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GEOMETRIC RIGIDITY OF SPHERICAL HYPERSURFACES IN
QUATERNIONIC MANIFOLDS*

YOSHINOBU KAMISHIMA'

Abstract. This article concerns a geometric structure on (4n + 3)-dimensional smooth mani-
folds. The isometry group of quaternionic hyperbolic space acts transitively on the boundary sphere
as projective transformations. It gives a geometry (PSp(n + 1,1), $4**3). A (4n + 3)-manifold lo-
cally modelled on this geometry is said to be a spherical pseudo-quaternionic manifold. We discuss
a Carnot-Carathéodory structure on spherical pseudo-quaternionic manifolds in connection with the
Sasakian 3-structure. Using superrigidity in quaternionic hyperbolic group, we shall prove the geo-
metric rigidity of compact spherical pseudo-quaternionic (4n + 3)-manifolds when the fundamental
group is isomorphic to either an amenable group or a quaternionic hyperbolic group.

Introduction. A spherical pseudo-quaternionic structure is a geometric struc-
ture on a (4n + 3)-manifold locally modelled on the sphere S4**+3 with coordinate
changes lying in the Lorentz group PSp(n + 1,1). Here PSp(n + 1,1) is isomorphic
to the isometry group Iso(Hp*™) of the quaternionic hyperbolic space Hpt' where F
stands for the noncommutative field of quaternions. The space ]HI]}}+1 has the projec-
tive compactification whose boundary is the sphere S4"*3 on which PSp(n+1,1) acts
as projective transformations. The pair (PSp(n + 1,1),54"*3) is said to be spherical
pseudo-quaternionic geometry (cf. [19], [6]). A (4n + 3)-manifold locally modelled on
this geometry is said to be a spherical pseudo-quaternionic manifold. In this paper
we shall study geometric rigidity of compact spherical pseudo-quaternionic manifolds.
A typical example of spherical pseudo-quaternionic manifolds is a homogeneous space
and its compact quotient M. That is, there is a transitive group of spherical pseudo-
quaternionic transformations of the universal covering space M which has a discrete
subgroup I' acting properly discontinuously on M with compact quotient M /T. For
our geometric use, we follow the construction of hyperboloid in real hyperbolic ge-
ometry. Let §4"+3 — §47~1 be the sphere complement where S**~! is the boundary
of the quaternionic hyperbolic space HE. It turns out that S4"+3 — §4n—1 ig the to-
tal space of the principal bundle: Sp(1)—$4"*3 — §4n—1_H and the subgroup of
PSp(n + 1, 1) preserving S**~! is isomorphic to the group Sp(n, 1) - Sp(1). Moreover,
the fundamental result in semi-Riemannian geometry is that S4"+3 — §4n—1 ig 3 sim-
ply connected geodesically complete semi-Riemannian manifold of type (3,4n) with
constant curvature —1 (cf. [29], [46]). If 7 is a torsionfree discrete uniform subgroup
of Sp(mn, 1) - Sp(1), then the orbit space My = §*"+3 — $4"~1 /x is a compact spherical
pseudo-quaternionic manifold which has the fibration over the compact quaternionic
hyperbolic space form:

Sp(1)— M, - Hg /T.

Here 7 is mapped isomorphically onto a torsionfree discrete uniform subgroup I' C
PSp(n,1) = Iso(Hf). More generally, we have the homogeneous spherical pseudo-
quaternionic spaces and their compact quotients:

Sp(m) x ASp(1) x Sp(n — m)\Sp(m, 1) - Sp(n — m + 1) /7 = S4"+3 — g4m—1 /7,
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where 1 £ m < n and the fundamental group 7 is isomorphic to a discrete uni-
form subgroup of PSp(m, 1). (Compare §1.) By using the Margulis’ superrigidity by
Corlette [11], we prove that the converse is also true.

THEOREM A. Let M be a compact spherical pseudo-quaternionic (4n+3)-manifold
whose fundamental group m (M) is isomorphic to a discrete uniform subgroup of
PSp(m, 1) for some m where 2 £ m < n. Then M is pseudo-quaternionically isomor-
phic to the double coset space Sp(m) x ASp(1) x Sp(n — m)\Sp(m, 1) - Sp(n — m +
1)/Twhere m = 2,--- ,n.

Let 7(Mp) be the deformation space of spherical pseudo-quaternionic struc-
tures on marked manifolds homeomorphic to My. There is the natural map hol :
T (Mo)— Hom(m, PSp(n+1,1))/PSp(n+1, 1) which assigns to a marked structure its
holonomy representation. As an application, we have the following. (Compare [14].)

COROLLARY B. The map hol maps T (My) homeomorphically onto a connected
component in Hom(w, PSp(n + 1,1))/PSp(n + 1,1). Moreover, the connected compo-
nent consists of the set of Fuchsian representations which is diffeomorphic to
Hom(, Sp(1))/Sp(1).

In order to prove Theorem A and Corollary B, we examine the holonomy repre-
sentation p : m (M)—PSp(n + 1,1). As a spherical pseudo-quaternionic structure,
the sphere with one point removed, $4"*3 — {co}, is identified with the Heisenberg
nilpotent Lie group M. Here M lies in the central extension 1—-R3 <M 25 F*—1
for which F" is the n-dimensional quaternionic vector space (cf. §1). Let Sim(M) be
the subgroup of PSp(n+1, 1) whose elements leave M invariant (equivalently, each el-
ement stabilizes the point at infinity {0} ). Recall that an amenable closed subgroup
of PSp(n + 1, 1) is conjugate to a subgroup of either Sim(M) or a maximal compact
subgroup Sp(n + 1) - Sp(1). Given a group G, a representation p : G—PSp(n +1,1)
is said to be amenable if the closure of the image p(G) is amenable. To apply the
superrigidity, it is necessary for a representation to be Zariski-dense. First of all we
must avoid the case of amenable holonomy representations. We have the following
classification.

THEOREM C. Let M be a compact spherical pseudo-quaternionic @n+3)-manifold.
If the holonomy group is amenable, then M is finitely covered by the sphere S*"2 o
Hopf manifold S* x S*"*2 or a nilmanifold M/T.

Our method to the proofs is to study a Carnot-Carathéodory structure on a spher-
ical pseudo-quaternionic manifold from the viewpoint of gauge theory, which is based
on the H. Weyl’s conformal structure. A quaternionic Carnot-Carathéodory structure
on a (4n + 3)-manifold M consists of a nondegenerate codimension 3-subbundle B of
T M each fiber of which is endowed with an n-dimensional quaternionic vector space
(cf. [32],[34]). Our notion of quaternionic Carnot-Carathéodory structure general-
izes the Sasakian 3-structure. Classically the Sasakian 3-structure [40],[41] is known
to be a geometric structure on (4n + 3)-manifolds as an analogue of quaternionic
Kahler manifolds such as the quaternionic projective space FP™ (cf. [16],[28],[38]).
In particular the canonical Sasakian 3-structure on S*"*2 induces the Hopf bun-
dle: Sp(1)—S8*"*+3 Iy FP". The connection form defines an sp(1)-valued one-form
6 on S**+3 for which Null § = {X € TS**3 | §(X) = 0} gives rise to a non-
degenerate codimension 3-subbundle. We see that (S"*3,Null 6) is a quaternionic
Carnot-Carathéodory manifold. Then it is a fundamental purpose to exhibit spherical
pseudo-quaternionic geometry on S*"*3 as an analogue of spherical Cauchy-Riemann
geometry [6], or that of conformally flat geometry.
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PROPOSITION D. If Autqeo(S**H3) is the group of all quaternionic Carnot-
Carathéodory transformations of (S4™+3 Null 8), then Autqoc(S47+3) =PSp(n+11).
That is, the spherical pseudo-quaternionic geometry (PSp(n + 1,1), 843 coincides
with the quaternionic Carnot-Carathéodory geometry on S*"+3.

By this proposition, a spherical pseudo-quaternionic (4n + 3)-manifold M will
be a quaternionic Carnot-Carathéodory manifold. For example, the quaternionic
Carnot-Carathéodory structure to the domain S*"+3 — §47—1 is mapped isometrically
at each point onto the quaternionic hyperbolic geometry (PSp(n,1),Hg) with the
automorphism group Autqcc (542 — $47~1) = Sp(n,1) - Sp(1). The quaternionic
Carnot-Carathéodory metric on M plays the same role as the euclidean metric on F*.
Concerned with the proof of Theorem C, a compact spherical pseudo-quaternionic
(4n + 3)-manifold with amenable holonomy provides a holonomy-invariant closed sub-
set outside the developing image in $4"+3 by using the idea of Fried [12]. Then we
shall prove Theorem C by showing that the developing map is a covering map onto
its image.

Finally we remark the mon-rigidity. There are examples of non-homogeneous
spherical pseudo-quaternionic manifolds and compact quotients. Given such a com-
pact manifold M; = §4"+3—G" T (cf. Corollary 6, Note 7), there is a nontrivial family
of developing pairs (devy, pt) (t € Sp(1)) of spherical pseudo-quaternionic structures
on M;. This is obtained by the bending deformation.

1. Spherical pseudo-quaternionic geometry.

1.1. Spherical pseudo-quaternionic structure. Let F**2 denote the quater-
nionic vector space, equipped with the Hermitian form

B(z,w) = —Z1w1 + Zowz + - -+ + Znp2Wni2.
Consider the following subspaces in F**2 — {0}:

VintT = {2z € F**?| B(z,2) = 0},
VA8 — {7 € 2| B(z, 2) < 0}.

Let P : "+2? — {0}—FP"*! be the canonical projection onto the quaternionic pro-
jective space. By definition [8], the quaternionic hyperbolic space HE*! is defined to
be P(V4"+8). Let GL(n+2,F) be the group of all invertible (n+2) x (n -+ 2)-matrices
with quaternion entries. The group Sp(n+1,1) is the subgroup of GL(n +2,F) whose
elements preserve the form B. The action of Sp(n + 1,1) on V*"*® induces an action
on HZ™'. The kernel of this action is the center Z/2 = {%1} and the quaternionic
hyperbolic group PSp(n + 1,1) is defined to be the quotient of Sp(n + 1,1) by the
center. It is known that IHI;'H is a complete simply connected Riemannian manifold
of —1 < sectional curvature < —%, and with the group of isometries PSp(n +1,1) (cf.
25)).

The projective compactification of lI-]I§+1 is obtained by taking the closure IF]I;H
of HE! in FP™*1. Then it follows that Hp™! = HZT! U P(V5™*"). The boundary
P(V;™+7) of HE'! is the standard sphere of dimension 4n+3. Put P(Vy"7) = §4n+3,
Then the hyperbolic action of PSp(n + 1,1) on HZ*! extends to a smooth action on
54743 acting as projective transformations because the compactification H ™ uS4n+3
sits inside FP"+1. The action of PSp(n + 1,1) is transitive on S4"*+3 whose stabilizer
at infinity {co} is isomorphic to Sim(M). (Compare 1.2.) We then call the pair
(PSp(n +1,1),5%"+3) spherical pseudo-quaternionic geometry. Notice that the same
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construction for the real (resp. complex) hyperbolic space is referred to conformally
flat geometry (PO(n,1),S™), spherical CR-geometry (PU(n + 1,1),S82"+1) (cf. [13],
6])-

Let M be a smooth manifold of dimension 4n+ 3. Suppose that {Uy, ¢o }aca is a
maximal collection of charts of M satisfying that M = LélA Uy, ¢a:Ua—0a(Uy) (C

S4n+3) is a homeomorphism, and if U, NUs # @, then the coordinate change g,p =
#p o ¢ extends to an element of PSp(n + 1,1).

Such a collection of charts is said to give a uniformization on M. An equiva-
lence class of uniformizations (by refinement) is called a spherical pseudo-quaternionic
structure on M. A manifold equipped with this structure is said to be a spherical
pseudo-quaternionic manifold M.

Denote by Autpg (M) the group of spherical pseudo-quaternionic transformations
of M. Using a uniformization on M (cf. [28]), there is a developing pair: (p,dev) :
(Autpg (M), M )—(PSp(n+1,1), 54n+3) where M is the universal covering space of
M and 7, (M) C Autpq(M).

1.2. Quaternionic Heisenberg geometry. Let P : (Sp(n + 1,1), V48 u
VartT)— (PSp(n + 1,1), HEt! U §47+3) be the equivariant projection. If {co} is
the point at infinity of S47*3, then the stabilizer PSp(n + 1,1)., is a noncompact
maximal amenable Lie subgroup of PSp(n+1,1). Let {e1, ... ,ent+2} be the standard
basis of F**2 with respect to the Hermitian form B, i.e., B(el,el) = —1, B(e;,ej) =
0ij (4, =2,...,n+2), Bler,ej) =0(j =2,... ,n+2) Since V3™ is a cone, we
can assume that the inverse image P~1(o0) consists of a quaternionic line passing
through the vector fi = (e + eny2)/V2 (that is, P(fi) = co). If H is a subgroup
of Sp(n + 1,1) which leaves f; invariant, then PH is isomorphic to PSp(n + 1,1) .-
Put fni2 = (e1 — eny2)/V2. Now each element g of H has the following form with
respect to the basis {fi,e2,... ,ent+1, fat2}:

Az oz
g={ 0 B y
0 0 p

where \,u € F*, B is an (n,n)-matrix, z is an n-th line vector, and y is an n-
th column vector. As B(gz,gw) = B(z,w) for arbitrary z,w € F**2 we have the
following relations (cf. [8]).

(1) =1, z=\gB.
() zu+pz=1yl’>, BeSpn).

Let M be the subgroup consisting of the following matrices;

1
0
0

O -8
- N

2
satisfying that Re z = lg—’lzl—, z = 'j. (Note that this follows from (1), (2).) Putting

2
|y| +ia + 38 + k-, there is a one-to-one correspondence between the product
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R3 x F* and M:

Y

ty J%E+ia+jﬂ+k7>
I
0 1

1
(o, 8,7),y) = ( 0
0

Then the one-to-one correspondence gives a group law on the product R3 x F».
As a consequence, M is the product R® x F* with group law:

(a,9) - (b,2) = (a+b+Im <y,z >,y + 2).

Here < > is the Hermitian inner product and Im < > is the imaginary part. M is
nilpotent because [M, M] = R? which is the center consisting of the form ((a, 3,7),0).
M is called the Heisenberg nilpotent Lie group. (Compare [13].) Moreover H is
isomorphic to the semidirect product M x (Sp(n) x F*). We define the subgroup
Sim(M) of PSp(n + 1,1) to be PH = PSp(n + 1,1). Then Sim(M) is isomorphic
to the semidirect product M x (Sp(n) -Sp(1) x R*). The action of Sp(n)-Sp(1) x R*
on M is given as follows: if (4 - g,t) € Sp(n) - Sp(1) x R* and (a,y) € M, then

(A-g,t)o(a,y) = (t* - gag™, t- Ayg™?).

