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NERON MODELS FOR SEMIABELIAN VARIETIES: CONGRUENCE
AND CHANGE OF BASE FIELD*

CHING-LI CHAIf

1. Introduction. Let O be a henselian discrete valuation ring with perfect
residue field. Denote by K the fraction field of O = Ok, and by p = px the maximal
ideal of ©. Then every abelian variety A over K has a Néron model A™ over O. The
Néron model A™® of A is a smooth group scheme of finite type over O, characterized
by the property that for every finite unramified extension L of K, every L-valued
point of Ax extends uniquely to an Or-valued point of A™®. We refer to the book
[BLR] for a thorough exposition of the construction and basic properties of Néron
models.

In general, the formation of Néron models does not commute with base change.
Rather, for every finite extension field M of K, we have a canonical homomorphism

cang vk : A™ Xspec 0x Spec Opr = Ay™"

from the base change of the Néron model to the Néron model of the base change,
which extends the natural isomorphism between the generic fibers. If A has semistable
reduction over O, i.e. if the neutral component of A" is a semiabelian scheme, then
cany py/k is an open immersion. We define a numerical invariant c(4, K) of A as
follows. Let L/K be a finite separable extension such that the abelian variety A has
semistable reduction over Oy. Let e(L/K) be the ramification index of L/K. Define

Lie_A_LNR
cang,r/k, (Lie A" ® Or)

C(A, K) = e(LlW lengthoL (

Notice that ¢(4, K) does not depend on the choice of L/K. The invariant c(4, K)
measures the failure of A to have semistable reduction over O g it is equal to zero if and
only if A has semistable reduction over Og. Thus ¢(A, K) may be regarded as a sort
of “conductor” of A. We will call it the base change conductor of A. One motivation
of this paper is to study the properties of the invariant ¢(A4, K) and determine whether
it can be expressed in terms of more familiar ones, for instance the Artin conductor
or the Swan conductor of the ¢-adic Tate module attached to A.

In a similar fashion one can attach to each semiabelian variety G over K a non-
negative rational number ¢(G, K); see 2.4. for the precise definition. For a torus T
over K it has been shown, by E. de Shalit and independently by J.-K. Yu and the
author, that

(¥ | oT,K) = 50 (X*(T) 22Q) ,

one-half of the Artin conductor of the linear representation of Gal(X**P/K) on the
character group of T'; see [CYdS]. This answers, in the affirmative, a question posed
by B. Gross and G. Prasad.
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The main geometric result of [CYdS] says that the congruence class of the Néron
model T™ of T is determined by the congruence class, with perhaps a higher congru-
ence level, of the Galois twisting data of T'. More precisely, for a given torus T there
exists an integer m such that for any N > 1 the congruence class of the Néron model
T™* of T modulo p¥¥ K is determined up to unique isomorphism, by the congruence
class modulo pN *™ in the sense of [D], of the quadruple (9,0, Gal(L/K), X*(T)).
Here L is a finite Galois extension of K which splits T, and X*(T') is the character
group of T with natural action by the Galois group Gal(L/K). With this congruence
result at our disposal, the calculation of the base change conductor ¢(T, K) in [CYdS]
proceeds in several steps.

e For an induced torus of the form, T = Resp;/xGm, where M is a finite
separable extension of K, an easy computation shows that ¢(T, K) is equal to
half of the exponent of the discriminant disc(M/K). Therefore the formula
(*) holds for products of induced tori.

e Suppose that the char(K) = 0. One shows, as a consequence of Tate’s Euler-
Poincaré characteristic formula, that ¢(T, K) depends only on the K-isogeny
class of T. Therefore the base change conductor is an additive function on
the Grothendieck group of finite dimensional Q-rational representations of
Gal(K®®?/K). According to Artin’s theorem on the characters of a finite
group we know that the K-isogeny class of T is a *linear combination of
the isogeny classes of induced tori of the form Resy; kG, where M runs
through subextensions of L/K. So the formula (*) holds in general.

e When char(K) = p > 0, one approximates (Og, 0y, Gal(L/K), X*(T)) by a
quadruple (Ok,, Or,,Gal(Lo/Ko), X *(To)) with char(Ko) = 0 as in [D]. One
concludes by the geometric result on congruence of Néron models that the
formula (*) and the isogeny invariance of ¢(T, K) still hold.

Here what makes it possible to approximate tori over local fields of characteristic p
by tori over local fields of characteristic 0 is the following, often under-appreciated,
fact: The group of automorphisms of a split torus 7' of dimension d is isomorphic to
GL4(Z), and two split tori T3,T» of the same dimension over local fields K, K» are
congruent if Ok, ,Og, are congruent.

In this article we examine how far the method used in [CYdS] can be generalized
to the case of abelian varieties, or more generally semiabelian varieties. Happily the
geometric result on congruence generalizes to Néron models for abelian varieties as
expected: Given an abelian variety A over K, there exists a constant m > 0 such
that for each N > 0, A" ®spec 0 Spec (9O/pN) depends only on the (mod pV+m)-
congruence class of the Galois action on the degeneration data for A; see Theorem
7.6 for the precise statement and 7.1, 7.2 for the relevant definitions.

We make a digression in this paragraph to explain the above congruence state-
ment. Suppose that L/K is a finite Galois extension of K such that Ay, has semistable
reduction over Or. Then the neutral component of the Néron model of Ay can be
constructed, by a uniformization procedure, as a quotient of a semiabelian scheme G
over O by a subgroup Y of periods; see [FC, chap. 2, 3]. The Galois L/K-descent
data for Ax induces a semi-linear action of Gal(L/K) on (G Y) There is a natu-
ral notion of congruence between two such degeneration data (Gl,Yl) (G’z, Y>) with
actions by Gal(L;/K3), Gal(L2/K>) respectively, provided that the two sextuples

(OK1 yPK1, OLlaan Ga'l(Ll /Kl)a Yl) and (OK27pK2a OLza PL,, Ga‘l(L2/K2)a }/'2)

are congruent modulo a given level, say m + N. Our congruence result says that
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congruence between two degeneration data as above implies congruence between the
Néron models Ax,™ and Ag,"". We illustrate the notion of congruence of degen-
eration data in the case of Tate curves. Suppose we are given an isomorphism «
between

(OKl,pKlaOLl,anGal(Ll/Kl)aYi) mod pm+N
and
(OKza PK,, OLz,pr Ga'l(LZ/K2) Y2) mod pm+N .

After picking a generator for ¥; and a corresponding generator for Y, under «,
we obtain periods ¢; € pr,, ¢ = 1,2. Then we say that two degeneration data
(Gm,4%),(Gm,q%) are “congruent at level m + N” if q; and g2 have the same order
a and their respective classes in p} ® (O, /p% ™) 22 p}, ® (0L, /PRI ™) correspond
under a.

However unlike the case of tori, one cannot deduce the validity of a general state-
ment about the base change conductor for abelian varieties over local fields by “reduc-
ing to characteristic 0” using the congruence result explained above. The difficulty is
that an abelian scheme Ag, over Ok in positive characteristic may have “too many”
automorphisms, such that no matter how one approximates the moduli point of Ag,
by Ok-valued points with char(K') = 0, the resulting abelian scheme A’ over Ok
will have “too small” a group of automorphisms, causing it impossible to approximate
some Galois twist of A by abelian varieties over local fields of characteristic 0.

