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REGULARITY OF 3 ON PSEUDOCONCAVE COMPACTS AND
APPLICATIONS*

GENNADI M. HENKIN' AND ANDREI IORDAN?

Abstract. We prove the regularity of the 8-equation for O(m)-valued (p, g)-forms on pseudocon-
cave compacts of the complex projective space CIP,. This leads to the vanishing of the cohomology
groups of the (0, q)-forms with coefficients in the Sobolev space W¥ (), ¢ # n — 1, where Q is a
pseudoconcave domain with Lipschitz (respectively C2) boundary of CP, for k¥ > 2 (respectively
k > 1). As an application, we show that the holomorphic functions of W1 (2) vanish on pseudocon-
cave domains 2 with C? boundary of CP,. This implies the Hartogs-Bochner phenomenon for CR
functions in the space W1/2 (8£2), where Q is a domain with Lipschitz boundary of CP», such that the
complement is connected and contains a pseudoconcave domain with C2 boundary. We also obtain
the dual of the k-weighted Bergman space of a pseudoconvex domain in CP, as the cohomology
group of the (n,n — 1)-forms with W¥-coefficients on the complement.

1. Introduction. The classical Hartogs-Bochner theorem [4] states that a CR
function f on the boundary of a bounded domain @ C C* (n > 2) with smooth
connected boundary has a holomorphic extension to Q.

A proof of this theorem may be obtained by using the jump formula for the
Bochner-Martinelli transform: f = fy |ag — f- |, where fi is holomorphic on
and f_ is holomorphic on CP,\Q, where CP,, is the n dimensional complex projective
space. Since CP,\f? is connected and contains complex lines, it follows that f_ =
constant. An essential fact for this proof of the Hartogs-Bochner phenomenon is that
CP,\ contains a pseudoconcave domain.

It is well-known that the Hartogs-Bochner theorem is true for relatively compact
domains in a Stein manifold X (dimc X > 2). Important versions of this theorem
were obtained by Fichera [11], Kohn and Rossi [25], Grauert and Riemenschneider
[13], Harvey and Lawson [18]. Recently, interesting new facts about this phenomenon
were obtained by Napier and Ramachandran [29], Dingoyan [8] and Sarkis [33].

In this paper we obtain the following new version of the Hartogs-Bochner theorem
in CPy, (n > 2):

(1) Let Q be a domain with Lipschitz boundary in CP,, such that CP,\Q is
connected and contains a pseudoconcave domain with C? boundary. Then every CR
Sobolev W1/2_function on the boundary has a holomorphic extension to €.

One of the difficulties to prove this result is that there exist pseudoconvex domains
Q in CP2, such that € has no any Stein neighborhood. So we can not use the above
mentioned results. Another difficulty is that there exists pseudoconcave domains in
CP,, which do not contain any algebraic hypersurface of CP,, [10].

It is interesting to mention that the Hartogs-Bochner phenomenon is also valid in
distribution categories for bounded domains in C* with rectifiable boundary. How-
ever, we give an example of pseudoconvex domains in CPs such that the Hartogs-
Bochner phenomenon does not work for W—1/2-functions on the boundary.

The jump formula for the Bochner-Martinelli transform in CP,, [20] shows that
(1) is equivalent to the following version of Liouville’s theorem:
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(2) Let Q be a pseudoconcave domain with Lipschitz (respectively C?) boundary
in CP,,. Then every holomorphic function in the Sobolev space W2 (2) (respectively
W1 (Q)) is constant.

One of our main results is a cohomological version of (2):

(3) Let Q be a pseudoconcave domain with Lipschitz (respectively C?) boundary
in CP,, and HB{,& (Q) the group of cohomology of the (0,¢)-forms with coefficients
in the Sobolev space W*(2). Then Hy%(Q) = 0 for k > 2 (respectively k > 1),
qg#n—1.

The statement (3) can also be seen as regularity of 8 operator on pseudoconcave
compacts in CP,, and it is a new result even for smoothly bounded domains. Indeed,
the known results for the regularity of the & operator on pseudoconvex and pseu-
doconcave domains in hermitian manifolds of J. J. Kohn [23] and M.-C. Shaw [35]
depend on the existence of a strongly plurisubharmonic function in a neighborhood
of the boundary. For pseudoconvex domains in CP,, such functions may not exist.

A special case of statement (3) concerning the regularity of  operator on smoothly
bounded domains in CP,, with Levi-flat boundaries and ¢ = 1 was obtained earlier by
Y.-T. Siu [36] as an important step in his proof that such domains do not exist.

We can compare (1), (2), (3) with

(4) Let Q be a non-dense pseudoconvex in CP,,. Then the Bergman space W° (Q)N
O () separates the points of 2. Moreover, this is also true for domains Q spread over
Q.

The statement (4) is proved by using Ohsawa-Takegoshi-Manivel approach [32],
[26] for the extension of L? holomorphic forms.

Another result of this paper is the following quantitative version of the Serre-
Martineau duality [34], [27] in CP,,:

(5) The dual of the k-weighted Bergman space of a pseudoconvex domain 2 with
Lipschitz boundary in CP,, is canonicaly isomorphic to the cohomology group of the
(n,n — 1)-forms on Q with coefficients in the Sobolev space W* ().

If Q is strongly pseudoconvex the statement (5) can be deduced from [19].

We use the L?-estimates for 8 of Andreotti-Vesentini [1] and Hérmander [22] in the
form given by Demailly [6], a recent improvement of these estimates due to Berndtsson
and Charpentier [3], Takeuchi’s characterization of pseudoconvex domains in CP,, [39]
and a formula of Bochner-Martinelli-Koppelman type in CP,, [20].

2. Preliminaries and notations. Let Q be a domain in a K3hler manifold X
and E a holomorphic hermitian vector bundle over Q. For z, 2’ € 2, we denote d(z, z')
the geodesic distance from z to 2’ and d(z) the geodesic distance to the boundary of
Q for the Kahler metric on X (we consider only domains Q & X).

Let & be a C positive function on  and o € R. We denote by:

-w the (1,1)-form associated to the K&hler metric on X;

-ic(E) the Chern curvature of E;

-D(p,q) (2, E) the space of (p, g)-forms with compact suport in (2 and values in the
bundle E;

-L2(9;6%) = {f € L?(Q;1oc)|6%f € L*(N)} endowed with the topology given by

1/2
the norm ( [olf @ 52‘”(m)dV) ; this norm is denoted Ny o or Ny;

-pr’ 1(@6%) the set of (p,g)-forms on Q with coefficients in L2(Q;6%);

-L?p’ 2 (Q; E) the set of (p,q)-forms on 2 with L? coefficients and values in the
bundle E;
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y(§; 8% E) the set of (p, g)-forms on  with coefficients in L(p 0 (§2;6%) and
values in the bundle E;
-0 is considered as an unbounded operator 8 = Oq :
— L%p q+1)(Q' 8% E); _
RE, (G E) = {f € L3, , (%6 B)|, f = Bg, € L2, _, (%6% B)};
-W“’(Q) the Sobolev space of order s € R with the norm denoted || ||,;
-W(‘; ¢ (9) the (p, g)-forms on © with coefficients in W*(Q);
Wioa) (Q; E) the (p, g)-forms on Q) with coefficients in W*(Q2) and values in the
bundle E;
A(p, q)(Q; E) the set of 8-closed (p, ¢)-forms on Q with values in E which have a

C™ extension to (; _
-AW(, (% E) the set of d-closed (p, )-forms contained in W, (2 E).

-HYA () = Kerd(,,,/Range (8(y,q- ) with 8 = 8, ) : Domd C W, ()
Wogin@®-

We denote by O(—1) the universal bundle on CP,,, by O(1) its inverse and by
O(m) the m-th power of O(1) if m > 0, respectively of O(—1) if m < 0.

In order to prove the estimates we need, we will increase the constants without
changing the notation.

DEFINITION 2.1. Let f € Domd_q, C L(p q)(Q 7% E), a > 0. We say that f

vanishes of order greater than a on 0Q (or simply f vanishes on 00 if a = 0) if
Jo0f A= (=1)P+a+t [ f A By for every ¢ € Domd, CL(n —pn—g—1) (0% E%).

Let f € W(p’q)(Q;E). We say that h € W(p’q)(BQ;E) is the boundary value of f
and we denote h = bu(f) if [, 8F A = (=1)PY+L [ F ABp + [0 h A for every
P € % pnmg (")

We consider that two forms f, g € L (v, q)(an) are equal if [, aq AN = faQ g for
every ¢ € C(n_p’n_q_l)(aﬂ). A function f € L%(09) satisfies the tangential Cauchy-
Riemann equations on 99 (f € CR(8Q)) if [, fByp = 0 for every (n,n — 1)-form ¢
of class C*° in a neighborhood of 99.