Choosing Tg = P(fn+2) € S4"+3 — {c0}, M acts simply transitively on S*"+3 — {co0}
by p(g) = gzo for g € M. S§*+3 — {0} is identified with M as a spherical pseudo-
quaternionic structure. The pair (Sim(M), M) is called quaternionic Heisenberg ge-
ometry.

Choosing a torsionfree discrete cocompact subgroup I' from M x (Sp(n) - Sp(1)),
we have a fibration of an infranilmanifold as a compact spherical pseudo-quaternionic
manifold;

(1) T} M/T—F /T

where T is the 3-torus and " /T" (I' C E(n) = F* x (Sp(n)-Sp(1)) is the quaternionic
euclidean flat orbifold.

Let M — {0}(= §*"*+% — {0,00}) ~ Rt x $4"*2. Then it follows that (cf. [19])
Autpq (Rt x §*"*2) = (0(1,1)° x Z/2) x (O(3) x Sp(n) - Sp(1)).

Choosing a torsion free discrete cocompact subgroup A of Sp(n)-Sp(1) x Rt we obtain
an infra-Hopf manifold

(1) Rt x S4"+2 /A ~ St x §4+2/@,

where G is a finite subgroup of Autpq(S! xS4"+2) = (S1xZ/2) x (0(3) xSp(n)-Sp(1)).
In particular, the Hopf manifold S* x S4"*2 is a spherical pseudo-quaternionic mani-
fold. Similar to the conformal, C R-cases, there is an orientation reversing involution
7 in Autpq(S4"*3 — {0, 00}) = Autpq(R* x S47*2), we can perform an operation of
the connected sum which is closed under the spherical pseudo-quaternionic structure.
(Compare [6], [28].) We obtain that

PROPOSITION 1. Let My, M, be spherical pseudo-quaternionic manifolds. Then
the connected sum My# My supports a spherical pseudo-quaternionic structure.
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1.3. Homogeneous spherical pseudo-quaternionic manifolds. We intro-
duce another quadric V%3 = {z € F*+! — {0}| B(z,2) = —1}. In the quaternion
case, the group GL(n + 1,F) is acting on F**! from the left and F* = GL(1,F) act-
ing as the scalar multiplications from the right. We have the following equivariant
principal bundles over FP".

(R* -F*,F*) ——(GL(n+1,F) -F*,F*+ —{0})—2— (PGL(n + 1, F), FP")

I I I

(Z/2-Sp(1),Sp(1)) —  (Sp(n,1) - Sp(1), V4r+3) L (PSp(n,1), Hp).

Then Vf;""?’ is known to be a simply connected geodesically complete semi-Riemann-
ian manifold of type (3,4n) with constant curvature —1 (cf. [29]). Note that the
group of isometries of V4% is Sp(n, 1)-Sp(1). Let 7 be a torsionfree discrete uniform
subgroup of Sp(n, 1) - Sp(1). From the above sequence, P maps isomorphically onto a
torsionfree discrete uniform subgroup I' of PSp(n,1). Since Sp(1) is compact, 7 acts
properly discontinuously and freely on Vf?+3. Put My = Vf’f"'?’ /7. By the above
diagram, there is a fiber bundle over the compact quaternionic hyperbolic manifold

(i) Sp(1)—=VA+3 /m—HE JT.

We give examples of Riemannian homogeneous spaces as spherical pseudo-quater-
nionic structure and their compact quotients. Let S***t% — S4™~! be the sphere
complement (1 £ m < n), which is isomorphic to the quotient space P(VA7*3 x
§4(n—m)+3) by chasing the equivariant principal bundle:

(2/2,5p(1))

(G, V:l;rln+3 x S‘4(n—m)+3)

P pN

(PG, P(v_‘_l;n+3 x S4(n—m)+3)) — G4nt+3 _ g4m—1 ~ Fﬂ.vn+1’

where G = Sp(m, 1) X Sp(n —m+1) £, Sp(m,1)-Sp(n—m+1). If Autpq(S4n+3 —
S§4m—1) is the subgroup of PSp(n + 1,1) preserving $4™~1, then it is isomorphic to
PG = Sp(m,1) - Sp(n —m +1). Let

ase0 =1 12 ) (5 1,0 M € Spm1)-Spln=m+1).

Then Sp(m) x ASp(1) x Sp(n—m)\Sp(m, 1)-Sp(n—m+1) = S4"*3 — §4m=1 'which is
a Riemannian homogeneous space because the stabilizer Sp(m) x ASp(1) x Sp(n —m)
is compact. Choosing a torsionfree discrete uniform subgroup « C Sp(m, 1) - Sp(n —
m + 1), we obtain a double coset space S4"t3 — §4m=1/x a5 a compact spherical
pseudo-quaternionic manifold. As 7 is mapped isomorphically onto a discrete uniform
subgroup I' C PSp(m, 1), there is a fiber bundle over the quaternionic hyperbolic
manifold Hg* /T

(i’U) S4(n—m)+3_)54n+3 _ S4m—1/7r__)n_]]i7§1/r‘
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In particular when m = n, §4+3 — §4n=1 = p(VAm+3 x §3) = y47+3,

PROPOSITION 2. My is a compact spherical pseudo-quaternionic manifold whose
developing image is a homogeneous space S*"+3 — g4n—1,

1.4. Proper action of subgroups of PSp(n+1,1). For our later use, we prove
the existence of proper actions of connected Lie groups on the sphere complement
which is not homogeneous. Let (Sim(M), M) be the Heisenberg geometry for which
Sim(M) = M x (Sp(n) - Sp(1) x R*). There is the equivariant principal bundle:

R® —(Sim(M), M) = (Sim(F"),F").

The subgroup Sp(n) - Sp(1) acts on F* by A-g(z) = A-z-g~!. Given an R-vector
subspace V of I, denote by Sp(V) the subgroup of Sp(n) - Sp(1) leaving V' invariant.
Put G = v~1(V x (Sp(V) x Rt)). Then G is a closed subgroup of Sim(M) which
preserves the subspace v~} (V) = R3 x V. Note that N' = v~1(V) is also a nilpotent
subgroup of M. Suppose that dim V' = k. As G stabilizes the point at infinity {oo},
G preserves the (k + 3)-sphere S¥+3 = (R® x V) U {co}. Moreover, G leaves invariant

M- xV =MU{oco} —R x VU{oo} = §n+3 _ gk+3,

Let X be the universal covering space of §47+3 — §k+3,

LEMMA 3. Suppose that V # ™.
(1) G acts properly on S4n+3 — Gk+3,
(2) There is a G-invariant complete Riemannian metric on S*™+3 — Sk+3,
(3) Given a discontinuous subgroup I' of G, let (F X) be any lift of the action
(T, §4nt3 _ Gk+3) to X. Then no such group T acts properly discontinuously
with compact quotient X/T.

Proof. (1) Let K be a compact subset of S4"*3 — S*¥+3_ We prove that the subset
of G, (c(K)={g9 € G| gKkNK # 0}, is compact. There is an equivariant fibration:

R®—(G, $4+3 — §5+3) 2y (V x (Sp(V) x R*), 84" — %),

where S¥ = VU{oo}. Put G =V x (Sp(V) x R*). Let Conf($*") = PO(4n+1,1) be
the group of conformal transformations of S4". If Conf(S*", S*) is the subgroup of
Conf(S*") preserving S*, then we have (Conf(S%", S¥), 54" — S¥) = (PO(k + 1,1) x
O(4n — k), HEF! x S47—k=1) where the product PO(k + 1,1) x O(4n — k) acts as
isometries. (Compare [18].) Since G is a closed similarity subgroup of PO(k +1,1) x
O(4n — k), G acts properly on S — S*. Let {g;} be a sequence in (g (K). leen
a sequence {z;} € K with limz; = z, suppose that lim g;z; = y for some y € K.
Since lim V(gz)y(a:z) = v(y), there is an element h € G such that limv(g;) = h. As

—>G 2y Gis a principal fibration with contractible ﬁber, we choose a section
s : G—@. In particular, lim s(v(g;)) = s(h). Let s(h) = ¢’ so that lim s(v(g;))z; =
g'z. Since there is a sequence {t;} € R® for which t; - s(v(g;)) = gi, we have limt; -
s(v(g:))r; = y. As R® acts properly, there is an element ¢ € R® such that lim¢; = t.
Hence lim g; = limt; - s(v(g:)) =t ¢'.

(2) There exists a G-invariant Riemannian metric g on S*"+3 — Sk+3 by (1).
(Compare [27].) We prove that g is complete. Let d be the distance function on
S4n+3 _ 5k+3 and {z,}nen a Cauchy sequence in S4"+3 — S*+3. Take a simply
connected closed subgroup v~ *(V xR*) = (R® xV)xR* acting freely on §47+3 — 5k+3,
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Moreover, the solvable subgroup V x R* (C Sim(V))?) acts simply transitively on
HE™, the above fibration induces the following fibration:

(R® x V) x Rt —54n+3 _ gh+3 L, gin—k-1

Then the sequence {u(z,)} has an accumulation point z € S*"~%~1, Choose Z €
S§4n+3 _ Sk+3 quch that p(Z) = 2. Let K be a compact neighborhood of % in §4"+3 —
S¥+3. There is a number € > 0 such that the e-ball B.(Z) centered at 7 is contained
in K. As lim u(z,) = z € u(K), there exists a sufficiently large L such that u(z,) €
n(Bg (%)) for n = L. Choose {Z,} € Bg(Z) with pu(2,) = p(z,) forn 2 L. Then there
is a sequence {s,} € (R®* x V) x R" such that z, = s, - 2, for n 2 L. As {z,} is
Cauchy, there exists an M > L such that d(z,,z,) < g for m,n =2 M. In particular,

d(@ar, Tn) = d(Sa1 * 201, 8n - Zn) < g As d(zn, ) < § for n 2 M,

d(s; sa - 2,2) = d(sur - 2, 502)
é d(sM “Z,SM EM) + d(SM “ZM, Snin) + d(snzn, Sni)
=d(2,2p) + d(zar, zn) + d(2n, 2) < €.

Therefore s;'sp - 2 € K for n 2 M. By properness of (R® x V) x R, we have
lims,tspy = s or limsy, = sys’ ™. As {Z,} € K and K is compact, there is a point
w € K with lim Z, = w up to a subsequence. Then,

limz, =lims, - , = sprs’ - w.

Hence S§4"+3 — S¥+3 is complete.

(3) If k # 4n — 2, then X = §4+3 — Sk¥+3_ The action (T, X) coincides with
the action (I, §4*+3 — §*+3). Since G acts properly on §%* — §* = HE*! x §in—+-1
and transitively on H’ﬁ"‘l, the quotient S** — S* /é’ is compact Hausdorff. Noting
the fibration that G/T—X/T—X/G = §* — S¥/G, if X/T is compact, then T
is a discrete uniform subgroup of G. On the other hand, G has the exact sequence
1R x V=G - Sp(V) x R* in which A = R® x V C M is a maximal normal
nilpotent Lie subgroup of G. If A = I'N N, then A is a discrete uniform subgroup
of N. (See [37].) Thus 7(T') is discrete and cocompact in Sp(V') x R*. Since R* acts

as contraction or expansion on N' C M (acts by different scale factors as in (1.2)), so
does 7(T') on A. Hence A\ cannot be discrete in N, being a contradiction.

Suppose that k = 4n — 2. Then V = F*~! x R? C F". So, the group Sp(V) is
isomorphic to Sp(n — 1) - SO(2) where SO(2) is a circle of Sp(1). Then the equivariant
fibration of (1) induces the following:

R (G, X) -5 (V % (Sp(n— 1) x R x RY), HY** x R),

where Z—R—SO(2) is a covering group. As again the quotient space X/G = Hg" ™' x
R/V % (Sp(n—1) xRxR*) = §47— §47~2 /G is compact Hausdorff. If X/ is compact,
then the fibration implies that I' is a discrete uniform subgroup of G. Since G has the
group extension 1—R? x V—G — Sp(n—1) x Rx R* —1in which N = R® x V is a
maximal normal nilpotent Lie subgroup of G. Thus the intersection N'NI is a discrete
uniform subgroup of . The same argument yields a contradiction. Therefore there
is no discrete cocompact subgroup I' of G. O
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It is easy to see that the closed connected abelian subgroups of M are only
R® = (R3,0), R* = (0,R™) or R®* x R™ up to conjugacy. The subgroup of Sim(M)
leaving invariant R™ is isomorphic to the subgroup Sim(R")° = R”® x (SO(n) x Rt).
When we take V' as the abelian group R, G = R® x Sim(R")® which leaves invariant
R® x R™ and also S™*3.

COROLLARY 4. The group G acts properly on M —R® x R* = §4n+3 _ gnt3_ Ip
particular, Sim(R™) acts properly.

Recall that a proper totally geodesic subspace in lI-]Ig“’1 is isometric to H (K =
R,C or F, 1 £ m < n), or HZ™', HE™, or a 3-dimensional (hyperbolic) subspace
H! (I) (which is orthogonal to H in HL). (Compare [8].) In order to construct a
non-homogeneous example but has compact quotient, we need the following.

PROPOSITION 5.
(1) The subgroup of PSp(n+1,1) preserving HEt' in HR™ is isomorphic to
PO(n + 1,1) x SO(3), which also preserves S™ in S4n+3,
(2) PO(n +1,1) acts properly on S4"+3 — 5™,
(3) There is a complete Riemannian metric on S*"+3 —S™ invariant under

PO(n +1,1) x SO(3).

(1) follows from the result of [8]; the subgroup of Sp(n + 1,1) which preserves
HE*! is isomorphic to O(n+1,1)-Sp(1). As before if Conf(S4"+3, S™) is the subgroup
of Conf(S*"+3) preserving S = OHp'!, then (Conf(S%"+3 Sn), §4n+3 — Gny =
(PO(n + 1,1) x O(3n + 3), Hpt! x $37+2) (cf. [18]). We have an isometric action
of PO(n +1,1) on S4*+3 — S". However it is noted that the above action of (2) on
S4n+3 _ g7 is different from this isometric action.

Proof. (2) Since R* U {c0} = S™ C M U {00} = S4*3, note that S4m+3 —
S™ = M — R™. Moreover PO(n + 1,1) = O(n + 1) - Sim(R"). It suffices to check
that Sim(R™) acts properly on M — R*®. Let K be a compact set of M — R® and
Csimmn) (K) = {g € SiIm(R™) | gK N K # 0}. Let {g;} be a sequence in (gim(rn)(X)-
Given a sequence {p;} € K with lim p; = p, suppose that lim g;p; = ¢ for some g € K.
There is the fibration: R M — R® x R* = F* — R" as before.

Case 1. Suppose that an infinite number of points {p;} satisfy that v(p;) € R™.
Then we have v(p) € R™. Recall that an element g of Sim(R™) has the form:

9=1(0,2) - (B,1).

