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ON A DENSITY PROBLEM FOR ELLIPTIC 
CURVES OVER FINITE FIELDS* 

YEN-MEI J. CHENt AND JING YU* 

Abstract. We prove an analogue of Artin's primitive root conjecture for two-dimensional tori 
ResK/qGrn under the Generalized Riemann Hypothesis, where K is an imaginary quadratic field. 
As a consequence, we are able to derive a precise density formula for a given elliptic curve E over a 
finite prime field. One adjoins coordinates of all ^-torsion points to the base field and asks for the 
density of the rational primes £ for which the resulting Galois extension over the base field has degree 
£2 — 1. It turns out that the density in question is essentially independent of the curves, and unless 
in certain special cases, even independent of the characteristic p if p ^ 1 (mod 4). 

1. Introduction. Given an elliptic curve E/¥p, one is interested in the Galois 
representations on ^-torsion E[£] c E(¥p) for various rational prime numbers £. Let 
¥p(E[£]) be the Galois extension of Fp obtained by adjoining all coordinates of points 
in E[£]. A basic question is: how often the degree [Fp(25[£]) : Fp] can be the largest 
possible, in other words, is equal to d2 — 1 ? 

If the given curve E/¥p is supersingular, it is not difficult to deduce that for 
almost all £, the degree of Fp (E[t])/¥p is bounded by 2(1 — 1). Thus for our purpose it 
suffices to consider non-super singular elliptic curves. We want to study the following 
set associated to a given non-supersingular E/¥p: 

ME = {£: £ rational prime,   [¥p(E[£}) : Fp] = £2 - 1}. 

Our main result is that, under the generalized Riemann Hypothesis (GRH), these sets 
ME always have positive density. Furthermore the value of this density den(ME) can 
be given precisely in terms of a universal constant C2: 

^ = i     n     (1-^) = 0.133776.... 
q^2 prime ^v^ / 

If p ^ 1 (mod 4), then always den(Mj5;) ■= C2 unless in certain exceptional cases. 
Otherwise we have den(ME) = (1 - pfr-i))"1^ (cf. Theorem 4.3). 

The approach of this paper is based on a variation of Artin's primitive root prob- 
lem for a family of two-dimensional tori over Q. Let End^ denote the endomorphism 
ring of the elliptic curve E and let a G Endj? be the Frobenius endomorphism. If E is 
not supersingular, Z[a] C End^;, and Z[a] is identified with an order in an imaginary 
quadratic field K — KE- Then Z[a] C OK, the ring of integers in K. The torus in 
question is the one obtained from Gm /K via restriction of scalars : T = Res^/Q Gm /K . 
This T is a two-dimensional torus defined over Q. It comes with a canonical homo- 
morphism TT : T —> Gm defined over K which is universal, in the sense that any map 
into Gm defined over K can be factored through a map into T that is defined over 
Q. One identifies T(Q) with Gm(K) = K*. Therefore the Frobenius endomorphism 
a is regarded here as a rational point in T(Q).   One observes that powers of such a 
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point can never be contained in any proper subtorus of T. Hence it has a good chance 
to become "primitive" when reducing modulo rational primes £, in the sense that a 
modulo t generates T(F^). 

In §2, we begin with the condition for given a € OK to be primitive point modulo 
prime I for the torus T^, where K is an arbitrary imaginary quadratic field and t is 
a rational prime which remains prime in K. The set Ma consisting of all primes I 
having this property with respect to a fixed a is then characterized algebraically via 
a family of Galois extensions constructed from a. In §3 we prove that Ma always has 
a density (assuming GRH) which can be given precisely. An application to elliptic 
curves is given in §4. Our method works well for elliptic curve E over any finite field 
Fr, and one can gather in this way information on the distributions of the degrees 
[Fr(l?[£]) : Fr] as I ranges over all prime numbers. 

2. Primitive Points for Certain Two Dimensional Tori. Let K be a fixed 
imaginary quadratic number field, with ring of integers OK C K. We use r to denote 
the complex conjugation and in this section I always stands for a rational prime 
number that stays prime in K. For a € OK \ {0}, iV(Q:) = aar denotes its absolute 
norm, a denotes the coset in {OK/^OKY containing a if ord^(a) = 0, and o^(a) 
denotes the order of a inside (OK/ZOKY

f. The set of all rational prime numbers 
is denoted by P. Given a € OK \ {0}, we set u = u(a) = aT/a. The following 
straightforward Proposition is the starting point: 

PROPOSITION 2.1. Let £ be a rational prime that is inert(stays prime) in K and 
ord^(a) = 0. Then Oi{a) = (? — 1 if and only if 0£ (N(a)) = £ - 1 and oi{u) = £ + 1. 

Proof. Note that as £ is inert in K, aT = a1 (mod £). Thus iV(a) = a^+1 and 
u = c/-1 (mod £). Suppose that oi{a) = £2 — 1. Then clearly we have 0£ (N(a)) = £— 1 
and oe(u) = £ + 1. Conversely, if o^(a) ^ £2 — 1, then there exists a prime q such that 

q | £2 - 1 and a^r1 = 1 (mod £). Tfq\£- 1, then Nia)^ = a'-f1 = 1 (mod £); 
£-1-1 (p- — 1 

and if q \ £ + 1, then u~ = a <* = 1 (mod £). Therefore, e^(a) ^ £2 — 1 implies 
either o£ ((N(a)) <* £ - 1 or o£(u) <£ + l. D 

Recall that T = RCSK/Q Gm /K is the algebraic group over Q obtained from the 
multiplicative group Gm by restriction of scalars. We have a G OK\{0} C K* = T(Q) 
and we are interested in the following set of primes: 

MQ, — {£ : £ rational prime that is inert ini^,  ord^(a) = 0,  o^(a) = £2 — 1} 

= {£ : £ rational prime that is inert in K,  a generate T(F^)}. 

Notations: Let </, q' be rational primes with q' odd. We introduce the following 
Galois number fields: 

Et = Q, F1 = K. 
Eq = Q(fJLq, f/N(a)), where [iq is the group of #-th roots of unity. 

Em = the compositum TT Eq, for square free m. 
q\m 

Fql =K(fiq/, i/u). 

Fn = the compositum TT Fq', for square free odd n. 
q'\n 

Lm^n — the compositum EmFn, for m,n square free and n is odd. 

