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MINKOWSKI ALGEBRA I: A CONVOLUTION THEORY OF
CLOSED CONVEX SETS AND RELATIVELY OPEN CONVEX SETS*

BEIFANG CHEN'

Abstract. This is the first one of a series of papers on Minkowski algebra. One of purposes of
this paper is to set up a general framework so that the mixed volume theory and integral geometry
can be developed algebraically in subsequent papers. The so called Minkowski algebra of convex sets
is the vector space generated by indicator functions of closed convex sets and relatively open convex
sets, where the multiplication is induced by the Minkowski sum of convex bodies. We shall study the
homomorphisms induced by the linear maps from the ground vector spaces; the subalgebra spanned
by the indicate functions of closed convex sets; the subalgebra spanned by the indicator functions of
relatively open convex sets; and the embedding of these subalgebras in the commutative algebra of
multivalued functions with multiplicities. With this embedding, we are able to define the Minkowski
product for indicator functions of a closed convex set and a relatively open convex set, which could
be technically difficult without the embedding; and to classify the multiplicative units of the algebra.
Moreover, the group of units with Euler characteristic equal to +1 can be viewed as a vector space
isomorphic to the vector space spanned by certain continuous functions, including support functions
of convex bodies. Finally, we introduce the Euler-Radon transform for convex chains with respect to
the Euler measure, and show that it is injective. This injectivity solves the syzygy problem of [10]
on affine Grassmannians.

1. Introduction. Let V be a finite dimensional real vector space. By a convez
body of V we mean a non-empty compact convex set. The dilation of a convex body
K by a non-negative real number A is the set AK = {Az |z € K}. The Minkowski
sum of convex bodies K and L is theset K+ L ={z+y|z € K,y € L}. Obviously,
AK and K + L are convex bodies. With these set operations, the class of convex
bodies of V forms a convex cone. It is well-known that the smallest vector space
which contains this convex cone can be identified to the vector space generated by
the support functions of convex bodies. However, for the support function hg of a
convex body K, the geometric interpretation of the function —hg is not clear in the
literature.

Finite unions of convex bodies can be of many other geometric objects such as
piecewise linear manifolds and polyhedra. We shall be interested in constructing a
vector space which contains at least finite unions of closed convex sets and finite unions
of relatively open convex sets, and the Minkowski sum of which can be extended
to a commutative multiplication. We believe the best candidate for this space is
the vector space R(V,C U O) (see below) spanned by indicator functions of closed
convex sets and relatively open convex sets. The purpose of this paper is to set up a
natural framework so that the theory of mixed volumes and integral geometry can be
developed algebraically.

The class of finite unions of convex bodies, called convez ring, was first considered
by Hadwiger [9]. This class can not be a vector space and there is no “nice” algebraic
structures. The first vector space which contains convex bodies is perhaps the vector
space spanned by their support functions, that is, the functions of the form hs — hp,
where hy and hp are the support functions of convex bodies A and B respectively.
This space is isomorphic to the vector space generated by the ordered pairs of convex
bodies, of which two ordered pairs (4,B) and (C,D) are assumed to be equal if
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A+ D = B+ C. The addition, scalar product, and difference for the pairs of convex
bodies are defined by

(A,B)+ (C,D) =(A+C,B+ D),
A4, B) = (A\4,)\B),
(A,B)— (C,D)=(A+D,B+0C).

A convex body A is identified to the pair (4, {o}), where o is the zero vector of V. A
pair (A4, B) of convex bodies is identified to the difference hy — hp of their support
functions [1] [25]. Another vector space which contains convex bodies was constructed
by Groemer [8] by considering linear combinations of indicator functions of convex
bodies. With the inclusion-exclusion principle, the space of Groemer contains finite
unions of convex bodies, and the Minkowski sum is extended to a commutative mul-
tiplication on that vector space. These two vector spaces of convex bodies are quite
different: on the one hand for a convex body K, the function —hg can not be iden-
tified to any linear combination of indicator functions of convex bodies; on the other
hand the indicator function of an arbitrary finite union of convex bodies can not be
realized by the difference of support functions of two convex bodies.

After careful observation it was found that for a convex body K, the function —hg
could be identified to the relatively open conver set —ri K with positive or negative
sign, where ri K is the relative interior of K, that is, the interior of K in the flat that
K spans. This shows that the class of relatively open convex sets has to be considered
in order to have Minkowski multiplicative inverse for convex bodies. We now study
the vector space R(V,C U O) over the field R of real numbers. ,

Following the idea of Groemer [8] and making use of the Euler characteristics
in [3] [24], the Minkowski sum of convex bodies can be extended to a commutative
binary operation on the vector space spanned by indicator functions of closed convex
sets and on the vector space spanned by indicator functions of relatively open convex
sets. However, the difficulty arises when considering the Minkowski multiplication of
the indicator functions of a closed convex set and a relatively open convex set, since
the intersection of a closed convex set and a relatively open convex set is irregular
in the sense that it is neither closed nor relatively open. The intersection of the
boundary part could be complicated [12]. For example, if K is the convex hull of the
set {e®2* | k > 0} and K is the convex hull of {e¥2++1 | k > 0} in the complex plane
C ~ R?, where 8, is a strictly increasing sequence of real numbers convergent to 2,
then there are infinitely many open line segments on the boundary of K; Nri K.

In this paper, we will avoid this irregularity through the embedding of R(V,CUQO)
in a commutative algebra so that the Minkowski multiplication can be replaced by
the multiplication of that algebra. Thus the Minkowski multiplication of the indicator
functions of a closed convex set and a relatively oper. convex set can be well-defined.
Moreover, with this embedding a subgroup of multiplicative units with the Euler
characteristic equal to +1 can be viewed as a vector space isomorphic to the vector
space spanned by support functions of convex bodies.

The extension of the Minkowski sum to unbounded closed convex sets and to
relatively open convex sets was once considered by Lawrence [13]. The Minkowski
product considered in [13] depends unnaturally on the dimension of the ground vector
space. There are two Minkowski multiplications constructed by the author in [4], one
of which was missed in [13], due to lack of the Euler characteristic ¥. A right extension
of the Minkowski sum to relatively open convex sets and to adhesive closed convex
sets [11] was obtained by Przeslawski [17], but the method there cannot be applied to
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arbitrary unbounded closed convex sets. The Minkowski algebra of polyopes had been
applied in [2] to obtain numerous results on curvatures of polyhedral spaces. Morelli
[15], Pukhlikov and Khovanskii [18] also considered the extension of the Minkowski
sum of polytopes to polyhedra. But the most general case for closed convex sets
and relatively open convex sets was the setting in [4]. A dual form of the Minkowski
product is the Geissinger multiplication [5] [7], and the mixed volume of convex bodies
can be naturally written as, up to a multiple constant, the volume of the Geissinger
product of the indicator functions of the given convex bodies [5].

Throughout this paper, we use V* to denote the dual vector space of V, that is,
the space of all linear functionals on V. For a convex subset E of V, the indicator
function of F is the characteristic function 1g on V, defined by 1g(z) =1forz € E
and 1p(z) = 0 otherwise. The positive support function of E is the map hj; : V* —
R, defined by

ht(E,£) = hE(¢) =sup{l(z) |z € E}, VL€ V*,

where R = RU{=£o0}. The negative support function of E is the map hz : V* — R,
defined by

h=(E,f) = hp(0) = inf{l(z) |z € E}, VL€ V*.

The notation can be justified by hz(€) = —h5(—£) = —hT g(£), £ € V*. The positive
support function hE is the usual support function hg in the literature. For a family £
of subsets of V, we denote by R(V, &) the vector space spanned by indicator functions
of subsets of £, that is, each member f € R(V,¢) is a linear combination

f=alg + - +anle,,

where E; € £, a; € R, i = 1,2,---,m. The subset of functions of R(V,&) with
integer coefficients in the linear combination is denoted by Z(V,&). We shall study
such vector spaces where £ takes one of the following classes of subsets:

C = the class of closed convex sets,

O = the class of relatively open convex sets,

Cy = the class of bounded closed (compact) convex sets,

Oy = the class of bounded relatively open convex sets,

P = the class of convex polyhedra.

