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BOUNDS FOR CERTAIN EXPONENTIAL SUMS* 

TODD COCHRANEt AND ZHIYONG ZHENG* 

1. Introduction. In this paper we consider exponential sums of the type 

(1.1) S(axn + bx,pm)=    J2    e(axn + bx/pm), 
ccmodp771 

and 

(1.2) S(axn + bx,x,Pm)=    E    x(xWaxn + bx/pm), 
xmodp™ 

where pm is a prime power , x mod pm is a Dirichlet character, a, b, n are integers 
with n > 2. 

The first sum was studied in connection with Waring's problem and we have 
a classical result due to professor Hua [10]. The second sum has not been studied 
before as far as the authors know. We hope it can be used in the work of generalizing 
Waring's problem. In [6], Davenport and Heilbronn showed that 

(1.3) S(axn + bx,pm) <n/m(&,Pm),    ifpto, 

where 0 = 2/3 if n = 3, and 0 = 3/4 if n > 3. Hua [10] showed that 0 = 1/2 for all 
n > 2 (also see Lemma 4.1 of Vaughan [19]). Hua's proof depends on Weil's estimate 
for exponential sums over finite fields (see Bombieri [1] or Schmidt [15]). In this case 
we have 

(1.4) \S(axn + bx,p)\<{n-l)pi,    ifpfa. 

For m > 2, following the work of Loxton and Smith [13], and Smith [17], one has that 

(1.5) \S(axn + bx,pm)\ < d„-i(pro)p^(A,pm)^ 

where dn-i(pm) is the number of representations of pm as a product of n — 1 positive 
integers and A is the discriminant of the derivative of the polynomial axn + bx. After 
an improvement by Loxton and Vaughan, Theorem 1 of [14] implies the following 
estimate 

(1.6) \S(axn + bx,pm)\ < (n-l)/^(£>,pm)2, 

where D is the different of the derivative of the polynomial axn + bx, and TQ = 1 if 
p < n, and TQ = 0 if p > n. Very recently, Dabrowski and Fisher established better 
bounds for exponential sums of this kind.   Under the restriction p { ab, p \ n, and 
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n > 2, their work implies the following bounds (see Theorem 1.8 of [5] or Theorem 2 
of Ye [21]): Hp > 2, then 

(1.7) 

\S(axn + bx,pm)\< { 

' (n - l)p^,      if p f n — 1, 

(n- l)p^pt,      if^Hn-l,/*^ 1 andm> 3/i + 2, 
(n — l,p — l)pmin(/l'fL-1)pf'3      if m is even, 

^(n - l,p - i)pmm(h,^-i)p^^      if m is odd> 

There is a similar estimate for p = 2. 
The purpose of this paper is to improve the above estimate by showing the follow- 

ing quite general result. To state our theorem conveniently, let ordp(x) denote the nor- 
mal exponent valuation on the p-adic field. In particular, for x G Z,a; ^ 0,pordp^\\x. 

THEOREM 1.1. Let n>2,m>2,h = ordp(n -1), /3 = ordp(ri), and a, b G Z be 
any integers with r = or dp (a) < m — 2. Ifp>2 we have 

(1.8) \S(axn + bx,pm)\ < (n-l,p-l)pimin(1'«pimill^m-2-r)p*(b,pm)i, 

and if p = 2, then 

(1.9) |S(axn + &z,pm)| < 2p2m'm(h>m-2-T)p!?(b,pm)K 

where (i, j) denotes the greatest common divisor of two integers i and j. 

COROLLARY 1. If m > 2,n > 2 and p\ n(n - I), (n - l,p- 1) = 1 and p\ b, 
then for any integer a, we have the following sharp bound that 

(1.10) \S{axn^bx,prn)\<p^ 

The condition r < m—2 in the above theorem is natural since we can deal with the 
case r > m — 1 in a trivial manner. If r = ordp{a) > m — 1, then S(axn + bx,pm) = 0 
when ordp(b) = 6 < r. If ordp{b) > ordp(a) > m, then S(axn + bx,pm) — pm. If 
ordp(b) > ordp(a) = m — 1, we have |5(aa;n + &a:,pm)| < (n — l)pm_2? by Weil's 
estimate (1.4). 

It also is of interest to compare this result with Theorem 5 of [21], in which 
Ye considered the special case of very large n, and showed that if p > 2, p { a&, 
n = (p(pm) — k with 1 < k < p — 1, where <p(pm) = pm~1(p — 1) is the Euler function, 
then one has 

\S(ax^prn)-k + bx,pm)\< i 

(k + l)p2 -f 1, if k > 1, k | p — 1, and m = 1, 

(fc + l)p^, if 1 < k < p - 1, and m > 2, 
p22^-, if A; = p — 1, and m = 3, or m > 5, 

p-p2* , if & =p— 1, and m = 4, 

p^, if & = p - 1, and m = 2. 