For Galois number fields E/F, (p, E/F) will denote the Artin symbol whenever 
the prime p in F is unramified in E. We shall allow r to stand also for the complex 
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conjugation on Q(/in), i.e. T(£) = ^~1 for any £ € fin. Given square free m,n, with n 
odd, we consider in particular the following subset of Gal(Lm,n/ 

Cm,n = {c e Gal(Lm>n/Q) : a\K = r, o-|^m = id,a|Q(Mn) = r, and a2 = id}. 

We have 
LEMMA 2.2. Lei £ be a prime that is inert in K/Q and q be a prime. Suppose 

ord^(a) = 0. Then the following conditions are equivalent: 

(1) q\(e-l) and a^ = 1 in {OKIZOK)*- 

(2) £ splits completely in Eq/Q. 
(3) £ is unramified in Lq^/Q and (£,Lgji/Q) C C9,i. 

£ — 1 

Proo/. It suffices to note that (1) amounts to q \ (I — 1) and N(a) « = 1 
(mod £). This is equivalent to g | (^ — 1) and x9 = iV(a) (mod £) has a solution in Z. 
Thus we have (1)^(2). The rest follows from the definitions. D 

LEMMA 2.3. Let £ be a prime that is inert in K/Q and q' be an odd prime. 
Suppose ord^(a) = 0. Then the following conditions are equivalent: 

(1) qf | (£ + 1) and a^ = 1 in (OK/IOK)*. 

(2) q' \ (1 + 1) and £OK splits completely in Fqt /K. 
(3) £ is unramified in Li^/Q and (£,Li,qr/Q) C Ci^/. 

Proof. We first note that (l)&q' \t + l and w^1 = 1 in (OKI£OK)*. This is 
equivalent to q' \ (£+1) and xq = a (mod £) has a solution in C^, since (OKI£OK)* 

is cyclic. Also it is equivalent to g' | {£ + 1) and xa = a^-1 = ^ (mod £) has a 
solution in OK, because q' \ (£ — 1). Hence we obtain (1) & (2). On the other hand 
q'\{l + 1) if and only if {£:Q{fiq')/Q) = r. If (2) holds, then £ is clearly unramified 
in Liiq'/Q. Because £OK splits completely in Liiq'/K, we have a2 = id, for all 
cr G (i,Li,g'/Q). Thus (2) => (3). Conversely, from <J

2
 = id for all a 6 (l,Lliq'/Q), we 

obtain immediately that £(9K: splits completely in Fqt /K. Hence (3) => (2). □ 
Combining Lemmas 2.2, 2.3, we deduce the crucial: 
COROLLARY 2.4.    Let£ be a rational prime which is inert in K/Q and ord^a) = 

0. Then £ G Ma if and only if both the following two conditions hold: (1) For all prime 
q, if £ is unramified in Lq^, then (£,Lq,i/Q) <£ Cq^. 
(2) For all odd prime q', if £ is unramified in Li,q>, then (£,I/i?g//Q) ^ Ci,q'. 

From now on we make the further assumption that a is not a root of unity and 
gcd(a, Qr) = 1, i.e. 1 G OLOK + O^OK- The remaining part of this section is occupied 
by a detailed study of the Galois family Lm?n, together with the computation of 
#Cm,n. All these are preliminaries needed for the main theorems of §3. 

LEMMA 2.5. Let m,n be square-free positive integers with n odd. Let s be the 
largest integer with the property that N(a) G (Q*)s, and let s' be the largest integer 

with the property that u G {K*)s . Let mi = ra/gcd(ra,s) and n2 = n/gcd(n, s'). 
Suppose gcd(s,6) = 1.  Then 

(a) 

[K 
rai</>(m) 

'J      [kmnQ(fim):Q} 

where km = Q (resp. Q(\/N(a))) if2\m (resp. 2 | m). 



740 YEN-MEI J. CHEN AND JING YU 

(b) 

f wlmSm.     ifK- «v^3), 3 | n, and u e (K^)*)3, 
I        2n2(t>(n) ntherim<iP V [KnQ(nn):Q]        omerwise. 

Proof.    Our argument is based on the following 
SUBLEMMA. Let F be a field, Ki a finite abelian extension of F, and K2 be 

a finite extension of F which is not Galois but with prime extension degree. Then 
Ki, K2 are linearly disjoint over F and [K1K2 : Ki] = [if2 : F]. 

(a) Suppose that 2 f m. For q | m, let Em,q = Q(^m, ^/N(a)). Note that 
[Q(^/N(a) : Q] = 1 or q depending on whether N(a) G (Q*)7. By the Sublemma, we 
have therefore 

{ q     otherwise. 

Thus Em^s are linearly disjoint over Q(/im). Since Em is the compositum of J5m,g's, 
we have [Em : Q] = [Em : Q(fim)][Q(^m) : Q] = mi0(m). 

Suppose that 2 | m, write m = 2m7. Then mi = m/ gcd(m, 5) = 2 -m'/ gcd^', s) 
= 2m/

1 and i£m = £,2^m,• For g' | m', let £?m,9' = ^(^m'j V-^(a))- Here one also 

has [E,2( ^/iV(a)) : J^o] - 1 or g' depending on whether N(a) € (Q*)9'. Consequently, 

[ g     otherwise. 

The Emrf's are linearly disjoint over ^(/w) and we have 

[JBm : Q] = [Em : £i(Mm')][^(Mm') : Q] 

= mi[E2:Q|[Q(^m/):Q| 
2     [^2 fl Q(/im0 : Q] 

?ni</)(m) 
= [J%nQ(/im):<Q8" 

(b) For ^ I n, let Fn5g/ = if (/i„, tfu). Note that if g'7 | s7, then if (,?(/i0 is not 
Galois over if except that if = Q(\/—3) and q' = 3. Also one has that [if ( ^/u) : 

if] = 1 or q' depending on whether u G (if*)9 . By the Sublemma, we have [Fn,q> : 
K(jAn)] = q'/gcdiq^s') except when if = QiV1^) and qf = 3. If if = Q(\/::3) and 
3 I n, then 

1     i{u£(K(jin)*)Z, 

3    if u £(*:(/*„)*)3. 