By a polyhedron we mean a subset of V which can be obtained by taking unions,
intersections, and complements finitely many times of half-spaces. Thus a polyhe-
dron is an element of the Boolean algebra generated by half-spaces. The elements of
R(V,C U O) are called conver chains. For elementary properties of convex bodies,
the reader is referred to [19] [25].

2. Euler Measures. For fixed real numbers r and s such that r+s = 1 and for
a real-valued function f(z) on R, the Euler integral of f is defined by

(1) x(f) = / f@dx@) = 3 [fe) - rf@) - sf@h)],

zeR

where f(z~) and f(z*) are the left and right limits of f at = € R respectively, and
we assume that f(+oot) = f(—00™) = 0, f(4+007) = limy—4e0 f(z), f(—00T) =
lim; o f(z). The function f is said to be Euler integrable if f is continuous except
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at finitely many points and has both left and right limits at those discontinuous points,
including positive and negative infinities.

Let V be an n-dimensional real vector space and let b = {vq, - - -, v, } be a basis of
V. A function g on V can be represented as a function gn(z1,: -, z,) of n coordinate
variables £ = (z1,-+-,%,). The Euler integral of ¢ with respect to the basis b is
defined by the iterated Euler integral

@ o) = / o(@)dx(z) = / . / ab(e1, -+, Tn)dx(@1) -~ dx(n).
v ———

A function on V is said to be Euler integrable with respect to the basis b if each of
its iterated Euler integrals is Euler integrable, and a function is simply said to be
Euler integrable if it is so under all bases. When g is an indicator function of a set E,
we write x(E) = x(g), and it is called Euler measure, or Euler characteristic, of E,
since x is actually a finitely additive set function on finite unions of closed convex sets
and on finite unions of relatively open convex sets [3]. The advantage of the integral .
definition (2) for Euler characteristic is that we need not to consider the extension of
measures, and that the Fubini theorem obviously holds.

It is clear that the set of Euler integrable functions on V is a subspace of real-
valued functions on V. It has been shown that the indicator function of a relatively -
open convex set, or a closed convex set, is Euler integrable. More precisely, if U is a
relatively open convex set and F' a closed convex set of V, it has been shown in [3]
that

€) x(U) = (=147,
-1)dimW fF=KeoW
) X(F):{é : tF-MoWeL,

where K is a compact convex set, W is a subspace, called the linearity of F', M is a
manifold with or without boundary, L is a closed half-line, and & means direct sum,
that is, u € E; & E» if and only if there exist unique u; € E; and up € E; such that
u = uy + uz. (4) is called the direct sum decomposition of F'.

One can define another Euler measure ¥ for closed polyconvex sets (= finite unions
of closed convex sets) and relatively open polyconvex sets (= finite unions of relatively
open convex sets). Let F be either a closed or a relatively open polyconvex set. We
define

X(E) = [E N clB(o,p)],

p-gl-ll-loo X
where B(o, p) is the open ball of radius p centered at the origin o and cl B(o, p) is the
closure of B(o,p). To avoid the situation of intersection of a closed convex set and a
relatively open convex set (the intersection may be a discrete set of infinite singletons),
one may replace B(o, p) by the open n-cube I} = (—p, p)™ if it is necessary. We have
shown in [3] that if F is a closed convex set and U a relatively open convex set, then

(5) X(F) =1,

o[ (-1)¥mD fU=DeW
(6) x(U) —{ 0 fU=riMeWeriL,
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where D is a bounded relatively open convex set, W is a subspace, called the linearity
of U, ri M is a manifold without boundary, and ri L is an open half-line. (6) is called
the direct sum decomposition of U.

One can also define the Euler measure ¥ for closed and relatively open convex sets
by making use of the same Euler integral (2), but interpreting the indicator functions
of a closed convex set and a relatively open convex set on the vector space V over R
in a proper way in each direction at infinity. For instance, we can set

15(£o0v) = pl:;lr:iloo 1y(pv), v €V,

15(4o0v) = uep,li(glu)—»o 1r(uw), veYV,
[ ll =00

where 6(u,v) denotes the angle between u and v, and 1z(—ocov) = 1(+00(—v)) for
any non-zero vector v. Then X(U) and x(F) are the Euler integrals of 15 and 15
respectively.

The convex sets, either closed or relatively open, with a half-line direct sum

decomposition in (4) and (6) are called type II sets. All other convex sets are called
type I sets. Given a convex set F, we define its recession cone rec E by

recE = {v€ V|3pe Esuch that p+tv € E,t > 0}.

The recession cone rec E' can be characterized as the set of vectors v of V such that
v+E C E. Notice that rec E is always a closed convex cone and rec (cl E) = rec (ri E).
Intuitively, rec E can be viewed as the cone of F at infinity. For z ¢ E, we denote

zE ={veV|3ye€E,t>0such that v =t(y — z)}.

If F is translated to the origin o by one z € E, then the largest subspace spanned by
E — z, denoted by (F), is independent of the choice of z € E.

3. Induced Linear Maps. Let V and W be finite dimensional real vector
spaces and ¢ an affine linear map from V to W. ¢ induces a natural linear map ¢*
from R(W,C U O) to R(V,C U 0), defined by the pullback

¢"(f) =fod, Vi e R(W,CU0).

We are interested in the construction of push-forward maps induced by ¢, since this
usually cannot be done for arbitrary functions. However, there are four nontrivial
push-forward linear maps ¢¥, ¢%, ¢¥, ¢ from R(V,C U O) to R(W,C U ), defined
by

(7) X (f)(w) = hm X (f - Lo-1{ctB(w.)]) »
(8) X (f)(w) = 11 X (£ Lo=1(B(w.p)]) »
9) PX(f)(w) = h X (f - Lg=1[etB(wp)) »
(10) () (w) = 11 X (f - 1g~1(B(w,p)) »

where f € R(V,CUO), w € W, B(w, p) is the open ball of radius p in W, centered
at w, and cl B(w, p) is the closure of B(w, p). Before we give explicit formulas for ¢%,
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pX, ¢X, ¢X, we prove the following lemma, which will be needed often in the proof of
later theorems.

LEMMA 3.1. Let V and W be finite dimensional real vector spaces and ¢ an affine
linear map from 'V to W. If E is a convex set of V, either closed or relatively open,
then for all w € ¢(E), ¢~ (w) N E are simultaneously type I sets or simultaneously
type IT sets.

Proof. It follows from the affine property of ¢ that there exists a linear map f
from V to W such that ¢(v) = ¢(0) + f(v), v € V. Then

¢ W) NE=f"(w—¢0)NE

are parallel convex sets for all w € ¢(E). Let wy, wa € ¢(E). Assume that ¢! (w;)NE
is a type II set, say ¢~ (w1) N E = K; & My & Ly, where K; is a bounded convex
set, My is a manifold with or without boundary, and L; is a half-line. Let v; €
¢ H(w1) N E and vy € ¢~ (w2) N E. Note that ¢(v1) = é(0) + f(v1) = w; and
¢(v1 + L1) = ¢(0) + f(vy + L1) = ¢(o) + f(v1) + f(L1) = wy. Then f(L1) = 0. Thus
d(va + Ly) = ¢(0) + f(v2) = d(va) = we. This shows that ve + L, is contained in
¢~(wz2) N E. On the other hand, if v2 — L; is contained in ¢~!(w) N E, then with
the same argument v; — L; should be contained in ¢~!(w;) N E, a contradiction to
the half-line direct sura decomposition of ¢! (w;) N E. Therefore ¢! (ws) N E is a
type II set. O

Let U be a relatively open convex set and let F' a closed convex set of V. By
definition we have for all w € W,

¥ (1o)(w) = lim x (U N ¢~ el Bw,9)]) = x (U N ¢~ (w)),
$X(1r)(w) = im x (F N ¢~ [l B(w,)]) = x (FN ¢~ (w)),
¢X(lo)(w) = m x (UN ¢~ [l Bw, 9)]) = x (UN ¢ (w)) .