Let V, W complex vector spaces and 6 a hermitian form on V ® W. Following [6],
we write 6 >, 0 (respectively 6 > 0) if 6(z,z) > 0 (respectively 6(z,z) >, 0) for
every £ € V @ W such that z = Ek_lvj(@wj, v €EV,wj e W, k<s. Iffis
semi-positive-definite (respectively posmve-deﬁmte) we omit the index s.

We denote by L the adjoint of the operator of exterior multiplication by w:
(La)B) = (ajw A B) for every a,3 € Homg(TX;C) where ( | ) is the inner prod-
uct induced by dV = %

Let © be a (1,1)— form with values in Herm(E; E). Then, for 1 < q < n, we
define the sesquilinear form O4 on A™T*X ® E by O4(a, ) = (0 A (La)|f).

Suppose © >,_44+1 0 and let o € A™?T*X ® E. We put

llelle = sup{(clB) | (@ A (La)|B) < 1}.

Then ||a||g is a decreasing function on O, ||n A aflg < |n]|lallg and if © >p_g44
M ® Idg with A > 0, we have [|a||3 < A|a|2 ([6])-

If Q is relatively compact in X and Ei is a hermitian bundle in the neighborhood
of © we define

my(Q; E) = sup {m € Rlic(A" PTQ® E) > mw & Idsn-rroeE} -

(Q;6%; E)

(p q)
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DEFINITION 2.2. Let X be a complex manifold and Q a domain in X. We say that
Q is Hartogs-pseudoconvez if there exists a Kihler metric on X and a neighborhood U
of 0Q such that the restriction of —logd to U N} admits a strongly plurisubharmonic
extension to 2.

In what follows, if (2 is a relatively compact Hartogs-pseudoconvex domain in X,
we consider a Kahler metric w and denote § a C™ positive function on {2 such that
0 = d on a neighborhood of 9 and i89(—logd) > Cqw on N with Cq > 0.

ExXAMPLE 2.3. Ewvery relatively compact pseudoconver domain in a Stein manifold
is Hartogs-pseudoconvez.

The same is true if we suppose X a complez manifold such that there exists a
continuous strongly plurisubharmonic function on X.

Indeed, let X be a Stein manifold and Q a relatively compact pseudoconvex
domain in X. For every Kiahler metric w on X there exists C € R such that
i09(—logé) > Cw on Q [40], [9]. Then, for the Kihler metric & = e K%w, with
% a smooth strongly plurisubharmonic function on X and K > 0 big enough, we have
i09(—logd) > Cq for the corresponding distance d and its extension d, with Cq > 0.

EXAMPLE 2.4. FEvery pseudoconvex domain in CP,, is Hartogs-pseudoconvex [39].

The same is true for relatively compact pseudoconvex domains in Kdihler manifolds
with positive holomorphic bisectional curvature [9] and for pseudoconver domains in
complete Kdhler manifolds with positive holomorphic bisectional curvature [14] : a
Kdhler manifold X has positive holomorphic bisectional curvature if ic(TX) >1 0.

By [37], a compact Kéhler manifold X with a strictly positive holomorphic bisec-
tional curvature is isomorphic to CP,,.

Since CP,, has strictly positive holomorphic bisectional curvature for the Fubini
-Study metric w, there exists a strictly positive constant X,, such that i99(—logé) >
Knw for every locally pseudoconvex domain in CP,,.

DEFINITION 2.5. Let X be a complex manifold. A closed set L C X is called pseu-
doconcave (respectively Hartogs-pseudoconcave) if X\L is pseudoconvez (respectively
Hartogs-pseudoconvez).

We remark that there are pseudoconcave compacts which are not pseudoconcave
in the sense of Andreotti [2].

EXAMPLE 2.6. Two important classes of pseudoconcave sets are: the algebraic
(smooth or non-smooth) hypersurfaces and the Levi-flat real hypersurfaces in CP,, (see
Ezxample 12.1). From one of Oka’s results it follows that a pseudoconcave subset of an
open set of C* is a complex hypersurface if and only if its (2n — 2)-Hausdorff measure
18 locally finite [30], [21].

3. Estimates for 9 in pr’q)(ﬂ;éa;E). We use the L?—estimates for 8 of
Andreotti-Vesentini [1] and Hormander [22] in the following form of Demailly [6]:
Let X be a Kahler manifold of dimension n which admits a complete Kdihler

metric and E a holomorphic hermitian vector bundle over X such that ic(E) >p_q41

0. Let g € LY, (X;E) a -closed form. Then there evists f € L}, -1y (X E) such

that 8f = g and [y |f AV < [y llglliecs) 4V
From this statement it follows the following:
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PROPOSITION 3.1. Let Q be a relatively compact Hartogs-pseudoconver domain
in a n-dimensional Kdhler manifold X and E a holomorphic hermitian vector bundle
of class C? in a neighborhood of Q. Let f € L?p’q)(ﬂ;éa;E), 1<gqg<mn,aod-
closed form. Then, for non-negative o, such that m,(Q; E) + 2aCq > 0, there ezists
u € L%p,q—l)(n; 5",E) such that a’u, = f and (Na(u))z S Wm (Nc,‘(f))2 .

Proof. For non-negative a we have

ic(A"PTQ ® E) + i2000(—10g8) ® Idpn-rrasE
> [mp( E) + 2aCq]w ® Idan-»reE

where w is the metric of X. _
Since L o) (B E) = L%n oA PTQ ® E), by using the solution of the 8-
problem for (n q)-forms with values in a hermitian fiber bundle with the weight
function ¢ = —2alogd, it follows that there exists u € L?p,q_n(ﬂ; 0%; E) such that
du= f and (No(w))’ < rmdyrzacs Na(f))® - O
REMARK 3.2. From Proposition 8.1 it follows that for positive a such that
mp(Q; E) +2aCq > 0, RE, (% E) is a closed subspace of LY, \(;6% E) and we

can find a bounded operator T(, \ : R{, q)(Q E) — L(pq 1)(9 0% E) such that

OTu = u for every u € R, q)(Q E) and

(p q) || = g[mp($2; E’)+2aCn]

LEMMA 3.3. For every domain Q C CP, we have m,(Q;O(m)) = m for p >0
and mo(Q; O(m)) =m+n+1.

It is well known that TCP,, has no hermitian metric such that ic(TCP,) >5 0
and ic(T'CP,) >2 0 in one point (see for ex. [5]). This gives the case p = n — 1 of
Lemma 3.3.

Proof. From [39] it follows that i00(—logé) > Knw, where w = i88log(||z|?) is
the (1,1)-form associated to the Fubini-Study metric, with z = (2o, 21, ..., 2») homo-
geneous coordinates for [z] € CP,.

We have ic(TCP,) > 0, so i¢c(A""PTCP,) > 0. Thus

ic(A"PTCP,, ® O(m)) = miO(1) ® Idpn-srep, + ic(A"PTCP,,)
Z mw @ IdAn—pTOpn .

Let a = [1,0,...,0], &; = (gz-) i =1, ymy I = {i1,i2) ey in_p} €1 = €5y A oo A

éi,_, and T = Z“ zire; ® er € To(CPp) ® A" PT,CP,. We have
(3.1-) iC(TC]Pn)a = Z cijkldzi A dEj ® e,*; []
4,5.k,1
where
e 0955 _ rs%’:_agfs
Cight = azkazl rz: azk 621
with

ds® = gijdz; Adz; = o1+ 30 2i%i) (3 dzi A dzi) — (22) Zidz) A (X 2idz;)
b (1+ 2 2z7:)
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the Fubini-Study metric and (¢"°) the inverse of the matrix (g;)-
It follows that

(32) Ciijj = 1 Zf ) 75 j; Cijji = 1 Zf ) 75 j; Ciiis = 2; Cijkl = 0 otherwise

From (3.1) and (3.2) we have

n n
ic(T(C[P,,)aer = Z c,-jrldzi A d?j Re = Z dz; Ndz; Q e, + Z dz; NdzZ, Q ¢e;

4,50 =1 =1
S0
n—p
ic(N""PTCPy,).e1 = Z €, N ... Nej,_y Nic(TCPy)qae;, ANesy Ao Neg,_,
r=1
n n—p
= (n—p)ZZdzi/\dZi®61+Zdzi/\d2i®ej
=1 r=1 el

+ Z Za{dzi ANdZ; ® eri

JeI igI

where I = (I\ {j}) U {¢} and el is the sign of the permutation which makes r
an ordered set when we replace j by i.
Therefore

ic(A"PTCP,)o(z, z)

= Z (E(n —p+1)zal’ + Z (n—p)lzal” + Zzﬁiwuw—]ﬁ)

I \iel igl JeI igI

and we see that ic(A""PTCP,).(z,z) > 0 for = # 0if and only if p = 0. Consequently,
mp(Q; O(m)) =m for p > 0.

