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GEOMETRIC RIGIDITY OF SPHERICAL HYPERSURFACES IN 
QUATERNIONIC MANIFOLDS* 

YOSHINOBU KAMISHIMAt 

Abstract. This article concerns a geometric structure on (4n + 3)-dimensional smooth mani- 
folds. The isometry group of quaternionic hyperbolic space acts transitively on the boundary sphere 
as projective transformations. It gives a geometry (PSp(n -f-1, l),5'4n+3). A (4n -f- 3)-manifold lo- 
cally modelled on this geometry is said to be a spherical pseudo-quaternionic manifold. We discuss 
a Carnot-Caratheodory structure on spherical pseudo-quaternionic manifolds in connection with the 
Sasakian 3-structure. Using superrigidity in quaternionic hyperbolic group, we shall prove the geo- 
metric rigidity of compact spherical pseudo-quaternionic (4n -f- 3)-manifolds when the fundamental 
group is isomorphic to either an amenable group or a quaternionic hyperbolic group. 

Introduction. A spherical pseudo-quaternionic structure is a geometric struc- 
ture on a (4n + 3)-manifold locally modelled on the sphere S4714"3 with coordinate 
changes lying in the Lorentz group PSp(n -f 1,1). Here PSp(n + 1,1) is isomorphic 
to the isometry group Iso(E^'f 1) of the quaternionic hyperbolic space BjJJ4'1 where F 
stands for the noncommutative field of quaternions. The space E^4"1 has the projec- 
tive compactification whose boundary is the sphere g4n4"3 on which PSp(n +1,1) acts 
as projective transformations. The pair (PSp(n 4-1, l),54n+3) is said to be spherical 
pseudo-quaternionic geometry (cf. [19], [6]). A (4ra + 3)-manifold locally modelled on 
this geometry is said to be a spherical pseudo-quaternionic manifold. In this paper 
we shall study geometric rigidity of compact spherical pseudo-quaternionic manifolds. 
A typical example of spherical pseudo-quaternionic manifolds is a homogeneous space 
and its compact quotient M. That is, there is a transitive group of spherical pseudo- 
quaternionic transformations of the universal covering space M which has a discrete 
subgroup F acting properly discontinuously on M with compact quotient M/F. For 
our geometric use, we follow the construction of hyperboloid in real hyperbolic ge- 
ometry. Let 54n+3 — S4:n~1 be the sphere complement where g471-1 is the boundary 
of the quaternionic hyperbolic space Bg. It turns out that 54n+3 — 54n_1 is the to- 
tal space of the principal bundle: Sp(l)-»54n+3 - 54n-1—^Hg and the subgroup of 
PSp(n + 1,1) preserving g4™-1 is isomorphic to the group Sp(n, 1) • Sp(l). Moreover, 
the fundamental result in semi-Riemannian geometry is that S4n+3 — g471"1 is a sim- 
ply connected geodesically complete semi-Riemannian manifold of type (3,4n) with 
constant curvature —1 (cf. [29], [46]). If TT is a torsionfree discrete uniform subgroup 
of Sp(n, 1) • Sp(l), then the orbit space MQ — 54n+3 — S*71'1 /v is a compact spherical 
pseudo-quaternionic manifold which has the fibration over the compact quaternionic 
hyperbolic space form: 

Sp(l)->Mo-AlH^/r. 

Here TT is mapped isomorphically onto a torsionfree discrete uniform subgroup V C 
PSp(n, 1) = Iso(!]g). More generally, we have the homogeneous spherical pseudo- 
quaternionic spaces and their compact quotients: 

Sp(m) x ASp(l) x Sp(n - m)\Sp(m, 1) • Sp(n - m + l)/7r = 54n+3 - S4™"1/^ 
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where 1 ^ m ^ n and the fundamental group TT is isomorphic to a discrete uni- 
form subgroup of PSp(ra, 1). (Compare §1.) By using the Margulis' superrigidity by 
Corlette [11], we prove that the converse is also true. 

THEOREM A. Let M be a compact spherical pseudo-quaternionic (4n+3)-manifold 
whose fundamental group 7ri(M) is isomorphic to a discrete uniform subgroup of 
PSp(m, 1) for some m where 2 ^ m ^ n. Then M is pseudo-quaternionically isomor- 
phic to the double coset space Sp(ra) x ASp(l) x Sp(n — ra)\Sp(ra, 1) • Sp(n — m 4- 
l)lTwhere m = 2, • • • ?n. 

Let T(Mo) be the deformation space of spherical pseudo-quaternionic struc- 
tures on marked manifolds homeomorphic to MQ. There is the natural map hoi : 
T(Mo)->> Hom(7r, PSp(n +1, l))/PSp(n + 1,1) which assigns to a marked structure its 
holonomy representation. As an application, we have the following. (Compare [14].) 

COROLLARY B. The map hoi maps T(Mo) homeomorphically onto a connected 
component in Hom(7r,PSp(n + 1, l))/PSp(n + 1,1). Moreover, the connected compo- 
nent consists of the set of Fuchsian representations which is diffeomorphic to 
Hom(7r,Sp(l))/Sp(l). 

In order to prove Theorem A and Corollary B, we examine the holonomy repre- 
sentation p : 7ri(M)—>-PSp(n + 1,1). As a spherical pseudo-quaternionic structure, 
the sphere with one point removed, 5'4n+3 — {oo}, is identified with the Heisenberg 
nilpotent Lie group M. Here M lies in the central extension 1-»M3-».M —t F™-*! 
for which W1 is the n-dimensional quaternionic vector space (cf. §1). Let Sim(M) be 
the subgroup of PSp(n + l, 1) whose elements leave M invariant (equivalently, each el- 
ement stabilizes the point at infinity {oo} ). Recall that an amenable closed subgroup 
of PSp(n + 1,1) is conjugate to a subgroup of either Sim(M) or a maximal compact 
subgroup Sp(n + 1) • Sp(l). Given a group G, a representation p : G—> PSp(n + 1,1) 
is said to be amenable if the closure of the image p(G) is amenable. To apply the 
superrigidity, it is necessary for a representation to be Zariski-dense. First of all we 
must avoid the case of amenable holonomy representations. We have the following 
classification. 

THEOREM C. LetM be a compact spherical pseudo-quaternionic (4n+3) -manifold. 
If the holonomy group is amenable, then M is finitely covered by the sphere 54n+3

; a 
Hopf manifold S1 x 54n+2 or a nilmanifold M/T. 

Our method to the proofs is to study a Carnot-Caratheodory structure on a spher- 
ical pseudo-quaternionic manifold from the viewpoint of gauge theory, which is based 
on the H. Weyl's conformal structure. A quaternionic Carnot-Caratheodory structure 
on a (4n + 3)-manifold M consists of a nondegenerate codimension 3-subbundle B of 
TM each fiber of which is endowed with an n-dimensional quaternionic vector space 
(cf. [32],[34]). Our notion of quaternionic Carnot-Caratheodory structure general- 
izes the Sasakian ^-structure. Classically the Sasakian 3-structure [40],[41] is known 
to be a geometric structure on (4n + 3)-manifolds as an analogue of quaternionic 
Kahler manifolds such as the quaternionic projective space FIPn (cf. [16],[28],[38]). 
In particular the canonical Sasakian 3-structure on 54n+3 induces the Hopf bun- 
dle: Sp(l)->S4n+3 -^ Wn. The connection form defines an sp(l)-valued one-form 
9 on 54n+3 for which Null 6 = {X e T54n+3 | 9(X) = 0} gives rise to a non- 
degenerate codimension 3-subbundle. We see that (g4n+3 5 Null 9) is a quaternionic 
Carnot-Caratheodory manifold. Then it is a fundamental purpose to exhibit spherical 
pseudo-quaternionic geometry on 54n+3 as an analogue of spherical Cauchy-Riemann 
geometry [6], or that of conformally flat geometry. 
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PROPOSITION D. // AutQcc('S'4n+3) is the group of all quaternionic Carnot- 
Caratheodory transformations of (54n+3, Null 0), then AutQcc(£4n+3) = PSp(n+l, 1)- 
That is, the spherical pseudo-quaternionic geometry (PSp(n -f 1, l),54n+3) coincides 
with the quaternionic Carnot-Caratheodory geometry on 54n+3. 

By this proposition, a spherical pseudo-quaternionic (4n + 3)-manifold M will 
be a quaternionic Carnot-Caratheodory manifold. For example, the quaternionic 
Carnot-Caratheodory structure to the domain 5'4n+3 — 54n~1 is mapped isometrically 
at each point onto the quaternionic hyperbolic geometry (PSp(n, l),IHIg) with the 
automorphism group Autqcc('S'4n+3 — S'4n~1) = Sp(n, 1) • Sp(l). The quaternionic 
Carnot-Caratheodory metric on M plays the same role as the euclidean metric on W1. 
Concerned with the proof of Theorem C, a compact spherical pseudo-quaternionic 
(4n +3)-manifold with amenable holonomy provides a holonomy-invariant closed sub- 
set outside the developing image in S^n+S j^ using the idea of Fried [12]. Then we 
shall prove Theorem C by showing that the developing map is a covering map onto 
its image. 

Finally we remark the non-rigidity. There are examples of non-homogeneous 
spherical pseudo-quaternionic manifolds and compact quotients. Given such a com- 
pact manifold Mi = 54n+3-5n/r (cf. Corollary 6, Note 7), there is a nontrivial family 
of developing pairs (devt,pt) (t G Sp(l)) of spherical pseudo-quaternionic structures 
on Mi. This is obtained by the bending deformation. 

1.  Spherical pseudo-quaternionic geometry. 

1.1. Spherical pseudo-quaternionic structure. Let F™"1"2 denote the quater- 
nionic vector space, equipped with the Hermitian form 

B(Z,W) = -ZiWi + ^2^2 H 1" Zn+2Wn+2• 

Consider the following subspaces in Wn+2 — {0}: 

v^7 = {ze r+21 B{z, z) = o}, 
V*n+8 = {ze F14"21 B(z, z) < 0}. 

Let P : F1"1"2 — {0}—>Wn+1 be the canonical projection onto the quaternionic pro- 
jective space. By definition [8], the quaternionic hyperbolic space H^"1"1 is defined to 
be P(V*n+8). Let GL(n + 2,F) be the group of all invertible (rc + 2) x (n + 2)-matrices 
with quaternion entries. The group Sp(n + 1,1) is the subgroup of GL(n + 2,F) whose 
elements preserve the form B. The action of Sp(n + 1,1) on V^n+8 induces an action 
on IHl^"1"1. The kernel of this action is the center Z/2 = {±1} and the quaternionic 
hyperbolic group PSp(n + 1,1) is defined to be the quotient of Sp(n -I- 1,1) by the 
center. It is known that B^"1"1 is a complete simply connected Riemannian manifold 
of -1 ^ sectional curvature ^ — |, and with the group of isometrics PSp(n +1,1) (cf. 
[25]). 

The projective compactification of M£+1 is obtained by taking the closure IH1^+1 

of IEf+1 in ir*1. Then it follows that Bg+1 = m+1 U P(Vo4n+7). The boundary 
P(V0

4n+7) of IH^+1 is the standard sphere of dimension 4n+3. Put P(V0
4n+7) = S4n+3. 

Then the hyperbolic action of PSp(n + 1,1) on H^"1"1 extends to a smooth action on 
g4n+3 acting as projective transformations because the compactification IHI^+1 U54n+3 

sits inside FIPn+1. The action of PSp(n + 1,1) is transitive on 54n+3 whose stabilizer 
at infinity {oo} is isomorphic to Sim(A^). (Compare 1.2.) We then call the pair 
(PSp(n + 1,1), 54n+3) spherical pseudo-quaternionic geometry. Notice that the same 
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construction for the real (resp. complex) hyperbolic space is referred to conformally 
flat geometry (PO(n,l),5n), spherical Ci?-geometry (PU(n + 1,1),52"+1) (cf. [13], 
[6])- 

Let M be a smooth manifold of dimension 4n + 3. Suppose that {[/Q,, </>a}aeA ls a 

maximal collection of chcbrts of M satisfying that M =:   U  [/Q,,    (j)a : C/a—xfraiUa) (C 
Q:€A 

g4n+3^ ^s a homeomorphism, and if Ua fl Up ^ 0, then the coordinate change gap — 
</>/? o (Z)"1 extends to an element of PSp(n H-1,1). 

Such a collection of charts is said to give a uniformization on M. An equiva- 
lence class of uniformizations (by refinement) is called a spherical pseudo-quaternionic 
structure on M. A manifold equipped with this structure is said to be a spherical 
pseudo-quaternionic manifold M. 

Denote by Autpq (M) the group of spherical pseudo-quaternionic transformations 
of M. Using a uniformization on M (cf. [28]), there is a developing pair: (p, dev) : 
(AutpQ(M), M)—>>(PSp(n +1> l)^ 54n+3) where M is the universal covering space of 
M and 7ri(M) C Autpq (M). 

1.2. Quaternionic Heisenberg geometry. Let P : (Sp(n + l,l),Vin+8 U 
y0

4n+7)—KPSp(n + l,l),ieg+1 U S4n+3) be the equivariant projection. If {00} is 
the point at infinity of S471"*"3, then the stabilizer PSp(n -I- 1, l)oo is a noncompact 
maximal amenable Lie subgroup of PSp(n + 1,1). Let {ei,... , en+2} be the standard 
basis of Fn'+2 with respect to the Hermitian form B, i.e., i3(ei,ei) = —1, B(ei,ej) = 
Sij (ij = 2,... ,n + 2), B(ei,ej) = 0 (j = 2,... ,n + 2). Since VQ

71
*

7
 is a cone, we 

can assume that the inverse image P~1(oo) consists of a quaternionic line passing 
through the vector /1 = (ei + en+2)/v2 (that is, P(/i) = 00). If H is a subgroup 
of Sp(n + 1,1) which leaves /1 invariant, then PH is isomorphic to PSp(n + 1, l)oo- 
Put /n+2 = (ei — en+2)/V2. Now each element g of H has the following form with 
respect to the basis {/1,62, • • • , en+i, /n+2}: 

where A, /i G F*, B is an (n, n)-matrix, x is an n-th line vector, and y is an n- 
th column vector. As B(gz1gw) = B(z,w) for arbitrary z,w G F1"1"2, we have the 
following relations (cf. [8]). 

(1) ^ = 1,    x = XtyB. 

(2) zii + fiz = \y\2;    BGSp(n). 

Let M be the subgroup consisting of the following matrices; 

\y\2 

satisfying that Re z = -—,   x = ty. (Note that this follows from (1), (2).) Putting 

M2 
z = ——h ia + j/3 + fc'Y, there is a one-to-one correspondence between the product 
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x W1 and M: 

ty     2   + ioL + jf3 + ^7 
((aJ/3,7),y)= (   0    I y 

0 1 

Then the one-to-one correspondence gives a group law on the product E3 x IP. 
As a consequence, M is the product E3 x IP with group law: 

(a, y) - (6, z) = (a + b 4- Im< y, z >, y + ^). 