By making use of the affine property of ¢, one can easily check the following

(11) $X(1y) = (—1)dimU-dimo)y, 0y,
(12) G (1w) = (D™ YL oy

(13) OX(1F) = 1 1gmyp

(14) FE(LF) = (=)™ O oy

Now if the fiber U N ¢~ (w) for one w € ¢(U) is a type II set, then by (6) and
the affine property of ¢,

(15) ¢X(1p) = ¢%(1y) =0,

while if the fiber U N ¢~ (w) for all w € ¢(U) are type I sets, then by (6) and the
affine property of ¢,

(16) ¢§ (1U) — (_l)dim U—dim ¢(U)+dim H—dim ¢(H) 1¢a(U) ,

(17) (l;f (1U) - (_l)dim U+dim H—dim ¢(H) 1Cl B

where H is a maximal affine subspace contained in U.
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Similarly, if the fiber F'N ¢~ (w) for one w € ¢(F) is a type II set, then by (4)
and the affine property of ¢,

(18) ¢X(1F) = ¢X(1F) = 0;

while if the fiber F'N ¢~ (w) for all w € ¢(F) are type I sets, then by (4) and the
affine property of ¢,

(19) $X(1p) = (1) HmH=dmeE1, ),
(20) ¢3§(1F) — (_l)dlm ¢(F)+dim H—dim ¢(H) 1r'1 )
where H is a maximal affine subspace contained in F'

We summarize (11-20) as the following proposition.

PROPOSITION 3.2. Let V and W be finite dimensional real vector spaces and ¢
an affine linear map from V_to W. Then ¢* is a linear map from R(W,C U O) to
R(V,CUO), and ¢%, ¢%, ¢X, ¢X are well-defined linear maps from R(V,C U O) to
R(W,CUO). Moreover,

1) ¢*R(W,0) CR(V,0),

(2) ¢*R(W,C) C R(V,0),

(3) ¢¥R(V,0) =R(4(V),0),

(4) #R(V,C) =R(4(V),C),

(5) ¢ER(V,0) =R(4(V),(),

(6) ¢XR(V,C) =R(4(V),0),

(9) ¢:R(V,0) =R(4(V),0),

(10) XR(V,C) = R(p(V),0).

Let U be a relatively open convex set and F' a closed convex set of V. It follows
from (11-14) that

x(¢¥(1v)) = (—1)‘1f“‘1 U=dim @y (p(U)) = x(U),
x(#¥(1F)) = (—1)df"’ *Ex (1 [¢(F)]) = x(F),
%( (1)) = () U x(d [p(U)) = x(U),
X(¢¥(1F)) = X($(F)) = X(F).
Now, if the fiber U N ¢~ (w) for w € #(U) is a type II set, then U has to be a

type II set and thereby ¥ (6¥(1r)) = x(¢¥(1v)) = x(U) = 0 from (6); if, on the other
hand, the fiber U N ¢~ (w) for w € ¢(U) is a type I set, then by (16) and (17),

X($¥(1v)) = (~1)HimUmdimo(U)dim H-dim S(H) 3(4(17)) = 3(U),
X(¢X(1p)) = (~1)dimUmdim H=dim 6 (cl [¢(U)]) = x(U).

Similarly, if the fiber F'N ¢~ (w) for w € $(F) is a type II set, then F should be
a type II set. It follows from (4) that x(¢¥(1r)) = X(¢X(1r)) = x(F) = 0; while if
the fiber F N ¢~ (w) for w € ¢(F) is a type I set, then by (19) and (20),

x(¢X(1p)) = (—1)4imH=dim o)y (4(F)) = x(F),
X(¢X(1p)) = (—1)dim ¢(F)+dim H=dim &(E) 3 (1 [4(F)]) = x(F).
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We conclude the above computation as the following proposition.

PROPOSITION 3.3. Let V and W be finite dimensional real vector spaces and let
¢ be an affine linear map from V to W. Then for any f of R(V,CUO),

(21) x(¢¥f) = x(f),
(22) xX(@Xf) = x(f),
(23) x(#Xf) = x(f),
(24) x(#X 1) = x(f)-

Next we consider the tensor product of the induced push-forward maps.

PROPOSITION 3.4. Let ¢,9 : V; — W, be affine linear maps between finite
dimensional real vector spaces, i = 1,2. Then

(@ Y)Y = ¢F @YY,

(@@ P)X = ¢l @YF,

(6@ 9)X = ¢¥ ® 9%,

(G @YY = ¢f ®9F
on the tensor product R(V1,CUO) @ R(V2,CUO) = R(V1 x V3,CUO), where the
map ¢ ® P is defined by ¢ ® Y(v1,v2) = (P(v1),¥(v2)), (v1,v2) € V1 X Va.

Proof.. Let A; C V; be either simultaneously closed convex sets or simultaneously
relatively open convex sets. Let B;(w;,8) denote the open balls of radius § centered
at w; in Wy, 4 =1,2. Then

(¢ ® ¢)3§(1-41 ® ]-Az)(wla ’LU2) = (¢’ ® d))f(l/h XAz)(wlaw2)

= lim x [(41 x A2) N (¢ ® 1)~ (cl B(wy,8) x cl B(ws, d))]

= lim x [(41 N ¢7 (cl B(w1,0))) x (A2 N9~ (cl B(wz,9)))]
= }i_% X [A1 N ¢~ (cl B(wy,9))] lim x [A2 Ny~ (cl B(ws,6))]

= ¢¥ (La,)(wi)¥¥ (La, ) (we)
= ¢§(1A1) ® 'lﬁzf(lAz)(’thJQ)
= (6% ®¥¥) (14, ® 14,) (w1, w2);

(¢ ® "7[))5(1:41 ® ]-Az)(wh w2) = (¢ ® ¢)§(1A1®A2)(wla w2)
= lim [(A1 x A2) N (¢ ® )" (cl B(w1,6) x cl B(ws, 8))]

= lim x [(A1 N ¢7 (cl B(wy,9))) x (A2 N~ (cl B(ws,6)))]
= }11)%)2 [Al N q&‘l(clB(wl,d))] }I_I)I(l))_(' [Az N ¢-1(CIB(W2,5))]

= X (1a,)(w1)9¥ (1a,)(w2)
= ¢¥(1a,) ® YX(1a,) (w1, ws)
= (¢ @ P¥) (14, ® 14,) (w1, w2);
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(¢® ¢)X(1A1 ® 1A2)(1U1,11)2) ( ) (1A1®A2)(w17w2)
= hmx [(A1 x A2) N (¢ ® 9) " (B(wi,6) x B(ws,d))]

= lim x [(4: N$™ (Bluws, 8))) x (42 197 (Bw2, 9)]
= lim x [41 ¢~ (Bw,6))] lim x [42 N6~ (Blws, 8)]

= ¢X(14,) (w1)PX (14,) (w2)
= (q;i( ® QZ})(]'AI ® ]-Az)(wl"LUZ);

(¢ ® ¢)§(1A1 ® 1A2)(w17w2) = (¢ ® ¢)§(1A1®A2)(w1aw2)
= lim % [(4s x 42) 1 (6@ )~ (B, ) x Blus, 9)]

= lim % [(41 07 (Bw1,8))) X (42 N4 (B(ws,6)))]
= lim % [4, N 7 (B(wr, )] lim % [42 0 9™ (B(w2, 9))]

(55(1141)(1”1)'&2(1142)(1”2)

( P ® ¢X)(1A1 ® ]-Az)(wl’w2)
o

LEMMA 3.5. Let ¢ : U — V and ¥ : V. — W be affine linear maps of finite

dimensional real vector spaces. Let E be either a closed convez set or a relatively open
convez set of U. Then for any fired w € Yé(E), (¥¢) " (w)NE is a type II set if and
only if either ¢~ (v) N E is a type II set for all v € Y~ (w) NH(E) or v~ (w) N #(E)
is a type II set.

