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REGULARITY OF d ON PSEUDOCONCAVE COMPACTS AND 
APPLICATIONS* 

GENNADI M. HENKINt AND ANDREI IORDAN* 

Abstract. We prove the regularity of the ^-equation for <!?(ra)-valued (p, g)-forms on pseudocon- 
cave compacts of the complex projective space CIPn. This leads to the vanishing of the cohomology 
groups of the (0, ^)-forms with coefficients in the Sobolev space Wk (ft), q ^ n — 1, where Q is a 
pseudoconcave domain with Lipschitz (respectively C2) boundary of QPn for k > 2 (respectively 
k > 1). As an application, we show that the holomorphic functions of W1 (Q) vanish on pseudocon- 
cave domains Q. with C2 boundary of QPn. This implies the Hartogs-Bochner phenomenon for CR 
functions in the space W1/2 (dQ), where Q is a domain with Lipschitz boundary of GPn such that the 
complement is connected and contains a pseudoconcave domain with C2 boundary. We also obtain 
the dual of the A;-weighted Bergman space of a pseudoconvex domain in OPn as the cohomology 
group of the (n,n — l)-forms with Wk-coefficients on the complement. 

1. Introduction. The classical Hartogs-Bochner theorem [4] states that a CR 
function / on the boundary of a bounded domain ft C Cn (n > 2) with smooth 
connected boundary has a holomorphic extension to ft. 

A proof of this theorem may be obtained by using the jump formula for the 
Bochner-Martinelli transform: / = /+ |an — /- \dn, where /+ is holomorphic on ft 
and /_ is holomorphic on QPn\ft, where CIPn is the n dimensional complex projective 
space. Since CPn\ft is connected and contains complex lines, it follows that /_ = 
constant. An essential fact for this proof of the Hartogs-Bochner phenomenon is that 
CIPn\ft contains a pseudoconcave domain. 

It is well-known that the Hartogs-Bochner theorem is true for relatively compact 
domains in a Stein manifold X (dime X > 2). Important versions of this theorem 
were obtained by Fichera [11], Kohn and Rossi [25], Grauert and Riemenschneider 
[13], Harvey and Lawson [18]. Recently, interesting new facts about this phenomenon 
were obtained by Napier and Ramachandran [29], Dingoyan [8] and Sarkis [33]. 

In this paper we obtain the following new version of the Hartogs-Bochner theorem 
in CPn, (n > 2): 

(1) Let ft be a domain with Lipschitz boundary in QPn such that QPn\ft is 
connected and contains a pseudoconcave domain with C2 boundary. Then every CR 
Sobolev W1/2-function on the boundary has a holomorphic extension to ft. 

One of the difficulties to prove this result is that there exist pseudoconvex domains 
ft in CIP2, such that ft has no any Stein neighborhood. So we can not use the above 
mentioned results. Another difficulty is that there exists pseudoconcave domains in 
CPn which do not contain any algebraic hypersurface of CFn [10]. 

It is interesting to mention that the Hartogs-Bochner phenomenon is also valid in 
distribution categories for bounded domains in Cn with rectifiable boundary. How- 
ever, we give an example of pseudoconvex domains in QP2 such that the Hartogs- 
Bochner phenomenon does not work for W~1/2-functions on the boundary. 

The jump formula for the Bochner-Martinelli transform in CIPn [20] shows that 
(1) is equivalent to the following version of Liouville's theorem: 

* Received June 21, 2000; accepted for publication October 5, 2000. 
^Mathematique, Boite 172, Universite Pierre et Marie Curie, Tour 46, 5-eme etage, 4 Place Jussieu, 

75252, Paris Cedex 05, Prance (henkin@math.jussieu.fr). 
*Institut de Mathematiques, UMMR 7586 du CNRS, case 247, Universite Pierre et Marie-Curie, 

4 Place Jussieu, 75252 Paris Cedex 05, Prance (iordan@math.jussieu.fr). 

855 



856 G. M. HENKIN AND A. JORDAN 

(2) Let fi be a pseudoconcave domain with Lipschitz (respectively C2) boundary 
in QPn. Then every holomorphic function in the Sobolev space W2 (H) (respectively 
W1 (ft)) is constant. 

One of our main results is a cohomological version of (2): 
(3) Let Q be a pseudoconcave domain with Lipschitz (respectively C2) boundary 

in QPn and il^(fi) the group of cohomology of the (0,g)-forms with coefficients 

in the Sobolev space Wk(Q).   Then #£#(fi) = 0 for k > 2 (respectively k > 1), 

The statement (3) can also be seen as regularity of d operator on pseudoconcave 
compacts in QPn and it is a new result even for smoothly bounded domains. Indeed, 
the known results for the regularity of the d operator on pseudoconvex and pseu- 
doconcave domains in hermitian manifolds of J. J. Kohn [23] and M.-C. Shaw [35] 
depend on the existence of a strongly plurisubharmonic function in a neighborhood 
of the boundary. For pseudoconvex domains in QPn, such functions may not exist. 

A special case of statement (3) concerning the regularity of d operator on smoothly 
bounded domains in QPn with Levi-flat boundaries and q = 1 was obtained earlier by 
Y.-T. Siu [36] as an important step in his proof that such domains do not exist. 

We can compare (1), (2), (3) with 
(4) Let Q be a non-dense pseudoconvex in OPn. Then the Bergman space W0 (Q)n 

O (fi) separates the points of Q. Moreover, this is also true for domains ft, spread over 
ft. 

The statement (4) is proved by using Ohsawa-Takegoshi-Manivel approach [32], 
[26] for the extension of L2 holomorphic forms. 

Another result of this paper is the following quantitative version of the Serre- 
Martineau duality [34], [27] in QPn: 

(5) The dual of the ^-weighted Bergman space of a pseudoconvex domain ft with 
Lipschitz boundary in CIPn is canonicaly isomorphic to the cohomology group of the 
(n,n — l)-forms on ft with coefficients in the Sobolev space Wk (ft). 

If ft is strongly pseudoconvex the statement (5) can be deduced from [19]. 
We use the L2-estimates for d of Andreotti-Vesentini [1] and Hormander [22] in the 

form given by Demailly [6], a recent improvement of these estimates due to Berndtsson 
and Charpentier [3], Takeuchi's characterization of pseudoconvex domains in QPn [39] 
and a formula of Bochner-Martinelli-Koppelman type in CPn [20]. 

2. Preliminaries and notations. Let ft be a domain in a Kahler manifold X 
and E a holomorphic hermitian vector bundle over ft. For z^z* G ft, we denote d(z, z') 
the geodesic distance from z to z' and d(z) the geodesic distance to the boundary of 
ft for the Kahler metric on X (we consider only domains ft ^ X). 

Let 8 be a C00 positive function on ft and a G R. We denote by: 
-u the (1, l)-form associated to the Kahler metric on X\ 
-ic(E) the Chern curvature of E; 
-P(pjg) (ft, E) the space of (p, g)-forms with compact suport in ft and values in the 

bundle E\ 
-L2(ft]5a) = {/ G L2(Q]loc)\Saf G L2(ft)} endowed with the topology given by 

1 /9 
the norm (jQ \f(x)\2 S2a(x)dV)      ; this norm is denoted NaiQ or Na; 

-L?   Jft]5a) the set of (p,^)-forms on ft with coefficients in L2(ft; <Sa); 

-L/ Jft;E) the set of (p,g)-forms on ft with L2 coefficients and values in the 
bundle J5; 
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-L? N (0; J"; £■) the set of (p, ^)-forms on fi with coefficients in L? x (fi; 5a) and 
values in the bundle E; 

-d   is   considered   as   an   unbounded   operator   d   =   9^ : L?   N(ft;<Ja;£7) 

->£L+1)(<V*;£); 
-^^(fi;^) = {/ 6 ^(fi;^;^)!,/ = dg, 6 ^.^(fi^-E)}; 
-VFs(n) the Sobolev space of order s e M with the norm denoted || \\s; 
-W?   JCL) the (p,g)-forms on fi with coefficients in Ws(ft); 
-W?   JCt-jE) the (p, g)-forms on ft with coefficients in Ws(tt) and values in the 

bundle E', 
-A?° JfyE) the set of <9-closed (p, Q'j-forms on fi with values in £J which have a 

C00 extension to ft; 
-AW?   JfyE) the set of 5-closed (p,q)-ioYms contained in WfL JQ]E). 

-H™ (Jl) = Kerdk
{Piq)/Range ffi,,^) with S = 5^ : Dom^ C W(

fe
Pig)(n) -> 

We denote by 0(—l) the universal bundle on QPn, by O(l) its inverse and by 
0(m) the m-th power of 0(1) if m > 0, respectively of 0(—1) if m < 0. 

In order to prove the estimates we need, we will increase the constants without 
changing the notation. 

DEFINITION 2.1. Let f e Domd-a c L2^q){£l\&-«;£), a > 0. We say that f 
vanishes of order greater thanjx on dfl (or simply f vanishes on dQ, if a = 0) if 
SQdfA<p= (-1)1*1+1 /Q / A ^ for every <p € Domda C ^^.^^(fl; J«; E*). 

Let / G ^(p,g)(^;E). We say that A € W[pq)(dQ]E) is the boundary value of / 
and we denote h = bv(f) if JQ df A ip = (—1)^+9+1 J^f/^g^^. J    h Aip for every 

We consider that two forms /, g G L? x (90) are equal if /a^ f/\ip = fdQ gAipfov 

every ^ G C?      n_g_1)(<90)- A function / G L2(c?fi) satisfies the tangential Cauchy- 

Riemann equations on dCt (/ G CR(dQ)) if /0Q /9(/9 = 0 for every (n,n — l)-form cp 
of class C00 in a neighborhood of 90. 

Let V, VF complex vector spaces and 0 a hermitian form on V (g> W. Following [6], 
we write 6 >s 0 (respectively 0 >s 0) if 0(a;,£) > 0 (respectively 0(x,x) >s 0) for 

every x G V <S> W such that x = X^-i vj ^ ^i? vj ^ ^5 ^i ^ W, k < s. If 6 is 
semi-positive-definite (respectively positive-definite) we omit the index s. 

We denote by L the adjoint of the operator of exterior multiplication by u: 
(La\f3) = (a|u;A/3) for every a,/3 G HomR(TX]C) where ( | ) is the inner prod- 
uct induced by dV — ^j. 

Let 0 be a (1,1)—form with values in Herm(E]E). Then, for 1 < q < n, we 
define the sesquilinear form 0^ on An'qT*X ® E by 0g(a, a) = (0 A (La)\p). 

Suppose 0 >n-q+i 0 and let a G An>qT*X ® E. We put 

||a||e = «ip{(a|i8)|(eA(La)|/3)<l}. 

