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Total Curvature of Graphs in Space

Robert Gulliver

Abstract: The Fary-Milnor Theorem says that any embedding of the cigle

into R? of total curvature less thatr is unknotted. More generally, a (finite)
graph consists of a finite number of edges and vertices. Given a topological type
of graphsI’, what limitations on the isotopy class bfare implied by a bound

on total curvature? Especiallyvhat does “total curvature” mean for a graphP

shall discuss several natural notions of the total curvature of a graph. Turning to
the problem of isotopy type, | shall then focus on the notionetftotal curvature
N(T') of a graphl’ ¢ R3, and outline the proof that i is homeomorphic to the
-graph, then\V'(T") > 3x; and if V(') < 4r, thenT is isotopic inR? to a planar
0-graph. Proofs will be given in full in [GY2].

1. INTRODUCTION: TOTAL CURVATURE

The celebrated &y-Milnor theorem states that a curve®¥ of total curvature at
most4r is unknotted [Fa], [Mi]. In the present paper, | shall emphasize the knotting
dimensionn = 3. As a key step in his 1950 proof, John Milnor showed that for a smooth
Jordan curvé’ in R3, the total curvature equals one-half the integral aver S? of the
numberyu(e) of local maxima of the linear functiofe, -) alongT’ ([Mi], p. 252). This
is equivalent to the definition of total curvature, as the supremum of total curvature of
inscribed polygons, whef is only continuous. The&y-Milnor theorem (even fof°
curves) follows, since total curvature less thianimplies there is a unit vecter, € 52
so that(eg, -) has a unique local maximum, and therefore that this linear function is
increasing on one interval & and decreasing on the complementary interval. Without
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changing the pointwise value of this height function, thereférean be isotopically
untwisted to a standard embedding®finto R3. The Fenchel theorem ([Fen]), that any
curve inR3 has total curvature at lea&t, also follows from Milnor’s key step, since for
all e € S?, the linear functior{e, -) assumes its maximum somewhere albngnplying
wu(e) > 1. Milnor’s proof is independent from the earlier proof of Istvaary which
takes a different approach [Fa].

I would like to discuss an extension of these results, replacing the simple closed curve
by a finitegraphI" in R3. T' consists of a finite number of points, thertices and a finite
number of simple arcs, tregeswhich each have as endpoints two of the vertices. The
graphs | shall consider are assumed connected valemceof a vertexq is the number
d(q) of edges which have as an endpoint. For convenience, | shall assume in this paper
that each edge is of clag® up to its endpoints. | shall also assume that at each vertex
g, thed(q) unit tangent vectors to the edgesloére distinct.

The first difficulty one encounters in attempting to extend the resultsaof Bnd
Milnor is a substantial one: to understand what is meant by the contribution to total
curvature at a vertex of valendéq) > 3. Recall that, for a smooth closed cuivethe
total curvature is

o(r) = /F F|ds,

wheres denotes arc length alofigand¥ is the curvature vectogz—;”, wherez(s) € R?
denotes the position IR? at arc lengths along the curve. For a piecewise smooth curve,
that is, a graph with verticeg, ..., gy having always valencd(q;) = 2, the total
curvature is readily generalized to

N

@ &) =Y cla) + [ IFlds,

i=1 T'reg
where the integral is taken over the separt@teedges ofl'; and where:(g;) € [0, 7] is
the exterior angle formed by the two edgedothich meet ay;. That is,cos(c(¢;)) =
(fl—ﬁ(q;’), ‘%(q{)) The exterior angle(q;) is the correct contribution to total curvature,
since any sequence of smooth curves converging ito C°, with C' convergence on
compact subsets of each open edge, includes a small arg;radang which the tangent
vector changes from approximatéj?(qi‘ )to approximatelyfli; (g;"). The greatest lower
bound of the contribution to total curvature along this disappearing arc egyals

However, the total curvature ofgraphwith vertices of valencé(q;) > 3, is rather
ambiguous, as we shall see in the next section.
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2. DEFINITIONS OF TOTAL CURVATURE FOR GRAPHS

When we turn our attention tographT" C R"™, we notice that the above definition for
valenced(q) = 2 does not generalize in any obvious way to higher valence. Whatever
the definition of total curvaturé(T"), in order to correspond with our intuition, we might
reasonably expect it to satisfy conditions such as the following:

(geom): C(I") is the total mass of a Borel measuwren ', where for any open set
U c T, k(U) depends only o/ and not onl'\U, in anQ(n)—invariant and
parameterization-invariant manner;

(curve): C(I") is consistent with equation (1) when all verticeslohave valence
two;

(scal): C is invariant under homotheties Bf*; and

(Isc): C is lower semi-continuous, i.eC(I") < limsupC(T'x) wheneverT, is a
sequence of graphs with homeomorphidms: I';, converging uniformly to the
identity.