Here < > is the Hermitian inner product and Im < > is the imaginary part. M is 
nilpotent because [M, M] = E3 which is the center consisting of the form ((a, /?, 7), 0). 
M is called the Heisenberg nilpotent Lie group. (Compare [13].) Moreover H is 
isomorphic to the semidirect product M x (Sp(n) x IP). We define the subgroup 
Sim(M) of PSp(n + 1,1) to be PH = PSp(n -I-1, l)^. Then Sim(A^) is isomorphic 
to the semidirect product M x (Sp(ra) • Sp(l) x E+). The action of Sp(ra) • Sp(l) x E+ 

on M is given as follows: if (A - g,t) e Sp(n) • Sp(l) x E+ and (a, y) e M, then 

{A'g,t)o{a,y) = {t2'gag-1, t-Ayg-1). 

Choosing XQ = P(fn+2) € S'4n+3 - {00}, M acts simply transitively on 54n+3 - {00} 
by p(g) = gxo for g G M. Sf4n+3 — {00} is identified with M as a spherical pseudo- 
quaternionic structure. The pair (Sim(.M),.M) is called quaternionic Heisenberg ge- 
ometry. 

Choosing a torsionfree discrete cocompact subgroup T from M x (Sp(n) • Sp(l)), 
we have a fibration of an infranilmanifold as a compact spherical pseudo-quaternionic 
manifold; 

(i) T3-KM/r—►F'/f 

where T3 is the 3-torus and W1/t (f C E(n) = W1 x (Sp(n) •Sp(l)) is the quaternionic 
euclidean flat orbifold. 

Let M - {0}(= 54n+3 - {0,00}) » R+ x 54n+2. Then it follows that (cf. [19]) 

AutpQ(E+ x 54n+2) = (0(1,1)° x Z/2) x (0(3) x Sp(n) • Sp(l)). 

Choosing a torsion free discrete cocompact subgroup A of Sp(n) •Sp(l) x E+ we obtain 
an infra-Hopf manifold 

(«) E"1" x 54n+2/A « 51 x 54n+2/G, 

where G is a finite subgroup of AutpqfS1 xS4n+2) = (51 xZ/2) x (0(3) xSp(n)-Sp(l)). 
In particular, the Hopf manifold S1 x S4™*2 is a spherical pseudo-quaternionic mani- 
fold. Similar to the conformal, Ci?-cases, there is an orientation reversing involution 
r in AutpQ(S,4n+3 - {0,00}) = AutpQ(E+ x 54n+2), we can perform an operation of 
the connected sum which is closed under the spherical pseudo-quaternionic structure. 
(Compare [6], [28].) We obtain that 

PROPOSITION 1. Let Mi, M2 be spherical pseudo-quaternionic manifolds. Then 
the connected sum Mi#M2 supports a spherical pseudo-quaternionic structure. 
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1.3. Homogeneous spherical pseudo-quaternionic manifolds. We intro- 
duce another quadric Vj^4"3 = {z G IP4"1 - {0}| B(z,z) = -1}. In the quaternion 
case, the group GL(n + 1,F) is acting on F1^ from the left and W* = GL(1,F) act- 
ing as the scalar multiplications from the right. We have the following equivariant 
principal bundles over FIPn. 

(E* .r,r)        ->(GL(n+l,F) .r,Fn+1-{0})^^(PGL(n + l,F),FPn) 

(Z/2 • Sp(l), Sp(l)) +     (Sp(n, 1) • Sp(l), Vlp3)     —^     (PSp(n, 1),Hg). 

Then V*i+3 is known to be a simply connected geodesically complete semi-Riemann- 
ian manifold of type (3,4n) with constant curvature —1 (cf. [29]). Note that the 
group of isometrics of y^™+3 is Sp(n, 1) •Sp(l). Let TT be a torsionfree discrete uniform 
subgroup of Sp(n, 1) • Sp(l). From the above sequence, P maps isomorphically onto a 
torsionfree discrete uniform subgroup F of PSp(n, 1). Since Sp(l) is compact, TT acts 
properly discontinuously and freely on V_^+3. Put M) — V_^+3/7r. By the above 
diagram, there is a fiber bundle over the compact quaternionic hyperbolic manifold 

(in) Sp(l)-^^+3/7r—>llg/r. 

We give examples of Riemannian homogeneous spaces as spherical pseudo-quater- 
nionic structure and their compact quotients. Let 54n+3 — g^rn-i ^ ^e sphere 
complement (1 ^ m ^ n), which is isomorphic to the quotient space P(V^5n+3 x 
g4(n-m)+3^ ^y chasing the equivariant principal bundle: 

(Z/2,Sp(l)) 

(G,yi5n+3 x54(n-m)+3) 

IP \ 

(PG, P(y*™+3 X 54(n-m)+3)) ^ ^n+S _ ^m-l c ^Dn+l ^ 

where G = Sp(m, 1) x Sp(n - m + 1) A Sp(m, 1) • Sp(n - m + 1). If AutpQ(54n+3 - 
54m_1) is the subgroup of PSp(n + 1,1) preserving 54m-1, then it is isomorphic to 
PG = Sp(m, 1) • Sp(n - ra + 1). Let 

ASp(l) = {(J   i^)>(o    In_^)}/{±1}  C   Sp(m,l).Sp(n-m + l). 

Then Sp(m) x ASp(l) x Sp(n-m)\Sp(m, 1) .Sp(n-m +1) = 54n+3 -S47n-\ which is 
a Riemannian homogeneous space because the stabilizer Sp(m) x ASp(l) x Sp(n — m) 
is compact. Choosing a torsionfree discrete uniform subgroup TT C Sp(m, 1) • Sp(n — 
m 4- 1), we obtain a double coset space S^n+d — S'4m~1 /TT as a compact spherical 
pseudo-quaternionic manifold. As TT is mapped isomorphically onto a discrete uniform 
subgroup F C PSp(m, 1), there is a fiber bundle over the quaternionic hyperbolic 
manifold IH^/F. 

(iv) ^(n-nO+a^n+s _ S^-I/TT—HBIiP/r. 
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In particular when m = n, S4n+3 - 54n-1 = P(V%+3 x 53) = V^3. 

PROPOSITION 2. Mo is a compact spherical pseudo-quaternionic manifold whose 
developing image is a homogeneous space S471^3 — £4n_1. 

1.4. Proper action of subgroups of PSp(n + l,l). For our later use, we prove 
the existence of proper actions of connected Lie groups on the sphere complement 
which is not homogeneous. Let (Sim(M).M) be the Heisenberg geometry for which 
Sim(A^) = M x (Sp(n) • Sp(l) x E+). There is the equivariant principal bundle: 

R3-±(Sim{M),M) -^ (SimCF1),!"). 

The subgroup Sp(n) • Sp(l) acts on W1 by A- g{z) = A • z • p-1. Given an R- vector 
subspace V of W1, denote by Sp(V') the subgroup of Sp(ra) • Sp(l) leaving V invariant. 
Put G = i/-1^ xi (Sp(y) x M+)). Then G is a closed subgroup of Sim(M) which 
preserves the subspace z/"1^) = M3 x V. Note that M = v^iV) is also a nilpotent 
subgroup of M. Suppose that dim V = k. As G stabilizes the point at infinity {00}, 
G preserves the (A; + 3)-sphere Sk+3 = (M3 x V) U {00}. Moreover, G leaves invariant 

M - R3 x V = M U {00} - E3 x V U {00} = 54n+3 - Sk+3. 

Let X be the universal covering space of 54n+3 - Sk+3. 

LEMMA 3. Suppose that V ^ W1. 
(1) G acts properly on 54n+3 - Sk+3. 
(2) There is a G-invariant complete Riemannian metric on g4n+3 — 5ft+3 m 

(3) Given a discontinuous subgroup T of G, let (T,X) be any lift of the action 
(F, S4n+3 — Sk+3) to X. Then no such group Y acts properly discontinuously 
with compact quotient X/T. 

Proof. (1) Let K be a compact subset of 54n+3 — Sk+3. We prove that the subset 
of G, CG{K) — {9 ^ G I gK fl K ^ 0}, is compact. There is an equivariant fibration: 

M3^(G,54n+3 - Sk+3) -^ (V x (Sp(y) x M+),54n - Sk), 

where 5fe=yu{oo}. Put G = V x (Sp{V) x It). Let Conf(54n) = PO(4n + l, 1) be 
the group of conformal transformations of 54n. If Conf(54n,5A:) is the subgroup of 
Conf(54n) preserving 5fc, then we have (Conf (54n, Sk),S4n - Sk) = (PO{k + 1,1) x 
0(4n - fc),]Hl£+1 x g471-^-1) where the product PO(A; + 1,1) x 0(4n - jfe) acts as 
isometries. (Compare [18].) Since G is a closed similarity subgroup of PO(k -4-1,1) x 
0(4n — k), G acts properly on 54n — Sk. Let {gi} be a sequence in £G(K). Given 
a sequence {xi} G JK* with lima;* = x, suppose that hmgiXi = y for some y G K. 
Since lim 1/(^)1/(x^) = ^(2/), there is an element h £ G such that limz/(^) = ft. As 
E3-)'G —t G is a principal fibration with contractible fiber, we choose a section 
s : G—>G. In particular, lims(i/(^)) = s(ft). Let s(ft) = gf so that lim5(i/(pi))a;i = 
g'x. Since there is a sequence {U} G M3 for which U • s(y(gi)) = gi, we have limt* • 
s{v(gi))xi = y. As M3 acts properly, there is an element t G M3 such that lim^ = t. 
Hence lim^ .= limti • s(u(gi)) =t' g'. 

(2) There exists a G-invariant Riemannian metric g on S4n+3 — SkJr3 by (1). 
(Compare [27].) We prove that g is complete. Let d be the distance function on 
54n+3 _ 3^+3 aild {a;n}neN a Cauchy sequence in 54n+3 - S^3. Take a simply 
connected closed subgroup i/-1{y>iWr) = (E3 xy)xE+ acting freely on S4ri+3-Sk+3. 



526 Y. KAMISHIMA 

Moreover, the solvable subgroup V x E+ (C Sim(V)0) acts simply transitively on 
IH^+1, the above fibration induces the following fibration: 

(E3 x V) xi R+->>S4n+3 - Sk+3 --> S471-*-1. 

Then the sequence {lJ>(xn)} has an accumulation point z G S4:n~k~1. Choose z G 
g4n+3 _ ^A;+3 ^^ ^^ ^^ _ ^ j^et K be a compact neighborhood of z in 54n+3 - 
gfc+3 sphere is a number e > 0 such that the e-ball B£(z) centered at z is contained 
in K. As lim/i(xn) = z e n{K), there exists a sufficiently large L such that ii(xn) G 
n(Be.(z)) for n ^ L. Choose {zn} G B<L(Z) with /i(in) = /i(xn) for n^. L. Then there 
is a sequence {sn} G (M3 x V) x M+ such that xn -- sn • in for n ^ L.  As {a;n} is 

Cauchy, there exists an M > L such that d(rcm, xn) < - for ra,n ^ M. In particular, 
o 

£ £ 
d(xM,Xn) = d(sM ' ZM, sn • zn) < -. As d(£n, z) < - forn ^ M, 

d^'^M • ^ ^) = d(sM • ^, sni) 

^ d(sM • 5, SM'- ZM) + d(sM * 5M, SnZn) + d(5n5n, sn5) 

= (1(5, ZM) +d(a;M,^n) + d(5n,5) < e. 

Therefore S~
1
SM • 5 G iir for n ^ M. By properness of (E3 x V) x i?+, we have 

lims^SM — s' or lims^ = SMS
1-1

. As {5n} G K and iC is compact, there is a point 
w G K with lim zn = w up to a subsequence. Then, 

lim xn = lim sn • zn = SMS' '1 * w. 

Hence S4n+3 - Sk+3 is complete. 

(3) lik^An-2, then X = 54n+3 - Sk+*. The action (f ,X) coincides with 
the action (r, 54n+3 - Sk+*). Since G acts properly on 54n - 5* = IH^+1 x S471"*"1 

and transitively on IH^+1, the quotient 54n — Sk jG is compact Hausdorff. Noting 
the fibration that G/F—>X/r—>X/G = 54n - S*/G, if X/F is compact, then T 
is a discrete uniform subgroup of G. On the other hand, G has the exact sequence 
1->E3 x V-+G -^ Sp(V') x E+ in which M = E3 x V C A^l is a maximal normal 
nilpotent Lie subgroup of G. If A = F fl JV, then A is a discrete uniform subgroup 
of J\f. (See [37].) Thus r(r) is discrete and cocompact in SpCl^) x E+. Since E+ acts 
as contraction or expansion on AT C M (acts by different scale factors as in (1.2)), so 
does r(r) on A. Hence A cannot be discrete in JV, being a contradiction. 

Suppose that k = An - 2. Then V = F1"1 x E2 C IP. So, the group Sp(Vr) is 
isomorphic to Sp(n -1) • SO(2) where SO(2) is a circle of Sp(l). Then the equivariant 
fibration of (1) induces the following: 

J-KG,X) -A (V x (Sp(n - 1) x E x 4n-l 

where Z--»E-»S0(2) is a covering group. As again the quotient space X/G = l^1-1 x 
R/V x (Sp(n-l) xExE+) = S4n-S4n-2/G is compact Hausdorff. If X/f is compact, 
then the fibration implies that f is a discrete uniform subgroup of G. Since G has the 
group extension l^E3 x V-+G -I-» Sp(n - 1) x E x E+ ->1 in which J\f = E3 x V is a 
maximal normal nilpotent Lie subgroup of G. Thus the intersection ATnt is a discrete 
uniform subgroup of Af. The same argument yields a contradiction. Therefore there 
is no discrete cocompact subgroup T of G. □ 
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It is easy to see that the closed connected abelian subgroups of M are only 
E3 = (M3,0), ln = (0,ln) or M3 x En up to conjugacy. The subgroup of Sim(X) 
leaving invariant En is isomorphic to the subgroup Sim(En)0 = En xi (SO(n) x R+). 
When we take V as the abelian group En

? G = E3 x Sim(En)0 which leaves invariant 
E3 x En and also 5n+3. 

COROLLARY 4. The group G acts properly on M - E3 x En = 54n+3 - 5n+3. In 
particular, Sim(En) acts properly. 

Recall that a proper totally geodesic subspace in IH1^+1 is isometric to Hg? (K — 
E, C or F, 1 ^ m ^ n), or IH]g+1, IH]£+1, or a 3-dimensional (hyperbolic) subspace 
EI1(I) (which is orthogonal to H^ in H^.). (Compare [8].) In order to construct a 
non-homogeneous example but has compact quotient, we need the following. 

