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Computation- and space-efficient
of SSA

ANTON KOROBEYNIKOV

The computational complexity of different steps of the
Basic SSA is discussed. It is shown that the use of the
general-purpose “blackbox” routines which can be found in
packages like LAPACK leads to a huge waste of time since the
Hankel structure of the trajectory matrix is not taken into
account.

We outline several state-of-the-art algorithms including
the Lanczos-based truncated Singular Value Decomposition
(SVD) which can be modified to exploit the structure of
the trajectory matrix. The key components here are Hankel
matrix-vector multiplication and the hankelization operator.
We show that both operations can be computed efficiently
by means of the Fast Fourier Transform.

The use of these methods yields the reduction of
the worst-case computational complexity from O(N3) to
O(kNlog N), where N is the series length and & is the num-
ber of desired eigentriples.

AMS 2000 SUBJECT CLASSIFICATIONS: 65C60, 68Q17.
KEYWORDS AND PHRASES: Basic SSA, Computational com-
plexity, Truncated SVD, Hankelization, Fast Fourier Trans-
form.

1. INTRODUCTION

Despite the recent growth of SSA-related techniques it
seems that little attention was paid to their efficient im-
plementations, e.g. the singular value decomposition of the
Hankel trajectory matrix, which is a dominating time-
consuming step of the Basic SSA.

In almost all SSA-related applications only a few lead-
ing eigentriples are desired, thus the use of general-purpose
“blackbox” SVD implementations causes a huge waste of
time and memory resources. This almost prevents the use
of the optimum window lengths even for time series of mod-
erate length (say, few thousand). The problem is much more
severe for 2D-SSA [15] or subspace-based methods [2, 8, 13],
where a window size is typically large.

We show that the proper use of the state-of-the-art singu-
lar value decomposition algorithms can significantly reduce
the amount of operations needed to compute the truncated
SVD suitable for SSA purposes. This is possible because
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the information about the leading singular triples becomes
available long before the costly full decomposition.

These algorithms are usually based on the Lanczos itera-
tions or related methods. Such methods can be modified to
exploit the Hankel structure of the data matrix effectively.
Thus the computational burden of SVD can be considerably
reduced.

In Section 2 we outline the computational and storage
complexity of the steps of the Basic SSA algorithm. Sec-
tion 3 contains an overview of well-known results connected
with the Lanczos singular value decomposition algorithm.
Generic implementation issues in finite-precision arithmetics
are discussed as well. In Section 4 the derivation of the ef-
ficient matrix-vector multiplication method for the Hankel
SSA trajectory matrices is presented. This method is a key
component of the fast truncated SVD for the Hankel SSA
trajectory matrices. In Section 5 we exploit the special struc-
ture of the rank 1 hankelization operator which allows its
efficient implementation. Finally, in Sections 6 and 7 the
performance of algorithms is studied on simulated and real
data.

2. COMPLEXITY OF THE BASIC SSA
ALGORITHM

Let N > 2. Denote by F' = (f1,..., fn) areal-valued time
series of length N. Fix the window length L, 1 < L < N. The
Basic SSA algorithm for the decomposition of a time series
consists of four steps [14]. We consider each step separately
and discuss its computational and storage complexity.

2.1 Embedding

The embedding step maps the original time series to a
sequence of lagged vectors. The embedding procedure forms
K = N — L +1 lagged vectors X; € RL:

Xi = (fl7 .. '7fi+L—1)Ta

These vectors form the L-trajectory (or trajectory) matrix
X of the series F"

1<i<K.

fi fe fxk—1 [k
B fo f3 fr  frs1
f.L fL.+1 fN-—l f;v

Note that this matrix has equal values along the antidiag-
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onals, thus it is a Hankel matriz. The computational com-
plexity of this step is negligible since it consists of simple
data copying which is usually considered as a cheap proce-
dure. However, if the matrix is stored as-is, then this step
obviously has the storage complexity of O(LK) with the
worst case being O(N?) when K ~ L ~ N/2.

2.2 Singular value decomposition

At this step the singular value decomposition of the L x K
trajectory matrix X is performed. Without loss of generality
we assume that L < K. Then the SVD can be written as

X =U0Txv,

where U = (uy,...,ur) is a L x L orthogonal matrix, V =
(v1,...,vk is a K x K orthogonal matrix, and ¥ is a L x K
diagonal matrix with nonnegative real diagonal entries ¥;; =
oi, for i = 1,..., L. The vectors u; are called left singular
vectors, the v; are the right singular vectors, and the o; are
the singular values. Let the singular values be arranged in
the descending order: 01 > 02 > --- > or. Note that the
singular value decomposition of X can be represented in the
form

X:X1+'+XL,

where X; = Jiuw;f . The matrices X; have rank 1, therefore
we call them elementary matrices. The triple (o, u;, v;) will
be called an eigentriple.

Usually the SVD is computed by means of the Golub and
Reinsh algorithm [12] which requires O(L?K + LK? + K?3)
multiplications having the worst-case computational com-
plexity O(N3) when K ~ L ~ N/2. Note that all the data
must be processed at once and SVDs even for moderate
length time series (say, when N > 5,000) are essentially
unfeasible.