Since ic(A"T?) = (n + 1)w, it follows that me(Q; O(m)) =m+n+1. 0

From Proposition 3.1 and Lemma 3.3 we obtain:

COROLLARY 3.4. Let Q be a pseudoconvez domain in CPpn, m € Z and f €
LE, (©;6%0(m)) a O-closed form.

a) For p > 0, a > 0 and 20K, + m > 0, there exists u € pr,q_l)(ﬂ;éa;O(m))
such that du = f and (Na(w))* < mapmmmy (NVa(£))*.

b) Forp=0, &> 0 and 2aK,+m+n+1> 0, there ezistsu € L, ,_;)(€;6%;O(m))
such that 8u = f and (Na(v))® < cmarrmmmrn Na())*.

The following proposition is inspired from [3]:

PROPOSITION 3.5. Let © be a relatively compact Hartogs-pseudoconver domain
with C? boundary of a n-dimensional Kihler manifold X and E a holomorphic her-
mitian vector bundle of class C? in a neighborhood of Q. Let 0 < p < n such that
mp(Q; E) > 0. Then there exists n > 0 such that for every o > —n and every 9-closed
form f € L7, (6% E), ¢ > 1, there ezists u € L, 4—1) (@ 6% E) such that Ou=f
and Ny(u) < CoNy(f), where Cy is a constant independent on f.
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Proof. By [31] there exists n > 0 such that the function ¢ = —4” is strictly
plurisubharmonic on Q. Let ¢ = —Blogd, 0 < 8 < . Then we have idp Adp < irdoy
withr = £ < 1.

From now on the proof follows [3] and we give it for the convenience of the reader.

For v > 0 we denote ¢ = —ylogd and we have i89( + ¢) > (8 +7)Cow.

Let {Q2;} be an exhaustion of {2 by pseudoconvex domains. By Proposition 3.1

there exists u; € L%M_I)(Q; 67; E) such that du; = f on ; and fQj [u;)? 67V <

1 2
2¢7Cq fQ lfl 67dv.
We denote by u; the minimal solution (i.e. the solution u; which is orthogonal

to all d—closed forms of L%p,q—l)(ﬂj; 67;E) ) and v; = uje¥ = u;ib.
Then v; is orthogonal to all 8-closed forms of L?p,q_l)(ﬂj; 6°+7; E) and we have

= 12
/Q |vj|2 §8+t7qv S/Q ||8vj||i85(¢+¢) 8B+ qv.
It follows that

2 o — — 2 —_
/thujl 5 ﬁ+vdv§/g_ ||BUj+a'l/)/\Uj||i65(¢+¢)6 B+vqy

1 _ = 2 -
< (1+5) /Q N lppe) 877V + (1 +0) /Q 8% A 555059 6~V

for every a > 0.
Since

— 2 — 12 =, 12
(e A“j||i95(¢+¢) < fuy | ”a’/’||i35(¢+¢) < Juyf® ”a’/’”w&p <Py,

2
by choosing a such that (1+a)r? <1, (i.e. 0 <a< (%) — 1) we obtain

2 o (1+3) 2 _
/Q. lug|* 6~P+7aV < m/g £ 1l:58(p+9) 0 .

Because ”f”?ag(ﬂ)"'(ﬁ) < ||f||?ﬁ+7)cnw < «_ﬁfv—)??{ |71?, we have fQj u;|® 6~P+7dV <
C [ |fI? 6=F+1dV.

The trivial extensions of u; to Q are uniformly bounded in L%p, q_l)(Q; §~P+7; E),
so there exists a weakly convergent subsequence to u € L7, q_l)(Q;6‘5+7;E). It
follows that 8u = f and [, [u|>6=Pt7dV < C [, |fI? 6=P+7dV. O

COROLLARY 3.6. Let () be a pseudoconvez domain with C? boundary in CP,.Then

for every non-negative vector bundle E over Q we have HY (Q;,E) =0 forq>1. In
particular HY(Q) = 0.

Proof. Since 2 is Hartogs-pseudoconvex and m,(Q; E) > 0, the result follows
from Proposition 3.5. O

REMARK 3.7. The previous results have important generalizations for manifolds
spread over CP,:
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Let € be a connected complex manifold and 7 : Q — Q alocal biholomorphism
onto a domain  C CP,. We say that Q (or 7 : & — Q) is a domain spread over
CP,. The domain (! is a Kahler manifold with the metric & defined as the pull-back
of the Fubini-Study metric on CP,. For z € (2, we consider the boundary distance
d(z) defined as the lower bound of the length of geodesics t — 7, (t) from z such
that for every compact K C Q0 there exists tx satisfying 7, (£) ¢ K for t > tx. By
[40] it follows that d is strongly plurisubharmonic outside a compact subset of {; so
Corollary 3.4 and Corollary 3.6 are valid for pseudoconvex domains Q spread over
CPp, with O (m) = 7*O(m) instead O(m) and a strongly plurisubharmonic extension
& of d instead 4.

4. Separation of points by L2-holomorphic sections of O(m) in pseu-
doconvex domains spread over CP,. In this paragraph we use the following
particular case of the extension theorem of Ohsawa-Takegoshi-Manivel [26]:

Let X be a Stein manifold of dimension n, E, L holomorphic line bundles over X
and s a holomorphic section of E generically transverse to the zero section. Let Y =
{z € X | s(z) = 0,ds(z) # 0}. Suppose that U is a closed positive (1,1)-form on X
such that ¥ @ Idg > ic (E) and there ezists a > 0 such that ic(L) > a¥ —iddlog |s|2.
Then, for every holomorphic form g € L?(Y; A" 1T*Y @ L ® E*), there exists a
holomorphic form G € L% (X; A"T*Q ® L) such that G|y = g Ads.

For L = O(m) and s a holomorphic section of O(k), by the Lelong-Poincaré
equation we have

(4.1) ic(L) + i08log |s|* = (m — k) w + 27 [Y]

where w is the (1,1)-form associated to the Fubini-Study metric on CP, and [Y] the
current of integration on Y = {z € CP, | s(z) = 0}.
The following result gives a usefull complement for Theorem 0.7 of [16]:

PROPOSITION 4.1. Let 7 : (! = Q be a domain s spread over a non-dense pseudo-
convez domain Q C CP,,. Then the sections of H®(Q; O(m)) N L2(; O(m)) separate

the points of Q for every integer m > 0.
Proof. Suppose n = 2 and let @,b be distinct points of . We put a = 7 (a),
b=mw (3) and let ¢ € CP2\ Q. There exists an homogeneous polynomial P of degree 2

such that the Riemann surface I" = {[z] | P (z) = 0} contains the points a, b, ¢, where
z = (20, 21, #2) are homogeneous coordinates in CP>. By Sard’s theorem we can choose
¢ € CP2\Q such that dP # 0 on I

Let T = 7~ (T') and we show firstly that there exists h € HO (f,@ (m)) N
L%I,O) (f, 9] (m)) such that ﬁ(&) # 71(5) for every m € Z. Let A be a projective line
such that a,b € A and s a section of O (1) such that A = {[z]| s (2) =0}. Then A =
m1(8) = {z€815(5) = 0} with5=r"s € 5 (1) and A = AT a discrete set. Let

12; be a compactly supported function which is 1 on a neighborhood of @ and vanishes
on A\ {a}. By using (4.1), from the extension theorem of Ohsawa-Takegoshi-Manivel

[26] it follows that there exists an extension § € H'0 (I‘ o (2)) n L(1 0) (f, 9] (2)) of

1/)|A' ® ldg) = ¢|z ® Idg(5)05(-1)-
Since ¢ ¢ 2, we can find holomorphic sections 7 of O (m — 2) which are bounded
on I (it is obvious for m > 2; for m < 2, since I is a hypersurface of degree 2 in CPs,
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we can find projective lines R = {Q (2) =0} such that RNT C CP,\Q where Q is
a homogeneous polynomial of degree 1 and we can consider 7 the section defined by
g==7)- Than we can take h = (7*n) g.