It turns out that these four natural conditions allow a wide variety of notions of total
curvature for graphs (see Theorem 1 below). In particular, we may consider the follow-
ing three definitions:

(ve) In the calculus of variations, a natural notion of total curvature iv#r&ational to-

tal curvatureVC(I"), which may be defined as the least upper bound of the first variation
of length over variation vector fields having pointwise nogm [AA]. As the specific
choice forc(q) in equation (1), this means that one should use

where{T1,...,Ty} are the unit tangent vectors Idat ¢, pointing into thed = d(q)
edges withg as endpoint (thanks to Bill Allard). Note thaiC(I") satisfies(geom),
(scal)and(lsc) but not(curve).

(mc) The notion ofmaximal total curvatureMC(T") is defined withme(g), which in-

cludesall @ exterior angles at a vertex of valené¢eThat is,

me(q) = Z arccos(T;, —Tj).

1<i<j<d
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This time, MC(I") satisfies all four conditions defined above, although for some pur-
poses it may be unreasonably large.

(tc) In my previous work with Sumio Yamada on the density of an area-minimizing
rectifiable sed spanning’, we found that it was very useful to apply the Gauss-Bonnet
formula to the cone, with a poinptof 3 as vertex, over an Euler circuit of the double of

I' [GY1] (see also the next sections of this paper). The relevant notion of total curvature
in that context isone total curvatur€..(I"), defined usingc(q) as the choice fot(q)

in equation (1):

tc(q) := sup {Zd: (g — arccos(T;, e>)} .

6652 =1

Note that in the casé(q) = 2 of topological curves, the supremum above is assumed at
vectorse coplanar with the tangent vectdrs andT5 to I', and lying in the smaller angle
between them, so that(q) is then the exterior angle(q) atg. ThusCi.(I") satisfies
condition(curve). In fact, conditionggeom), (scalland(lsc) are satisfied as well. The
main result of [GY1] is thaRx times the density oE at any of its points is at most
equal toCi. (I"). The same result had been proved by Eckholm, White and Wienholtz
for the case of a simple closed curve [EWW]. In this case, takirig be the branched
immersion of the disk given by Douglas [D1] and RE®], it follows that if Cyt (T') <

47, thenX is embedded and therefofeis unknotted. That is, [EWW] provided an
independent proof of thedfy-Milnor theorem. Nonetheless, due in particular to the
lack of knowledge of boundary regularity for area-minimizing rectifiable sets enclosing
T, no conclusion about the isotopy classes of graphs follows from the results of [GY1].

To state matters another way, the results of [GY1] do not provide any conclusions
about the “unknottedness” of a graph under condition§;ei{I"). Moreover, there does
not appear to be any such result in the literature, whether or not related to minimal
surfaces, nor an appropriate definition of total curvature of a graph. Yamada and | will
shed some light on this situation in [GY2]; the present paper is an outline of some of the
results and their consequences. A number of mathematicians have largely succeeded in
extending the purely topological theory of knots (which does not include total curvature),
such as the theory of Reidemeister moves, to graphs; see for example [Ka] and [Y].

We now have three competing notiov§ (I"), MC(T") andC;.(T") for total curvature
of a graph; a fourth notion, calleget total curvature will be introduced in the next
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section, and turns out to be much more closely related to the problem of isotopy of
graphs.

As indicated above, the possible notions of total curvature satisfying the natural con-
ditions mentioned are extremely general:

Theorem 1. For each integerd > 2, let f; : [0, 7]%?=D/2 — [0, 00) be any Lipschitz
continuous, symmetric function, with Lipschitz norm at moddefine the contribution
to total curvature at a vertex of valencel, with unit tangent vector®y, . . . , T,; pointing
into the edges of at ¢, as

CC(q) = fy (dSnfl(Tl, TQ), dgn—1(T1, Tg), coeydgn— (Td,l, Td)).

Then

N
@) cer) =Y cela) +/ 7| ds
i=1 [reg
satisfies conditionggeom), (curve), (scal)and (Isc) above. If we define specifically
fa(x) := m — z, thenCC(T") also satisfies conditio(curve).

