by (]\;[(3),%35) (x,t)), t € (—o0,0], is not
flat. The complex dimension of M) is strictly less than no.

Hence by repeating these procedures we finally obtain a nonflat complex
1—dimensional complete noncompact solution, denoted by (M, 9.5 (z,t)), of the
Ricci flow for t € (—o0, 0], which has uniformly bounded and nonnegative curva-
ture and satisfies the following Euclidean volume growth

Voly(Bi(z,7)) > &, forallze M,0<r < +oo, (5.8)

where Bi(x,7) denotes the geodesic ball of M centered at z of radius r with
respect to the metric g, B(" t), and ¢ is some positive constant. As the curvature
of g 3 (x,t), is nonnegative, it follows from Cohn-Vossen inequality that

/~ R(x,t)do; < 8, (5.9)
M
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where R(z,t) is the scalar curvature of (M ,9,5(x,t)) and doy is the volume
element of the metric g (=, 1).

Now the metric g_; (x,t)) is a solution to the Ricci flow on the Riemann

surface M over the ancient time interval (—oo,0]. Thus, (5.8) and (5.9) imply
that for each ¢ < 0, the curvature of g_ 5 (z,t) has quadratic decay in the average
sense of Shi [22], and then the a priori estimate of Shi (see Theorem 8.2 in [22])
implies that the solution g_,(x,t). exists for all ¢ € (—o0, +00) and satisfies

tliin sup{R(z,t) | z € M} = 0.

Again by the Li-Yau-Hamilton inequality of Cao [2], we conclude that
R(z,t) =0, on M x (—0c0, +00).
This contradicts with the fact that (M,gaa (x,t)) is not flat.

Therefore we have seeked the desired contradiction and have completed the
proof of Theorem 5.1. #

6 Curvature Decay in Space

After obtain the time decay estimate, we can adapt the argument in [8] to obtain
the space decay estimates stated in Theorem 3. For sake of completeness, we
present a proof as follows.

PrROOF OF THEOREM 3. Let (M,g_ ;) be a complex n—dimensional complete
noncompact Kéahler manifold satisfying all the assumptions of Theorem 3. Let
9,5(@,t) be the solution of the Ricci flow (4.1) with g_,(z) as the initial metric.
From Theorem 5.1 we know that the solution g_;(z,t) exists for all times ¢ €
[0, +00) and satisfies

0 < R(zx,t) < on M x [0,+00), (6.1)

C
1+t
for some positive constant C'. Consider the following function

det(g .(x,t
8 det((jaﬁ((x O))))’
af3 ’
introduced in the proof of Lemma 4.1. Recall from the definition of Ricci curva-
ture tensor of a Kahler metric that

R,5(z,t) — Ry3(x,0) = —0,05log det(g,5(7, 1)) + 0a0p log det(g.5(z,0))

F(x,t) =1 xeM,t>0,

— —0,05F (x,1).
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Thus
R(x,0) = AgF(z,t) + g™ (x, 0)R,5(x,t), z€M,t>0, (6.2)

where A is the Laplacian operator of the metric g,5(x,0).

Since (M, g,5(+,0)) has nonnegative Ricci curvature and is of Euclidean vol-
ume growth, it is well known (see for example [20]) that the Green function
Go(z,y) of the initial metric g,5(-,0) exists on M and satisfies the estimates

it Cy
s < Go(@,y) < G —, (6.3)
3" (z,y) 3" *(z,y)
and
Cy
V,Golz,y)|o < -t 6.4
9,60l < g (64
where dy(z,y), | - |o are the geodesic distance of x, y and the norm with respect
to the initial metric g 5(-, 0), and Cjy is some positive constant.
For any fixed g € M and any o > 0, we denote
Qo ={z € M | Go(Zo,z) = a}.
By (6.3), it is not hard to see
_ C[l 1 - Cy, 1
Bo(.fv[), ( o )2n—2) CQy C BQ(.CC(), (E)QH_Q)' (65)
Recall from (4.4) that
F(z,t
OF(z,t) _ “R(z,t), x€Mt>0.
ot
By combining with the time decay estimate (6.1) we deduce that
0> F(x,t) > —Cslog(1+1t), z€ M,t>0, (6.6)

for some positive constant C’.