PROPOSITION 5. 
(1) The  subgroup   of PSp(n + l,l)   preserving 1H^+1   in IH^+1   is  isomorphic   to 

PO(n + 1,1) x SO(3), which also preserves Sn in S*n+3. 
(2) PO(n + 1,1) acts properly on 54n+3 - 5n. 
(3) There   is   a   complete  Riemannian   metric   on  g4n+3 — gn   invariant  under 

PO(n + l,l)xSO(3). 

(1) follows from the result of [8]; the subgroup of Sp(n + 1,1) which preserves 
Eg4"1 is isomorphic to 0(n + l, 1) •Sp(l). As before if Conf(54n+3, Sn) is the subgroup 
of Conf(54n+3) preserving S71 = 5iJ^+1, then (Conf(54n+3,5n),54n+3 - Sn) = 
(PO(n + 1,1) x 0(3n + 3),IH^+1 x 53n+2) (cf. [18]). We have an isometric action 
of PO(n + 1,1) on 54n4"3 - Sn. However it is noted that the above action of (2) on 
g4n+3 _ gn ^ diflperent from this isometric action. 

Proof. (2) Since Rn U{oo} = Sn C M U {oo} = 54n+3, note that S4n+3 - 
Sn = M - En. Moreover PO(n -f 1,1) = 0(n + 1) • Sim(En). It suffices to check 
that Sim(En) acts properly on M — En. Let K be a compact set of M — En and 
Csim(R")(^0 = {9 € Sim(En) | gK fl K ^ 0}. Let {^} be a sequence in Csim(R-)(^). 
Given a sequence {pi} G K with limp^ = p, suppose that lim^p^ = q for some q G K. 
There is the fibration: R3-^M - E3 x En -^ W1 - W1 as before. 

Case I. Suppose that an infinite number of points {pi} satisfy that v(pi) G En. 
Then we have v{p) G En. Recall that an element g of Sim(En) has the form: 

0=(O,aO •(£,*). 

For 

eM, 

we have 

z   I ~ vw'";   l  tBz ) ~ \ x + tBz 
i   a \      /ri    v   Y t2a \      ( t2a + Im < xABz > 

9 [   „   ) =(0,x)   ' l - ' 

Let 

=(t) —yP 1   z 
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In our case, Zi,z € W1. Note that a ^ 0 = (0,0,0) because p G K. In particular we 
have that lima"1 = a-1. In the sequence 

f  ai   \  _  f  t2iai + Im < %uUBiZi > 

since Im < Xi,tiBiZi >= 0, this reduces to 

_ f       tfa       \ 
^-{xi + UBiZi j' 

It follows that lim^ai = a!. Then t? = t? - |c^| • \a~ \—^la'l • la-1!- Thus we assume 
that \imti = t < oo. As limxi -f UBiZi = z', lim^ == 2? and Bi G SO(n), we obtain 
that lima;^ = x for some x G Mn (up to a subsequence). Assume limi?; = B G SO(n). 
Then it follows that 

limpi = lim (0,^) • (Bi,ti) = (0,z) • (B,t) G Sim(En). 

This proves Case 1. 

Case II. Suppose that an infinite number of points {pi} satisfy that v{pi) G 
IP - Rn but v{p) G Mn. For the point p^ put Zi = yi +Im(^) where yi = Re(^). As 
v(pi) = Zi converges to u(p) = z, it follows that lim?/,; = z and limlm(^) = 0. Put 

Pi 
1 _ f      A      A _ f oti - Im < yu Zi > 

{im(zi) )-{ Im(zi) 

As Im < yi,Zi >=< yi,lm(zi) > —^0, limp/ = (a,0). Since a ^ 0, we may assume 
that fa y^O for infinitely many i. We have lim |AI-1 = M~1. Let I/yi = (0, yi) • (1,1) G 
Sim(Rn) be the translation. Then limLyi = (0,^) • (1,1) = Lz G Sim(]Rn). Consider 
the sequence {gi o L^.} G Sim(En). Then, 

T   (   n ( oci - Im < yi.Zi > + < yi,Im(zi) > \ ( ai \ 

On the other hand, gi o Lyi = (0, Xi) ■ (Bi,U) o (0, yi) = (0, Xi + UBiyi) ■ (Bi, U). Put 
gioLyi = (0,Wi) ■ (Bi,ti). Then 

n   n  T      <r> <\ (%■&+< Wi,tiBilm(Zi)  >   \ 

It follows that 

lim.Re(wi + tiBiIm(zi)) =Re(z,), i.e., Wi—^Re^'). 

Similarly, Im(^i + tiBilm(zi)) = tiBilm(zi)—^Ln^'). Therefore, 

lim < Wi,tiBi1m(zi) >=< Re(2:/),Im(2:,) > . 

Since lim(tf • &+ < Wi,tiBilm(zi) >) = a', 

tf = th m ■ m-1 ^ (l«'l + I < Re(A W) > I) • la!-1 + 1- 

Thus, {U} is bounded. Let limti = t (up to a subsequence). 
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As gi o Ly. = (0,Wi) - (Bi,ti)—^(OjRe^')) • (B,*), and Ly.—>LZ, 

\imgi = limgi o Lyi o L"1 = (0, Re^')) * (B, t) o LJ1 G Sim(Rn). 

So {gi} converges. 

Case III. Suppose that an infinite number of points {pi} satisfy that v{pi) G 
W1 - W1 and v{p) G IP - Mn. Then 1m{z) = Im(z/(p)) ^ 0. Recall 

_ / tfai 4-Im < Xi,tiBiZi > 
\ Xi "T" Ti±JiZi 

If xi + UBiZi G En, then vfa) = Zi G Mn. In our case ^p^ G M - E3 x En. 
If lim^pi = g G M - E3 x En, then all points {PuP,giPi,q} G M - E3 x En = 

54n+3 - 5n+3. By Corollary 4, Sim(En) acts properly on M - E3 x En. It follows 
that lim^ = g G Sim(En). 

We show that q does not lie in E3 x En. Suppose that q G E3 x En. Then 
z' G En or Im(^/) =0. As q G K C M - En, a' ^ 0. Since ##—^, note 
that tfai + Im < x^UBiZi > —Hx* and Xi + UBiZi—>zl. It follows that Im(a;i + 
UBiZi) = ^BiIm(2;i)—^lm(^) = 0. Then, \im\tiBilm{zi)\ = lim^|Im(^)| = 0. On 
the other hand, 1/(^2) = Zi—>v{p) = z, so limlm(^) = Im(^) ^ 0 by our case. 
Thus limllm^Or1 = iXm^)!"1. Therefore, lim^ = lim^|Im(^)| • llm^)!"1 = 
0 • llm^)!-1 = 0. Moreover, 

|**"'i| — \^i   '   ^i-^iZi       Ti±JiZi\ 

^ \xi +tiBiZi\ +ti\zi\ 

£ |^| + O-|0| + 1 = |^| + 1. 

So {x^ is bounded, let lima^ = x. Then 

tfai + Im < Xi,UBiZi >= tfai-{- < Xi, tiBilm(zi) > —^0 • a+ < x, 0 >= 0. 

This contradicts that tfoti + Im < Xi^UBiZi > —ta' ^ 0 as above. 

(3) There exist a PO(n-f-l, 1) xSO(3)-invariant Riemannian metric g on S4n+3-Sn 

by (2) and a principal fibration ln x E+ ->5'4n-f 3 - Sn -A S'4n+3 - 5n/En x E+. Since 
54n+3 _ Sn ^ ^jn+i x ^371+2 topologically and En x E+ C Sim(En) is a transitive 
subgroup of IHg+1, 54n+3-5n/En xE+ is compact (which is homeomorphic to S3n+2). 
Then as in the argument of (2) of Lemma 3, we can prove that g is complete. D 

The same argument of Proposition 5 can be applied to the complex case. Com- 
bined with Corollary 4, we obtain the following. 

COROLLARY 6. 
(1) The subgroup of PSp(n + l,l) preserving Ifi£+1 in IHI^+1 is isomorphic 

to P(U(n + 1,1) • 51{±1, ±j}) « U(n + 1,1) x {±1}, which preserves also 
52n+1 mS4n+3. 

(2) PutH = P(TJ(n+liiyS1{±li±j}). Then H acts properly on S4n+3-S2n+1. 
Moreover, S4n+3 — S2n+1 admits an H-invariant complete Riemannian met- 
ric. 

(3) There is a compact spherical pseudo-quaternionic manifold 5'4n+3 — Sn/T for 
which 54n"f3 — 5n is not homogeneous but T is a discrete uniform subgroup of 
PO(n4-l, 1). Similarly S4n+3 — S2n+1 is not homogeneous but has the compact 
quotient 54n+3 — 52n+1/r for a discrete uniform subgroup T of U(n + 1,1). 
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NOTE 7. Let H^ c IHg+1 c H^"1"1 be the canonical inclusion of totally geodesic 
real hyperbolic subspaces. We have also the embedding: Hg C Eg C E^ by taking 
its span. The subgroup of PSp(n + 1,1) = Iso(EI^+1) preserving Eg is isomorphic to 
(0(n, 1) • Sp(l)) • Sp(l) = Iso(]H^+1,]Hg). Since those elements also leave the span 
Iff invariant, Iso(lE^+1,]Blg) is a subgroup of Iso(^+1,IH]p) = Sp(n,l) • Sp(l). On 
the other hand, let Z/2 • Sp(l) = Sp(l) be the subgroup of Iso(IH^+1,IHg). Then 
we note that Sp(l) fixes Eg pointwisely. So does its span Eg, but rotates Eg+1 

with axis Eg. Hence it is possible to bend Eg+1 along Eg inside El^4"1 equivariantly 
with respect to a discrete uniform subgroup T of PO(n + 1,1). In fact, a compact 
manifold Mi = S4n+3 - Sn/T of Corollary 6 admits a spherical pseudo-quaternionic 
structure (dev^p*) for an element t 6 Sp(l). For t sufficiently close to 1, the nearby 
structure theorem by Thurston (cf. [42]) implies that the holonomy representation 
pt : r-> PSp(n + l, 1) is discrete faithful and the developing image dev(Mi) = S4n+3 — 
L(pt(r)). (See Remark 31.) 

2.  Quaternionic Carnot-Caratheodory geometry. 

2.1. Sasakian 3-structure on 54n+3. Recall the construction of Sasakian 3- 
structureon 54n+3. (Compare [40],[41].) Denote by < > the Hermitian inner product 
over F1"^1, which is invariant under the standard quaternionic structure {/, J, K}. Let 
< , >p be the inner product on TpFrl+1 obtained from the parallel translation of the 
inner product < , >0=< , > at the origin of F"""*"1. Letting gp(X, Y) = Re < X, Y >p 

for X, Y G TpIP4"1, g is the standard euclidean metric on ¥n'+1 which is invariant 
under {J, J, K}. Let 54n+3 be the unit sphere in F^1. The restriction g to 54n+3 

gives the spherical Riemannian metric on 54n+3. There exists a normal vector field 
N on 54n+3 such that r54n+3 ®N = TF^1 |54n+3. Put 

^=INS   6 = JJV,   Z3=KN. 

Then the subspace generated by {fi}i=i,2,3 with N forms the tangent plane TF1 

in TF^"1"1. Since g(€uN) = Re < IN,N >= 0, similarly for J, K, the subspace 
{6}i=i,2,3 belongs to T54n+3. The full set (S4n+3,g, {fi,6,&},{/, J,iif}) is said to 
be the canonical Sasakian 3-structure on 54n+3. It is easy to check that the isometry 
group Iso(54n+3,g)0 is isomorphic to Sp(n + 1) • Sp(l). 

Identify Im F = Ri + Rj + Rk with the Lie algebra sp(l) of Sp(l). Put Ui(X) = 
g(£i,X). Then Wi is a (real valued) 1-form on 54n+3. Define an sp(l)-valued 1-form 
u on S'4n+3 to be 

u(X) = wxpQi + LJ2(X)J + u3(X)k. 

A direct calculation shows that for X, Y G r54n+3 

(*) dLj(X, Y) = g(X, IY)i + g(X, JY)j + g(X, KY)k. 

If Ra : £'4n+3_>54n+3 ig the right translation defined by Ra(x) = x • a for a G Sp(l), 
then cu satisfies that R*u> = a • 0 • a (cf. [41]). Thus UJ turns out to be a connection 
form of the Hopf bundle: 

Sp(l)-^54n+3-^FIPn. 

Put 

B = {Xe rS4nHh3 | UiiX) = 0 for i = 1, 2, 3}. 
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Since g\B x B is invariant under {/, J, K}, B is a 4n-dimensional invariant subbundle 
of T54n+3 such that 

By (*), we have [B,B] = {^1,^2,^3} so that B is a Carnot-Caratheodory structure on 
54n+3 by the definition (cf. [32]). 

We examine further properties on the Carnot-Caratheodory structure B on g4n+3 

from the conformal viewpoint. 

LEMMA 8. 
(I) (nondegenerate) The form u satisfies that 

n times 

u A (jj A u A duJ2, A • • • A du2 ^ 0 at every point of 54n+3. 

(II) (integrable)  There exist quaternion valued one-forms ua (a = 1,... ,n) on 
54n+3 such that 

du = — -Sapu" A LJP    (mod u). 

Proof (I) If LU = uii+^j+wsk, then the three-form u; A a; A a; and the four-form 
dco A du are real valued; 

(1) UJ   = —6u;i Auj2 A u;3,   du>   = —{doji A dui + duj2 A duj2 + ^3 A dc^s). 

Choose an orthonormal vector field Xa (a = 1,... ,71) from B with respect to g so 
that {Xa, /XQ,, JXQ,, if-X'a}a=i>... )n forms a basis of 5. Then the nonzero terms are 

duxiXaJXa) = dcJi(JXa,ifXa) = da;2(Xa, JXa) - duj2(KXaJXa) 

= duj3(Xa,KXa) = dw3(JXa,KXa) = -1, 

and so dujl(Xa,IXa, JXa,KXa) = —-. Then a calculation shows that 
o 

^(Xx, /Xi ,JX1,KXl;...;Xn, IXn, JXn,KXn) = ^^f" 

and ui f\(jJ2 f\^3(^1,^2,^3) = ;:• We have 
o 

a;3Adw2"    =    6^ A u^ A UJZ A (dwi2 + cfa)22 + dio3
2)n 

V       n!      (2p)! • 22
P    (2g)! • 22g    (2r)! • 22r 

p+^=nP!«!r!'     (4P)!     '     (4<7)!     '     (4r)!    ' 

which is a positive constant. 

(JJ) Choose a coframe 6a with Oa{Xp) = 6% (a:f3 = 1,... ,n). Put 

fla+n _ _6|a 0 ^   ea+2n _ ,^0: 0 j^   ^a+Sn _ _6>Q: 0 ^ 
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and define a quaternion valued one-form u;a to be ua == 8a + Qa+ni+6aJ(~2n j+^Q:+3nfc. 
As^e{a,6,6,iV}-JE?©TF1 = TF1"1"1^4^3, we have that < > |J5 - £u;*<g>u;a. 