2.3 Grouping

The grouping procedure partitions the set of indices
{1,...,L} into m disjoint sets Iy,...,I,. For the index

set I = {i1,...,4, one can define the resultant matric
Xr = X, + -+ + X;,. Such matrices are computed for
I=1,...,1I,; this leads to the decomposition

X=X+ +Xg,.

For the sake of simplicity we assume that m = L and
I; = {j} for all j later on. The computation of each elemen-
tary matrix X; costs O(LK) multiplications and O(LK)
storage yielding O(L?K) for the overall computation com-
plexity and O(L?K) for storage. Again the worst case is
achieved at L ~ K ~ N/2 with the complexity O(N?3) for
both computation and storage.
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2.4 Diagonal averaging (hankelization)

At the last step of the Basic SSA algorithm each matrix
X, is transformed into a new time series of length N. This
is performed by means of the diagonal averaging procedure
(or hankelization). It transforms an arbitrary L x K matrix
Y to the series g1, ..., gN by the formula:

k

1

Ezyj’k*j‘?h 1 S k, S L7
7j=1

1 L

(1) gr = zzyj,k—jﬂ, L<k<K,

=1
J 1 i

N-—k+1 Z Yik—j+1, K <k <N.

Jj=k—K+1

Note that the third and forth steps are usually combined.
One just forms the elementary matrices one by one and im-
mediately applies the hankelization operator. This consid-
erably reduces the storage requirements.

Note that O(NN) multiplications and O(LK) additions are
required for performing the diagonal averaging of one ele-
mentary matrix. Summing these values for L elementary ma-
trices we obtain the overall computation complexity being
O(L?K) additions and O(NL) multiplications. The worst-
case complexity is O(N?) additions and O(N?) multiplica-
tions.

Summing the complexity values altogether for all four
steps we obtain the worst case computational complexity to
be O(N3). The worst case occurs when the window length L
equals N/2 (the optimal window length for the asymptotic
separability [14]).

3. TRUNCATED SINGULAR VALUE
DECOMPOSITION
The typical approach to the problem of computing the

eigentriples (o, u;, v;) of A is to use the Schur decomposition
of some matrices related to A, namely

1. the cross product matrices AAT, AT A, or

2. the cyclic matrix C = (AOT 3).
The proof of the following theorem can be found in [11]:

Theorem 1. Let A be an L X K matriz and assume with-
out loss of generality that K > L. Let the singular value
decomposition of A be

UTAV = diag (01,...,01).
Then

17 (ATA) V = diag(0?,...,0%,0,...
——

ur (AAT) U = diag (0?,...,07).



Moreover, if V' is partitioned as

V= (W,Va), VieREXE Y, cREXK-L)

then the orthonormal columns of the (L + K) x (L + K)
matrix

YI(U -U o)
Ve Vi V2T,

form an eigenvector basis for the cyclic matriz C' and

YTCY = diag (04, .. ., 0).

K—-L

7UL7_0-17"'7_0-La07"

This theorem tells us that we can obtain the singular
values and vectors of A by computing the eigenvalues and
corresponding eigenvectors of one of the symmetric matrices.
This fact forms the basis of any SVD algorithm.

In order to find all eigenvalues and eigenvectors of the
real symmetric matrix one usually transforms it into a sim-
ilar tridiagonal matrix by means of orthogonal transforma-
tions (Householder rotations or alternatively via Lanczos
recurrences). Then, for example, another series of orthogo-
nal transformations can be applied to the latter tridiagonal
matrix which converges to a diagonal matrix, see [11].

This approach, which in its original form is due to Golub
and Reinsh [12] and is used in e.g. LAPACK [1], computes
the SVD by implicitly applying the QR algorithm to the
symmetric eigenvalue problem for AT A.

For large and sparse matrices the Golub-Reinsh algorithm
is impractical. The algorithm itself starts out by applying
a series of transformations directly to the matrix A to re-
duce it to the special bidiagonal form. Therefore it requires
the matrix to be stored explicitly, which may be impossible
simply due to its size. Moreover, it may be difficult to take
advantage of any structure (e.g. Hankel in the SSA case) or
sparsity in A since it is quickly destroyed by the transfor-
mations applied to the matrix. The same argument applies
to the SVD computation via the Jacobi algorithm.

Bidiagonalization was proposed by Golub and Kahan [10]
as a way of tridiagonalizing the cross product matrix with-
out forming it explicitly. The method yields the decomposi-
tion

A= PTBQ,

where P and @ are orthogonal matrices and B is an L x K
lower bidiagonal matrix. Here BBT is similar to AAT. Ad-
ditionally, there are well-known SVD algorithms for real
bidiagonal matrices, for example, the QR method [11],
the divide-and-conquer algorithm [16], and the twisted
method [7].