Proof. Tt is clear that ¢~!(v) N E is non-empty for all v € ¥~ (w) N #(E). Then

() ' (w)NE = U ¢~ (v)NE.
vEY~H(w)Ng(E)

This shows that the necessary and sufficient condition for (¥¢)~!(w) N E to be a
type II set is that either ¢~1(v) N E is a type II set for all v € ¥~1(w) N ¢(E) or
P~ (w) N ¢(F) is a type II set. O

PROPOSITION 3.6. Let ¢ : U — V and ¢ : V — W be affine linear maps of
finite dimensional real vector spaces. Then

(1) (¥g)i =y2o %bi‘ e

(2) (¥o)x 1/jx¢x = ,

(3) (¥9)% = P¥ek = d)*

(4) (¢¢)" — JRoF = ¥4,

(7) ¢X¢X = ’lﬁ* )

(8) YX % = PX o

Proof. Let U be a relatively open convex set and F a closed convex set of U. It
follows from (11-20) that

W) = vid(lo) = HE(le) = (D EmE Ol
W) (1p) = @é,’f(ﬁi‘(lp) = lb%(éf(lF) = C1[¢¢(F)’

@) = G2okln) = vréille) = (1™ Loy
@OXr) = $3¥(1n) = weE1p) = (-DE G0
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Now we divide the other situations into the following cases:
(Ta) The fiber F N (1)~ (w) is a type I set for all w € @(F). Then it follows
from (19), (20), and (17) that

@A (1r) = P¥P¥(1r) = PEF(lp) = (-L)ImH-dmedoliy | o
BPX(1F) = XX(AF) = YEX(AF) = (-1)HmveETdmH-dimyd(H) o o

where H is a maximal affine subspace contained in F'.
(Ib) The fiber F N (1p¢)~* (w) is a type 1I set for all w € @(F). Then it follows
from (18) and Lemma 3.5 that

()X (1r) = ¥X¢X(1r) = PEP¥(1F) =0,

(¥9)X(1r) = PX¢X(1r) = $EP¥(1F) = 0.
(ITa) The fiber U N (v¢) " (w) is a type I set for all w € ¥¢(U). Then by (16),
(17), (19) and (20),

¥9)¥(v) = ¢¥s¥(lv) = ¥X¢k (lv)

= (—1)dim U=dim y¢(U)-+dim H—dim $¢(£) Lys),

@)X (1v) = $¥¢%(lv) = ¥X¢¥ (lv)
- (_l)dim U+dim H—dim ¢¢(H) ]'Cl ey’

where H is a maximal affine subspace of U.
(ITb) The fiber U N ()~ (w) is a type II set for all w € ¥¢(U). Then by (15)
and Lemma 3.5,

()X (1y) = ¥X¢X (1v) = PXé¥(lv) =0,

W)X (1lv) = PXPX(lv) = P¥¢X(lv) = 0.
(ITTa) The fiber ¢(U) Ny~ (w) is a type I set for all w € ¥¢(U). Then by (11),
(12), (16), (17), (19) and (20)
XX (1) piot(lu)
Pigi(lu) = ¢aor(l) clyo)]

(ITIb) The fiber ¢(U) N~ (w) is a type II set for all w € ¥¢(U). Then by (11),
(12), (15) and (18),

(_l)dim U—dim ¢¢(U)+dim ¢(H)—dim y¢(H) 11/)¢(U) ,
(_l)dim U+dim ¢(H)—dim ¥ ¢(H) 1

PEPX(ly) = PXe¥(ly) =0,

YX¢X(ly) = XX (1y) =0.

(IVa) The fiber U N ¢! (w) is a type I set for all v € ¢(U). By (11-14), (16) and
(17), we have

vr¢x(lo)
XK (1)

(_l)dim U—-y¢(U)+dim H—¢(H) 11/1¢(U),
(_l)dim U+dim H—dim ¢(H) 1

e (1v)
$¢x (1)

Il

cliys)]’
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(IVb) The fiber U N ¢~ (w) is a type II set for all v € ¢(U). By (15) we have
PX¢¥(lu) = PLe¥ (1) =0,
PE¢X(ly) = ¥¥é¥(lv) = 0.

(Va) The fiber FN¢~!(w) is a type I set for all w € ¢(F). It follows from (11-14),
(19) and (20) that

Y (1F) VEPE(1F) cl [wo(F)
1,0592—535(11«") — 1[_}3(}535(11‘_‘) — (_1)dimH—dimo'(H)—dim‘Ab(j(Fl)l

(—1)dim H—dim 6(H) |

Ii [y (F)]°

(Vb) The fiber F N ¢~ (w) is a type II set for all w € #(F). It follows from (18)
that
YoX(1r) = PX4X(1r) =0,
YEXX(1F) = P¥é¥(1F) = 0.
(VIa) The fiber ¢(F) Ny~ (w) is a type I set for all w € Y@(F). Thus by (11-14),
(16) and (17),
¢§$§(1F) — 1}?3:(?3‘:((11‘_‘) — (_1)dfm1/1¢(F)+f:lim¢(H)—dim1/1¢(H) ll‘i (o))’
PE$(lr) = PE(lp) = (-1)dmel—dimueliy g,
(VIb) The fiber ¢(F) Ny~ (w) is a type II set for all w € ¥@(F). Obviously, by
(13-15) and (18)
VXX (1r) = PXé¥(1r) =0,
PXo¥(1r) = PXe¥(1r) = 0.

4. Convolutions. Let V be a finite dimensional real vector space. Let f and g
be simple functions both in R(V, ) or both in R(V,C). The convolutions f x g and
f*g, with respect to the Euler measures x and ¥, are defined by

(25) (f+9)) = /v f(@)gly - 2)dx(z), VyeV,
(26) (f#9)(y) = /V f(@)gly - 2)dx(z), Vye V.

It follows from the argument about A and B (see below) that for compact convex sets
. Kl and Kz,

1, 1k, = 1, ¥1k, = 1K, 4 K,-

This justifies why we call * and ¥ Minkowski multiplications with respect to the Euler
measures x and X.

Let A and B be either both relatively open convex sets or both closed convex sets
of V. For any fixed v € V,

la(z)lp(v—2z)=1&z€ AN(v— B).
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Let @ : V x V — V denote the vector addition, that is, a(z,y) = z + y. Then the
projection 3 : V x V — V onto its first component, that is, 3(z,y) = z, is an affine
one-to-one correspondence between (A x B)Na~!(v) and AN (v — B) for each v € V.
Therefore

(la*1p)(v) = x(4Nn(v-B))
(1a*¥1B)(v) = x(AN(v-B))

Thus for any f,g € R(V,0), or any f,g9 € R(V,(), the convolutions can be written
as

X(AxB)na™'(v)) = o¥(laxs)(v),
¥x(AxB)Nna t(w) = af(la x1B)(v).

frg=af(f®y),

frg=af(f®y9),
where f® g is the function on V x V defined by (f ® g)(z,y) = f(z)g(y). This shows
that x and * are bilinear operations on both R(V, 0) and R(V,C). The bilinearity of
* and * follows from the linearity of o and af and the bilinearity of ®. Moreover, for

relatively open convex sets Uy, Us and closed convex sets Fi, F5, we have the explicit
formulas:

1U1 % 1U2 — (_l)dimU1+dimUz—dim(U1+U2)1Ul+U2’

1p * 1, = x(rec(F1) Nrec(—F2)) 1] (5, 1 gy
1o, ¥1g, = (~1)#m UrHm Ga—dm(Ut0) y (rec( U1 ) 1 rec(~Ua) Lo +0s,
In*lR =l p )

Now if Fi N (v — F3) is a type II set for one v € Fy + Fy, then 1p, x 1, = 0.
Otherwise, Fy N (v — F3) are type I sets for all v € F; + F>. We then have

=(- 1)dim Hy+dim Hy—dim(H; +Hz) 1

1, *1F, cl[R+F)’

where H; is a maximal affine subspace contained in F; and Hs a maximal affine
subspace contained in F.