Thus the ^^''s are linearly disjoint over K(fin) and we have: 

[Fn : Ki/tn)] = ( ^     if ^ = Q^^' 3 I n'  and " e (K^*)3' 
[ n2     otherwise. 

Therefore, 

[Fn : Q] = [Fn : ^(^n)]^(Mn) = Q] 

= f sI^SW     if K = ^^ 3 I n,  and « € (tf(/i„)*)3, 

I [ASQI     
otherwise-      [] 

[Fn,3:K(nn)}=, _        _  
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LEMMA 2.6. Let m, n be square-free positive integers with n odd and gcd(m, n) = 
1. Suppose further that a satisfies all the conditions in Lemma 2.5. If K = Q(y/—3), 

3 | n and u e (K(pmn)*)   \ (K(jjLn)*) , then Em n Fn = km(fim) fl K(jMni ffi) and 

rF   nF 3[iamnQ(Mmn):Q] 
1  m       n '^ ' [kmnQ(fim) :Q}[K nQ(fin) :Q}' 

Otherwise, Em D Fn — km(jim) fl ^(/tn) a^^ 

[is:fcm n Q!jtmn) ■ Q] 
[Em nFn:' [fcmnQ(Mro):Q][-R:nQ(/tn):Q]- 

(Recall that km = Q (resp. Q(y/N(a))) if2\m (resp. 2 | m).) 
Proof. First we contend that Em n iirfcmC/imn) = km(pm)- Also that Fn n 

Kkm(pmn) = If(/i„) except when AT = Q(\/-3), 3 | n, u e (K(pmn)*).   but u £ 

Since gcd(m,n) = 1, Kkm(fimn, r^/N(a)) and Kkm(pmn, yfi) are linearly 
disjoint over Kkm(fj,mn). Observe that Em C Kkm(fjLrnn, r^/N(a)) and Fn C 
KkmiUmm y/u). Hence 

^m n Fn C Kkmdimn,   y/Nfa)) fl Kkm^JLynn, \/u) = Kkm^rnn)- 

Note that for odd prime 9, JV(a) € (Q*)g if and only if JV(a) € ((XA:m)*)9. Similar 
to the proof of Lemma 2.5(a), one has 

[Kkm^mn,  y/N(a)) : Kkm(fjtmn)] = *—r = [Em : km(pm)] 

and therefore Em fl Kkm(fimn) = km(fxm). 

Similarly, because N(a) is divisible only by splitting primes, if q' f 5', then 
Kk^ i/u) is not Galois over Kkm except when K = Q(y/—3) and qr = 3. Thus 
we have 

(_ n2     otherwise. 

Therefore, FnnKkm(jJimn) = K(jin) unless K = QCV^S), 3 | n, andu G (if (/im„)*) \ 

{K(jtn)*) . In the last mentioned case, it is easy to check that [JF^ fl Kkmipmn) : 
K(jin)] = 3 and thus Fn n Kkm(nmn) = K(pn, ffi). 

If we are in the case if = Q(\/-3), 3 | n, u € (if (/imn)*) \ (if (/in)*) , what we 
obtain is 

[Em nFn:Q]= [{Em n Kkmbimn)) n (Fn n Kkm(iimn)) : Q)] 

- [MM n if (Mn, vM ■ Q] -      [Kkm{llmn^):Q] 

= 3[fcm(Mm) : Q][if (Mn) : Q] 
[Kkmiflmn) ■ Q] 

= 3   [fcm : Q][Q(/*m) : Q] [if : Q][Q(Mn) : Q]   [Kkm n Q(Mmn) : Q] 
[fcmnQ(Aim):Q]     [ifnQ(^n):Q]   [iffc™ : Q][Q(/im„) : Q] 

3[if km n Qfomn) : Q] 
[fcmnQ(/im):Q][ifnQ(/i„)- 
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On the other hand, in all other cases, we have 

[Em n Fn : Q] = [M/U n KM : Q] = ^^ ff*^ : Q] 

= [fem : Q][Q(Mm) :Q[K: <B[Q(Mn) : Q]    [^m n Q(/iron) : Q] 
[*mnQ(Mm):<a     [irnQ(^n):Q]   [if^ : Q][Q(Mmn) : Q] 

[Kkm fl Q(Aimn) : Q] rn 

[*mnQ(MTO):Q3[A-nQ(M»):<a' 

LEMMA 2.7.   Let m, n 6e square-free positive integers with n odd. Suppose further 
that a satisfies all the conditions in Lemma 2.5. Let cm)n = #Cmjn. Then we have 

'.» - { 0 
if Em n jPn is totally real, 

0     otherwise. 

In particular, z/gcd(m,n) ^ 1, £Aen cm,n = 0. 
Proof. Suppose that Em fl Fn is not totally real. Then it is clear that Cm,n = 0 

and thus cm,n = 0. 
Now suppose that Em n i^n is totally real. Then gcd(m,n) = 1. Note that 

Cm,n C Gal(Lm,n/jE7m) C Gal(Lmtn/Em n Fn) C Gal(Lm,n/Q). Recall that Lm,n is 
the compositum of i£m, i7^ and thus one has the following isomorphism 

Gal(Lro>n/£m H Fn) ^ Gal(£;m/Fm n Fn) x Gal(Fn/Em n Fn) 

a ^ (0-1,(72) = (^bm,0-|irn). 

Embedding Fn into C, and restricting the complex conjugation r to Fn, since Emr\Fn 

is totally real, we may extend r |irn to an element in Cm,n. It suffices to show that 
0" € Cmn if and only if cr2 = r\Fn. Suppose a € Cm)n. Then cr! = id. Let (n be a fixed 
primitive n-th root of unity. Suppose 0-2(\/u) — Cn~h^ ^ov some fixed z, 0 < i < n - 1. 

Then ^1 = cr^y/u) — Cn2z A/^- As n is odd, it follows that i = 0 and 02 is unique 
on Fn. □ 

Let c?mjn denote the extension degree of Lm?n over Q. Then we have 
LEMMA 2.8.    Let m, n be square-free positive integers with n odd and gcd(m, n) = 

1. Suppose further that a satisfies all the conditions in Lemma 2.5.  Then 

= f ^Zntttm      ifK = ^^ 3\n, andue {K{nmnY)\ 
m'n      \       2m1n2(t>{mn) otherwise 

I [iirfcmnQ(Mm„):Q]       omerwise. 