In some situations the base change conductor ¢(4, K) has a simple expression. For
instance if the abelian variety A has potentially totally multiplicative degeneration,
i.e. there exists a finite extension L/K such that the neutral component of the closed
fiber of the Néron model AL™ of Ay is a torus, then ¢(A, K) is equal to a quarter
of the Artin conductor of the f-adic Tate module Ve(A) of A for a prime number £
which is invertible in the residue field k. See Cor. 5.2, and also see Prop. 7.8 for a
more general result. ‘

Suppose either that the residue field k of K is finite, or that char(K) = 0, then the
calculation of the base change conductor ¢(A4, K) for a general abelian variety A over
K can be reduced to that of an abelian variety B over the completion K of K with
potentially good reduction, in the following sense. Recall that ¢(4, K) = c¢(A4, K) since
AANR A" Xgpec 0 Spec O. According to the general theory of degeneration of

abellan varieties, the abelian varlety Ap over K can be “uniformized” as the quotient

of a semi-abelian variety G over K by a discrete lattice Y, where G is an extension
of an abelian variety B over K by a torus T, and B has potentially good reduction.
In the above situation, Theorem 5.3 asserts that c(4, K) = (T, K) + ¢(B, K).

Despite what the tori case may suggest, in general the base change conductor for
abelian varieties over a local field K does change under K-rational isogenies: There
exist abelian varieties A;, Ay which are isogenous over K, yet c(A4;, K) # c(As, K).
In 6.10 we give two such examples, one with K = Q, and another with K = &[[t]],
where & is a perfect field of characteristic p > 0. In view of these examples, we see
that ¢(A, K) cannot be expressed in terms of invariants attached to the £-adic Tate
modules V;(A) of A. There is one positive result in this direction: If A;, A are
abelian varieties over a local field K of characteristic 0 which are K-isogenous, and if
there exists a finite separable extension L of K such that the neutral component of
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the closed fiber of the Néron models of each A; over O is an extension of an ordinary
abelian variety by a torus, then ¢(A;, K) = ¢(A2, K); see Theorem 6.8. The examples
mentioned earlier show that the ordinariness assumption cannot be dropped.

It has long been known since the creation of the Néron models that the formation
of Néron models does not preserve exactness, nor does it commute with change of base
fields. Thus the phenomenon that the base change conductor ¢(—, K') has some nice
properties, to the effect that many “defects” on the level of Néron models themselves
often “cancel out” when measured by ¢(—, K'), may be unexpected. This may explain
why the invariant ¢(—, K) has attracted little attention before. This article and its
predecessor [CYdS] are among the first to study the base change conductor; many
basic questions concerning this invariant remain unsettled. A list of open problems,
together with some comments, can be found in §8.

It is a pleasure to thank J.-K. Yu; this paper could not have existed without
him. Indeed he was the first to observe that the Néron models for tori with congruent
Galois representations should be congruent, and that this can be brought to bear on
the problem of Gross and Prasad on the base change conductor ¢(T, K) for tori. The
author would also like to thank S. Bosch, E. de Shalit, X. Xavier and especially to
S. Shatz for discussion and encouragement. Thanks are due to the referee for a very
thorough reading of the manuscript. The seed of this work was sowed in the summer of
1999 during a visit to the National Center for Theoretical Science in Hsinchu, Taiwan;
its hospitality is gratefully acknowledged.

2. Notations.

2.1. Let O = Ok be a discrete valuation ring with fraction field K and residue
field k. Let p = px be the maximal ideal of O and let 7 = 7 be a generator of
p. The strict henselization (resp. the m-adic completion) of @ will be denoted by O}
(resp. (5). Their fields of fractions will be denoted by K*! and K respectively. The
residue field of 9" is kP, the separable closure of k.

2.2. In this paper T' (resp. G or é’, resp. A or B), sometimes decorated with a
subscript, will be the symbol for an algebraic torus (resp. a semiabelian variety, resp.
an abelian variety). Often G fits into a short exact sequence 0 » T — G — B — 0,
so that the semi-abelian variety G is an extension of the abelian variety B by a torus
T, called a Raynaud extension. Such usage conforms with the notation scheme used
in [FC, Ch. 2, 3], which we will generally follow.

2.3. It is well-known that semiabelian varieties over K have Néron models. The
Néron models come in several flavors. For a be semiabelian variety G over K, we have
e the 1ft Néron model G ™" as defined in [BLR],
e the open subgroup scheme G*™* of G ™ such that G* """ (O k) is the maximal
bounded subgroup of G(K),
e the open subgroup scheme G*™™ of G"™ such that the closed fiber of
G="" "% is the neutral component of G*~%.
The Ift Néron model G™™® is a group scheme which is smooth, therefore locally of
finite type, over Ok; it satisfies G ™*(O3) = G(K*"). The other two models, G*™*
and G*>™"™*, are smooth and of finite type over Ox. We will abbreviate G*™ to G™*.
Clearly A™N® = A" for every abelian variety A over K.

2.4. In this subsection we define numerical invariants ¢(G, K) and

¢(G,K) = (a1(G,K),... ,c(G,K)), where g=dim(G),
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for a semiabelian varietie G over K. For each semiabelian variety G over K there
exists a finite extension field L/K such that GL*™ ™ is a semiabelian scheme over
Or. Actually there exists a finite extension L/K which has the additional property
that it is separable, or even Galois, but this is not necessary for the definition. Let
cang,z/k : G Xspec 0x Spec O — GL™™ be the canonical homomorphism which
extends the natural isomorphism between the generic fibers. Define non-negative
rational numbers 0 < ¢;(G, K) < --- < ¢4(G, K), where g = dim(G), by

LieGL™ GB oL
cang,/k,(LieG™" ®0r) peL(L/K) ci(G,K)

Let ¢(G,K) = (a1(G,K),... ,c(G,K)) and ¢(G,K) = c1(G,K) + --- + ¢4(G, K).
Notice that ¢(G, K) and the ¢;(G,K)’s do not depend on the choice of the finite
extension L/K such that G has semistable reduction over L. It is easy to see that
¢(G, K) is equal to zero if and only if G has semistable reduction over K. We call
¢(G, K) the base change conductor of G, and the ¢;(G, K)’s the elementary divisors
of the base change conductor of G.

2.5. Let 0T -G > B > 0bea Raynaud extension as above. We denote
by X = X*(T) the character group of T'; it is an étale sheaf of free abelian groups of
finite rank over Spec K. Therefore one can also think of X as a module for the Galois
group Gal(K*®®*/K). Every Raynaud extension 0 -+ T — G — B — 0 corresponds to
a K-rational homomorphism ¢ : X — Bt, where B! is the dual abelian variety of B.

2.6. Let Y be an étale sheaf of free abelian groups of finite rank over Spec K.
A homomorphism ¢ : Y — G from Y to a semi-abelian variety G corresponds to a
K-rational homomorphlsm c¢:Y - B, together with a trivialization 7 : lyxx —
(¢t x ¢)*P~1 of the biextension (ct x ¢)*P~! over Y x X.

3. Uniformization of abelian varieties. Throughout this section O is as-
sumed to be a complete discrete valuation ring. Our purpose here is to review the
basic facts about uniformizing an abelian variety A over K as the quotient of a semi-
abelian variety G over K by a discrete subgroup ¢ : Y < G. Here Y is an étale sheaf
of free abelian groups of finite rank over Spec K. The semi-abelian variety G fits into
a Raynaud extension 0 -+ T' —+ G — B — 0, such that the abelian variety B has
potentially good reduction, and dim(7") = rank(Y"). Moreover the above data satisfies
the positivity condition on page 59 of [FC], in the definition of the category DD, after
a finite separable base field extension L of K such that T is split over L and B has
good reduction over Or. This positivity condition is independent of the finite sepa-
rable extension L one chooses. For future reference, an embedding ¢ : Y — G which
satisfies the above positivity condition will be called a K-rational degeneration data,
or a degeneration data rational over K. A K-rational degeneration data as above is
said to be split over an extension L of K if Y is constant over K (equivalently, the
torus T is split over L) and B has good reduction over L. Every degeneration data
rational over K splits over some finite Galois extension of K.

ProrosITION 3.1.