Multiplying (6.2) by Go(Zo,z) — o and integrating over €, we have

R(z,0)(Go(Zo, x) — a)dx
Qa
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_ / (AoF (2, 1)) (Go(Fo, z) — a)dax

[e3

+/ gaﬁ(x,O)Rag(x,t)(G(:io,w) — a)dz

_ —/ P ASLIGLIE B P
0a Gu

+/ O‘ﬂ(x 0)R,5(, t)(G(Zo, z) — a)dx

+2n—1

< C5(1+C, 2 am=2 Volg(994)) log(1 + )

+ /Q ) 9°P (2, 0) R, 5(x, 1) Go (To, 7)dx, (6.7)

by (6.3), (6.4) and (6.6). Here we used v to denote the outer unit normal of 9.
From the coarea formula, (6.3), (6.4) and (6.5), we have

1 (2 201 w1 1 [2@
1 / PETSV ol (00 )dr < 25 H oz / / IV Go (o0, ) |odo]dv]
o o o,

(07

2n—1 1—}-2”71 2n

< 22n-2 . 04 n=2 amVOlQ(Qa)

2n—1 1420

C
<232 .(C, 2n— a2n 2V0lo(Bo(330,( !

=)z)

for some positive constant C by the standard volume comparison theorem. In-
tegrating (6.7) from « to 2a and using the above inequality, we get

+2n

R(J},O)(Go(i‘o, ) 2a)dx < C5(1+C
Qo

. C5) log(1+ 1)

—1—/9(1 gaB(:c,O)Rag(:c,t)Go(j:o,x)dx. (6.8)

It is easy to see that

/ R(z,0)Go(Zo, z)dx < 2/ R(z,0)(Go(Zo, z) — 2a)dz,
Q4a Q2a

and by the equation of the Ricci flow (4.1), we have

t _
/ / 9°° (x,0) R, 5(x, t)Go(To, x)dwdt
0 a
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— / 6°%(2,0) (931, 0) — g3, 1)) GolTo, 2)da

[e3

<n Go(Zo, x)dz.
Qa

Thus by integrating (6.8) in time from 0 to ¢ and combining the above two

inequalites, we get for any ¢ > 0,

2n—1 2
R(z,0)Go(Zg, z)dx < 2C5(1+ Ci+2"’2 -Cg) log(1+1) + tn/ Go(Zo, x)dz.
Qa

Q40(

Finally, substituting (6.3) and (6.5) into the above inequality, we see that there
exists some positive constant C'7 such that for any o € M, t > 0 and r > 0,

R(x,0) r?
/Bo(azo,r) "2 (2o, x) t

By choosing t = 72 we get the desired first estimate. The second estimate is a
direct consequence of first estimate. #

7 Examples of Positively Curved Kahler

Manifolds

A homothetically expanding gradient Kahler-Ricci soliton in a manifold M is a
complete solution of the Ricci flow which moves along the equation (4.1) by a one-
parameter group of biholomorphisms in the direction of a gradient holomorphic
vector field and also expands by a factor at the same time. More precisely, this
means that the Ricci tensor of g,5 can be expressed as

R,z =VaVif —pgap
(7.1)
VoVaf = V@V@f =0,

for some constant p > 0 and some function f on M. In [4], Cao obtained a
family of homothetically expanding gradient Kéhler-Ricci soliton on C™ of positive
sectional curvature by constructing global potential functions on C"™. In this
section we will further show that this family of Ké&hler-Ricci solitons actually have
nonnegative curvature operator everywhere and have positive curvature operator
when restricted on the subspace of (1,1)—forms. Moreover the soliton metrics
have Euclidean volume growth and their curvatures are quadratic decay.
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To begin we recall the construction of the Kahler-Ricci solitons on C™ in
[4]. Let 21,29, -, 2z, denote the coordinate functions on C" and denote |z| =
V712 + - + |zn|? the distance function from the origin O with the Euclidean
metric on C". Let ¢t = log|z|? and also let v : R — R be a smooth, convex and
increasing function. The Kéhler potential function u(¢) on C" induces a Kéhler
metric

9o = OaOpul(t)
= e /S + e 2 2pZ0 (U — ), (7.2)
on C". It then follows easily that

gaB _ et(u’)_léag + Zgza((u")_l . (u/)—l) (73)

and
det(g,z) = e " (u)" L, (7.4)

Set
f(t) = —log det(g,5)
=nt—(n—1)logu’ —logu”.