Similarly, if U3 N (v —Uy) is a type II set, then 1y, *1y, = 0; while if Uy N (v —Uy)
is a type I set, then

1y, ¥y, = (—1)dimVi+dim Uz~dim(Uy 4+ Uz )+dim H; +dim Hz —dim(H; +Hy) 10,403,

where H; is a maximal affine subspace contained in U; and H, a maximal affine

subspace contained in Us. A
Let A, B, C be convex sets of V, either all closed or all relatively open. Then for

any fixed v € V,
(AxB)na™'(v~-0) ={(z,9) | 1a(@)1lsW)lc(v - z —y) = 1}.
Let v: V x V — V x V be the linear map defined by v(z,y) = (z,z +y). Then
7M(AxB)na™(v-C)] = {(z,9) | 1a(z)1s(y - z)lc(v —y) = 1}.

Thus by the definition of convolution *, it follows that for each v € V,

14 (1 *1c)(v) =/1A(x)(13*lc)('v - z)dx(z)
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- / / 1a(z)1B(y)lc(v — z — y)dx(y)dx(z)

- / / 14(2)15(y) 1o — = — y)dx(z,y)
=x[(AxB)na~t(v-0),

(1a*18)100) = [(1a*10)0)1c( ~ 1)dx)
= / / 14(2)15(y - 2)1e (v - y)dx(@)dx(v)

= //1,4(37)13(1/ - z)lo(v —y)dx(z,y)
=x[((4x B)na~ (v -C))]
=x[(Ax B)na~t(v-C)).
This means that
(la*1p)*xlc=14%(1p *1c).
Therefore, for functions f,g,h € R(V,C) and for f,g,h € R(V,0), we have
(f*xg)xh=fx(gxh).

The associativity of the Minkowski multiplication * can be similarly obtained. It
follows from Proposition 3.3 that

x(f * g) = x[eX(f ® g)]
=x(f®9g)
= x(f)x(9),

X(f*g) = xlo¥ (f ® g)]
=x(f®g)
=x(f)x(9)-
We conclude the above observations as the following theorem.

THEOREM 4.1. For any finite dimensional real vector space V, R(V,0) and
R(V,C) are commutative algebras with identity 1(,) under the multiplications x and %,
X s an algebra homomorphism from the Minkowski algebras R(V, O, x) and R(V,C, %)
to R, and ¥ is an algebra homomorphism from R(V,0,*) and R(V,C,%) to R.

Let ¢ be a linear map from a vector space V to a vector space W. Then the
diagram

VxV —2+vV
) ¢

WxW =+ W
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is commutative, where (¢ ® ¢)(z,y) = (é(z), #(y)). It follows from Proposition 3.6
that

X(fxg) = XX (f®9)
= (pa)¥(f®9)
= (a(¢®¢)i(f®9)
=af(¢®9)i(f®9)
=af (X @ dY)(f®9)
= oX(#X(f) ® #X(9))
= ¢%(f) * ¢X(9).

¢X(fxg) = pXa¥(f @ g)
= (pa)}(f ® g)
=(a(p®9)i(f®g)
=aX (¢ 9X(f®9)
= o (X @ ¢X)(f @ 9)
= a¥ (¢X(f) ® ¢%(9))
= ¢X(f)*¢%(9)-

GX(f * g) = PXoX(f ® )
= (p2)X(f ®9)
= (a(¢®9)i(f®9)
=X (p@PX(f®9)
=X (X @ X)(f®9)
= oX($X(f) ® ¢X(9))
= X(f)*¢X(9)-

PX(f*g) = ¢XaX(f ® )
= (¢a)X(f ® 9)

(a(p ® ¢)X(f ®9)
=f(s®4)X(f®g)
= o} (X ®¢X)(f®9)
= o (¢X(f) ® ¢X(9))
= ¢X(f) * ¢X(9)-

THEOREM 4.2. Let ¢ be a linear map of real vector spaces V to W. Then ¢¥
is an algebra homomorphism from R(V,0,x) to R(W,0, %), and from R(V,C, %)
to R(W,C,*); ¢X is an algebra homomorphism from R(V,0,%) to R(W,0,%),
and from R(V,C,¥) to R(W,C,%); ¢X is an homomorphism from R(V,0,*) to
R(W,C,%), and from B(V,C, %) to R(W, 0, %); and ¢% is an algebra homomorphism
from R(V, 0, %) to R(W,C, *), and from R(V,C, %) to R(W, 0, ).
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Let id denote the identity map from V to itself. Obviously, idX = id¥ and
idX = idy. So we denote id¥ and id¥ by id, and id, respectively. Notice that id, is
the identity map, while id, is an automorphism. Moreover, it follows from (1), (2),
(5), and (6) of Proposition 3.6 that

(27) id’ = id,id, = identity.

This means that id, is an involution. The algebra isomorphism id, from R(V, O, %)
onto R(V,C, %) is called Sallee-Shephard mapping [13].

THEOREM 4.3. id, is a linear involution on R(V,0 UC), and it is an algebra
isomorphism from R(V, O, ) onto R(V,C, %), from R(V, 0, %) onto R(V,C, %), from
R(V,C,*) onto R(V,0, %), and from R(V,C,*) onto R(V,0,%).

Let P be a relatively open convex polyhedron. Clearly, 1.] p = > p<p 1r- Then
we have the Mé&bius inversion -

(—1)dimP1P — 7’3*(1011’) = E Z_d*(].F) = Z (_1)dimF]_ClF-
F<P F<P

The induced forward maps can also be defined for polyconver maps, that is, the maps
whose graphs are polyconvex sets [3].

5. Embedding. Let V be a finite dimensional real vector space. We denote by
R[V] the vector space generated by the elements of V over R. Each element f of
R[V] can be written as ), a;1(,,}. The vector addition of V induces a multiplication
* on R[V], given by

D ailipy * D il =D aibilipitg,).
i J i,J

Obviously, R[V] is a subalgebra of R(V,C U O).
If V is the line R of real numbers, we have the boundary operators 0% and 8~ on
R(R,CU O), defined by

8% (f)(@) = f(z) - f(=¥), VzeR,

0~ (f)(z) = f(z) - f(z7), Vz€R,

where f(—00t) =lim; oo f(2), f(+007) =limsy 00 £(2), and f(—007) = f(+00™T)
= 0. For a,b,c,d € R, if a < b and ¢ < d, then 8+1[a’b] = 1y 0 1 = 1),
and 0% (1fg,5 * 1[c,q) = 01 (1[a,p) ¥ 0T (1c,q))- Thus 8T and &~ are algebra homomor-
phisms. Here we should be aware of the fact that we only consider the Minkowski
multiplications of functions f and g such that f(—o00)g(+00) = f(+00)g(—c0) = 0.

We now introduce the summation operators st and s~ on R(R,C U ©), defined
by

S+(f)((17) =X (f . 1[z,+oo]) , Vz € R,

s(f)@) =x(f le4o])» VT ER.

Notice that s+(1{b}) = ll_oo’b]_and s"(l{a}) = ll—c0,a)- Then l[g3 = s+(1{b}) -
57 (14o})- Thus for any f € R(R,CUO),
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f=(st0t —s707)f.

DEFINITION 5.1. For each convez chain f € R(V,C U O), the support function
of f is the map Hy : V* — R[R)], defined by Hy(£) = 0T€X(f), L€ V™.

The support function Hy of a convex chain f can be viewed as a multivalued
function on V* with multiplicities of real numbers. If f is the indicator function of
a closed convex set F' or a relatively open convex set U, Hy is alternatively denoted
by Hp and Hy respectively. We denote the set of all functions from V* to R[R]
by F(V*,R[R]). Since R[R] is a commutative algebra with identity, F(V*, R[R])
is also a commutative algebra with identity, and there is an algebra homomorphism
x: F(V*,R[R]) — F(V*,R), given by

x(2)(€) = Z ai(£),

where a(€) = Y ; a:(€)1(p, )}, L € V.