(i) Let O = Ok be a complete_discrete valuation ring. Then every K-rational
degeneration data v : Y — G gives rise to an abelian variety A over K such
that A is the quotient of G by Y in the rigid analytic category. Conversely

every abelian variety A over K arises from a K-rational degeneration data
1:Y < G.
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(i) Suppose thatt:Y — G is the K-rational degeneration data for an abelian
variety A over K. Then for every Galois extension L/K of K such that the
degeneration data splits over L (equivalently, A has semistable reduction over
Oy), there is a natural isomorphism A(K) = (G(L )/ Y (L))CaL/K) | This
isomorphism is functorial in L/ K.

Proof. The references for the quotient construction and the uniformization the-
orem are [M], [R1], [FC, Ch. 2, 3] and [BL]. They are written in the case when the
abelian variety A has semistable reduction over O, or equivalently when the degen-
eration data ¢ : Y — @ is split over K. For instance [FC, Prop. 8.1, p. 78] is a
reference for (ii) in the case when A has semistable reduction over K. The slightly
more generally statement in the proposition follows from the semistable reduction
case by descent. O

4. The invariant c(é , K) for semiabelian varieties. The main result of this
section is

THEOREM 4.1. Assume either that char(K) = 0 and the residue field k of O = Ok
is perfect, or that the residue field k is finite. Then for every Raynaud extension
0T — G — B— 0 over K, we have ¢(G, K) = (T, K) + ¢(B, K).

REMARK 4.2.

(i) Our proof of Theorem 4.1 in the two cases are quite different technically.
When the residue field k is finite we use the Haar measure on the group of
rational points on finite separable extensions of K. This proof is valid when
K has characteristic p but we have difficulty translating it to the more general
situation when the residue field is perfect but not finite.

(i) The proof for the case when the char(K) = 0 is somewhat indirect. First
we establish it in Cor. 4.7 in the case when T is an induced torus; this part
is valid for every discrete valuation ring O. Then we show in Lemma 4.9
that the base change conductor c(G K) stays the same under any K-isogeny
whose kernel is contained in the torus part T of G, if char(K) = 0. The proof
of Lemma 4.9 is valid only when char(K) = 0.

The following lemma may indicate that the statement of Theorem 4.1 is plausible.

LEMMA 4.3. Assume that the residue field k of O is algebraically closed and K
is complete.
(i) For every torus T over K, we have HI (K, T) = (0) for all j > 1.
(ii)) Let M be a free abelian group of finite rank with a continuous
action by Gal(K®?/K). Then H!(Gal(K®*P/K),M) is finite, while
HY (Gal(K*? /K), M) = (0) for all j > 3.

Proof. This lemma is certainly known. We provide a proof for the readers’ con-
venience. According to [S2, Chap. XII|, the Brauer group of every finite extension
of K is trivial, hence by [S3, Chap. II, §3, Propl 5] the cohomological dimension of
Gal(K®P/K) is at most 1. So the strict cohomological dimension of Gal(K*®®P/K) is

at most 2. The statement for j > 3 in both (i) and (ii) follows.
(i) Let L/K be a finite separable extension which splits 7. Let X.(T") be the
cocharacter group of T'. The induced module Indﬁi}éﬁseyﬁ) X.(T) is the cocharacter

group of an induced torus T’ over K. The natural surjection

Indgay\keer ) Xa(T) = Xo(T)
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gives an exact sequence
1-T' 5T 5T —>1
of tori over K. By Shapiro’s lemma,
H2(K,T') = X,(T) ®z HX(L, (L*®)*) = (0).

So H*(K,T) = H3(K,T") = (0), the second equality holds because scd(K) < 2. We
have shown that H2(K,T) = (0) for every torus T over K, especially H2(K,T") = (0).
Again from the long exact sequence, we get H! (K, T) = H?(K,T") = (0). This proves
(i)-

Another proof of (i) is to observe that the Gal(L/K)-module L* is cohomological
trivial by Tate-Nakayama, hence the Gal(L/K)-module T'(L) := X.(T) ®z L* is also
cohomologically trivial. See [S2, IX §5, Thm. 8, Thm. 9].

(ii) Let L/K be a finite separable extension such that Gal(K®*P/K) operates

trivially on M. Let M' := Indg:}gg::;f)) The natural embedding of M into M’
gives a short exact sequence of Gal(K®?/K)-modules 0 - M — M' - M" — 0.
By Shapiro’s lemma, H! (Gal(K*P/K), M') = M ®z H!(Gal(K*®®?/L),Z) = (0). The
asserted finiteness now follows from the easy fact that (M’ @ Q)G2l(K*"/K) syrjects
to (M" ® Q)Gal(K“"/K)_ O

REMARK 4.4. The statements in Lemma 4.3 do not hold if k is only assumed to
be separadbly closed but may not be perfect. The reason is that the Brauer group of K
may be non-trivial if k is not perfect, see [S2, XIV, §5, exer. 2].

LEMMA 4.5. Suppose that O is strictly henselian. Let T = Resp/x To be a
torus over K induced from a split torus Ty over a finite separable extension L of
K. Let f : X — Spec O be a local scheme smooth over O, and let fiT be the pull-
back of T to Xk := X Xspec © Spec K. Then H} (XK, fxT) = HL.(Xk, fxT) =
Hh o (Xx, S5 T) = (0)-

Proof.. This result is known, see for instance [BX, 4.2]. We produce a proof for
the convenience of the reader.

First we show that H (Xk, f5xT) = 0. We may and do assume that Ty = G,.
Let S = Spec O, §' = Spec Oz, Y := X x5 8', and Yx = Y xg Spec K. Let
g:Y — X (resp. gk : Yk — Xk) be the projection map from Y to X (resp. from Y
to Xk). By the definition of Weil restriction of scalars, f5 T is canonically isomorphic
to (9K )+(Gm). Since Yk is finite étale over Xk, (Rigk)et (Gm) = (0) for all i > 0. So
H}, (Xk, f3T) = H. (Yk,Gp). Now one observes that the scheme X is local, and
that Yk is finite over X, hence Yx is semi-local. Therefore H}, (Xk, f5T) = (0).

Here is another proof of the vanishing of H},(Xk, f%xT'). The scheme Y is smooth
over S’, hence is regular. Moreover Y is local since Oy, is finite and totally ramified
over O. Each element of H} (Yx,Gnm) corresponds to the isomorphism class of an
invertible sheaf Lx of Oy, -modules. The scheme Y being regular, every invertible
sheaf Lx on Yx extends to an invertible sheaf £ on Y. Such an extension £ must be
principal since Y is a local scheme, so Lk is also a principal invertible sheaf.

The same argument above also proves that H,,, (Xk, fxT) = Hy, (X, fT) =

(0) as well. Alternatively, one can invoke the general fact that Hi (Xk,G) =
topt (XK, G) = Hg(Xk,G) for all i > 0 and every commutative smooth group
scheme G over Xg; see Example 3.4 (c) and Theorem 3.9 of [Mi]. O
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REMARK 4.6. Let S = Spec O,n = Spec K, and let j : n — S be the inclusion
morphism. Let Ssm (resp. nsm) the small smooth site attached to S (resp. n). Let
Jsm : Msm — Ssm be the morphism induced by j. Lemma 4.5 implies that Rl jsp T =
(0); this statement can also be regarded as a reformulation of Lemma 4.5.