From the definition of Ricci curvature,
Rog+ 9ap = 0a05(f + ). (7.5)
Consider the gradient vector field given by
Ve = g*%95(f + u)
= (' (u)2a +elza((W) T = (@) T +u)e

_f/+u/

"

Ry (76)

u

f/_,’_u/

7 is constant.

which is holomorphic if and only if

Thus the Kéhler metric g,5 = 9a0zu(t) is a solution of (7.1) with p = 1 if
and only if
f/ + u/ — )\U//

for some constant A\. Now by letting v’ = ¢, the equation (7.1) with p = 1 for
expanding Kéhler-Ricci solitons is reduced to

¢" o n—1
+ ( 5

p + )¢ =n+ ¢, (7.7)
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i.e.,
(log(¢'¢" ') = n + ¢,
and then

1 n—1 ! )
¢ = W(/\n¢n + Z(—l)nﬁ%(l — A (M) + ce™?) (7.8)

J=0

where ¢ is a constant. It was shown in [4] that for each A > 1 and by choosing
c=(=1)""1n!(1 — )\), the ODE (7.8) has a solution with ¢ > 0 and ¢’ > 0 such
that the Kihler metric g,5 = 0a05u(t) is complete on C" and has positive sec-
tional curvature. In order to show these Kahler metrics actually having positive
curvature operator on the subspace of (1,1)—forms, we compute the curvature
tensors as follows.

By (7.2) and (7.3), a straightforward computation gives

dg .
5.2 = e (U =) (2a0py + Zydag) + e 3 (u® — 3" + 2u') 2y 25%a,
3
2
P95 _ T2 = ') (SanOpy + Oapdyn) + e () — Bu” + 2u/) x
az 82 =€ U U an?pBy afBPyn € u u u
YN
[277204557 + Zn27(5a5 + 252a57n + 572’,3(50”7]
e (u® — 6u® + 110" — 6u) 2,2, 25Za,
and
2 _ _
. 0905, c098 09ac

B = T 52 0%, 0z, 0z,

= —c*(u" = /)(Gandpy + Gapdyy)
+€—3t(_(u(3) — 3" + 2ul) + (u’)_l(u” o 'LL/)Q)X
(Za2n0py + 2924008 + 25Zadyy + 2Zy280an)
+€—4t[(ul)—1(u(3) —3u + QUI)(U(?’) +u — 2u/) + ((u//)—l
—(W) ™ W® —u")? = (u® —6u® + 114" — 6u/)] - 20232y 2n-

Note that the Kéhler metric g,5 = 9a0zu(t) is rotationally symmetric on C".
To facilitate computations, we only need to compute the curvature at a point
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z = (r,0,---,0). Let 50‘3 be any nonzero (1,1)—vector at the point.
straightforward computation we get

aﬁynfaﬁf’m _ 6_2t ‘ZgaaP + Z ’é-ocﬁ’

aﬂ 1
+b<Z jete? +5T<Z %) + 1> ¢oa)
a=1 a=1 a=1

+D 1) + et
a=1

= e (e + 2a+ W) + (a+ b)(sﬁ<2 §e)

n

(Zf“” )ET 4 (a + b)( ermr%er“r
+a |Z£““|2+ Z €28 12),

a,B=2

where the functions a, b and ¢ are defined by

a = (Z) - Qb/,
b=~ (¢' — ¢)* — (¢ — 3¢/ +29),

c=0¢"1(¢" =3¢ +20)(¢" +¢' —20) + ((¢/) ! — ¢~ )(¢" — ¢)?

—(¢3) —6¢" +11¢/ — 60).

By Cauchy-Schwarz inequality, we see
R 3,€767 > e [(c + 2a + 4b)[€"]* + (a + b)( Z goa)
(32 €T + (a4 b) Z €1 + Z et ?)

a=2
aa |2
ol > e,
a=2

and we also see

a+b=¢""((¢) - ¢¢"),

From a

99



100 Bing-Long Chen and Xi-Ping Zhu

c+2a+4b=(¢))7H((¢")? — ¢'¢!V).