For
(a)eM,
z
we have
“\ _ (0,2)- t?a \ _ ( tta+In<z,tBz >
I\ )= H* tBz | z+tBz )
Let
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In our case, z;,z € R™. Note that a # 0 = (0,0,0) because p € K. In particular we
have that lim ai_l = o~ 1. In the sequence

@i\ _ [ tia;+Im < z;,t,Biz > s
gi ( Z; ) - ( z; +t;B;2; = z )

since Im < z;,¢;B;z; >= 0, this reduces to

L tia
9iPi=\ g, +t;Biz; )

It follows that lim#2e; = o/. Then ¢ = ¢2 - |ay| - | |—|0/| - |«~!|. Thus we assume
that limt; = ¢ < co. As limz; + ¢;B;z; = 2, limz; = z and B; € SO(n), we obtain
that lim z; = z for some « € R™ (up to a subsequence). Assume lim B; = B € SO(n).
Then it follows that

lim g; = lim (0,z;) - (B;,t:) = (0,z) - (B,t) € Sim(R").

This proves Case 1.

Case II. Suppose that an infinite number of points {p;} satisfy that v(p;) €
F* — R™ but v(p) € R™. For the point p;, put z; = y; + Im(z;) where y; = Re(z;). As
v(p;) = z; converges to v(p) = z, it follows that limy; = z and lim Im(z;) = 0. Put

0 Bi _f i —Im<y;,z >
pi = ( Im(z;) ) - Im(z;) )

As Im < y;, 2z; >=< y;,Im(2;) > —0, limp;' = (a,0). Since a # 0, we may assume
that B; # 0 for infinitely many . We have lim |3;|™* = |a|™!. Let L,, = (0,%:)-(I,1) €
Sim(R"™) be the translation. Then lim Ly, = (0,2) - (I,1) = L. € Sim(R™). Consider
the sequence {g; o Ly, } € Sim(R™). Then,

, N f—Im<y,zi>+<y,Im(z)> )\ _ (o \_
gi © Ly, (pz ) =g ( i + Im(zi) = gi 2 = gipi—q.

On the other hand, g; o Ly, = (O,Axi) - (B;,t) 0 (0,y;) = (0, z; + t;B;y;) - (By, t;). Put
gi o Ly, = (0,w;) - (B;,t;). Then

t2 . Bi+ < w;, t;B;Im(z;) >
. 1y — ) T 1y L 7
gi© Ly;(pz ) - ( w; + tiBiIm.(zi) ’

It follows that
lim Re(w; + t;B;Im(2;)) = Re(z'), i.e., w;—Re(2').
Similarly, Im(w; + ¢;B;Im(2;)) = ¢;B;Im(2;)—Im(z’). Therefore,
lim < w;,t;B;Im(2;) >=< Re(2'),Im(2') > .
Since lim(#? - i+ < ws, t;B;Im(z;) >) = o/,
t7 =178 - 187" £ (|| + | <Re(2'),Im(2") > |) - |e| ™" + L.

Thus, {t;} is bounded. Let lim¢; = ¢ (up to a subsequence).
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As g; 0 Lyi = (O,wi) . (Bi,t,-)—>(0,Re(z’)) . (B,t), and Lyi —L,,
lim g; = lim g; o Ly, o L;} = (0,Re(2')) - (B,t) o L;* € Sim(R™).

So {gi} converges.
Case III. Suppose that an infinite number of points {p;} satisfy that v(p;) €
F* — R and v(p) € F* — R”. Then Im(z) = Im(v(p)) # 0. Recall
o t%ai +Im < z;,t;B;z; >
9ipi = z; +t;B;z; )
If 2; + t;B;2; € R, then v(p;) = 2; € R”. In our case g;p; € M — R® x R™.

If lim g;p; = ¢ € M — R® x R", then all points {p;,p, g:pi,q} € M — R x R* =
S4nt+3 _ gn+3 By Corollary 4, Sim(R") acts properly on M — R® x R*. It follows
that lim g; = g € Sim(R™).

We show that g does not lie in R® x R®. Suppose that ¢ € R® x R®. Then
Z € R* or Im(2') = 0. Asg € K C M —R", & # 0. Since g;p;—>q, note
that t?a; + Im < z;,8Biz; > —a' and z; + ¢;Bjz;—2'. It follows that Im(z; +
tiBizi) = t;B;Im(z;)—Im(2') = 0. Then, lim |¢; B;Im(z;)| = lim¢;|Im(2;)| = 0. On
the other hand, v(p;) = z;—w(p) = 2, so limIm(z;) = Im(z) # 0 by our case.
Thus lim [Im(2;)|~! = |Im(z)|7!. Therefore, lim¢; = lim¢;[Im(z;)| - |Im(2;)|~! =
0 - |Im(2)|~* = 0. Moreover,

|zi| = |z + tiBiz; — t; Bz
S |mi + t:Bizi| + t 2|
<[ +0-fel + 1= /] + 1.

So {z;} is bounded, let lim z; = z. Then
t?ai +Im < z;,t;B;z; >= t%aﬁ- < .’L‘i,tiBiIm(Zi) >—0-a+<z,0>=0.
This contradicts that t?a; +Im < z;,t;B;z; > —a' # 0 as above.

(3) There exist a PO(n+1,1) xSO(3)-invariant Riemannian metric g on §47+3— g7
by (2) and a principal fibration R? x R+ —§4n+3 _gn £, g4n+3 _ gn /Rn 5 R+ Since
Sints — Gn ~ HRt! x $37+2 topologically and R* x Rt C Sim(R") is a transitive
subgroup of H*, S4n+3—Gn /R xR is compact (which is homeomorphic to S%7+2).
Then as in the argument of (2) of Lemma 3, we can prove that g is complete. O

The same argument of Proposition 5 can be applied to the complex case. Com-
bined with Corollary 4, we obtain the following.

COROLLARY 6.

(1) The subgroup of PSp(n+1,1) preserving HEZ™ in Hpt' is isomorphic
to P(U(n + 1,1) - S1{£1,45}) = U(n + 1,1) x {£1}, which preserves also
52n+1 in S4n+3_

(2) PutH = P(U(n+1,1)-S*{£1,435}). Then H acts properly on S4"+3_g2n+1,
Moreover, S4"+3 — §27+1 gdmits an H-invariant complete Riemannian met-
ric.

(3) There is a compact spherical pseudo-quaternionic manifold S4"+3 — S™/T for
which S48 — 8™ is not homogeneous but T is a discrete uniform subgroup of
PO(n+1,1). Similarly S4"+3—827+1 is not homogeneous but has the compact
quotient S4nt3 — S27H1 T for a discrete uniform subgroup T' of U(n + 1,1).
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NoTE 7. Let H C ]I'llﬁ"'1 C IHI§+1 be the canonical inclusion of totally geodesic
real hyperbolic subspaces. We have also the embedding: Hy C Hg C HE by taking
its span. The subgroup of PSp(n + 1,1) = Iso(Hg*!) preserving HE is isomorphic to
(O(n,1) - Sp(1)) - Sp(1) = Iso(Hz™',HE). Since those elements also leave the span
HE invariant, Iso(Hp ™', HR) is a subgroup of Iso(Hy ™, HE) = Sp(n,1) - Sp(1). On
the other hand, let Z/2- Sp(1) = Sp(1) be the subgroup of Iso(Hz*' ,HE). Then
we note that Sp(1) fixes HZ pointwisely. So does its span HE, but rotates Hp'*
with axis H. Hence it is possible to bend ]H]ﬁ"'1 along Hy inside Hg"'l equivariantly
with respect to a discrete uniform subgroup T’ of PO(n + 1,1). In fact, a compact
manifold M; = §4**3 — ST of Corollary 6 admits a spherical pseudo-quaternionic
structure (devy, p;) for an element ¢t € Sp(1). For ¢ sufficiently close to 1, the nearby
structure theorem by Thurston (cf. [42]) implies that the holonomy representation
pt : T— PSp(n+1,1) is discrete faithful and the developing image dev(M;) = §4*+3 —
L(p¢(T)). (See Remark 31.)

2. Quaternionic Carnot-Carathéodory geometry.

2.1. Sasakian 3-structure on S$"*3. Recall the construction of Sasakian 3-
structure on S4"+3. (Compare [40],[41].) Denote by < > the Hermitian inner product
over F**+1 | which is invariant under the standard quaternionic structure {I, J, K'}. Let
<, >p be the inner product on T,F**! obtained from the parallel translation of the
inner product <, >o=<, > at the origin of F**1. Letting g,(X,Y) =Re < X,Y >,
for X, Y € T,F**! g is the standard euclidean metric on F**! which is invariant
under {I, J, K}. Let S%**3 be the unit sphere in F**1. The restriction g to S4*+3
gives the spherical Riemannian metric on S4"*3. There exists a normal vector field
N on §4**3 such that T.54"+3 @ N = TF*+1|S4n+3. Put

& =1IN, &=JN, & =KN.

Then the subspace generated by {&;}i=1,2,3 with N forms the tangent plane TF'
in TF**1. Since g(¢1,N) = Re < IN,N >= 0, similarly for J, K, the subspace
{&}i=1,2,3 belongs to T'S*"*3. The full set (S*"*+3, g, {&1,&, &}, {I,J, K}) is said to
be the canonical Sasakian 3-structure on S*"+3. Tt is easy to check that the isometry
group Iso(S*"*3, ¢)° is isomorphic to Sp(n + 1) - Sp(1).

Identify Im F = R + Rj + Rk with the Lie algebra sp(1) of Sp(1). Put w;(X) =
g(&,X). Then w; is a (real valued) 1-form on S4**+3. Define an sp(1)-valued 1-form
w on S*"*3 to be

W(X) = wy (X)i + wp(X)j + ws(X)k.
A direct calculation shows that for X,Y € T.S4n+3
(%) dw(X,Y) = g(X,IY)i + g(X, JY)j + g(X, KY)k.

If R, : S48 —847+3 is the right translation defined by R,(z) = z - a for a € Sp(1),
then w satisfies that Riw = @ -6 - a (cf. [41]). Thus w turns out to be a connection
form of the Hopf bundle:

Sp(1)—S4n+3 2y P,
Put
B={Xe€TS*" | w(X)=0fori=1, 2, 3}.
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Since g|B x B is invariant under {I, J, K'}, B is a 4n-dimensional invariant subbundle
of T'S4"*+3 guch that

B {&,6,&) =TS,

By (), we have [B, B] = {1, &2, &3} so that B is a Carnot-Carathéodory structure on
S4n+3 by the definition (cf. [32]).

We examine further properties on the Carnot-Carathéodory structure B on S4*+3
from the conformal viewpoint.

LEMMA 8.
(I) (nondegenerate) The form w satisfies that

n times

——t
WAWAWAdW? A+ Adw? # 0 at every point of S*™+3.

(II) (integrable) There ezist quaternion valued one-forms w® (a = 1,...,n) on
S4n+3 such that

dw = —%daﬁw& AwP  (mod w).

Proof. (I) If w = w1t+wsj +wsk, then the three-form wAwAw and the four-form
dw A dw are real valued;

(1) w3 = —6w; Awz Awsg, dl.c)2 = —(dw1 A dw;y + dws A dws + dws A dw3)

Choose an orthonormal vector field X, (a« = 1,...,n) from B with respect to g so
that {Xo, [ Xs, JXa, KXa}a=1,.. n forms a basis of B. Then the nonzero terms are

dwi(Xo, IXa) = dwi (T X o, KXo) = dwy (X, JXo) = dwy (KXo, IX,)
= duJ3(Xa,KXa) = dw:g(JXa,KXa) = —1,

and so dwf(Xa,IXa, JXo, KX,) = —%. Then a calculation shows that

1.92p
dwfp(Xl,IXl,JXl,KXl;... s X, I X0, J X, KX,) = %
and w; Aws Aws(€1,8&2,83) = % We have
w3 Adw?™ = 6wy A ws Aws A (dw12 + dw22 + db%Q)n
_ Z nl  (2p)!-2°7 (2¢)!-2%¢ (2r)!.2%"
- plglr! (4p)! (49)! (4r)!

ptg+r=n

which is a positive constant.
({I) Choose a coframe 6% with 6*(Xjg) = 65 (a,8=1,...,n). Put

62" = g% oI, 64+ = —§%0 J, 73" = —6% o K,
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and define a quaternion valued one-form w, to be w® == §* +92+n§4-92+2n +9jx+3n k.
As B&{€,6,6,N} = BETF = TF*|$4+3, we have that < > |B = Sw® @uw®.

o
If we note g(X,Y) = Re < X,Y >, then each dw; (X,Y) = ¢g(X, IY), dwy(X,Y) =
9(X,JY) or dw3(X,Y) = g(X, KY) represents the imaginary part of ¥ w®* ®@w®(X,Y)
o

for X,Y € B respectively. A calculation shows that

dwy = =) (0% NG — gotin p gatiny

(2) dwy = =) (6% AG>Tm —gtIn p gotn)
[

dwg = —) (8% AGFER — gatn p gotiny,
[¢2

On the other hand,
1 & yei 1 & a
§5aﬁw ANw" = -2-2(4.) ANw
a
— Z(aa A Qatn _ gat2n p 9a+3n)i + Z(Ga A §oH2n _ gatdn A 0a+n)j

+ Z(ga A 0a+3n _ 9a+n A 0&+2n)k.
o

Therefore, we obtain that dw = ——;—&igw& AwP (mod w). O

DEFINITION 9. We call the bundle B a quaternionic Carnot-Carathéodory struc-
ture on S4"*+3. An sp(1)-valued one-form n on S**3 represents the same quater-
nionic Carnot-Carathéodory structure if 7 = X - w - A for some nonzero function
Az Gt

A diffeomorphism f : §4"*3 54713 is called a quaternionic Carnot-Carathéodory
transformation if f*w = X -w - X for some nonzero function A : S4*+3 5+,

Let A = u-p where u : $4"+3 4Rt is a positive function and p : $47+3—Sp(1) is a
function, and p—A under the map Sp(1)— Aut(F) = SO(3), i.e., (Gty, iju, pky) =
(2,4, k) - A. Equivalently, a quaternionic Carnot-Carathéodory transformation f is a
diffeomorphism satisfying that f. preserves B, and fi (&1, &2,&3) = u?-(&1,&2,&3)- A(p)
(mod B), at each point p € S*"+3.

Denote Autqcc(S4™*2) the group of all quaternionic Carnot-Carathéodory trans-
formations of S*"*3 onto itself.