Proof. Condition(geom)follows readily from the definition ofc(q), since the spher-
ical distancelg.-1(1;,T;) is invariant under the grouP(n) of isometries ofR™. Ob-
serve that the integranid| ds is invariant under homotheties @"; condition (scal)
follows. Condition(curve) requires only the specific choigg(x) = = — z, so that
cc(q) is the exterior angle(q). It was observed in [Mi] that conditiofisc) implies con-
dition (curve). The lower semi-continuityisc) will be shown in [GY2]. [ ]

3. NET TOTAL CURVATURE OF A GRAPH

We next introduce the notion afet total curvature A/ (T"), which is the appropriate
definition for generalizingo graphsMilnor’'s approach to the total curvature ofirves
For each unit tangent vectdt at a vertexg, 1 < i < d = d(q), lety; : S — {—1,+1}
be equal to-1 on the hemisphere with centerBt and+1 on the opposite hemisphere
(values along the equator, which has measure zero, are arbitrary). We then define

d
3) ne(q) = ¢ /S 2 [Z yile)

=1

+
dAsz (6)
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In the casel(q) = 2, the integrand is positive (and equals 2) only on the set of unit
vectorse which have a negative inner product with b@thand7’ (up to measure zero).
This set is a lune bounded by semi-great circles orthogondl tand toT5», and has
spherical area equal to twice the exterior angle. So in this cage) is the exterior
anglec(q), and N/ (T") satisfies the four conditions of section 2 above.

We would like to explain how the net total curvatuk&T") of a graph is related to
more familiar notions of total curvature. Recall that a grdphas an Euler circuit (a
closed path which traverses each edgé @xactly once) if and only if its vertices all
have even valence; this theorem of Euler is given an elementary proof in [O]. Of course,
we do not have the hypothesis of even valence. We can attain that hypothesis for the
doublel of T': the graph with the same verticesIasbut withtwo copies of each edge
of I. Then at each vertex the valence as a vertex Bfis d(q) = 2d(g), which is even.

By Euler’s theorem, the doublé of T has an Euler circuif’, which may be thought of

as a closed path which traverses each edgeexactlytwice Now at each of the points
{q1,-..,q4} of T which are mapped to a vertexc I" of valenced = d(q), we may
consider the exterior angl€¢;). One-half the sum of these exterior angles, however,
depends on the choice of the Euler cirdtfit For example, if" is the union of ther-axis

and they-axis inR?, then one might choog& to have four right angles, or to have four
straight angles, or two right and two straight, with completely different results. In order
to form a version of total curvature at a vertgwhich depends only on the original graph

I' and not on the choice of Euler circdit, it is necessary to consider some exterior
angles as partially balancing others. In the example just considered, Whisrthe
union of two orthogonal lines, opposite angles will balance each other completely, so
thatnc(q) = 0, regardless of the choice of Euler circuit of the double.

The nature of net total curvature is clearer when it is localizedgranalogously to
[Mi]. In the cased(q) = 2, Milnor observed that the exterior angle at the vert@quals
one-half the area of the set efe S? such that the linear functiote, -), restricted to
I', has a local maximum at In our case, we would like to describe(q) as one-half
the integral over the sphere of the positive parhbfi(e, ¢), the number ohet local
maxima which is the difference of the number of local maxima and the number of local
minima at the point§qy, . .., qq}.

We need to show that

/ [nlm(e, q)]" dAg2(e)
SZ



Total Curvature of Graphs 779

is independent of the choice of Euler circuit, and in fact is equ&1to(q); this will
follow from another way of computinglm(e, ¢), in the next section (see Corollary 2
below).

4. SOME COMBINATORICS

Definition 1. Let an Euler circuitl” of the double of" be given. Then a vertexof I'

corresponds to a numbel(q) of vertices ofl”, whered(q) is the valence of as a vertex
of I. If ¢ € ' is not a vertex, then we may consideas a vertex of valencé(q) = 2.

Letlmax(e, ¢) be the number of local maxima ¢f, -) alongI” at points overg, and

similarly letlmin(e, ¢) be the number of local minima. Finally, define the numberetf
local maximaof (e, -) at ¢ to benlm(e, ¢) = 3[Imax(e, ¢) — Imin(e, g)].