Thus to show that the curvature operator is strictly positive on the subspace
AP of (1,1)-forms we only need to verify the following inequalities:

(A) a>0;

(B) a+b>0;

(C) c+2a+4b>0;

(D) (a+0b)*< a-(c+2a+4b).

n —

VERIFICATION OF (A). Recall from (7.8) with ¢ = (—1)"+1n!(1 — ) that

1 nn n l
O = SarigT (Ve (1 i .
j=n
1 n n n .- (_)‘QS)J
= S W () - ) 3D SR (o)
j=n+1
We thus have
a=¢—¢
(A—D)n! R G
j=n+1
Denote by
k = (—=z)
folz) = (=D)F> —, k=0,1,---,n+1, forz>0
=%
Clearly
f'r,z-f—l:fna f;L:fnfb ) fé:fb f{:f():e_x>0'
Then we deduce from (7.11) that
_ (A-n ~————fur1(\p) > A>1 (7.12)
)\n+1¢n 1Jn+l 0, as ) :

VERIFICATION OF (B). By (7.7) and (7.11) we have
¢"6 — (¢)? = (n+ ¢)o¢' — (n + Ad)(¢')’

_ (A=D¢

= W[(n + A0)n! fup1(Ag) — (Ag)" ).
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Denote by
gr(x) = (k—1+2)(k—Dfp(z)—2F, k=1,--- ,n4+1, forz>0.
It is easy to check that

Gi1 =NGn,  Gp =M —1)gn-2, -+, go=g1=—ze ¥ <0
Then we deduce that
a+b=¢71((¢)? — p¢")

= A i (00)

>0, asA>1. (7.13)

VERIFICATION OF (C). By (7.7) and (7.10) we have

¢(3)¢/ B (¢//)2 — (ﬂ”)/
(¢/)2 ¢/

= (46—

_¢
-5

—(n =1+ X¢)(n+¢)¢|

n—1

¢
[0 4+ (n—1+ (n— 1+ \p)?)¢'

+ X))

:z;[¢2+(n—1+(n—1+)\¢)2)

—(A=Dnlfn1(A0)) — (n = 1+ A0)(n + ¢)¢]

n+1 n
)\n+1¢n—1 ()\ - ¢

'A—=1
= 000 -2 400)
—nl(n =1+ (n— 14262 fusr (AD)]
Note that .
fn(x) = % — fn+1($), for z > 0.
We thus have
#IY — (¢")? _ (A= 1)
(¢')? (Ap)ntt

—n(n — 14 Ao)(Ae)"]. (7.14)

[(n—14 (n— 1+ A$)*)nlfu(Ag)
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Denote by

hp(z) = (k=14 (k= 1+ 2)Hk! fr(z) — k(k — 1+ 2)2",

k=1,2,---,n, forx>0.
It is easy to check that
B, =mnh, 1, h,_;=(0—1Dhy o, -, hh=2h =22*(—e"") <0.

n —

Thus we deduce from (7.14) that

c+2a+4b= (&) ((¢")* — ¢'6®)

_ (A =1)(¢)?
= W(—hn()@))
>0, as A > 1. (7.15)

VERIFICATION OF (D). From (7.12), (7.13) and (7.15), we have

a-(c+2a+4b) — (a + b)?

n—1
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N2(A—1)2 n
= (C?)?ngr/}qbn)? [n — 1n!fn+1()\(;5)(n(n —1+29)(A9)"

—(n =1+ (n—1+A¢)*)nlfr(Ag))
—((A)™ = (n 4+ Ap)n! i1 (X))

N2(x—1)2 n n
-Gt - 4000001 600y

—(n =1+ (n =14 20)")n!fn(A0))
(A)"

n!

~((A)"! = (n+ Ad)nl( Fa(20))%]

_ (¢ - 1)2[ n
- ()\n+1¢n)2 n—1

—((n =1+ (n—14X¢)*) +n(n—1+ A))(Ad)"n! fn(Ad)
+(n)?(fn(A))*(n = L+ (n— 14 X)) — (n+ Ap)*(n))*(fn(A9))?
—2(n 4 Ap)n! fr(Ag) - n(Ad)™ + n2(Ap)*"]

n2(N2( N — 1)2
- (n _(d)li(/(\i\htl;?)zp [((n— 1)1 fn(Ag))?*(n(n — 1

+(n—1+4Xp)%) — (n— 1)(n + Ap)?)

—(n =D fn(Ad)((n =1+ (n — 1+ Ap)?

(n(n — 1+ Ap)(Ap)*"

+n(n =1+ A0))(A)" = 2(n — 1)(n + Ad)(Ae)") + (A$)*" ]

n2 N2y _ 1)2 X 9
- (@3 —(A1)(A12+(1J;,f;2¢)) [(n = 1)1 fa(Xg))?