Proof. Recall the fact that Lm,n is the compositum of Em and Fn. Combining 
Lemma 2.5 and Lemma 2.6, we have, if K — Q(\/—3), 3 | n, and u G (if (A*mn)*)3> 
then 

dm,n = [Lm>n : Q] = [Em : Q][Fn : Q]/[Em fl Fn : Q] 

2min2<^(mn) 

""3[ii:fcmnQ(/xmn):Q]' 

^,       . , 2min2(/>(mn) 
Otherwise,   am,n = 7— ^r; r—^r. U m'n      [Kkm n Q(Aimn) : Q] 

Let £># denote the absolute value of the discriminant of the imaginary quadratic 
field K, and let -Dm,n denote the absolute value of the absolute discriminant of the 
number field Lm n. Then we have 
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LEMMA 2.9. Dm,n \ j^ *(">*(»> (iV(a)mn)4min20(m)0(n). 
Proof. It is routine to compute that the relative discriminant of -Bg/Q and 

Fq,IK divides ^(a)^^^2^^ and N{a)[F^''K]q'2[F^''K] respectively. Hence the rel- 

ative discriminant of Lmn/K divides (N(a)mn) min2 n . Consequently .Dm,n | 
^77117120(771)0(71) / jy/^^^ 4mi «20(m)0(n) ^ j-| 

3.   Existence and positivity of the density. Given a set M C P, we are 
interested in the following limit: 

..      #{£ G M : £ < x} 
hm . 

x^-oo X/iOgX 

If this limit exists, its value is called the density of M, and will be denoted by den(M). 
We are going to prove that if a G K satisfies certain conditions, then the set Ma 

introduced in §2, has a positive density. The structure of our proof follows that of 
Hooley[2], c.f. also Murty[4]. 

For pimes g, q' with q' odd, we define two sets 

Sq —{t € P : I is inert in if, ZOK is unramified in L^i, and (£,Lq^) G Cg,i.}, 

Tq' ={t G P : I is inert in if, ZOK is unramified in Li^/, and (£,Li?g/) G Ci,g/.}. 

Note that given a rational prime £, there are only finitely many q's such that £ € Sq 

and also there are only finitely many t/'s such that £ G Tq'. We define R(£) to be the 
compositum 

R(£) = ]lLq,1-l[L1,q., 
q q' 

where q runs through primes satisfying £ G Sq and g' runs through odd primes satis- 
fying £eTqf. 

We are interested in the lattice of the fields Lm^'s where m, n are square-free 
positive integers with n odd, partially ordered by 

£m,n di -km',*!' if and only if m! \ m and nf \ n. 

This lattice will be denoted by C. Given L G £, we also introduce the functions: 

/(a;, L) = #{£ : £ G P, £ < x, ^ is inert in tf/Q, and i?(£) = L}, 

TTI(x, L) = #{£ : £ G P, £ < x, £ is inert in K/Q, and ij(^) D L}. 

For L G £, it is clear that 7ri(x,L) = ^ f{x,L'). From Mobius inversion, we have 
L'<L 

f(x,L) = V^ ju(L/,L)7ri(a;,L/) where IA(L',L) is the Mobius function of the lattice 

C (c.f. [5], Proposition 2.) In particular, 

f(x,K) - ^/x(Lm,n,lir)7ri(x,Lm,n) = ^ /i(m)/x(n)7ri (x, Lm,n) 

where m, n run through square-free positive integers with n odd. 
We will use the following effective version of Chebotarev Density Theorem. 
THEOREM 3.1. Let L/Q be finite Galois extension with Galois group G, and C 

a union of conjugacy classes ofG. Let 7rc(x, L/Q) = #{jp : p is a prime unramified in 
L/Q> P < x> and (.PJ -k/Q) — ^l- Assume GRH holds for the Dedekind zeta function 
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of L.   Then there exists a positive constant AQ (independent of C, L) such that for 
every x > 2, 

\nc(x,L/q) - ^Li{x)\ < Aoi^VZlogiDLxW)) 

where Li(x) is the logarithmic integral Li(x) — f* ^tt ~ lof^ as x -+ oo. 
(c.f. [6], Theorem 4.) 

The existence of density for Ma is contained in the following 
THEOREM 3.2.    Given a e OR \ OR* with gcd(a3a

r) = 1. Let s be the largest 
integer such that N(a) G (Q*)s.   Assume that gcd(s,6) = 1 and furthermore GRH 
holds.  Then den(Ma) exists and is given by 

_ _ U"m,n 

where in the sum m, n runs through all square free positive integers, n is required to 
be odd. 

Remark. The condition gcd(s, 6) = 1 in Theorem 3.2 is not essential. If 2 | s or 
3 | 5, one can still prove such an identiy with both sides equal 0. 

Proof of Theorem 3.2. First note that #{^ G Ma : I < x} = f(x,K). Define 
N(x,y) = #{£ : £ e P, £ < x, £ is inert in K, i # Sq and i <£ Tq> for all q.q1 < y.}. 
Recall that for any a G Gal(Lm)n/ 

^ ^ Cm,n ^=> o'Ug,! € Cq,i for all q \ m and cr\L1 , G Ci,q> for all q' \ n. 

Then it is clear that f(x,K) < N(x,y) and 

N(x,y) = Y^ ^(m)//(n)7ri(a:,Lm,n) 
m, n 

where the dash on the sum indicates that all the prime divisors of ran are < y. Note 
that TTI (x, Lm,n) = ^Cm.n (^5 £m,n)- Then applying Theorem 3.1 we can find a positive 
absolute constant AQ such that for all x > 2, 

\*i(x,Lm,n) - ^U(x)\ < Ao{^^os(Dm,nxd^)). 
U"m,n Q"m,n 

Now define M(x, 2/1,2/2) = #{£ • £ € P, I < x, £ G Sq for some q G [2/1,2/2] or 
£ G Tqi for some g' G [2/1,2/2].}- Then 

(1)    /(ar, K) > N(x,y) - M(x,y,x + l). 

Claim 1: M(x, ^ y^logx) = oC^). 