If we note g{X,Y) = Re < X,F >, then each dji(X,y) = g(X,IY), do^iX.Y) = 
g(X, JY) or dus (X, F) = g(X, KY) represents the imaginary part of E va ®va (X, Y) 

for X, y E J5 respectively. A calculation shows that 

du!    =    -Y^(6aA6a+n-6a+2nA6a+3n) 
a 

(2) ^  =  - X)(0a A ea+2n - ea+3n A ea+n) 
a 

dus    =    -Y,(Oa^9a+3n-6a+n*0a+2n)- 
a 

On the other hand, 

a 

= Yl(0Ci A ea+n ~ ^a+2n A 6>Q:+3n)*+X)^a A ea+2n ~6>Q:+3n A 0a+nw 
a a; 

+ ^(l9a A 0a+3n - 9a+n A ea+2n)k. 
a 

Therefore, we obtain that duj = —zSapu* ALO^ (mod u). U 

DEFINITION 9. We call the bundle B a quaternionic Carnot-Caratheodory struc- 
ture on 54n+3. An sp(l)-valued one-form r} on 54nH"3 represents the same quater- 
nionic Carnot-Caratheodory structure if rj = A • u • A for some nonzero function 
A:54n+3 >¥*m 

A diffeomorphism / : 54^+3_).^4n+3 js caiie(j a quaternionic Carnot-Caratheodory 
transformation if /*6J = A • a; • A for some nonzero function A : 54n+3—^F*. 

Let A = u-fjt where u : 54n+3—^R"*" is a positive function and fi : 54n+3—)-Sp(l) is a 
function, and fi-^A under the map Sp(l)—> Aut(F) = SO(3), i.e., (/ii/i, fijfJL, pk/j) = 
(i, j, A;) • A. Equivalently, a quaternionic Carnot-Cara,theodory transformation / is a 
diffeomorphism satisfying that /* preserves B, and /* (^i, £2, &) = ^2 • (^1, ^2, £3) * A(p) 
(mod B)p at each point p E 54n+3. 

Denote AutQcc(5'4n+3) the group of all quaternionic Carnot-Caratheodory trans- 
formations of 54n+3 onto itself. 

2.2.  Quaternionic Carnot-Caratheodory structure. 
Let 54n+3 = {(qo, • • • , qn) E F1*1 | \qo\2 + • • • + |,?n|2 = 1} be the unit sphere in 

Fn+1. 

LEMMA 10. Let 6 = godtfo + • • ■ + ?nd<Zn 6e arz sp(l)-t;afeed 1-form on 54n+3. 
Then0 = u onS4n+3. 

Proof. By the definition, & = (q0i, • • • , gni), ^2 = (qoj, • • • , gni), 6 = 
(^ofc? * * * 5 ^n^) at a point g = (go, • • • , ^n)- Let x = (XQ, • • • , #n) be the vector parallel 
to a tangent vector X E TgS'4n+3. As gq{N1X) = Re < q,x >= 0, we can put 
qo'Xo-\ h gn • xn = ai + 6j + cfe. 
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Since < £i,X >= —i(qo - XQ + - • + qn - xn), similarly for ^2,^3, a calculation 
shows that Re < £i,X >= a, Re < £2,^ >= &, Re < ^3,X >= c. As u(X) = 
Re < £i,X > i 4- Re < £2,^ > j + Re < £3,-^ > & from (2.1), it follows that 
6j(X) = qo - XQ + -— + qn • xn. On the other hand, if {eo, • • • ,en} is dual to the 
forms {dqo, • • • ,£&?„}, then X = CQ • XQ + • • • + en • xn which implies that 0(X) = 
qo 'XQ H htfn ' xn. D 

Let y0
4n+7 = {z e W1*2 - {0} I - |zi |2 + 1*212 + • • • + kn+2|2■= 0} be the quadric 

as before. Define an sp(l)-valued one-form on Vr
0
4n+7(c Frl+2 - {0}) to be 

9 = Z^1(-Z1dz1 + *2^2 H h ^n+2^n+2)^r1- 

If Triyo471-1"7—)'54n+3 is the projection defined by 7r(zi,..., ^n+2):::: (^-^r1? • • -J ^r^-^i"1)' 
it is easy to check that 7r*0 = 6 on yo

4n+7. Note from (1.2) that P(/i) = oo where 

/ 

/1 = (ei + en+2)/V2 = 

*\ 

0 
1 

V2 v^y 
Thus 7r(/i) = (0,... , 0,1) which is identified with {00}. 

LEMMA 11. 
(i) PSp(n + 1,1) c AutQcc(S4n+3). 
(ii) For an arbitrary a E F*, there exists an element g G Sp(l) x M+ C PSp(nH-l, l)oo 

such that g*L) = x ' u ' X for some function x • S4n+3-^¥* with x(oo) = o_1. 

Proof, (i)  Let / G PSp(n + 1,1) be an element. If / : V^7—>V0
4n+7 is a lift of 

/ to Sp(n + 1,1), then / is represented by a matrix A G Sp(n + 1,1); 

/ 

zi    \ (    zi    \ 

= A 

Zn+2   ) 

For brevity, write the form 0 as follows: 

\  ^n+2   / 

Q = 2?1    ((^x, . . . , ^n+2) • Il,n+1 * 

dz\    \ 

dzn+2 J 
)*r -1 

Here 

Il,n+1 — 

/ -1 
0 

0 
+1 

V 0   0 

0 \ 
0 

+1/ 

Then 

re = /* (^"^((zi, • • • ,zn+2)A* ■ Iltn+1 ■ A )f(^1)- 
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If %' : Vr
0
4n+7-^F is a smooth map defined by x'{z) — zi' f*zi 1 ior z = (zi,... , ^+2), 

then by the definition 

dzx    \ 

'^(zi-rzr1) 
dzn+2 ) 

r6 = (/^r1 • fOCff1 •(*!,... ^n+2) • Il,n+1 • 

On the other hand, for t € IB*, 

X'(z ■ *) = «i(« • t) • z?Cf{z ■ t)) = (z1 ■ t) ■ Ziifiz) ■ t)-1 

= (z, ■ t) ■ t-iz1(f(z)ri = z1 ■ (rz1(z))-1 = x'(z). 

Thus, x' factors through a map x : 54n+3->F such that x0^ — x'- AS/OTT^TTO/ 

and 7r*9 = 6, we obtain that 

f*u = X-U'X' 

By the definition, / 6 AutQcc(S4n+3). 

(ii) Choose g e PSp(n + 1, l)oo such that A = a, /x = &, B — /, x = y = z = 0 
from (1.2), then g has the form with respect to the basis {ei,... , en+2}: 

z-i 

Zn+l 
\   zn+2   ) 

( [a + 6)*i + (a - 6)^^2/2 \ 
^2 

V (a - ft)*! + (a + b)zn+2/2 ) 

On the other hand, ^*ci; = x ' ^ * X from (i) where xM^O) — x'OO — ^1 * ^1^)   1 — 

2zi((a + 6)^i + (a-6)zn.l_2)"1. As x(oo) = x^/i) = X^-^^O,... >0,-^=), we have 

x(oo) = a-1. D 

PROPOSITION 12. AutQcc(S,4n+3) = PSp(n + l,l). That is, the spherical 
pseudo-quaternionic geometry (PSp(n + l,l),54n+3) coincides with the quaternionic 
Carnot-Caratheodory geometry (AutQcc(S'4n+3),54n4*3). 

Proof. Put H = AutQcc(5,4n+3). Without of loss of generality, H is assumed to 
be connected. We examine the structure of the Lie group H. Let / be a diffeomor- 
phism in H. By the definition f*uj = X • u • A where A : 54n+3—^F*. First if the map 
Sp(l)—►AutW = SO(3) sends A/|A| to A, then /*(a,6,6) - |A|2(6,6,6) • A 
(mod B). (See Definition 9.) Let HQQ be the stabilizer of H at {00}, 
which contains PSp(n -f l,l)oo- Consider the tangential representation at {00}, 
riiJoo-^AuttT^S4^3). 

Given h G #00 with h*uj = jx-u-n, suppose that ^(00) = 1. Then ft*(fi,^2j^3) = 
(^1, ^2, ^3) (mod ^oo) at the point {00}. Recall the resJ valued four-form fi = dojAdu 
(cf. (1) in the proof of Lemma 8). Since h*duj = ft • doo • fj, (mod w), we have /i*fl = 
|/i|4fi (modo;). Put h* = /i*|Bcx). Since /i* maps 5 onto itself, /i* G Aut^oo) = 
GL(4n,E). In particular, h^Qoo = Ctoo on B^. Using the consisting relation (2) 
for fioo in the proof of Lemma 8, the above formula implies that h* G Sp(n) • Sp(l). 
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(Compare Lemma 9.1 [38] for example.) Thus, with respect to the basis oo^ (a = 
1,... 5n) in (II) of Lemma 8, there exist (U") E Sp(n) and b E Sp(l) such that 

* 1 - o 
ti uja = U" • u1 • b. Since da;.= --6a0UJa A a;   (mod a;) by (II) of Lemma 8, we have 

_ z 
that /i^dc*; = b-du -b (mod a;), which implies 6 = //(oo) = 1. Hence, 

with respect to the basis {^1,^2,^3} and that of Boo. Here V is a (3,4n)-matrix and 
JJ — (U*). If we denote by M(3,4n) the vector space consisting of (3,4n)-matrices, 
then T(h) E M(3,4n) xi Sp(n). 

Now suppose that / E Hoo and f*u) — A • u • A. Put A(oo) = a E F". From 
Lemma 11, choose g E Sp(l) x R+ such that g*uj = x ' w ' X w^h xi00) — a_1- 
Consider the element / o g E HOO- Since (/ o ^)*a; = x ' 9*^ - w - x ' 9*^ (mod c*;), 
we have that x ' 5f*A(oo) = x(oo) • A(^(oo)) = 1. Then by the above argument and 
T(g) E Sp(l) x M"4", we conclude that 

rCHoo) C M(3,4n) x (Sp(n) • Sp(l) x E+). 

In particular, Sp(n) • Sp(l) is a maximal compact subgroup of r(iJoo)- If we note that 
r maps compact groups of Hoo monomorphically into its image, the maximal compact 
subgroup of Hoo is Sp(n) • Sp(l) as well as PSp(n + 1,1)00. 

Let if be a maximal compact subgroup of H. Since Sp(n + 1) • Sp(l) is the 
maximal compact subgroup of PSp(n 4- 1,1), we have that 

Sp(n) • Sp(l) C Sp(n + 1) • Sp(l) C K. 

As PSp(n + 1,1) acts transitively on the simply connected space 54n+3, we have 
H/Hoo = 54n+3. In particular, Hoo is connected. By the structure theorem of 
connected Lie groups (cf. [15]), the coset space H/K (resp. iJ00/Sp(n) • Sp(l)) is 
diffeomorphic to the euclidean space Mm (resp. R*} for some m,£. If we note that 
Sp(n) • Sp(l) = Hoo H K, then there is the fibration: 

lir/Sp(n) • Sp(l)^if/F00^Em/M^ 

Hence i<ySp(n) • Sp(l) = 54n+3 and m = tWe obtain that K = Sp(n + 1) • Sp(l). 
Let R - S be the decomposition of H where R is the radical, and 5 is a semisimple 

Lie group. If TT : H—»5 is the canonical projection onto the semisimple Lie group 
5 without center, then TT maps PSp(n + 1,1) isomorphically onto the simple Lie 
subgroup 7r(PSp(n + 1,1)) of S. Since 7T(K) is a maximal compact subgroup of S 
and K C PSp(n +1,1), we have 7r(PSp(n + 1,1)) = 5. Therefore H is the semidirect 
product R x PSp(n + 1,1). 

On the other hand, 7r(Hoo) is a connected subgroup of 7r(PSp(n + l, 1)) containing 
7r(PSp(n + 1,1)00). The classification theorem 4.4.1 of [8] implies that n^Hoo) = 
7r(PSp(n + l,!)^). Putting Rf = R fl Hoo, similarly we have that Hoo = 
R' x PSp(n + 1, l)oo. Then 

54n+3 := H/Hoo = RfRi x pSp(n + ^ i)/psp(n + 1, l)oo = R/R'' x 54n+3. 

Therefore R = R'. In particular, it follows that it! = ROQ. AS H = R x PSp(n + 1,1) 
acts effectively and transitively on S471"1"3, this implies that it! = {1}. Hence H = 
PSp(n + 1,1). This completes the proof. □ 
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For / G AutQcc(5'4n"h3), if /*a; = A • w • A satisfies that |A| = 1, i.e., A G Sp(l), 
then / is said to be a strict quaternionic Carnot-Caratheodory transformation. 

COROLLARY 13. //AutQCC(54n+3) is the group of strict quaternionic Carnot- 
Caratheodory transformations o/54n+3

; then the geometry (AutQCC(54n+3),54n+3) 
coincides with the canonical Sasakian 3-structured geometry (Sp(n + 1)-Sp(l),54n+3). 

Proof. Let LJ be the connection form on 54n+3 as before. Then u = c^ii+u^j+o^fc 
where Ui is a real valued 1-form. There is an / = /i, J = J2, if = /s -invariant 
Riemannian metric on 54n+3 defined by 

3 1    3 

g(X,Y) = ^UiW-UiOr) + -J2dui(X,IiY). 
i=l i=l 

Every element of AutQCC(54n+3) preserves g {i.e., a compact group). It is noted that 
g is the spherical metric on g4n+3. □ 

PROPOSITION 14. A spherical pseudo-quaternionic (An + 3)-manifold M admits 
a quaternionic Carnot-Caratheodory structure. 

Proof. Let B be the canonical quaternionic Carnot-Caratheodory structure on 
S4n+3 w}iere 5 — ]\juii Um Given a maximal collection of charts {t/a,0a}a€A of M 
(cf. (1.1)), for each chart (j)a : C/a->54n+3, we put 

Ba = 4>*aB,   Ua = fav 

on Ua. (Note that Ba = Null ua.) IfUaDUp^®, then ^a^o(j)a = fip for an element 
^a^ G PSp(n + 1,1). Since g^B = B by Proposition 12, Ba = </>%B = tfyB = Bp on 
Ua H 17/3. The union {i?a}a€A gives rise to a codimension 3-subbundle B' on M. As 
jB'lt/o; = Ba is locally equivalent to B (that is, each u;a satisfies (I), (II) of Lemma 
8), B' is a quaternionic Carnot-Caratheodory structure on M. □ 

REMARK 15. (1) On 54n+3, we have obtained a globally defined jsp(l)-valued one- 
form u defining B and three independent vector fields {^1,^2,^3} (equivalently, there 
exists the quaternionic structure of complex structures {J, J, K} on B). In general, 
a spherical pseudo-quaternionic manifold M admits a family of $p(l)-valued one- 
forms ua and three independent vector fields {£f ,£2*, £3*} locally defined on each Ua 

(equivalently, a quaternionic structure {JQ;, Ja, Ka} on each Ba). If UaCiUp 7^ 0, then 
gapofia = fo with ^a/3 G AutQcc(54n+3), and so ^)*(6,&J6) = w2(fi>&>6) -A 
for some A:Uan U^SO(3). As (0a)«(ff ,€2 ^3 ) = (6,6,6), we have 

on UaHUp. So the union E = {ff,$?,^}a€A defines an SO(3) x R+ -bundle over M. 