Now we use (4.1) for m > 3 and the extension theorem of Ohsawa-Takegoshi-
Manivel to show the existence of f € H29(Q;0 (m)) N L, 0y O (m)) such that

flf"nQ =hAdr*P, so f(a) # f(b) _ ~
For n > 3, m > n + 1 we proceed by induction: let @, b be distinct points of 2,
a=7n(@),b=m (3) and let ¢ € CP,\Q. There exists a hyperplane H through a, b,

cand set Qg = HNN. Then ﬁ; = =1 (Qg) is a domain spread over H. By the
induction hypothesis, there exists

g€ H"0Qp; O(m = 1)) N LY,y o) @Qu; O(m — 1)) =

H10(Qp;O(m) © O(-1)) NLE,_; o) (Qa; O(m) @ O(-1))

such that g(@) # g(b).
We use again the extension theorem of Ohsawa-Takegoshi-Manivel [26] and it
g(?llows that there exists f € H™%((; O(m)) N Lf,, o (Q; O(m)) such that f(@) # f(b).
ince

H™(§; 0(m) N L, ) (; O(m)) = H**(@;0(m —n — 1)) N L*(; 0(m — n.— 1)),
Proposition 4.1 is proved. O

REMARK 4.2. The proposition 4.1 is related to following theorem from [7]: if Q is
a pseudoconvex domain of CP, such that the interior of its complement is not empty
and ¢ € Q, the restriction to the diagonal of the Bergman kernel function Kq of Q
has the same order of growth in arbitrary small neighborhoods V. CC U of { as the
restriction to the diagonal of the Bergman kernel function Konyof QNU in the sense
C'Kq < Kornu <CKq on QNV, C > 0.

In the case of domains with C? boundary in CP,, we can improve the result of
Proposition 4.1:

PROPOSITION 4.3. Let Q be a pseudoconvexr domain with C? non-empty bound-
ary in CPy. Then there exists 7 > 0 such that for every o > —mn the sections
of H®°(Q;48%;O(m)) N L? (Q;6% O(m)) separate the points of Q for every integer
m > —1.

Proof. Let a,b be distinct points of Q and ¢ € CP2\Q. There exists a Riemann
surfaces ' of degree 2 through a, b, c¢. Let ' = {[z]| P (2) = 0} where z = (2o, 21, 22)
are homogeneous coordinates in CP2 and P an homogeneous polynomial of degree 2
and we can choose ¢ such that dP # 0 on I'. Let Q' be an open neighborhood of
which does not contain c. By [17] there exists a Stein neighborhood V of I'N Q' and
let h € H%0(V;O(m)) such that h(a) # h(b).

Let x be a C* function on CPs with support contained in V such that y =1
on V N Q. By identifying the sections of O(m) with the m-homogeneous functions

in homogeneous coordinates, % defines a form g € 055,1) (Q;0(m — 2)),s0 g €
L%O,l)(Q;(SB;O(m — 2)) for every 8 > —1. By Proposition 3:5 and Corollary 3.4,
there exists 7 > 0 such that for every @ > —n the equation du = g has a solution

u € L2 (Q;6% O(m —2)) for every m > —1. Then yh — Pu defines a section f €
HO%0(Q;6%;,0O(m)) N L2 (Q;8%; O(m)) such that f(a) = h(a) # h(b) = f(b). O
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5. Compactly supported solutions of d.

DEFINITION 5.1. Let Q be a pseudoconver domain in a hermitian n-dimensional
manifold X, E a hermitian bundle on Q and f € L(p q)(Q'J""‘ E). We say that

[ verifies the moment condition of order a if [, f Ah = 0 for every B-closed form
he L(n pn_q)(ﬂ 0% E*). If a = 0, we say only f verifies the moment condition.

REMARK 5.2. If1 < q < n—1, every O-closed form f € L(p q)(Q;é“"'l;E)
verifies the moment condition of order a (see Corollary 5.6).

The following proposition is a generalisation of a result from [1]:

PROPOSITION 5.3. Let 2 be a relatively compact Hartogs-pseudoconver domain
in a Kdhler n-dimensional manifold X and E a holomorphic hermitian vector bundle
m a neighborhood of Q0. Let o € Ry such that mu—p(% E*) +20Cq > 0 and f €

(p q)(Q 6= E) a O-closed form verifying the moment condition of order o, 1 < ¢ <

n. Then there exists u € L?pq 1)(Q,(S ® E) such that Ou = f, u vanishes of order
greater than o on O and

1

2
(n— g+ 1)[mp—p( E*) + aCq] (N-a(£))"-

(N_a(u))® <

In particular, since o > 0 and Cé’fl’_p’n_q) (%; E) C Domd,, we have bv(u) = 0.
Proof. Since f € L(p q)(Q;é“";E) and mp—p(Q; E*) + 2aCq > 0 we can define

= /Qf N T —pin—q+1)(#)

for every ¢ € ’R,(n_p n_q+1)(ﬂ E*), where T, (n—p.n—g+1) W25 defined in Remark 3.2.
We have [, f A h = 0 for every O-closed form h € L(n_pn (8% E%), so
(@) = o f Nt for every ¢ € L(n —pin—q)(§; 6% E*) such that O = . Since T is

continuous it follows that ®; € (Rf,_, ,_ 41, E ))" and

1% < !
(n — g+ 1)[mp—p(Q; E*) + 2aCq]

(N-o(f))?

where ||®¢|| is the norm of the linear form ®;. By the theorem of Hahn-Banach,
we may extend ®; to a form <I>f € (L(n_pn q+1)(Q;6"‘;E*))’ such that ”5}” =
||[®#]|- Since (L(n_p’n_q_}_l)(ﬂ,éa,E*))’ =17, q_l)(Q,é“";E) by the pairing (o, 8) =
Jq oA B for every a € L(pq (07 E), B € L(n pn—gt1) (0% E*) there exists
w€ L2, ,_1)(96%; B), such that N_o(u) = ||<1>f|| = ||@;]| and &;(p) = [, u A for
every ¢ € L(n —pin—qt1) (0% ; E*).

We obtain
<I’f(‘P)=/Qf/\¢=/Qu/\<p=/Qu/\5¢

for every ¢ € Lfn —pi— q)(ﬂ 6%; E*) such that 9y = ¢. In particular Jof ANy =
Jou A Oy for every € Domda C L(n_pn o (Q6% E*), so (=1)Ptetigy = f, u
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vanishes of order greater than « on 9 and

1
(n — g+ 1)[mp—p( E*) + 2aCq)

By Corollary 3.4 and Proposition 5.3 we have

(N_a(w))? = [|124]* < (N_o(f))?. O

COROLLARY 5.4. Let  be a pseudoconvezr domain in CP, and f €
(pT) (Q;67%;,0(m)) a O-closed form verifying the moment condition of order a, q¢ >
a) For
p<n,a>0m€Z20K,—m>0

there exists u € pr’ q_l)(Q; 6=%;,0(m)) such that Ou = f, u vanishes of order greater
than a on 89 and (N_q(u))® < m;alc—n-ﬁ) (N_a(f))?.
b) For
p=n,a>0meZ2aK,+n+1—-m>0
there ezists u € L(p -1y (507 O(m)) such that Ou = f, u vanishes of order greater
than a on 0N and (N_a(u))2 A q+1)(2allc,.+n+1—m) (N—a(f))Q-

Since mo(2;O(—n—1)) =0 and L(n q)(Q; O(n+1)) = (0 q)(Q) by using Propo-
sition 3.5, we obtain in the same way:

PROPOSITION 5.5. Let ) be a pseudoconver domain with C? boundary in CP,
anda>0. Letq>1and f € L(o q)(Q; 6~%) be a O-closed form verifying the moment
condition of order . Then there exists u € L%O’q_l)(ﬂ;é_o‘) such that Ou = f, u

vanishes of order greater than a on 0Q and N_,(u) < CoqN_o(f) where Cy is a
constant independent on f.

COROLLARY 5.6. Let Q be a relatively compact Hartogs-pseudoconvex domain in

a Kahler n-dimensional manifold X and E a holomorphic hermitian vector bundle

m a neighborhood of Q. Let a € Ry such that my_p(% E*) + 2aCq > 0 and f €

(p q)(Q 6L E) a O-closed form, 1 < q < n— 1. Then f verifies the moment
condition of order a.

Proof. Let h € L(n_ﬁ7 n—aq) (€;6%; E*) be a J-closed form.
By Proposition 3.1 it follows that for m,_,(Q; E*) + 2aCq > 0 there exists
9 € Lf_pnq—1)(Q6% E*) such that dg = h and

1
(n — @)[mn—p(Q; E*) + aCq]

p,n—

(Na(9))? < (Na(h))?.