3.1 Lanczos bidiagonalization

For a rectangular L x K matrix A the Lanczos bidiagonal-
ization computes a sequence of left Lanczos vectors u; € RE

and right Lanczos vectors v; € RE and scalars o and f3;,
j=1,...,k as follows:

Algorithm 1: Golub-Kahan-Lanczos Bidiagonalization

1 Choose a starting vector pg € RF

2 1 < [lpoll2, u1 <— po/B1, vo «— 0
3 for j «— 1 to k do

4 Ty ATUj — ﬂjvj—l

5 oy |rjlle, v; —ri/ay

6 pj — A’Uj — Ctj’U,j

7 Bisr — lIpjll2s wit1 < pj/Bj41
8 end

In what follows we refer to one iteration of the for loop
at line 3 as a Lanczos step (or iteration). After k steps we
have the lower bidiagonal matrix

aq
B2 oo
By, = B3
ay

Br+1

If all the computations performed are exact, then the Lanc-
zos vectors are orthonormal and satisfy the recurrences

(2)
(3)

Moreover, uy, € Kj(AAT uy), v, € Kp(AT A vy), where

;U5 = A U, 6]1]]—17

Biriujt = Avj — aju;.

(4) Kk (A4 u) = {un, 44wy, . (44T) ),
(5)  Ki(ATAm) = {or, AT Avy,... (AT 4) v ],

and therefore ui,us,...,u; and vi,ve,...,v; form an or-
thogonal basis for these two Krylov subspaces.

3.2 Lanczos bidiagonalization in inexact
arithmetics

When the Lanczos bidiagonalization is carried out in fi-
nite precision arithmetics the Lanczos recurrence becomes

T
ajv; = Al u; — Biui-1 + fj,

Bijt1uj+1 = Avj — aju; + gj,

where f; € RE and g; € R’ are error vectors accounting for
the rounding errors at the j-th step. Usually, the rounding
terms are small, thus after k steps the equations (2) and
(3) still hold to almost machine accuracy. In contrast, the
orthogonality among the left and right Lanczos vectors is
lost.

However, the Lanczos algorithm possesses a remarkable
feature that the accuracy of the converged Ritz values is not
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affected by the loss of orthogonality, but while the largest
singular values of By, are still accurate approximations of the
largest singular values of A, the spectrum of Bj, additionally
contains false multiple copies of converged Ritz values (this
happens even if the corresponding true singular values of A
are isolated). Moreover, spurious singular values (“ghosts”)
periodically appear between the already converged Ritz val-
ues.

There are two different approaches which can be used to
derive a robust method in finite arithmetics.

3.2.1 Lanczos bidiagonalization with no orthogonalization

One approach is to apply the simple Lanczos process “as-
is” and subsequently use some criterion to detect and remove
spurious singular values.

The advantage of this method is that it completely avoids
any extra work connected with the reorthogonalization, and
the storage requirements are very low since only a few lat-
est Lanczos vectors have to be remembered. The disadvan-
tage is that many iterations are wasted on simply generating
multiple copies of the large values [22]. The number of ex-
tra iterations required compared to that when executing the
Lanczos process in exact arithmetics can be very large: up
to six times the original number as reported in [23]. Another
disadvantage is that the criterion mentioned above can be
rather difficult to implement, since it depends on the correct
choice of different thresholds.

3.2.2 Lanczos bidiagonalization using reorthogonalization

Another way to deal with loss of orthogonality among
Lanczos vectors is to apply a reorthogonalization scheme.
The simplest one is the so-called full reorthogonalization
(FRO) where each new Lanczos vector uji1 (or vjiq1) is
orthogonalized against all the Lanczos vectors generated so
far using, e.g., the modified Gram-Schmidt algorithm.

This approach is often too expensive, since for a large win-
dow length the running time needed for reorthogonalization
quickly dominates the execution time, unless the necessary
number of iterations k is very small compared to the dimen-
sion of the problem (see Section 3.3 for the full analysis of
the complexity). The storage requirements of FRO might
also be a limiting factor since all the generated Lanczos vec-
tors need to be saved.

A number of different schemes for reducing the work as-
sociated with keeping the Lanczos vectors orthogonal was
developed (see [3] for an extensive review). The main idea
is to estimate the level of orthogonality among the Lanczos
vectors and perform the orthogonalization only when neces-
sary.

For example, the so-called partial reorthogonalization
scheme (PRO) described in [26, 25] uses the fact that the
level of orthogonality among the Lanczos vectors satisfies
some recurrence relation which can be derived from the re-
currence used to generate the vectors themselves.
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3.3 The complexity of the Lanczos
bidiagonalization

The computational complexity of the Lanczos bidiagonal-
ization is determined by two matrix-vector multiplications,
thus the overall complexity of k Lanczos iterations in exact
arithmetics is O(kLK) multiplications.

The computational cost increases when one deals with
the loss of orthogonality due to inexact computations. For
the FRO scheme the additional O(k?(L + K)) operations
required for the orthogonalization quickly dominate the ex-
ecution time, unless the necessary number of iterations k is
very small compared to the dimension of the matrix. The
storage requirements of FRO may also be a limiting factor
since all the generated Lanczos vectors need to be saved.