Let E be a convex set of V. We denote by (F) the linear subspace that is the
translation of the flat that E spans, and denote by EL the orthogonal subspace of
(E), that is,

L ={LeV*|L(u) =0,Yuc (E)}.
For a convex cone C C 'V, its normal cone C* is defined by
C*={eV"|L(u) <0,YVue C}.
The following Lemma 5.2, Lemma 5.3, and Lemma 5.4 will be needed to prove the

embedding Theorem 5.5.

LEMMA 5.2. Let F be a closed conver set and S a vector subspace of a finite
dimensional real vector space V. If (x+S)NF is non-empty for a vector x € V, then
(z+ S)NF and SNrecF are the same type of closed convex sets, and

xl(z+S)NF]=x(SNrecF),

xl(z+ S)NF] = x(SNrecF).

Proof. Tt is clear from the definition of the recession cone that L is a one-
dimensional subspace, or a ray emanating from the origin in rec F, if and only if,
z + L is a line or half-line in F for every z € F. Then (z + S)NF and SNrecF are
the same type of closed convex sets. Moreover, the linearity parts of both sets are the
same. Thus by (4) and (5) they have the same Euler characteristics. O

LEMMA 5.3. Let F be a closed convex set and U a relatively open convez set.
() IfF=K®W is a type I set in (4), then

_ ( 1) Wl h+(l)} for ¢ € W'L
Hr () = { - R WL D for g g W,
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(i) f F=Me&W &L is a type II set in (4), then

Hp(l) = (~1)dmW (l{h;(z)} - 1{—00}) for £ € ri (rec F)*
0 for £ & ri(rec F)*,

(ili) HU(Z) = (—l)dimUl{h[—,(E)}.

Proof. Without loss of generality, we may assume that V is endowed with a
positive definite inner product and V* is identified to V. So a linear functional £ on
V is also a vector of V.

(i) Notice that the subspace W in the decomposition of F' must be a proper
subspace of V. For £ € W+, evidently, W C £, and the orthogonal projection of
F onto the line RE is £(K). Then £X(1r) = (—1)4™ W1y, where £(K) is a closed
segment of the form [ag, A1 (¢)]. For £ ¢ W+, the intersection W N £+ is a subspace
of dimension dim W — 1, and the orthogonal projection of F' onto the line RZ is just
R{. Then £X(1F) = (—=1)4mW=11g. We write the two cases together as

gy = { VI Ly for e W
(1) = { (_1)d1mW—11R for i g W,

Apply the operator % to both sides, (i) follows immediately.

(ii) Note that for any closed convex cone C, £ € ri C* if and only if £+ N C is the
linearity of C. Moreover, if the linearity of C is not C itself, then £ ¢ ri C* if and
only if £+ N C is a type II set. Now let C' = rec F. The linearity of rec F' is W.

For £ € ri(rec F)*, if ({* + z) N F # 0 for some z € V, then by Lemma 5.2, the
intersection (¢4 4 z)NF is a flat of dimension dim W, and £(F) is a half-open interval
of the form (—o0, A} (£)]. So &X(1F) = (—l)d‘mwl(_w,h;(m.

For £ & ri(rec F)*, if ((+ + z) N F #  for some z € V, then by Lemma 5.2, the
intersection (/*+ + ) N F' is a type II set. So £X(1r) = 0. Thus we have

X(1p) = (“Ddimwl(_oo,h;t(g)] for £ € ri (rec F)*
) 0 for £ ¢ ri (rec F)".

Apply the operator 8 again, the formula (ii) follows.

(iii) For £ € (U)*, then £(U) is a singleton. Obviously, 6+Z§(1U)=(—1)dimvlh;(l).
Now for £ ¢ U+, £(U) will be an open interval (h7;(£),b), and (z + ¢+) N U has the
dimension of dimU — 1 if the intersection is non-empty. Notice‘that for any open
interval (a,b), 8%1(s,5) = —1(q}. We thus have 865 (1y) = (—l)d‘mUl{ht_](l)}. O

Using an idea of [15] and [18] for support functions of polytopes, we define the
bilinear map I : R[R] x R[R] — R by

1 fora<b
I(l{“}’l{”})z{ 0 fora>b

through linearity. In fact, I can be defined explicitly without extension by

I(f,9) = x(f - s*g), Vf,9 € R[R].
For each f € F(V*,R[R]) and z € V, we define the function ¢(f,z,-) : V* — R by
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LEMMA 5.4. Let F' be a closed convez set and U a relatively open convex set.
(i) If F has a direct sum decomposition F = K @ W in (4), then

(=1)dmW  forz e F, Le Wt

_J o forzeF, g Wt
$(Hr,o,f) = (-1)4mW forx g F, L€ Wt —ri[C(z,zF)*]
0 forz g F, £ g Wt —1i[C(z,zF)*],

(i) If F has a half-line direct sum decomposition F = M @ W & L in (4), then

(-1)4mW  for 3 € F, £ € ri(rec F)*

_Jo forz € F, £ & ri(rec F)*
$(Hr,3,0) = (-1)4mW  forz ¢ F, £ €ri(recF)* —ri[C(z,zF)*]
0 forz ¢ F, £ &ri(rec F)* —ri[C(z,zF)*],

(iil) For the relatively open convez set U,

(-1)4mU forx e U, L€ LU)L

_Jo forz e U, £¢ (U)*
d’(HU,x:e) - (_1)dimU forz U, L€ —C(Il?, zU)*
0 forz ¢ U, L& —C(z,zU)*,

where UL denotes the subspace perpendicular to the affine space spanned by U.

Proof. (i) For z € F, by definition of support functions we have £(z) < h}(£) for
all £ € V*. Then ¢p(Hp,z,£) = (~1)%™W for £ € W' and ¢(Hp,x,£) = 0for £ ¢ W
by (i) of Lemma 5.3. Now for ¢ F, note that C(z,zF)* is contained in W+. Let £ €
W+. Then £(z) > h}(¢) if and only if £ € 1i[C(z,zF)*]. So ¢(HF,z,£) = (—1)3mW
for £ € Wt —r1i[C(z,2F)*] and ¢(Hp,7,£) =0 for £ ¢ WL —1i[C(z,zF)*] by (i) of
Lemma 5.3.

(ii) For z € F, since —co < £(z) < hE(£) for all £ € V*, the formula is triv-
ial by (ii) of Lemma 5.3. For z ¢ F', note that F' C z + C(z,zF), then recF C
rec[z+C(z,zF)] = cl[C(z,zF)]. Clearly, C(z,zF)* C (rec F)*, thusri[C(z,zF)*] C
ri (rec F)*. We now claim that ¢(Hp,z,£) # 0 for £ € ri(rec F)* —1i[C(z, s F)*]. Let
G =FNW* = M ®L and let y be the image of z under the orthogonal pro-
jection from V to W+. Then y ¢ G and cl[C(y,yG)] is a pointed cone. In the
subspace W+, since c1 C(y, rG) is a pointed cone with the apex {0}, £ € i [C(y, yG)*]
if and only if £+ N cl[C(y,y * G)] = {o0}. Since y & G, this is equivalent to say that
hE(€) < £(y). Note that h}(€) = hE(€) and £(z) = £(y), then £ € 1i [C(z, zF)*] if and
only if A}(£) < £(z). By (ii) of Lemma 5.3, this shows that ¢(Hp,z,£) = (—1)4mW
if £ € ri(tecF)* —1i[C(z,zF)*]. If £ & ri(recF)* — ri[C(z,zF)*], then either
£ ¢ ri(recF)* or £ € ri[C(z,zF)*]. In both cases, ¢(Hp,z,¢) = 0 by (ii) of
Lemma 5.3.

(iii) For z € U, if £ € (U)*, obviously, £(U) = {h(£)}, so ¢(Hy, z,£) = (—=1)4mU
by (i) of Lemma 5.3. If £ & (U)*, obviously, —oo = hy;(¢) < £(z), so ¢(Hy, =, £) = 0.
Now for z ¢ U, if £ € —C(=,zU)*, then £(z) < hi;(4), so ¢(ly,z,£) = (—1)4mU. If
£ ¢ —C(z,zU)*, then (z + £+) NU is non-empty and (z + £1) N U # U. This shows
that hi;(€) < £(z). Therefore ¢(Hy,z,£) = 0.0

THEOREM 5.5. The map H : R(V,CUO) — F(V*,R[R]), defined by H(f) =
Hj, is an injective linear map. Moreover, H is an algebra homomorphism when
restricted to R(V,C) and R(V, ).
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Proof. The linearity of H is obvious. We want to claim that any convex chain
f € R(V,CUO) can be recovered from its support function Hy as follows:

f(z) = (-1)¥™Vy[¢(H;,2)], z€V.