(2) A (strict) quaternionic Carnot-Caratheodory transformation on a spherical 
pseudo-quaternionic (4n -J- 3)-manifold is similarly defined to be a diffeomorphism 
satisfying the condition of Definition 9, that is, f*LU/3 — A-a>a-A whenever /(C/a) C Up. 

Recall that dim Sp(l) • Sp(ra) = 2n2 -j- n + 3. By using the G-structure theory, we 
can prove the following: Let M be a spherical pseudo-quaternionic (An+ 3)-manifold. 
Then the group of strict transformations AutQCC (M) is a Lie group whose dimension 
is less than or equal to 2n2 + 5n + 6. If M is compact, then AutQCC(M) is compact. 
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A vector field f is said to be a quaternionic Carnot-Caratheodory vector field if f 
generates a local one-parameter group {<fit}\t\<e of quaternionic Carnot-Caratheodory 
transformations of M. That is, for each £, <^ is a quaternionic Carnot-Caratheodory 
transformation on a neighborhood. 

PROPOSITION 16 (cf. [20]). LetB' = U£a be an (induced) Carnot-Caratheodory 
OL 

structure on a spherical pseudo-quaternionic manifold M4n+3. // £ is a nonzero 
quaternionic Carnot-Caratheodory vector field, then the set {x G M \ £x G Bx} is 
a codimension S-regular submanifold of M. 

Proof Put J\f = {x G M | £3 GJB^}. Each 5p(l)-valued one-form u;a on C/a can 
be described as 

Va = ^ + W^J + CJ^fc 

such that 0* a;* = CJ^ (i = 1,2,3). Define a smooth map fa : Ua-^R3 to be 

/a(p) = ("*),(&) = ((^)p(^), (^)p(£p)3 (^)p(&)). 

As J5a = B'lt/a = Null a;a7 Af D Ua = /^^O). It is sufficient to show that 
Rank (dfa)p = 3 for all p G A/" fl f/c,. For this, let ^ : Ai(M)^A£-1(M) be 
the interior product for each integer I (cf. [25] for example). Then we have that 
L^Uaip) = (k>c*)p(£p) = fa(p)- Since L^Q, = L£ • dct;a + (i • ^a;a, it follows that 
dfa = L^LJa — t^dua : TUa^TR3. Let {^t}\t\<£ be a local one-parameter group gen- 
erated by £. By the definition, (ipt)*(Ba) = Ba for sufficiently small t. If Yp G (Ba)p, 
then 

(^)^a(^) = j™  p^  = 0. 

It implies that (dfa)p(v) = —(^ 'duja)p(v) = — 2cL;a(£, v) for v G (Ba)p. On the other 
hand, we have a family of local quaternionic structures {Ia, Jcni^oJaeA defined by 
the following commutative diagram: 

I" I' 
Similarly for JQ,, Ka. Put 

vi = -Ia€/b,   V2 = -Jcc^/b,   v3 = -Ka€/b 

where 6p = g((j)a*{£p), 0a*(£p))- Then ^1,^2,^3 belong to (B^p such that 

dja(f,vi) = (l,0,0)s 

^a(£^2) = (0,1,0), 
dWa(£,V3) = (0,0,1). 

In fact, as 0a:|c o Jtt = / o <^as|c by the definition, 

^a(£^l) = #*tj(£,t>i) = dL0{(j)a^-I(j)a^lb). 
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On the other hand, from the property (*) of (2.1) and that glB' x B' is invariant 
under I,J,K, 

similarly for ^2,^3- Therefore /~1(0) is a codimension 3-regular submanifold of Ua. 
IfUaDUp^®, then p^ = ftp o cj)'1 satisfies that g^u = A • u • A for some function 
A : Ua fl 17/3-►F* by Proposition 12. Then, 

So /-^O) = /^(O) on Z7a fl Up.   Since A/* =   U J\f n C/a =   U /^(O), AT is a 

fp(p) = (u>0)p(zP) = KKv) - UP) - ^A(p). 

^(0) onUanUp.   Since y-   « ■   A/* n rr   _   . .   /-1 

codimension 3-regular submanifold of M. D 

3. Amenable holonomy and Classification. 

3.1. Quaternionic Carnot-Caratheodory structure on Heisenberg man- 
ifolds. Let (Sim(A/0, M) be the Heisenberg geometry. We study the quaternionic 
Carnot-Caratheodory structure B with the quaternionic structure {/, J, K} on A4. 
This structure is induced from the quaternionic Carnot-Caratheodory structure of 
g4n+3 restricted to 54n+3 — {00} by Proposition 14. As before, there is the equivari- 
ant principal bundle: 

R3-^(Sim(M),M) -^ (SimtF^F1). 

LEMMA 17. 
(1) The fiber M3 is transverse to B. 
(2) The center E3 is compatible with {/, J, K}. i.e., t* o I = I o t* for all t e M3, 

similarly for J, K. 

Proof. (1) Let £ be a nontrivial vector field induced by a one-parameter subgroup 
of E3. So £ is a quaternionic Carnot-Caratheodory vector field. Suppose that £p 6 Bp 
for some point p € A1. Since E3 is the center of A'J, <7*£p = €gp for all ^ G .M. In 
particular we have t;x ^ 0 for all x G A1. As B is invariant under the action of M, 
the subspace {x e M \ Zx € Bx} coincides with the whole space M. This contradicts 
Proposition 16. Thus E3 is transversal to B at each point of M. 

(2) Recall that M = S4n+3 - {00} = {[z,y, 1]} C FF14"1 with respect to the basis 
{f 1,62,... ,en+i,/n+2} (cf. (1.2)). Let 17 = {[z,y,fjL] |/i ^ 0} be an open subset in 
FP714"1. Each t e E3 satisfies that t[z,y,fjL] = [z 4- t/i,y,/x]. If y? : >1 C [/->1P+1 is a 
parametrization defined by <p{[z,y,ij]) = (z[jL~1,yiJ,~~1), then the action of E3 on .M 
is equivalent to the usual translations of E3 on E3 x W1 C IP"1"1: 

ip • t • ip    (w, x) = (w + t, x). 

Chasing the commutative diagram from the definition of (2.3): 

TPU —^-> TPU —^ TtpU 

T^W1*1 ^r14-1 ——> T^F*4"1 ^r14-1  ^^'^ ^^ T^^r14-1 ^r14-1, 
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we obtain that {tp • t • y?-1)* =1(1 and hence t*o I = I ot* for all t G M3, similarly for 
J,K. D 

This lemma implies the following corollary. 

COROLLARY 18. Let (B, {I, J^K}) be the induced quaternionic Carnot-Caratheo- 
dory structure on M. Then v induces the standard quaternionic structure {/Q, JO, KQ] 

on W1 ,i.e.) v* o I = IQ o v*, etc. In particular, v* maps (B, {J, J, K}) isomorphically 
onto the tangent bundle (TIP, {/Q, JO,KO}) at each point of M. 

3.2. Dilations on Heisenberg manifolds. Choose a left invariant metric g 
on M with the group of isometries E(.M) = M x Sp(n) • Sp(l). If we note that v 
is a homomorphism of M onto IP, then g induces the standard euclidean metric po 
on IP. Corollary 18 implies that z/* : (£,#, {I, J,ii:})^(TIP,po,{Jo, Jo,^o}) is a 
local isometry at each point of M. As go is invariant under {/Q, JQ,KQ), g\B x B is 
invariant under {/, J, K}. Let A : Sim(.M)—)'E+ be the scale factor homomorphism 
as well as AQ : Sim (IP) = IP x (Sp(n) • Sp(l) x M+)—^E^. Since #o satisfies that 
(go)hp(KX,h*Y) = Xo(h)2 • (<7o)p(.X',Y') for each h E Sim(IP), we have for each 
a e Sim(M), and X, Y" 6 Bx 

(*) feKX,a*y) = A(a)2 -(fc^y). 

Therefore (Sim(A^),p|B x 5, M) plays the same role as the euclidean similarity ge- 
ometry. The similar property holds for (Sim(M), #|TR3 x TE3). In fact, if ft = 
((a,/?, 7), 2) - (A- g,t) e Sim(M), then for w = (w,0) € E3 and a; G X, 

/i(i(; • x) — t2 - gwg~1 • hx. 

Since E3 is the normal subgroup of Sim(.M), each element of Sim(Ai) leaves the 
subbundle TE3. Moreover, if {£1, £2, £3} are the vector fields which generate E3, then 
h*((€i)x) = t2(Adg£)hx = A(/i)2(Adp£)/la;. As Ad acts as isometries with respect to g, 
we have that for X, Y e TE3, 

(**) ghx(h*X,h*Y) = \{hf.gx(X,Y). 

Denote by J7 the frame bundle on M generated by {^i,^,^}- Since F1- — B with 
respect to g and B is invariant under Sim(A^), there is a Sim(M)-invariant direct 
decomposition: TM = T ® B, or equivalently g = g\T x T 0 g\B x B. 

3.3. Classification of compact manifolds with amenable holonomy.  A 
representation p : 7r-> PSp(n + 1,1) is said to be amenable if the closure of the image 
p(7r) in PSp(n -I-1,1) lies in the maximal amenable Lie subgroup of PSp(n + 1,1). As 
the first step to prove Theorem C of Introduction, we must show that 

THEOREM 19. Let M be a compact spherical pseudo-quaternionic (4n + 3)- 
manifold. If the holonomy group is amenable, then M is finitely covered by the sphere 
S4n+3, a Hopf manifold S1 x S4n+2 or a nilmanifold M/T. 

The rest of this section is spent for the proof of the above theorem. Suppose 
that a compact smooth connected (4n -h 3)-manifold M admits a spherical pseudo- 
quaternionic structure. Then there exists a developing pair (p, dev) : (TT, M)—> 
(PSp(n -1-1,1), S'4n+3). A maximal amenable subgroup of PSp(n 4-1,1) is conjugate 
to Sp(n) • Sp(l) or Sim(.M). If the holonomy group p(iv) is amenable, then we can 
assume that p(^) lies in Sp(n) • Sp(l) or Sim(A//).   In the former case, choose a 
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spherical metric on 54n+3 such that Sp(n) • Sp(l) is a subgroup of isometries. The 
pullback by the developing map gives a 7r-invariant Riemannian metric on M. This 
metric induces a Riemannian metric on M. As M is compact by our hypothesis, M 
is complete. Therefore dev is a local isometry of a complete Riemannian manifold M 
into Sf4n+3. Hence dev is a covering map (cf. [7]). Thus dev is homeomorphic so that 
M « S^^/F where F = p(7r) C Sp(n) • Sp(l) is a finite subgroup acting freely on 
Q4n+3 

In the latter case, p(7r) lies in Sim(M). There is no Riemannian metric invariant 
under Sim(M). 

3.4. Complete similarity manifolds. Given a Heisenberg similarity manifold 
iV, there exists a developing pair (p, dev) : (TTI(N),N)—>(Sim(M),M). In general, 
N is said to be geodesically complete if the developing map is a homeomorphism of 
N onto M. Let V be a left invariant Levi-Civita connection on M induced by g. 
Since V is invariant under the automorphism group of M, each element of Sim(.M) 
preserves V. Then the pullback connection V by dev defines a TTI (N)-invariant Levi- 
Civita connection on N, since it is also induced from the pullback Riemannian metric 
gl = dev*g. Thus V induces an affine connection on iV. In other words, geodesically 
completeness on N_ is equivalent to that the exponential map is defined on the entire 
tangent space TXN for some point x G N (cf. [7]). This does not depend on the 
choice of a point in iV because geodesically completeness on N is the same as metric 
completeness by g1. (See [46].) However, note that the Riemannian metric g' does not 
necessarily induce a Riemannian metric on N. 

Put F = p(7r). Assume that T is infinite and amenable in Sim(.M). Put M' = 
M - dev~1(oo). Then the developing pair reduces to the following: 

(p,dev) : (^M7)—KSim(M),-M). 

Recall that M supports the Carnot-Caratheodory structure B and the frame bundle 
T. 

As dev is an immersion, we have the pullback metric g' = dev*^, the induced 
subbundles B1 = dev*B and J7' = dev*^7 on Mf respectively. There exists a ball 
Dr(x) about zero of radius r in TxM

l with respect to gl such that the exponential 
map exp^. : Dr{x)^M' is defined. Obviously there is the commutative diagram: 
(dev(a;) = p) 

TxM' -^^ TPM 

U 
Dr(x) expp 

If M' is (geodesically) complete, the local isometry dev is a homeomorphism of 
M' onto M. The holonomy group F will be discrete in Sim(.M). If dev_1(oo) ^ 0, 
then it is easy to see that dev : M—>S4n+3 is hoEieomorphic. Since F is infinite 
by our hypothesis, we have that M = M'. Recall that E+ C Sim(Af) acts on M 
as expansion or contraction as in (1.2). If F is discrete in Sim(M), then F is either 
conjugate to a subgroup of M xi Sp(n) • Sp(l) = E(M) or Sp(n) • Sp(l) x M+. As the 
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latter group fixes the origin of M, T C E(A/() in our case. Hence M is isomorphic to 
an infranilmanifold M/T. 

3.5. Incomplete similarity manifolds. Suppose that M' is incomplete. De- 
fine 

R(x) = sup{r | exp^ : Dr{x)-^M' is defined}. 

Then R(x) < oo for all points x of M' by the above remark (3.4). Put r = R{x). 
With respect to the pull-back affine connection V', there exists a vector v G dDr(x) 
such that j(t) — expxtv is an incomplete geodesic, i.e., j(t) is defined on 0 ^ t < 1 
but not t = 1. Recall that M = M/TT decomposes into the union of the orbit space 
M'/TT and dev~1(oo)/7r. 

LEMMA 20. Let P : M-+M be the covering map. Then the geodesic image 
{P(7(£))}0<t<1 has an accumulation point inside M'/TT. 

Proof. Since M is compact, the geodesic image {P(j(t))}o<t<i £ M'/ir has an ac- 

cumulation point y in M. Since dev~1(oo)/7r consists of finite points, we may consider 
the case that dev_1(oo)/7r consists of a single point. Suppose that dev~1(oo)/7r = {y} 
in M. Choose an evenly covered neighborhood U of y. When U is a lift of U to M, 
by the definition, a • U D U ^ 0 for some a G n if and only if a = 1. We can assume 
that dev : ?7-»dev(f7) is homeomorphic. If y G C/ is a point with P(^) = y, then 
dev(y) = {oo} as above. 

