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§1. Introduction

The purpose of this paper is to give a natural (unconditional) construction of a
family of non-tempered Arthur packets of Gy, and to construct the submodule
in the space of square-integrable automorphic forms associated to these Arthur
packets. A surprising aspect of our definition is that a representation in one of
these local Arthur packets can actually be reducible. To the best of our knowl-
edge, this is the first instance of such a phenomenon for split p-adic groups.

Our construction is based on an earlier paper of Rallis and Schiffmann [RS]
which we recall briefly. In the paper [RS], Rallis and Schiffmann constructed
a lifting of cuspidal automorphic forms from the metaplectic group ﬁg to the
split exceptional group of type G2 over a number field F. This was achieved by
exploiting the fact that SLy x G is a subgroup of S'Ls x O7, which is the classical
dual pair in Spi4. The lifting is then defined using the theta kernel furnished by
the Weil representation wq(;) of 5’;)14 (which depends on the choice of an additive
character ).

The surprising discovery of Rallis-Schiffmann is that, despite restricting from
Or to the smaller group G2, one still obtains a correspondence of representations.
More precisely, if o is an irreducible cuspidal representation of SLo(A), let V(o)
be the theta lift of o; it is a non-zero subspace of the space of automorphic forms
on G9. Then the main results of Rallis-Schiffmann are:

e V(o) is contained in the space of cusp forms if and only if the theta lift
(associated to 1) of o to SOz (studied by Waldspurger) is zero.

e The cuspidal representations obtained as lifts from §ng are characterized as
those having a non-zero period with respect to some quasi-split SUs (which
is a subgroup of Gs).
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e The local correspondence of unramified representations is precisely deter-
mined. In particular, when V(o) is cuspidal, the local components of each
irreducible constituent of V(o) are determined for almost all places v, in
terms of the local components of o.

e As a consequence of the unramified correspondence, the irreducible cuspidal
representations contained in V(o) are non-generic and CAP with respect
to the Heisenberg parabolic or the Borel subgroup of Go. This gives the
first construction of CAP representations of Gs.

In this paper, we complete the study initiated in [RS] by giving a precise
determination of the representation V(o). The first step in this is the complete
determination of the local theta correspondence. Since the archimedean corre-
spondence has to a large extent been determined by Li-Schwermer [LS], we shall
only discuss the non-archimedean case here. More precisely, if v is a p-adic place
of F' and o0, an irreducible representation of SLs(F,), the maximal o,-isotypic

quotient of w(? can be expressed as 0, ®6(0,), where §(o,) is a smooth represen-
tation of Ga(F,). Let ©(0,) be the maximal semisimple quotient of §(o,). Our
main local result is:

(1.1) Theorem ©O(o,) can be completely determined for any o, (to the extent
that classification of representations of Ga(Fy) is known). It turns out that ©(oy)
is irreducible except when o, = wiy (the even and odd Weil representations of

SLy(F,) associated to 1, ). In these two exceptional cases, ©(oy) is the sum of 2
unipotent representations.

A precise statement of the results is given in Theorem 2.16.

We now turn to the global situation. For any cuspidal ¢ on ;S/TEQ, one can show
that V(o) is contained in the space of square-integrable automorphic forms. Thus
V(o) is semisimple and is a non-zero summand of O(o) := ®,0(0,). Our precise
local result immediately shows that V(o) = ©(c), whenever o, is not the even or
odd Weil representations associated to v, for any place v, since ©(0o) is irreducible
then. However, when ©(o) is reducible, there are more than one possibilities for
V(o). The determination of V(o) in this case is easily the trickiest part of the
paper. In any case, our main global result (Theorem 3.7) says:

(1.2) Theorem If o C Ay, i.e. o is not an irreducible summand of any Weil

~

representation, then V(o) = 6O(0).

In fact, one can define the theta lift of any square-integrable automorphic
representation of SLo by a regularization of the theta integral. Thus, one can
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speak of the regularized theta lift of the orthogonal complement of Agg, which
consists of the Weil representations of SL,. One can show that the space of
automorphic forms of G2 thus obtained is precisely equal to that constructed
in [GGJ], by restriction of the minimal representation of the various quasi-split
Sping’s.