2.2. Quaternionic Carnot-Carathéodory structure.
Let S**3 = {(go, - ,qn) € F*™! | |qo|? + - -+ + |2n|? = 1} be the unit sphere in
Frtt,

LEMMA 10. Let 6 = Godgo + - - - + Gndgn be an sp(1)-valued 1-form on S*"+3.
Then 6 = w on S4"+3,

PTOOf. By the deﬁnition) &= (qu, Tt 7Qni)7 €2 = (q0j7 te )an)7 63 =
(qok, - -+ ,qnk) at a point ¢ = (go, - ,qn). Let £ = (2o, --- ,z,) be the vector parallel
to a tangent vector X € T,S%"*3. As g,(N,X) = Re < ¢, >= 0, we can put
o To+ - +gp-Tp=ai+bj+ck.
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Since < &,X >= —i(do - Zo + -+ + ¢n - Tp), similarly for &, &3, a calculation
shows that Re < £,X >=a, Re < £&,X >=b, Re < &,X >=c. Asw(X) =
Re < &,X >4+ Re < £,X > 3+ Re < &,X > k from (2.1), it follows that
w(X) =¢go-x0+ -+ Gn - Tn. On the other hand, if {eg,--- ,e,} is dual to the
forms {dgo,-- ,dgn}, then X = eg - o + --- + e, - z, which implies that §(X) =
do-To+ 4+ gnTn. O

Let Vit = {z € F*+2 — {0} | — |21|* + 222 + - - - + |2n+2|? = 0} be the quadric
as before. Define an sp(1)-valued one-form on V;"+7(C F*+2 — {0}) to be

6= 21_1(-—21(121 + Zodzg + -+ + Z_n+2dzn+2)zi_1.

If V™t S4"+2 is the projection defined by m(21, .. ., zn42)= (2221, . . ., Zn221 ),
it is easy to check that 7*0 =  on V3™*". Note from (1.2) that P(f1) = oo where

1
V2
0
fi= (e +ena)/V2=| :
0
1
V2
Thus 7(f1) = (0,...,0,1) which is identified with {co}.

LEMmMA 11.
(i) PSp(n + 1,1) C Autqoc(S*nt3).
(ii) For an arbitrary a € F*, there exists an element g € Sp(1) xR C PSp(n+1,1)s
such that g*w = ¥ - w + x for some function x : S*" 3 =F* with x(c0) = a™t.

Proof. (i) Let f € PSp(n+1,1) be an element. If f: VintT SVt s a lift of
f to Sp(n + 1,1), then f is represented by a matrix A € Sp(n + 1, 1);

21 21
fl :+ |=4
Zn+2 Zn42

For brevity, write the form 6 as follows:

d21
§=E;1((217"' :2n+2) 'Il,n+1 : )zl—l
dzni2
Here
-1 0 0
0 +1 0
Il,n+1 = . .
0 0 +1
Then
dz1
=7z 2na2) A" Tipg - A ) ()
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If x' : Vi™*"—F is a smooth map defined by x'(z) = 21 - f*27 ! for 2 = (21,... , Zns2),
then by the definition
le
Fo=Fata) et (2, Znee) L | 0 | a (e P
dzni2
— )—CI . 9’ A XI~
On the other hand, for ¢ ¢ F*,

Xt =ae ) 2 (1) = (1 0) 5 (7(2) )
= (a8 (@) =4 (Fae) ™ =X ()

Thus, X' factors through a map x : S*"+3—F such that xor = x'. As for =mo f
and 7*60 = 6, we obtain that

ffwu=x-w-x

By the definition, f € Autgcco(S*™3).
(ii) Choose § € PSp(n+1,1)e such that A\=a, p=b, B=I, 2 =y=2=0

from (1.2), then g has the form with respect to the basis {e1,... ,ent2}:
21 (a + b)Zl + (a - b)Zn+2/2
22 22
g -
Znt1 Zntl
Znt2 (a—0)z1 + (a + b)zn42/2

On the other hand, g*w = ¥ - w - x from (i) where x(7(z)) = X'(2) = z1 - 21(§) "' =
2z1((a + b)z1 + (@ — b)znt2)™t. As x(o0) = X'(f1) = x (\/_ 0,. \/_), we have
x(c0) =a71. O

PROPOSITION 12.  Autqcc(S*"+3) = PSp(n + 1,1). That is, the spherical
pseudo-quaternionic geometry (PSp(n + 1,1), 54"+3) coincides with the quaternionic
Carnot-Carathéodory geometry (Autqoc(S4n+3), S4n+3).

Proof. Put H = Autqcc(S4™2). Without of loss of generality, H is assumed to
be connected. We examine the structure of the Lie group H. Let f be a diffeomor-
phism in H. By the definition f*w = X-w- X where ) : S4**+33F*. First if the map
Sp(1)— Aut(F) = SO(3) sends A/|A| to A, then fi(&,&,&) = [A*(&,6,8) - A
(mod B). (See Definition 9.) Let H, be the stabilizer of H at {oo},
which contains PSp(n -+ 1,1).. Consider the tangential representation at {co},
T:Hoo— Aut(T{oo}S4"+3).

Given h € Hy, with h*w = [i-w -, suppose that i(co) = 1. Then h.(&1,8&2,&3) =
(&1,&2,&3) (mod Boo) at the point {co}. Recall the real valued four-form = dw Adw
(cf. (1) in the proof of Lemma 8). Since h*dw = fi - dw - p (mod w), we have h*Q =
|u[*Q (mod w). Put k. = h.|Bs. Since h, maps B onto itself, h, € Aut(Bo) =
GL(4n,R). In particular, h'*Qe = Qo O0n Beo. Using the consisting relation (2)
for Q4 in the proof of Lemma 8, the above formula implies that k. € Sp(n) - Sp(1).
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(Compare Lemma 9.1 [38] for example.) Thus, with respect to the basis w* (a =
1,...,n) in (II) of Lemma 8, there exist (U$) € Sp(n) and b € Sp(1) such that

* . 1 &
h*w* = U2 w"-b. Since dw = —5655w Aw® (mod w) by (II) of Lemma 8, we have
that A'*dw = b-dw - b (mod w), which implies b = p(c0) = 1. Hence,

T(h)=<é3 g)

with respect to the basis {£1, 82,85} and that of Bs. Here V' is a (3, 4n)-matrix and
U = (U2). If we denote by M(3,4n) the vector space consisting of (3, 4n)-matrices,
then 7(h) € M(3,4n) x Sp(n).

Now suppose that f € He and f*w = X -w-A. Put A(c0) = a € F*. From
Lemma 11, choose g € Sp(1) x R* such that g*w = ¥ - w - x with x(c0) = a™1.
Consider the element f og € He. Since (fog)'w = x-g*A-w-x - g*A (mod w),
we have that x - g*A(00) = x(c0) - A(g(00)) = 1. Then by the above argument and
7(g) € Sp(1) x R*, we conclude that

T(Hoo) C M(3,4n) x (Sp(n) - Sp(1) x R").

In particular, Sp(n) - Sp(1) is a maximal compact subgroup of 7(H,). If we note that
7 maps compact groups of H., monomorphically into its image, the maximal compact
subgroup of Hy, is Sp(n) - Sp(1) as well as PSp(n + 1, 1) .

Let K be a maximal compact subgroup of H. Since Sp(n + 1) - Sp(1) is the
maximal compact subgroup of PSp(n + 1,1), we have that

Sp(n) - Sp(1) C Sp(n + 1) - Sp(1) C K.

As PSp(n + 1,1) acts transitively on the simply connected space S***3, we have
H/H. = S*1t3. In particular, Hy is connected. By the structure theorem of
connected Lie groups (cf. [15]), the coset space H/K (resp. Hoo/Sp(n) - Sp(1)) is
diffeomorphic to the euclidean space R™ (resp. Rf) for some m,£. If we note that
Sp(n) - Sp(1) = He N K, then there is the fibration:

K/Sp(n) - Sp(1)—=H/Hoo —R™ /RE.

Hence K/Sp(n) - Sp(1) = S"*3 and m = £. We obtain that K = Sp(n + 1) - Sp(1).

Let R-S be the decomposition of H where R is the radical, and S is a semisimple
Lie group. If 7 : H —35 is the canonical projection onto the semisimple Lie group
S without center, then m maps PSp(n + 1,1) isomorphically onto the simple Lie
subgroup m(PSp(n + 1,1)) of S. Since m(K) is a maximal compact subgroup of S
and K C PSp(n+1,1), we have n(PSp(n + 1,1)) = S. Therefore H is the semidirect
product R x PSp(n +1,1).

On the other hand, 7(H) is a connected subgroup of 7 (PSp(n+1,1)) containing
7(PSp(n + 1,1)00). The classification theorem 4.4.1 of [8] implies that m(Hy) =
7(PSp(n + 1,1)s). Putting R = RN Hy, similarly we have that Hy =
R' xPSp(n +1,1). Then

543 = H/Hy, = R/R' x PSp(n +1,1)/PSp(n +1,1)oe = R/R’ x §4"+3.

Therefore R = R'. In particular, it follows that R = Rw. As H = R x PSp(n +1,1)
acts effectively and transitively on S***+3, this implies that R = {1}. Hence H =
PSp(n + 1,1). This completes the proof. O
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For f € Autqcc(S413), if f*w = X - w- X satisfies that |A] = 1, i.e., A € Sp(1),
then f is said to be a strict quaternionic Carnot-Carathéodory transformation.

COROLLARY 13. If Aut(lgcc(5’4"+3) is the group of strict quaternionic Carnot-

Carathéodory transformations of S*™+3, then the geometry (Autgeg(S47F3), S4n+3)
coincides with the canonical Sasakian 3-structured geometry (Sp(n+1)-Sp(1), S4"+3).

Proof. Let w be the connection form on S*™*3 as before. Then w = wyi+wyj+wsk
where w; is a real valued 1-form. There is an I = I, J = I;, K = Iz-invariant
Riemannian metric on S4**+3 defined by

3 3
9(X,Y) = Zwi(X) cwi(Y) + %Zdwi(X, LY).

Every element of AthCC (8n+3) preserves g (i.e., a compact group). It is noted that
g is the spherical metric on $4*+3. 00

PROPOSITION 14. A spherical pseudo-quaternionic (4n + 3)-manifold M admits
a quaternionic Carnot-Carathéodory structure.

Proof. Let B be the canonical quaternionic Carnot-Carathéodory structure on
S48 where B = Null w. Given a maximal collection of charts {Us, o }aca of M
(cf. (1.1)), for each chart ¢, : Up—+S4"*3, we put

B, = ¢Z¢B: W = ¢2¢w

on U,. (Note that By, = Null wy.) If Uy NUg # 0, then gop o ¢po = ¢ for an element
gap € PSp(n +1,1). Since g35B = B by Proposition 12, By = ¢3,B = ¢3B = Bg on
Us NUg. The union {Bgy}eea gives rise to a codimension 3-subbundle B’ on M. As
B'|Uy = B, is locally equivalent to B (that is, each w, satisfies (I), (II) of Lemma
8), B’ is a quaternionic Carnot-Carathéodory structure on M. O

REMARK 15. (1) On 5%"*3, we have obtained a globally defined sp(1)-valued one-
form w defining B and three independent vector fields {{1,&2,£3} (equivalently, there
exists the quaternionic structure of complex structures {I,J, K} on B). In general,
a spherical pseudo-quaternionic manifold M admits a family of sp(1)-valued one-
forms w, and three independent vector fields {£%,£S, €%} locally defined on each U,
(equivalently, a quaternionic structure {Io, Jo, Ko} on each By). If UoNUg # 0, then
9op © b = ¢p With gop € Autqec(S*™t?), and 50 (gap)«(é1, &2, ) = u?(&1,&2,63) - A
for some A : Uy, NUp—SO(3). As (da)« (€5, E5,E5) = (€1, €2,€3), we have

(€2,68,68) =u~2(eg, 65,68) - A7

on U, NUg. So the union E = {£%,£2,£$}aea defines an SO(3) x Rt -bundle over M.

(2) A (strict) quaternionic Carnot-Carathéodory transformation on a spherical
pseudo-quaternionic (4n -+ 3)-manifold is similarly defined to be a diffeomorphism
satisfying the condition of Definition 9, that is, f*wg = X-wq A whenever f(U,) C Ug-

Recall that dim Sp(1) -Sp(n) = 2n% +n + 3. By using the G-structure theory, we
can prove the following: Let M be a spherical pseudo-quaternionic (4n + 3)-manifold.
Then the group of strict transformations AutaCC(M ) is a Lie group whose dimension
is less than or equal to 2n® + 5n + 6. If M is compact, then Aut(lQCC (M) is compact.
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A vector field € is said to be a quaternionic Carnot-Carathéodory vector field if £
generates a local one-parameter group {¢t}lt|<5 of quaternionic Carnot-Carathéodory
transformations of M. That is, for each ¢, ¢; is a quaternionic Carnot-Carathéodory
transformation on a neighborhood.

PROPOSITION 16 (cf. [20]). Let B' = U B, be an (induced) Carnot-Carathéodory

structure on a spherical pseudo-quaternionic manifold M*"t3. If € is a nonzero
quaternionic Carnot-Carathéodory vector field, then the set {x € M | {&; € B} is
a codimension 3-regular submanifold of M.

Proof. Put N ={z € M | & € B.}. Each sp(1)-valued one-form wy on U, can
be described as

we = wat +wij +wik
such that ¢%w; = Wi, (i = 1,2,3). Define a smooth map f, : Uy—R® to be

fa(p) = Wa)p(&) = (Wa)p(&), (W2)p (), (Wa)p(&))-

As B, = B'|U, = Null w,, NNU, = f;1(0). It is sufficient to show that
Rank (dfy), = 3 for all p € N NU,. For this, let sc : AY(M)—A*"1(M) be
the interior product for each integer £ (cf. [25] for example). Then we have that
tewa(p) = (Wa)p(ép) = fa(p). Since Liws = t¢ - dwa + d - Lewe, it follows that
dfo = Lewg — tgdwy : TU,—TR3. Let {¢t}|t|<e be a local one-parameter group gen-
erated by £. By the definition, (¢)«(Ba) = B for sufficiently small ¢. If Y}, € (Ba)p,
then

(Wa)p(Yp) = (Wa)y () (¥1)+(¥p)) _
t

It implies that (dfa)p(v) = —(t¢ - dwa)p(v) = —2dwe(&,v) for v € (By)p. On the other
hand, we have a family of local quaternionic structures {Iy, Jo, Ko }aeca defined by
the following commutative diagram:

0.

(Lg)pwa(Yp) = %l_r)%

B, —2**, B

lIa ll
B, —*= B.
Similarly for J,, K,. Put
v1 = —Ia€/b, v2 = —Ja/b, v3=—Ka&/b
where by = g(Pay(&p), Pas(§p))- Then vi,vz,v3 belong to (By), such that

dwoé(f:/vl) = (17070)7
dwa(f, UZ) = (Oa 170)7
dwqa (€,v3) = (0,0,1).

In fact, as ¢q, 0 I, = I o ¢, by the definition,

dwa(ga Ul) = d¢2w(€7 'Ul) = dW(géa*f, _I¢a*§/b)
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On the other hand, from the property (x) of (2.1) and that g|B' x B’ is invariant
under I, J, K,
dW(¢a*€, _I¢a*€/b) = ’(g(ﬁba*é, ¢a*€)i + g(¢0¢*€a K¢a*f).7 + g(¢a*€1 _J¢a*§)k)

"g(¢a*§7 d)a*g)i = 'i’a

o =

o>

similarly for vy, v3. Therefore f;*(0) is a codimension 3-regular submanifold of Us,.