Then ||a||e is a decreasing function on 0, \\r) A a||e < I77I ||a||e and if 0 >n-g+i 
Xu ® ME with A > 0, we have ||a||| < ^|a|2 ([6]). 

If ft is relatively compact in X and E is a hermitian bundle in the neighborhood 
of ft we define 

mp(ft] E) = sup {m G R\ic(An~~pTft <g) E) > mu 0 /^n-pyQ^^} . 
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DEFINITION 2.2. Let X be a complex manifold and fi a domain in X. We say that 
ft is Hartogs-pseudoconvex if there exists a Kdhler metric on X and a neighborhood U 
of dtt such that the restriction of —logd to U fl fi admits a strongly plurisubharmonic 
extension to fL 

In what follows, if ft is a relatively compact Hartogs-pseudoconvex domain in X, 
we consider a Kahler metric OJ and denote 8 a C00 positive function on fi such that 
5 = d on a neighborhood of 9ft and idd(-logS) > CQUJ on ft with CQ > 0. 

EXAMPLE 2.3. Every relatively compact pseudoconvex domain in a Stein manifold 
is Hartogs-pseudoconvex. 

The same is true if we suppose X a complex manifold such that there exists a 
continuous strongly plurisubharmonic function on X. 

Indeed, let X be a Stein manifold and ft a relatively compact pseudoconvex 
domain in X. For every Kahler metric u on X there exists C E M such that 
idd(-logS) > Cu on ft [40], [9]. Then, for the Kahler metric u = e-^u, with 
ip a smooth strongly plurisubharmonic function onX and K > 0 big enough, we have 
idd(—logS) > CQUJ for the corresponding distance d and its extension 5, with CQ > 0. 

EXAMPLE 2.4. Every pseudoconvex domain in QPn is Hartogs-pseudoconvex [39]. 
The same is true for relatively compact pseudoconvex domains in Kdhler manifolds 

with positive holomorphic bisectional curvature [9] and for pseudoconvex domains in 
complete Kdhler manifolds with positive holomorphic bisectional curvature [14] : a 
Kdhler manifold X has positive holomorphic bisectional curvature ific(TX) >i 0. 

By [37], a compact Kahler manifold X with a strictly positive holomorphic bisec- 
tional curvature is isomorphic to QPn. 

Since QPn has strictly positive holomorphic bisectional curvature for the Fubini 
-Study metric a;, there exists a strictly positive constant /Cn such that idd(—logS) > 
ICn(jj for every locally pseudoconvex domain in QPn. 

DEFINITION 2.5. LetX be a complex manifold. A closed setLcX is called pseu- 
doconcave (respectively Hartogs-pseudoconcave) if X\L is pseudoconvex (respectively 
Hartogs-pseudoconvex). 

We remark that there are pseudoconcave compacts which are not pseudoconcave 
in the sense of Andreotti [2]. 

EXAMPLE 2.6. Two important classes of pseudoconcave sets are: the algebraic 
(smooth or non-smooth) hypersurfaces and the Levi-flat real hypersurfaces in QPn (see 
Example 12.1). From one of Oka's results it follows that a pseudoconcave subset of an 
open set ofCn is a complex hypersurface if and only if its (2n — 2) -Hausdorff measure 
is locally finite [30], [21]. 

3. Estimates for d in L(p^(ft;5a; E). We use the Z,2-estimates for d of 
Andreotti-Vesentini [1] and Hormander [22] in the following form of Demailly [6]: 

Let X be a Kdhler manifold of dimension n which admits a complete Kdhler 
metric and E a holomorphic hermitian vector bundle over X such that ic(E) >n_g_|_i 
0. Let g 6 L2(nq){X]E) a 9-closed form. Then there exists f £ L^^^iX-.E) such 

that df = g and fx |/|
2 dV < fx \\g\\2iciE) dV. 

From this statement it follows the following: 
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PROPOSITION 3.1. Let Q be a relatively compact Hartogs-pseudoconvex domain 
in a n-dimensional Kdhler manifold X and E a holomorphic hermitian vector bundle 
of class C2 in a neighborhood of Q,. Let f G L? Jfl;da]E), 1 < q < n, a d- 
closed form.  Then, for non-negative a, such that mp(n]E) + 2aCn > 0, there exists 
U^Llp,q-l)^^E) SUch that 'Bu = f and (N<*(u))2 < qLrop(n;i)+2aCn] (^(/))2 ■ 

Proof For non-negative a we have 

ic(An~pTn <g> E) + i2add(-logS) ® IdAn-PTQ(S)E 

> [mp(Q; E) + 2aCn} u ® IdAu-PTQ^E 

where a; is the metric of X. 
Since L2

{pq)(Ct;E) = L2
{nq)(n] An-pTn 0 E), by using the solution of the d- 

problem for (n, ^)"forms with values in a hermitian fiber bundle with the weight 
function ip = -2Q;log5, it follows that there exists u G L? ^JfyS*^) such that 

du = f and (Na(u))2 < ,[rop(0;i)+2aOa] (iVa(/))2 . D 

REMARK 3.2. From Proposition 3.1 it follows that for positive a such that 
mv{Q,]E) +2aCrQ > 0, H? AQ,',E) is a closed subspace of L? Jfl;5a;E) and we 

can find a bounded operator T?  ,  : IZ?'   JtyE) —> L?''      ^(Q]Sa;E) such that 

dTu = u for every u G TVL^) (0; E) and rpa. <  i  
—  q[mp(n;E)+2aCsi] ' 

LEMMA 3.3. For every domain fi, C QPn we have mp(ft]0(m)) = m for p > 0 
and mo(Q] 0(m)) = m + n + 1. 

It is well known that TCFn has no hermitian metric such that ic(TCPn) >2 0 
and ic(TCPn) >2 0 in one point (see for ex. [5]). This gives the case p = n — 1 of 
Lemma 3.3. 

Proof. From [39] it follows that idd(—logd) > /Cna;, where u = iddlog(\\z\\2) is 
the (1, l)-form associated to the Fubini-Study metric, with z = (zo,zi, ...,2;n) homo- 
geneous coordinates for [z] G QPn. 

We have ic(TCIPn) > 0, so ic(/\n-pT<CFn) > 0. Thus 

ic(An-pT(CFn (8) 0(m)) = miO{l) ® IdAn-PT(CPn + ic(An-pTCFn) 

> mu (8) IdAn-pT<£pn. 

Let a = [1,0, ...,0], ei = ^^-J , i = l,...,n, 1 = {ii,22,...,in-p} e/ = e^ A ... A 

ein_p and x = ^2ij xuei 0 ej G Ta(CPn) 0 An-^TaCFn. We have 

(3.1-) ic(rCIPn)a = ^2 cijkidzi A dzj ®e*k®et 
ij,k,l 

where 

-Ci.kl =    ^^ ^    rsd9irdgjs 
tjk      dzkdzi     ^      dzk dzi 

r,s 

with 

dS
2 = y gudzi A dz, = 2il+zZiZi) {^dZiA ^ - ^ ~ZidZi) A gZidEi) 
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the Fubini-Study metric and (<7rs) the inverse of the matrix (##)• 
It follows that 

(3.2) CHJJ = 1 if i ^ j]  Cijji = 1 if i ^ j;   can = 2;   djki = 0 otherwise 

From (3.1) and (3.2) we have 

  n n 

ic(T€Fn)aer = 2J Cijridzi A dzj 0 ei = ^ dzi A c&i 0 er 4- ^ dzj A (i^r 0 e; 
ij,/ 2=1 2=1 

SO 

n—p 

ic(An-prCPn)ae/ = ^ ei, A ... A e<r.1 A ic(TQ>n)aeir A eir+1 A ... A ein_p 

r=l 

n   n—p 

= (n—p) 22 2^ dzi A dzi 0 e/ + ^ ^2;^ A dzi 0 e/ 
i=l r=l ie/ 

+ J^ J^ eidzi Adzi® eji 
jei i<£I 

where If = (J\ {j}) U {i} and ef is the sign of the permutation which makes // 
an ordered set when we replace j by i. 

Therefore 

ic(An-pT<ePn)a(x,x) 

1    \iei igi jei i<£i / 

and we see that ic(An~pTQPn)a(a:, x) > 0 for x ^ 0 if and only if p = 0. Consequently, 
mp(fl; O(m)) = m for p > 0. 

Since £c(AnTfi) = (n + l)w, it follows that mo(fi; O(m)) = m + n + 1. D 
From Proposition 3.1 and Lemma 3.3 we obtain: 

COROLLARY 3.4. Let Q, be a pseudoconvex domain in CPn, m € Z and / £ 
L?   x (O; £a; O(m)) a d-closed form. 

a) For p > 0, a > 0 and 2a/Cn + m > 0, ^ere exists u G £? g_1)(^; Sa; 0(m)) 

such that du = f and (Na(u))2 < q{2Jn+m) (Na(f))^ 

b) Forp= 0, a > 0 and 2a:/Cn-fra-fn+1 > 0, there exists u G L?0 ~ ^(ft; <5a; O(m)) 

ducft ^fta^ 9u = / and (Ara(^))2 < q(2ttJcn+m+n+i) (N^(f))2' 

The following proposition is inspired from [3]: 

PROPOSITION 3.5. £e£ fi 6e a relatively compact Hartogs-pseudoconvex domain 
with C2 boundary of a n-dimensional Kdhler manifold X and E a holomorphic her- 
mitian vector bundle of class C2 in a neighborhood of ft. Let 0 < p < n such that 
rap (ft; E) > 0. Then there exists rj > 0 such that for every a > —rj and every d-closed 
form f G L?p ^(ft; Sa',E), q > 1, there exists u G tf ^(ft; 8a\ E) such that du = f 
and Na(u) < CaNa(f), where Ca is a constant independent on f. 
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Proof. By [31] there exists 77 > 0 such that the function <p = —8^_ is strictly 
plurisubharmonic on fi. Let ij; = —(3log5,0 < (3 < rj. Then we have idi^Adif) < irddip 
with r = § < 1. 

From now on the proof follows [3] and we give it for the convenience of the reader. 
For 7 > 0 we denote </) = -7log 8 and we have iddfy + 0) > (/3 + ^CQU. 

Let {Qj} be an exhaustion of Q, by pseudoconvex domains. By Proposition 3.1 
there exists Uj G L? g_1x(n;57;E) such that duj = / on fij and /Q. |WJ|  (57dy < 

We denote by Uj the minimal solution (i.e. the solution Uj which is orthogonal 
to all d—closed forms of L? n-i^Ji ^7' ^) ) an^ ^i = ^i6^ ~ Uj6~^. 