Remark 1. The definition ohlm(e, ¢) refers to a choice of the Euler circuit’ of the
double ofl’; but I is not unique, and indedighax(e, ¢) andlmin(e, ¢) may depend on
the choice of”. However, we shall see in Corollary 1 below that the numier(e, ¢)
of net local maxima is in fact independent of the choic&"of

| have included the facto% in the definition ofnlm(e, ¢) in order to agree with the
difference of the numbers of local maxima and minima albnigself, in those cases
(such asl(q) = 2) where these numbers are unambiguously defined.

| shall assumefor the rest of this section that a unit vectohas been chosen, and
that the linear functior{e, -) has only a finite number of critical points alog this
excludes: from a subset of? of measure zero. | shall also assume that that the graph
is subdivided to include among the vertices all critical points of the linear fun¢tiop,
with of course valencéd(q) = 2 if ¢ is an interior point of one of the original edges of
I'. For intuition, | think of the vectoe as pointing “up”.

Definition 2. Choose a unit vectoe. At a pointq € T' of valenced = d(q), let the
upvalencel™ = d* (e, ¢) with respect tee be the number of edges &fwith endpoint
g on which(e, -) is greater than(e, ¢). Similarly, let thedownvalencel™ (e, q) be the
number of edges with endpoiplong which(e, -) is less than its value at. Note that
d(g) = d*(e,q) +d (e, q).

Lemma 1. (Combinatorial Lemma) nlm(e, ¢) = [d~ (e, q) — d* (e, q)].

The proof of this Lemma will be given in [GY2]. The reader may find it instructive to
consider the example of a vertexc I with d* (e, ¢) = 2 andd~ (e, ¢) = 3, and various
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choices for the (local) Euler circuit’ of the double of". Many of the 45 choices fdr’
will be seen to be equivalent in terms of local maxima and minima.

Corollary 1. The number of net local maximém e, ¢) is independent of the choice of
Euler circuitI” of the double of".

Proof. Given a directiore € S2, the upvalence and downvalent€(e, q) at a vertex
q € T" are defined independently of the choicel6f [ |

+
Corollary 2. nc(q) = 3 [q2 [nlm(e,q)} dAge.

Proof. Considere € S2. In the definition (3) ofnc(q), xi(e) = 41 whenever
+(e, T;) < 0. But the number of <i < d with £(e, T;) < 0 equalsd™ (e, ¢), so that

d
Z Xz(e) =d- (6, Q) - d+(€, Q) =2 nlm(e, Q)
=1
by Lemma 1. ]

Definition 3. For a graphT C R3 ande € S2, the multiplicity p(e) = ur(e) =
S {nlm™ (e, q) : ¢ a vertex of I'}.

Recall that we are including among the vertices all critical points of the linear function
(-,e) alongT. Thuspu(e) € 3Z may be described as half the number of net local
maximum points along (any choice df).

Theorem 2. )

N = / je) dAga(e).
S2
The proof of Theorem 2 is related to [Mi], esp. p. 253, and will be presented in
[GY2].

5. NET TOTAL CURVATURE OF THE THETA GRAPH

| shall discuss in this section a particularly simple homeomorphism type of graphs:
there are only two verticeg®, and three edges;, az, az with da; = {¢*,q¢"},i =
1,2, 3. This is the graph of a lower-case theta in the normal printed fhramd is called
thetheta graph Thestandard theta grapin R? is the (isotopy class of) a planar circle
plus one diameter. Note that not all theta graphRirare isotopic: for exampley U as
might be knotted.
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For theta graphs, the notion of net total curvature allows us to draw conclusions anal-

ogous to the Fenchel theorem and ttay=Milnor theorem, which were proved far
homeomorphic te'*:

Theorem 3. Supposd™ C R? is a theta graph. The/ (I') > 3x. If V(T') < 4, then
I is isotopic inR? to the standard theta graph.

Note that\V'(T") < 47 does notimplyV (T'y) < 47 for subgraphg’ of I'. See [GY2]
for an example.

Proof. We first show the Fenchel-tydewer bound. Consider any: € S? and the
linear function(-, e) alongI’. We need to show thai(e) > 3/2, from which Theorem 2
implies thatV (") > 3.

If the maximum occurs at a vertex, say, thennlm(e, ¢7) = 3/2. Namely, at each
of the three verticeqf,q;,qgf of I” corresponding tg*, (-,e) has a (global hence
local) maximum. It follows in this case thate) > 3/2.

Now suppose the maximum occurs at an interior pgipt, of one of the origi-
nal edges ofl"; thennlm(e, gmax) = 1. Then for values ot slightly smaller than
tmax = maxr(-,e), there are exactly two points whetee) takes the value¢. Ast
decreases towarf,;, := minr(-, e), the cardinality of the fibers aof, ¢) must change
from two to at least three, since otherwiBewould be homeomorphic t&!. If this
cardinality increases at another critical pojat; # ¢, thenge; is a local maximum
point andu(e) > nlm(e, gmax) +nlm(e, gerit) > 2, contrary to hypothesis. The remain-
ing possibility is that the cardinality increases at a vertex,gsaySince the cardinality
is increasing, we have the downvalente(e, ¢7) strictly greater than the upvalence at
q*. By the Combinatorial Lemma hlm(e,¢") > 1/2, and in this case also, we have
w(e) > nlm(e, gmax) + nlm(e, ¢™) > 3/2. This shows that for any theta grajph and
anye € S?, u(e) > 3/2, henceNV (') > 3.