COROLLARY 4.7. Let0 5T -G -+ B—0bea Raynaud extension over K such
that T is isomorphic to the restriction of scalars Resyx(To) of a split torus To over
a finite extension L of K. Then the complex of smooth group schemes 0 — T'*™® —
~1ft NR

e B™ — 0 over Spec O is ezact. Hence the complex 0 — Lie(T"™™%) —

L e(G ) — Lie(B™) — 0 of free O-modules is also ezact.
Proof. Lemma 4.5 implies that locally in the smooth topology, the morphism

~1ft NR

a:G BNR admits a section; see also Remark 4.6. In particular the induced
~1ft NR -
map Lle(G ) — Lie(B"") is surjective, and the morphism 7 : G — B™ is

smooth. Denote by T the kernel of the homomorphism 7 between group schemes. By
the Néron property, we get a homomorphism f; from T to T'*™® which extends the

natural isomorphism between the generic fibers. On the other hand, since 7" —

~Ift NR Tlf‘ NR

G — B™ is a complex of group schemes, we get a homomorphism f, from T
to T extending the natural isomorphism between the generic fibers. Therefore f; and
f2 are inverse to each other, and T"* ™" is isomorphic to T. O

REMARK 4.8.

(a) For any short exact sequence 0 = T — G1 = G2 — 0 of semiabelian varieties
over K with T as above, the same argument shows that the attached complex
0 — I o G — G2™™ — 0 of Néron models is a short ezact
sequence of group schemes smooth over O.

(b) The second part of the statement of [BX, 4.2], that R'jsm,Tx = (0) for every
torus Tx over K if the residue field of K is perfect, is incorrect. In fact,
take Tk to be the norm-one torus attached to a totally ramified quadratic
Galois extension L of K, G1 be Resp/k(Gm), and G2 be the quotient of Gy
by Tk. One verifies by explicit calculation of the Néron model of Tk that the
canonical morphism from Tx'™ ™ to G1'*™ is not a closed embedding. In
view of (a) above, this implies that Rijem,Tx # (0). Fortunately the rest of
the results of [BX] are not affected ' : The second part of [BX, 4.2] is used only
in Thm. 4.11 (i) of [BX] to show surjection ¢ — ¢ of the induced map on
the component groups. For this purpose one only needs that Rjs, Tk = (0),
which is the statement of our Lemma 4.8 (i) which is also proved in [BX,

4.2,

LEMMA 4.9. Assume that char(K) = 0. Let 0 - T3 — él — B —5 0 bea
Raynaud extension. Let

0—=T,—Gy—B—0

be the push-out of 0 — T1 — G, = B — 0 by a K-rational isogeny o : Ty — T.
Then C(Gl,K) = C(Gz, K)

Proof. The argument of Theorem 11.3 of [CYdS], which is an application of Tate’s
Euler-Poincaré characteristic formula, applies to the present situation, and shows that
C(Gl,K) = C(Gz, K) g

1We thank S. Bosch for supplying the clarification.
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Proof of Theorem 4.1 when char(K) = 0. Choose a torus T3 over K such that
the product torus T3 Xspec k T' is K-isogenous to Resp/k To for some split torus Ty

over a finite extension L of K. Let (T3 x @)m ™ be the Néron model for the product

~ 1Ift NR ~Ift NR

T3 XSpec K G. Then we have (T3 x G) > T3 Xgpec0 G, hence
o(Ts x G, K) = (T3, K) + ¢(G, K)..

On the other hand, the push-out of the Raynaud extension 0 — T3 x T' — T3 X G-
B — 0 via a K-isogeny T3 x T' — Resy/ To is a Rayaud extension 0 — Resr/x To —
G3 = B — 0. From Lemma 4.9, Corollary 4.7 we get

c(Tyx G, K) = ¢(G3, K) = c(Resy x To, K)+¢(B, K) = (T3, K)+¢(T, K)+¢(B, K) .

The last equality uses the isogeny invariance of the base change conductor ¢(7, K ) for
tori; see Theorem 11.3 of [CYdS], Comparing the two expressions for ¢(T5 x G, K),
we get ¢(G,K) =c¢(T,K) +¢(B,K). O

LEMMA 4.10. Let K be a local field with finite residue field k. Let T be a torus
over K which is split over a finite separable totally ramified extension L of K. Let
X*(T) be the character group of T, consider as a module over T'gy = Gal(K®P/K).
For every finite separable extension K' of K, denote by 'k the Galois group
Gal(K**P/K'). Then for every finite unramified extension M of K, The restriction
map

resk, : H'(Tg, X*(T)) = HY(Tpr, X*(T))

s an isomorphism.

COROLLARY 4.11. Notations as in Lemma 4.10 above. Then the cardinality of
the finite group H (T pr, T'(K®°P)) is equal to that of H (T g, T(K*P)) for each finite
unramified extension M of K.

Proof of Corollary 4.11. According to Tate’s local duality theorem, the cup-
product pairing

HY(Tar, X*(T)) x HY(Tpr, T(K%P)) = H(Tpr, K5°P) = Q/Z

is a perfect pairing; see [S3, II §5.8, Thm. 6]. The Corollary follows. O

REMARK 4.12. The restriction map from H (T, T(K®P)) to H' (T, T(K*°P))
is not an isomorphism, but rather [M : K| times an isomorphism.

Proof of Lemma 4.10. We know that H!(I'r,X*(T)) = (0) since T is split
over L. Hence from the inflation-restriction sequence we get an isomorphism
HY(Gal(L/K),X*(T)) = HY(I'k,X*(T)) via the inflation map. Similarly the infla-
tion map gives an isomorphism H!(Gal(L M /M), X*(T)) = HY(T'sr, X*(T)). Since
L is totally ramified over K and M is unramified over K, the pairs (Gal(L/K), X*(T))
and (Gal(L M /M), X*(T)) are visibly isomorphic under the restriction map. There-
fore the restriction map H! (T, X*(T)) — H*(I'ar, X*(T)) is an isomorphism. O
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Proof of Theorem 4.1 when the residue field k is finite. Assume now that the
residue field x of the local field K is finite. The translation invariant differential
forms of top degree on G'™™* form a free rank-one O-module wivr. Let wg be a
generator of wgne. For every finite separable extension F of K, let ug,r be the Haar
measure on G(F) attached to wg; it is independent of the choice of the generator wg
of wgnr. Similarly we get a Haar measure pry, r on T'(F') and a Haar measure pp, r
on T(F).

Let ppy ,F X ity ,F be the “product Haar measure” on G(F') such that the integral
of a Schwartz function on G(F') against up, ,F X 4Ty ,F is given by first integrating over
the fibers of G(F) — B(F') using the Haar measure ur, r, and then integrate over
the open subgroup G(F)/T(F) of B(F') using the Haar measure pg, r on B(F).
Here we have identified G(F)/T(F) as an open subgroup of B(F) using the exact
sequence 0 — T'(F) — G(F) — B(F) attached to the short exact sequence 0 = T —
G — B — 0. The two Haar measures pp, r X urg,Fr and pg,,r on G(F) differ by
a multiplicative constant, which can be described as follows. From the short exact
sequence 0 - T'— G — B — 0 we obtain a canonical isomorphism

1339-_’B®K£T:)Q(;-

Write B(wp ® wr) = a - w(G) with a € K*. Then for any finite separable extension
F of K, the product measure pp, F X UTy, F is equal to the Haar measure on G(F)
attached to B(wp ® wr). Hence

BBg F X pTy F = |allF X pag F,
where |a||r = ¢27®), and g is the cardinality of the residue field kr of F. As we
shall soon see, the element a € K turns out to be a unit of O; this is the key point of
the proof.

Let L be a finite separable extension of K such that T, G, B all have semistable
reduction over Or. From the definition of the invariant ¢(G, K) we see that

c(G,K)
L

per,L = |7kl KGx L -

Similar equalities hold for 7' and B. Therefore Theorem 4.1 will follow from the
statement of the next proposition, for both fields K and L.

PROPOSITION 4.13. Notations as above. The Haar measure pg, r on G(F) is
equal to the product measure pr, F X 1By, F, for any finite separable extension F of
K.

Proof. Since the formation of Néron models commutes with finite unramified
extension of base fields, we may and do assume that T',G, B all have semistable
reduction over a totally ramified finite separable extension L of K, and that the
groups ¢T, ¢G, ¢ of connected components of the closed fiber of the Néron Ift models
of T, G, B are all constant over the residue field k. By Lemma 4.5, we can divide out
the maximal K-split subtorus of T, so we may and do assume that T is anisotropic
over K, and hence anisotropic over all finite unramified extensions of K.