If U, NUg # 0, then gop = dp 0 ¢! satisfies that 9w = A-w - A for some function
A: Uy NUg—F* by Proposition 12. Then,

fa(p) = (wp)p(&p) = W(p) * fa(p) - $5 (D)
So f(0) = f5'(0) on Uy NUp. Since N = LEJANH Uu = Y, f210), NV is a
codimension 3-regular submanifold of M. O

3. Amenable holonomy and Classification.

3.1. Quaternionic Carnot-Carathéodory structure on Heisenberg man-
ifolds. Let (Sim(M), M) be the Heisenberg geometry. We study the quaternionic
Carnot-Carathéodory structure B with the quaternionic structure {I,J, K} on M.
- This structure is induced from the quaternionic Carnot-Carathéodory structure of
S4n+3 restricted to S*"+3 — {oo} by Proposition 14. As before, there is the equivari-
ant principal bundle:

R3 —(Sim(M), M) = (Sim(F"), F™).

LEMMA 17.
(1) The fiber R® is transverse to B.
(2) The center R® is compatible with {I,J,K}. i.e., t,ol = Iot, for all t € R®,
sitmilarly for J, K.

Proof. (1) Let £ be a nontrivial vector field induced by a one-parameter subgroup
of R?. So ¢ is a quaternionic Carnot-Carathéodory vector field. Suppose that &, € B,
for some point p € M. Since R® is the center of M, g.&, = & forall g € M. In
particular we have £, # 0 for all x € M. As B is invariant under the action of M,
the subspace {z € M | & € B} coincides with the whole space M. This contradicts
Proposition 16. Thus R3 is transversal to B at each point of M.

(2) Recall that M = 54"+3 — {00} = {[2,y,1]} C FP"*! with respect to the basis

{fi,€2,--- s€ent1, fny2} (cf. (1.2)). Let U = {[z,y,u] | # 0} be an open subset in
FP"+1. Each t € R® satisfies that t[z,y,u] = [z + tu,y, 4] Hp: M CU—=F"! isa
parametrization defined by ¢([z,y,u]) = (zp~t,yu~1), then the action of R® on M
is equivalent to the usual translations of R® on R® x F* c F*+1:

@t o (w,z) = (w+t,2).
Chasing the commutative diagram from the definition of (2.3):

Ly

T,U SELEN T,U SN T,pU

L - e

. o).
Tw(p)]lm'*'l =+t L T,p(p)Fn'*'l =+ (i-(p—)% Tw(tp)]F""'l = [+l
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we obtain that (¢ -t-¢~!), =id and hence t, oI =Iot, forall ¢t € R3, similarly for
JK.O

This lemma implies the following corollary.

COROLLARY 18. Let (B,{I,J, K}) be the induced quaternionic Carnot-Carathéo-
dory structure on M. Then v induces the standard quaternionic structure {Io, Jo, Ko}
on " jie., vy ol = Iouvy, etc. In particular, vi maps (B,{I,J,K}) isomorphically
onto the tangent bundle (TF™, {Io, Jo, Ko}) at each point of M.

3.2. Dilations on Heisenberg manifolds. Choose a left invariant metric g
on M with the group of isometries E(M) = M x Sp(n) - Sp(1). If we note that v
is a homomorphism of M onto F*, then g induces the standard euclidean metric go
on F*. Corollary 18 implies that v, : (B, g, {I,J, K})—=(TF", go,{lo, Jo, Ko}) is a
local isometry at each point of M. As gq is invariant under {Iy, Jo, Ko}, g|B x B is
invariant under {I,J, K}. Let A : Sim(M)—R" be the scale factor homomorphism
as well as g : Sim(F") = F™ x (Sp(n) - Sp(1) x RY)—R". Since go satisfies that
(90)hp(Ps X, hiY) = Xo(h)? - (90)p(X,Y) for each h € Sim(F™), we have for each
a € Sim(M), and X,Y € B,

(%) Jas(X,aY) = M@)® - 92(X, ).

Therefore (Sim(M), g|B x B, M) plays the same role as the euclidean similarity ge-
ometry. The similar property holds for (Sim(M),g|TR® x TR®). In fact, if h =
((a, B,7),2) - (A- g,t) € Sim(M), then for w = (w,0) € R® and z € M,

h(w-z) =t gwg™" - ha.

Since R® is the normal subgroup of Sim(M), each element of Sim(M) leaves the
subbundle TR®. Moreover, if {£1, &2, &3} are the vector fields which generate R®, then
hi((&)z) = t2(Adg€)ne = A(h)?(Adg€)ns. As Ad acts as isometries with respect to g,
we have that for X,V € TR,

(%) gha(he X, YY) = A(R)* - go(X,Y).

Denote by F the frame bundle on M generated by {£,&,&3}. Since FL+ = B with
respect to g and B is invariant under Sim(M), there is a Sim(M)-invariant direct
decomposition: TM = F @ B, or equivalently g = g|F x F & g|B x B.

3.3. Classification of compact manifolds with amenable holonomy. A
representation p : 7— PSp(n + 1, 1) is said to be amenable if the closure of the image

p(r) in PSp(n +1,1) lies in the maximal amenable Lie subgroup of PSp(n+1,1). As
the first step to prove Theorem C of Introduction, we must show that

THEOREM 19. Let M be a compact spherical pseudo-quaternionic (4n + 3)-
manifold. If the holonomy group is amenable, then M is finitely covered by the sphere
S4n+3 " a Hopf manifold S* x S4"*2 or a nilmanifold M/T.

The rest of this section is spent for the proof of the above theorem. Suppose
that a compact smooth connected (4n + 3)-manifold M admits a spherical pseudo-
quaternionic structure. Then there exists a developing pair (p,dev) : (r, M)—s
(PSp(n + 1,1),843). A maximal amenable subgroup of PSp(n + 1,1) is conjugate
to Sp(n) - Sp(1) or Sim(M). If the holonomy group p(w) is amenable, then we can
assume that p(w) lies in Sp(n) - Sp(1) or Sim(M). In the former case, choose a
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spherical metric on S such that Sp(n) - Sp(1) is a subgroup of isometries. The
pullback by the developing map gives a w-invariant Riemannian metric on M. This
metric induces a Riemannian metric on M. As M is compact by our hypothesis, M
is complete. Therefore dev is a local isometry of a complete Riemannian manifold M
into S4"*+3. Hence dev is a covering map (cf. [7]). Thus dev is homeomorphic so that
M =~ $**3/F where F = p(w) C Sp(n) - Sp(1) is a finite subgroup acting freely on
S4n+3‘

In the latter case, p(7r) lies in Sim(M). There is no Riemannian metric invariant
under Sim(M).

3.4. Complete similarity manifolds. Given a Heisenberg similarity manifold
N, there exists a developing pair (p,dev) : (w1 (N), N)—s(Sim(M), M). In general,
N is said to be geodesically complete if the developing map is a homeomorphism of
N onto M. Let V be a left invariant Levi-Civita connection on M induced by g.
Since V is invariant under the automorphism group of M, each element of Sim(M)
preserves V. Then the pullback connection V' by dev defines a w1 (IV)-invariant Levi-
Civita connection on N, since it is also induced from the pullback Riemannian metric
g' = dev*g. Thus V' induces an affine connection on N. In other words, geodesically
completeness on N is equivalent to that the exponential map is defined on the entire
tangent space TN for some point z € N (cf. [7]). This does not depend on the
choice of a point in IV because geodesically completeness on N is the same as metric
completeness by g'. (See [46].) However, note that the Riemannian metric ¢’ does not
necessarily induce a Riemannian metric on N.
_ Put T’ = p(m). Assume that I' is infinite and amenable in Sim(M). Put M' =
M — dev™'(c0). Then the developing pair reduces to the following:

(p,dev) : (m, M")—(Sim(M), M).

Recall that M supports the Carnot-Carathéodory structure B and the frame bundle
F.

As dev is an immersion, we have the pullback metric g' = dev*g, the induced
subbundles B’ = dev*B and F' = dev*F on M' respectively. There exists a ball
D, (x) about zero of radius r in Ty M' with respect to g’ such that the exponential
map exp, : Dp(z)—>M' is defined. Obviously there is the commutative diagram:

(dev(z) = p)
T M -2 T,M

U
D, (z) l exp,

lexpz
M ' dev M.

If M' is (geodesically) complete, the local isometry dev is a homeomorphism of
M' onto M. The holonomy group I' will be discrete in Sim(M). If dev™!(o0) # 0,
then it is easy to see that dev : M —+S:4”+3 is homeomorphic. Since I' is infinite
by our hypothesis, we have that M = M'. Recall that R* C Sim(M) acts on M
as expansion or contraction as in (1.2). ¥ I is discrete in Sim(M), then T' is either
conjugate to a subgroup of M x Sp(n) - Sp(1) = E(M) or Sp(n) - Sp(1) x RT. As the
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latter group fixes the origin of M, I' C E(M) in our case. Hence M is isomorphic to
an infranilmanifold M/T.

3.5. Incomplete similarity manifolds. Suppose that M’ is incomplete. De-
fine

R(z) = sup{r | exp, : D,(z)—M" is defined}.

Then R(z) < oo for all points z of M' by the above remark (3.4). Put r = R(z).
With respect to the pull-back affine connection V', there exists a vector v € 8D,(z)
such that () = exp,tv is an incomplete geodesic, i.e., y(t) is defined on 0 S ¢ < 1
but not ¢ = 1. Recall that M = M /m decomposes into the union of the orbit space
M'/7 and dev™*(c0) /.

LEMMA 20. Let P : M—M be the covering map. Then the geodesic image
{P(v(t))}o<t<1 has an accumulation point inside M'/.

Proof. Since M is compact, the geodesic image {P(7(t))}o<i<1 € M’ /7 has an ac-

cumulation point y in M. Since dev™!(co) /7 consists of finite points, we may consider
the case that dev™"(c0) /7 consists of a single point. Suppose that dev™(co) /7 = {y}
in M. Choose an evenly covered neighborhood U of y. When U is a lift of U to M,
by the definition, a - U NT # @ for some o €  if and only if o = 1. We can assume
that dev : U— dev(U) is homeomorphic. If § € U is a point with P(j) = y, then
dev(g) = {oo} as above.

As y is an accumulation point of the geodesic image {P((t))}o<s<1, there exists
asequence 0 <t; <ty <:--<t, <---<1such that

7(tn) €anp- U

for elements ay, € m. On the other hand, as M is complete, there exists a limit point
ILm dev(y(ts)) € M. Since dev(y(t,)) € p(ay)dev(U) and each p(ay,) stabilizes the
n—o0

point {oco0}, we have that
. S 7
Jim dev(y(ta)) = 0 plan)dev(U) = {oo},

which is a contradiction. Therefore the accumulation point y of the geodesic
image {P(y(t))}o<e<: lies in M'/m. O

Then we can apply the same argument of Fried [12], also Miner [31] to the quater-
nionic case. By Lemma 20, the geodesic image in M'/7 has an accumulation point
z inside M'/w, and it passes by z infinitely many times and arbitrarily close. By
the argument of [12],[31], this recurrent property gives a family of elements {v;;} of
m1(M, z) such that v;; (j >> ¢) maps (t;) very close to y(¢;) (0 < t; < t; < 1).
Moreover

LEMMA 21 ([12], Lemma 3.2 [31]). Denote by 0 = (0,0) the origin of M. Sup-
pose that exp, o dev.(v) = 0 € M (dev(z) = p). For sufficiently large i, j, the
holonomy image p(7i;) can be chosen to be a Heisenberg similarity transformation
centered arbitrarily close to 0 with arbitrarily small rotation matriz.

With the aid of Lemma 21, exp, can be defined on the half space H, = {X €
T.M' | g,(v,X) < 72} containing D,(z). (See the figures of [12], [31].) To see this,
note that exp, dev.(D;(z)) is a maximal metric ball about p of radius r whose bound-
ary contains 0. Let X € H;. By Lemma 21, there exists an element p(v;;) € I' such
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that for sufficiently large i < j, p(7i;) o exp, dev.(X) € exp, dev.(Dr(z)), and vz €
exp, (D,(z)). Using dev™! locally, we have that exp,,.z((7i5)xX) € expy(Dr(z)).
Define exp, X = v;;7% o exp,__, ((7i)+X)-

Since dev(y;; ™" o exp,, ., (7ij)«X) = exp,dev.(X), which is well defined. As a
consequence, for each y € M’, there exists a unique vector V = Vy € 0D.(y) for
which exp, V' is not defined.

REMARK 22. From the property (3.2) of Heisenberg dilations, there is no =-
invariant Riemannian metric within the conformal class on M’, although it is possible
to construct a w-invariant Riemannian metric within the Carnot-Carathéodory struc-
ture. For example, denote

R®(z) = sup{||X?®|| ; X € D,(z), exp,X is not defined},
RY(z) = sup{||X¥|| ; X € D,(z), exp,X is not defined}.

Obviously, 0 £ R®(z), Rf(z) < R(z). Since the decomposition is invariant under T,
the properties (), (*x) of (3.2) imply that for v € ,

@B XP,WY?) = Xp(7))? - g (X°, Y1),
9y (n X5, 1Y) = Ap())* - g (X7, Y 7).

Let Y = Y7 @ Y? for a vector Y € T, M'. We introduce a new metric:

~ N g'm(Xf’Yf) gla:(Xbayb)
§:(X, 1) = Ri(z)® + R¥(z)* +'Rf(m) + R¥(z)*

Then g is a Riemannian metric on M’ which is invariant under .

For each © € M', we have the half space H, = {X € T,M' | g.(V,X) < r?}
on which exp, is defined. Here V = V; is a unique vector lying on the boundary

8D,(z) such that exp,V is undefined, where r = R(z) = |[V|| = /I[V/[]> + [|[V?]|*.
Unfortunately, the half spaces H, are not necessarily translated each other by the
elements of . ,

 Let 8H, = {X € T,M' | g,(V,X) = r?} denote the boundary of H,. The
following lemma is obtained from the idea of Fried [12] (also Miner [31]) which has
been already used to show the existence of half space H, on which exp, is defined.

LEmMMA 23 (Compare Lemma 1 [12], Proposition 2.6 [31].). Let 0 be the origin
of M and suppose exp, o dev.(v) = 0 as above. Then
0€ N exp,odev.(0Hy), dev(y)=gq.
yeM'

Proof. Suppose not. Then the origin 0 is not contained in exp, o dev.(0H,)

for some y € M'. By Lemma 21, there is an element v € 7 whose holonomy p(7)
carries the half space exp, o dev.(H,) arbitrarily close to 0 in M. For the vector
V =V, € dDg(y)(y), 74V is a unique vector of 0D g(,y)(7y) such that exp,,v.V is
undefined. So the geodesic exp (), (¢ - devi(7xV)) (0 <t < 1) lies in the half space
€XP)(y)q © d€Vs Hyyy, and it meets the boundary exp (. o(dev.(0H.,,)) perpendicularly
at the point exp,(,,(dev.(1.V)). Denote by <, (V,Y) the angle between V' and Y’
at y and let Df ) (y) = {Y € D) (y) | <y (V,Y) < e} be the cone at y of the axis
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V with angle € > 0. As the geodesic exp,(,)(t - dev.(7.V)) is arbitrarily close to 0,
we choose a small € such that

exp, o devy (DY, () C expy(y)q © deve (Hyy).