Since m > 2, if 1 < k < p— 1, then p {ip(pm)—k = n and we have /? = ordp{n) = 0. 
If 1 < k < p - 2, then ft = ordp(n - 1) = 0, and (n - l,p -!) = (* + l,p - 1). If 
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k = p — 1, then h = 1, and (n — l,p — 1) = 1. Thus by (1. 8), if m > 2, and p { a&, 
we have 

(1.11) \S(ax^prn)-k + &a:,pm)| < < 

(k + l,p - l)p*,    if 1 < Jfe < p - 2, 

p^, iffc=p—l,m = 2, 

pm2   , ifk=p— l,m>3, 

which is better than Ye's result when 1 < k < p — 1. This improvement allows us to 
establish a new bound for hyper-Kloosterman sums. We state this result as follows. 

Estimation of Kloosterman Sums. The classical Kloosterman sum is defined 
by 

(1.12) K(a,b,pm) =        ^        e(QX^bX),    where xx = l(modpm). 

x mod pm 

p\x 

If m = 1 we have the well known bound due to Weil [20], 

(1.13) |A-(a,MI<2p*, ifpt(o,6). 

If m > 2, Salie [16] showed that there exists an absolute constant C such that 

(1.14) |if(a,6,pm)| < Cp^,    if p\ (a,6) and m > 2. 

Estermann [8] showed that C = 2 for p > 2 and p f (a, 6), (see Lemma 4 and Lemma 8 
of [8]). As a direct corollary of Theorem 1.1, we have Estermann's result immediately. 

COROLLARY 2. If p> 2, m>2, and p\ (a,b), then we have 

(1.15) \K(a,b,prn)\<2p^. 

Proof. If m > 2, then K(a, b,pm) = 0 if p|a, and p f 6, or p \ a and p\b. Thus we 
may assume that pf a6. Since x^v™) = l(modpm) when p f x, it follows that 

(1.16) ifCa, 6,pm) = 5(aa:*,(pm)-1 + bx,pm). 

The corollary follows by (1.11) immediately. □ 
We turn now to a discussion of the hyper-Kloosterman sum. For any ai, 02? • • •, 

an+i G Z we define an n-dimensional Kloosterman sum by 

si ifn(ai,a2,---an+i,P   ) = 2^ * *' Z^ e( m )' 

where, in the sum, it is understood that the values Xi are restricted to nonzero residue 
classes   (mod p). If m = 1, we have a deep estimate due to Deligne, 

(1.17) |#n(ai,a2,---an+i,.pm)| < (n + l)p^,    if pf aia2 • • -On+i. 
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If m > 2, we have Kn(ai, 02, • • • an+i,pm) = 0 if p \ a* for some a*, and p { aj for 
some aj (see Theorem 3 of [18]). Thus we may assume p f 0,10,2 • • • fln+i and restrict 
our attention to the sum, 

.18) Kn(a,pm) = 2^ • • • 2^ e( ^ )• 
£1=1 #71=1 

In [21], [22] Ye generalized the identity (1.16) to any n > 1. If p > 2, p { n and 
p f a, he showed that 

n     v ,      m. _ fp^-VSiax*^-" + n^p"1), if m is even, 
(1.19)      An(a?P    ) - |(2»-^»-^)en-lpyS(fla.y(p'")-n + w:c>1|m)>     if m is odd, 

where (|) is the Legendre symbol and \£p\ = 1 . 

By (1.11) and (1.19), we obtain 

COROLLARY 3.1 Let p> 2, m>2, 1 <n <p— 1, and p\a, then we have 

{{n + l,p— Vjp12^,    if]-<n<p — 2, 

p12^, f/n=p-l,m = 2, 
p2 -p^, ifn=p—l,m>3. 

The result of this corollary was obtained earlier by R. A. Smith [18, Theorem 6], 
and by Dabrowski and Fisher [5, Theorem 1.8, Example 1.7]. 

Mixed Exponential Sums. Another purpose of this paper is to establish an 
estimate for the mixed exponential sum, S(axn + bx, XJP™)- If m = 1, it follows from 
Weil's work [17] that for all x mod p, and p{ a 

(1.21) |S(azn + to,x,pm)| <npi 

Using the method the authors established in [3] and [4], we obtain the following bound 
for S(axn + bx,x,Pm)- 

THEOREM 1.2. Let n > 2, m > 1 and a, & be any integers with p\ a. If p > 2; 

then for all x mod pm
? we have 

(1.22) \S(axn-hbx,x,Pm)\<npim(b,prn)i. 

Ifp = 2, then for all x mocl 2m, we have 

(1.23) \S(axn + bx,x^m)\ <2n2fm(6,2m)3. 

The following example shows that the exponent |m in (1.22) is best possible. 

EXAMPLE 1.3. For any a, b e Z with pf a&, and p > 5, there exists at least one 
character x such that 

(1.24) \S(ax2 + bx,x,P3)\=P2- 

The proof is given at the end of the paper. 

1A more general result on n-dimensional Kloosterman sums was obtained in a recent work of 
Todd Cochrane, Ming-Chit Liu and Zhiyong Zheng, "Upper bounds for n-dimensional Kloosterman 
sums"; preprint. 
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2. Preliminaries. To prove the above theorems, we first consider exponential 
sums in general and state some sharp estimates given in the author's works [3] and 
[4]. Let f(x) be a polynomial with integral coefficients, and let 

(2.1) S(f,pm)=    Y,    e(f(x)/Pm)>    S(f,x,Pm)=    E    X(x)e(f(x)/P
m). 

a;modpm zmodp™ 

Let d = d(f) denote the ordinary degree of /(#)> aild dp(f) denote the degree of 
/ read (modp). For f(x) = CLQ + aix + h adXd G Z[a;], we define 

(2.2) ordJf) = min {ordJai)}. 
0<i<d 

If m = 1, it is a well known consequence of the work of Weil [17] on the Riemann 
hypothesis for curves over a finite field (also see for example Bombieri [1] and Schmidt 
[14]) that if dp(f) > 1 and p is an odd prime, then for all / and all x mod P? 