By what we have seen so far, it suffices to prove the proposition for one finite
unramified extensions M of K. Since what we need to prove is that two Haar measures
on the same group are equal, it suffices to integrate both against the constant function
1 on the group G(M) and compare the two integrals; they differ by factor of the form
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llal|ar, where a is an element of K * independent of M. Our strategy is to examine the
growth behavior of the two integrals as M varies over the tower of finite unramified
extensions of K using the Lang-Weil estimate to conclude that the factor in question
is equal to 1 for all finite unramified extension M of K.

In the yet-unfinished proof of Thm. 4.1, we have written 3(wp ® wr) as a-w(G),
where a is an element of K*. So (up,,m X pre,m)(G(M)) = |lallm - payx,m(G(M))
for every finite unramified extension M of K. The projection G(M) — B(M) gives
an embedding of G(M)/T(F) into B(M) as an open subgroup of finite index. By
Fubini’s theorem, we have

(1Bsc v X pie 1) (G (M) = [B(M) : G(M)/T(M)] ™ gy, s (B(M)) - iy 2 (T (M)).

On the other hand, by the definition of the Haar measure pug, m, we have

HGK,M(G(M)) — q;ldim(G) . IgﬂlfﬁNR(K/M)l )

Notice that G(M) is compact since we assumed that T is anisotropic over M. Simi-
larly, we have g, a(B(M)) =gy ) | Bu™ (5ar)] and prye e (T(M)) = gy,
|Br ™" (kar)|, where ¢7, ¢, $p are the component groups of the closed fiber of the
Néron models of T', G, B respectively. By the Lang-Weil estimate, we have

BGy,Mm(G(M)) _ lé¢al

)
am—00 g m(B(M)) - pre i (T(M)) 168 - 97]

On the other hand by Cor. 4.11, we have the uniform bound [B(M) : G(M)/T(M)] <
|[HY(Tk, X*(T))|, independent of M. As gar — oo we see that the element a € K*
has to be a unit of O, and moreover [B(M) : G(M)/T(M)] - |¢c| = |¢B| - |¢r|- This
prove Prop. 4.13 and concludes the proof of the second part of Thm. 4.1. O

5. Néron models and uniformization.

PROPOSITION 5.1. Let O be a discrete valuation ring with fraction field K. Let
A be an abelian variety over K, and let 1 : Y < G be the corresponding degeneration
data over K. Then c¢(A,K) = ¢(G, K).

Proof. We may and do assume that O is complete. Let ax : G8 — A" be the
uniformization map over K in the category of rigid analytic varieties. By [BX, Thm.
2.3], the map ag extends uniquely to a morphism of formal schemes

ao: (@) = (™",

~ A ~
where (QNR) and (A™)" denote the p-adic completion of the Néron models QNR and
A" respectively. Moreover o is étale, and gives an isomorphism from the neutral
~NR\ A
component of (QNR) to the neutral component of (A™)". The same statement

holds for every finite separable extension of K. We conclude the proof of Prop. 5.1
by the functoriality of ag. O

COROLLARY 5.2. Assume that the residue field k of the discrete valuation ring
O is perfect. Let A be an abelian variety over a K. Assume that over the ring
of integers Or, of some finite separable extension L of K the neutral component
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of the closed fiber of the Néron model AL™" of Ap is a torus, so that over the
completzon K of K the abelian variety Ap is uniformized as a quotient of a torus
G over K in the rigid category. Let £ be a prime number invertible in k. Then
c(A,K) = fa (X*(G)) = %a(Vi(A)) . Here a (X*(G)) is the Artin conductor of

the representation of Gal(I?sep/I?) on the character group of the torus G, while
a(Vi(A)) is the Artin conductor of the l-adic Tate module of A, considered as a

Q¢ -representation of Gal(I? sep / K ).

Proof. The first equality is a special case of Prop. 5.1. The second equality is a
consequence of the fact that Vg(A)/V(G) is non-canonically isomorphic to the dual
of Vy(G). O

THEOREM 5.3. Assume either that the residue field k is finite, or that char(K) =
0 and & is perfect. Let A be an abelian variety over K. Let Y — G be the correspond-

ing degeneration data over K, and G fits into a Raynaud extension 0 - T — G —
B — 0. Then

c¢(A,K) = c(T,I?) +c(B,I?) = %a(X*(T) ®z Q) +c(B,I?) ,

where a(X*(T)®z Q) is the Artin conductor of the linear representation of
Gal(K®*?/K) on X*(T) ® Q.

Proof. The first equality follows from Thm. 4.1 and Prop. 5.1. The second equality
is proved in [CYdS, §11]. O

Although we can express the base change conductor ¢(—, K) by a simple formula
in the case of tori, in the case of abelian varieties a “simple formula” may be too
optimistic to hope for. Since the statement that ¢(T,K) = % a(X*(T) ® Q) for all
tori over K is equivalent to the statement that ¢(T, K) = ¢(7”, K) for all isogenous
tori T, T, whether the invariant ¢(4, K) for abelian varieties stays the same under
isogenies may be a more intelligent question to ask. This question will be addressed
in the next section.

6. Study of isogeny invariance. In this section the O =0x denotes a henselian
discrete valuation ring whose fraction field K has characteristic 0, unless otherwise
stated. The residue field  of O is assumed to be a perfect field of characteristic p > 0.

PROPOSITION 6.1. Let u : By — By be an isogeny between abelian varieties over
K such that for some finite Galois extension L of K, the map up : B’y — By
induced by u from the Néron models of By Xspec k Spec L to the Néron models of
By Xspec k Spec L is étale. Then the map u : Bi™™ — By™" between the Néron
models over Ok is étale.

Proof. We may and do assume that O is complete and the residue field & is
algebraically closed. Let M = Ker(u), a finite group scheme over K. Consider the
following diagram

0 —— By(K)/u(Bi(K)) — H(K, M)

al lresf’(
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with exact rows. Since the homomorphism u; is étale by assumption, it induces a
surjection from the neutral component of BN to the neutral component of B2 T

therefore Bo(L)/u(B1(L)) is finite. On the other hand Ker(res%) is the image of
H!(Gal(L/K), M(L)) under the inflation map, hence is finite. We conclude that
By(K)/u(B1(K)) is finite from the above diagram.

For each n > 0 let B, = be the Greenberg functor applied to the smooth group
scheme B;™™ Xgpec 0 Spec((f)/ﬂ'"(‘)) over Spec(0/r"0), i =1,2. Each B, is asmooth
group scheme over Spec k, such that B, (k) = B;""(0/7"0). Con31der the homo-
morphism u B m B 1nduced by u On the level of k-points the cokernel

Coker (u, (k) : B, (n)—)éz’n(m))

is finite, because B, (k) is a quotient of B;"(0) = By(K) for i = 1,2. Since
dim(B, ) =dim(B, ) and & is algebraically closed, the kernel of u_ is also a finite
quasi-algebraic group over k.

Choose an integer N > 0 such that the exponential map induces an isomorphism

7N Lie B;"™* = Ker(B;,"*(0) - B"*(0/xN0)), i=1,2.
Consider the following map between short exact sequences

0 — 7V Lie B,"™ —— B,"(0) — B,"(0/7N0) —— 0

Lie ul luo l“o/ﬂNc)

0 —— 7V LieBy™ —— By™(0) —— By™(0/7N0) —— 0
induced by u. This gives us an exact sequence
Ker(ug/rn o) — Coker(Lieu) — Coker(uo)
Since Ker(ug/x~o) and Coker(up) are finite, so is Coker(Lieu). This implies that
Liey : Lie B;™ = Lie By"™®
since k is infinite. O

REMARK 6.2. A slight modification of the proof above works for the case char(K)
=p > 0 as well, but the hypothesis that the residue field k is perfect is still needed.