Then ^ is orthogonal to all 9-closed forms of L? g_1)(fij; (J^7; JS) and we have 

It follows that 

f   InjfS-^dVKf   Wduj+d^AujW^^-^dV 

<(i + ^/ 11/11 W^+'w + (! + «)/ II^A^I^^r^w 

for every a > 0. 
Since 

ll5* A«iiiWw> ^|^12 ll^l£»(*+#) ^|^12 ll^H^ ^r21^12' 
by choosing a such that (1 -f a)r2 < 1, (i.e. 0<a<f-|J   — 1) we obtain 

/„ Nil" *-w^ s ir^k So, "^^ '"s+w- 
Because ||/||«5w+0) < ll/lljj^jcow ^ g(/?A)c0 l^'2' we have hj \ui\2 <5"/J+7^ < 

The trivial extensions of i^- to n are uniformly bounded in L? g_1)(0; £-^+7; £?), 

so there exists a weakly convergent subsequence to u G L?0 ^(fi; J~^+7;.E). It 

follows that 5u = / and /n \u\2 S-0+^dV <CJQ \f\
2 S^^dV. D 

COROLLARY 3.6. Let Q, be a pseudoconvex domain with C2 boundary in CFn. Then 
for every non-negative vector bundle E over ft we have H^(ft;E) = 0 for q > 1. In 
particular H^^ft) = 0. 

Proof Since fi is Hartogs-pseudoconvex and mp(ft; E) > 0, the result follows 
from Proposition 3.5. D 

REMARK 3.7. The previous results have important generalizations for manifolds 
spread over CPn: 
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Let ft be a connected complex manifold and TTJ il -» ft a local biholomorphism 
onto a domain ft C QPn. We say that ft (or TT : Q, ->• Q) is a domain spread over 
CIPn. The domain ft is a Kahler manifold withj;he metric S defined as the pull-back 
of the Fubini-Study metric on QPn. For z G ft, we consider the boundary distance 
d (z) defined as the lower bound of the length of geodesies t -* jz (t) from z such 
that for every compact K C ft there exists tK satisfying jz (t) £ K for t > £#• By 
[40] it follows that d is strongly plurisubharmonic outside a compact subset of ft; so 
Corollary 3.4 and Corollary 3.6 are valid for pseudoconvex domains ft spread over 
QPn with O (m) = 7r*0(m) instead 0(m) and a strongly plurisubharmonic extension 
S of d instead S. 

4. Separation of points by L2-holomorphic sections of (9(m) in pseu- 
doconvex domains spread over QPn- In this paragraph we use the following 
particular case of the extension theorem of Ohsawa-Takegoshi-Manivel [26]: 

Let X be a Stein manifold of dimension n, E, L holomorphic line bundles over X 
and s a holomorphic section of E generically transverse to the zero section. Let Y = 
{x € X | s(x) = 0, ds(x) 7^ 0}. Suppose that $ is a closed positive (1, l)-form on X 
such that tyQldE > ic(E) and there exists a > 0 such that ic(L) > a1® — iddlog \s\2. 
Then, for every holomorphic form g G L2 (Y; An~1T*lr 0 L 0 E*), there exists a 
holomorphic form G G L2 (X; AnT*ft 0 L) such that G\Y = g Ads. 

For L = 0(m) and s a holomorphic section of (9(A;), by the Lelong-Poincare 
equation we have 

(4.1) ic(L) + iddlog \s\2 = {m - k) u + 27r [Y] 

where u is the (1, l)-form associated to the Fubini-Study metric on QPn and [Y] the 
current of integration on Y = {z G QPn | s(z) = 0}. 

The following result gives a usefull complement for Theorem 0.7 of [16]: 

PROPOSITION 4.1. Let n : ft ->• ft be a domain spread over a non^dense pseudo- 
convex domain ft C QPn- Then the sections of H0,0(Ct; 0(m)) nL2(ft; 0(m)) separate 
the points of ft for every integer m > 0. 

Proof Suppose n = 2 and let 5,6 be distinct points of ft. We put a = 7r(a), 

b = TT (b) and let c G QP2\ft. There exists an homogeneous polynomial P of degree 2 

such that the Riemann surface F = {[z] \ P (z) = 0} contains the points a, 6, c, where 
z = (ZQ, zi,Z2) are homogeneous coordinates in QP2. By Sard's theorem we can choose 
c G QP2\ft such that dP ^ 0 on F. 

Let f = TT"
1
 (F) and we show firstly that there exists h G ff1'0 (f;0(ra)) fl 

■^(1 0) (^' ^ (m)) suc^1 ^^^ ^(^) ^ ^(^) ^or every m € %' Let A be a projective line 

such that a, 6 G A and s a section of O (1) such that A = {[z] \ s (z) = 0}. Then A = 

TT
-1

 (A) = Iz G ft I ?(5) = 0 j with s = n*s G O (1) and A = Anf a discrete set. Let 

^ be a compactly supported function which is 1 on a neighborhood of a and vanishes 
on A\ {a}. By using (4.1), from the extension theorem of Ohsawa-Takegoshi-Manivel 

[26] it follows that there exists an extension g G iJ1'0 (?; O (2)) fl i^0) (f; O (2)) of 

^A  ® Idd(l) = $\A  ® /dd(2)05(-l)- 

Since c ^ ft, we can find holomorphic sections 77 of 0 (m — 2) which are bounded 
on F (it is obvious for m > 2; for m < 2, since F is a hypersurface of degree 2 in QP2, 
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we can find projective lines R = {Q (z) = 0} such that R fl F C CP2\n where Q is 
a homogeneous polynomial^of degree 1 and we can consider 77 the section defined by 
Q^-S). Than we can take h = (TT*^) g. 

Now we use (4.1) for m > 3 and the extension theorem of Ohsawa-Takegoshi- 
Manivel to show the existence of / G H2${VL;0 (m)) fl L%0JQ]O(m)) such that 

/If nn =^A d7r*F' so f(a) * f(b)' 
For n>3, m>n4-lwe proceed by induction: let a, b be distinct points of fi, 

a = TT (a), 6 = TT (6j and let c G QPn\fi. There exists a hyperplane if through a, 6, 

c and set !}# = if n fi. Then fiif = TT
-1

 (fitf) is a domain spread over if. By the 
induction hypothesis, there exists 

g G F"-1'0^; 5(m - 1)) n Lfn_1>0)(n^; 0(m - 1)) = 

J?"-1'0^; <5(m) ® d(-l)) (1 ^n_1)0)(n^; ©(m) ® O(-l)) 

such that p(2) =^ p(6). 
We use again the extension theorem of Ohsawa-Takegoshi-Manivel [26] and it 

follows that there exists fe ifn'0(n; (5(m)) fl L2
{n0)(n; O(m)) such that /(a) ^ /(6). 

Since 

fin'0(n; O(m)) H L?n>o)(fi; O(m)) = ff0'0(n; 0(m - n - 1)) n L2(n; 0(m - n - 1)), 

Proposition 4.1 is proved. D 

REMARK 4.2. The proposition ^.i is related to following theorem from [7J: ifVt is 
a pseudoconvex domain of CPn such that the interior of its complement is not empty 
and C G H, the restriction to the diagonal of the Bergman kernel function KQ of fi, 
has the same order of growth in arbitrary small neighborhoods V CC U of £ as the 
restriction to the diagonal of the Bergman kernel function KanuoffinU in the sense 
C-lKn < KQnu < CKQ on ft n V, C> 0. 

In the case of domains with C2 boundary in CP2, we can improve the result of 
Proposition 4.1: 

PROPOSITION 4.3. Let ft be a pseudoconvex domain with C2 non-empty bound- 
ary in QP2. Then there exists rj > 0 such that for every a > —77 the sections 
of if0'0(ft;5a;(9(m)) fl L2 (ft;5a;0(m)) separate the points of ft for every integer 
ra>-l. 

Proof Let a, b be distinct points of ft and c E QP2\ft. There exists a Riemann 
surfaces F of degree 2 through a, &, c. Let F = {[z] \ P (z) = 0} where z = (ZQ, ZI, Z2) 
are homogeneous coordinates in QP2 and P an homogeneous polynomial of degree 2 
and we can choose c such that dP ^ 0 on F. Let ft' be an open neighborhood of ft 
which does not contain c. By [17] there exists a Stein neighborhood V of F n ft' and 
let h G if0'0(y; 0(m)) such that h(a) / h{b). 

Let x be a C00 function on QP2 with support contained in V such that x — 1 
on V fl ft. By identifying the sections of 0(m) with the m-homogeneous functions 

in homogeneous coordinates, ^^ defines a form g G C^D (ft;0(m — 2)), so g G 

L^Otl)(Q;S0;O(m - 2)) for every (3 > -1.   By Proposition 3.5 and Corollary 3.4, 

there exists rj > 0 such that for every a > — rj the equation du = g has a solution 
u G L2 (Ct]Sa]0(m — 2)) for every m > — 1. Then x^ - Pu defines a section / G 
if0'0(ft; <J«; O(m)) fl L2 (ft; 5a; O(m)) such that /(a) = /i(a) ^ /i(6) - /(6). D 
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5. Compactly supported solutions of d. 

DEFINITION 5.1. Let 0, be a pseudoconvex domain in a hermitian n-dimensional 
manifold X, E a hermitian bundle on Q, and f G L?   JQl;5~a;E).    We say that 

f verifies the moment condition of order a if JQ / A h = 0 for every d-closed form 
h G tfn_ipn_A£L',5a',E*). If a = 0, we say only f verifies the moment condition. 

REMARK 5.2. // 1 < q < n - 1, every d-closed form f G L^)(ft;<J--a-1;£7) 
verifies the moment condition of order a (see Corollary 5.6). 

The following proposition is a generalisation of a result from [1]: 

PROPOSITION 5.3. Let fi be a relatively compact Hartogs-pseudoconvex domain 
in a Kdhler n-dimensional manifold X and E a holomorphic hermitian vector bundle 
in a neighborhood of fi. Let a G M+ such that mn-p(Q; E*) -f 2aCQ > 0 and f G 
L? qJQl]S~a'1E) a d-closed form verifying the moment condition of order a, 1 < q < 

n.   Then there exists u G L?      1^(fi;5~Q;;£J) such that du = f, u vanishes of order 
greater than a on dfi, and 

In particular, since a > 0 and C?%    n_g)(^; E) c Domda, we have bv{u) = 0. 

Proof Since / G L^Cfi; £-*;#) and mn_p(Q;E*) + 2aCn > 0 we can define 

*/(¥>)= [ f AT(*n_^n_q+1) (V) 

for every y? G T^n^Ptn^q+1){^)E*), where T(^_P)n_g+1) was defined in Remark 3.2. 