By the commutativity, dev oexpy(Djz(y) (y)) C dev oexp,,(H,y), which implies
that expy(Di(y) (y)) is properly embedded in the convex domain exp.,, (H,y). The

closed metric cone exp,( R (y)) sits inside exp., (H,,) and hence is compact. This
contradicts that exp, V' is undefined. O
Put J = N_exp, odev,(0Hy). By the construction of J, the developing image
yeEM'

dev(M') is obviously outside J.
COROLLARY 24. dev(M') C M — J.

LEMMA 25. Let J be the closure of J in S4™*3 Then, either J = J or J = JU{oo}.

Proof. Since §*"*3 = MU {00}, and J C exp, o dev,(dH,), it is easy to see
that J C J U {oo} and so either J = J or J = J U {oo}. O

LEMMA 26. If J = JU {oo}, then dev '(c0) = B. As a consequence, the
developing map reduces to the following:

dev: M—M — J.

Proof. Ifz € dev™'(o0), then there is a neighborhood U of  in M with U—{z} C
M’ such that dev(U —{z}) = dev(U)—{oo}. As {0} € J—J, (dev(U)—{oo})NJ # 0,
but dev(U) — {co} C dev(M'), which is impossible by Corollary 24. In particular,
M=M'.0O

As above, the unique vector V' € 8D, () has the property that exp, (¢ - V) is de-
fined for 0 £ ¢ < 1, but not ¢ = 1. In this case, the image exp,(dev. V) (dev(z) = p)
is said to be an invisible point. In general if exp, (¢ - X) is defined for ¢ = 1, then
exp,(dev, X) is called a visible point because exp,(dev. X) = devoexp,(X), oth-
erwise the point exp,(dev. X ) is invisible. Especially every point in the half space
exp,(dev. Hy) is visible for each y € M, while invisible points lie only on the bound-
ary exp, o dev.(9H,). (Compare [12], [31].)

LEMMA 27. J is invariant under T'. In particular, J is a T-invariant closed
subset in S4"t3 contained in a submanifold of dimension at most 4n + 2.

Proof. Let m € J. There exists a vector X € 0H, such that m = exp,(dev.(X))

for each y € M’ (dev(y) = ¢). If we note that each boundary exp,odev,(9Hy) contains
0 from Lemma 23, then exp,(dev. X) is an invisible point, otherwise exp,(dev.(V))
would be a visible point. Since each v € m maps the unique vector V' € 0D py)(y) onto
the unique vector 7.V € ODg(yy)(7y), the geodesic exp ., (t-dev.(v.V)) determines
the boundary C = exp,(., 0 dev.(0H,,).

Suppose that p(7)m = exp o(7)q(d€v«(7: X)) does not lie on C. Then the geodesic
a(t) = exXPy(y)q(t - deva (7. X)) intersects C at some s < 1. Put n = a(s) = exp,(,), ©
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dev.(s - 7+X), which lies on C. On the other hand, since s - X € Hy, exp,(s - X) is
defined. Put z =yoexp,(s- X) € M'. Then

dev(z) = dev o exp,, (s - 1+ X) = xp,(y), © devi(s - 1:.X) = n.

We have the maximal disc exp, dev. Dg(,)(z) centered at n, which intersects the
boundary C with the middle of the disc. Let exp,, o dev.(H,) be the half space
containing exp,dev.Dg(,)(z). Since exp,, o dev.(0H,) contains 0 and the point w =
expy(y)q(devi (V) € C, we conclude that w sits inside exp,, o dev.(H;). This
contradicts that w is an invisible point. Therefore, the point p(y)m € exp,(,)q ©

dev,(8H,,) at each y € M'. Hence, J is invariant under I'. O

Concerned with the structure of the boundary exp, o dev.(0Hy), we have the
following,.

LEMMA 28. Let V = V! @ V? be the decomposition for the unique vector V =
Vy € BDR(y) (y)
(1) If VI #0, then exp, o dev,(0H,) = R% x U where U =F* or U is an affine half
space of F™.
(2) If VI =0, then exp, o dev.(8H,) = R® x U where U is a (4n — 1)-dimensional
affine subspace of F™.

Proof. Recall that
8H, ={X € T,M' | ¢',(V,X)=¢',(VS,X7) + ¢, (V*, X®) = r?}

for X = X/ & X* € T,M'.

(1) Suppose that V/ # 0. Let dev(y) = q. The projection TR —T, M 2=
T, (o™ induces the map v, : devy(0Hy)—v, odev.(0H,). Put vx = vy (dev.(X)) =
Vs(devy(X?)) and sx = r? — ¢, (V®, X?). Then the inverse image at vx is a two
dimensional affine subspace of T,R3:

v ox) = {devi (VF + Xb) | o', (VF, V) = sx}.

Since it is a half space as before, v, (vx) is perpendicular to dev,(V ) and so the
fibers v, 1 (vx) are parallel to each other. Let T, M = F, ® B, be the decomposition
for ¢ € M. Then we note that Fy is the ideal of the nilpotent Lie algebra ToM
generated by the center R®. If L, is the left translation of M, then there is the
commutative diagram:

ToM -2 T,M
lexp 1equ
M L oM

Let Ty € Fo, So € By. Since R? is the center, [Ty, So] = 0, it follows that exp(Tp) -
exp(Sp) = exp(Tp + So). Choose Ty, Sp such that dLy(Ty) = dev. (YY), dLy(So) =
dev,(X?®). By the commutativity,

exp, (dev, (Y¥ + X?)) = expTp - exp, (dev. (X°)).
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Let v : exp, o dev.(9Hy)—rexp,(q) o v« o dev.(0H,) C F* be the projection. Put
zx = expy(q)(vx). Then the inverse image at zx,

v (zx) = exp, (v " (vx))
= {exp T -equ(dev*(Xb)) | g’y(Vf,Yf) =sx, To=dLg,-10 dev, (Y}

By the above remark, these inverse images v~!(zx) are two dimensional parallel affine
subspaces in R®. Hence the subset {exp Ty | To = dL,-1 o dev. (Y1), ¢',(VF,Y7) =
sx} is a two dimensional vector subgroup =* of B®. Let

WI

{dev.,(Z%) € dev.(9H,) | g4(dev,(V?),dev, (2))
= 12— g,(dev.(V7),dev.(27)) < r?)}

be the subspace of T, M for Z = Zf @ Zb € T,M'. As v. is a local isometry of
(By,94) onto (T,(¢)F™, (g0)u(q)), v+« maps W' isometrically onto

ve(W') = {viodev.(Z®) € viodev.(0H,) | (go)y(q)(y*odev*(Vb),y*odev*(Zb)) <r?)

In particular the submanifold (exp, (W), ) is isometric to the affine subspace (exp,,4)°
ve(W'),g0) of F*. Put U = exp,(y o v«(W'). Then U is either F* or an affine
half space according to whether V® = 0 or ¥ # 0. Since (exp,(W'),g) is a flat
submanifold of M, we have that exp,(W') = (a,U) for some o € R®. If we note
that exp, o dev,(8H,) = R? - exp,(W') which contains 0, then & € R* and hence
exp, o devy (OHy) = R? x U.

For (2), a3 VI = 0, g,(dev.(V?), dev.(Z%)) = (90), () (Vs 0dev. (V?), v, 0dev.(2?))
=r?. Then U = exp,(, o v«(W') = voexp, o dev.(0H,) is a (4n — 1)-dimensional
affine subspace of F"*. It is easy to see that exp, o dev.(0Hy) is a principal R3-bundle
over U. Hence, exp, o dev.(0H,) =R® x U. O

AsJ = F}I exp, odev.(0Hy) by the definition, J is an affine subspace of (M, V),

yeM'
i.e., J = RF x W where R* is a vector subspace of & and W is an affine subspace of
RY* = F*. In particular we have the following.

CoOROLLARY 29.
(i) If J = J, then J is a single point {0} in M.
(43) If J = J U {co}, then J is an £ (2 1)-dimensional sphere S*.

Proof of Theorem 19. (I) J = J. Then J = {0}, which implies that the
holonomy group I' C Sp(n) - Sp(1) x R*.

(I)1 dev'(co) = 0. Then M = M’ and dev : M —M — {0} = Rt x §47+2 by
Corollary 24. As M is compact, dev : M— R+ x S*"*+2 is homeomorphic so that M
is finitely covered by a Hopf manifold S x S47+2,

(I)2 dev™'(oo) # 0. Then the developing map satisfies that dev : M —sS§4"+3 —
{0}. Replace S**+3 — {0} for the role of M = S*"*3 — {00}. As a consequence, we
show this case does not occur. In fact, put M’ = §*"+3 _{0}. If M is complete, then
dev : M— M’ is homeomorphic. Then T acts freely on M’, while I" has a fixed point
{0} inside M'. So M is incomplete. The same argument as above shows that there
is a [-invariant affine subspace J' which is outside the developing image dev(1). If
ddev(M) is the boundary of the developing image in S***+3, then ddev(M) is a I-
invariant closed subset containing at least two points. Recall the limit set L(T') of T' in
S$4n+3 which is defined to be the boundary of the closure of the orbit I'-w for a point
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w € Ht!. (Compare [8].) By minimality, L(I') C ddev(M). Thus we have that
dev: M—S8*+3 — [(T). AsT C Sp(n) - Sp(1) x R* in our case (I), L(T') = {0,00}
and so the developing image dev(}M) misses the point {co}. This contradicts the
hypothesis (Iz).

(I) J=JU{x}. By Lemma 26 and Corollary 29 (ii), dev : M—M — J
where J is an £ (2 1)-dimensional affine flat subspace of M.

We define a I'-invariant Riemannian metric on M — J. Let Z be a vector field
which assigns to each p € M — J the vector Z(p) from p to J, which is perpendicular
to J with respect to the left invariant metric g on M. Such a vector Z(p) is uniquely
determined because J is an affine flat subspace (M, V), Z(p) is the shortest vector
which meets J. Moreover, since J is invariant under I, the vector field Z is I'-invariant.
As in the Remark 22, let X = X @ X? (resp. Y = Y¥ @ Y?) be a decomposition for
vectors X,Y € T;(M — J). We define a Riemannian metric:

- _ ga:(Xf>Yf) gm(Xb’Yb)
Y e izer  TE el 26F

By the dilation property (%), (¥) of (3.2), h is a Riemannian metric on M — J which
is invariant under I'. The pullback by dev defines a w-invariant Riemannian metric
dev* h on M such that dev : M—M — J is a local isometry. Then M becomes a
compact Riemannian manifold induced by dev* h. As a consequence M is complete
so that dev : M—sM — J is a covering map. Since J is an /-dimensional affine flat
subspace of M with 1 £ £ £ 4n + 2, there are the following cases: (i) if dim J £ 4n,
then dev : M —sM—J is homeomorphlc (ii) if dim J = 4n+1, then dev : M —M-J
is a covering map; (iii) if dim J = 4n + 2, then dev is a homeomorphism of M onto
a connected component of M — J.

For the cases (i), (iii), I' is discrete in Sim(M), so either L(I') = {o0} or L(T) =
{0, 00}. Since 8 dev(M) contains more than one point, we have that L(T') C 8 dev(M).
Thus dev : M—S*t3 _ [(T) is homeomorphic for which S***+3 — (') = M or
S4n+3 _ [(T') = M — {0} respectively. Hence dev(}M)NJ — {0} # 0. This contradicts
Lemma 26 under the hypothesis (IT).

For the case (ii), note that J = R¥ x R4+1—k guch that J = S4nt1,

(ii); Suppose that k = 3, i.e., J = R® x R*"~2. Then v~}(R*"~2) = J from
(1.4). Moreover, M — J = §4n+3 — J = §4n+3 _ gin+l o Bint2 » G1 where B4n+2
is a (4n + 2)-dimensional ball. Let X be the universal covering space of M — J.
The developing map dev lifts to a homeomorphism dev : M—X which maps m
onto a subgroup I' acting properly discontinuously and freely on X. In particular,
M = X/Tis compact. However if we note that the action (T, X) is a lift of the action
(T, §4n+3 — G4n+1) "then X/T' cannot be compact by (3) of Lemma 3.

(ii)2 Suppose that J = R2 x R¥*~1 or J = R! x F*.  Consider the case J =
2 x Ri"~1. Recall that an element g of Sim(M) has the form:

g= (awT) : (A'g,t)'

( b ) eM,

z

the action of g satisfies that

g( 8 ) _ < a+t2g-B-g ' +Im<z,tAz-g7 ' > )

For

z z+tAz g1
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The subspace R**~1 contains at least one quaternionic subspace F!. As I leaves J
invariant for which 3 € R? and z € R**~! can be chosen arbitrarily, it follows that
2 = 0. Thus I lies in the subgroup (R?,0) x Sp(n)-SO(2) x R*. (Note that this group
does not preserve R® x R?, although T acts invariantly on R? = (R3,0) as similarity
transformations.)

Let v = (a,0) - (A - g,t) be an element of (R?,0) % Sp(n) - SO(2) x R*. Then, for
(B,z) e M=R} x "

B\ _(a+t’9g-B-g7"\ _ [ a+t* - Bif
Mg )~ t-Az-g7! - t-Byx

() (% ) (2)

Here, a matrix B; € SO(2) is the conjugate of g and a matrix Bs € SO(4n) is A- g
under the identification F* = R*".

Let f: M =R x R —R® x R*" be the diffeomorphism defined by f(a,z) =
(a, z|z|) where |- | is the euclidean norm. Then it is easy to check that

()= (5% o f)n(2)o(3)

There is a homomorphism 7 : I—(R?,0) x (SO(2) x SO(4n)) x Rt C Sim(R*"+3)
such that f oy = 7(y) o f. We have an equivariant diffeomorphism:

(T, M) L5 (r(T), REPH3),

The pair (Top, fodev) : (m, M)— (Sim(R**+3), R*"+3) gives a similarity structure on
M in which f o dev misses f(J). The theorem of Fried [12] says that the developing
map f odev : M—R*™*3 of a compact incomplete similarity manifold M misses
exactly one point {0} (up to conjugacy). Hence f(J) = {0}, which is impossible by
dim J = 4n + 1. The same argument can be applied to the case that J = R! x F?.
As a consequence, (IT) does not occur. This completes the proof of Theorem 19. O

4. Geometric superrigidity.

4.1. Geometric rigidity on spherical pseudo-quaternionic manifolds.
Margulis has shown that: Let G be a connected semisimple Lie group with trivial
center and has no compact factor. Given an irreducible lattice T' of G and a homo-
morphism p : T—G' where G' is a semisimple Lie group with trivial center and
without compact factor, p extends to a homomorphism from G to G' provided that the
real rank of G is at least two and p(T') is Zariski dense in G'. Note that a connected
semisimple Lie group with trivial center supports a real algebraic structure. (Com-
pare [47].) This sort of result is called Margulis’ superrigidity and the question is left
to the rank one semisimple Lie groups, namely the real (resp. complex, quaternionic,
Cayley) hyperbolic groups. It is known that the Margulis’ superrigidity is false for the
real hyperbolic case, for instance, because of the existence of bending (= a nontrivial
deformation of Fuchsian groups in higher dimensions). On the other hand, Kevin
Corlette [11] has proved the Margulis’ superrigidity affirmatively for the cases G of
the isometry group PSp(n, 1) (n 2 2) and the isometry group F; ° of the hyperbolic
Cayley plane. See also [33].
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As in (1.3) we have a compact spherical pseudo-quaternionic manifold
Sp(m) x ASp(1) x Sp(n —m)\Sp(m, 1) x Sp(n — m + 1)/T = §4"+3 — g4m=1 1,

in which the fundamental group I' is virtually isomorphic to a discrete uniform sub-
group of PSp(m, 1). In this section we prove the following rigidity.