(2.3) \S(f,p)\<(dp(f)-l)pi    and    |S(/,x,p)| < dp(/)p*. 

If m > 2, Hua [8] and [10] showed that if dp(f) > 1, then 

(2.4) \S(f,pm)\<d3pm^-^. 

In [2], Chalk considered the zeros of / (x) modulo p and showed that if m > 2t + 2 
then 

(2.5) \S(f,pm)\ < di^^p-^ •pm(1-^T), 

where t = ordp{f (x)),A = A(f,p) is the set of distinct zeros of the related congruence 

(2.6) p-tf'(x)=0    (modp), 

/ia is the multiplicity of each a £ A and M = max{fia} is the maximum multiplicity. 
In [3] and [4], we improved Chalk's result by proving the following theorem (see 
Theorem 2.1 of [3]). 

THEOREM 2.1.   Let p be an odd prime and f be any nonconstant polynomial 
defined over Z, t = ordp(f {x)), m > 2.  Then if0<t<m — 2, we have 
(i) If A is empty, then S(f,pm) = 0. 
(ii) If A is not empty, then 

(2.7) \S(f,pm)\ < (I>a)p'*VB(1-**T). 
aeA 

(Hi) If p = 2, then for m > t + 3, or m = 2, t = 0, if A is empty then S(f, 2m) — 0. 
J4ZS0; for any m>l,t>0,we have 

(2.8) \S(f,2m)\ < (Y, /ia)2^2m(1-^Tr). 
aeA 

The estimate (2.7), known as Chalk's conjecture (see [7] ), provides a local upper 
bound for S(f,pm). Similar upper bounds were obtained by Ding [7] and Loh [12]. 
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Exponential sums with a Dirichlet character x denoted by S(f,XiPm)i are called 
mixed type exponential sums. Several authors, including E. Bombieri, M. C. Liu and 
W. M. Schmidt, posed the problem of how to generalize the classical bound of Hua 
(2.4) to S(f,XiPm)' In [3] and [4], we succeeded in establishing a sharp estimate 
for this sum. To state this result, let p be odd prime and x mod pm be a Dirichlet 
character. Let g be a primitive root (modpm) such that g > 0, and 

(2.9) g?-1 = 1 + rp,    with p f r. 

Then we can find a unique integer c = c(x,g) with 0 < c < pm~1(p — 1), such that 
for all k 

(2.10) X(fl*)=c(cfc/Pm-I(p-1)). 

Let 

(2.11) t = ordp(f (#))    and     ti = ordp(rxf (x) + c). 

Since p f r, it is plain that £i = min{£, orrfp(c)} < m — 1. Let Ai be the set of distinct 
nonzero solutions of the related congruence 

(2.12) p-^irxf'ix) + c} = 0    (mod p). 

THEOREM 2.2 (Theorem 1.1 of [3]). If0<t1<m-2,we have 
(i) If Ai is empty, then S(f,XiPm) = 0- 
(ii) If Ai is not empty, then t = ti, and we have 

(2.13) \S(f,x,Pm)\ < ( E ^P^P^-^K 

where p,a is the multiplicity of each a E A and M = max{jjLa}. 

Since M < d, it follows that 

(2.14) \S(f,x,Pm)\<Qdpm^-^\ 

uniformly for any prime p, polynomial / with dp(f) > 1, and m > 1. We also showed 
that the exponent m(l — ^-) is best possible for m > 2; see Example 9.2 of [3] and 
Example 1.3 of this paper. 

3. Lemmas. To prove Theorem 1.1, we first state a recursion relationship which 
was established in [3]. Let 

(3.1) aa = ordp{f(px + a) - /(a)},    ga(x) = p'^ifipx + a) - /(a)} 

where a e A is a solution of congruence (2.6). 
LEMMA 1 (Proposition 3.1 of [3]). Ifp > 2 and m>t + 2, or p = 2, m > t + 3, 

or p = 2, m — 2, and t — 0, then if A is not empty, we have 

(3.2) S(f,pm) = £ e(/(a)/p"l)^-15(pQ,p'"—), 
a€A 

where S{goc')p
rn~(Ta) =pm_0'a, ifm<aa, and 

(3.3) 5(ya,pm-^) =       Yl      e(9*(x)/pm-*«),    ifm > aa. 
xmodprn~<Ta 
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Trivially, we have \S(gonp
m'~(Ta)\ < p771-^, and so we deduce from this lemma the 

nontrivial estimate for 5(/,pm), 

(3.4) |S(/,pm)|<(£l)p'B-1,    (0<*<m-2). 