We have JQf A h = 0 for every d-closed form ft G L? n_ JQ;8a;E*), so 

$/(^) = fQ f A ^ for every ^ G Ir^n-J,fn_9)(fi; <Ja; E*) such that 5^ = (p. Since T is 
continuous it follows that $/ G 0l?n_Pin_q+1\(^]E*))1 and 

ll#/l12 - (n-9 + l)[m„_p(n;£;*)+2aCfi] ^N-a^2 

where ||$/|| is the norm of the linear form <!>/. By the theorem of Hahn-Banach, 

we may extend $/ to a form $/ G (LJn_p n_q+1JQ,',5a] E*))' such that $/ = 

HS/II.' Since (ifn_Pin_,+1)(n;^;S*))' = ^^(n;*-01; J5) by the pairing (a,^) = 

fna A 13 for every a e ^.^(n; «-«;£?), /3 G ^n_P)n_g+1)(fi;<5a;£;*), there exists 

ueL^>tq_1)(il;S-a;E), such that N-a(u) =   ¥f   = \\$f\\ and $}(</>) = /nu A<p for 

every ^eL^^^in;^;^). 
We obtain 

Qfiv) =      f AI/J =      uA(p=      uA 
JQ JQ JQ 

dij) 

for every ^ G L?      n    N(fi;<$a;i?*) such that 9^ = y?. In particular /Q / A ij) = 

JQuAdi/; for every i G iJom5a C L2
{n_Pin_q)(Sl',5a;E*), so (-l)^^1^ = /, u 
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vanishes of order greater than a on dfi, and 

(W-M)' - \\*,f <   („ . , + 1)KJ(0. y, + a.qj (^(/))2 ■     D 

By Corollary 3.4 and Proposition 5.3 we have 

COROLLARY 5.4. Let fi, be a pseudoconvex domain in QPn and f E 
L? 9)(fi; 5~a; O(m)) a d-closed form verifying the moment condition of order a, q> 
1. Tften: 

a^ For 

p < n, a > 0, m E Z, 2a/Cn - m > 0 

£/iere ea^5t5 w E L? g_1)(fi; ^~a; O(^)) ^itc/i that du = f, u vanishes of order greater 

than a on Oil and (N-a(u))2 < (w_g+i)(Lx:w-m) (N-M))2- 
b) For 

p = n, a > 0, m E Z, 2a/Cn -fn + 1 — m>0 

^ere exz^s u E L? o_i)(0; ^-Q!; O(m)) such that du — f^u vanishes of order greater 

than a on 3fi and (iV_a(w))2 < (w.q+1)(2tt]c1>+n+i-m) (N-M))2• 

Since rao(ft; 0(-n -1)) = 0 and If^fl; 0(n 4-1)) = L^g)(n), by using Propo- 
sition 3.5, we obtain in the same way: 

PROPOSITION 5.5. Let Q be a pseudoconvex_domain with C2 boundary in CFn 

and a > 0. Let q>l and f E I/?0 qJQ,;d~a) be a d-closed form verifying the moment 

condition of order a. Then there exists u E L?0 1JQ;5~a) such that du = f, u 
vanishes of order greater than a on 90 and N-a(u) < CaiV_a(/) where Ca is a 
constant independent on f. 

COROLLARY 5.6. Let fi be a relatively compact Hartogs-pseudoconvex domain in 
a Kdhler n-dimensional manifold X and E a holomorphic hermitian vector bundle 
in a neighborhood of Q. Let a E M+. such that mn_p(0; E*) + 2aCQ > 0 and f E 
L? )(fi;£~Q:_1;Z£) a d-closed form, 1 < q < n — 1. Then f verifies the moment 
condition of order a. 

Proof Let h E L^n_Pjn_g) (ft; <&*;£*) be a ^-closed form. 
By Proposition 3.1 it follows that for mn_p(fi;E*) + 2aC,Q > 0 there exists 

9 € Jfn-p.n-g-i)^; <Sa; E*) such that dg = h and 

For e > 0 let 0^ = {^ E n|J(z) > e} and /e = Xe/j where Xe is a C00 function on 
fi such that Xe = 1 on 0,26, Xe = 0 on 0,\ft£, 0 < Xe < 1, I^Xel < ^. 

We have 

iv_a(a/,) = iv_a(ax,A/)=   / IdxeAfl s-2adv -(/^A/f 

<-•(/      |/|25-2ody)  <2c[/'      |/|2<r2a-2dF)  ^o 
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for e -> 0. 

Let ^ e L2
{n_pn_q_1){n]5a]E*) such that dip = 0. Since d(f A ip) = 0, we have 

JQ df£ Aip = JQ dxs A / A ip = 0. Because mn_p(n; E*) + 2aCQt > 0, by Proposition 
5.3 there exists ue G L^n_pn_JQ;d~0i]E) such that du£ — df£, u£ vanishes of order 

greater than a on dSl and (iV_a(^))2 < (n_g)[mn_p(
1
r2;jg,)+aCf2] {N-a(df£))

2. Thus 
N-a(u£) -> 0 for e ->• 0 and 

\f ueAh =   /^5-2aAM2a <Ar_a(^)iVa(/i)^0 

for e -> 0. 
We have 

f Ah = lim£-+o / f£ Ah = lim£->Q I (f£ -u£) Ah = lim£^o / (/£ - i/e) A %. 
*/fi ^fi JQ JQ 

Since ^£ vanishes of order greater than a on dQ, we obtain 

/ u£ A dg = (-l)P+«+1  [du£Ag = (-1)^+1 f df£ A g 
JQ JQ. JQ 

= (-l)iH-«+i [dxeAfA9= (-1)P
+

»
+1
 f XeAd(fAg)= f feAg 

JQ JQ JQ 

and it follows that JQf Ah = 0. D 

6. 9-equation on pseudoconcave compacts. 

DEFINITION 6.1. Let X be a complex manifold, E a holomorphic vector bundle 

on X and L C X closed. LetkeN and /, g 6 C(*Pj9) (X; E). We put f = g if f - g 

vanishes to order k on L.   We use the notation Cj?   \(L;E) for the quotient set of 

Cf JX;E) by the equivalence relation defined by" = ". If f £ Cj? JL;E) and 

f G Cj? o)(^'j^) belongs to the equivalence class of f, we say that f is a Ck extension 

of f to X. We define dk : C^\(L;E) -* C^pq+1JL]E) to be the operator induced 

by the operator d on X. A form f G C? JL;E) is k — d-closed if dkf = 0 and is 

k — d-exact if there exists u G C^p\(L; E) such that duu = f. 

We   define   C^q){L;E)   = 'f)C^tq)(L;E).    For  f 6 Cfcq)(L;E)   and  ue 
k 

Cuta-i)(L',E) we say that dooU = / if dkU = f for every k G N.    A form f G 

^(PQ) ^' ^ 25 00 — ®~closed tf doof = 0- We denote by A^ , (L; E) the set of oo - d- 
closed {p,q)-forms on L. 

DEFINITION 6.2. Let L be a pseudoconcave compact on a complex manifold X. 
A k — d-closed form f G Cf   \{L\E), k>l, verifies the moment condition of order 

k on L if there exists an extension f G C1? v (X; E) such that df verifies the moment 

condition of order k — 1 on the pseudoconvex domain fi = X\L (see Definition 5.1). 

REMARK 6.3. Definition 6.2 does not depend on the extension f. 
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Indeed, let /,/i G Cf   \{X\E) be Ck extensions of / which vanish outside a 

compact subset of X and h G L<in_pn_q_1AVt]8k~1\E:¥) a 9-closed form. We have 

[d(j-f1)Ah = lime^of  d(j-h)Mi 

= lim£^o /      (f-fi) A/i 
JdQe 

v / 

= -lime-to /       ^ (/- ^ ) A h 
JQ\Q£    

V / 

with (O,£)£>0 an exhaustion of Q, by smoothly bounded domains such that Cte D {z e 
n\d(z,dft) >£}and 

/    a(/-/i)A/» 

<(/ ^(/-/oiv^y f/ IAI 
1/2 / \ 1/2 

£:-)-0 
V*-2       -+ o. 

In order to prove the 9-regularity on compacts we use the following two lemmas: 

LEMMA 6.4. Let Q, be a relatively compact domain in a complex n-dimensional 
manifold X, E a holomorphic hermitian vector bundle on X and f G C) JX^E) 
.We supposejhat: 

1) f is d-closed on X\fi; 
2) There exists v G L? <7)(^' ^0 which vanishes on dft such that f — v is d-closed 

on ft. 
Then the form F G L2

{pq){X; E) defined by F = f on X\n and F = f - v on Cl 

is d-closed on X. 

Proof. Let y? G X>(n_p,n_g)(X;l£). We have 

/ aFA^ = (-lf+g+1 f F Adtp = (-lf+9+1 ( [ fAdtp- [ vAdtp) 
Jx Jx \Jx Jn ) 

= [dfAip- (-If+<?+1 f v A dip 
Jx Jn 

= [dfAtp-(-l)p+q+1 [ vAdtp. 
Jo. Jn 

Since v which vanishes on 90, we obtain 

/' vAd<p=(-l)1*q+1  ( dvAtp 
Jn Jn 

so 

dF Aip=:      df A(p-      dvAcp = 0.    D 
Jx Jn Jn 

LEMMA 6.5. Let H be a domain of a compact Kdhler n-dimensional manifold X, 
E a holomorphic hermitian vector bundle on X and v G L?   JX;E), q > 1, such 
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that v = 0 on X\n and v G L?   JCt;d~k+1', E).  We denote by G the Green operator 

on X and d   the L2-adjoint of d.   Then d Gv E W]*     ^(X^E) and 

CN-j+i,n(v) for every 0 < j < k, where C is a constant independent of v. 

Proof G is an integral operator and we have 

d Gv < 

Gv(x)= /  G(x,y)Av(y)dy= / G{x,y)Av 
JX JQ 

(y)dy 

with \G(x,y)\ < Cd(x,y)-2n+2. 
For 0 < i < j < k we have 

-2n (6.1) |l?i [dmG(x,yj\ | tf-Hy) < Cdfayy^-'dl-Hv) < Cd(x,y) 

It follows that 

DidfGvix) = j Di \S*G(x,y)] d^Hy) Av(y)d-^1(y)dy 

is a classical singular integral with t;d_J+1 e L^pg^(Q;E) and Did Gv € L^p^(il;E) 

for 0 < i < j < k [38]; so d*Gv G W^g)(X;E) and 

d Gv <CN-j+1,n(v).   U 

DEFINITION 6.6. Let X be a hermitian manifold and L a compact subset of X. 
We set ft = X\L. We say that L is L2-regular if there exists N € N such that 
d~N ^ I? (yx H ft) for every x 6 dL and every neighborhood Vx of x. The least 
natural number N verifying this property is called the L2-rank of L. 

EXAMPLE 6.7. The closure of non-dense domains with Lipschitz boundary and 
the real analytic sets in QPn are examples of L2-regular compacts. 