We next turn our attention to théaFy-Milnor typeupper bound, and assuma&/(T") <
4. By Theorem 2, sinces? has areatr, it follows that there existg, € S? with
u(eo) < 2. Sincepu(ep) is a half-integer, we have(eg) = 3/2 by the above discussion.

We shall show that there are at most two points T, either vertices or critical points,
with nlm(eg, ¢) > 0. The linear function(-, ¢y) has a maximum at a poimt,.x, with
nlm(eo, gmax) = 1 0r 3/2 according agl(gmax) = 2 or 3. If there is a second point with
nlm(eg, ¢) > 0, thennlm(eg, gmax) = 1 @andnlm(ep, ¢) = % which implies thay is a
vertex, say; ™, withd*(¢*) = 1,d (¢7) = 2 andd(q*) = 3.
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Observe that for any € S2, >, nlm(e, ¢) = 0; in fact the number of local maxima
alongI” is equal to the number of local minima. It follows thét-ep) = > [nlm(eq, ¢)]~
3/2. We may apply the argument above, replaciggwith —eq, to show that either
nlm(eq, gmin) = —3/2 andnlm(eq, ¢) > 0 elsewhere; onlm(eg, gmin) = —1 and and
there is a second point, which must be a vertex,gsaywith nlm(eg, ¢~) = —%.

Thus, according to Lemma 1, there are four cases, depending on the ndifihgrs
andd(gmin) € {2, 3}, for the cardinality#(eq, t) of the fiber{q € T : (eg,q) = t}
ast decreases froMy.y 10 tyin. Write t+ = (qi,eo). The four cases, listed by
(d(gmax)s d(gmin)), are:

(3,3): #(eo,t) = 3, tmin < t < tmax-

(3,2): #(eo,t) = 3fort™ <t < tmax; #(eo,t) =20 tipin <t <t

(2,3): #(eo,t) =2 fort+ <t < tmax; #(eo,t) = 3fOr tmin <t < ..

(2,2): #(ep,t) = 2for tt < t < tpax and forty, < t < t7; #(eo,t) = 3 for
tm<t<tth.

In each of these four cases, we shall show thét isotopic inR? to a planar graph
with the same values ofeg, ). Let us consider the fourth cage,2) in detail, and
observe that the other three cases follow in a similar fashion.

Write P(t) for the plane ofR3 defined by{x € R3 : (e, ) = t}.

In the fourth case we hav&¢nin) = 2 = d(gmax), @nd there are distinct heights
tmin <t~ < tT < tmax Where#(ep, t) changes value frora to 3 and back again to.

Fort~ <t < t*, there are#(eo, t) = 3 points inI' N P(t). One of the three edges
of I, sayas, lies entirely in the closed slab betweft_) andP(t, ). Ast — t*, two
of the points converge from a well-defined direction, since the three unit tangent vectors
atq™ are distinct. Letting decrease from = ¢, there is an isotopy of the plarfé(t),
varying continuously with, so that the three points &fN P(¢) become collinear, with
the edgei, meetingP(t) at the middle point of the three collinear points. After a further
isotopy inR?, we may achieve tha®(t) N T' C Q for some plane) in R3 transverse to
the planesP(t).

Fort > t* and fort < ¢—, we may continuously rotate and translate the plangs
so that this top portion and this bottom portionloéach lie inside).
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Now that we have showii is isotopic to a planar graph, we may find a further isotopy
of the plane which deformd into a circle with one chord. That i§, is isotopic to the
standard theta graph. (]

It should be noted that the same proof does not hold whieas the homeomorphism
type of a circle withtwo disjoint, parallel chords. Of course, the Fenchel-type lower
bound forN (") is larger tharBm, namely4r. However, this graph may be embedded
into R? so that it is not isotopic to a planar graph, but so that a particular vegtoas
the minimum valug.(ep) = 2.

There remains a challenging question to determine #mg-Milnor type lower bound
for the net total curvature of graphs R? of any specific homeomorphism type which
are not isotopic to a standard embedding of that graph.
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