Let us highlight a corollary of the global theorem above. It pertains to the
question of whether there are cuspidal representations of GGo with non-zero SLs-
period. Such cuspidal representations should be very scarce, but can be obtained
by restriction from the minimal representation of split Sping [GGJ]. It wasn’t
known previously if other S'Ls-distinguished cuspidal representations exist. Now,
as a consequence of our global theorem, we know that they do. Indeed, when o C
Ago is such that its theta lift to SO3 is non-zero, we know from [RS] that V(o) is
not totally contained in Acysp(G2). However, this does not exclude the possibility
that V(o) N Acysp(G2) is non-zero. In [RS, Pg. 823], Rallis-Schiffmann remarked
that they do not know if such a possibility can actually happen. Our global
theorem implies that it does, and the cuspidal representations thus obtained are
S Ls-distinguished.

This paper serves as an announcement of some of the results of the longer
paper [GG]. In particular, though we provide a precise statement of the local
theorem, we do not give its proof here. We do, however, give the proof of the
global theorem, since it provides a justification for our definition of the local
Arthur packets, especially in the case when the local packet contains a reducible
representation. The details can be found in Section 4. In [GG], we provide further
justification of the correctness of our local packets by showing that the spaces we
constructed are full near equivalence classes; this last aspect will not be discussed
here.

§2. Local Results

In this section, we shall state our precise local results. For this, we need to intro-
duce a number of notations and recall a number of background facts. Throughout
this section, F' will denote a non-archimedean local field of characteristic zero,
and we fix a non-trivial additive character ¢ of F'. For any a € F*, we let ¢, be
the character defined by 94 (z) = ¥ (ax).

(2.1) The group SL(2). The group §E2(F ) is a topological central extension
of SLy(F) by {£1}. As usual, we shall let T denote the diagonal torus of SLs
and N the group of unipotent upper triangular matrices. Hence B = T'N is the
usual Borel subgroup. For a subgroup H of SLy(F), let H be its inverse image
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in SLy(F).
One can define a character x,; of T by:

xu(t(a),€) = € v/ Yy,

where t(a) = diag(a,a™'), e = £1 and 7, is the 8th root of unity associated to
¥ by Weil. Let us recall the classification of irreducible genuine representations

(2.2) The Weil representations of ﬁz(F ). Let x be a quadratic character of
F* (possibly trivial). Then x corresponds to an element a, € F*/F*?. Associ-

ated to x is a Weil representation w, of SLy(F'). As a representation of SLy (F),
wy is reducible. In fact, it is the direct sum of two irreducible representations:

— ot -
Wy = Wy éBwX,

where w, is supercuspidal and w;‘ is not.

(2.3) The principal series. The principal series representations of SLo (F') can
be parametrized by the characters p of F* (cf. [W2, Pg. 225]). The representa-
tion associated to p is the induced representation

- ST 1/2
(p) = Ind; 2xw-5,§/ p

Note that this parametrization depends on the additive character ¢. Now we
have:

(2.4) Proposition (i) 7(u) is irreducible if and only if p> # | — |*', in which
case () = 7(p~t).

(i) If p = x - | — |2 where x is a quadratic character, then we have a short
exact sequence:

0 —— spy —— () —— wi —— 0.

We call sp, the special representation associated to x.

(i5i) If p = x - | — |~Y/2, then we have a short ezact sequence,

0—>w;—>7~r(,u)—>spx—>0.

 The proposition gives all the non-supercuspidal genuine representations of
SLs(F). The other irreducible representations of SLo(F) are all supercuspidal,

including the wy’s introduced above.
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(2.5) Whittaker functionals. For any a € F'*, let ¢, be the character of N

defined by:
lx
(0 1) — 1(ax).

It is known that
dim(on .y, ) < 1.

We say that o has a 1,-Whittaker functional if oy, # 0. It is also known that
any genuine ¢ has a 1,-Whittaker functional for some a. We let

F(o) ={a € F*: o has a 1,-Whittaker functional}.

~

Clearly, F'(0) is a non-empty union of square classes.

(2.6) The Weil representation of SLy(F) x SO(V,q). If (V,q) is a quadratic
space, then as is well-known, one can define a Weil representation w, , of the

group ﬁQ(F) x SO(V,q). For example, if x is a quadratic character of F'’* and
(V,q) is the rank 1 quadratic space (ay), then wy, , is simply the representation

of SLy(F') denoted by wy in 2.2.

Let (Vin, ¢m) be the (2m + 1)-dimensional quadratic space (1) @ H™, where H

is the rank 2 hyperbolic space. We shall write wl(pm) for the Weil representation

of SLa(F) x SO(Vim, Gm).