LEMMA 2.  Let p be an odd prime, f(x) G Z[x] be a polynomial of degree d and 
dp = dp(f) be the degree of f(x) read modulo p. Ifl<dp<p—l,we have 

(3.5) ISttp™)!^-!^1-**. 

Proof Write/(x) = akXk+ak-ixk~1 -\ \-aix+ao+pH(x), where H(x) e Z[a:], 
k = dp(f) with 1 < k < p — 1, and p f a^. If m = 1, the lemma follows from Weil's 
estimate. Let m > 2. Since ff(x) = fca&a^-1 H h ai + pH'{x) and p \ k, we have 
t = 0. By Theorem 2.1, we have 

(3.6) \S(f,pm)\ < (£ Ma)Pm(1~^T) < (* - l^1"*), 

and the lemma follows. D 

LEMMA 3. Letn be a positive integer with n = l(modp) andrj = j-\-ordp{ I    •   )} 

for 1 < j < n. Then if p > 3, we have Tj > 1 + T2 for all j > 3. Ifp = 3, then T3 = T2, 
and Tj > 1 4- r2 /or a// j > 4. Ifp = 2, then T4>Ts = l + T2J and Tj > 2 4- T2 /or a// 
j>5. 

Proof Since j I    .    J = (n — j + 1) (    .     1   ), then for 1 < j < n , we have 

(3.7) Tj = 1 + ordp(n - j + 1) - ordp(j) + 75_i. 

If p > 2, we have 

00 

(3.8) ordp(i!) - $>7/] < -37 < I 
k=i P±* 

Thus if j > 4, we have 

Ti>j-2-0rdp(j!)+T2>l + T2. 

If p > 3, then rs = 1 + T2 by (3.6), and for all j > 3, we have TJ > 1 + Tg. If p = 3, 
then T3 = r2, and T4 = 1 + T3 . Now we consider p = 2. It is easy to see that 

7*2(5 > 2 - orck^) + T2(<5_i)    and     Tj = 1 + rj_i,    if j is odd. 

In particular, T3 = 1 + T2,T5 = 1 4- T4 > 2 + r2,n > T3 = 1 + T2,re > 2 + T4 > 3 + T2, 
and T7 > 1 + re > 4 + r2. If j > 8, j = 25 with S > 4, we have 

T25 > 2((J - 2) + 1 - ord2((5!) 4- T4. 

Since 
00 

(3.9) 0rd2(<5!) = ^[J/2fc]<<5, 
k=l 
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we have 

T25 > £-3 + T4 > 2 + T2, 

and the lemma follows immediately. □ 

LEMMA 4. Let 0, - j - ordp(j\). If p > 3, then 63 = 1 + 62 and 6j > 1 -f 9s for 
all j > 4. Ifp = 3, then 63 = 62, and Oj > 1 + 63 for all j > 4. 

Proof. We have 

dj = 1 - ordp(j) + Oj-u    for j > 2. 

It follows that 

(3.10) Oj > j - 3 - ordp(iO + ordp(6) + 193. 

If p > 3, then ordp(j!) < |i, and % > § - 3 + ordp(6) + (93 > 1 + 63, if j > 8. Now if 
p > 3, then #3 = 1 + 62 and #4 = 1 + <93,93 > 9A > 1 + 6>3,^ = 1 + #5 > 2 + 03,#7 > 
9Q >2 + 93. Ifp = 3, then 93 = ^^4 = 03 + 1,05 = 1 + 04 = 2 + 03,06 = 05 = 2 + 03, 
and 07 = 1 + 06 = 3 + 03. The lemma follows. □ 

To prove Theorem 1.2, we need to untwist the sum 5(/,x,p) using the method 
established in [3]. Let p > 2 be an odd prime, % mod p171 be a Dirichlet character, r 
and c be defined by (2.9) and (2.10) with pf r, and 0 < c < prn-1(p - 1), t and h be 
defined by (2.11), and Ai be defined by (2.12). 

LEMMA 5. If m>ti+2, then for any polynomial f and multiplicative character 
X mod p™, we have 
(i) If Ai is empty, then S(f,x>Pm) — 0- 
(ii) If Ai is not empty, then t = ti, and 

(3.11) S{f,pm) = £ x{a)e{f{a)lpm)     £     e(Fa(j,)/p™), 
OL€LA\ ymodp™-1 

where Fa (y) is an integral-valued function given by 

(3.12) Fa(y) = f(a(l + rp)y) - /(a) +pcy. 

Proof See formula (6.3) of [3]. D 
This lemma also gives a nontrivial estimate for 5(/, x,pm), namely, 

(3.13) |5(/,x,pm)|<(E ly1"1,    if0<ti<m-2. 
a€^li 

4. Proof of Theorem 1.1. Let p > 2, m > 2, n > 2, a,& G Z, and /(&) = 
aa:n + bx. Put 

(4.1) ardp(b) = 6,    ordp{n) = (5   and     ordp(n — 1) = ft. 