In general, there is no way to determine in advance how
many steps will be needed to provide the singular values
of interest within a specified accuracy. Usually the number
of steps is determined by the distribution of the singular
numbers and the choice of the starting vector pg. In the
case when the singular values form a cluster the convergence
does not occur until k, the number of iterations, gets very
large. In such a situation the method also suffers from the
increased storage requirements: it is easy to see that they
are O(k(L + K)).

These computational and storage problems can be usually
solved via limiting the dimension of the Krylov subspaces (4)
and (5) and using restarting schemes: restarting the itera-
tions after a number of steps by replacing the starting vector
with some “improved” starting vector (ideally, we would like
po to be a linear combination of the right singular vectors of
A associated with the desired singular values). Thus, if we
limit the dimension of the Krylov subspaces to d the stor-
age complexity drops to O(d(L + K)) (surely the number
of desired eigentriples should be greater than d). See [3] for
the review of the restarting schemes proposed so far and in-
troduction to the thick-restarted Lanczos bidiagonalization
algorithm. In the papers [29, 30] different strategies of choos-
ing the best dimension d of Krylov subspaces are discussed.

If the matrix being decomposed is sparse or structured
(for example, Hankel in the Basic SSA case or Hankel
with Hankel blocks in 2D-SSA) then the computational
complexity of the bidiagonalization can be significantly
reduced if the efficient matrix-vector multiplication routine
is available.

4. EFFICIENT MATRIX-VECTOR
MULTIPLICATION FOR HANKEL
MATRICES

In this section we present the efficient matrix-vector mul-
tiplication algorithm for the Hankel SSA trajectory matrix.
By means of the Fast Fourier Transform (FFT) the cost of
the multiplication drops from ordinary O(LK) multiplica-
tions to O((L + K)log(L 4+ K)). The idea of using the FFT
for computing a Hankel matrix-vector product is not new: it



was probably first described by Bluestein in 1968 (see [27]),
later references are [20, 5].

This approach reduces the computational complexity of
the singular value decomposition of Hankel matrices from
O(kLK +k*(L+K)) to O(k(L+K)log(L+K)+k*(L+K)).
The complexity in the worst case when K ~ L ~ N/2 drops
significantly from O(kN? + k?N) to O(kNlog N + k*N).!

Also the described algorithm provides an efficient way to
store the Hankel SSA trajectory matrix reducing the storage
requirements from O(LK) to O(L + K).

4.1 Matrix representation of discrete Fourier
transform and circulant matrices

The 1-d discrete Fourier transform (DFT) of a (complex)
vector (fx)p o is defined by:

Denote by w the primitive N-root of unity, w = e~ 27N,

Introduce the DFT matrix Fy:

ol WwN-1
FN _ 1 wg “e WQ(N_l)
1 WwN-1 ... L(N-D(V-1)

Then the 1-d DFT can be written in the matrix form: f =
Fx f. The inverse of the DFT matrix is given by
1
Fy' = —=F;
N N N>

where F%,; is the adjoint (conjugate transpose) of DFT ma-
trix Fy. Thus, the inverse 1-d discrete Fourier transform
(IDFT) is given by

1 N-—1
fo=% > e RING L k=0,...,N -1
=0

The fast Fourier transform is an efficient algorithm to
compute the DFT (and IDFT) with O(Nlog N) complex
multiplications instead of N? complex multiplications in di-
rect implementation of the DFT [19, 9].

Definition 1. An N x N matriz C of the form

C1 CN CN—-1 -+ C3 C2
C2 C1 CN vt G4 C3
C =
CN—-1 CN—-2 CN-3 *** C1 CN
CN CN—-1 CN-—2 =+ C2 (1

is called a circulant matrix.
ICompare with O(N3) for full SVD via the Golub-Reinsh method.

A circulant matrix is fully specified by its first column
c¢=(c1,c2,...,en)T. The remaining columns of C' are each
cyclic permutations of the vector ¢ with offset equal to the
column index. The last row of C' is the vector ¢ in reverse
order, and the remaining rows are each cyclic permutations
of the last row.

The eigenvectors of a circulant matrix of a given size are
the columns of the DFT matrix of the same size. Thus a
circulant matrix is diagonalized by the DFT matrix:

C =TFy' diag (Fyc)Fy,

so the eigenvalues of C' are given by Fyc.

This factorization can be used to perform efficient matrix-
vector multiplication. Let v € RY and C be an N x N
circulant matrix. Then

Cv =Ty diag (Fyc)Fyv = Fy' (Fyc® Fyv),

where ® denotes the element-wise vector multiplication.
This can be computed efficiently using the FFT by first
computing the two DFTs, Fyc and Fyv, and then comput-
ing the IDFT Fy'(Fyc ® Fyv). If the matrix-vector mul-
tiplication is performed repeatedly with the same circulant
matrix and different vectors, then the DFT F ¢ needs to be
computed only once.