LEMMA 6.3.

(i) Let By, By be abelian varieties over K which have good reduction over the
ring of integers O of a finite Galois extension L of K. Let u : By — By be
a K-isogeny. Then there exists a unique factorization of u as a composition

B —) B3 Bz

of isogenies between abelian varieties over K, such that over Op, Ker(u;)
extends to a finite flat subgroup scheme of B’ NR with geometrically connected
closed fiber, and Ker(uz) extends to a finite etale subgroup scheme of B3,
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(i) Notations as in (i) above. Assume moreover that the reduction of B, and
By over the residue field of O are ordinary abelian varieties. Then over
OL, Ker(u}) extends to a finite étale subgroup scheme of the Or-Néron model
B_r,.tmz of the dual abelian variety B Xspec k Spec L of B Xspec K Spec L.
Proof. Statement (i) is standard if B;, B2 have good reduction over O. The
statement (i) itself follows from descent. Statement (ii) follows from statement (i). O

DEFINITION 6.4. Under the blanket assumption that char(K) = 0 of this section,
we can attach a non-zero ideal D, to every isogeny u between abelian varieties over
K, as follows. Letu be an isogeny from an abelian variety Ay to an abelian variety Ag
over K. The homomorphism det(Lie(w)) : det(Lie(41™")) — det(Lie(A2"™)) between
rank one free O-modules is isomorphic to the inclusion of an ideal D, of O in Q. In
other words, D, is defined by 0/D, = det(Lie(A2""))/ det(Lie(x))(det(Lie(4,™"))).

This definition applies to the dual isogeny u® : A} — A% as well and gives us an
ideal D, in Q. The following is a result of Raynaud, see Thm. 2.1.1 and p. 208-210
of [R2].

PROPOSITION 6.5. Let u: Ay — Ay be an isogeny between abelian varieties over
K. Then the product ideal D, - Dy is equal to the ideal of O generated by deg(u), the
degree of the isogeny u.

LEMMA 6.6. Let L be a finite separable extension of K such that Ay, Ay have
semistable reduction over Or. Then

ordg (Dy) + (A2, K) = ordg (Dy, ) + c(A1, K) .

Proof. We have a commutative diagram

UXSpec oSpecOL
_____—)

A1™ Xspec 0 SpecOf, As™ Xspec 0 Spec O

canAl,L/Kl lcanA2,L/K

NR NR
Aig — Ass
Ay -

of smooth group schemes over Oy. Apply the functor Lie to the diagram above gives
us a commutative diagram of free Op-modules of finite rank. We finish the proof by
taking the determinants. 00

THEOREM 6.7. For any abelian variety A over K, we have c(A, K) = ¢(A, K).

Proof. Let L be a finite separable extension of K such that A has semistable
reduction over Oy. Let A : A — A? be a polarization of A over K. Since polarizations
are self-dual, Prop. 6.5 implies that

OI‘dK(fD)\) = OrdK(fD)\L) = %ordx(deg(/\)) .

Apply Lemma 6.6 to A, we get the desired equality ¢(4, K) = ¢(A%, K). O
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THEOREM 6.8. Let A1, Ay be abelian varieties over K and let u : A1 — As be a
K -isogeny. Assume that A; has semistable reduction over Op, for some finite Galois
extension L of K, and the neutral component of the closed fiber of the Néron model
of Ai,L is an extension of an ordinary abelian variety by a torus, ¢ = 1,2. Then

(A1, K) = ¢(As, K).

Proof. Suppose first that A;, A> have potentially good reduction. By Lemma, 6.3,
we can factor u as a composition of u; : A7 = Az and uy : A3 — As, where u! is
potentially étale and us is potentially étale. By Prop. 6.1, we get c(A%, K) = (4%, K)
and c(A3, K) = ¢(A42, K). Thm. 6.7 tells us that ¢(Af, K) = ¢(4;, K) and ¢(4%,K) =
¢(As, K), hence ¢(4;1,K) = ¢(4z, K) if A; and A, have potentially good reduction.
The general case follows from Theorem 5.3 and the potentially good reduction case
just proved. O

REMARK 6.9. So far we have assumed that the discrete valuation ring O has
mized characteristics (0,p). If both K and its residue field have characteristic 0, the
proofs still work and actually become simpler. The statements of the results in sections
4, 5, 6 all hold.

6.10. Counterexamples. We saw in Theorem 6.8 that for an abelian vari-
ety over a local field K with potentially good reduction, the base change conductor
¢(A, K) stays the same under K-rational isogenies if K has characteristic zero and A
has potentially ordinary reduction. We give two examples to show that neither of the
two hypotheses can be dropped.

6.10.1. CM elliptic curves over Q with supersingular reduction. Let E;,
E; be elliptic curves over @, such that E; has complex multiplication over Q, by
the ring of integers Op of an imaginary quadratic field F. Assume the p is ramified
in OF, and there exists a Q,-rational isogeny u : By — E, of degree p. There are
plenty of such examples: A glance at the first three pages of [MF4, table 1] produces
two such pairs (274,27B) and(364,36C), with p = 3 and F = Q(v/-3).

By [R2, p. 209], the elementary divisor of the map Liew : Lie E;™" — Lie ™"
is either 1 or p, since its product with the elementary divisor of Lieu! is equal to
p. On the other hand, let L be a finite extension of @Q, such that E;, E; have good
reduction over Or. Then O ® Z, C O, and the elementary divisor of the map
Lieu; : Lie By ™ — Lie E» ™" is \/=p. Therefore c(E1,Q,) # c(E2,Qy).

6.10.2. Isotrivial potentially supersingular elliptic curves. In this exam-
ple we take K = x((t)), O = &[[t]], where & is a perfect field of characteristic p > 0,
p # 3. Let Ep be a supersingular elliptic curve over k, with endomorphisms by
Z[ps). Let L be a tamely totally ramified extension of K of degree 3. Let E;
be the twist of the constant elliptic curve Ep Xgpec x Spec K by a nontrivial ele-

ment o € Hom(Gal(L/K),ps). Let Es be the Frobenius twist E® of E; and let
u : B3 — E5 be the relative Frobenius map. In other words F is the quotient of E;
by the connected subgroup of E; of order p. One can also obtain E, as the a-twist of
E Xspec x Spec K. Observe that pg acts on the tangent space of Eo and ES via

two different characters of ps. Using the main result of [Ed], one can check that one
of c(E1, K),c(Es) is %, and the other is % Especially ¢(E;, K) # ¢(E», K).

7. Congruence of Néron models. For simplicity, we assume that K is com-
plete in this section. Let L/K be a finite Galois extension with Galois group I' =
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Gal(L/K). To fix the idea we adopt the convention that I' operates on L (resp.
Spec L) on the right (resp. on the left). In this section we will employ the notation
system in chapters 2, 3 of [FC] for the degeneration data of a semiabelian variety over
a local field, recalled at the end of section 2.

7.1. Let A be an abelian variety over K. We have a natural isomorphism
¥(L/K) : Spec (L xx L) =T x Spec L,

The Galois descent data for (L/K,T', A) is a semilinear left action of T on Ay =
A Xspec K Spec L. It induces a semilinear left action

GDDintf(L/K,T,A) : T x AL™ — A™
of I" on A,™ compatible with y(L/K), which we refer to as the integral form of the
Galois descent data for (L/K,T, A).
Suppose Kj is another local field with a uniformizing element 7y, and Lo/Kj is
a finite Galois extension with Galois group I'g. Let Ay be an abelian variety over Kj.
Let N > 0 be a positive integer.