THEOREM 30. Let M be a compact spherical pseudo-quaternionic (4n + 3)-
manifold whose fundamental group is virtualy isomorphic to a discrete uniform sub-
group of PSp(m, 1) for some 2 £ m S n. Then M is pseudo-quaternionically isomor-
phic to the double coset space

Sp(m) x ASp(1) x Sp(n — m)\Sp(m, 1) x Sp(n —m + 1)/T,

where m =2, ,n.

Proof. Let M be & compact spherical pseudo-quaternionic (4n + 3)-manifold.
Then there exists a developing pair (p,dev) : (71 (M), M)—(PSp(n + 1,1), 847+3).
Put m# = m (M), p(w) =T'. We have the holonomy representation

p:m—I CPSp(n+1,1).

By the hypothesis, passing to a subgroup of finite index, 7 is isomorphic to a discrete
uniform subgroup of PSp(m,1) for some 2 £ m < n. We may assume that 7 C
PSp(m,1). If I' is amenable, then the classification theorem 19 shows that = is
virtually nilpotent. This case does not occur by the hypothesis.

Let A(T") be the Zariski closure (real algebraic closure) of ' in PSp(n + 1,1).
Then by Theorem 4.4.2 of [8] shows that either A(I") = PSp(n + 1,1) or A(T) leaves
a proper totally geodesic subspace in ]I-]I,’F""l.

(i) Suppose that A(T) = PSp(n +1,1). Then I is Zariski dense in PSp(n + 1,1).
The superrigidity by Corlette implies that p extends to a continuous homomorphism
¢ : PSp(m,1)— PSp(n + 1,1). Since ¢ is analytic (cf. [15]), the image ¢p(PSp(m, 1))
is a connected Lie subgroup of PSp(n + 1,1). As I' C ¢(PSp(m,1)) does not leave
any proper totally geodesic subspace in HEt! | (PSp(m, 1)) = PSp(n + 1,1) and so
m =n + 1. Since m £ n by our hypothesis, this is impossible.

(ii) Suppose that A(T) leaves a proper totally geodesic subspace in Hgtt. A
proper totally geodesic subspace in HEt! is isometric to HE (K = R,C or F, 1 <
k < n), Hgtt, HE™, or a 3-dimensional R-subspace H! (I). (Compare [8].) Note that
H! (I) is orthogonal to Hi in HE and so isometric to H. If A(T') leaves invariant a
proper subspace HE (K = R,C,F, k < n), then A(T") leaves also HE invariant. Thus
A(T) preserves S**~1 = OHE. The subgroup of PSp(n + 1,1) preserving S*¢~! is
isomorphic to Sp(k,1) - Sp(n — k + 1). In particular, A(T') C Sp(k,1) - Sp(n — k+ 1)
for ¥ £ n. Then recall that there is a I'-invariant homogeneous Riemannian metric
on §4n+3 — G4k-1 from (1.3).

If A(T) leaves invariant H™' (K = R,C), then A(T) preserves S™ = OHR'
(resp. S?"*1 = OHZH!). By Proposition 5, Corollary 6, A(T) C PO(n+1,1) x SO(3)
or AT) ¢ P(U(n + 1,1) - S*{£1,+5}) respectively. Moreover S4"3 — S™ (resp.
S4n+3 _ §2n+1) admits a [-invariant complete Riemannian metric.

If A(T) preserves H! (I), then it leaves also Hi invariant. As H! () is isometric to
HS,, the subgroup of PSp(n+1,1) preserving H! (I) is isomorphic to PSL(2, C) x Sp (n)
where PSL(2,C) = Iso(H3). Thus A(T") C PSL(2,C) x Sp(n) which leaves invariant
S3 = OHL..
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Let 7: Sp(k,1)-Sp(n—k+1)— PSp(k, 1) be the canonical projection. Similarly
for 7 : PSL(2,C) x Sp(n)— PSL(2,C), 7: PO(n + 1,1) x SO(3)—PO(n + 1,1) or
7:P(Um+1,1)- S*{x1,+j})—PU(n +1,1) respectively. Suppose that H is one
of PSp(k, 1), PSL(2,C), PO(n + 1,1), or PU(n + 1,1).

Since 7 is a proper map and A(T) (with finitely many components) leaves the
proper totally geodesic subspace, Theorem 4.4.1 of [8] implies that 7(A(T")) = H. In
particular, 7(T") is Zariski dense in H. We obtain a homomorphism 7op : 7— H with
Zariski dense image 7(T"). As H is a noncompact simple Lie group and without center,
applying the Corlette’s superrigidity, 7o p extends to a continuous homomorphism ¥ :
PSp(m,1)—H. As in (i), we obtain that ¥(PSp(m,1)) = H. Moreover PSp(m, 1)
has no normal subgroup, so ¥ : PSp(m,1)— H is an isomorphism. Therefore 2 <
m =k S n. As a consequence, I is a discrete uniform subgroup of Sp(m, 1) - Sp(n —
m+1). In particular we have A(T') = L(Sp(m, 1) -Sp(n —m + 1)) = S*™~1. Consider
the developing map

dev: M — dev(§4m1)—gints _ gim—1

for which the homogeneous Riemannian metric A on S4*+3 — §4m—1 (cf. 1.3) induces
a Riemannian submersion:

S4n=m)+3_(Sp(m, 1) - Sp(n — m + 1), $47+3 — §4m=1 by 2, (PSp(m, 1), HE*, k).

Here h is the hyperbolic metric on H*. Let dev™ h be the induced Riemannian metric
on M — dev™*(S*™~1) which is invariant under .

(iii) We prove that dev* h on M —dev™"(S*™1) is complete. Recall that v maps
the boundary S4™1 = 6(S4n+3 S4m=1) identically onto S*™~! = GHI" under the
projection Sp(n — m)—S4+3 2 Dim,

Let {z;} be a Cauchy sequence in M — dev™(S*™1) with respect to the in-
duced metric dev* h. We may suppose that dev™'(S*™1) # §. Let p* (resp. )
be the distance function on M — dev™(S*™~1) (resp. S*"+3 — §4™~1) and j be
the (hyperbolic) distance function on H*. As dev™1(S*™~1) is invariant under T,
M decomposes into the union (M — dev™'(S*™~1))/r and dev™'(S4™~1)/n where
dev™!(S*™~1) /7 consists of a finite number of compact submanifolds. If P : M — M
is a covering map, then the sequence {P(x,)} has an accumulation point y (after
passing to a subsequence). Choose § € dev™'(S*™~1) with P(§) = y. There ex-
ists a neighborhood W of § in M such that the closure W is compact. Moreover,
P:W-—P(W) and dev : W—sdev(W¥) are diffeomorphic. Asy € P(W), there exist
elements {~;} € 7 such that {y;z;} € W for i 2 L where L is a sufficiently large num-
ber. We have limy;z; = §j. Since {z;} is Cauchy in (M —dev™*(S4™~1), p*) , for each

integer n, there exists an integer A(n) satisfying that if 4,5 2 A(n), p*(zs,z;) < =.
n

Let B1(zx(n)) be the ball of radius L centered at z(») in M — dev™*(§*™-1). In
partlcular

{zi} € Bi(zr(n)) foriz A(n).

As A(n) increases as n does, we can assume that A(n) 2 n for n 2 N where N is a -
sufficiently large number with N > L. In particular we note that {ya(n) * Ta(n)} € W
forn 2 N.

Then we show that there is an integer m such that B_;_l('y)\(m) “Tam)) C W.

Suppose not. Put 8'W = W N (M — dev™'(S*™~1)). Then for each n > N, there
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is a point zym) of Bi(Yam) - Tan)) lying on O'W. Thus we have that

. 1
P"(YA(n) * Tan)s Za(n)) S ~
In general, for every z € 8'W C M — dev™*(S*™~1), the metrics satisfy

A(v o dev(Va(n) - Ta(n)), v 0 dev(2)) = p(dev(1a(n) - Taen)), dev(z))
é P* ('.Y/\(n) . :1:)\("),2)

In particular,

. 1
(*) p(v o dev(Ya(n) - Ta(n)), ¥ © dev(zr(n))) S o

As lim+y; - z; = §j, and v extends to a map identically on the boundary, v o dev(yaem) -
Tx(n))—v o dev(§) € v(S*™=1) = §*m=1. On the other hand, W is a compact
neighborhood of y in M and dev : W—dev(W) is diffeomorphic. In particular,
v odev(§) € S4™~1 — ddev(W).

Since zxy(n) € 0'W, {zx(n)} has an accumulation point z in OW. Passing to a
subsequence if necessary, it follows that dev(zy(n))—dev(z) € Odev(W). There-
fore, as v o dev(M — dev™}(S*™~1)) C HE, it follows either v o dev(z) € HF or
vo dev(z) € ddev(W) N S*m=1 je., vodev(z) # vodev(§). In each case,

1im p(v 0 dev(ya(n) - Za(m), ¥ © dev(zam)) = 00

which is impossible by (). Hence we obtain that B (Ya(m) - Ta(m)) C W for some
m.

Since {Zi}iza(m) € BL(TA(m)), the isometry yxpm) (With respect to p*) shows
that {Ya(m) - Titizam) € BL(Ya@m) - Tagm))- As W is compact, there is a point
w € W such that lim Ya(m) - i = w. Therefore lim z; = vl -w  for

i—+00 ) i—00 A(m)
which dev('y;(in) -w) = lim dev(z;). Since the sequence of images {dev(z;)} is also
1—r00

Cauchy in the complete metric space S*"+3 — $4™=1 {dev(z;)} has a limit point in
G4n+3 _ g4m—1 " which therefore implies that dev(fy;"(lm) -w) € §4nt3 — §4m—1 Thus
dev('y;én) -w) is not contained in S4™~1 i.e., 7;(%71) cw € M — dev™'(S*™~1). This
shows that the Cauchy sequence {z;} converges in M — dev™'(S*"~1) so that the
simply connected space M — dev_l(S4m 1) is complete. As a consequence, the local
isometry dev : M — dev ™" (§4m—1)— g4n+3 — g4m—1 hecomes a diffeomorphism. In
particular, dev : M—» dev(M ) is a diffeomorphism. As T is discrete and acts properly
discontinuously on dev(M), dev(M) C S**+3 — L(I"). As above L(T') = §4™~1, so
dev : M—S§4n+3 _ §4m—1 ig diffeomorphic. Thus M is isomorphic to S‘”hL3 -
S4m=1 T which is the double coset space Sp(m) x ASp(1) x Sp(n — m)\Sp(m,1) x
Sp(n —m + 1) /T where 2 £ m < n. This completes the proof of Theorem. O

REMARK 31. (1) In the earlier draft of this paper, there was a gap in the com-
pleteness argument of the proof of Theorem 30, which was pointed out by the referee.
Our proof (742) to showing completeness is based on the observation of completeness
argument of Suhyoung Choi and Lee’s paper [10]. See also [21] for the correction.

(2) Notice that the transitive connected subgroup H of PSp(n+1, 1) is isomorphic
to Sp(m, 1) - Sp(n — m + 1) which acts transitively on S*+3 — §4m—1_ Egpecially,
L(H) = §4m—1,
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(8) When m = 1, PSp(1, 1) is isomorphic to the isometry group PO(4, 1)° of real
hyperbolic space Hg. We do not know whether the above theorem is true or not in
this case. The bending deformation as in Note 7 can not be applied to this case.
B. Apanasov has noticed this fact by pointing out our incorrect use of bending for
. PO(4,1)° = PSp(1,1).

PROPOSITION 32. Let M be a compact spherical pseudo-quaternionic (4n + 3)-
manifold M and G a connected semisimple Lie group with no compact factor and
without center. Suppose that M is not homogeneous. If the fundamental group m
is virtually isomorphic to a discrete uniform subgroup of G and the cohomological
dimension of 7 is less than or equal to 4n + 3, then G must be isomorphic to one of
the following Lie groups:

1. PO(m,1)°, 1Sm<4n+3.
2. PU(m,1), 1Sm<2n+1.

Proof. Let I' be the holonomy group. As in the argument of Theorem 30, its real
algebraic closure A(T") is either (i) PSp(n + 1,1) or (ii) 70 p : #—7(T) is isomorphic
and discrete in H where H = PSp(m,1) (1 £ m £ n), PSL(2,C), PO(n + 1,1), or
PU(n + 1,1) and 7(T') is Zariski dense in H. Note that PSL(2,C) ~ PO(3,1)°.

Suppose that G is isomorphic to neither PO(m, 1)° nor PU(m,1). Then G has
either R-rank > 2 or is isomorphic to PSp(m,1) (m 2= 2) or F; %, (Note that
PSp(1,1) =~ PO(4,1)%.) By the superrigidity, T o p extends to a continuous homomor-
phism ¢ : G— PSp(n + 1,1) or ¢ : G—H. As ¢(G) is a connected Lie subgroup
of PSp(n + 1,1) or H, we have that ¢(G) = PSp(n + 1,1) or »(G) = H. Put
G= G/Kerp and let p: G—G be the canonical projection.

Case (i) ¢ induces an isomorphism ¢ : G— PSp(n + 1,1). Since the cohomo-
logical dimension of 7 is less than or equal to 4n + 3 by the hypothesis, dim G/K <
4n + 3 where K is a maximal compact subgroup. On the other hand, dim G/K 2 >
dim PSp(n + 1,1)/Sp(n + 1) - Sp(1) = 4n + 4, which yields a contradiction.

Case (ii) ¢ : G— H is an isomorphism. As 7 o p : 7—=7(T) is isomorphic, p(r)
maps isomorphically onto ¢(r) = 7(I'). Since 7(T') is discrete in H, p() is discrete and
cocompact in G. If K i is a maximal compact subgroup of G, then p(K) is a maximal
compact subgroup of G by the hypothesis on G. There is a fibration of compact

aspherical manifolds: K N Ker ¢\ Ker p—K\G/7 2, p(K)\G/p(r) in which p maps
m isomorphically onto p(r). Since both compact aspherical manifolds have isomorphic
fundamental groups and have the same dimension, $ is a covering map and so is a
homeomorphism. Hence the fiber K N Ker ¢\ Kery is a point or K NKeryp = Kergp
which is compact. As G is semisimple with no normal compact factor and with no
center, Kery must be trivial. Therefore ¢ : G—H is an isomorphism, that is,
G =PSp(m,1) (m 2 2).