We will prove that if ordp(a) = r < m — 2, then 

(4.2) |5(aXn + 6x,pm)| < (n - l,p- l)pi ^{l^Imin^m^-r^f pj ^ 
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If we have (4.2) when r = 0 then we claim it is true for any r with 1 < r < m — 2. 
To see this, first note that S(axn + bx,pm) = 0 if 5 < r and so we may assume S > r. 
Then we have 

|S(«*» + te>Pm)l=PTl    E    ^^J^y 
rcmodpm~T 

< pT(n - l,p - l)ph™Mh,m-2-T}p^pirnin{l,(3}p^ 

< (n - l,p - l)pi inin{1»^>jp5 min{/l,m-2-r}^f ^| 

Thus without loss of generality, we may let r = 0, and prove the following in- 
equality, 

(4.3) \S(axn + bx,pm)\ < (n-l,p-l)pimint1'/?>pimin^m-2>p^p5> 

for all m > 2, and p f a. We use induction on m. If m = 2, we consider the two 
cases (3 > 1 and /? = 0. If ft > 1 and 5 = 0, then r = 0 and the related congruence 
p~t{anxn~1 + &} = 0(modp) has no solution, thus S(axn-\-bx,pm) = 0. If /? > 1, and 
S > 1, then (4.3) is trivial. Let {3 = 0, then £ = /3 = 0, and the related congruence 
has a t most (n — l,p — 1) distinct solutions. It follows from (3.4) that 

(4.4) \S(axn + bx,p2)\ = (£ 1)P < (ri - l,p - l)p. 

Next we consider m > 3, and suppose (4.3) holds for smaller m with m > 2. If 
5 > m, then (4.3) is trivial. If £ = m — 1 and /? > 1, then (4.3) is trivial again. We 
consider 5 = m — 1 and /? = 0, or 5 = m - 2, then £ = min(5, /?) < m — 2. By (3.4) we 
have 

(4.5) \S(axn + bx,pm)\ < (J2 IJp™-1 < (n-l,p-l)p*pi. 

Therefore we may let 0 < S < m — 3, and then t = min(/3, S) < m — 3. We consider 
three cases {3 > S, (3 < d , and (3 = 8. 

Case (i). /? > £. In this case £ = 8, and the related congruencep~t(anxn~1 +b) = 
0 (mod p) has no solution, so S(axn + bx,pm) = 0. 

Case (ii). (3 < 8. In this case the related congruence has only one solution, 
x — 0, with multiplicity n — 1. By Lemma 1, we have 

(4.6) S{axn + bx,pm) = Y, <f(px)/Pm) = E e(9(x)/pm), 
X=l X=l 

where 

(4.7) g(x) = /(px) = apnxn +p6x. 

Let b = p5bi, and n = p^ni with p f &ini, then 

^(x) = apna;n + bip5+1x,      a := ordp(g(x)) = min(n, 8 + 1). 

If n > 8 + 1, then 

m — S—l 

(4.8) S(aX
n + bX,p™)=P

s   £   e(ap""^;_1
+bia;)=0. 
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If n < 6 + 1, since S < m — 3, then m — n > 2, and we have 

m — n 

S(axn + bx,pm)=pn-1 £ eC^ +^+_ThX) =Pn"1g(gi,Pm-ra), 

where gi{x) = axn +ps+1~nbix. By the induction supposition (note that m — n > 2) 
we obtain 

\S(9upm~n)\ < (n- l,p- l^^n^m-n-^ir^^i+l^^mina,/?)^ 

It follows that 

|5(aa:n + 6x,pm)| < (n - l,p - l)pi min(fc»ro-2)pTpfpimina^)^ 

Case (iii). f3 = 5. In this case we have t = 0 = 6. If ft = ordp(n — 1) = 0, 
then the related congruence p^janx71-1 + 6} = 0 (mod p) has at most (n - l,p - 1) 
distinct solutions, each of multiplicity one, and so by (2.7) we have 

(4.9) \S(axn + bx,pm)\ <{n- l,p - l)p^p^ = (n - l,p - l)ptpi 

Thus (4.3) is true for h = 0. If h > 1, then t = 5 = (3 = ordp{ri) = 0. We may let 
1 < h < m — 3, otherwise (4.3) follows from (3.4). Let n = phni + 1, where p f ni, 
and 1 < ft < m — 3. The related congruence anxn~1 + & = 0(modp) has at most 
(ni,p — 1) solutions and each solution has multiplicity ph. Let a G A , since p f 6, 
then pf a. By Lemma 1 and (3.1) 

(4.10) ga(x) = p-'-tflpx + a) - /(a)) 

=p'^dt, (n) a^xi+(anan"1+^x}' 
i=2 ^ 3 ' 

where a^ = aan~j with p{ a^, and cra = ordp{f(px + a) — f(a)}. Let 

(4.11) rj = i + ordp{ (    •   )}    and     v = ordplana71-1 + b} 4-1. 

By Lemma 3, we have 

(4.12) aa = min(T2, v)    and     T2 = ordp{-n(n — 1)} + 2 = ft + 2. 

It follows from Lemma 1 that 

(4.13) 5(ax" + 6x,pm)=^e(/(a)/pm)p--1      £      e(^_). 