THEOREM 6.8. Let X be a compact Kdhler n-dimensional manifold, E a holo- 
morphic hermitian vector bundle on X and L a Hartogs-pseudoconcave L2-regular 
compact subset of X. Let 0 < p < n, 1 < q < n — 2 such that H^^^X^E) = 0 
and f G C?° JL;E) a oo — d-closed form.   Then, for every integer k > 1 such that 

mn-p(X\L;E*)+2(k-l)Cn > 0, there exists Uk G C^_1j(L;E) such thatdkUk = /. 
For q = n — 1, the same is true if f G C^n_1^(Z/;E,) verifies the moment condition 

of order k + r, where r = max(k + n + 2,A; + iV + l) with N the L2-rank of L. 

Proof Suppose 1 < q < n — 2. Since dooj = 0, for every k G N there exists an 
extension fk G C^\(X;E) of / such that dfk vanishes to order k on L. It follows 

that dfk G £? ^(fl;^-*;!?), where ft is the Hartogs pseudoconvex domain X\L. 

By Proposition 5.3 and Corollary 5.6 there exists Vk G L?   Jfl;6~k+1;E) such that 

dvk=dfk- „ 
We define the (p,g)-form Fk on X by Fk = fk on L, Fk = fk - VkOn ft; hence 

Fk G L? q\(X] E). Since bv(vk) — 0, from Lemma 6.4 we conclude that dFk = 0. By 

using Lemma 6.5, we obtain Fk = duk with Uk — d GFk G WF     ^ {X\ E). 
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Since L is L2-regular there exists N G N such that 8~N $. L2 (VXo fl fi) for every 
XQ £ dL. 

Let m € N* fixed and km .= max(m + n + 2,m + iV+l). Than u^ defines a form 
um e Cfi+l^LiE) such that dmUm = /. 

Indeed if aro £ dL is such that JD-
7
 (du^ — fkm) (xo) 7^ 0 with j < m < km — 

N - 1, there exists a neighborhood V^oOf #0 such that |?;&m | > C<5J on VXo fl fi. Since 
5-^ £ L2(T40nn), we have b^l^"^^ > |t;fcm | tf"^^' ^ L2(]4onn) and we 
obtain a contradiction. 

If q = n — 1, the same proof works for forms satisfying the moment condition of 
order k + r. D 

7. Boundary regularity of d in pseudoconcave domains. We prove now 
boundary regularity of d for (p, g)-forms with values in a bundle E on Hartogs- 
pseudoconcave domains fi_ with Lipschitz boundary of a compact Kahler manifold. 
Firstly we consider that Hp'q{X\E) = 0 and we study the situations 1 < q < n — 2 
and q = n — 1 with the moment condition. If Hp>q{X]E) ■£ 0, we obtain extension 
operators of 9-closed forms on fi_ to 9-closed forms on X, such that a form is 9-exact 
on ft_ if and only if its extension is 9-exact on X. 

We use the following result of P. Grisvard (see for ex. [15], theorem 1.4.4.4): 
Let Q be an bounded open set in W1 with Lipschitz boundary and k G N*. Let u 

a function belonging to the closure of V{Q) in Wk (ft). Then u £ L2 (Q]6~k) and 

(7.1) iV_fc (u) < Ck \\u\\k 

where Ck is independent on u. 

THEOREM 7.1. Let ft_ be a domain with Lipschitz boundary of a compact Kahler 
n-dimensional manifold X such that ft_ is Hartogs-pseudoconcave and E a holomor- 
phic hermitian vector bundle on X. Let 0 < p < n, 1 < q < n — 1 such that 
Hp>9(X',E) = 0 and ko > 1 an integer such that mn-p(Q;E*) + 2(ko - 1)CQ > 0, 
where ft — X\ft_. 

a) Suppose that q < n — 1.  Then for every d-closed form f E C?° Jft-;E) and 

every k > ko, there exists u G WA     -^(fi-j-E) fl C?^_1)(ft_;.E) such that du = f 
and \\u\\. < Cj \\f\\ ■   for every ko < j < k, where Cj is a constant independent of f. 

b) If q = n - 1 the same statement is true for d-closed forms f G C?? x (ft_; E) 
verifying the moment condition of order k. 

Proof Let {Ui}1<i<N be a finite covering of <9ft_ with coordinate charts of 
X and Uo = ft- U C/i.~We consider an orthonormal basis for the (p, g)-forms on [/*, 
1 < i < N and by using the extension theorem for the Sobolev spacesjm domains with 
Lipschitz boundaries (see for ex. [15]) we may consider extensions fi G C?° JUi] E) 

of /jc/.n^T such *^ia*   /*     ^ Cj I l/l I j • for every 3- A partition of unity subordinate to 

{Ui}0<i<N , gives an extension / of / in a neighborhood ftL of ft_ such that m    < 
— II   \\j 

Cj ||/|| • and a multiplication with a (7°° function <p with support contained in ftL 

such that (p = 1 on ft_, allows us to assume that / G C?? >>(X;E). 

_ Suppose that 1 < q < n — 2 and let ko < j < k. Since / is enclosed, we have 
dfeLltq+1)((l;8-i;E). 

By   Proposition   5.3   and   Corollary   5.6   it   follows   that   there   exists   v G 
Ltp,g)(n'5~i+1'E) such that ^ = ^f and N-J+iM*) < CjN-j+^nidf). 
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We define the (p, ^-form JP on X by F = f on Q_, F = f — v on f); so F G 
L^pqJX;E). Since bv(v) = 0, by Lemma 6.4 we obtain that dF = 0. 

Since iIp'9(X; E) = 0, by Hodge theory on compact complex manifolds it follows 
that F = du with u = d GF e L?      ^(-X"; E1) and G the Green operator on X. 

As in Lemma 6.5, we have GF{x)  = fxG(x,y) A F(y)dy with |G(a;,2/)|  < 
Cd{x,y)-2n-2. 

Therefore, 

(7.2) 

where 

GF(aO = *i(aO-$2(aO 

(7.3) ^(a:) = / G(x,2/) A /(y)^/,   *2(ar) = / G(x,y) A v(y)dy. 
Jx JQ 

As fe C&q)(X;E), 3**1 G ^.^(X;£) and 

(7.4) d $i ^Cill/ll; 

Because $2 e C(~g)(fi_;£7) it follows that u = a*$i - 9*$2 € C(~g_1)(fi_;.E). 

By Lemma 6.5 it follows that d*$2 G W(*W_1)(X;.E) and 

(7.5) a**2 
j'.n- 

< CN-j+uafr) < CjN-j+wW). 

Since df vanishes to infinite order on dU, by (7.1) we have 

(7-6) ^_j+i,n(5/)<Ci||5/| 

and by using (7.5) and (7.6) we obtain 

j'-i 

(7.7) a #2 

Finally (7.4) and (7.7) give 

<Ci df .   KCJ f .^CjWfiu. 
i-i 

ll"!!,- = 9 $1 - d $2 <Cill/llr  n 

COROLLARY 7.2. Under the hypothesis of Theorem 7.1 , suppose that £)_ is iy^/i 
arbitrary boundary. Then there exists u € WF ^ (fl_;£J) 5^c/i £fta£ du = f and 

\\u\\k ^ C& ll/llife+n+2 ' ^^^ Cfc is a constant independent of f. 

Proof   We can use the extension theorem of Whitney for smooth functions to 

obtain an extension / of./ to X such that ^CkWfW^^y Since 
cwpo 

f] H-I - Cfc -n 0»+.(x) - Cfe ii^ic^asi) ^ c* ii/ii*+-f» 

the only change in the proof of Theorem 7.1 is that   / <Ck\\J\\k+n+2 . D 
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COROLLARY 7.3. Let fi_ be a domain with Lipschitz boundary of a compact 
Kdhler n-dimensional manifold X such that fi_ is Hartogs-pseudoconcave and E a 
holomorphic hermitian vector bundle on X. Let 0 < p < n,. 1 < q < n — 2, such 
that Hp'q(X]E) = 0 and f e C^q)(TtI]E) a d-closed form.   Then there exists u e 
c&q-i) (^;E)such that du = f. 

Proof The proof follows [24], pag.230 and we give it below for the convenience 
of the reader. 

It is sufficient to prove that for every k > ko, there exists Uk € WfL ^(ft-'^E) fl 

C?£    ^($1-.]E) such that duk = f and \\uk+i -UkWk  ^ ^~k (^en we can take 

" = 1**0 + E£(u*+i -uk) e wfc^n-iE)). 
Suppose we found Uk for ko < k < m — 1. By Theorem 7.1 there exists vm G 

W&q-i)(n-''E) n C&q-i)(n-5E) such that ^m = /• Let {U^OKJKN be a covering 
of Q_, where UQ CC ft and {t/j}i<j<jv is a covering of dfi,- with balls centered at 
Q G dft- such that ft- fl (Uj — ez/j) C ft- for 0 < e < So and z/j suitable directions. 
Let {XJ} be a C00 partition of unity subordinate to the covering {E^}O<J<JV. 

We put h = vm- tzm_i G ^^^(ft-;^), h£(z) = Ylf^o Xj (z) Kz - Wj) and we 

remark that h£ G C^^fHI^E) for 0 < e < SQ. Since \\h - hel^^ -> 0 for e -+ 0 

and dh£(z) = J2j=o ^Xj (z) A [/i(^ — euj) — h(z)] we conclude that ||9/ie||m_1 -> 0 for 
e->0.  ■ 

By Theorem 7.1 there exists ip£ G W/r
(^g_1N(ft_;E) such that dip£ = 9/i£ and 

||^e||m_i —> 0 for e —► 0. For e small enogh we have 

||ft -he" ¥>e||m_i = Ibm -he-(pe- Um-llU.! < 2-m 

and we may choose um = vm — h£ — ipe. U 

REMARK 7.4. The same methods work to obtain Ck regular solutions of d up to 
the boundary on a domain ft = fti\fi2 C Cn, where fti is a pseudoconvex domain 
with piece-wise smooth boundary and ft2 is a pseudoconvex domain with Lipschitz 
boundary. This statement generalizes for 0,2 with Lipschitz boundary a result from 
[28], where 0,2 is supposed with C2 piece-wise smooth boundary. 

COROLLARY 7.5. Let ft_ be a pseudoconcave domain with Lipschitz boundary in 
CPn. Let f G C^^ftT; 0(rn)), df = 0,l<q<n-2,meZ. Then for every 

integer k > 1 such that 2(k — l)JCn — m > 0, there exists u G WA     1x(ft_;0(m)) 

such that du — f and \\u\\k < Ck \\f\\k > where Ck is a constant independent of f. For 
q = n — 1, the same is true if f verifies the moment condition of order k. //ft_ has 
C2 boundary, the statement is also valid for m = 0. 