Proo/. The left-hand side is bounded by 

^2 n1(x,Lqil)+ ^2 nifaLliq'). 
y/x/\og2 X<q<y/xlogX y/x / log2 X<q' < y/xlog X 

If £ contributes a count of 1 to 7ri(x,Lqyi) then £ = 1 (mod #); if £ contributes a 
count of 1 to iri{x,Lirf) then £ = — 1 (mod g'). Hence 7ri(x,L9>i) is bounded by 
#{^ : ^ < a;, ^ = 1 (mod g)} and 7ri(a;,Li q>) is bounded by #{£ : £ < x, £ = -1 
(mod g')}- 
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By the Brun-Titchmarsh theorem, for any b € Z, there is an absolute constant B 
such that for q < x, 

#{£:£< x,£ = b   modq}<B-    * 

Therefore we have 

M(a:>!^-,v^loga?)<2- Y" JB7 ^f   ,   / x v    log"x>v      &   / - z^ (a - 1) log(x/q) 
^/\og2x<q<^\ogx      W /     tDV   '*' 

<'.0(£-) logx       '*—' q 

- log2 X        ^ 

logq\ 

log^x logs; 

Claims M(x>E^,x + l) = 0(i^). 

Proof. Note that one can write 

M(3> iSjft'S + !) = M(:r' i^'V^logx) + M(x, v^log^a; + 1). 

By Claim 1, it suffices to show that M(x, y^logo^x + 1) = o(j^-^).   Recall that 
£-1 

if ^ €  Sg, then i, =  1 (mod g) and N(a) «    =  1 (mod ^) in O^, which implies 
£-1 £-fl 

£ divides iV(a) «    — 1; similarly if ^ G T^/, then ^ = —1 (mod q') and w"?-  = 1 
£+1 £+1 

(mod £) in OK, which implies £ | (a *' - ar *' ). Since £ < x and 7,9' > y^loga;, 
(£-l)/g,(* + lW < 2^/logx. Let 

«!=        JJ       (iV(a)fc-l)      and     Ba =        JJ       (afc - (ar)*)2. 
k<2y/x/\ogx k<2y/x/ logx 

Note that Ri ^ 0 and R2 ^ 0. Then it is easy to see that £ £ Sq implies £ | Ri and 
also that £ E 2V implies £ | i?2- So M(x, ^/xlogx,x + 1) is bounded by the number of 
prime factors of R1R2, which is trivially 0(logi?i + log R2). Observe that 

logJii <       Y,       k\ogN(a) = 0(5^),  and 
k<2y/x/logx 

logi?2<       Yl       k\og/N{a) = 0(^). 
k<2y/x/logx 

Therefore M{x,^\ogx,x+ 1) — o(^|-^). 

Claim 3: M(x,y1x + 1) is O(Y^) provided y = y(x) -> 00 as # -> 00. 

Proof. It suffices to show that M(x,y1 l(f$x) = 0(i^f^)- We have: 

/x 
M(x,y,—— )<      V     7ri(x,Lg,i)+      V      7ri(x,LM/), 

l0g^ X ^ ^ Z-^   _ 



746 YEN-MEI J. CHEN AND JING YU 

y<Q<r^- y<q<T^f- log-* x " log^ X 

dqyi dqti 

<Li(x)     Y.     h + ^-0(     E     log?) + v^loga:-0(     £      1). 

One also gets the same bound for the sum involving 7ri(x,£i,?')- Hence 

M(x,y,i$-)<2.U(x)     Y,     ^ + 2-v/ilogx-0(     ^      V 

Claim 4: If y(x) = O(logx), then 

JV(x,y)^E,Mmyn)Cm'"r^ + ^ ^—' dm,n logo; 779.. TJ. '/*,»* o m,7i ' ^ 0 

Proof. Applying the effective Cebotarev Density Theorem to those fields Lm}n, 
and union of conjugacy classes Cm}n, with all prime divisors of mn bounded by y. 
Summing together the error terms, we have: 

m, n 

= 0(22<v^log2/ + 22^loga;) 

=:0(22^l0gx)=0(r^-), 
logo; 

where t is the number of rational primes < 2/, thus t — 0{^—). 

Using Lemmas 2.7 and 2.8 we see that the series >J ^^ is absolutely 
ra,n ' 

convergent. Now choose y properly {y — 0(loga;)), combining (1), Claim 3 and Claim 
4, we arrive at 

= ^/iMM(n)Cn.,n_g_+o(_g_)- 

ra, n 0?m,n logo: logX 

Therefore we conclude that den(Ma) = £ ^m)^n)cm,n [] 

TTI, n ' 

We are particularly interested in the case iV^a) = ps, where p is a prime splitting 
in the imaginary quadratic field K. As in §2, the case K = Q(\/—3) = K(fjLs) requires 
special attention. Suppose that K = Q(\/-3) and a ^ 0 € OR, gcd(a,aT) = 1, and 
iV(a) = ps, with 5 an integer prime to 6. Then the principal ideal (a) is equal to (P)s 

for some primary prime of OK lying above p. There is an unique integer 6(a) modulo 
6 with a = Q (3s. From the classical theory of cubic Gauss sums (c.f. [3], Chap. 9), 
one knows that p/J G K(fj,p)*3. Then it follows that for any square-free odd integer 
n, u = ^ e K(fjt,n)*3 if and only if 3 | 6(a) and p \ n. In the following we shall call 
an imaginary quadratic integer a exceptional if a 6 K, and a = ±PS with ft primary 
prime. All other imaginary quadratic integers are called nonexceptional. From Lemma 
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2.6, we know that if a is nonexceptional then Em fl Fn = km(pm) fl K(fin) always 
holds for relatively prime square free positive integer m, n with n odd. 

Let h denote the class number of K. For any positive integer n, let f(n) denote 
the number of odd prime divisors of n. We are ready to derive a precise formula for 
the density. 

THEOREM 3.3. Assume GRHholds. Suppose a £ OK\OK*, gcd(a,ar) = 1 and 
N(a) = ps, where p is a prime splitting in K, s is an integer satisfying gcd(6, s) — 1 
and f(s) = /( CJS h))- Then Ma has positive density given by 

'\ n d-zAr) n a- 
den(Ma) = < 

_2 x    if p  =   1 (mod 4) 

inc- 
(a — 1)J    J"L    VA     q(q -I)      or a is exceptional 
W ^    q>Z,q\ps ^^ ^ 

q\8 ^-1))gJ
IJ1"^-1)) otherwise. 