—(n = Dfa(A)(A)" +n(2e)" 1) + (Ae)*" ], (7.16)
Thus to verify (D) it is sufficient to prove the following inequality

((n— 1)!fn(m))2 — (n—=D!fp(z)(z" + n:v”_l) + 221 >0, (7.17)
as x > 0.
Set

L(z) = ((n — )" fo(x))? — (2" + na" ") ((n — 1)1e® fi(x)) + 2?1,
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for £ > 0. By noting that

(€"fn(x)) = €"(fn(x) + fo-1(z))

. xn—l
PR
We compute
21 1
(L(x))" = 2e**((n — 1)) fo(z) - S X (2" 4+ ") (n — 1)!(n — )1

—e2 (2" 4 2n2™t + n(n — 1)z" %) (n — 1) fu(z)
+2€2m$2n_1 + (2n o 1)621x2n—2
= 22" 2[(n — 1) fu(2)((2 — 2n)z — 22 — n(n — 1))

2" (n - 1)2").
(7.18)
Denote by

I(z) = (n—Df(2)((2-2n)z — 22 —n(n —1)) + 2" + (n — 1)z, for z > 0.

By a direct computation,

()™ = —(n—1)! kznjo (Z) (fa(@)® M (2(n — Dz + 2* + n(n — 1))V
+(n+Dlz+ (n—1) - n!
=—(n—De*2n-Dr+2®+nn—-1))+n(l—e*)(2n-1)
+22) +n(n—1) (e —1+z)] + (n+ Dz + (n — 1) -n!
= (n —1)le %2z — 2?).

Thus
(1(2) "D = (n—1)122e® >0, forz>0.

Noting that
1(0) = 1'(0) = --- = 1"""D(0) = 0,

we deduce that
l(x) >0, foraz>0.
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Hence by combining with (7.18) we know that
L) = 2 [((n — DUu(@))? — (1~ Dful@)(a" + na" ) 4 227
> 0, for z > 0.

So we have verified the inequality (D).

Summarizing above, we have shown that the complete Kahler metrics g,5 =
dadzu(t) obtained by solving (7.8) for each A > 1 with ¢ = (—1)"*'n!(1—X) have
strictly positive curvature operator on the subspace of (1,1)—forms.

Finally we study the volume growth and the curvature decay of the Kahler
metrics. The following asymptotic volume and curvature decay properties seem
already known to Cao(see for example [3]). Since they haven’t appear in litera-
tures explicitly, we would like to include them as follows.

From the equation (7.8) one can see that ¢ tends to +o00 as ¢t — 400 and

Adop

=) svom

which implies that ¢ is asymptotic to ex as t — +0o. And then from the equa-
tion ¢’ is asymptotic to %e%. Since the metric 9o = 8a83u(t) is rotationally
symmetric, it is clear that the straight line through the origin are geodesics and
the distance function d from the origin O is a function of ¢ only and is given by

d:/(:@dr
:;/_;\/&dt

by using (7.2). It then follows that the geodesic distance d is asymptotic to Ve
as t — +o00. By (7.3), (7.4) and the asymptotic behaviors of ¢ and ¢’ as t — +oo,
we have the scalar curvature

R=g¢"R,;
= ('™ 0ap + Z52a((¢') " = ¢71))0ad5(nt — (n — 1) log ¢ — log ¢)

=0(¢7")
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And by (7.4) and the asymptotic behavior of ¢ as ¢ — 400, we have the volume
growth

d
Vol(B(0,d)) = wgn_l/ det(ga[;)TQ”*ldr
0

o Woan—1 t / n—1
~ e [ et

_ Win-1 g
2n ¢

Won—1, t
= 2” (ex)"™ 4+ lower order terms
n

Woy—
= 220120 4 Jower order terms, as d — 400,
2n A"

where B(O, d) is the geodesic ball centered at the origin O and of radius d with
respect to the Kéhler metric 9op = Oa(?@u(t), and way,_1 1s the area of the unit
sphere $?"~1. The standard volume comparison theorem thus gives

Woan—1 2n
[(B(x,d)) > ——d
VO( (x7 )) — 2”)\”

for any x € M,d > 0.

Therefore the complete Kéhler metrics g,5 = 0a0zu(t) obtained by solving
(7.8) for every A > 1 satisfy all the assumptions of Theorem 3.
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