In this way the overall computational complexity of
matrix-vector product for the circulant matrices drops from
O(N?) to O(Nlog N).

4.2 Toeplitz and Hankel matrices
Definition 2. A L x K matriz of the form

tK thl ce t2 tl
tK+1 ti tee t3 t2
tkin—1 tkyL—2 tr+1 tL

is called a (non-symmetric) Toeplitz matrix.

A Toeplitz matrix is completely determined by its last
column and last row, and thus depends on K + L — 1 pa-
rameters. The entries of T are constant down the diagonals
parallel to the main diagonal.

Given an algorithm for the fast matrix-vector prod-
uct for circulant matrices, it is easy to obtain the al-
gorithm for a Toeplitz matrix, since a Toeplitz ma-
trix can be embedded into a circulant matrix Cgyp_1
of size K + L — 1 with the first column equals
to (tKatK+l7 . ,tK+L_1,t1,t2, N ,tK_l)T. ObViOllSly, the
leading L x K principal submatrix of Cx 1 is 7. This
technique of embedding a Toeplitz matrix in a larger circu-
lant matrix to achieve fast computation is widely used in
preconditioning methods [6].

Using this embedding, the Toeplitz matrix-vector prod-
uct T'v can be computed efficiently in O((K+ L) log(K + L))
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time and O(K + L) memory using the FFT as described in
Section 4.1.

A Hankel matrix H of size L x K is completely determined
by its first column and last row, and thus depends on K +
L — 1 parameters. The entries of H are constant along the
antidiagonals.

One can easily convert a Hankel matrix into a Toeplitz
matrix by reversing its columns. Indeed, let P be the K x K
matrix whose elements on the antidiagonals are 1 and all
other elements are 0. Then HP is a Toeplitz matrix for
any Hankel matrix H, and TP is a Hankel matrix for any
Toeplitz matrix T. Note that P = PT = P! as well. Now
for the product Hv of a Hankel matrix H and a vector v we
have

Hv = HPPv = (HP) Pv = Tw,

where T' is a Toeplitz matrix and vector w is obtained as
a vector v with entries in reversed order. The product Tw
can be computed using the circulant embedding procedure
as described earlier.

4.3 Hankel SSA trajectory matrices

Now we are ready to exploit the connection between the
time series F' = ( fj)j»v:l under decomposition and the cor-
responding trajectory Hankel matrix to derive the matrix-
vector multiplication algorithm in terms of the series itself.
In this way we effectively skip the embedding step of the
SSA algorithm and reduce the computational and storage
complexity.

The entries of the trajectory matrix H of the series are
hj = fj,7 =1,...,N. The entries of Toeplitz matrix T" =
HP aret;j =h; = f;, 7=1,...,N. The corresponding first
column of the circulant embedding matrix Cx 1 is

1<; <L

L<j<N,

) iIN—4 = [N—L4js
G=9, o
j—L+1 — f]—L—i—l

and we obtain the following algorithm for the matrix-vector
multiplication for the trajectory matrix:

Algorithm 2: Matrix-Vector Multiplication for the
SSA Trajectory Matrix
Input: A time series F = (f;)_,, a window length L,
a vector v of length N — L + 1.
Output: p = Xv, where X is a trajectory matrix for
F given window length L.

1ee— (fNor4ts-- o SN S fv—n)T
2 & FFTy(c)

3 U}<—(UN,L+1,...7’U1,O,...,O)T

4 W@ FFTy(w)

5 p «— IFFTN(W® ¢)

6 pe— (Pi,-- - 0p)"

where (W®¢) denotes the element-wise vector multiplication.
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If the matrix-vector multiplication Xv is performed re-
peatedly with the same matrix X and different vectors v
then steps 1 and 2 should be performed only once at the
beginning and the resulting vector ¢ should be reused later
on.

The overall computational complexity of the matrix-
vector multiplication is O(N log N). Storage of size O(N)
is required to store the precomputed vector ¢.

Note that the matrix-vector multiplication of the trans-
posed trajectory matrix X7 can be performed using the
same vector ¢. Indeed, the bottom-right K x L submatrix of
circulant embedding matrix Cx 11 contains the Toeplitz
matrix X7 P and we can easily modify Algorithm 2 as fol-
lows:

Algorithm 3: Matrix-Vector Multiplication for the
transpose of SSA Trajectory Matrix

Input: A time series F' = (fj)j-v:l, a window length L,
a vector v of length L.
Output: p = XTv, where X is a trajectory matrix for
F given window length L.

1 C«— (fN—L+17"'7fN7f17"'afN—L)T
2 ¢ FFTy(c)
3w« (0,...,0,vp,...,v1)7

4 W +— FFTy(w)
s p/ — IFFTy(d © &)
6 pe— (py_1s- )T

5. EFFICIENT RANK 1 HANKELIZATION

Let us recall the diagonal averaging procedure as de-
scribed in Section 2.4 which transforms an arbitrary L x K
matrix Y into a Hankel one and therefore into a series g,
k=1,...,N, using the formula (1).