(2.7) Waldspurger’s lift and packets for S’EQ(F) By a detailed study of
the representation wy, 4 as (V, q) ranges over all 3-dimensional quadratic spaces
[W1,2], Waldspurger defined a map Wd,, from the set of irreducible represen-

tations of ﬁg(F ) which are not equal to w;g to the set of infinite dimensional
representations of PGLy(F'). This leads to a partition of the set of such rep-
resentations of S’zg(F ) indexed by the infinite dimensional representations of
PGLy(F). Namely, if 7 is such a representation of PG Lo(F'), we set

A, = inverse image of 7 under Wd,.
It turns out that

~ 2 if 7 is discrete series;
#AT - {

1 if 7 is not.
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In the first case, the set A, has a distinguished element o, which is charac-
terized by the fact that 7 ® ol is a quotient of wl(i). The other element of A, will
be denoted by o-. In the second case, we shall let o(7)" be the unique element
in A, and set o(1)” = 0.

(2.8) The group G3. Now we come to the split group Go. It is the automor-
phism group of the octonion algebra Q. Like the quaternion algebra, the octonion
algebra carries a quadratic norm form N and a linear trace form 7Tr and these
are preserved by Go. Let V be the space of trace zero elements in O, equipped
with the quadratic form ¢ = —N. Then (V,q) is isomorphic to (V7,q7) and Go
acts as automorphisms of (V,¢). This gives us an embedding Gy — SO(Vz,q7).

The group G5 has two conjugacy classes of maximal parabolic subgroups.
One of them is the Heisenberg parabolic Po = Ls - Us, with Us a 5-dimensional
Heisenberg group. Denote the other maximal parabolic by P} = Ly - Uy. Its
unipotent radical U; is a 3-step nilpotent group. In both cases, the Levi subgroups
are isomorphic to GLs and we fix these isomorphisms.

Now let us recall some facts about representations of Ga(F').

(2.9) Langlands quotients. Let 7 be a tempered representation of GLy(F')
and s > 0. In the following, we shall use standard notions for the representations
of PGLy. For example, St denotes the Steinberg representation, St, the twist of
St by the quadratic character y and 7w (u1, o) for a principal series representation.
Now the induced representations

Ip,(1,5) = Ind$26% - 7 - |det|*
has a unique irreducible quotient Jp, (7,s). The reducibility points of these in-

duced representations are known by [M, Thm. 3.1 and Thm. 5.3].

(2.10) Degenerate principal series. Consider now the induced representation
Ga <1/2
Ip (n) = Indpfdpi (o det),

where p is a character of F*. The following was shown in [M, Thm. 3.1 and
Props. 4.1, 4.3, 4.4]:

(2.11) Lemma Assume that |pu| = | — |* with Re(s) > 0. Then Ip,(n) is irre-
ducible unless 1> = | — | or = | — |>/2. For these exceptional cases, we have the
following non-split exact sequences:

(i) If n = x| — |2, with x # 1 a quadratic character, then we have:
0 —— JP2<StX71/2> - IP1(M) - JP1<7T(17X)ﬂ1) — 0
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(ii) If = | — |'/2, then we have:

0 —— Jp,(St,1/2) —— Ip,(n) —— Jp,(7w(1,1),1) & Jp,(St,1/2) —— 0

(iii) If p = — "2,

0 —— Jp,(St,3/2) —— Ip, (1) 1 0

(2.12) Uj-spectrum. The Lo(F')-orbits of characters of Us(F') can be naturally
parametrized by cubic algebras over F' (cf. [GGJ]). For a cubic algebra E, let
us write ¥g for a character in the corresponding orbit. The Us-spectrum of a
smooth representation m of G4 is the set of those cubic algebras E such that the
corresponding twisted Jacquet module 7y, 4, is non-zero. In this paper, we shall
only look at the cubic algebras of the form F' x K where K is an étale quadratic
algebra. We set

F(r)={a€ F*: K, = F(ya) is in the Uy-spectrum of 7}.
Clearly, F(r) is a union of square classes.