Suppose that G is isomorphic to PO(m, 1)°, or PU(m,1). The hypothesis that
dimG/K < 4n + 3 implies that 1 Sm < 4n+ 3 for PO(m,1)° and 1 Sm S 2n+1
for PU(m,1). O

. 4.2. Deformation space on spherical Carnot-Carathéodory manifolds.

Let (G, X) be a geometry and My a (G, X)-manifold. The deformation space 7 (Mp)
is the space of all (G, X)-structures on marked manifolds homeomorphic to My. More
precisely, 7(Mpo) consists of equivalence classes of diffeomorphisms f : My — M from
My to (G, X)-manifolds M. Two such diffeomorphisms f; : My = M; (i = 1,2)
are equivalent if and only if there is an isomorphism (i.e., (G, X)-structure preserving
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diffeomorphism) h : My— M, such that ho f; is isotopic to fo. If f: Mo — M is a
representative element of 7 (Mp), there is a developing pair (p,dev) : (m (M), M) —
(G,X). We have the holonomy representation p o fj : m1(Mo) — G up to conjugacy.
There is a map hol : T(Mp) — Hom(T,G)/G which assigns to a marked structure
its holonomy representation. When we take (G,X) = (PSp(n + 1,1),5%"+3), the
deformation space 7 (Mp) is the space of all possible spherical pseudo-quaternionic
structures on Mo. Let My = V*7*3/x be a compact spherical pseudo-quaternionic
(4n + 3)-manifold for m C Sp(n, 1) - Sp(1) as in (1.3). We have the following corollary
from Theorem 30.

COROLLARY 33. Let M be a compact spherical pseudo-quaternionic (4n + 3)-
manifold. Suppose that m (M) is isomorphic to the fundamental group of a compact
quaternionic hyperbolic 4n-manifold. Then, M is pseudo-quaternionically isomorphic
to My = Vf?+3/ﬂ'.

Recall that a representation p : 7— PSp(n+1,1) is amenable if its closure of p()
lies in the maximal amenable Lie subgroup of PSp(n + 1,1). A maximal amenable
Lie group in PSp(n + 1,1) is conjugate to Sp(n) - Sp(1) or Sim(M).

Let S(0,00) be the set of amenable representations in Hom(w, PSp(n + 1,1))
and S(—1) the set of non-amenable representations in Hom(w, PSp(n + 1,1)). Then
the disjoint union §(0,00) U §(—1) constitutes Hom(w, PSp(n + 1,1)). A Fuchsian
representation p: 7— PSp(n + 1,1) is a discrete faithful representation whose image
p(m) leaves the totally geodesic quaternionic n-subspace Hg in ]I-]E;'H up to conjugacy
(equivalently, leaves invariant the boundary sphere $4*~! in S4"+3). (Compare [14],

[8].)

LEMMA 34. Let R (resp. F ) be the set of all discrete faithful (resp. Fuchsian)
representations of w into PSp(n + 1,1). Then S(-1) =R = F.

Proof. Let Pr:Sp(n,1)-Sp(1)— PSp(n, 1) be the projection. Put Pr(w) =I".
Since 7 is isomorphic to a discrete uniform lattice IV in PSp(n,1), R C §(—1). Let
p : ™= PSp(n + 1,1) be a non-amenable representation. Put p(r) = I'. Then the
real algebraic closure A(T) is not amenable. As in the argument of the proof of
Theorem 30, we have a homomorphism 7 : A(T')—H, where H is either
PSp(m,1), PU(m,1), PO(m,1), (2 £ m £ n+1) or PSL(2,C). Moreover, T o p()
is Zariski dense in H. Let 7o po Pr~! : ['—H be a homomorphism. By the
superrigidity, there is an extension ¥ : PSp(n,1)—+H of T o po Pr!. It is easy to
see that ¥ : PSp(n,1)-—H is an isomorphism. Then A(I') = Sp(n,1) - Sp(1) up to
conjugacy. Since = is torsion free, p : 7—=I' C Sp(n,1) - Sp(1) is a discrete faithful
representation. Moreover, Sp(n, 1) - Sp(1) acts transitively on Hf in ]I-IE{.-"H, so pis a
Fuchsian representation. Hence S(—1) = R, which simultaneously coincides with F.
a

Let Pr(m) =I" be a discrete uniform lattice of PSp(n, 1) as above. If we put
R(I') = {p' € Hom(I",PSp(n,1)) | p' is a discrete faithful representation},

then by the well known Mostow rigidity, the orbit space R(I'")/PSp(n,1) is a single
point. )

Let R(m,Sp(n,1)-Sp(l)) be the set of discrete faithful representations
into Sp(n,1) - Sp(1). Then it is easy to see that the set of discrete faithful represen-
tations R(m, PSp(n + 1,1))/PSp(n + 1,1) is in one-to-one correspondence with
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R(m,Sp(n,1) - Sp(1))/Sp(n, 1) - Sp(1). (Compare [22].) As there is the fibration:

Hom(m, Sp(1))/Sp(1) —Hom(, Sp(n, 1) - Sp(1))/Sp(n, 1) - Sp(1)
—sHom(I",PSp(n,1))/PSp(n, 1),

it follows that

Hom(w,Sp(1))/Sp(1) ~ R(m,Sp(n, 1) - Sp(1))/Sp(n, 1) - Sp(1).

R = R(w,PSp(n + 1,1)) = PSp(n + 1,1) x Hom(w, Sp(1))/Sp(1). From Lemma 1.2
[17], note that R is a closed subset in Hom(w, PSp(n + 1,1)).

COROLLARY 35. The set of Fuchsian representations is a component of
Hom(m, PSp(n+1,1)). Moreover, the set of Fuchsian representations is diffeomorphic
to the space PSp(n + 1,1) x Hom(w,Sp(1))/Sp(1).

Proof. Since S(-1) = F ~ PSp(n + 1,1) x Hom(mw, Sp(1))/Sp(1), S(-1) is a
closed connected subspace in Hom(m,PSp(n + 1,1)). Let C(—1) be the connected
component of Hom(w, PSp(n + 1,1)) containing S(—1). If C(—1) — S(-~1) # 0, then
there is a sequence {p; } such that 'l_i)m pi = p € S(-1). Since Hom(w,PSp(n+1,1)) =

71— 00
§(0,00)US(—1), each p; is amenable. Suppose that each p;(7) stabilizes a point {co;}.

Passing to a subsequence, let lim 0o; = co € S*"+3. Then for every v € T,
11— 00

p(7)(00) = Lim p;(7)(o0;) = lim oco; = oo,

which contradicts that p is non-amenable. O

Let hol : T(Mp) — Hom(m,PSp(n + 1,1))/PSp(n + 1,1) be the map as before.
We obtain the following from Corollary 33 and 35.

THEOREM 36. The map hol maps T (My) homeomorphically onto a connected
component diffeomorphic to Hom(r,Sp(1))/Sp(1).

REFERENCES

[1] D. A. ALEKSEEVSKII, Riemannian spaces with ezceptional holonomy groups, Functional Anal.
Appl., 2 (1968), pp. 97-105.

[2] Boris APANASOV AND XIANGDONG XIE, Geometrically finite complez hyperbolic manifolds,
Internat. J. Math., 8 (1997), pp. 703-757.

[3] Boris ApaNasov, Bending deformations of compler hyperbolic surfaces, Jour. fur die Reine
und Angeandte Mathematik, 492 (1997), pp. 75-91.

[4] C. P. BoYER, K. GALICKI, AND B. M. MANN, 3-Sasakian manifolds, Proc. Japan Acad., 69
(1993), pp. 335-340.

[5] C. P. BOYER, K. GALICKI, AND B. M. MANN, The geometry and topology of 3-Sasakian man-
ifolds, Jour. Reine and Ange. Math., 455 (1994), pp. 183-220.

[6] D.M. BURNS AND S. SHNIDER, Spherical hypersurfaces in complez manifolds, Invent. Math., 33
(1976), pp. 223-246.

[7] 3. CHEEGER AND D. G. EBIN, Comparison Theorems in Riemannian Geometry, Comp.
Amsterdam-Oxford, 9, North-Holland Publ., 1975.

[8] S.S. CHEN AND L. GREENBERG, Hyperbolic Spaces, in Contribution to Analysis, (A Collection
of Papers Dedicated to Lipman Bers), L. Ahlfors, et. al. ed., Academic Press, New York
and London, 1974, pp. 49-87.

[9] S.S. CHERN AND J. MOSER, Real hypersurfaces in complez manifolds, Acta Math., 133 (1974),
pp- 48-69.

[10] SurvounG CHO! AND HYUNKOO LEE, Geometric structure on manifolds and holonomy-

invariant metrics, Forum Mathematicum., 9 (1997), pp. 247-256.



554

(11]

[12)
[13]

(14]
(15]

(16]
(17]

(18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]

(28]
29]

(30]
(31]

[32]
(33]

[34]
[35]
(36]
[57)
[38]
[39]
[40]
[41]

(42]

Y. KAMISHIMA

K. CORLETTE, Archimedean superrigidity and hyperbolic geometry, Ann. of Math., 135 (1992),
pp. 165-182.

D. FRIED, Closed similarity manifolds, Comment. Ma.th Helv., 55 (1980), pp. 576-582.

W. GoLDMAN, Complez Hyperbolic Geometry, Oxford Ma.thema.tlcal Monographs, Oxford Univ.
Press, 1999.

W. GOLDMAN AND J. MILLSON, Local rigidity of discrete subgroups acting on complex hyperbolic
space, Invent. Math., 88 (1987), pp. 495-520.

S. HELGASON, Differential Geometry and Symmetric Spaces, Academic Press, New York and
London, 1962.

ISHIHARA, Quaternion Kaéhlerian manifolds, J. Diff. Geom., 9 (1974), pp. 483-500.

. JOHNSON AND J. MILLSON, Deformation spaces associated to compact hyperbolic manifolds,
in Discrete Groups in Geometry and Analysis (Proceedings of a conference held at Yale
University in honor of G.D. Mostow), Progress in Math., Boston, Birkhiuser, 1987, pp.
48-106.

Y. KAMISHIMA, Conformally flat manifolds whose development maps are not surjective. I,
Trans. Amer. Math. Soc., 294 (1986), pp. 607-623.

Y. KAMISHIMA, Geometric flows on compact manifolds and Global rigidity, Topology, 35 (1996),
pp. 439-450.

Y. KAMISHIMA, Standard pseudo-Hermitian structure and Seifert fibration on CR manifold,

Y

Y

own

Annals of Global Analysis and Geometry, 12 (1994), pp. 261-289.
. KAMISHIMA, Correction to developing maps in geometric structures, Preprint.
. KAMISHIMA AND S. T. TAN, Deformation spaces on geometric structures, in Aspects of Low

dimensional Manifolds, Y. Matsumoto and S. Morita, ed., Advanced studies in pure math.,
20 (1992), pp. 263-299

Y. KAMISHIMA AND T. TsuBoOl, CR-structures on Seifert manifolds, Invent. Math., 104 (1991),
pp. 149-163.

S. KoBAYASHI, Transformation Groups in Differential Geometry, Ergebnisse Math., 70,
Springer-Verlag, 1970.

S. KoBayasHI AND K. Nowmizu, Foundations of Differential Geometry I, II, Interscience John
Wiley & Sons, New York, 1969.

M. KonisHIl, On manifolds with Sasakian 3-structure over quaternion Kaehler manifolds,
K odai Math. Sem. Rep., 26 (1975), pp. 194-200.

J, L. KoszuL, Lectures on Groups of Transformations, Tata Institute of Fundamental Research,
Bombay, 1965.

R. KULKARNI, On the principle of uniformization, J. Diff. Geom., 13 (1978), pp. 109-138.

R. KULKARNI, Proper actzons and pseudo-Riemannian space forms, Adv. Math., 40 (1981), p
10-51.

J. LELONG-FERRAND, Transformations conformes et quasiconformes des variétés riemanni-
ennes compactes, Acad. Roy. Belgique Sci. Mem. Coll., 8 (1971), pp. 1-44.

R. MINER, Spherical C R-manifolds with amenable holonomy, International J. of Math., 1:4
(1991), pp. 479-501.

J. MITCHELL, On Carnot-Carathéodory metrics, J. Diff. Geom., 21 (1985), pp. 109-138.

N. Mok, Y-T. Sw, AND S-K.YEUNG, Geometric superrigidity, Invent. Math., 113 (1993), pp.
57-83.

G. A. MARGULIS AND G. D. MosTow, The differentiai of a quasi-conformal mapping of a
Carnot-Carathéodory space, Geom. and Func. Analysis, 5 (1995), pp. 402-433.

M. OBATA, The conjectures on conformal transformations of Riemannian manifolds, J. Diff.
Geom., 6 (1971), pp. 247-258.

T. OcHIAL, Geomelry associated with semisimple flat homogeneous spaces, Trans. Amer. Math.
Soc., 152 (1970), pp. 159-193.

M. RAGHUNATHAN, Discrete Subgroups of Lie Groups, Ergebnisse Math. u.i. Grenzgeb., 68,
Springer, Berlin, New York, 1972.

S. SALAMON, Riemannian Geometry and Holonomy Groups, Pitman research notes in Math.,
201, Longman Scientific, 1989.

S. SALAMON, Differential geometry of quaternionic manifolds, Ann. Scient. Ec. Norm Sup.,
V., 19 (1986), pp. 31-55.

S. SASAKI, Spherical space forms with normal contact metric 3-structure, J. Diff. Geom., 6
(1972), pp. 307-315.

S. TANNO, Killing vector fields on contact Riemannian manifolds and fibering related to the
Hopf fibrations, Téhoku Math. Jour., 23 (1971), pp. 313-333.

W. THURSTON, The Geometry and Topology of 3-Manifolds, Lecture Notes, The Geometry
Center, Minnesota, 1992.



QUATERNIONIC CARNOT-CARATHEODORY STRUCTURE 555

[43] S. WEBSTER, Pseudo-Hermitian structures on a real hypersurface, J. Diff. Geom., 13 (1978),
pp. 25-41.

[44] S. WEBSTER, On the pseudo conformal geometry of a Kahler manifold, Jour. Math. Z., 157
(1977), pp. 265-270.

[45] S. WEBSTER, On the transformation group of a real hypersurface, Trans. Amer. Math. Soc.,
231 (1977), pp. 179-190.

[46] J. WoLF, Spaces of Constant Curvature, McGraw-Hill, Inc., 1967.

[47] R. ZIMMER Ergodic Theory and Semisimple Groups, Monographs in Mathematlcs, Boston,
Birkh&iuser, 1985.



556 Y. KAMISHIMA