Proof. Since iJ0^(CFn; O(m)) = 0 Corollary 7.5 follows from Theorem 7.1, Corol- 
lary 5.6 and Corollary 5.4. If ft_ has C2 boundary and m = 0, we can apply Propo- 
sition 5.5. D 

In general, we can state the following: 

THEOREM 7.6. Let ft_ be a domain with Lipschitz boundary of a compact 
Kdhler n-dimensional manifold X such that ft_ is Hartogs-pseudoconcave and E 
a holomorphic hermitian vector bundle on X.   For every integer k > 1 such that 
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mn_p(fi; E*) -h 2(k — 1)CQ > 0; where ft = X\Q-, there exists continuous extension 
operators 

Ek
p>q : A%tq) (n_; E) -> AW^q) (X;E)      0<q<n-2 

ZL-i ■ A^i% (ft-;E) -> AW^, (X;E) 

where ft- = X\Q and A^'^h (Q-]E) are the d-closed (p,n — 1)- forms on f2_ of 
class C00 up to the boundary which verify the moment condition of order k. 

Moreover, f is d-exact on ft- if and only if Epqf is d-exact on X. 

Proof As in the proof of Theorem 7.1 we consider an extension / G C?? s (X; E) 

and a solution Vk € Ln    AVt] 8~k+2] E) of the equation dvk = Of.  Then we define 

the (p, g)-form Fk on X by Fk — f on 0_, F^ = / — v^ on fi and it follows that 
Ffc G L? g)(-^; E) is a 9-closed form. By Hodge theory on compact complex manifolds 

we have F^ = dd GFk+HFk, where G is the Green operator and H is the projection 
on the finite dimensional space T-L(p,q) (X;E) = Kerd fl Kerd   of harmonic forms 

d GF fc+1 < C\\f\\k+l] so on X.   By Lemma 6.5, d*GFk  G WjJJ {X\E) and 

^ € ^.ff) (X;E) and we can define E™f = Fk' 
Suppose that / is d-exact and let u G C?% % (ft_; F) such that 9?/ = /. We denote 

by u a C00 extension of w to X. 
It is enough to prove that (Ffc, h)L2rx;E) ^ 0 ^or every ^ ^ ^(p,g) (-^"J ^J where * 

is the Hodge star operator. Since 

<9(*/i) = d(*/i) = * (— *d* h) = *d h = 0 

and ft is Stein it follows that there exists ip G C?^    n-q-i) (^» ^) S11C^ *^ia* ^ = *^* 
Let {tt6)£>0 be an exhaustion of ft by relatively compact domains in ft. 

We have 

(7.8) (Fk,h)L2{x.E)=  f FkA7h 

(7.9) /    fA*h=        duA*h= uA*h = -lim /     uA*h 
Jo-               Jn-                 Jan- e~^0Jdnt 

--lira/    «A50=(-l)p+*lim /    <9uAV. 

Since ^ vanishes on 9f2 we have also 

(7.10) / (/- vk) AdrP = (-l)p+'1+1 lim /    /A i> 
Jn v '^ <r_K)./dn£ 

and by (7.8), (7.9) and (7.10) it follows that 

(Fk, h)LHX]E) = (-l)P+g lim J     (du-fjArP 

= lim /       (du - f] A *h = 0.   D 
e-^%\n. v ; 
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8. Vanishing of the W^-cohomology for (0, </)-forms in pseudoconcave 
domains of QPn. Let O be a domain with Lipschitz boundary in QPn. We denote by 
S (1) the unit shere in Cn+1 and Q = {z G S (1) | ir(z) e ft} where TT : Cn+1 -^ CFn is 
the universal line bundle. If g is a 0(m)-valued (0, q)-foYm on CFn, we put g = ir^g. 
For 1 < q < n - 1 let 

q-l   n-q 

is u   \-    (-1)g   ng       det(t,z, dz , dt ) 

where t,z,dt and dz are columns of an (n -f l,n + l)-matrix and the determinant is 
computed by the usual rule, where the place of each factor in the exterior product is 
determined by the index of the column to which the factor belongs; 

n 
$(t,z) = ^2tj{tj -Zj) -<t,t-z >= 1- <t,z >; 

n 

$*(t,z) = ^^j(*i - Zj) =<z,t-z >=<z,t > -1; 

uj(t) = dto A • • • A cftn. 

For / e L/0 x(fi; O(m)) fl L?0 9)(9n; (9(m)), we remind a formula of Bochner- 
Martinelli-Koppelman type in QPn from [20]: 

(8.1) f = Tq+1(df) + dTqf + Qqf    ifl<q<n-l, 

(8.2) f = Tof + T1{df)+Q1f    ifq = 0, 

where 

(8.3) fj (z) = I    f(t) A Kg-! (t, z)    ifl<q<n, 
JteQ 

(8.4) QJ{z)=f   J(t)AKq(t,z)  ifl<q<n-l, 
JtedQ 

n 

LEMMA 8.1. Let fi 6e a domain with Lipschitz boundary in QPn and / G 
L?0 g^(9n; O(m)) such that the support of f is contained in a coordinate subset. Then, 
in local coordinates z = (zi,„.,zn), we have 

Qqf(*)=.[   f(0ABMKq&z)+ [   /(OAi?,^) 
JdQ Jan 

and 

Tqf (z) = f f (0 A BMK,-! (€, z) + [ f (0 A i^-i & «) 

ty/iere BMKq {ti,z) is the Bochner-Martinelli-Koppelman kernel in Cn and \Rq faz) 
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Proof. In (8.4) we put 

* = A&£ = (&, -,U), |A| = 1, |£|2 =.|6)|
2 + • • • + l^nl2 = 1,£o G 

and we obtain 

Q7f(z) = 
/anx{|A|=i} 

Since /(Af) = AmA 7(0 and a;(A0 = A"dAAa;' (f), a;' (f) = E^o (-1)'' «>A 

• • • A d^- A • • • A d£n, it follows that 

2^* Van y|A|=i (A- <£,z>)(\<z,€> -l)q+i 

where 

q    n-q-l 

Hq (f,«) = ^ic'.^etd, J,^, ^ ) A «' (0 . 

A simple computation of the second integral gives 

"'"■'m+n+g-l/V'2) 

with 

0    ifr>0 

■l)n+r-1T,Ufoa CLn+qC
r_-L < lz >*-*i f(0 A Hq(t,z) otherwise 

(for s € N and t e Z we denote Ct
s = «(«-1)"j«-«+i))j 

, 1/2 

"r/ l2)- i /.pn+r-l^r 

Suppose ^ = (1,...,0). Then < €,z >= & = ± (l - If |2) , with f = 

(£i> •••»^n) and we obtain 

  /•   T*
1
"
1
 it |2(»-«r-i) /•   0 flf I2) 

Q,f{*)= l^L f(Q*Hg(e,z)+       -±-^f(0AHq(t>,z). 
Jen It'| Van    |c| 

This means that in local coordinates we have 

(8.6) 

Qqf (*) = I   f (*') A BMKq (?, z')+ f   f (?) A Rq (f, *') = /„ (z') + Jq {z') 

where z' — (zi,...,zn), BMKq {£,'^z') is the Bochner-Martinelli-Koppelman kernel in 
C" and \Rq {g,z?)\ < C^_^. D 

A similar computation gives the analoguous formula for Tq. 

REMARK 8.2. In fact, Lemma 8.1 shows that, in local coordinates, we have 
Kq = <f> (BMKq), with $ a smooth function which does not vanish on the diagonal 
and BMKq the Bochner-Martinelli-Koppelman kernel in Cn (see 8.6). 
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The Lemma 8.3 below is based on an approximation method inspired from the 
solution of Cousin's problems: 

LEMMA 8.3. Let Q be a relatively compact domain with Lipschitz boundary in 
a complex manifold, E a holomorphic bundle on X. Suppose that there exists a 
fundamental system of neighborhoods {^'e}£>o of ft with the following property: for 
every d-exact form $ = dip with t/> G A?° ^ (il£]E), there exists 0 < e' < e and 

<peW{p9q)(ner,E)nCfcq)(ner,E) such that dv = $ andMs^£f <C||$||S,Q£/ with 
C independent of $ and e. Then, every f G AW'p^ (ft; E) n Cfaq) (0; E) belongs to 
the closure of A^q) (fi; E) in W{

s
p^ (ft; E). 

Proof Let {t/j}o<j<JV be a covering of ft, where UQ CC ft and {UJ}I<J<N is 
a covering of 9ft with balls centered at (j G 9ft such that ft fl (XJj — £Vj) C ft for 
0 < e < So and Vj suitable directions. 

Let / G AWs
{pA) (n-E)nC^q) (ft; JS). We denote f^z) = f(z) on Uo and /?(*) = 

f(z - euj) on ft fl Uj and we have // G A^q) (fte/ fl Uy, E) n AW^q) (fte D Uy,E) for 
0 < e' < e < SQ. 

Let {XJ} be a C00 partition of unity subordinate to the covering {Uj}o<j<N' 

We put }% = fl-n e ^^(an^-rw^i?), ft = EjoXi // e ^,,)(nen 
C/^S) n Ag^ (n«,;£0 and P| = ££oXi /?, e ^(a n_c/fc;E). 

We have 5| = Ef=o Xi(// - /f) = ft " /I and fl^ = ^ft = EjLo ^ A ^ on 

C/fc)soaft e^^^s^nAW^^^;^.  As||/;J| -> 0 for e -+ 0 

and 9F£ - 9p| = Y^=o ^Xj A /;fc on Uk we obtain ||dF£ \\a^ -> 0 for c -> 0. 
By hypothesis, there exists u£ G VF^^ (ft£"; E)nC(^g) (ft

£
£/'; E), 0 < e" < e' < £o, 

such that du£ = 9Fe and ||^||S)Q     < C ||9Fe||  Q ^, so ||w<r||  n ->• 0 for e ->■ 0. 
We have 

AT JV 

f-(F£- u£) = ^2xjf - 5>j/;+^ 
j=0 j=0 

ExAf-fj) 
3=1 

+ u£ 

Thus ||/ - he\\8iQ -> 0 for £ -* 0 with he = F£ - u£ G A^g) (ft; E). D 

LEMMA 8.4. Let ft_ C CPn be a pseudoconcave domain with Lipschitz (re- 
spectively C2) boundary in CPn and f G AWkqASl-\0(m)), 1 < q < n — 1, 
m G Z, k G N*, 2(fc — 1)/Cn — m > 0; (respectively k > 1 and m = 0^). Then 
there exist h belonging to the closure o/^? )(ft_; 0(ra)) in AWk g\(ft-; O(m)) and 

3 G AWft^iil-iOim)), \\g\\k+1 < Ck\\f\\k such that f = dg + h. 

Proof Since ft == CPn\ft_ is pseudoconvex, by [39] it follows that the domains 
ftf_ = CPn\ {z G Q\8(z) >£},0<£< SQ, form a strongly pseudoconcave neighbor- 
hood system of ft_. We consider an extension F G AWfa , (fti0; 0(m)) of / such that 

suppF C fti0 and H-FHj. n«o < Ck \\f\\k,n_' From the Bochner-Martinelli-Koppelman 
formula 8.1 we obtain 

F = Tq+1(dF)+d(TqF) 

with TVF (z) = /iE^ F (t) A ^.x (*, z), (see (8.3)). 
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Let g = TqF and h = Tq+1 (dF). By Remark 8.2 it follows that g G 

^("i^M), \\g\\k+hQt < \\F\\ktQL < Ck ||/||^_ and h E AW^q){^0{m)) 
for 0 < e < SQ. 