For e > 0 let Q. = {z € Q|0(z) > €} and f. = x.f, where X is a C* function on
Q such that xc =1 on Qae, xe =0 0n N\, 0 < xe <1, |Dxe| < %
We have

Na(3fs) = Noa@xe A f) = ( [ oxe sl r“dV)

3 }
< 2 ( / Vi 5‘2"‘dV) <20 ( / | f|26‘2°“2dV) -0
€ 95\92: 95\925
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for e = 0.

Let 9 € L7 (n=p, n—q—1)(:6% E*) such that 8¢ = 0. Since d(f A9) = 0, we have
Jo 0f AN = [ 0xc A f Ay = 0. Because my,—p(; E*) + 2aCq > 0, by Proposition
5.3 there exists u, € L%n_p’n_ a) (9;6—2; E) such that du. = 0f., u. vanishes of order
greater than a on 8Q and (N_g(u.))? < (n—q)[mn_p(IQ;E'*)+an] (N_a(gfe))2. Thus
N_y(ue) = 0 for e — 0 and

/us/\h‘=
Q

< N_a(ue)Na(h) 0

/ U6 2% A ho2
Q

for e —» 0.
We have

/ fAR= lime_)g/ feANh= limg_,()/(fs —u)Ah= lime_,o/(fe —u) A Og.
Q Q Q Q
Since u. vanishes of order greater than a on 9§} we obtain
/ Ue /\gg = (_1)p+q+1 / du. A 9= (_1)p+q+1 / 5f€ Ag
Q ' Q Q
= V7 [ Brnsng= (1t [ nB(iAg) = [ fng
Q Q Q

and it follows that [, fAh=0.0
6. J-equation on pseudoconcave compacts.

DEFINITION 6.1. Let X be a complex manifold, E a holomorphic vector bundle

on X and L C X closed. Let k € N and f,g € Cf, (X;E). Weput f € g if f— g
vanishes to order k on L. We use the notation Cfp q)(L; E) for the quotient set of

C(p q)(X E) by the equivalence relation defined by ” ® IffeC (p 0 (L; E) and
fe C'(p 0 (X; E) belongs to the equivalence class of f, we say that f is a C* eztension
of f to X. We define 0y, : C('“;';)(L E) » Cfp q_H)(L,E) to be the operator induced
by the operator 8 on X. A form f € C(p’q) (L;E) is k — O-closed if Or.f = 0 and is
'k — O-ezact if there exists u € C'(kl;" ql)(L; E) such that Oru = f.

We define C3 (L E) = QC’(’“p’q)(L; E). For f € Cy (L;E) and u€
C’&fq 1)(L E) we say that 8ou = f if Opu = f for every k € N. A form f €
o q)(L E) is 0o — O-closed if 8o f = 0. We denote by A(p q)(L; E) the set of oo — O-
closed (p, q)-forms on L.

DEFINITION 6.2. Let L be a pseudoconcave compact on a complex manifold X .
A k — O-closed form f € C(p q)(L E), k > 1, verifies the moment condition of order

k on L if there exists an extension f € C (2:0) (X;E) such that 0 f verifies the moment
condition of order k — 1 on the pseudoconver domain Q = X\L (see Definition 5.1).

REMARK 6.3. Definition 6.2 does not depend on the extension f
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Indeed, let f,fi € C'(kp,q) (X;E) be C* extensions of f which vanish outside a

compact subset of X and h € L%n_p,n_q_l)(ﬂ; 8k=1. E*) a O-closed form. We have

/95(}'-,71)/\h:lz’mﬁo/geé(f—ﬁ)/\h
=li777fs—>0/8Q (f_fl)/\h
=—lim5._,0/9\9 5(}?— ]?1) Ah

with (Q¢),.5, an exhaustion of @ by smoothly bounded domains such that Q. D {z €
] d(2,00) > e} and

fo30-5)
< ( / 2(7- fl)iz&“z’“*z)l/z ( / |h|262’°-2> "o
Q\Q. Q\Q. €0

In order to prove the d-regularity on compacts we use the following two lemmas:

LEMMA 6.4. Let Q be a relatively compact domain in a complex n-dimensional
manifold X, E a holomorphic hermitian vector bundle on X and f € C’(lp’ 2 (X;E)

.We suppose that:
1) f is O-closed on X\Q; _
2) There exists v € L‘(?p’ 2) (Q; E) which vanishes on OQ such that f —v is 0-closed

on ).
Then the form F € L? (X;E) defined by F=f on X\Q and F = f —v on Q

_ (X))
is O-closed on X.

Proof. Let ¢ € D(pn_p,n—q)(X; E). We have

/ dF N = (—1)”“*1/ F ABp = (—1)Pett (/ fADp— / v/\&a)
b's b's b's Q
=/ Af N — (—1)p+q+1/ v A Oy
X Q
= / Of Np— (—1)p+q+1/ v A Op.
Q Q
Since v which vanishes on 0f2, we obtain
/ vA Oy = (—1)p+q+1/5v/\g0
Q Q

SO

/5F/\<p=/5f/\<p—/5v/\go=0. a
x Q Q

LEMMA 6.5. Let 2 be a domain of a compact Kihler n-dimensional manifold X ,
E a holomorphic hermitian vector bundle on X and v € L%p,q) (X;E), g > 1, such
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that v =10 on X\Q and v € L%p’q) (Q;d"**+1; E). We denote by G the Green operator

on X and 0 the L2-adjoint of 8. Then 8 Guv € W(’;’J q—l)(X;E) and !|5*Gv“ o <
- ’ g,

CN_jt1,0(v) for every 0 < j < k, where C is a constant independent of v.

Proof. G is an integral operator and we have
Go(o) = [ Gla,n) no)dy = [ Glo9) Avti)dy

with |G (z,y)| < Cd(z,y)2"+2.
For 0 <7 < j < k we have

(6.1)

D} [8"G(z,y)] |4 (y) < Cd(w,y)~>"1~'d~ () < Cd(z,9)~".
It follows that
DiF"Gue) = | DL [0°G(a,)] &/ () Av(w)a* )y

Q

is a classical singular integral with vd=/*1 € L (Q; E) and Did'Gv e Lo E)

for 0<i < j<kI[38;500 Gve W  (X;E) and

“5*Gv“m < CON_j10(). O

DEFINITION 6.6. Let X be a hermitian manifold and L a compact subset of X.
We set @ = X\L. We say that L is L?-regular if there exists N € N such that
dN ¢ L?2(V,NQ) for every = € 8L and every neighborhood V, of x. The least
natural number N verifying this property is called the L?-rank of L.

EXAMPLE 6.7. The closure of non-dense domains with Lipschitz boundary and
the real analytic sets in CP,, are ezamples of L?-regular compacts.

THEOREM 6.8. Let X be a compact Kdhler n-dimensional manifold, E a holo-
morphic hermitian vector bundle on X and L a Hartogs-pseudoconcave L?-regular
compact subset of X. Let 0 < p < mn, 1< q < n—2 such that H»¥(X;E) = 0
and f € C&‘,’, 9 (L; E) a oo — O-closed form. Then, for every integer k > 1 such that

Mp—p(X\L; E*)+2(k—1)Cq > 0, there ezists uy € C("p,q_l)(L; E) such that Oruy, = f.
For q = n — 1, the same is true if f € Cf;,‘n_l)(L; E) verifies the moment condition
of order k +r, where r = max(k +n + 2,k + N + 1) with N the L?-rank of L.

Proof. Suppose 1 < ¢ < n — 2. Since oo J = 0, for every k € N there exists an

extension f; € C(";*: ql) (X;E) of f such that Of; vanishes to order k on L. It follows

that Oy € L%M +1)(Q;5"°;E), where § is the Hartogs pseudoconvex domain X\L.

By Proposition 5.3 and Corollary 5.6 there exists vy, € L? (Q;67%!; E) such that

— —~ (pya)
Ovg = Of. - ~
We define the (p, q)-form Fy, on X by Fy = fi on L, Fj, = fr — vg on §2; hence

F € L%M) (X; E). Since bv(v;) = 0, from Lemma 6.4 we conclude that 8F} = 0. By

using Lemma 6.5, we obtain F}, = 81, with 4 = 0 GF} € W(I;,q—n (X;E).
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Since L is L?-regular there exists N € N such that 6~ ¢ L? (V,, N Q) for every
g € OL.