If i/ < r2, then cra = i/, and we have dp(ga(x)) = 1, that is, ^a^) is a linear 
polynomial over Fp. By Lemma 2, it follows that S(axn + bx,pm) = 0. Let T2 < i/, 
then <7a = T2 = ft + 2 < ra — 1, for ft < ra — 3. If p > 3, by Lemma 3, we have 
dp(ga(%)) = 2. By Lemma 2, we have 
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It follows from (4.13) that 

(4.14) \S(axn + bx,pm)\ < (ni,p - l^^p11^ = (n - l,p - l)p*p^, 

and so (4.3) is true. If p = 3, by Lemma 3 we have T3 = T2 = /i+2, then dp(ga(x)) = 3, 
and we can write #<*(#) = Ax3 + Sa;2 + Cx 4- pH(x), with p f A^. It is easy to see 
that for all m > 1, we have 

(4.15) I    2]    e(sa(rc)/3m)| = I    X)    < 3^ ^)l<32. 
zmodS™ xmodS™ 

So (4.14) follows for p = 3. This completes the proof of Theorem 1.1 when p > 2. 
Now if p = 2, and (1.9) is true when r = ord2(a) = 0, then it is easily extended 

to all 1 < r < m - 2. Since if S < r < m - 2, then S(azn 4- bx, 2m) = 0. So we only 
consider S > r. If 8 > r = m — 2, then (1.9) is trivial. Let 5 > r and 1 < r < m — 3, 
then 

2m"X    a2-r^n + 62-rxxl |5(aa;n + 6a:,2m)|=2r| ^ e( Om—r /l 

«=! ^ 

< 2r2 • 22 min(/i,m-r-2)2irii:Z2i?: 

< 2 • 2imin(/l'm-r-2)2^2^. 

Let r = 0, (5 = ord2(b), (5 = ord2(n), h = ord2(n — 1). We are to show that 

(4.16) |S(aa:n + 6x,2m)| < 2 • 2im'm^m-^2^2^. 

We may suppose m > 3 and 0 < 5 < m — 3, otherwise it is trivial. In this case we 
have t = min(/3, S) < m — 3. We consider three cases f3 > 5 and /3 < S and (3 = 5. 

If /3 > 5, then the related congruece 2~(5(anxn~1 -t-&) = 0 (mod 2) has no solution 
and we have S(axn + bx, 2m) = 0 by Lemma 1. 

If /J < 6, then ^ = /5 and the related congruence has only one solution, x = 0. Let 
b = 2%. By Lemma 1, if 2 \ bi then 

(4.17) S{a*» + te,2-) = 2 e(a2V + 2+lM). 

If n > 6 + 1, then 5(aa;n + 6a:, 2m) = 0. If n < 6 + 1, then m - n > 2 for S < m - 3. 
By the induction assumption we have 

|S(azn + ta,2m)| < 2 • 2n-12im'm(h>m-n-2h^2i±^ 

< 2.22min(/l'm-2)2^22. 

Finally, we consider 0 = 5. In this case if h = 0, then the related congruence 
2~t{anxn~1 -f b} = 0 (mod 2) has one solution, # = 1, of multiplicity one. By (2.8) 
of Theorem 2.1, we have 

\S(axn + &z,pm)| < 2^2^ = 2^22. 
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If h > m — 2, then the result is trivial, so we only consider 1 < h < m — 3. In this 
case we have /3 = 0, and then t = S = /S = 0. Let n = 2hn\ -f-1 with 2 { ni, then the 
related congruence emx71-1 +6 = 0 (mod 2) has one solution, x = 1. Let 

(4.18) g^x) = 2-<T{f(2x + 1) - /(I)} = 2-ff{^ ( n ) a2V + (an + 6)2a;}, 

where a = ord2(f(2x + 1) - /(I)). Let 

(4.19) 75 = i + arefeff  n  j},    t; = 1 + orcfefan + 6). 

By Lemma 1, we have 

(4.20) S(axn + bx,2m) = e(^)2*-1S(g1,2
m-<'). 

By Lemma 3, we have 

(4.21) cr = min{T2, v} <T2 = h + l<m-2. 

If v < T2, then cr = v, and we have S(axn + &x, 2m) = 0. Let T2 < v, then a = T2 = 
h + 1. By Lemma 3, T3 = 1 4- T2, r4 > 1 + r2, and r/ > 2 -f- T2 when j > 5, then g1 (x) 
may be written as follows 

(4.22) g^x) = 2Ax4 + 2Bx3 + Cx2 + Dx + 4iJ(x),    ff(a?) G Z[a:], 

where 2 { J5C. As a simple application of Theorem 2.1, one may get for all m > 1 
that 

(4.23) |fe(2^ + 2Bx» + y+Jg + 4g(g))|<2M2^ 

x=l ^ 

It follows that 

\S(axn + 6x,2m)| < 2<7-12 • 2ir^±i < 2 • 2^2? = 2 • 2*2^, 

which completes the proof of Theorem 1.1 when p = 2. 

5. Proof of Theorem 1.2. We first prove (1.22).  Let p > 2, n > 2, m > 1, 
J = ordp(b), and /? = ordp(n). We will show that for all x mod pm, and a, 6 € Z with 
p { a that 

(5.1) 15(03" + bx,x,Pm)\ < npim(b,pm)*. 