To this end, we only need to verify that it is true for any closed convex set F' and any
relatively open convex set U.
(i) If F has a direct sum decomposition F' = K & W in (4), then

_ [ ()W (wt) = (-1)dimV forz e F
x[¢(HF, )] = { (_l)dimW (X(WJ') — xri C(a:,:l:F)*]) =0 forz g F

since ri [C(z,zF)*] is a relatively open convex set of dimension dim W+.
(ii) If F has a half-line direct sum decomposition ¥ = M & W & L, then

_f (-1)4mWyri (rec F)*] = (-1)4mV forze F
Xl9(Hr, )] = { (198 % g s (rec FJ*] — X Ol 2F)]) = 0 for o g F

since ri (rec F')* and ri[C(z,zF)*] are both relatively open convex sets of dimension
dim W+,
(iii) For the relatively open convex set U, we have

[ (=)dmUyUt) = (-1)9mV forzeU
xl¢(Hy,z)] = { (—1)dim Ui[_C(w,zU)*] =0 forz g¢uU

since C(z,zU)* is a closed convex cone and the Euler characteristic of any closed
convex cone is always zero. O

From the above observations we conclude that for f € R(V,CU ),

f(x) = (-1)4™Vx[p(Hy,2)], € V.

Since 8% is an algebra homomorphism from R(R,C U O) to R[R] and £ is an
algebra homomorphism from both (V,C) and R(V, O) to R(R,CU0O), it follows that
OF ¢ is also an algebra homomorphism from R(V,C) and R(V,0) to R[R] for all
£ € V*. Thus for any f and g, both in R(V,C) or both in R(V, O), we have

Hpug = OV EX(f % g) = 0T0X(f) x0T €¥(9) = Hy » H,.

There are other embeddings for R(V,CU®) such as 81¢X, 8 £X, and 8~ ¢X. These
induce injective algebra homomorphisms from R(V,C) and R(V, 0) to F(V*,R[R]).
If we only consider H on R(V,Cp U ), then 81¢¥ = 01£¢ and 0~ £ = 0~ €%, and

we write 814, to denote 01 £¥ and o1 ¢X.

6. Multiplicative Units. We have pointed out that there is difficulty to define
Minkowski multiplication for indicator functions of a closed convex set and a relatively

open convex set. However, Theorem 5.5 enables us to define the multiplication through
the embedding H.

DEFINITION 6.1. The Minkowski algebra of convex sets is the smallest subalgebra

M(V*,CUO) of F(V*,R[R]), generated by the images of R(V,C) and R(V, O) under
the embedding H in Theorem 5.5.
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From now on, every multivalued function with multiplicities f € M(V*,C U O)
can be written as

f= Zai(-—l)dil‘nU‘IF‘ * 1y,
i

with some closed convex sets F; and relatively open convex sets U;, and we write
f in this way without interpretation. Notice that x(f) : V* — R, defined by
x(f)(€) = x[Hs(£)], £ € V*, is a constant map, since x[H(£)] = x(f) by Lemma 5.3.
Let ¢, € M(V*,CU O) with x(#) = x(¥) = 1. Then for each £ € V*, ¢ and ¢
can be written respectively as '

¢() = Zaz(f)l{p,(z)} and () = b(f)l{q,(z)},

where a;(£), b;(£) are non-zero numbers, and ), a;(¢) = 3_, b;(£) = 1. If ¢ and ¢ are
the inverses of each other, then

$(0) xp(O) = > ai(0)bi (&) Lipu(s)) * Ligs 21}
= > a(0bi(O1 (.0 +e50) = Loy

Without loss of generality we may assume that p; < p2» < -+ < pp, and 1 < @2 . <
-+ < gpn. Then py+q1 < pi+¢j < pm+4n if (4, 7) is neither (1,1) nor (m,n). Suppose
p1 +q1 # o, then a;b; = 0 and it forces that a; = 0 or by = 0, a contradiction, so
p1+q1 = o. Similarly, pr, + ¢n = 0. This implies that p; +¢; = ofor all ¢ and j. Thus
¢ must take the form ¢(£) = 1¢p(¢)} and its inverse 1(£) = 1{_p()3. This means that
each invertible element of M (V*,C U O) can be identified to a function p on V*.

It is obvious from this observation that the indicator function of either a compact
convex set or a bounded relatively open convex set is invertible. In fact, if K is a
compact convex set and U a bounded relatively open convex set, then their inverses
are given by

(lK)—l — (__l)dim Kl—ri K,

(1y)™t = (1) V1_gyp.

However, the indicator functions of unbounded closed convex sets and unbounded
relatively open convex sets are not invertible. We now classify the group of invertible
elements of the Minkowski algebra of convex sets. For simplicity, we only consider
the invertible elements of M (V,Cy U Op). A general element f of M(V*,Cp U Op) can
be written as

m
f= Zci(—l)dim U‘lKi * 1y,
=1

where K; (1 < i < n) are compact convex sets and U; (1 < ¢ < n) are bounded
relatively open convex sets. If f is invertible and x(f) = Y.iv; ¢; =1, then

m
Hy(0) = 3 eilyg a0y = Lty VEE V™.
i=1
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It has been shown [15] [18] that when K; are polytopes and U; are relatively open
polytopes, the function p(f) is actually a difference of the support functions of two
polytopes. We suspect that the similar property for convex bodies is also true.

CONJECTURE 6.2. If f is invertible in M (V*,C, U Op) and x(f) =1, then there
exist convez bodies K and a relatively open convex set U such that

f — (_l)dimUlK * ]-Ua

or equivalently, p = kf; — h*, when we write f(£) = 1)}

By definition of H, we have the following relation about support functions and
units.

THEOREM 6.3. The vector space spanned by the support functions of compact
convez sets is isomorphic to a subgroup of units of the Minkowski algebra M (V*,CUO)
with the Euler characteristic equal to +1, and the isomorphism is given by

bk —hty (=14 U1 % 1y,

where K is a compact convez set and U a bounded relatively open conver set. In
particular, 1y (t > 0) and (=1)3m K1, . (t < 0) form a one-parameter subgroup of
the multiplicative units.

Let ¢ be a linear map from a vector space V to a vector space W of finite
dimension. We can define a map ¢X : M(V*,CU0O) — M(W*,CUO) by

X(f)(E) = f(£4), VfeM(V*,CUO), £€W™

THEOREM 6.4. Let ¢ : V — W be a linear map between the finite dimensional
real vector spaces. Then @Y is an algebra homomorphism from M(V*,C U O) to
M(W*,CUQ). Moreover, the following diagram is commutative.

R(V,CU0) —2= R(W,CU0)

W |

M(V*,Cu0) —2= + M(W*,CUO)

Proof. Given functions f and g in M (V*,C U Q), for any £ € W*, we have

X(f *9)(&) = (F *9)(£9) = f(£8) * 9(£¢)
= ¢X(f)() * ¢X(9)(€) = [9X(F) * #X(9)1(6)-

By Proposition 3.6 we have

HX(f)(€) = 0% EX (8% f) = 0F(¢9)X(f)
= H(f)(§¢) = X (H(f))(&)-

This shows that ¢ is an algebra homomorphism and the diagram is commutative. O
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7. Euler-Radon Transform. Let V be a finite dimensional real vector space.
Fork =0,1,---,dimV, the affine Grassmannian of k-flats of V is denoted by A(V, k)
and the Grassmannian of k-subspaces of V is denoted by G(V, k). For a convex subset
E of V, we define

A(E,k) = {H € A(V,k)|HNE # 0},

G(E,k) = {H € G(V,k)|HNE #0}.