As y is an accumulation point of the geodesic image {-P(7(£))}o<£<i5 there exists 
a sequence 0 < ti < ^ < • • • < tn < • • • < 1 such that 

for elements an G TT. On the other hand, as .M is complete, there exists a limit point 
lim dev(7(£n)) G M. Since dev(7(£n)) G p(an)dev(U) and each p(an) stabilizes the 

n—>oo 
point {oo}, we have that 

oo ~ 
lim devOy(tn)) =    fl   p(an)dev(U) = {oo}, 

n->oo n»l 

which is a contradiction. Therefore the accumulation point y of the geodesic 
image {P(j(t))}o<t<i lies in M'/TT. D 

Then we can apply the same argument of Fried [12], also Miner [31] to the quater- 
nionic case. By Lemma 20, the geodesic image in M'/TT has an accumulation point 
z inside M'/TT, and it passes by z infinitely many times and arbitrarily close. By 
the argument of [12], [31], this recurrent property gives a family of elements {7^} of 
TTI(M,2:) such that 7^ (j » i) maps 7^) very close to 7(t/) (0 < U < tj < 1). 
Moreover 

LEMMA 21 ([12], Lemma 3.2 [31]). Denote by 0 = (0,0) the origin of M. Sup- 
pose that expp o dev* (if) = 0 G M (dev(:c) = p). For sufficiently large i, j, the 
holonomy image p^ij) can be chosen to be a Heisenberg similarity transformation 
centered arbitrarily close to 0 with arbitrarily small rotation matrix. 

With the aid of Lemma 21, expx can be defined on the half space Hx = {X G 
TxM' | g'x(v,X) < r2} containing Dr(x). (See the figures of [12], [31].) To see this, 
note that expp dev* (Dr(x)) is a maximal metric ball about p of radius r whose bound- 
ary contains 0. Let X G Hx. By Lemma 21, there exists an element pijij) G F such 
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that for sufficiently large i < j, pi^ij) o expp dev*(X) G exppdev*(£)r(a;)), and ^JX G 
expx(Dr(x)). Using dev-1 locally, we have that exp7..a.((7^)*X) G expx(Dr(x)). 
Define exp^X = 7^ "1 o exp7..^ ((7*,-)*X). 

Since dev(7i:7~
1 o exp7..a.(7^)*X) = exppdev5|c(X)7 which is well defined.  As a 

consequence, for each y G M', there exists a unique vector V = Vy € dDr(y) for 
which exp^F is not defined. 

REMARK 22. From the property (3.2) of Heisenberg dilations, there is no TT- 

invariant Riemannian metric within the conformal cla,ss on M', although it is possible 
to construct a 7r-invariant Riemannian metric within the Carnot-Caratheodory struc- 
ture. For example, denote 

Rb(x) = sup{||X6|| ; X G Dr(x), expxX is not defined}, 

Rf(x) — sup{||-X"^|| ; X G Dr(x), exp^X is not defined}. 

Obviously, 0 ^ Rb(x), Rf(x) ^ R(x). Since the decomposition is invariant under TT, 

the properties (*), (**) of (3.2) imply that for 7 G TT, 

<7;,;(7*X*,7*r6) = A(p(7))2 ^x(X
h

9Y
h)9 

sf^X^loY*) = \(p(<y))4.g'x(Xf,Yf). 

Let Y — Yf 0 Yb for a vector Y G TXM'. We introduce a new metric: 

5 (X Y) =    a'AX^Yf) g'x{Xb,Yb) 
{   ' Rf{x)2 + Rb(xf     Rf(x)+Rb(x)2' 

Then g is a Riemannian metric on M' which is invariant under TT. 

For each x G M', we have the half space Hx = {X G TXM' | g'x(y,X) < r2} 
on which exp^ is defined.   Here V = Vx is a unique vector lying on the boundary 

dDr(x) such that exp^F is undefined, where r = R{x) = \\V\\ = y/\\Vf\\*+ \\Vb\\i. 
Unfortunately, the half spaces Hx are not necessarily translated each other by the 
elements of TT. 

. Let dHx = {X G T^M' | gx(V,X) = r2} denote the boundary of Hx. The 
following lemma is obtained from the idea of Fried [12] (also Miner [31]) which has 
been already used to show the existence of half space Hx on which exp^ is defined. 

LEMMA 23 (Compare Lemma 1 [12], Proposition 2.6 [31].). Let 0 be the origin 
of M and suppose expp o dev* (v) = 0 as above.  Then 

0 G    fl   exp  o dev*(dHy),     dev(y) = q. 
yeM' 

Proof. Suppose not. Then the origin 0 is not contained in expg o dev*(dHy) 

for some yeM'. By Lemma 21, there is an element 7 G TT whose holonomy p(7) 
carries the half space expg o dev*(iJ2/) arbitrarily close to 0 in Ai. For the vector 
V = Vy G dDR(y)(y), j*V is a unique vector of dDR^iy){^y) such that exp72/7*F is 
undefined. So the geodesic expp(7)g(t • dev*(7*y)) (0 ^ t < 1) lies in the half space 
expp(7)g odev* iJ7y, and it meets the boundary expp^q(dev*(dH7y)) perpendicularly 
at the point expp(7)g(dev*(7*V)). Denote by -<y (V,Y) the angle between V and Y 
at y and let D£

R, Jy) = {Y G DR(y)(y) \  -<y (V,Y) < e} be the cone at y of the axis 
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V with angle e > 0. As the geodesic expp^q(t • dev*(7*y)) is arbitrarily close to 0, 
we choose a small e such that 

expq o dev*{D£
Riy){y)) C expp(7)g o dev*(i772/). 

By the commutativity, dev oex.py(D
£

R,y\{y)) C dev o exp72/(i?72/), which implies 
that exp (i)^/ \(2/)) is properly embedded in the convex domain exp72/(iJ72/). The 

closed metric cone expy(D
£

R, Jy)) sits inside exp7y(iT7y) and hence is compact. This 
contradicts that expyV is undefined. D 

Put J =    fl   exp   o dev*(dHy). By the construction of J, the developing image 
yeM' 

dev(M/) is obviously outside J. 

COROLLARY 24. dev(M/) c M - J. 

LEMMA 25. Let J be the closure of J in 54n+3 T/ien, eitfter J — J or J = JU{oo}. 

Proof.    Since 54n4'3 = M U {oo}, and J C expg o dev*(9iJy), it is easy to see 
that J C JU {00} and so either J = JoiJ = JU {00}. D 

LEMMA 26.    If J = J U {oo}; £ften dev-1 (00) = 0.   As a consequence, the 
developing map reduces to the following: 

dev : M—>M - J. 

Proof. If x G dev 1 (00), then there is a neighborhood U of x in M with U—{x} C 
M' such that dev(U-{x}) = dev(J7)-{oo}. As {00} G J-J, (dev(i[/)-{oo})nJ ^ 0, 
but dev(i7) —.{00} C dev(M/), which is impossible by Corollary 24. In particular, 
M = M'.U 

As above, the unique vector V G dDr{x) has the property that expa,(it • V) is de- 
fined for 0 ^ t < 1, but not t = 1. In this case, the image expp(dev* V) (dev(a;) = p) 
is said to be an invisible point. In general if expx(t • X) is defined for t = 1, then 
expp(dev*X) is called a visible point because expp(dev*X) = devoexp^X), oth- 
erwise the point expp(dev*X) is invisible. Especially every point in the half space 

expg(dev* Hy) is visible for each y G M', while invisible points lie only on the bound- 
ary expg o dev*(dHy). (Compare [12], [31].) 

LEMMA 27. J is invariant under T. In particular, J is a T-invariant closed 
subset in 54n+3 contained in a submanifold of dimension at most 4n + 2. 

Proof. Let m G J. There exists a vector X G dHy such that m = expg(dev*(X)) 

for each y G M' (dev(y) = q). If we note that each boundary expgodev*(9if2/) contains 
0 from Lemma 23, then expg(dev*X) is an invisible point, otherwise expg(dev*(y)) 
would be a visible point. Since each 7 G TT maps the unique vector V G dDji^ (y) onto 
the unique vector 7*F G dDji^y)(jy), the geodesic expp(7)g(£-dev*(7*y)) determines 
the boundary C = expp(7)g 0 dev*(dH^y). 

Suppose that p(j)m — exp^^dev*^*^)) does not lie on C. Then the geodesic 
a(t) = expp(7)9(£ • dev*(7*X)) intersects C at some s < 1. Put n = a(s) = expp(7)g o 
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dev*(s • 7*X), which lies on C. On the other hand, since s • X G Hy, exp^s • X) is 

defined. Put 2 = 70 expy(s • X) e M1. Then 

dev(2;) = dev o exp72/(5 • 7*X) = expp(7)g o dev*(5 • 7*X) = n. 

We have the maximal disc expn dev* DR(Z) (Z) centered at n, which intersects the 
boundary C with the middle of the disc. Let expn o <iev*(Hz) be the half space 
containing expndev*jD^(2)(^). Since expn o dev*(9ff2) contains 0 and the point w = 
expp(7)g(dev*(7*y)) G C, we conclude that w sits inside expn o dev*(Hz). This 
contradicts that w is an invisible point. Therefore, the point p^m G exp^^ o 

dev*(dH7y) at each y G M'. Hence, J is invariant under F. □ 

Concerned with the structure of the boundary expg o devHe(9iJ2/), we have the 
following. 

LEMMA 28. Let V == V* 0 Vb be the decomposition for the unique vector V = 
VyedDR{y)(y). 

(1) If Vf / 0; then expg o dev* [dHy) = R2 x U where U = W1 or U is an affine half 
space of¥ri. 

(2) If Vf — 0; then exp)? o dev* [dHy) — E3 x U where U is a (4n — 1)-dimensional 
affine subspace ofW1. 

Proof.    Recall that 

OHy = {Xe TyM1 I g'y^X) - gf
y(V^X'f) + gfy(V\Xb) = r2} 

ioTX = Xf ®Xb eTyM'. 
(1) Suppose that V* ^ 0. Let dev(y) = q. The projection TqR

3-+TqM -^ 
Tv^W1 induces the map z/* : dev*(dHy)—>i/*odev*(dHy). Put vx = ^*(dev*(X)) = 
z/*(dev*(X6)) and sx = r2 — g1'y(Vb,Xb). Then the inverse image at vx is a two 
dimensional affine subspa,ce of T^R3: 

"•^(vx) = {dev*(y^ +X6) I g'yiV^Yf) = sx}- 

Since it is a half space as before, ^*~1(/yx) is perpendicular to dev*(y^) and so the 
fibers ^*~1(t'x) are parallel to each other. Let TqM ~ Fq^Bq be the decomposition 
for q G M. Then we note that TQ is the ideal of the nilpotent Lie algebra TQM 

generated by the center E3. If Lq is the left translation of M, then there is the 
commutative diagram: 

ToA4 -^ TqM 

exp expq 

M    —^->   M. 

Let To G ^"o, So G .Bo- Since E3 is the center, [To, So] = 0, it follows that exp(To) • 
exp(5o) = exp(To + So). Choose To,So such that dLg(To) = dev*(y/), dLg(5o) = 
dev*(X6). By the commutativity, 

exp^(dev*(Yf + Xb)) = expTo • expg(dev*(Xb)). 
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Let v : expg o dev^dHy)—^exp^^j o v* o devic(9JJ2/) C IP be the projection. Put 
zx = exp^fq^v'x)' Then the inverse image at zx, 

v~l(zx) = exp^z/*"1^)) 

- {exp To • exp,(dev»(-S:6)) | ^(T'^,^) - sx, To = dLg-i o dev*^)}- 

By the above remark, these inverse images z/_1 (zx) are two dimensional parallel affine 
subspaces in E3. Hence the subset {exp TQ | TQ = dLq-i o dev*(F^), g'yiV^Y^) = 
5x} is a two dimensional vector subgroup R2 of E3. Let 

W    =    {dev*(Z6) € dev,(5Fy) | ^(dev*(y6),dev,(Z&)) 
=    r2-^(dev*(y/),dev,(Z/))^r2} 

be the subspace of TqM for Z = Z? Q Zb G TyM'. As ^ is a local isometry of 
(Bq,gq) onto (TI/(g)Fr7'5 (^o)i/(g))j ^* maps W isometrically onto 

u^W) = {z/*odev*(Z6) e v*odeY*(dHy) \ (so^^odev^y^^odev^Z6)) ^ r2}. 

In particular the submanifold (exp9(VF/), p) is isometric to the affine subspace (exp^^o 
Mwl)>9o) of F1.   Put 17 = exp^^) o i/^W).   Then. 17 is either W1 or an affine 
half space according to whether Vb — 0 or V'6 7^ 0.   Since (exp^VF7),#) is a flat 
submanifold of M, we have that expg(T/T//) = (a,U) for some a € E3.   If we note 
that expg o dev*(dHy) = E2 • expq(W') which contains 0, then a 6 E2 and hence 
exp^ o dev*(dHy) = R2 xU. 

For (2), as V* = 0, ^(dev,(F&),dev*(Z6)) = (po)r/(,)(^odev*(y6),z/*odev*(Z&)) 
= r2. Then [7 = exp^^j o z/*(W) = z/ o expg o dev*(dHy) is a (4n - l)-dimensional 
affine subspace of W1. It is easy to see that expg o dev*(dHy) is a principal E3-bundle 
over U. Hence, expg o dev*(dHy) = E3 x U. U 

As J =    fl   exp odev* (dHy) by the definition, J is an affine subspace of (M, V), 
yew 

i.e., J = Rk xW where E^ is a vector subspace of E3 and W is an affine subspace of 
E4n = W1. In particular we have the following. 

COROLLARY 29. 
(i) If J = J, then J is a single point {0} in M. 
(ii) If J = JU {oo}; then J is an I {>. 1)-dimensional sphere S£. 

Proof of Theorem 19. (I) J = J. Then J = {0}, which implies that the 
holonomy group P C Sp(n) • Sp(l) x E+. 

(I)i dev-^oo) = 0. Then M = Mf and dev : M—>M - {0} = E+ x 54n+2 by 
Corollary 24. As M is compact, dev : M—^E4" x 54ri+2 is homeomorphic so that M 
is finitely covered by a Hopf manifold 51 x S4nJr2. 