Remark.    1. The condition gcd(6,s) = 1 in Theorem 3.3 is essential. 
2. It is possible to remove the condition f(s) = /( df h^) from Theorem 3.3. In 

doing so, one has to modify the Euler factors in the infinite product which corresponds 
to primes dividing s. Writing (a) = as, and let o be the order of the ideal class of a. 
The primes dividing s' = s/o and those dividing o will give different contributions to 

the density, where s' is the largest integer with the property that u G (K*)8 . 
Proof of Theorem 3.3. Since f{s) = /( df h.), one has ni = n2 for all square 

free integer n. 

First Case: Suppose that p = 1 (mod 4). 
Case 1.1: DK =0 (mod 4). 

By Lemma 2.6 for relatively prime square free positive integers m, n with n odd, 
we have 

EmnFn = lQ{V¥)    if2lmandPl 
m \ Q otherwise, 

n, 

Then from Lemma 2.7 and 2.8, we obtain 

Cm,n = 1 and 0"m,n — ^ 
mini(j)(mn) 

2mini(f)(mn) 

if 2p | ran, 

otherwise. 
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Applying Theorem 3.2, we have 

den(Ma)=   V        ^mn)        |    y       ^(OTn) 
^   2mini(j){mn)        ^   m\n\($){mn) 

m, n, 2\n m, n, 2|n 
2p\mn 2p\mn 

= v2^(c)     v2^V(c) 

^ 2Cl0(C)      ^ 2ci^(c) 

£n(i 2 1 T-T 2 

=i
9>SJ1~^iri)) 

Case 1.2: --D^- = 1 (mod 4), i.e. K = Q(\/-«)5 
a = 3 (mod 4). Also the integer a is 

assumed to be nonexceptional. 
By Lemma 2.6, for relatively prime square free positive integers m, n with n odd, 

we have that Em fl Fn = fcm(^m) n K(fin) is totally real except when a | mn with 
gcd(a, n) = 1 (mod 4), in that case it contains the imaginary field Q(\/—a/ gcd(a, n)). 
From Lemmas 2.7 and 2.8, we get 

c       -1° 

Um, n — * 

if a | mn and gcd(a, n) = 1 (mod 4), 

otherwise, 

^ ^mini(j)(mn)     if 2ap | mn, 

mini0(mn)       if either a | mn or 2p \ mn, but not both, 

k 2mini0(mn)     otherwise. 
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In order to compute den(Ma) in this case, we first compute two sums Si, S2' 

s y> fijmn) y^ fi{mn) 

m,n,2tn ^V / m,n,2{n X ^V / 

a{mn,2ptran a\mn,2p\mn 

v    2/(c)M(c)        ^    2^V(c) 
^t    20^(0) t^i     0^(0) 

= v2^V(c)        ^   2/(c)M(c) 

^ 20^(0) ff     2CMC) 

= v 2/(c)/i(c)     ^ 2/(c)^(c)     ^ 2/(
C
)M(C)      ^ 2/(

C
)M(C) 

= in(i g—)-2/(oV(a) n a —) 

= i(n(i-   2  )-2/(a)MQ)) n a-   2  ). 

Next consider 

H(mri) Y^ 2/x(mn) 
^—' mini rhlm/n.] ^-^ mini(j)(mn) ^       mini0(mn)' 

m, n, 2-|'n m, n, 2-|'TI 

a|mn,2p|mn a|77in,2p|77in 

where the dash indicates that the sum runs through ra, n with gcd(a, n) = 3 (mod 4). 
Define for each integer r the function /r : Z>o —>• Z by /r(^) = n/gcd(n,r). Note 
that ni = /s(n) for every positive integer n. Let m and n be relatively prime integer, 
let a be a divisor of ran. Then one has /s(ran) = /s(ra)/s(n), ran = a/a(ra)/a(n), 
and 

/a(a) * fs{fa(m))fs(fa(n)) = fs{afa(m)fa(n)) = /s(ran) = /s(ra)/s(n). 

Thus 

Mran)      _   A*(a) /x(/o(^)/o(^)) 
rrnni^Cmn)      ai^(o) /a(m)i/o(n)i0(/o(m)/o(n))' 

For any positive integer n, let p(n) denote the number of prime divisors of n that is 
congruent to 3 modulo 4. For each ordered-pair (m',n') with gcd(a,ra/n/) = 1, the 
number of ordered pair (ra,n) with a \ ran,n odd, and ^(gcd(a, n)) odd satisfying 
777/ = /a(ra) and n' = /a(n) is equal to 
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52 = 
^ //(ran) 

ai(j)(a)     \ ^ raini^(ran) 
m, n, 2|n 

2pfmn gcd(a,mn)=l 

+      E 
m, n, 2\n 

gcd(a,mn)=l, 2p\mn 

2//(ran) 
raini0(ran) 

2/(Q)A/(a) /        ^ 2/(c)/i(c) ^ 2^c)+1/i(c) 

2ai^(a)  V     ,  ^      L    ci^(c)    +     ,  4^      ,       ci0(c) irV   y    Vd(o,c)=l,2ptc ^V  ^ gcd(o,c)=l,2p|c ^V  7 

2f(a^(a)f    y,     2f(c^(c) y, 2/(c)/i(c) 

2a^   Vdfc)=l    Cl^(C) gcd(a,^l)2p|c    Cl^C) 

2/(aV(a)    TT   ,. 2 2/(a)M(a) yj 2      , 

2/(oV(«)    TT    fl 2 

Applying Theorem 3.2, we have 

den(Ma) = 5! + S* = i    J]    (l 4,>tUV"     ^^-^ )• 

Case 1.3: Suppose K = Q(v — 3) and a is exceptional 
For square free ra,n, n odd and 3 f ra, we compute [Em D Fn : Q] using Lemma 

2.6. If gcd(3p, n) = 1 and 2 { ra, we obtain Em D Fn = Q. If p | ra and 3 | n, then as 
in Case 3.1 Em f) Fn = km(fim) n K(pLn, ^/u) is cubic over Q no matter ra is even or 
odd. When ra is even, we also have Em n Fn = Q if gcd(3p, n) = 1 or p \ ran. On the 
other hand, Em C\Fn = Q.{-s/p) if p \ n. Therefore Em D Fn is always totally real, and 

_ J 0     if 
2'n " I 1     if 

3 | ra, 

Sfm. 