(2.13) Some unipotent representations. We recall the results of [HMS]
concerning the restriction of the (unique) unitarizable minimal representation Ik
of the quasi-split Spin’<(8) to the subgroup G, where K is an étale quadratic
algebra. The representation Ilx is trivial on the center of sz'ng and can be
extended to a representation of SO . Any such extension will be called a minimal
representation of .S Oé( and each has the same restriction to Go. Now we have:

(2.14) Proposition (i) When K = F x F,
Il = Jpl(’iT(l, 1), 1) ®2- Jp2(St, 1/2) b me

where ¢ 18 supercuspidal.

(ii) When K is a quadratic field, with associated quadratic character x,

i = JP1 (ﬂ-(]-a X)) 1) ® 71-(X)
where 7(x) is supercuspidal.

For a given K, the irreducible constituents of IIx obtained in the above
proposition make up a unipotent Arthur packet, as explained in [GGJ].
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(2.15) The Weil representation for SLy (F) x G2(F'). Finally, we are in a po-
sition to describe our main local theorem. Since G is a subgroup of SO(V7, q7),

we may restrict the representation wg) to §/L2(F) x G2(F'). Given a representa-

tion o of ﬁQ(F), we have defined the smooth representation (o) and (o) in
the introduction. The main local theorem is:

(2.16) Theorem The representation 0(c) is non-zero and admissible. More-
over, we have:

(a) (Principal series) If o = () is an irreducible principal series (so that
p2 # | = [*1) with p # | — /2, then
0(0) = I ().
’ _ |:t5/2)

In particular, (o) = (o) is irreducible, unless o = 7( , in which

case O(o) is the trivial representation of Gs.

(b) (Special representations) If o = spy, then

6(0) = Ip,(Sty, 1/2) if x # 1;
IR (St 1/2) if x =1

(c) (Weil representations) If o = w; where x 18 a quadratic character of F*,
then

oy - [0 T2
JP1 (7T(1, 1)a 1) D Jp2 (St7 1/2) ZfX —1

If o = wy, then
. 1.
ooy [T X FL
Jp,(St,1/2) ® e if x = 1.
Here w(x) and 7 were defined in Prop. 2.14.

(d) (Supercuspidals) Suppose that o is supercuspidal and o # wy for any Xx.
Let 7 = Wdy(o). If o = of, then

0(c) = Jp,(1,1/2).

If o = 07, then 0(0) is an irreducible non-generic supercuspidal represen-
tation such that

F(0(c)) = F(o).
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Moreover, if 8(c) = 6(o’), then o = o’.

The main ingredients in the proof of the theorem are the computation of the

(M)
¥

Jacquet and Fourier-Jacobi functors of w,’ with respect to various unipotent

subgroups of SL, and Go, as well as the the study of the Us-spectrum of 6(c) in
terms of the N-spectrum of o.

(2.17) Remark Even though we have restricted ourselves to the non-archimedean
case in this section, the archimedean correspondence can also be completely de-
termined. To a large extent, this was already done by Li-Schwermer [LS].

§3. Global Results
In this section, we let F' be a number field with adele ring A and fix a non-trivial

additive character ¢ of F\A. We shall describe our main global results below.

(3.1) Cusp forms of SEQ(A). Let A% denote the space of square-integrable
genuine automorphic forms on SLy(A). Then there is an orthogonal decomposi-
tion

A? = AP (@AQ :

Here, x runs over all quadratic characters of F*\A*.

Let us describe the space A, more concretely. If w, = ®,w,, is the global
WEeil representation attached to x, then the formation of theta series gives a map
Oy 1wy — A2, whose image is the space A,. To describe the decomposition of
Ay, for a finite set S of places of F', let us set

wy,s = (Qveswy,) ® (Rygswy)

so that
Wy = @w%g.
S

Then we have

1

Ax

D s

#S even

Moreover, wy g is cuspidal if and only if S is non-empty.
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(3.2) Near equivalence classes. In a profound piece of work [W2], Wald-
spurger has described the near equivalence clases of representations in Agy. Ear-
lier, in [W1], he has shown that Ao satisfies multiplicity one. Let us describe his
results.

Given a cuspidal automorphic representation 7 = ®,7, of PGLa, we define
a set of irreducible unitary representations of SLa(A) as follows. Recall that for
each place v, we have a local packet

flm = {ajv oo}
where o, = 0 if 7, is not discrete series. Now set
A, ={0=2,02 : ¢, =+ and ¢, = + for almost all v}.

This is called the global packet associated to 7.