(1)2 dev"1 (00) ^ 0. Then the developing map satisfies that dev : M—^54n+3 - 
{0}. Replace g4n+3 - {0} for the role of M = 54n"f3 - {00}. As a consequence, we 
show this case does not occur. In fact, put M* = S4""1"3 - {0}. If M is complete, then 
dev : M—>M' is homeomorphic. Then P acts freely on M', while P has a fixed point 
{00} inside M'. So M is incomplete. The same argument as above shows that there 
is a P-invariant affine subspace J' which is outside the developing image dev(M). If 
<9dev(M) is the boundary of the developing image in 54n+3, then 9dev(M) is a P- 
invariant closed subset containing at least two points. Recall the limit set L(T) of P in 
54n+3

5 which is defined to be the boundary of the closure of the orbit P • w for a point 
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w e IHI^+1. (Compare [8].) By minimality, L(r) C adev(M). Thus we have that 
dev : M-^54n+3 - L(r). As T C Sp(n) • Sp(l) x E+ in our case (I), L(r) = {0,00} 
and so the developing image dev(M) misses the point {00}. This contradicts the 
hypothesis (I2). 

(II) J = J U {00}. By Lemma 26 and Corollary 29 (u), dev : M—>M - J 
where J is an £ (^ 1)-dimensional affine flat subspace of M. 

We define a F-invariant Riemannian metric on J\4 — J. Let Z be a vector field 
which assigns to each p G M — J the vector Z(p) from p to J, which is perpendicular 
to J with respect to the left invariant metric g on M. Such a vector Z(p) is uniquely 
determined because J is an affine flat subspace (M, V), Z(p) is the shortest vector 
which meets J. Moreover, since J is invariant under F, the vector field Z is F-invariant. 
As in the Remark 22, let X - Xf 0 Xb (resp. Y = Yf 0 Yb) be a decomposition for 
vectors X, Y € TX(M — J). We define a Riemannian metric: 

hp{X,Y) = „— , + 
||Z/(^)||2 + ||^(p)||4     ||^(P)|| + ||^(P)||2" 

By the dilation property (*), (**) of (3.2), h is a Riemannian metric on M. — J which 
is invariant under F. The pullback by dev defines a 7r-invariant Riemannian metric 
dev* h on M such that clev : M—>M — J is a local isometry. Then M becomes a 
compact Riemannian manifold induced by dev* h. As a consequence M is complete 
so that dev : M—>M. — J is a covering map. Since J is an ^-dimensional affine flat 
subspace of M with 1 ^ £ ^ 4n + 2, there are the following cases: (i) if dim J ^ 4n, 
then dev : M—KM—Jis homeomorphic; (ii) if dim J = 4n-hl, then dev : M—>M — J 
is a covering map; (iii) if dim J = An 4- 2, then dev Is a homeomorphism of M onto 
a connected component of M — J. 

For the cases (i), (iii), F is discrete in Sim(.M), so either L(r) = {00} or L(r) = 
{0,00}. Since d dev(M) contains more than one point, we have that L(r) C d dev(M). 
Thus dev : M—>S'4n+3 - L(r) is homeomorphic for which S4n+3 - L(r) = M or 
S4n+3 _ L^ = M _ {0} respectively. Hence dev(M) n J - {0} ^ 0. This contradicts 
Lemma 26 under the hypothesis (II). 

For the case (ii), note that J = Mfc x R^+J.-* such that J = 5471+1 

(ii)i Suppose that k = 3, i.e., J_ = M3 x M4n-2. Then zz-^M471"2) = J from 
(1.4). Moreover, M - J = 54n+3 - J = 54n+3 - 54n+1 « .B4^2 x S1 where .B4^2 

is a (4n + 2)-dimensional ball. Let X be the universal covering space of M — J. 
The developing map dev lifts to a homeomorphism dev : M—vX which maps TT 

onto a subgroup F acting properly discontinuously and freely on X. In particular, 
M « X/t is compact. However if we note that the action (F, X) is a lift of the action 
(F, 54n+3 - 54n+1), then X/f cannot be compact by (3) of Lemma 3. 

(ii)2 Suppose that J = E2 x l471-1 or J = M1 x F1. Consider the case J = 
E2 x E471-1. Recall that an element g of Sim(.M) has the form: 

g = (a,x) '(A'g,t). 

For 

P 

the action of g satisfies that 

z €M, 

g satisfies that 

( P\_( a + t2g-p-g-1+lm<x,tAz-g-1 > \ 
9 { z J ' \ x + tAz-g-1 j' 
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The subspace E471-1 contains at least one quaternionic subspace F1. As F leaves J 
invariant for which fi G M2 and z G M471-1 can be chosen arbitrarily, it follows that 
x = 0. Thus T lies in the subgroup (M2,0) x Sp(n) • SO(2) x M+. (Note that this group 
does not preserve M3 x Mn, although F acts invariantly on M3 = (M3,0) as similarity 
transformations.) 

Let 7 = (a, 0) • (A • g, t) be an element of (M2,0) x Sp(n) • SO(2) x M+. Then, for 
(/?, x) G M = M3 x F1 

^ ^ = ( a + pQ-P-r1 \ = ( a + ti-Brf 
x )      \      t-Ax-g-1      J      \      t'B2X 

a\      ( e-B1 0 \(p 
oy^vo t-B2 J \ x 

Here, a matrix 5i G SO(2) is the conjugate of g and a matrix B2 G SO(4n) is A • g 
under the identification W1 = M4n. 

Let / : M = M3 x E4n—^E3 x E4n be the diffeomorphism defined by /(a, re) = 
(a,a;|a;|) where | • | is the euclidean norm. Then it is easy to check that 

There is a homomorphism r : F—KE2,0) x (SO(2) x SO(4n)) x E4" C Sim(E4n+3) 
such that / o 7 = r(7) o /. We have an equivariant diffeomorphism: 

(r,x)^(r(r),E4n+3). 

The pair (rop, /odev) : (TT, M)—^(Sim(l4n+3), E4n+3) gives a similarity structure on 
M in which / o dev misses /(J). The theorem of Fried [12] says that the developing 
map / o dev : M—^E471"1-3 of a compact incomplete similarity manifold M misses 
exactly one point {0} (up to conjugacy). Hence /(J) = {0}, which is impossible by 
dim J = 4n + 1. The same argument can be applied to the case that J = E1 x W1. 
As a consequence, (II) does not occur. This completes the proof of Theorem 19. D 

4.  Geometric superrigidity. 

4.1.  Geometric rigidity  on  spherical pseudo-quaternionic  manifolds. 
Margulis has shown that: Let G be a connected semisimple Lie group with trivial 
center and has no compact factor. Given an irreducible lattice F of G and a homo- 
morphism p : F—tG* where G' is a semisimple Lie group with trivial center and 
without compact factor, p extends to a homomorphism from G to G' provided that the 
real rank of G is at least two and p(F) is Zariski dense in G'. Note that a connected 
semisimple Lie group with trivial center supports a real algebraic structure. (Com- 
pare [47].) This sort of result is called Margulis' superrigidity and the question is left 
to the rank one semisimple Lie groups, namely the real (resp. complex, quaternionic, 
Cay ley) hyperbolic groups. It is known that the Margulis' superrigidity is false for the 
real hyperbolic case, for instance, because of the existence of bending (= a nontrivial 
deformation of Fuchsian groups in higher dimensions). On the other hand, Kevin 
Corlette [11] has proved the Margulis5 superrigidity affirmatively for the cases G of 
the isometry group PSp(n, 1) (n ^ 2) and the isometry group F4

-20 of the hyperbolic 
Cayley plane. See also [33]. 
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As in (1.3) we have a compact spherical pseudo-quaternionic manifold 

Sp(m) x ASp(l) x Sp(n - m)\Sp(m, 1) x Sp(n - m + l)/r = 54n+3 - S^^/T, 

in which the fundamental group T is virtually isomorphic to a discrete uniform sub- 
group of PSp(m, 1). In this section we prove the following rigidity. 

THEOREM 30. Let M be a compact spherical pseudo-quaternionic (4n + 3)- 
manifold whose fundamental group is virtualy isomorphic to a discrete uniform sub- 
group o/PSp(m) 1) for some 2 ^ m ^ n. Then M is pseudo-quaternionically isomor- 
phic to the double coset space 

Sp(ra) x ASp(l) x Sp(n - m)\Sp(m, 1) x Sp(n - m + l)/r, 

where m — 2, • • • ,n. 

Proof. Let M be a compact spherical pseudo-quaternionic (4n -1- 3)-manifold. 
Then there exists a developing pair (p,dev) : (7ri(M),M)—^(PSp(n + 1, l),54n+3). 
Put TT = 7ri(M), p(7r) = P. We have the holonomy representation 

p:7r—>rcPSp(n + l,l). 

By the hypothesis, passing to a subgroup of finite index, TT is isomorphic to a discrete 
uniform subgroup of PSp(m, 1) for some 2 ^ m ^ n. We may assume that TT C 
PSp(m, 1). If F is amenable, then the classification theorem 19 shows that TT is 
virtually nilpotent. This case does not occur by the hypothesis. 

Let ^4(r) be the Zaxiski closure (real algebraic closure) of F in PSp(n 4- 1,1). 
Then by Theorem 4.4.2 of [8] shows that either ,A(r) = PSp(n -I-1,1) or A{T) leaves 
a proper totally geodesic subspace in HI^+1. 

(i) Suppose that .A(r) = PSp(n + 1,1). Then P is Zariski dense in PSp(n + 1,1). 
The superrigidity by Corlette implies that p extends to a continuous homomorphism 
y? : PSp(m, 1)—> PSp(n + 1,1). Since <p is analytic (cf. [15]), the image y?(PSp(m, 1)) 
is a connected Lie subgroup of PSp(n + 1,1). As P c ^(PSp(m, 1)) does not leave 
any proper totally geodesic subspace in H^"1"1, <p(PSp(ra, 1)) = PSp(n + 1,1) and so 
m = n + 1. Since m ^ n by our hypothesis, this is impossible. 

(ii) Suppose that ./l(r) leaves a proper totally geodesic subspace in H^4"1. A 
proper totally geodesic subspace in IH^4"1 is isometric to 1^ (K. = M, C or F, 1 ^ 
ife ^ n), HI^+1, IH^"1"1, or a 3-dimensional E-subspace M1 (I). (Compare [8].) Note that 
IHI1(I) is orthogonal to 1^ in E^. and so isometric to H^. If ^.(P) leaves invariant a 
proper subspace H^ (K = M,C,F, k ^ n), then v4(r) leaves also E| invariant. Thus 
-4(r) preserves 54A;~1 -• 9IH]|. The subgroup of PSp(n + 1,1) preserving S4^-1 is 
isomorphic to Sp(A;, 1) • Sp(n - k + 1). In particular. A{T) C Sp(fc, 1) • Sp(n - k + 1) 
for k ^ n. Then recall that there is a P-invariant homogeneous Riemannian metric 
on S^4"3 - S4*"1 from (1.3). 

If ^(P) leaves invariant eg+1 (K = E,C), then ^(P) preserves 5n = <9IHg+1 

(resp. 52n-i-1 - ae^4"1). By Proposition 5, Corollary 6, ^(P) C PO(n + 1,1) x SO(3) 
or A{T) C P(U(n + 1,1) • S^dblj+j}) respectively. Moreover 54n+3 - 5n (resp. 
54n+3 — S2724"1) admits a P-invariant complete Riemannian metric. 

If ^.(P) preserves H1 (I), then it leaves also Mj. invariant. As M1 (I) is isometric to 
Hjj, the subgroup of PSp(n + l,l) preserving M1 (I) is isomorphic to PSL(2,C) xSp(n) 
where PSL(2,C) = Iso(E3f). Thus ^(P) C PSL(2,C) x Sp(n) which leaves invariant 
53 = aie|. 
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Let r : Sp(&, 1) • Sp(n — k +1)—»PSp(fc, 1) be the canonical projection. Similarly 
forr :PSL(2,C) x Sp(n)—>PSL(2,C), r:PO(n + l,l) x SO(3)—>PO(n + 1,1) or 
r : P(U(n + 1,1) • S1{±1, ±j})—^PU(n + 151) respectively. Suppose that H is one 
of PSp(A;, 1), PSL(2,C), PO(n + 1,1), or PU(n + 1,1). 

Since r is a proper map and .4(r) (with finitely many components) leaves the 
proper totally geodesic subspace, Theorem 4.4.1 of [8] implies that r(^l(r)) .= H. In 
particular, r(r) is Zariski dense in H. We obtain a homomorphism r op : TT—>H with 
Zariski dense image r(r). As if is a noncompact simple Lie group and without center, 
applying the Corlette's superrigidity, rop extends to a continuous homomorphism ^ : 
PSp(m, 1)—>H. As in (i), we obtain that *(PSp(m,l)) = H. Moreover PSp(m, 1) 
has no normal subgroup, so * : PSp(m, 1)—>H is an isomorphism. Therefore 2 ^ 
m = k f$ n. As a consequence, T is a discrete uniform subgroup of Sp(m, 1) • Sp(n — 
m + 1). In particular we have A(r) = L(Sp(m, 1) • Sp(n - m +1)) = 54m-1. Consider 
the developing map 

dev : M - dev-1(54m-1)-^54n+3 - S4™"1 

for which the homogeneous Riemannian metric h on 54n+3 — ^m-i ^cf ^3^ inciuces 

a Riemannian submersion: 

54(n-m)+3-^(Sp(m, 1) • Sp(n - m + 1),SAn+3 - SAm-\h) ^ (PSp(m, 1),Iff1,h). 

Here h is the hyperbolic metric on Eg1. Let dev* h be the induced Riemannian metric 
on M — dev~1(54m_1) which is invariant under TT. 

(iii) We prove that dev* h on M — dev~1(54m~1) is complete. Recall that z/ maps 
the boundary 54m-1 = <9(S4n+3 - S4™"1) identically onto S'4771"1 = de™ under the 
projection Sp(n - ra)->S4n+3 -^ iP4m. 

Let {xi} be a Cauchy sequence in M — dev~1(54m_1) with respect to the in- 
duced metric dev* h. We may suppose that dev_1(54m_1) 7^ 0. Let p* (resp. p) 
be the distance function on M - dev"1^4™"1) (resp. 54n+3 - S4™"1), and p be 
the (hyperbolic) distance function on Elg1. As dev_1(54m_1) is invariant under TT, 

M decomposes into the union (M - dev~1(54m~1))/7r and dev~1(54m_1)/7r where 
dev~1(54m_1)/7r consists of a finite number of compact submanifolds. If P : M—)>M 
is a covering map, then the sequence {P(xi)} has an accumulation point y (after 
passing to a subsequence). Choose y G dev~1(54m~1) with P(y) = y. There ex- 
ists a neighborhood W of y in M such that the closure W is compact. Moreover, 
P : W—>P(W) and dev : W—Klev(W') are diffeomorphic. As y G P(W), there exist 
elements {^i} G TT such that {jiXi} G W for i ^ L where L is a sufficiently large num- 
ber. We have lin^a^ = y. Since {x^ is Cauchy in (M-dev_1(54m~1),p*) , for each 

integer n, there exists an integer A(n) satisfying that if i,j ^ A(n), p*(xi,Xj) < —. 

Let Bi.(xx(n)) be the ball of radius ^ centered at xx(n) in M — dev_1(54m_1). In 
particular, 

{x^ eB±(xx(n))    forz^A(n). 