By Lemma 2.8, If 3 f ra and 2 { ra, then 

2raini0(ran)     if 3 { n, 

dmjn = ^ raini0(ran)       if 3 | n and p { ran, 
minifm^ if3|nandp|ran. 

If 3 { ra and 2 | ra, then 

^m,n — 

2raini^(ran) if 3 f n and p f ran, 

mini(j){mn) if 3f n and p | ran, 

raini0(ran) if 3 | n and p \ ran, 
minifmn) if3|nandp|ran. 
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In order to compute den(Ma), we first evaluate sums S3, S4 as follows: 

s  =     y^ //(ran) y^ /x(mn)        |     y^        fijmn) 
*-'     2mini0(mn) ^-^    clvfi\n\^{mn)        ^    m\n\^(rnn) 

m, n, 2'|'n m, n, 2tn TTX, n, 2tn 
3tmn,2tm 3\mn,2\m 3tTnn,2|m 

p\mn p\mn 

li(mri) sr-^ /i(mn) 
9.TT7.177.1 fh(m.r)\ ^—^ 2m\n\^{rnn) *-*' 2mini0(mn) 

m, n, 2tn m, n, 2tn 
3fmn 3fmn,2|m,p|mn 

/i(mn) 1 ^^ Mmn) _ 1       ^-^ /i(mn) 1 ^ 
4       ^       m\ni(j)(rnn)     4 £-^ mini(f)(mn) 

gcd(6,mn)=l gcd(6,mn)=l,p|mn 

- 4      2^        c 0(c)        4        2^ c 0(c)    - 4      2^ c 0(c)   ' 
gcd(6,c)=l       irV  ; gcd(6,c)=l,p|c       irV  ; gcd(6p,c)=l       irV  y 

3//(mn) ^ 6fi(mn) 

..iini0(mn) ^ 
m, n, 2f n m, n , 2f n 

Z—' m.i T7i fh(m/n\ *-^ m.t m.i fh(m/n.} mini(j)(mn) *-^ raini0(ran) 
m, n, 2\n 

3fm, 2\m, 3|n, p\mn 3\m, 2|m, 3|n, p\mn 

Applying Theorem 3.2, we have 

n(mn) 
den(Ma) = 83 + 84+       ^ 

mini0(mn) 
m, n, 2-('n 

3-|'m,3|n,ptmn 

" 4      ^        ci0(c)        12      /^        ci0(c) 
gcd(6p,c)=l ^V y gcd(6p,c)=l       i^V  / 

= 1      y      2A^=1    „   (       _2_)     TT.(1__2_)- 

6   ^    ci0(c)    4 11 v    (<z-ir  i1, ^    ^-i); 
gcd(6p,c)=l rV  / «|»,97^P 9>3,9tPS 

Second Case: Suppose p ^ 1 (mod 4). 
Case 2.1:  DR = 0 (mod 4).   Then the possibility is DK = 4 (mod 8) and p = 3 
(mod 4). 

By Lemmas 2.6, 2.7 and 2.8, for relatively prime square free positive integers m, n 
with n odd, we have 

Em fl Fn = Q, cm5n = 1, and dm5n = 2m1n1(f)(mn). 

Then by Theorem 3.2, we have 

j    /^f \ _    Y^ n(mri)       _Y^2/(cV(g) 

=in(i-(Fi)) n (i-553i))>o. 
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Case 2.2:  — DK = 1 (mod 4), i.e.  a = 3 (mod 4).  The integer a is assumed to be 
nonexceptional. Note the case p = 2 is allowed here. 

By Lemmas 2.6, 2.7 and 2.8, for relatively prime square free positive integers m, n 
with n odd, we have 

Em H Fn = < 

c      -1° 

U"m,n — ^ 

Q(\/—a/gcd(a, n))     if a | ran and gcd(a,n) = 1 (mod 4), 

Q(\/a/gcd(a,n))        if a | ran and gcd(a,n) = 3 (mod 4), 

otherwise, 

0     if a | ran and gcd(a,n) = 1 (mod 4), 

otherwise, 

mini(/>(mn)       if a | ran, 

2raini0(ran)     otherwise. 

We start with the sum 

//(ran) 
Ss=  E raini0(ran)* 

m, n, 2{n 
a\Tnn 

where the dash indicates that the sum runs through ra, n with gcd(a,n) = 3 (mod 4). 
Similar to the computation of 52, we have 

= 2/(aV(Q)      ^      2f^n(c) 

Applying Theorem 3.2, we have 

i    /w \        v^ //(ran) 
den(Ma)=    V ^    /       +55 

^—'    2mini(b{mn) 
■      m,n,2tn r V / 

afmn 

= v2^V(c) = lTTr 2       , 
4-  2Cl^(C)        4 1^       qiiq-lY' 

Case 2.3: Suppose K = Q(\/—3) and a is exceptional. Note that p = 3  mod 4. 
Using Lemma 2.6, for square free ra, n, n odd and 3 f ra, we compute jBm nFn = Q 

if 3 { n, or p { n. On the other hand, if p | ra and 3 | n, then ^m fl Fn = km{iim) fl 
K(Pni ffi) is a cubic extension of Q. Thus ^m fl Fn is always totally real, and 

_ J 0     if 3 | ra, 
,n~ \ 1     ifSfra. 

From Lemma 2.8, we also obtain, for 3 \ ra: 

2raini0(ran)     if3fn, 

raini0(ran)       if 3 | n and p f ran, 
mini3^mn) if3|nandp|ran. 
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Applying Theorem 3.2, we see that the value of den(Ma) is 

Y^ ix(mri) Y^ //(ran) ^ 3/x(ran) 
^   2m\ni(j)(mn) ^        m\n\^){mn) ^        m\n\<\){mn) 

m, n, 1\n m, n, 2]n m, n , 2\n 
3\mn 3\m,3\n,p\mn 3\m, 3|n,p|mn 

/x(ran) Y^ /x(ran) 
4rr7.i r7.i rh(m.r)\ ^—' 4raini0(ran) ^        12raini0(ran) 

gcd(6,mn)=l gcd(6p,mn)=l 

^^ //(ran) 
^-^        4raini0(ran) 

gcd(6p,ran)=p 

_1     ^     2^
C
)M(C)       1       ^p      2^c)//(c)      1        ^        2^c)/i(c) 