For 0 = ®@,07 € fL-, let us set
e =]
v

Then we have:

Awn= P A

cuspidal 7

where each A(7) is a near equivalence class of cuspidal representations and

A(r) = @ o.

UEAT:eg:e(T,1/2)

(3.3) Fourier coefficients. For a character x of N(F)\N(A), the x-Fourier
coefficient of an automorphic form f of SL(A) is the function defined by

fm = [ X(1) - f(nh) dn.
N(F)\N(A)
Say that o has missing x-coefficient if f, = 0 for all f € 0.

(3.4) Global theta lift. Let wg) = ®vw1(p7v) be the global Weil representation

of 3\]/914(1%) associated to 1. By the formation of theta series, we have a map

0 : wg) — A(Spya).
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Now if ¢ C A? is a cuspidal representation of SLo(A), then we let V(o) denote
the linear span of all functions on G3(A) of the form

0(e, )(9) = (9)(gh) - F(h)dh,  for p € wl and f € 0.

6
/E’iz(F)\giz(A)

The complex conjugate over f(h) is introduced to ensure the compatibility of
global and local theta lifts.

From the results of [RS], one deduces:

(3.5) Proposition The space V(o) is non-zero and is contained in the space of
square-integrable automorphic forms on Ga, so that V(o) is semisimple and is
a non-zero summand of ©(c) = ®,0(0y,). It is contained in the space of cusp
forms if and only if o has missing 1 -coefficient.

(3.6) Regularized theta lift. It is desirable to extend the definition of the
theta lift to all summands of A2, i.e. for the non-cuspidal representations Wy, S
(S empty). Let us explain how this is done.

(1)

For simplicity, let us take the case when x = 1 is trivial, so that w; = Wy -
With Vg := V7 @ (=V1) = H*, we have the following seesaw diagram:

S~L2 X S~L2 SO(‘/S)

<

ASLy Go

As a representation of Ga(A) x ASLa(A), wg) ®w$) is (a dense subspace of) the

restriction to SO(Vg)(A) x ASL2(A) of the Weil representation Wy, of %16(A).
Let © : Wy — A(%lﬁ) be the usual theta map. In particular, for ¢ € wg) and

fe wl(;), the function

(g, h) = 0(p)(gh) - f(h)
is the restriction to G2(A) x ASLs(A) of the element ©(¢p ® f). It follows that

the absolute convergence of 0(¢p, f) is equivalent to the absolute convergence of

/ Ol ® f)(gh)dh
ASLy(F)\ASLs(A)

for all g € G2(A).

119
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Now the convergence of this latter integral is a well-studied problem in the
topic of regularized Siegel-Weil formula. In our case, if we realize Wy, in the
Schrodinger model S(Vg(A)), it is easy to see that the integral of O(®) (for
® € Wy) over AS Ly converges absolutely iff Wy, (h)®(0) = 0 for all h € ASLy(A).
So if ¢ ® f has this property, then the integral (¢, f) converges. This is the case,
for example, if f lies in w, g with S non-empty.

In general, the map sending ® to the function h — Wy (h)®(0) gives a
(SO(Vg) x ASLg)-equivariant map

T:Wy — I nd%L2 6% (unnormalized induction).

Now fix an archimedean place vy. It is clear that one can find an element Z in
the center of the universal enveloping algebra of ASLs(F,,) such that

B {1 on the trivial representation;

0 on the above principal series.

Then Wy, (Z)® lies in ker(T) and this allows us to define the regularized theta
lift:

07 (¢, f)(9) = O(Wy(2)(¢ @ f))(gh)dh.

/ASLz(F)\ASLg(A)

Note that there is a unique equivariant extension of the theta integral from
Ker(T) to Wy. Hence the regularized theta lift defined here is canonical.

Let
V = regularized theta lift of A,.

Then a consideration of the above see-saw diagram and [GRS, Theorem 6.9
(which says that the regularized theta lift of the trivial representation of ASLs is
a minimal representation of SOg) gives the first part of our main global theorem:

(3.7) Theorem (i) The space V, is equal to the space of automorphic forms
obtained by restricting the automorphic minimal representation of the quasi-split
Sping‘. The latter space consists of square-integrable automorphic forms and was

determined in [GGJ] as an abstract representation.

(i) If o C Ao, then V(o) = O(0).
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(3.8) Sketch proof. We give a sketch of the proof of Theorem 3.7(ii). Clearly,
there is nothing to prove if ©(o) is irreducible. In general, the proof is achieved
by studying the Fourier coefficients of (¢, f), as we now explain.