Let m e N* fixed and k,, = max(m+n+2,m+ N +1). Than uy,, defines a form
U € C(pq l)(L;E) such that O um = f.

Indeed if @o € AL is such that DI (Eakm - fkm) (z0) # 0 with j < m < km —

N — 1, there exists a neighborhood V,,of o such that |vk,,| > Cé% on V,, N Q. Since
8N ¢ L2 (Vy, NQ), we have |vg, |6~ Fm+t > Jug, |67NF ¢ L2 (V,, NQ) and we
obtain a contradiction.

If ¢ = n — 1, the same proof works for forms satisfying the moment condition of
order k +r. O

7. Boundary regularity of d in pseudoconcave domains. We prove now
boundary regularity of & for (p,q)-forms with values in a bundle E on Hartogs-
pseudoconcave domains 2 with Lipschitz boundary of a compact K&hler manifold.
Firstly we consider that HP9(X; E) = 0 and we study the situations 1 < ¢<n -2
and ¢ = n — 1 with the moment condition. If H??(X; E) # 0, we obtain extension
operators of 9-closed forms on Q_ to d-closed forms on X, such that a form is d-exact
on Q_ if and only if its extension is J-exact on X.

We use the following result of P. Grisvard (see for ex. [15], theorem 1.4.4.4):

Let Q be an bounded open set in R™ with Lipschitz boundary and k € N*. Let u
a function belonging to the closure of D (Q) in W* (Q). Then u € L? (Q;67*) and

(7.1) N_i (u) < Cp |lull,
where Cy is independent on u.

THEOREM 7.1. Let Q_ be a domain with Lipschitz boundary of a compact Kdhler
n-dimensional manifold X such that Q_ is Hartogs-pseudoconcave and E a holomor-
phic hermitian vector bundle on X. Let 0 < p < n, 1 < q < n—1 such that
HPY(X;E) =0 and ko > 1 an integer such that mp_p(% E*) + 2(ko — 1)Cq > 0,
where Q = X\Q_.

a) Suppose that ¢ < n — 1. Then for every O-closed form f € C’&‘,’, 0 (Q_;E) and
every k > ko, there exists u € qu 1)(Q_,E) N C(pq 1)(Q—; E) such that Ou = f
and ||ull; < Cj [|fll; for every ko < j <k, where C; is a constant independent of f.

b) Ifq = n — 1 the same statement is true for O-closed forms f € e q)(Q_,E)
verifying the moment condition of order k.

Proof. Let {U;},<;<ny be a finite covering of OQ_ with coordinate charts of
X and Uy = Q_ U U;. We consider an orthonormal basis for the (p,q)-forms on U,
1 <4 < N and by using the extension theorem for the Sobolev spaces on domains with
Lipschitz boundaries (see for ex. [15]) we may consider extensions f; € C(; \\ (Us; E)

;- for every j. A partition of unity subordinate to

{Uidocicn » gives an extension f of f in a neighborhood Q' of Q_ such that“f” <

== j
C;lIfll; and a multiplication with a C function ¢ with support contained in Q.
such that ¢ =1 on 0_, allows us to assume that f € Coo (X E).

Suppose that 1 < ¢ < n—2 and let ky < j < k. Since f is O-closed, we have
of € L(p 1)(9 09 E).
Igroposmlon 5.3 and Corollary 5.6 it follows that there exists v €-
Lz, q)(Q 671, E) such that 8v = 8f and N_j41,0(v) < C;N_jy1,0(3f).
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We define the (p,q)-form F on X by F= fon 0_, F=f—von Q; so F €
L, »(X; E). Since bu(v) = 0, by Lemma 6.4 we obtain that OF =0.

Since H?4(X; E) = 0, by Hodge theory on compact complex manifolds it follows
that F = Ou withu =9 GF € L%p’ 4-1)(X; E) and G the Green operator on X.

As in Lemma 6.5, we have GF(z) = [, G(z,y) A F(y)dy with |G(z,y)| <
Cd(z,y)~ 2.
Therefore,

(7.2) GF(z) = ®1(x) — ®2(x)

where

(13 ®@= [ G AT, ®:)= [ ) Aoy,
As feC (X;E), 8 @ € C2,_,)(X;E) and

(7.4 |72, <& |7]. < cansy-

Because ®; € G2\ (Q—; E) it follows that u =8 &, — 8 &; € C,_,,(Q; E).
By Lemma 6.5 it follows that 3 ®, € W[, __ ) (X; E) and

(7.5)

T <ON_jno() < CN-jn.0@]).
Since 8f vanishes to infinite order on 89, by (7.1) we have

(7.6) N_j+1,2(0f) < C; ||5ﬂ|j_1

and by using (7.5) and (7.6) we obtain

e, <al, <ol <cim,

Finally (7.4) and (7.7) give

llull, = 3", _5*q,2||j <Glifl;. D

COROLLARY 7.2. Under the hypothesis of Theorem 7.1, suppose that Q_ is with
arbitrary boundary. Then there exists u € W(’;,’ q_l)(Q_;E) such that Ou = f and
lully, < Ck || fllxynts » where Ck is a constant independent of f.

Proof. We can use the extension theorem of Whitney for smooth functions to
obtain an extension f of f to X such that ”f”c <Crlf ”C’"'“(Q__)‘ Since

H(X) T
9]0 <17

the only change in the proof of Theorem 7.1 is that ”f“k < Cr I fllgqnpe- O

CRH1(X) < Ck ”f”Ck‘“(T) <Cy Ilf||k+n+2
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COROLLARY 7.3. Let Q_ be a domain with Lipschitz boundary of a compact
Kidhler n-dimensional manifold X such that Q_ is Hartogs-pseudoconcave and E a
holomorphic hermitian vector bundle on X. Let 0 < p < n, 1 < q < n —2, such
that HP9(X;E) =0 and f € Cooo (Q_;E) a O-closed form. Then there erxists u €

Cg _1)(Q=; E) such that u = f.

Proof. The proof follows [24], pag.230 and we give it below for the convenience
of the reader.

It is sufficient to prove that for every k > ko, there exists uy, € W(’;’ q_l)(Q_; E)n
Cf);,q—n(ﬂ—;E) such that Our = f and |lug41 —ugll, < 27 (then we can take
u =g, + 2po (U1 —ur) €WE (-5 E)).

Suppose we found uy, for kg < k < m — 1. By Theorem 7.1 there exists v, €

(p 1) Q5 E)NCE 1)(Q_;E) such that Ov,,, = f. Let {U;}o<j<n be a covering
of O, where Up CC Q and {U;}1<j<n is a covering of 8Q_ with balls centered at
¢j € Q- such that Q_ N (U; —ev;) C Q- for 0 < € < g and v; suitable directions.
Let {Xj}o<j<1v be a C* partition of unity subordinate to the covering {U;}o<j<n-

We put h = v — Upp—1 € W(';; 1)(Q_,E) he(z) = Z;V:O X; (2) h(z — ev;) and we

remark that h. € C&j’,q_l)(ﬂ_,E) for 0 < € < €o. Since ||h — h¢]|,,_; =+ 0fore =0
and Oh.(z) = Z;-V:O 0x; (2) A[h(z — ev;) — h(2)] we conclude that ||5h5||m_1 — 0 for
e—=0.

By Theorem 7.1 there exists ¢, € W(:,q—1)(9—?E) such that dp, = Oh. and
ll¢ell,—y — O for € = 0. For & small enogh we have

[|h = he = ‘Peum_] = ”vm —he — e — “m—l”m_1 <2
and we may choose uy, = vy — he — . O

REMARK 7.4. The same methods work to obtain C* regular solutions of & up to
the boundary on a domain Q@ = Q1 \Qy C C*, where Q1 is a pseudoconver domain
with piece-wise smooth boundary and Qs is a pseudoconver domain with Lipschitz
boundary. This statement generalizes for Qg with Lipschitz boundary a result from
[28], where Qa is supposed with C? piece-wise smooth boundary.

COROLLARY 7.5. Let Q) be a pseudoconcave domain with Lipschitz boundary in
CP,. Let f € Coq)(ﬂ_,O(m)) 0f =0,1<qg<n-2,mE€ Z Then for every
integer k > 1 such that 2(k — 1)K, — m > 0, there exists u € W, q 1)(2—;0(m))
such that Ou = f and ||lu||, < Ck||f|l, , where Cy is a constant zndependent of f. For

g =n — 1, the same is true if f verifies the moment condition of order k. If Q_ has
C? boundary, the statement is also valid for m = 0.