Without loss of generality we consider only rank 1 han-
kelization when matrix Y is elementary and can be repre-
sented as Y = cuv” with vectors v and v of length L and
K, respectively. Then the equation (1) becomes

=1 Q

UjVE—j4+1, 1<k<L,

j=1

L<k<K,

c
S
|
SIS

UjVk—j+1,
1

J

L
74_1 Z Ujl)k_j+17 K S IC S N
j=k—K+1

=
=~| 9

This gives a hint how the diagonal averaging can be effi-
ciently computed.
Indeed, consider the infinite series u!,, n € Z such that

ul, = u, when 1 <n < L and 0 otherwise. The series v/, is
defined in the same way, so v}, = v, when 1 <n < K and 0



otherwise. The linear convolution u/, * v}, of u!, and v/, can
be written as follows:

(7)

“+o0 L
’ / o ’ o o /o
(Uy, * V), = § UjVk—j+1 = E UV 41
Jj=1

j=—00

k
Zujkaj?l*h 1<k< L7

=1

L
= Zuj'vk,—j+17 L<k< K,

i=1

L
Z UjVk—j+1, K<k S N
j=k—K+1

Comparing the equations (1) and (7) we deduce that
g = Cx (U * V),

where the constants ¢, are known in advance.

The linear convolution u*v can be defined in terms of the
circular convolution as follows. Expand the vectors u and v
to the length L + K — 1 by filling them up with zeros. Then
the linear convolution of the original vectors u and v is the
same as the circular convolution of the extended series of
length L + K — 1, namely

L+K—1
(u*v), = E UjVk—j41,
=1

where the index k — j + 1 is evaluated by the module (L +
K —1). The resulting circular convolution can be calculated
efficiently via the FFT [4]:

(uv), = IFFTx (FFTy(u') ® FFTy(v")),

where N = L + K — 1, and «/, v" denote the zero-padded
vectors u and v, respectively.

Thus, we obtain the following algorithm for the hanke-
lization via convolution:

Algorithm 4: Rank 1 Hankelization via Linear Convo-
lution
Input: A vector u of length L, a vector v of length K,
a singular value o.
Output: Time series G = (gj)j-\[:1 corresponding to the

matrix Y = ouv? after hankelization.
u — (uy,...,ur,0,...,007 € RN
@ — FFTn(u')
v — (v1,...,VK,0,..
0 «— FFTn(V')
g «— IFFTN (0 ®a)
we—(1,...,L,L,...,L,L,..., 1) €RY
g—owoyg)

LT e RN

N 0 gk WwoN -

The computational complexity of this algorithm is
O(N log N) multiplications versus O(LK) for the naive di-
rect approach. Basically this means that the worst-case
complexity of the diagonal averaging drops from O(N?) to
O(NlogN).

6. IMPLEMENTATION COMPARISON

The algorithms presented in this paper have much bet-
ter asymptotic complexity than standard ones, but obvi-
ously they might have much bigger overhead and thus would
not be suitable for the real-world problems unless the series
length and/or the window length become considerably large.

The presented algorithms were implemented by means of
the Rssa? package for the R system for statistical comput-
ing [24]. All the comparisons were carried out on the 4 core
AMD Opteron 2210 workstation running Linux. Where pos-
sible we tend to use state-of-the-art implementations of var-
ious computational algorithms (e.g. highly optimized ATLAS
[28] and ACML implementations of BLAS and LAPACK rou-
tines). We used R version 2.8.0 throughout the tests.

We compare the performance of such key components of
the fast SSA implementation as rank 1 diagonal averaging
and the Hankel matrix-vector multiplication. The perfor-
mance of the methods which use the whole SSA method,
namely the bootstrap confidence interval construction and
structure change detection, is considered as well.

6.1 Fast Hankel matrix-vector product

The fast Hankel matrix-vector multiplication is the key
component for the Lanczos bidiagonalization. The algorithm
outlined in Section 4.3 was implemented in two different
ways: one using the core R FFT implementation and another
one using FFT from the FFTW library [9]. We selected the
window length equal to one half of the series length since
this corresponds to the worst case both in terms of com-
putational and storage complexity. All initialization times
(for example, Hankel matrix construction or circulant pre-
computation times) were excluded from the timings since
they are performed only once at the beginning. So, we com-
pare the performance of the generic DGEMV [1] matrix-vector
multiplication routine versus the performance of the special
routine exploiting the Hankel structure of the matrix.

The running times for 100 matrix-vector products with
different series lengths are presented in Figure 1. Note that
we had to use the logarithmic scale for the y-axis in or-
der to outline the difference between the generic routines
and our implementations properly. One can easily see that
all the routines possess the expected asymptotic complexity
behaviour. Also the special routines are almost always faster
than generic ones, thus we recommend to use them for any
window lengths (the overhead for small series lengths can
be neglected).

2The package will be submitted to CRAN soon, yet it can be obtained
from author.
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Figure 2. Dependence of the rank 1 hankelization time on N
for different methods.