We begin with some generalities which hold for any cuspidal o. Recall that,
with the character 1 as a base point, the T-orbits of Fourier coefficients for SLs
are parametrized by quadratic F-algebras. If o C Agy, then o has at least 2
non-vanishing (T—orbits of) Fourier coefficients, whereas the representation w,, g
supports only one Fourier coefficient, namely the one determined by the quadratic
character y. For a quadratic field K, we shall let @K denote a character of
N(F)\N(A) in the orbit indexed by K.

As for G4, we shall consider Fourier expansion along Us, in which case the
Lo-orbits of Fourier coefficients are parametrized by cubic F-algebras. For a
quadratic field K, we shall let ¢i denote a character of Us(A), trivial on U (F),
which lies in the orbit indexed by F' x K. For (¢, f) € V (o), we set

0(, [yx(9) = Vic(u) - 0(p, f)(ug)du, g€ Ga(A).

/Uz(F)\Uz(A)

Let W(o, 9 i) denote the span of all the functions (¢, f)y, with varying ¢ and
f € 0. Then we have a G2(A)-equivariant surjective map from V(o) to W(o, ¥k ),
so that W(o,vk) is a semisimple representation of G2(A) and is a summand of

O(o).

(3.9) Proposition The space W(o,vk) is non-zero iff o has non-zero Dk -
Fourier coefficient. In this case, if f = Qufy, and p = Qup,, then one has
an erpression:

9(@) f)wK (g) = HWWKT, (‘;01)7 fvagv)

(7) and

where Wy, (@v, fv,gv) 18 a local expression depending only on ¢, € W

fv € 0y (and the character Yy, ).

Let W(oy,%k,) denote the span of all the functions Wy, (¢v, fu, —), with
varying ¢, and f,. Then as a corollary, we have:

(3.10) Corollary As a representation of Ga(A),

W(Ja wK) = ®UW(UU7 va)

and W(oy, Yk,) is a non-zero summand of ©(ay).

121
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(3.11) The proof. Now suppose that o C Agp. Choose a quadratic field K so
that o supports a 1 g-Fourier coefficient. Then to prove the theorem for o, it
suffices to show that:

W(oy, VK,) = O(oy) for all v.

Again this is clear if ©(oy) is irreducible. Hence, we are reduced to showing this
for the representation Wi, with K, = F, x F,,. More precisely, we need to show
that

W(WQZ,U?va) = @(w;v) = JPZ(St'U? 1/2) @ Trﬁv'

It is likely that there is a purely local proof of this statement. However, we shall
present a local-global argument which we find rather amusing.

(3.12) A local-global argument. Suppose we want to prove the local state-
ment above for a place vg. Choose a quadratic field K split at vg, and let xx be
the quadratic character corresponding to K. Let v; be another place where K is
split and set Sp = {vo,v1}.

Consider the two representations m; and my of G2(A) defined as follows:

”6 1 6 76 i = ];
1)v d 7[‘2 v P i’U7 I 2 f — ;
Jll( (]‘JX’U)71) ifv § SO 2 1II v ’UO

JP1 (77(17XU)7 1) if v gé SO-

By the results of [GGJ], we know that 71 and 79 occur with multiplicity one in the
restriction of the minimal representation of sz’n{f . Hence, by Theorem 3.7(i), 7
and 7y occur with multiplicity one in V, ... So they must occur in V(w,, ) for
some S of even cardinality. By our local results, one sees that the only possibility
for S is Sy. Hence we have:

T @ T C V(Wyy,S0)-

Now since wy,, s, has non-zero @Z;K—coefﬁcient, we have a surjective map from
V(wyg.S,) onto the non-zero space W(wy,.s,, ¥k ). In fact, by results of [GGJ],
this map is non-zero when restricted to any irreducible summand of V(wy s,)-
Hence, for i = 1 or 2, m; C W(wyy,50, ¥k) and thus (), C W(wlzvo,wkvo),
which is what we desire to prove.