As A(n) increases as n does, we can assume that A(n) ^ n for n ^ N where N is a 
sufficiently large number with N > L. In particular we note that {7A(n) * x\(n)} € W 
for n ^ N. 

Then we show that there is an integer m such that BA.(jx(m) ' xx(m)) C W. 

Suppose not. Put d'W = dW fl (M - dev"1^4™-1)). Then for each n ^ N, there 
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is   a   point   z\(n)   of   i?±(7A(n) * ^A(n))   lying   on   d'W.    Thus   we   have   that r 
n 

In general, for every z € 9'W C M — dev~1(54m_1). the metrics satisfy 

p(i/ o dev(7A(n) • a;A(n)), u o dev(z))    ^    p(dev(jx(n) ' x\(n)),dev(z)) 
^     P*(7A(n) '^(n)^)- 

In particular, 

(*) K" 0 dev(7A(n) • xA(n)), 1/ o dev(*A(n))) g -. 

As lim7i -Xi = y, and v extends to a map identically on the boundary, z/ o dev(7A(n) • 
^A(n))—^ 0 dev(y) G ^(54m~1) = 54m~1. On the other hand, W is a compact 
neighborhood of y in M and dev : W—>'dev(W') is diffeomorphic. In particular, 
1/ o dev(y) G S4771"1 - ddev(W). 
Since ^A(n) G d'W, {^A(n)} has an accumulation point z in cW. Passing to a 
subsequence if necessary, it follows that dev(zA(n))—^dev(^) G ddev(W). There- 
fore, as i/ o dev(M - dev"1(54m""1)) C eg1, it follows either i/ o dev(2;) G Ef1 or 
i/ o dev(z) G 9dev(Vr) fl 54m"1, i.e., z/ o dev(z) ^ i/ o dev(y). In each case, 

J^ ^^ 0 dev(7A(n) * SA(n)), ^ 0 dev(^A(n))) = 00, 

which is impossible by (*). Hence we obtain that jBjL(7A(m) • ^A(m)) C W for some 
m. 

Since {^2}i>A(m) G -Bi(a;A(m)), the isometry 7A(m) (with respect to p*) shows 

that {7A(m) • Xi}teX(m) G £_L(7A(m) • a;A(m)). As W" is compact, there is a point 

w G W such that lim 7A(m) • Xi = w. Therefore lim Xi = jT,* \ • ty for 

which dev(7w^N • iy) = lim dev(a;i). Since the sequence of images {dev^)} is also 

Cauchy in the complete metric space 54n+3 - g4™-^ {dev(xi)} has a limit point in 
54n+3 _ 54m-i5 which therefore implies that dev(7~(

1
m) • w) G 54n+3 - S4"1"1. Thus 

dev(7^(
1
m) • w) is not contained in S4™-1, i.e., 7"^ • w G M - dev'^S4"1-1). This 

shows that the Cauchy sequence {xi} converges in M — dev_1(54m~1) so that the 
simply connected space M — dev~1(54m~1) is complete. As a consequence, the local 
isometry dev : M — dev~1(54rn_1)—^54n+3 — S4™'1 becomes a diffeomorphism. In 
particular, dev : M—> dev(M) is a diffeomorphism. As T is discrete and acts properly 
discontinuously on dev(M), dev(M) C 54n+3 - £,(]?). As above L(r) = S*™-1, so 
dev : M—^54n+3 - S4771'1 is diffeomorphic. Thus M is isomorphic to 54n+3 - 
54m~1/r which is the double coset space Sp(m) x ASp(l) x Sp(n - m)\Sp(m,l) x 
Sp(n — m + l)/r where 2 ^ m ^ n. This completes the proof of Theorem. D 

REMARK 31. (1) In the earlier draft of this paper, there was a gap in the com- 
pleteness argument of the proof of Theorem 30, which was pointed out by the referee. 
Our proof (Hi) to showing completeness is based on the observation of completeness 
argument of Suhyoung Choi and Lee's paper [10]. See also [21] for the correction. 

(2) Notice that the transitive connected subgroup H of PSp(n+l, 1) is isomorphic 
to Sp(m, 1) • Sp(n — m -f 1) which acts transitively on g4n+3 — S4"1-1. Especially, 
L(H) = S4™"1. 
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(3) When m = 1, PSp(l, 1) is isomorphic to the isometry group PO(4,1)° of real 
hyperbolic space H^. We do not know whether the above theorem is true or not in 
this case. The bending deformation as in Note 7 can not be applied to this case. 
B. Apanasov has noticed this fact by pointing out our incorrect use of bending for 
PO(4,l)0 = PSp(l,l). 

PROPOSITION 32. Let M be a compact spherical pseudo-quaternionic (4n + 3)- 
manifold M and G a connected semisimple Lie group with no compact factor and 
without center. Suppose that M is not homogeneous. If the fundamental group TT 
25 virtually isomorphic to a discrete uniform subgroup of G and the cohomological 
dimension of TT is less than or equal to 4n + 3, then G must be isomorphic to one of 
the following Lie groups: 

1. PO(m,l)0,   l^m^4n4-3. 
2. PU(m,l)7   1^771^271 + 1. 

Proof. Let T be the holonomy group. As in the argument of Theorem 30, its real 
algebraic closure A{r) is either (i) PSp(n + 1,1) or (ii) r op : 7r^r(r) is isomorphic 
and discrete in H where H = PSp(m,l) (1 < m ^ n), PSL(2,C), PO(n + 1,1), or 
PU(n + 1,1) and r(r) is Zariski dense in if. Note that PSL(2, C) » PO(3,1)°. 

Suppose that G is isomorphic to neither PO(m, 1)° nor PU(m, 1). Then G has 
either .R-rank ^ 2 or is isomorphic to PSp(m, 1) (m ^ 2) or F4~

2C\ (Note that 
PSp(l, 1) « PO(4,1)°.) By the superrigidity, r o p extends to a continuous homomor- 
phism ip : G—^PSp(n + 1,1) or cp : G—>H. As ip(G) is a connected Lie subgroup 
of PSp(n + 1,1) or H9 we have that ip(G) = PSp(n + 1,1) or ip(G) = H. Put 
G = G/ Ker tp and let p : G-tG be the canonical projection. 

Case (i).^ induces an isomorphism 0 : G—^PSp(n + 1,1). Since the cohomo- 
logical dimension of TT is less than or equal to 4n + 3 by the hypothesis, dim G/K ^ 
4n + 3 where K is a maximal compact subgroup. On the other hand, dim G/K ^ 
dim PSp(n + 1,1)/Sp(n + 1) • Sp(l) = 4n + 4, which yields a contradiction. 

Case (ii) <£ : G—>H is an isomorphism. As r o p : 7r->r(r) is isomorphic, p(7r) 
maps isomorphically onto (^(TT) = r(r). Since r(r) is discrete in JET, p(7r) is discrete and 
cocompact in G. If if is a maximal compact subgroup of G, then p(K) is a maximal 
compact subgroup of G by the hypothesis on G.   There is a fibration of compact 
aspherical manifolds: K fl Ker^\ KeTip-^K\G/7r -^-4 p(K)\G/p(7r) in which p maps 
TT isomorphically onto p(n). Since both compact aspherical manifolds have isomorphic 
fundamental groups and have the same dimension, p is a covering map and so is a 
homeomorphism. Hence the fiber K fl Ker (p\ Ker (p is a point or if n Ker cp == Ker ip 
which is compact. As G is semisimple with no normal compact factor and with no 
center, Kenp must be trivial. Therefore ip : G—>H is an isomorphism, that is, 
G = PSp(m,l) (m^2). 

Suppose that G is isomorphic to PO(m, 1)°, or PU(m, 1). The hypothesis that 
dimG/K ^ 4n + 3 implies that 1 < m ^ 4n + 3 for PO(m, 1)° and 1 ^ m $ 2n + 1 
forPU(m,l). D 

4,2. Deformation space on spherical Carnot-Caratheodory manifolds. 
Let (G, X) be a geometry and Mo a (£, X)-manifold. The deformation space T(Mo) 
is the space of all (£, X)-structures on marked manifolds homeomorphic to MQ. More 
precisely, T(Mo) consists of equivalence classes of diffeomorphisms / : Mo -± M from 
Mo to (^,X)-manifolds M. Two such diffeomorphisms fc : MQ -+ Mi (i = 1,2) 
are equivalent if and only if there is an isomorphism (i.e., (£, X)-structure preserving 
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diffeomorphism) h : Mi~>M2 such that ho fo is isotopic to /2. If / : MQ —> M is a 
representative element of T(Mo), there is a developing pair (p,dev) : (7ri(M),M) -> 
(5,X). We have the holonomy representation po f$ : 7ri(Mo) -> G up to conjugacy. 
There is a map hoi : T(Mo) -> Hom(r,^)/5 which assigns to a marked structure 
its holonomy representation. When we take (G,X) = (PSp(n + l,l),54n+3), the 
deformation space T(Mo) is the space of all possible spherical pseudo-quaternionic 
structures on MQ. Let MQ = V^i+3/7r be a compact spherical pseudo-quaternionic 
(4n + 3)-manifold for TT C Sp(n, 1) • Sp(l) as in (1.3). We have the following corollary 
from Theorem 30. 

COROLLARY 33. Let M be a compact spherical pseudo-quaternionic (4n 4- 3)- 
manifold. Suppose that TTI (M) is isomorphic to the fundamental group of a compact 
quaternionic hyperbolic in-manifold. Then, M is pseudo-quaternionically isomorphic 
to Mo = V%+

3
/TC. 

Recall that a representation p : TT—► PSp(n 4-1,1) is amenable if its closure of p(7r) 
lies in the maximal amenable Lie subgroup of PSp(n + 1,1). A maximal amenable 
Lie group in PSp(n + 1,1) is conjugate to Sp(n) • Sp(l) or Sim(.M). 

Let 5(0, oo). be the set of amenable representations in Hom(7r,PSp(n + 1,1)) 
and 5(—1) the set of non-amenable representations in Hom(7r,PSp(n 4- 1,1)). Then 
the disjoint union 5(0, oo) U 5(—1) constitutes Hom(7r,PSp(n + 1,1)). A Fuchsian 
representation p: 7r-&PSp(n 4-1,1) is a discrete faithful representation whose image 
p(7r) leaves the totally geodesic quaternionic n-subspace Hg in IHIJJ"1"1 up to conjugacy 
(equivalently, leaves invariant the boundary sphere S4n~1 in 54n"f3). (Compare [14], 
[8]-) 

LEMMA 34. Let 1Z (resp. T ) be the set of all discrete faithful (resp. Fuchsian) 
representations of TT into PSp(n + 1,1). Then 5(—1) = 1Z = T. 

Proof. Let Pr : Sp(n, 1) • Sp(l)—► PSp(n, 1) be the projection. Put Pr(7r) = V. 
Since TT is isomorphic to a discrete uniform lattice F' in PSp(n, 1), 1Z C 5(—1). Let 
p : TT—»PSp(n + 1,1) be a non-amenable representation. Put p(7r) = P. Then the 
real algebraic closure *4(r) is not amenable. As in the argument of the proof of 
Theorem 30, we have a homomorphism r : .A(r)—^if, where H is either 
PSp(m, 1), PU(m, 1), PO(m, 1), (2 <* m <; n + 1) or PSL(2,C). Moreover, r o p(7r) 
is Zariski dense in H. Let r o p o Pr-1 : F'—>H be a homomorphism. By the 
superrigidity, there is an extension * : PSp(n, 1)—+H of r o p o Pr-1. It is easy to 
see that \I> : PSp(n, 1)—>H is an isomorphism. Then ^.(F) = Sp(n, 1) • Sp(l) up to 
conjugacy. Since TT is torsion free, p : TT-^F C Sp(n, 1) • Sp(l) is a discrete faithful 
representation. Moreover, Sp(n, 1) • Sp(l) acts transitively on Hlg in IHI^+1, so p is a 
Fuchsian representation. Hence 5(—1) = 1Z, which simultaneously coincides with !F. 
D 

Let Pr(7r) = F' be a discrete uniform lattice of PSp(n, 1) as above. If we put 

7£(r') = {pf € Hom(r/,PSp(n, 1)) | p' is a discrete faithful representation}, 

then by the well known Mostow rigidity, the orbit space 7^(r/)/PSp(n, 1) is a single 
point. 

Let 7£(7r,Sp(n, 1) • Sp(l)) be the set of discrete faithful representations 
into Sp(n, 1) • Sp(l). Then it is easy to see that the set of discrete faithful represen- 
tations lZ(ir, PSp(n + 1, l))/PSp(n 4- 1,1)   is   in   one-to-one   correspondence  with 
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ft(7r, Sp(n51) • Sp(l))/Sp(n, 1) • Sp(l). (Compare [22].) As there is the fibration: 

Hom(7r;Sp(l))/Sp(l)—>Hom(7r,Sp(n, 1) • Sp(l))/Sp(n, 1) • Sp(l) 

—^HomCr'^Sp^, l))/PSp(n, 1), 

it follows that 

Rom(7r, Sp(l))/Sp(l) » 7l(7r, Sp(n, 1) • Sp(l))/Sp(n, 1) • Sp(l). 

Tl = n(ir, PSp(n + 1,1)) « PSp(n + 1,1) x Hom(7r, Sp(l))/Sp(l). From Lemma 1.2 
[17], note that TZ is a closed subset in Hom(7r, PSp(n + 1,1)). 

COROLLARY 35. The set of Fuchsian representations is a component of 
Hom(7r, PSp(n + l, 1)). Moreover, the set of Fuchsian representations is diffeomorphic 
to the space PSp(n + 1,1) x Hom(7r,Sp(l))/Sp(l). 

Proof Since <S(-1) = ^ « PSp(n H- 1,1) x Hom(7r,Sp(l))/Sp(l), 5(-l) is a 
closed connected subspace in Hom(7r,PSp(n + 1,1)). Let C(—1) be the connected 
component of Hom(7r,PSp(n 4-1,1)) containing S(—1). If C(—1) — S(—l) ^ 0, then 
there is a sequence {pi} such that lim pi = p € S(—1). Since Hom(7r, PSp(n+l, 1)) = 

<S(0, oo)U<S(—1), each pi is amenable. Suppose that each Pi(ir) stabilizes a point {ooi}. 
Passing to a subsequence, let lim oo^ = oo 6 54n+3. Then for every j G TT, 

z->oo 

p(7)(oo) = lim Pt(7)(oo*) = lim o0^ = o0? 
t—>-oo i—too 

which contradicts that p is non-amenable. D 

Let hoi : T(Mo) -> Hom(7r,PSp(n + 1, l))/PSp(n + 1,1) be the map as before. 
We obtain the following from Corollary 33 and 35. 

THEOREM 36. The map hoi maps T(MQ) homeomorphically onto a connected 
component diffeomorphic to Hom(7r,Sp(l))/Sp(l). 
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