If m = 1, the result follows from Weil's upper bound (1.21). Let m > 2, and consider 
6 > m - 3. If 5 > m, then (5.1) is trivial. If 5 > m — 3, and /? > 0, then p\n, so (5.1) 
is trivial again. If 6 > m — 3, and (3 = 0, then by (3.13), it follows that ti = 0 and 
that 

|5(axn + &z,x,pm)| < ( J2 1)^m"1 ^ nPrn~1 ^ nP^P*' 
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Therefore, we may let m > 4, and 0 < S < m — 4. In particular ti — min{(5,/3, 
ordp(c)} < m - 4, and so the conditions of Theorem 2.2 and Lemma 5 hold. By 
Lemma 5, if Ai is not empty, then 

(5.2) 5(a,» + te,x,p-)=Ex(a)e(^^)      £     e(^), 
aeAi ymodp™-1 

where f(x) = axn + &a;, and 

(5.3) Fa(y) = f(a(l + rpy)-f(a)+pcy. 

To express the integral valued function Fa(y) as a polynomial over Z/pmZ, we let 
#j = j — ordp(jl), jl = pordp^ujj, p f LJJ and C^JCJJ = l(modpm). Let iV be a positive 
integer such that 

(5.4) Oj =j-ordp(j\) >m,    for all j > N. 

It is easy to see that for any integer ?/, we have 

N 

(5.5) (i + rp)y = i + YlCj(y)^ripej   (mod P™)' 

where Cj (y) is a polynomial of degree j in the variable y defined by 

(5.6) Cj(y) = y(y-l)---(y-j + l). 

It follows that we can take 

N 

(5.7) Fa(y) = (mnan + r&a + c)py + ^(a^Cy^nj/) + baCj{y))m]rjpei. 

We let 

(5.8) (7a = ordp(Fa(y)),      ga(y) = p-^F^y). 

Then ga(y) is a nonzero polynomial read (modp). To prove (5.1), we consider three 
cases, f) > S and jS < S and /? — S. 

Case (i). /? > J. In this case, we have ti = J, and ordp(c) = S. The related 
congruence p~5{brx + c} = O(modp) has one solution with multiplicity one. By 
Theorem 2.2 and (2.13), we get 

\S(axn + bx,x,Pm)\ <P^P^ —p^p^ <pimp2, 

and (5.1) follows immediately. 
Case (ii). (3 < S. If ordp(c) < (3, then the related congruence has no solution. 

If ordp(c) > /?, then the congruence has only one solution x = 0. In both cases we 
have S(axn + &z,x,pm) = 0. Thus we let ordp(c) =/3<5. Then t = t1=P, and the 
related congruence 

(5.9) p-^iarnx"1 + c) = 0    (mod p) 
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has at most (n,p — 1) distinct solutions.   If /? = 0, we see that each solution has 
multiplicity one. By Theorem 2.2 and (2.13), 

\S(axn + bx,x,Pm)\ < (n,p-l)pM <np*mp*. 

Hence, we may let 1 < ordp(c) = (3 < 5. 

LEMMA 6. Letp be an odd prime. Let a £ Ai be a solution of (5.9), and Fa(y)j 
aa and ga{y) be defined by (5.7) and (5.8). Let dp(ga) be the degree of ga(y) read 
modulo p. Then we have aa < S -I- 3, and dp(ga) < 3. 

Proof. Let Cjiy) = ^Li ^iOV with ^(i) ^ Z. We have 

3 

aanCj(ny) + baCj(y) = (anan + ba)iri(j)y + ^{atfa™ + ba^i^y1. 

In particular, 

aanC2(ny) + baC2(y) = (an2a71 + fea)?/2 - (anan + &a)2/, 

and 

aanC^(ny) + baCsiy) = (an3a71 + fca)?/3 - 3(an2a:n + fta)?/2 + 2(anan + 6a)^. 

By (5.7), we have if p > 3, 

N      j 

(5.10) F0(ff) = Aay3 + Bay
2 + £>ay + ^(^(^a71 + bafati^LJJr* p9', 

j>4   i=2 

where Da G Z and 

(5.11) ^a = cZ^rV3(cm3an + 6a),    jBa = r2p**{anan + &a)(^2 - 3u%rp9*-0*). 

We consider three cases, J < 2/3,6 = 2/3 and 5 > 2/3. 
If J < 2/3, then ordp(Ba) = 5 + 2, and for all i > 2, we have 

ordp(anlan + 6a) > min(i^,(J) = 5. 

So ordp(^4a) > S + 3, by Lemma 4 and (5.10). It follows that aa < 6 + 2 and that 

If 5 = 2/3, then ordp(Ba) > S + 2 and ordp(Aa) =6 + 3. For all i > 3, we have 

ordp(anlan + ba) > min(i/3,5) = J. 

By Lemma 4 and (5.10), we have aa < 6 + 3, and dp(ga) < 3 . 
If 5 > 2/3, then ordp(Ba) = 2/3 + 2 and for all z > 3, we have 

ordpiatfa71 + ba) > min(3^, 5) > 2(3. 

Then we have aa <2(3 + 2 < 6 + 2, and dp(ga) < 2. There is a similar discussion for 
p = 3. This completes the proof of Lemma 6. □ 
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We now use Lemma 6 and Lemma 2 to complete the proof of the theorem when 
(3 < 5. For each a G At, by Lemma 6 we have aa < S + 3 and dp(ga) < 3. Then 
m — aa >1 since d < m — 4, and so by Lemma 2 

It follows from Lemma 5 and (5.2) that 

\S(axn + bx,x,Pm)\<  J^ p*--1?^™-"-) 

<2(n:p-l)p%mp* 

<np3   ps. 