6.2 Rank 1 hankelization

The data access during the straightforward implemen-
tation of rank 1 hankelization is not so regular, thus the
pure R implementation turned out to be slow and we haven’t
considered it at all. In fact, two implementations are under
comparison: the straightforward C implementation and the
FFT-based one as described in Section 5. For the latter the
FFTW library was used. The window length was equal to
half of the series length to outline the worst possible case.

The results are shown in Figure 2. As before, the loga-
rithmic scale was used for the y-axis. From this figure one
can see that the computational complexity of the direct im-
plementation of the hankelization operation quickly domi-
nates the overhead of the more complex FFT-based one and
thus the latter can be readily used for all non-trivial series
lengths.
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6.3 Bootstrap confidence intervals
construction

For the comparison of the implementations of the whole
SSA algorithm the problem of bootstrap confidence intervals
construction was selected. It can be described as follows:
consider the series 'y of finite rank d. Form the series F'y, =
Fyn + oen, where ¢; denotes the white noise (thus the series
F}; is of full rank). Fix the window length L < N and let
G denote the series reconstructed from first d eigentriples
of series F;. Thus Gy is a series of rank d as well.

Since the original series Fly is considered to be known, we
can study large-sample properties of the estimate G : bias,
variance and mean square error. Having the variance esti-
mate one can, for example, construct bootstrap confidence
intervals for the mean of the reconstructed series Gy .

Such simulations are usually quite time-consuming since
we need to perform a few dozen reconstructions for the given
length N in order to estimate the variance.

For the simulation experiments we consider the series
Fy = (f1,..., fn) of rank 5 with

2t n 2r n
— —5n/N . :
fn=10e + sin (—13 —) + 2.5sin (—37 _N>

and o = 5. The series Figop (white) and FYyq, (black) are
shown in Figure 3.

We compare three different SSA implementations: using
the full SVD via DGESDD routine from the ATLAS library, us-
ing the full SVD via the same routine from the ACML library
and using the fast Hankel truncated SVD and FFT-based
rank-1 hankelization. Again, the FFTW library was used to
perform the FFT. The window length for SSA was always
fixed to be one half of the series length.

The running times for the rank 5 reconstruction are pre-
sented in Figure 4. Note that the logarithmic scale was used
for the y-axis. From Figure 4 we can easily see that the run-
ning times for the SSA implementation via the fast Hankel
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SVD and FFT-based rank-1 hankelization are dramatically
smaller compared to the running times of other implemen-
tations for any non-trivial series length.

6.4 Detection of structural changes

SSA can be used to detect the structural changes in the
series. The main instrument for detection is the so-called
heterogeneity matriz (H-matrix). We briefly describe the al-
gorithm for constructing of such matrix, discuss the com-
putation complexity of the construction and compare the
performances of different implementations.

Exhaustive exposition of the detection of structural
changes by means of SSA can be found in [14].

Consider two time series F(!) and F®. Let N; and
Ny denote their lengths respectively. Take integer L <
min (N; — 1, Ns). Let U;l), j =1,...,L denote the eigen-
vectors of the SVD of the trajectory matrix of the series
FM . Fix I to be a subset of {1,...,L} and denote £1) =
span (Uy, i € I). Denote by X(*, ..., X&) (Ko = Ny—L+1)
the L-lagged vectors of the series F'(?).

Now we introduce the heterogeneity index [14] which mea-
sures the discrepancy between the series F(2) and the struc-
ture of the series F(!) (this structure is described by the
subspace £1):

SR dist2(X (Y, £0)
K 2
S X
where dist (X, £) denotes the Euclidean distance between
the vector X and the subspace £. One can easily see that
0<g<1.

Note that since the vectors U; form an orthonormal basis
of the subspace £() the equation (8) can be rewritten as

S e (UTX )2
S Ix )2

(8) g(FW, F®) =

g(F(l),F(z)) -1—

Having this discrepancy measure for two arbitrary series
in the hand one can obviously construct the method of de-
tection of structural changes in the single time series. In-
deed, it is sufficient to calculate the heterogeneity index g
for different pairs of subseries of the series F.

The heterogeneity matriz (H-matrix) [14] provides a con-
sistent view on the structural discrepancy between different
parts of the series. Denote by F; ; the subseries of I of the
form: F; ; = (fi,..., f;). Fix two integers B > L and T' > L.
Let these integers denote the lengths of base and test sub-
series, respectively. Introduce the H-matrix Gp r with the
elements g;; as follows:

gij = 9(Fiiv B, Fj j+1),

fori=1,.... N—B+1land j=1,...,N —T+1, that is
we split the series F' into subseries of lengths B and T" and
calculate the heterogeneity index between all possible pairs
of the subseries.

The computation complexity of the calculation of the H-
matrix is determined by the complexity of the SVDs for
series F; ;4 p and the complexity of calculation of all hetero-
geneity indices g;; as defined by the equation (8).