We say that the integral forms of the two Galois descent data GDDintf(L/K, T, 4)
and GDDintf(Lo/Ko, o, Ao) are congruent at level N, notation

GDDintf(L/K,T, A) =q.5,, GDDintf(Lo/Ko,To, Ap) (mod level N)

if the following conditions hold:
— [ is an isomorphism from I' to Iy.
— «a is an isomorphism

o : Spec (01 /7N OL) = Spec (0L, /78 OL,)
which is equivariant with respect to (T’ —;-) T'y), and induces an isomorphism

from O/7N 0O to Op/7d 9.
— p is an isomorphism

p: ﬂNR XSpec O SpeC(OL/ﬂ'NOL) :—) ALONR XSpec O SpeC(OL/ﬂ'NOL)
over a, and it is equivariant with respect to I' = Ty.
B8

7.2. Let Ko, Lo,m, Lo be as in 7.1. For j = 0,0, let ¢; : ¥; — é]‘ be the
K j-rational degeneration data for an abelian variety A; over K;. Each Gj sits in a

Raynaud extension 0 = T; — G'j — B;j = 0 over K;. We assume that B; has good

reduction B ; over Or;, and that Tj is split over L;. So the Raynaud extension above

extends over O, to
0-1,+G;,—»B;~0,

~

a Raynaud extension over Op;. The Galois group I'; operates naturally on G, Y;
and ¢j. We call this semi-linear action of I'; on ¢; : Y; < Gj; the (L;/K;)-twisted
degeneration data for (L;j/K;,T;, A;), notation DDtw(L;/K;,T;, A;).

For j = 0,0, let P; be the Poincaré sheaf on B, Xspec oj_Bi;'- Let cj- xcj 1 Y;xX; —
B; x §§~ be the homomorphism which corresponds to the Raynaud extension for Qj
over 0;. D@enote by ; the trivialization of (c§ X Cj)* Py ! over L; which corresponds
to ¢, 5 =10,0.
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DEFINITION 7.3. We say that the (L;j/K;)-twisted degeneration data
DDtw(L;/K;,T'j, A;) for Aj, 5 = 0,0, are congruent at level N, notation

DDtW(L/K,P,A) =a,8,0,0,6 DDtW(Lo/Ko, Ty, Ag) (mod level N)

if the following conditions hold:
- B is an isomorphism from T to Ty.
- a is an (T —7—1—> I')-equivariant isomorphism from the pair (Tren(Lo),
-

Trn(Ko)) to the pair (Tren (L), Trn(K)). Here e = e(L/K) = e(Lo/Ko),
and we followed the notation in [D].
— 0 is an isomorphism

G Xspec(05 /N o) SPec(Or /7Y OL)

= QO xSpec(OKO/TréVOKO) SpeC(OLo/ﬂ'(IJVOLo)

which is compatible with B and a. It induces an isomorphism g; : X*(T) —
X*(Tp) between the character groups.

— v is an isomorphism from Y to Yy. Together with o, we get an isomor-
phism ¢ from the biextension (c! x ¢)*P~1 ® (01 /7N 0OL) to (¢ X co)*Py ' ®
(OLO/F(I)VOLO)' ’

— Choose a trivialization 1 of the biextension (ct x ¢)*P~1 over O, and a triv-
ialization 1o of the bieztension (c x co)*Py ' over Or, which are compatible
with respect to € and p. Let b : Y x X — K* be the bilinear form such
that b -1 is equal to the trivialization T of (¢t x ¢)*P~! which corresponds
tor:Y < G. Define by similarly. Then for each (y,x) € Y x X, write
yo = v(y), Xo = 0¢(X), it is required that

ordr, (b(y, x)) = ordr, (bo(yo, Xo)) -

Moreover the element b(y, x) € poerL(b(y’X)) ®(0L/7N0OL) given by b(y, x) cor-
responds under o~ to the element by(yo, Xx0) € ch’rod zo(bo(wo-x0)) g (9 Lo/™OL,)
given by bo(yo, Xo)-

It is easy to see that in the last item above, the condition does not depend on the
choice of n and 7.

PROPOSITION 7.4. Notation as above. If
DDtw(L/K,T', A) =a,8,0,0,¢ DDtw(Lo/Ko,T9, o) (mod level N),
then there is a naturally determined o such that

GDDintf(L/K,T, A) =q ., GDDintf(Lo/Ko,To, Ao) (mod level N).

Proof. This is a consequence of Mumford’s construction as explained in [FC,
Chap. 3]. Since the base O, is a complete discrete valuation ring, one can construct
a relatively complete model P which is regular. Then the quotient P contains the
Néron model Ap™"; see the proof of [FC, Prop. 8.1, p. 78]. One way to construct such

relatively complete models P is to use the technique of torus embedding as explained
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in [KKMS, Chap. IV, §3]. With such construction, the congruence assumption implies
congruence for the formal schemes Py, and Py gor. O

7.5. As in [CYdS], for a scheme X constructed from the abelian variety 4, “X
is determined by the Galois descent data (mod level N)” means that if

GDDintf(L/K,T, A) =, 5, GDDintf(Lo/Ko,To, 4p) (mod level N),

then there is a canonical isomorphism determined by (a, 8, p) from the scheme X
to the scheme X; constructed from Aoy by the same procedure. Similarly, “X is
determined by the degeneration data (mod level N)” means that if

DDtw(L/K,T, A) =a.8,0,v,€ DDtw(Lo/Ko, o, Ag) (mod level N),

then there is a canonical isomorphism determined by (a, 8, ¢,v,&) from the scheme
X to the scheme Xj.

THEOREM 7.6. Let A be an abelian variety over K. Then there exists an integer
n such that for any integer N > 1, A" Xgpec 0 Spec(0/nV0) is determined by the
Galois descent data of A (mod level N + n).

Proof. The proof of the main result Theorem 8.5 of [CYdS] works without change.
So we only sketch the argument here. Let R™™ = Resg, 0 (AL™™). Let A° be the
schematic closure of A in B™®. Let R’ = R™ Xgpec 0 Spec Or. There is a natural
map o : R' — T x A, where the target I' x AL™" is naturally identified with
the Néron model of the generic fiber of Reso, /o (AL™). Let B: AL™ < T x 4™
be the diagonal embedding. Taking the fiber product of & and B, we get a closed
subscheme A’ of R’ whose generic fiber is the abelian variety A naturally embedded
in Resy/k (AL). Clearly A’ is locally defined g(d — 1) equations as a subscheme of R/,
where g = dim(A), d = [L : K]. Moreover A’ contains A° xspec 0 Spec Op.

Let 7" be the intersection of the Jacobian ideal of A’ C R' with ©. The argu-
ment of [CYdS, §5] show that the defect of smoothness § of A° is at most h. Then
the main argument in [CYdS, §8], which uses the approximation theorem of [El],
shows that A™ Xsgpec © Spec(9/mN ) is determined by the Galois descent data of A
(mod level m) for any m > max(N + 6 + 2h,3h + 1). Especially we can take n to be
3h in the statement of Theorem 7.6 O

REMARK 7.7. Prop. 7.4 and Thm. 7.6 together says that in the situation of Thm.
7.6, a congruence

DDtw(L/K,T', A) =4,8,0,u,¢ DDtw(Lo/Ko,T'g, Ag) (mod level N 4 n)

between the degeneration data of A and Aoy at level N + n uniquely determines a
congruence between the Néron models A™® and Ao™™ at level N, for every N > 1.

PROPOSITION 7.8. Let O be a discrete valuation ring with perfect residue field k.
Let A be an abelian variety over the fraction field K of O, and let 1 : Y < G be the
degeneration data for A over the completion K of K. Suppose that in the Raynaud
eztension

0T —=G—B—0

the abelian variety B has good reduction over Og. Then

(4, K)=c(T,K) =5 a(X*(T) ®Q) = 7a(V(4),
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where £ is a prime number invertible in k, and a(-) denotes the Artin conductor for
linear representations of Gal(K*°P/K).