~ 4     f^       ci(/)(c)        12      ^x       ci0(c)        4      / ^     ,     ci<Kc) 
gcd(6,c)=l       1^V  y gcd(6p,c)=l ^v  / gcd(6,c)=l,p|c ^v  J 

4. Applications to Elliptic Curves over Finite Fields. Let Fr denote a 
finite field of characteristic p with r = ps elements. Given an elliptic curve E defined 
over Fr, we would like to know the size of the Galois extension of Fr obtained through 
adjoining coordinates of all f-torsion points where £ is a prime. Let E[£] C E(¥r) be 
the set of all these ^-torsion points. Let End^; denote the endomorphism ring of E 
and let a = OLE E EndjE be the Frobenius endomorphism which raises the coordinates 
of points on E to its r-th power. Then the size of the Galois extension in question is 
the degree [Fr (£[£]) : Fr] which equals to the order of the Frobenius endomorphism 
acting on E[l\. If the curve E is not supersingular, a well-known theorem of Hasse 
asserts that Z[a] C End^ which can be identified with an order in an imaginary 
quadratic field K = KE- If E is supersingular, it may happen that OLE G Z, or else 
Z[a] is still contained in an imaginary quadratic field K = KE- We let disc(a:) be 
the discriminant of Z[a]. The following proposition bounds [Fr (E[£]) : Fr] in the 
non-supersingular case: 

PROPOSITION 4.1. Given a non-supersingular elliptic curve E^r with (geomet- 
ric) Frobenius endomorphism a embedded in an imaginary quadratic field K. Let 62 
be the largest divisor of 24 such that a G (if*)62, and ei = 2, or 1 according to whether 
a is a square in K. Suppose prime £ > 3 and £\pdisc(a).  Then 

[¥r(E[£]):¥r]< 
if £ is inert in K/Q 

if I splits in K/Q 

Proof The degree [Fr (#[£]) : Fr] is exactly the order of the endomorphism 
a inside (End^ /^End^)*. Since £ does not divide disc(a), we have Z[a]/£Z[a] = 
EndE/£EndE = OK/£OK, hence \Fr(E[£\) : Fr] equals the order of a inside the 
group (OKI£OKY. If I is inert in K/Q, then we have #((OKI£OK)*) =£2-l which 
is divisible by 24. On the other hand if £ splits in K/Q, the group (OKI£OK)* has 
exponent £—1. The desired bound follows immediately from these observations. D 

We are interested in the distribution of the degrees [Fr {E[£}) : Fr] as the prime 
number £ varies. In particular, how often the Galois extension degree [Fr (£[£]) : Fr] 
can be the largest possible, in other words, is equal to (£2 — l)/e2 ?   We consider 
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therefore the following set of primes: 

ME = {(, | I e P,  [Fr (E[£]) : ¥r} = (I2 - l)/e2}. 

The main theorem to be established is: 
THEOREM 4.2. Assume GRH holds, and suppose gcd(s,6) = 1. Let E/¥r be any 

elliptic curve which is not supersingular . Then the set ME always has positive density. 
Proof. Let K = KE, with h equals to the class number of OK- First, we apply 

Theorem 3.2 to the Probenius a = ot^. This shows that the set ME has a density, 
since it differs from Ma only by a finite set. Next we can multiply s by suitable powers 
of those prime factors of h not dividing 6 so that s* and s'/gcd(y,/i) has the same 
set of odd prime factors. Extending the base field to FpS>, and replacing the curve E 
by E' which is the original E over ¥pS'. Then the Frobenius af = ##/ satisfies the 
hypothesis of Theorem 3.3. It follows that the set ME' has positive density. To finish 
the proof, it suffices to show that Ma> C Ma. This follows from the fact that the order 
of a modulo £ is at least the order of a' modulo £ because a' is a power of a. D 

For prime fields Fr = Fp, a precise value of the density can be given. 
THEOREM 4.3. Given an elliptic curve E/Fp which is not supersingular. Suppose 

GRH holds. Then the density of ME is : 

den(ME) = { Jj     "("-V 
I   C2 

where C2 is the constant: 

(1 ~ P(P-I)}   
1^2      ifp=l (mod 4) or a is exceptional, 

2 otherwise, 

q^2 prime *\* / 

Proof. Since den(M£) = den(Ma) in this case (s=l), the formula follows from 
Theorem 3.3 immediately. D 

Let tE € Z denote the trace of the Frobenius endomorphism. If the curve E is 
supersingular, bounds on [Fr (£?[£]) : Fr] are given by 

PROPOSITION 4.4. Suppose E/Fr is supersingular and £ does not divide disc(a:). 
Then 

(£— 1), if tE = i2y/r, and s even 

2(£-l), iftE = 0 

S(£ — 1), if tE = ^Vr, and s even 

A{£ - 1), iftE = ±p(5+1^2, s odd, andp = 2 

6(1 - 1), if tE = ±p(s+1)/2, s odd, andp = S 

[¥r(E[£}):¥r]<{ 

Proof. Frobenius endomorphisms of all supersingular elliptic curves have been 
computed explicitly by Deuring (c.f.[7], Theorem 4.1). If ts = ±2y/r and s is even, 
otE € Z. If ts = 0, CUE = ±\/^r, then Og € Z. If £# = i-^r, and s is even, 

as = ip*1^5, a3
E € Z. If ts = ±2i4iI and s is odd, as = ±2^(1 ± V^), 

a% e Z. If tE = ±3^ and s is odd, as = ±3^^^, a6
E G Z. The proposition 

follows from this information immediately. □ 
Combining Theorem 4.3 with Proposition 4.4 we obtain the following characteri- 

zation of supersingular elliptic curves: 
COROLLARY 4.5. Assume GRH holds. Then E/¥p is supersingular if and only 

if [¥p(E[£]) : Fp] = 0(£ — 1) as £ runs through the rational primes. 
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In fact, in the supersingular case, it is not difficult to derive from Hooley's classical 
work on Artin's primitive roots conjecture (c.f. [2] or [4], the details are left to the 
reader) for the torus Gm, the following result 

THEOREM 4.6. Assume GRH holds. Let E/F be a supersingular elliptic curve. 
Then the set of primes I satisfying [¥p(E[i]) : ¥p] = 2(1 — 1) has a positive density. 
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