The worst-case complexity of the SVD for the series
F;i+p corresponds to the case when L ~ B/2. Then the
single decomposition costs O(B?) for the full SVD via the
Golub-Reinsh method and O(kBlog B + k?B) via the fast
Hankel SVD as presented in Sections 3 and 4. Here k£ denotes
the number of elements in the index set I. Since we need to
make N — B + 1 decompositions we obtain the following
complexities in the worst case (when B ~ N/2): O(N*) for
the full SVD and O(kN?log N + k*>N?) for the fast Hankel
SVD.

Having all the desired eigenvectors U; for all the sub-
series F; ;4 p in hand one can calculate the H-matrix Gp 1
in O(kL(T—L+1)(N—-T+41)+ (N —T+1)L) multiplica-
tions. The worst case corresponds to L ~ T'/2 and T ~ N/2
yielding the O(kN3) complexity for this step. We should
note that this complexity can be further reduced with the
help of the fast Hankel matrix-vector multiplication, but for
the sake of simplicity we omit this analysis.

Summing the complexities we obtain O(N*) multiplica-
tions for the H-matrix computation via the full SVD and
O(kEN3 + k2N?) via the fast Hankel SVD.

For the implementation comparison we consider the series
Fyx = (f1,..., fn) of the form

2
sin (1—7(;11) +0.0le,, n<Q,

(9) fn=

27
n(-— Ulen, > Q,
sin (10.5n) +0.01e n>Q

where ¢,, denotes the white noise.
The typical H-matrix for such series is shown in Figure 5
(compare with Figure 3.3 in [14]). The parameters used for
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this matrix are N = 400, Q = 200, B = 100, T' = 100,
L =50and I ={1,2}.

To save some computational time we compare not the
complexities in the worst case, but some intermediate situ-
ation. The parameters used were Q = N/2, B=T = N/4,
L = B/2 and T = {1,2}. For the full SVD DGESDD routine
from the ATLAS library [28] was used (as it was in Figure 1);
it is the fastest full SVD implementation available for the
workstation we used.

The obtained results are shown in Figure 6. As before,
the logarithmic scale was used for the y-axis. Notice that
the implementation of structure change detection using the
fast Hankel SVD is more than 10 times faster even for the
series of moderate length.

7. REAL-WORLD TIME SERIES

The fast SSA implementation enables us to use a large
window length during the decomposition which was compu-
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tationally unfeasible earlier. This may be a crucial point in
achieving of asymptotic separability between different com-
ponents of the series [14].

7.1 Trend extraction for HadCET dataset

The Hadley Centre Central England Temperature (Had-
CET) dataset [21] is the longest instrumental record of tem-
perature in the world. The mean daily data began in 1772
and is representative of a roughly triangular area of the
United Kingdom enclosed by Lancashire, London and Bris-
tol. The total series length is 86,867 (up to October, 2009).

We applied SSA with the window length of 43,433 to
obtain the trend and a few seasonal components. The de-
composition took 22.5 seconds and 50 eigentriples were com-
puted. The first eigentriple was obtained as a representative
for the trend of the series. The resulting trend on top of a
5-year running mean temperature anomaly relative to 1951—
1980 is shown in Figure 7 (compare with Figure 1 in [17]).

7.2 Quebec birth rate series

The series obtained from [18] contains the number of daily
births in Quebec, Canada, from January 1, 1977 to Decem-
ber 31, 1990. This series was discussed in [14] and it was
shown that in addition to a smooth trend, two cycles of
different ranges (the one-year periodicity and the one-week
periodicity) can be extracted from the series.

However, the extraction of the one-year periodicity was
incomplete since the series seems to be too smooth and thus
it does not uncover the complicated structure of the annual
periodicity (for example, it does not contain the birth rate
drop during Christmas). The total series length is 5,113,
which suggests the window length of 2,556 to be used to
achieve the optimal separability. This seems to have been
computationally expensive at the time when the book [14]
was published (even nowadays the full SVD of such matrix
using LAPACK takes several minutes and requires a decent
amount of RAM).

We apply the sequential SSA approach: first we do the
decomposition using the window length of 365. This allows
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us to extract the trend and weekly periodics in the same
way as described in [14]. After this, we performed the de-
composition of the residual series using the window length
of 2,556. 100 eigentriples were computed in 3.2 seconds. The
decomposition clearly revealed the complicated structure of
the annual periodicity: we identified many components cor-
responding to the periods of one-year, half-year, one third
of the year, etc. In the end, the eigentriples 1 — 58 excluding
22 —24 were used during the reconstruction. The reconstruc-
tion containing the trend and one-year periodicity is shown
in Figure 8 (compare with Figure 1.9 in [14]) which explains
the complicated series structure much better.

8. CONCLUSION

The stages of the Basic SSA algorithm were reviewed and
their computational and space complexities were discussed.
It was shown that the worst-case computational complexity
of O(N3) can be reduced to O(kN log N + k%N, where k is
the number of desired eigentriples.

The comparison of implementations was presented and
we have shown the superiority of the outlined algorithms
in terms of the running time. This improvement in speed
enables us to use the SSA algorithm for the decomposition
of quite a long time series using the optimal window lengths
for achieving the asymptotic separability.
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