Proof. From the definition one sees that the invariant ¢(A, K) is determined by
A™ Xgpec 0 Spec(0/7N0O) for N > 0. So by Theorem 7.6 c¢(A, K) is determined
by the Galois descent data of A (mod level m) for m > 0. Hence by Proposition
7.4 ¢(A, K) is determined by DDtw(L;/K;,T';, A;) (mod level m), the L/K-twisted
degeneration data modulo level m for m > 0. Since B has good reduction, one can
find a local field Ky of characteristic 0 and a finite Galois extension Ly of Ky such
that

DDtW(L/K, T, A) =0.8,0,v.€ DDtW(Lo/Ko,Fo, Ap) (mod level m) .

For m > 0 we get
(A, K) = (Ao, K) = o(Tp, K) = o(T, K) = % o(X*(T) ® Q)

by Theorem 5.3. This proves the first two equalities of Prop. 7.8. The last equality
in the statement of Prop. 7.8 is a consequence of the general fact that

a(Ve(4)) =2a(X*(T) Q)

when A is uniformaized by (G,Y) and G sits in a short exact sequence 0 & T — G —
B—0.0

‘8. Some open questions. In this section we compile a list of unresolved ques-
tions.

8.1. Additivity of ¢(—, K). Theorem 4.1 is prove under an awkward assump-
tion: either the local field K has characteristic 0 or the residue field k is finite. One
would like to find a better proof so that this assumption can be replaced by: the
residue field k is perfect.

Here is a related question. Even under the more restrictive “awkward assumption”
above, it is not yet known whether the base change conductor ¢(G, K) is “additive”
for short exact sequence of semiabelian varieties, under the “awkward assumption”
above. Abelian varieties with potentially good reduction would be the first “test case”
to be considered.

One can reformulate this additivity question for the base change conductor as an
exactness question for the volume form of the Néron models, as follows. Let

0—)G1 —)G2—>G3—)0

be a short exact sequence of semiabelian varieties over the local field K. As before let
wg,nr be the rank-one free Ox-module of translation-invariant differential forms of

tog-degree on the Néron model G;™* of G;, and let Wa, = We,nr Qox K,1=1,2,3.
From the short exact sequence above we obtain a natural isomorphism 3 : Wg, ®K

wg, — Wg,- The statement that ¢(G2) = ¢(G1) +¢(Gs) is equivalent to the following
exactness statement, that

B8 (u_JGINR Qok QGSNR) = Wg,NR .
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This reformulation is implicit in the proof of Thm. 4.1 when the residue field &; in
that case the exactness statement displayed above is equivalent to the statement of
Prop. 4.13.

8.2. Does ¢(4,K) = c¢(A%, K) in general? We have seen in Thm. 6.7 that
c(A,K) = c¢(A K) if char(K) = 0 and K is perfect, and one would like to know
whether this is also true when K = k((t)) and & is a perfect field of characteristic
p>0.

8.3. Non-perfect residue fields. The results in §7 on congruence of Néron
models hold for all discrete valuation rings. But almost everything else we showed
about the base change conductor ¢(G, K) depends on the hypothesis that the residue
field & is perfect. Even for tori we do not know whether ¢(T, K) is an isogeny invariant
if the residue field is not perfect. It will be interesting to know to what extent the
perfectness assumption on k is really necessary.

8.4. Estimate ¢(—, K). We have seen that in general the base change conductor
¢(G, K) may change under K-isogenies. So it is impossible to have a “simple formula”
for ¢(G, K) in terms of the Artin or the Swan conductor of the £-adic Tate module
V¢(GQ) of G, where £ is a prime number invertible in the residue field k. Even in
the case when A is an abelian variety with potentially ordinary reduction over a
local field K of characteristic 0, ¢(4, K) is not necessarily determined by the Galois
representation Vy(G); CM elliptic curves with the same CM field but different CM-
types provide counter-examples. However it is desirable, if possible at all, to have
estimates of ¢(G, K), in terms of the Artin or the Swan conductor of V¢(G), and/or
other “more familiar” numerical invariants

8.5. The refined invariants c¢;(—, K) for tori. The elementary divisorsc,...,
cdim(g) of the base change conductor are defined in 2.4 They are the exponents of the
elementary divisors of the homomorphism cang p/k, : LieG™ ® O — LieGL™.
One would like to study their behavior, and estimate them in terms of more familiar
invariants.

In the case of tori the elementary divisors ¢;(T, K) of the base change conductor
can be viewed as invariants attached to linear representations of Gal(K*®P/K) on free
abelian groups of finite ranks. Their sum is equal to one half of the Artin conductor.
They do not seem to have been studied in the literature. The following are a few facts
about the ¢;(T, K')’s. The proofs are omitted.

(a) EXAMPLE: INDUCED TORI. Let L be a finite separable totally ramified ex-

tension of K of degree d. We assume that the residue field of K is perfect.
Let 7 be a uniformizing element of Or. let T' = Resy, /Gy, . Let 01,... ,04
be the K-linear embeddings of L into K®®P. Denote by ordx the valua-
tion on K*®°P such that the ordx(nx) = 1. Then the elementary divisors

a(T,K),...,ca(T, K) of the base change conductor are just the valuations
of the elementary divisors of the d x d matrix (ai () )1<' q Using the

<ij<
Vandermonde determinant, one can compute ¢; (T, K), ... ,cq4(T, K) explic-
itly; the answer is as follows. Forn =1,... ,d—1 let

by, = Ig?}?f).(,d} Z ordg (oj(mr) — ox(7L))
s g



(b)

(c)

(e)
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Then ¢;(T,K) = 0,¢;(T, K) = b, and
(T, K) =bi_y —bi_s, i=3,...,d.
By Cor. 4.7, the invariants for T” := Resy,/ k(G )/Gm are
a(T",K) =c(T,K), co(T",K) = c3(T, K), ... ,ca-1(T",K) = ca(T, K) .
On the other hand these invariants for the norm-one torus
T' := Ker (Nmp/k : Resp/k(Gm) = Gr)

attached to L/K seem to be more difficult to compute.

The elementary divisors of the base change conductor may change under K-
isogenies in general. For instance let L be a separable biquadratic extension
of K. Let My, My, M3 be the three quadratic subextension of L/K, suitably
indexed so that ordg (discy, /x) < ordx(discar,/x) < ordk(discas, k) Let
T; be the norm-one torus attached to M;/K,: = 1,2,3. Then T, := T; X
T, x T3 is K-isogenous to the quotient torus T" := Resy/k(Gm)/Gm. We
have ¢;(Ty, K) = %ordK(discM,./K), ¢+ = 1,2,3. On the other hand it is not
difficult to construct biquadratic extensions L/K such that the ¢;(T",K)’s
are different from the jordg (discas, /x)’s-

The multiplicity of (the occurence of) 0 in the sequence (¢;(T, K) ); <;<dim(T)
is invariant under K-isogenies; this multiplicity is equal to the dimension of
the largest subtorus of T which is split over the maximal unramified extension
of K.

Let T be a torus over K, and let 7" (resp. T") be a subtorus (resp. a quotient
torus) of T' over K. Then fore all 1 < ¢ < dim(7") we have

Y G(TK) < Y (T, K).

1<j<i 1<j<i

Similarly we have

Z Cj(T’K)S Z cj(T”aK)

1<5<i 1<j<i

for all 1 < < dim(T").

Using the inequalities in (d) and the explicit calculation in (a) above, one
obtains estimates of }°,.; ¢;(T, K) in terms of the breaks of the'Galois
group of a finite Galois splitting field of T'. These estimates do not appear to
be sharp.

8.6. Isogeny invariance of c(A,K), A potentially ordinary. It is natural

[MF4]

to ask whether the assumption that char(K) = 0 in Thm. 6.8 is superfluous. This
question and related issues will be addressed in another paper.
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