To   finish   the   proof,   it   is   enough   to   show   that   h   =    \imh£,   with 

he€A^q)(n_;0(m)). ^  ^ 

Since dF = 0 on fi_, Tg+1dF (z ) = J    ^—  aF(i) Aiir„_i (t.z) so h g 
t feat     \i4 — 

C^ x(n_; O(m)). According to Lemma 8.3, it is enough to verify that for every 0 < 

e < eo and every 9-exact form $ = dip with i/; G A?^ , (fii; (9(m)), there exists (p G 

^(o,,) (ni;OHJ nC(~g) (ni;0(m)) such that ^'= $ and IMI,^ < CH*!^ 
with C independent of / and s. Since every 9-exact form $ G A?Q +1^ (ni;0(m)) 
verifies the moment condition of any order, this follows from Corollary 7.5. D 

LEMMA 8.5. Let fi_ cQPn be a pseudoconcave domain with Lipschitz boundary in 
CPn and h a form belonging to the closure ofA?£ , (n_; 0(m)) in AWk . (f]_; 0(m)), 

k G N*. Then there exists an extension h G Wfo x (QPn; 0(m)) of h such that dh^ G 
L(o,9+i) (^5 <J"*+1; O(m)) and N.k+hQ (dh) < Ck ||Sfc|| _     , ^ftere fi = aPn\nr. 

Proof Let /ij G A^ AVt-) such that ||fo — hj\\kn_ ->• 0. We denote by ftj a 

C00 extension of hj to CFn such that   ftJ < Ci Hftjl^ Q_ for every non-negative 
II llZjOrn 

integer i < k and every j. In particular, f hj) is bounded in Wfo x(CPn), so there 

exists a weakly convergent subsequence to h G W^ x(CFn) and h^_ = h. Since 9/ij 

vanishes to infinite order on <9fi , by (7.1) we have N-k+i,Q(dhj) < Ck   dhj 

and (dhj)    has also a weakly convergent subsequence in i(0 g+1) (f^tJ-*"1"1).   So 

^in G L(o,,+i) (ft;<S-*+1) and iV-jfe+Ln (^) < Ck 

DEFINITION 8.6. Let n_ C CIPn be a pseudoconcave domain in QPn and, k G N*. 
^4 form f G AVFA n_1x(n_; O(m)) verifies the moment condition of order k if there ex- 

ists an extension/G ^n-i)^™;O(m)) o// such thatdf\Q G L2 (fi;8-k+l]0(m)) 

and verifies the moment condition of order k — 1 on Q,, where Vt — QPn\n_. 

THEOREM 8.7. Let 0_ C CPn be a pseudoconcave domain with Lipschitz (respec- 
tively C2) boundary in CPn. Let k G N*,m G Z, 2{k — 1)/Cn — m > 0, (respectively 
k>l and m = 0). 

a) Suppose that q < n — 1.   Then for every f G AWk JCl-;0(m)) there exists 

u G WA ^(fi-jC^ra)) 5^c/i ^a^ du = f and \\u\\k < Ck\\f\\k, where Ck is a 
constant independent of f. 

b) If q = n — 1 £/ie 5ame statement is true for forms f G Wfa n_1JQ-]0(m)) 
verifying the moment condition of order k. 

Proof By Lemma 8.4, there exist h belonging to the closure of A?£ -, (fi_; 0{m)) 

in AW^q){£l-;0(m)) and g € AWf+^to-tOim)), \\g\\k+1 < Ck\\f\\k such that 

f = dg + h. So it is enough to solve the 9-equation for h. 

dh . D 
k-l,Q 
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According to Lemma 8.5 there exists an extension h E Wjl J(CFn]0(m)) of 

h such that dh\Q G L2
i0q+1) (n;5-fc+1;0(m)) and N-k+ip (dh) < Ck \\dh\\ 

where fi = CPn\n_. From now on the proof of the Theorem 7.1 works without any 
change to find ui G Wk    -^(fi-.; 0(m)) such that dui = h and H^ill^. < Ck \\h\\k. □ 

A consequence of Theorem 8.7 is the following: 

COROLLARY 8.8. Let fi_ C CPn be a pseudoconcave domain with Lipschitz 
(respectively C2) boundary in CFn. Then H^k(Ql-) = 0 for every integer k > 2 
(respectively k > 1) and 0 < q < n — 1. 

9. The dual of the weighted Bergman space on pseudoconvex domain 
of QPn. Let fi be a domain with Lipschitz boundary in a complex n-dimensional 
manifold X, fi_ = X\fJ and k G N. In this paragraph we use the following notations: 

Bk{to) = O (SI) HL2 («;«*) 

endowed with the norm iV^ induced by I? (H;^); 

(Bik(fi))^ = {*e(Bik(n))'|(*,i) = o} 

where {Bk (fi))' is the dual of Bk (fi). 
Let [if] G iJ^-1 (n_) be the cohomology class of the 9-closed form 

ip G Wr^^j^O-). Since every h G Bk (H) is harmonic, it admits a boundary value 

bo (h) G W-*-1'2 (dtt). So we can define T : H^^ (0_) -> (Bk (0))^ by 

<T[V],/i>= /   (bv(h),bv(V)) 

where ( , ) is the duality betwee^W"^1/2 (an) and Wk+1'2 (dQ). 
Indeed, if [ip] = 0, ie.  cp = difr with ^ G W(^_2x(0_), by Stokes5 formula we 

obtain T [p] = 0. 
Since 

KrM,fc)| < IIM>0IU_i/2,onIMv)ll*+i/2,8n < ^II^WII-fc,Q < C7*,»,jvfc,n (/») 

it follows that T [</?] is a continuous functional on Ok (H). 
Because y> is 9-closed, by Stokes' formula we have 

(T[<p},l)= [   bv(v)= [ dip = 0 
JdQ Jn 

and we conclude that T [up] G {Bk (^))# and T is well defined. 

THEOREM 9.1. Let ft_ C QPn be a pseudoconcave domain with Lipschitz (re- 
spectively C2) boundary, Q = QPn\n_ and k G N* (respectively k G N). Then T : 
iJ^fc+i (ft_) -> (Bk (ft))^ «5 fl^ isomorphism. In particular dimc-ff^fc+i1 (ft-) = oo. 

Proof. Suppose that T [cp] = 0. Lemma 8.4 implies that [tp] = [i/;] with if) belonging 
to the closure of ^4^}n_1^(ft_) in Wr^_1>(ft_). According to Lemma 8.5 there exists 
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an extension ij> e Wf+^iOn) such that dip € L^ (Q;S'k). Therefore, for every 
h € Bk (fi) we have 

/ tiffy = [   {bv (h) ,bv((p)) = T[<p] (h) = 0 
Jn Jan 

and it follows that ip verifies the moment condition of order k. By Theorem 8.7 there 
exists u e ^(ttn-i)(^-) suck t*iat du = ^» so M = 0 and T is injective. 

Let $ G (Bk (fi))#- By the theorem of Hahn-Banach there exists an extension 

$ e {L2 (ft; (S*))' = L^^ (fl; <J-*) of *, so there exists * G ^n?n) (fi; <J-*) such that 

($,/i> = /n fc* for every h e Bk (fi). Let $ be the trivial extension of ^ to QPn. 
Since 

/     (*,*l)rfVr= /    «?= / * = (*,!>= 0 

it follows that \I> is orthogonal to the harmonic space %(n,n) (QPn)- Therefore, by 

Hodge's theorem ^ = dip with fi = d G^ and G the Green operator. From Lemma 
6.5 we conclude that Ip G W?**^ (QPn) and let y? = ^|fi_ . Since d(p = $ and $ 

vanishes on fi_, y? defines a cohomology class [<p] G H^^ (fi-) such that 

(T[^],/i)= /   (bv(h),bv(ip))= [ hd<p= [ hV = ($,h) 
Jan Jn Jn 

for every h e Bk (£1). This shows the surjectivity of T and completes the proof. □ 

10. Liouville's theorem on pseudoconcave compacts of QPn. The follow- 
ing Proposition is a generalisation of Liouville's theorem for pseudoconcave compacts 
in QPn: 

PROPOSITION 10.1. Let L be a pseudoconcave compact in QPn; n > 2. Then: 
i) A^0)(L;0(m)) =0form< n; 
ii) A?^ 0)(£; 0(m)) is isomorphic to the space ofm — n — 1-homogeneous complex 

polynomials inn + 1 variables for m > n 4-1. 

Proof. Let k G N such that 2k)Cn + n + 1 — m > 0 (we can choose k = 0 if 
m < n) and / G j4^o)(L;0(ra)), We consider an extension /G C^^CIPnjO^)) 

of / and we have Of G L^^fi;*-*""1;©^)), where fi = CIPn\£.   By Corollary 

5.6 and Corollary 5.4 b), there exists v G L?  0x(n;O(m)) such that dv = Of and 

bv(v) = 0. Let F G I^n>0)(QPn; O (m)) defined by F = / on n_ and F = /- v on 

n. By Lemma 6.4 it follows that OF = 0 on QPn, so F is a holomorphic (n, 0)-form 
on QPn with values in 0(m). Since the holomorphic (n,0)-forms are holomorphic 
sections of G(m—n—l), Proposition 10.1 follows. □ 

An immediate consequence of the case m = n + 1 of Proposition 10.1 is the 
following: 

COROLLARY 10.2. A pseudoconcave compact in QPn is connected. 

PROPOSITION 10.3. Let n_ be a domain with Lipschitz boundary of a compact 
Kdhler n-dimensional manifold X such that fi- is Hartogs-pseudoconcave and E a 
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holomorphic hermitian vector bundle on X. Let 0<p<n, 0<q<n — 1 such that 
#*MH-i(X;£) =_0 and k > 1 an integer such that mn_p(ft;£*) 4- 2{k - 1)CQ > 0, 
where fi = X\n_.  Then A^q){Q-]E) is dense in AW^q)(Q-]E). 