Proof. Since H%4(CP,; O(m)) = 0 Corollary 7.5 follows from Theorem 7.1, Corol-
lary 5.6 and Corollary 5.4. If Q_ has C? boundary and m = 0, we can apply Propo-
sition 5.5. O

In general, we can state the following:

THEOREM 7.6. Let Q_ be a domain with Lipschitz boundary of a compact
Kahler n-dimensional manifold X such that Q_ is Hartogs-pseudoconcave and E
a holomorphic hermitian vector bundle on X. For every integer k > 1 such that
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Mp—p(Q; E*) + 2(k — 1)Cq > 0, where = X\Q_, there erists continuous extension
operators

By : A% g (95 E) > AW, (X;E)  0<g<n-—2
EE, A (Q_E) » AWE ) (X3 E)

pn—1 " “(p,n—1)

where Q_ = X\Q and Az’:,’ff_/?) (Q_; E) are the 0-closed (p,n — 1)- forms on Q_ of

class C*° up to the boundary which verify the moment condition of order k.
Moreover, f is 0-exact on Q_ if and only if Eﬁyq f is O-ezxact on X.

Proof. As in the proof of Theorem 7.1 we consider an extension f € C(c’;, 2 (X; E)
and a solution v, € pr’q)(Q;é"“‘*?;E) of the equation Jv; = 0f. Then we define
the (p,q)-form F; on X by Fy = f on O_, F = f — v on Q and it follows that
Fr € pr, 2 (X; E) is a 0-closed form. By Hodge theory on compact complex manifolds

we have Fj, = 38" GF}, + HF}, where G is the Green operator allg H is the projection
on the finite dimensional space H, q) (X;E) = Kerd N Kerd of harmonic forms

on X. By Lemma 6.5, 9'GFy € WS (X;E) and HB'*GF”kH < Cllfllsa; 50

Fy € W(’;,q) (X;E) and we can define Ef f = Fy.

Suppose that f is H-exact and let u € C&a (Q_; E) such that du = f. We denote
by @ a C* extension of u to X.

It is enough to prove that (Fi, h) 2 x,f) = 0 for every h € Hp,q) (X; E), where *
is the Hodge star operator. Since

O(xh) =0 (*h) =% (—*0*h) =+0 h=0

and € is Stein it follows that there exists ¥ € CZ3_,, ,_,_1) (€ E) such that 8¢ = *h.
Let (). be an exhaustion of Q by relatively compact domains in 2.

e>0
We have
(78) (Fk’h)L2(X,E)=‘/XFk /\*_h—
= f/\m+/ (f—-vk)/\5¢;
Q- Q
(7.9) / f/\*—ﬁ=/ Ou A xh = u A *h = —lim U A *h
Q_ - aQ_ =0 Jaq,

= —lim UA TP = (—1)"T lim U NY.
e—0 OQS e—0 695

Since v;, vanishes on 90 we have also
3 B — (—1)PFIHL s 1
(7.10) | (F-u) ABw= -1 ;g%/mefw
and by (7.8), (7.9) and (7.10) it follows that
e—0

(Fi, B) 2 x;m) = (—1)"*? lim - (_517 - f)ny

= lim (Ea—f Ash=0. O
e—0 Q\Qe
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8. Vanishing of the W¥-cohomology for (0,q)-forms in pseudoconcave
domains of CP,. Let {2 be a domain with Lipschitz boundary in CP,. We denote by
S (1) the unit shere in C**! and @ = {z € S (1) | n(z) € Q} where 7 : C**! — CP,, is
the universal line bundle. If g is a O(m)-valued (0, g)-form on CP,, we put g = *g.
For1<qg<n-—1let

g—1 n—q

— AN

(-1* ., det,z dz, dt)
(2mi)" T TP B (¢, 2)n L @ (8, 2

Kq(t,2) = g Aw(t)
where %,Z,dt and dz are columns of an (n + 1,n + 1)-matrix and the determinant is

computed by the usual rule, where the place of each factor in the exterior product is
determined by the index of the column to which the factor belongs;

n
@(t,z):ZE(tj—zj)=<f,t—z>=1—<f,z>;
=0
n
Q*(t,2) =) Zj(tj —2j) =<Z,t—2>=<Z,t> -1,
j=0
w(t) =dto A+ Adtn.

For f € L(0 )(Q;O(m)) n L%O (0% O(m)), we remind a formula of Bochner-
Martinelli-Koppelman type in CP,, from [20]:

(8.1) f=Tpus (BF) + 9T, +Quf ifl<q<n-—1,
(8.2) f=Tof+T1 (0f) + Qif ifqg=0,
where
(8.3) Ti()= [ _FO)AKea(ts) ifi<esn,
teQ
(8.4) Qi@=[ _FW)AK,(2) if1<a<n-1,
teaN
1 det(t ’é\)
__ 5 et(i,
(8.5) Tof (2) = @iy /teﬁ fA B, ) A w(t).

LEMMA 8.1. Let Q be a domain with Lipschitz boundary in CP, and f €
(0 0 (092; O(m)) such that the support of f is contained in a coordinate subset. Then,
in local coordinates z = (21, ..., z,), we have

Quf () = / £(€) ABMK, (6,2) + / FO AR (€,2)
o0 N

and

T,f (2) = /f(e)ABMK_ (€,2) /f(&)/\Rq L (6,2)

where BM K (¢, ) is the Bochner-Martinelli-Koppelman kernel in C* and |Rq (€, 2)|
<C ﬁm
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Proof. In (8.4) we put
t= ’\§7£ = (€0a ceny §n) s |>‘| =1, |€|2 =,|€0|2 +-e+ |£n|2 = 1:50 eR

and we obtain

Quf (2) = / FOOAK, (A, 2).
89X {IA=1}

Since f(A¢) = A"X""F (€) and w(AE) = A"dAAw (€), ' (€) = T (1) &idéoA
< Ad& A -+ Ndéy, it follows that

Antatm gy
At =35 [ TOnm, é,z)/ TG
where
, q n—g-1
Hy(&2) = CL N

(27”)71 Cq—ldet(z, -Z‘a dz }) dz ) /\ Ld, (E) M

A simple computation of the second integral gives

|<& 2>

(1—|<£,z |)

—_— nac
i)=Y [ viemmic,, e PO A H, (62)
iz Jea

+ P'gz+n+q—1f (2)
with

0 ifr>0
P ) ={ _yynirs g

Z;=0f59 CinHCT q] 1< &z > FEOANH 1(€, 2) otherwise

(for s € N and t € Z we denote C§ = tt=1)..(t=s41) "é!t_sﬂ ).

- N\ 1/2
Suppose z = (1,..;0). Then < &z >= & = +(1-[¢?) ", with & =
(&1, ...,&,) and we obtain

__ e 2(n—a-1) 0(1¢'?) -
@)= [ 2l Ferm e+ | (, 2n) Fonme.2.
o9 1€ aa ¢
This means that in local coordinates we have
(8.6)

Quf (2) = /f(ﬁ)/\BMK(ﬁz /f YA R (€,2) = I, () + Jy ()

where 2’ = (21, ...,2n), BM K, (¢,2') is the Bochner-Martinelli-Koppelman kernel in
C* and |Ry (¢',2")| < O g—hes. O
A similar computation gives the analoguous formula for Tj,.

REMARK 8.2. In fact, Lemma 8.1 shows that, in local coordinates, we have
K, = ® (BMK,), with ® a smooth function which does not vanish on the diagonal
and BM K, the Bochner-Martinelli-Koppelman kernel in C* (see 8.6).
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The Lemma 8.3 below is based on an approximation method inspired from the
solution of Cousin’s problems:

LEMMA 8.3. Let Q be a relatively compact domain with Lipschitz boundary in
a complex manifold, E a holomorphic bundle on X. Suppose that there ezists a
fundamental system of neighborhoods {Q.} e>o Of 2 with the following property: for
every O-ezact form & = Oy with ¢ € AR ) (Qe; E), there ezists 0 < €' < € and
peWi o (Qe; E)N Cooa) (Qer; E) such that 8o = & and ||go||s’95, <C ||<I>||S,QE, with
C independent of ® and €. Then, every f € AW(SM) (@ E)N C(";’q) (Q_; E) belongs to
the closure of A7) \ (0 E) in W, (O E).

Proof. Let {U;}o<j<n be a covering of 0, where Uy CC Q and {U;}i<j<n is
a covering of A0 with balls centered at (; € 99 such that Q@ N (U; — ev;) C Q for
0 < € < g9 and v; suitable directions.