§4. Arthur Packets

In this section, we shall explain how our main results allow us to give a definition
of a family of Arthur packets for Gs.
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(4.1) Arthur parameters. Let Ly be the conjectural Langlands group of F.
We shall be considering a family of Arthur parameters for Ga:

w : LF X SLQ((C) — GQ(C)
To write down the relevant family, let us observe that
SLQJ X o SLQ,S C Gy

where (SLg;,SLag) is a pair of commuting SLy’s corresponding to a pair of
mutually orthogonal long and short roots. Now suppose that 7 is a cuspidal
representation of PG Ls. Conjecturally, 7 corresponds to an irreducible represen-
tation

¢ Lp — SLy(C).

We define an Arthur parameter by

br s L % SLo(C) 2% §Ly,(C) x SLy(C) i

G5(C).

If Sy, is the component group of the centralizer of -, then Sy, = Z/2Z.

The global parameter gives rise to local parameters 1, for each place v. The
local component groups Sy, are given by

g 1, if ¢, is reducible
Vrt T\ Z)27,if ¢ is irreducible.

Note the the condition ¢, is irreducible is equivalent to 7, being a discrete series
representation of PGLy(Fy).

(4.2) Local Arthur packets. Now Arthur’s conjecture (cf. [A1,2]) predicts
that for each place v, there is a finite set A, , of unitary representations of Ga(F})
associated to 1r,. The representations should be indexed by the irreducible
characters of Sy,_,. Hence, in our case, A;, has the form:

s - {3},  if 7y is not discrete series
v {m}t m },if 7 is discrete series.

Here, WTt is indexed by the trivial character of S .

The set A, , is called a local A-packet, and should satisfy
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e for almost all v, 77;2 is irreducible and unramified with Satake parameter

1/2
Sy =1 (tm X (qv _1/2>> € G»(C)
Q

where t,, € SLy;(C) is the Satake parameter of 7,.

+

e the distribution .

— 18 stable.

e certain identities involving transfer of character distributions to endoscopic
groups of G(F,) should hold.

(4.3) Definition of local Arthur packets. Now we can use Theorem 2.16
to give a natural candidate for the packet A, ,. Recall that 7, determines a set
A, of representations of SLy(F,). This has 2 or 1 elements o, depending on
whether 7, is discrete series or not. We set

= =0(c).

Tv Tv

This defines the packet A .

Why is this a reasonable definition? For one thing, when 7, is unramified, then
O(o;) is indeed irreducible and unramified with the required Satake parameter

srv. As a second justification, we consider the following special case.

(4.4) A special case. We would like to highlight the case when 7, is the
Steinberg representation St. In this case, according to our definition,

Th = O(wy, ) = Jp,(5t,1/2) + me
T = @(Spl) = Jpl(st, 1/2).

For the case of split p-adic groups, this is the first instance we know in which the
representation in a packet can be reducible, and this is quite surprising at first
sight. The initial guess would be to take 7 simply as Jp,(St,1/2). However,
we have:

(4.5) Proposition Assume that the packet of unipotent representations in Prop.
2.14(i) is indeed an Arthur packet, so that Jp,(mw(1,1),1) + 2Jp,(St,1/2) + 7 is
stable. Then (Jp,(St,1/2) + m) — Jp,(St,1/2) is stable.

The proposition justifies our definition of 7r7‘; . A more powerful justification
is given by our global theorem 3.7, as we explain below.
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(4.6) Global A-packets. With the local packets A;, at hand, we may define
the global A-packet by:

A ={r =@, :1® € A;,, €, = £ and €, = + for almost all v}.

It is a set of nearly equivalent representations of Ga(A). If S is the set of places
v where 7, is discrete series, then #A, = 2#5.

To each m € A., one can attach a multiplicity m(w) as follows. Arthur
attached to v, a quadratic character €, _of the component group Sy, . In the case
at hand, €, is the non-trivial character of Sy, = Z/27Z if and only if €(7,1/2) =
—1. Now if 1 = ®,7% € A, set

() = L, if ex := 1], €v = €(7,1/2);
N0, i e = —e(r,1/2).

If we let
V= EB m,
TEAexr=€(m,1/2)

then Arthur conjectures that there is a Go(A)-equivariant embedding

Lt Vy s L2(Ga(F)\Ga(A)).

Now our global theorem 3.7 says that for the given 7, the global theta corre-
spondence constructs a subspace of L2(G2(F)\G2(A)) isomorphic to

@ O(0).
0€A ep=e(T,1/2)

This is isomorphic to V; with our definition of the local packets A;,. This
provides compelling global justification for our definition, especially for taking
7} to be reducible when 7, is Steinberg.
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