Proof. Since fi, = €Fn\ft- is pseudoconvex, by [39] it follows that the do- 
mains fl£_ — €Fn\{z € VL\d(z,VL-) > e} form a strongly pseudoconcave neighbor- 
hood system of fi_. According to Theorem 7.1, for every 9-exact form $ = ch/> with 

ip € A^q) (fii; E), there exists 0 < e' < 6 and <p G W(
s
p5g) (n!!;^) n C^ (flf!;^ 

such that dtp = $ and ||<p||5 fi / < C \\$\\3Q , with C independent of $ and e (because 
$ verifies the moment condition of any order). So we obtain the result by applying 
Lemma 8.3. □ 

COROLLARY 10.4. Let fi_ be a pseudoconcave domain with Lipschitz boundary 
in CIPn andmeZ,m< n. Then A^0)(fi_;O(m)) is dense in AW^0)(fl-]O(m))f 

k > 1. // fi_ /ias C2 boundary we have the same result for m = n + 1. 

Proof If fi_ has Lipschitz boundary, Corollary 10.4 follows directly by Proposi- 
tion 10.3 by identifying the holomorphic (9(m)-valued (n, 0)-forms with holomorphic 
sections of 0(m - n — 1). Under the hypothesis of C2 boundary, we conclude similarly 
by using Theorem 8.7. D 

From Proposition 10.1 and Corollary 10.4 we obtain the following form of Liou- 
ville's theorem: 

THEOREM 10.5. Let ft- be a pseudoconcave domain with Lipschitz boundary 
in CFn. Then #0'0(ft_;e>(ra)) n W^-iCtyn)) = 0 for m < -1 and tf0'0(ft_) n 
W2{Q,-) = C. J/n_ has C2 boundary we have also if0'0(fi_) n W^Sl-) = C. 

11. Hartogs-Bochner theorem in CFn. 

THEOREM 11.1. Let ft be a domain with Lipschitz boundary in CPn such that 
£)_ = CPn\fi is connected and contains a pseudoconcave domain with C2 boundary 
andf e CR(dQ)nW^(dQ). Then there exists f € 0(Q)nW1(Ql) such thatbv(f) = /. 

Proof We consider the current Tf of bidegree (0,1) on CPn given by (Tf,(p} = 
JdQ ftp for every cp G ^n_i)(CTn).  Since / € CR(dn) we have dTf = 0, so Tf = 

dKTf, where K G ^^^.^(CPn x CPn) is the fundamental solution for d given by 
the formula of Bochner-Martinelli-Koppelmann type in CIPn [20]. 

We denote F(z) = KTf(z) for z G CIPn\an and we have 

F(z) = - [   K(t,z)mdZ. 
JdQ 

Since suppTf C 90, F is holomorphic on (CPn\<9fi. We denote F+ the restriction 
of F to fi and F- the restriction of F to fi_ and since / G Wzfttl), by Lemma 8.1 
it follows that F+ G #0'0(n) fl ^(O) , F_ G ^^(O-) n PF1^-), so from Theorem 
10.5 it follows that F_ = C = constant on (]_. 

For every v G ^^.^(CPn) we have 

(T,,^ = [   f<p = (dKTf^) = - [    KTf(z)d<p(z) 

= - [ F+dip - [   FJdip = [   bv{-F+ + C)(p 
JQ JQ- JdQ 
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thus / = bv(-F+ + C) with / = -F+ + C <E 0{n) n W1^)- Q 

REMARK 11.2. Both hypothesis in Theorem 11.1 are essential. Indeed, if Q, = 
CFn\D, where D is a bounded domain in Cn

; than the restriction to dfi, of a non- 
constant entire function cannot extend holomorphically to fi; if QPn\fi has two con- 
nected components, a CR function which takes different constants as values on the 
boundaries of these components cannot extend holomorphically to fi. 

If Q is a bounded domain in Cn such that dQ is connected, Theorem 11.1 is 
equivalent to the generalization of the classical Hartogs-Bochner theorem proved by 
Fichera [11]. For smooth CR functions (ie. for functions / on dfi, which admit a C00 

extension / in a neighborhood of dfi such that df vanishes to infinite order on dfi), 
we can use directly Proposition 10.1 to obtain in a similar way the following: 

THEOREM 11.3. Let fi be a domain in QPn such that vol2n(dfi) = 0, dfi = 
d(€Fn\fi), <CFn\fi is connected and contains a pseudoconcave compact with non- 

empty interior. Then for every f e CR(dfi)nC00(dfi) there exists f E O^nC00^) 
such that f \dQ •= /. 

Proof. As in the proof of Theorem 11.1 (by transforming the integrals on the 
boundaryin integrals over the domains) we have / = F+^QQ — F^QQ , where F+ G 
0(fi) fl C00 (fi) and F_ G 0(fi-) n C00 (HI) with ft_ = €Fn\fi. 

  o 
Let L C fi- be a pseudoconcave compact such that 1/^0. Then F- € A00 (L) 

o 

and by Proposition 10.1, F- = constant on L. Since L C fi-, it follows that F- = 
constant on fi- and Theorem 11.3 is proved. □ 

REMARK 11.4. Iffi is a bounded domain in Cn such that Cn\fi is connected, 
the classical theorem of Hartogs-Bochner is a particular case of Theorem 11.3 because 
QPn\fi contains the pseudoconcave compact QPn\i?, where B is a suitable ball ofCn. 

REMARK 11.5. Alljthe resultsjire valid for domains fi in algebraic manifolds 
X C QPn such that fi = finX, with fi pseudoconvex domain in CPn and dfi transverse 
to X (the condition fi = fi fl X is not valid in general, see for ex. [12]). 

12. A (counter)example. In this paragraph we consider the domain 

(12.1) fi = {[zo,z1,z2] G QP2 | M < M} 

where {ZQ,ZI,Z2) are homogeneous coordinates in QV One can compare this domain 
with the well-known Hartogs triangle {(z,w) G C2 | \z\ < \w\ < l}. We study below 
some of the properties of the domain fi in connection with our results: 

EXAMPLE 12.1.  The domain fi defined in (12.1) has the following properties: 
1. fi is simultaneously pseudoconvex and pseudoconcave; 
2. There do not exist any Stein neighborhood of fi; 
3. There exist d-closed forms g G C/^D {fi] 0(m)) such that the equation du = f 

has no solution u G C (fl; 0{m)) for any m G Z; 
4. The Bergman space L2 {fi) fl O {fi) separates the points of fi; 
5. There exist no non-constant holomorphic functions in W1 {fi); 
6. The Hartogs-Bochner theorem for CR {dfi) fl W'1^2 {dfi) is not valid. 

Proof. 
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1. We denote Uj = {[ZQ, 21,22] £ CF2 | Zj ^ 0}. Since Q, C C/o, in local co- 
ordinates fJ is the product of the unit disc and the complex plane, so it is 
pseudoconvex. But QP2\fi = {[20,21,22] G CP2 | \zi\ > \zo\} and by the same 
arguments as before in C/i, it follows that CP2\fi is also pseudoconvex, so ft 
is pseudoconcave. 

2. The boundary dQ, = {[20,21,22] G QP2 | \zi\ = \zo\} is smooth exceptly at 
[0,0,1]. It contains the compact Riemann surfaces 

Se = {[^0^1,^2] € CP2 I 21 = eiezo} , 0 e 1. 

This means that Q, has no any Stein neighborhood. 
3. Let a, b distinct points of ft such that the complex projective line JC through 

a and b has a nonempty intersection with Cff^^- Let Q,' be an open neigh- 
borhood of Tl such that C fl (QP2\n7) ^ 0. By [17] there exists a Stein 
neighborhood V of C fl ft'. 
Suppose m < —1. Since V is Stein, there exists h G H0,0(V] 0(rn + 1)) such 
that h{a) £h(b). 
Let % be a C00 function on CIP2 with support contained in 0,' such that x = 1 
on V and let L a linear form such that £ = {[20,21,22] G QP2 | L (2) = 0}. 

Then ^ defines a form g G C^n (fi;(9(ra)). Suppose that there exists 

w G C (fi; O(m)) such that du = g. Then the function xh ~~ -^^ defines a 
section / G 0(0; 0(m + 1)) D C (fi; 0(m + 1)) such that / = h on C. But 
90 is foliated by compact Riemann surfaces which have a common point, so 
every holomorphic section of O (m + 1) is constant on dQ and this gives a 
contradiction. 
Suppose m > 0. We choose homogeneous coordinates 2 = (20,21,22) for a 
point [2] G CP2 such that £ = {[2] \zo = 0}. Let h G #0'0(V; 0(m + 1)) such 
that    ^n is non-constant on X. 

Let x be a C00 function on CP2 with support contained in O' such that x = 1 
on V. Then ^ defines a form g G C^^ (n;0(m)). Suppose that there 

exists u G C (fi; ©(m)) such that 9w = p. Then the (m + l)-homogeneous 
function (/? = hx — zou defines a section / G 0(0; 0(m+l))nC (Q; (9(ra + 1)) 
such that o^Sf+i = o ^+1 on £.  Since 90 is foliated by compact Riemann 

OZ-t 0Z-t 

surfaces which have a common point,      v+1 is constant fonction on each leaf, 

so constant on 0, and we obtain a contradiction. 
4. This property follows from Proposition 4.1. 
5. Let / G O (0) fl W1 (fl). We consider the complex projective lines 

AA = {[20,21,22] G CP2 I 21 = A20}, A G C, |A| < 1 

and we have AA\ {[0,0,1]} C 0. 
Let C = (Co,Ci) be local coordinates in U2 and Br = {C| |C| < ^} a ball 
centered at the origin.   For |A| < 1 we denote ipx : C* -> C the function 
defined by (p\ (2) = / (Co, Ci) with Co = ^ and Ci = A2. 
Since 

/        \f\2dCodCidCodCi= [       dXdX f   \z\2 \f {z,\z)\2 dzdz 
JBrnn J\x\<i JDr 
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with Dr = {z eC\\z\< r}, the function z(p\ G L2 (Dr) fl O(Dr\{0}) for 

almost all A 6 C, |A| < 1 and it follows that (p\ (z) = O f -m-) and p^ (z) = 

O f l^p J. Because / € W1 (fi), we obtain as before that z<^ E L2 (Dr). If cpx 

has a first order pole at the origin, then ztp^ (z) = O ( AT ) and z(pr
x fi L2 (Dr); 

so the origin is a regular point for (p\. It follows that / is constant on AA for 
almost all A € C, |A| < 1 and therefore constant on fi. 

6. By Proposition 4.1 there exist non-constant holomorphic L2 functions on fi; 
their boundary values belong to CR (dQ) fl W'1/2 (dQ) and cannot extend 
to holomorphic functions of L2 (QP2\fi).     □ 
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