The last inequality follows from aa < S + 3 and the fact that 2(n,p — 1) < n, since 
p|ra. 

Case (iii). 0 = 6. In this case, if Ai is not empty, then we must have 7 = 
ordp(c) > 0 = 5. Thus £ = ti = S and the related congruence is 

p~s[anrxn + fcrir -f- c] = O(modp). 

If S > 0, then 7 > 0, where we define 7 = ordp(c). We show that each a G Ai has 
multiplicity one. To prove this conclusion, first let 7 > 6. Then a is a solution of 
p~6(anxn~1 +b) — 0(modp). Since /? = S > 0, then p|n, and p{ n — 1, and so a just 
has multiplicity one. If 7 = £ > 0, and a G v4i has multiplicity greater than one, then 

j9~<5(an2rQ:n~1 + 6r) = 0    (mod p). 

But this is impossible since (3 = J > 0. This proves that if /3 = 5 > 0, then each 
a G Ai has multiplicity one. The result now follows from Theorem 2.2. 

We consider next 6 = /? = 0 and discuss the two cases 7 = 0 and 7 > 0. If 
7 = 0, let f(x) = anrxn -{-brx + c, f (x) = an2rxn~1 +br. If n = l(modp), then each 
a G Ai has multiplicity one. For if f(a) = f (a) = 0 (mod p) and n = 1 (mod p), 
then p|c, a contradiction. If 7 = 0 and n ^ l(modp), then each a 6 Ai has at most 
multiplicity two. By Theorem 2.2 and (2.13), we have 

\S(axn+bx,x,Pm)\ < ( £ Aia)?1™ < npK 

Next we discuss 5 = /? = 0, and 7 > 0. In this case the related congruence is 
anxn~l + b = 0(modp). If n ^ l(modp), then each a G w4i has multiplicity one, and 
the conclusion follows. If n = l(modp), we let 

n = p^ni + 1,    with     p f ni    and     h > 1. 

So the congruence has at most (ni,p — 1) distinct solutions, each of multiplicity ph. 
Without loss of generality, we may let 1 < h < m — 3. Since if h > m — 2, then 
np^ > pm for n > p771-2 and m > 3. Now for each a G Ai, 

(5.12) ana71"1 + b = 0(modp),   n = phn1 + 1     and     1 < h < m - 3. 

Let F^y) and ^(2/) be as defined by (5.7) and (5.8). 
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LEMMA 7.  Under the above assumptions, we have aa < h + 3, and dp{g(X) < 3. 

Proof. The proof is similar to Lemma 6. Let p = ordp(an2an + 6a). We consider 
the two cases p > h and p < h. 
If p < h, then for all i > 3, we have 

ordp(anian -f ba) - ordp(an2an + ba + an2Q:n(ni~2 - 1)) 

> min(p, h) > p. 

It follows that cra < p + 2 < h + 2 and dp(ga) < 2. 
If p > h, then or dp (Aa) = 3 + h, and for all i > 3, we have 

(yrdp{anian + 6a) = h. 

It follows that aa < 3 + /i, and dp(ga) < 3. This completes the proof of Lemma 7. □ 
By Lemma 7, Lemma 2 and the same discussion as in case (ii), we have 

\S{axn + bx^Prn)\ <2(ni,p-l)^m^ <np%mp*, 

which completes the proof of Theorem 1.2 when p > 2. If p = 2, then following the 
method of section 8 of [3], we obtain the result. Here we omit the details of the proof. 

Proof of (1.24) in Example 1.3. Let p > 5, n = 2, m = 3, a, b G Z with p f a&, and 
f(x) = ax2 + 6x. We will select a character x mod p3 such that the related congruence 
2ar:r2 + brx + c = 0 (mod p) has only one solution with multiplicity two, where r and 
c defined by (2.9) and (2.10) when m = 3. Let 1 < a < p — 1, and 1 < 5a < p - 1, be 
defined by the congruences, 

(5.13) 4aa + 6 = 0    (mod p),    ar2(aa + 26) = 6a    (mod p). 

Now we pick up c by setting 

(5.14) c = p5a — ra(2aa + 6)    (modp2). 

It is easy to see that p f c, and so the corresponding character x mod p3 is a primitive 
character. By the above definition, then a is the unique solution of 2arx2 + brx+c = 0 
(mod p) with multiplicity two. By (5.2), and (5.7), we have 

(5.15) s(ax2 + bx,x,P3) = x(«)e(^^)   ^   e(^), 

where 

ymoap* 

Fa(y) = (2ara2 + r6a 4- cjpj/ + (aa2C2(2y) + baC2(y))2r2p2 

(5.16) =Ay2 + By    (modp3), 

and 

(5.17) A = 2rV(4aa2 + 6a),    J5 = p[(2raa2 + r6a + c) - pr2(aa2 + 26a)]. 

By (5.13) and (5.14), we havep3|A and p3\B. It follows that 

(5.18) \S(ax2 + bx,x,P3)\=P2, 

which completes the proof. 
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