For any function f in R(V,C U O), the Euler-Radon transform of f is a function f
on A(V) = Uje A(V, k), defined by

F(H) = /H f(@)dx(@).

Let (f); denote the Euler-Radon transform of f cn A(V,1). Notice that f induces
to a function (f)v on V, defined by (f)v(v) = f(Rv) for v # 0 and (f)v (o) = f(0).
For a non-empty closed convex set F' and a non-empty relatively open convex set U,
it can be verified that

5 v = Lrecr — 1oreck +2- 10} foroe F
(F)v =9 Lic(e,0P\{o}Ul-Clo.0F)\{o}] forog F, (F)+F # (F)
LetjC(o,0F)) T 1=ctiC(0,0F)) = LrecF —1—reck foro g F, (F)+ F = (F)

and

l[C’(o,oU)\{o}]U[—C(o,oU)\{o}] for o ¢ Ua (U) +U 7é (U)

. 1v—2-1<U)+2-1{0} foroe U
(lv)v =
~1[¢ 0,00\ {o}]U[-C(0,0UN\{0}] fOro & U, (U)+U = (U).

Notice that recF' and F' are the same type of closed convex sets, and hence we
have x(recF) = x(F). For o ¢ U, since C(o,0U)\{o} is a relatively open con-
vex set of dimension dim U, then C(o,0U)\{o} and —C(o,0U)\{o0} are disjoint and
x[C(0,0U)\{0}] = (-1)¥™U Thus

_1)dimV _ } .
K(Anv) :{ im0 egE
7 —1)dimV _ 9(_1)dimU r
= L g

By linearity of x the value of f at the origin can be recovered by

(o) = 2x() + x(AHW)/2 + (-1 V].

Let t, be the translation by z, that is, ¢;(v) = v+ z for all v € V. Then the value
f(z) can be recovered by

f(2) = 2x(fta) + x((Fta)V)])/[2 + (-1 V]
= 2x(f) + x((fe=)v))/12 + (=14 V.
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Now if (f); = 0, then (f)v = 0 except at v = o, where (f)v(0) = f(0), and this
implies that

[1+ (=)*™V]f(z) = 2x(f).

For even dim V, we have f(z) = x(f), showing that f is a constant function. So
(1 = —x(f), whence f = 0. For odd dimV, then for any 2-dimensional plane H,
( f|~H)1 = 0, which implies f|g = 0, whence f = 0. Thus we have proved the following
theorem.

THEOREM 7.1. The linear transformation (f); is injective.

We can also identify the Euler-Radon transform on the co-dimension one sub-
spaces to a transform (f)3; on the dual space V*, defined by

(Hv© = fE0), eV
If F= K ® W is a closed convex set of type I, it can be easily shown that

2(=1)4m Wi, — (=1)dimWiy, foroe F

Ip)y: = i
( F)V { (_l)dlmW [2 1y — 1y — lri[C(o,oF)*] - l—ri[C(o,oF)“]] foro & F.

KFF=M@W®Lis a closed convex set of type I, it can be similarly shown that

(iF)V* — { (—1)dimwlri[(recF)*] + (—l)dimwl_ri[(recp)*] foroe F
].rz'[(recF)*] + ].—rz‘[(recF)'] - ]-ri[C'(o,oF)*] — 1—7‘i[0(o,oF)"] foro ¢ F.

For a non-empty relatively open convex set U, it can be analogously verified that

(v)v- = { (-4 Y12 1gys = 1y-] foroe U
(—l)dlmU[]-C(o,oU)* + ]-C(o,oU)* - ].Va] for o g U.

By the linearity of the Euler-Radon transform, the value of f at the origin can be
similarly recovered by

£(0) = () + (D™ Vx((Hv-)]/2.

Let ¢, be the translation by z again, we then have

f(@) = [x(f) + (DI Vx((fta)v-)l/2.

Notice that (fg)v+(¢) = x(f - l¢g-1(0)4z)- Now if the Euler-Radon transform
f =0 for all co-dimension one affine planes, then ( fiz)v* = 0 for all co-dimension
one subspaces and x((ftz)v+) = 0. This means that f(z) = x(f)/2 is a constant
function. Thus x(f) = x(£)(=1)4mV /2. which implies x(f) = 0, whence f = 0.

Let (f) denote the Euler-Radon transform restricted to the affine Grassmannian
A(V,k) of k-flats. It follows from the Fubini theorem for Euler integrals that if
( f)k =0, then (f)dimv-1 = 0, whence f = 0 by the above observation. This gives
the following theorem.

THEOREM 7.2. For each 0 < k < dimV — 1, the FEuler-Radon transform (}‘) i 08
injective.

For each non-negative integer k¥ < n and a bounded closed convex set K of R", we
denote by I}éc) the indicator function of A(K, k) on the affine Grassmannian A(n, k)
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of k-flats. We shall consider the vector space R(A(n, k), A(Cy, k)) generated by the
indicator functions of members of A(Cp, k) = {A(K, k) | K € Cp}, that is, the space of
functions of the form

f =a11§(k1) +-~+amI§él,

where K; (1 < i < m) are bounded closed convex sets of R™ and m is any positive
integer.

An interesting problem of Klain and Rota on geometric probability [10] is to
classify all linear relations in R(A(n, k), A(Cs, k)), that is, the relations of the form

m
z azI(l? =0.
i=1

For k = 0, the function I}?’ for a compact convex set K is the indicator function 1.
This special case was solved by Rota in an indirect way by introducing valuation rings
of distributive lattices [21]. Since the class U(Cp) of finite unions of compact convex
sets is a distributive lattice of sets, of which the union is the joint operation and
the intersection is the meet operation, and the valuation ring of U(Cp) is canonically
‘isomorphic to R(V,U(Cy)) = R(V,Cp). With this identification and the definition of
the valuation ring, all linear relations in R(V, () are generated by inclusion-exclusion
formulas:

m
_ -1 ]
lkiU UK = E (=1)! _S_ 1k: Nk,
j=1 11 < <15

where K; (1 <% <m) and K; U---U K, are compact convex sets.

The syzygy problem of Rota on A(n,k) is to classify all linear relations on
R(A(n, k), A(Cs,k)) (0 < k < n). For k = n, it is trivial. For k£ = 1 and 2, the
problem was thought probably solved by Ambartzumian. However, the problem was
considered particularly difficult for ¥ > 3 in [10]. Nevertheless, we can easily solve
this problem in all dimensions by the Euler-Radon transform and Theorem 7.2.

THEOREM 7.3. All linear relations in R(A(n,k), A(Cs,k)) (0 < k < n) are
generated by the inclusion-exclusion formulas:

m
(28) I.§<k1)u-~-uK,,. = Z(—l)j_l Z I%in---nmj’
j=1 1< <5
where K; (1 <i<m) and K1U---UKp, are compact convez sets.
Proof. Let K and L be compact convex sets of V. It is obvious that
A(KUL,k) = A(K,k) U A(L, k).

If KU L is also convex, then a k-plane intersects both K and L if and only if the
k-plane intersects K N L, that is,

A(k,KNL)=A(k,K)N A(k,L).
So if K U L is convex we have the inclusion-exclusion formula:

k k k k
I+ 1D = Iy + Ik
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This means that the linear relations in R(A(n,k), A(Cs, %)) include all inclusion-
exclusion formulas.
Since the Euler-Radon transform is injective, a linear relation

alf ++anls) =0
holds in R(A(n, k), A(Cs, k)) if and only if the linear relation
a11K1 +--+aplk, =0

holds in R(R™,C;). Thus all linear relations in R(A(n, k), A(Cs, k)) are generated by
(28). O

The syzygy problem can be posed on flag manifolds or more generally on partition
varieties [6]. The discrete analog has been posted by Klain and Rota on a partially
ordered set [10] and the inclusion-exclusion is replaced by the relation specified by
the Mdobius function [20]. The mixed volumes and invariant geometric measures can
be similarly investigated on M (V*,R[R]) via Geissinger multiplications [5] [7] and
Euler characteristics.
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