Let f € AW(SP o (& E)ﬂC&‘;q) (Q; E). We denote f5(2) = f(2) on Up and f;(z) =
f(z —ev;) on QN U; and we have f; € Ao Qe NU; B) N AW, (Qe NUj; E) for
0<e <e<eg.

Let { Xj}0< <~ be a C* partition of unity subordinate to the covering {U;}o<;<n-

We put f5, = f5 - ff € AW, I(VQEntnUk;E), Fo= 30 X5 £ € W, (e
U E)N A ) Qe E) and g = 3750 X5 5k € W, ) (Qe NUL; E).

We have gf = Y1 x;(f§ — ) = F. — f§ and g5 = OF. = Y.1L, x; A f5, on
Uk, so OF; € Az q+1)(Q€, E)n AWE, 141y (Qe; E). As —0fore -0

it 5,U;NUs
and 9F, = 9g = Zj=0 dx; A f5; on Uy, we obtain HBFEHS,m — 0 for e = 0.

By hypothesis, there exists u. € W, ) (Qe; E)YNCE ) (Qer; E), 0 < &” < &' < &o,
such that du, = OF. and lluells .., <C HEFE”s,Q,,,’ 80 ||uell, o — 0 for e — 0.

We have

N N N
—(Fe—ue) =Y xif = DX f5 +ue = [Zm(f— ff)] + .

=0 =0 j=1

Thus ||f — k||, q — 0 for € = 0 with h. = F, uEGA(pq)(Q;E).EI

LEMMA 8.4. Let Q- C CP, be a pseudoconcave domain with Lipschitz (re-
spectively C?) boundary in CP, and f € AW(’E,Q)(Q_;O(m)), 1<g<n-1,
m € Z, ke N, 2k — 1)K, —m > 0, (respectively k > 1 and m = 0). Then
there exist h belonging to the closure of AT} \(Q—;0(m)) in AW(’%’q)(Q_; O(m)) and
g€ AWEH (Q_;0(m), llgllors < CilIFll, such that £ = By + h.

Proof. Since Q = CP,,\Q_ is pseudoconvex, by [39] it follows that the domains

0 = CP,\{z€Q|6(2) > €}, 0 < e < g, form a strongly pseudoconcave neighbor-
hood system of {2_. We consider an extension F' € AW g q)(Q ; O(m)) of f such that

supp F' C Q2 and ||F||; geo < C |||}, q_- From the Bochner-Martinelli—Koppelman
formula 8.1 we obtain

F =Tgy1 (OF) + 8 (T, F)

with T, F (z) = Jyeis F(t) AK,_1 (t,2), (see (8.3)).
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Let ¢ = T,F and h = Ty (OF ). By Remark 82 it follows that g €
Wty Q20 (m), lgllpr1,0e < IFllkge < Ckllfllyq_ and b € AWE \(Q-;0 (m))
for 0 < € < go.

To finish the proof, it is enough to show that h = lir%he, with

e—>

he € A5 q)(Q_; O (m)).

Since F = 0 on Q_, Ty OF (2) = fteﬂf‘?\s’z 57*"(15)/\1{ —1(t,2) so he
Co, 0 (©Q_; O(m)). According to Lemma, 8.3, it is enough to verify that for every 0 <
£ < go and every d-exact form ® = iy with ¢ € A(0 o (Q2;0(m)), there exists ¢ €
W(o,q) (9=;0(m)) n a0 (92;0(m)) such that dp = @ and el < Cl@ll e
with C independent of f and €. Since every d-exact form & € A% 0.0+ (e ;O(m))
verifies the moment condition of any order, this follows from Coroilary 5. 0

LEMMA 8.5. Let Q_ CCP,, be a pseudoconcave domain with Lipschitz boundary in
CP, and h a form belonging to the closure of AT} q)(Q_; O(m)) in AW(’f),q) (Q=; O(m)),

k € N*. Then there exists an extension h € W(o,q) (CP,;O(m)) of h such that 571|Q €
L2 g4 (256741,0(m)) and N_gy1,0 (9h) < Ci |]57z||k_m, where Q = CP,\{I_.

Proof. Let h; € Afg q)(Q_) such that ||k — hjl|, o — 0. We denote by h~, a
C* extension of h; to CPj, such that “ﬁ;“ . < Ci|hjl|; o_ for every non-negative

integer ¢ < k and every j. In particular, (l;;) _is bounded in W(’g q)(C]P’n), so there
j ,

exists a weakly convergent subsequence to f € W(’f)’ 2 (CP,) and 7L|Q_ = h. Since 5]5,}
vanishes to infinite order on dQ , by (7.1) we have N_k+1,g(5h~j) < Cy “5}; “k Lo

and (5]: ~)] has also a weakly convergent subsequence in L7, .,y (207%1). So

Bhia € Ly 1) (%674+) and Ny 0 (95) < O ”ah”k o0

DEFINITION 8.6. Let Q_ C CP,, be a pseudoconcave domain in CP,, and , k € N*.
A form f € AW('gm_l)(Q_; O(m)) verifies the moment condition of order k if there ex-
ists an extension f € W(’g’n_l)(Can; O(m)) of f such that 5f|g € L? (Q;67F+1,0(m))
and verifies the moment condition of order k — 1 on Q, where O = CP,\Q_.

THEOREM 8.7. Let Q_ C CP,, be a pseudoconcave domain with Lipschitz (respec-
tively C?) boundary in CP,. Let k € N*,m € Z, 2(k — 1)K, — m > 0, (respectively
k>1andm=0).

a) Suppose that ¢ < n — 1. Then for every f € AW, 0 0,0) (Q-;0(m)) there exists
u € W’f) a—1) (Q-;0(m)) such that Ou = f and ||u|l, < Ci||flly, where Ck is a
constant mdependent of f.

b) If ¢ = n — 1 the same statement is true for forms f € W, (On 1 (Q—; O(m))
verifying the moment condition of order k.

Proof. By Lemma 8.4, there exist h belonging to the closure of Af (Q-;0(m))
in AW(O’q) (Q—;0(m)) and g € A (’f)*;l 1)(Q_,O(m)) llgllys: < Ck|Ifll; such that

f =0g + h. So it is enough to solve the d-equation for h.
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According to Lemma 8.5 there exists an extension hoe W(’B’q)((CPn;O(m)) of
h such that Bhig € Ly gy (%74+;0(m)) and N_gi10 (3h) < Gy I|6h”k_m,

where = CP,\Q_. From now on the proof of the Theorem 7.1 works without any
change to find uy € W§ ,_;)(2-; O(m)) such that duy = h and [|uall, < Ci IR, O
A consequence of Theorem 8.7 is the following:

COROLLARY 8.8. Let Q_ C CP, be a pseudoconcave domain with Lipschitz
(respectively C?) boundary in CP,. Then H%,k (Q-) = 0 for every integer k > 2
(respectively k > 1) and 0 < g <n — 1.

9. The dual of the weighted Bergman space on pseudoconvex domain
of CPp. Let 2 be a domain with Lipschitz boundary in a complex n-dimensional
manifold X, Q_ = X\Q and k¥ € N. In this paragraph we use the following notations:

Bk () = O (2) N L* (Q;6*)
endowed with the norm Ny induced by L? (2;6*);
(Bi () = {@ € (B ()] (@,1) = 0}

where (By, ()’ is the dual of By ().
Let [¢] € H ,?jr"l_l (2-) be the cohomology class of the O-closed form
p € W(’i:';_l)(ﬂ_). Since every h € By (Q) is harmonic, it admits a boundary value

bv (h) € W*=1/2 (8Q2). So we can define T : Hyyiii (2-) — (Bi ()% by

(Tlg] by = /3 (o (), b ()

where (, ) is the duality between W~*=1/2 (8Q) and W*+1/2 (5Q).

Indeed, if [p] = 0, ie. ¢ = 0% with ¢ € W(’i:i_Q)(Q_), by Stokes’ formula we
obtain T [¢] = 0.

Since

KT [¢], )| < ||bw (h)”—k—l/Z,BQ [|bv (90)||k+1/2,39 < Cy|lbv (h)“_k,n < CkpNia (h)

it follows that T [¢] is a continuous functional on O (2).
Because ¢ is 0-closed, by Stokes’ formula we have

<T[so1,1>=/mbv(w>=/gao=o

and we conclude that T [g] € (Bx ()} and T is well defined.

THEOREM 9.1. Let Q_ C CPy be a pseudoconcave domain with Lipschitz (re-
spectively C?) boundary, Q@ = CP,\Q_ and k € N* (respectively k € N). Then T :

H;lv’f:ll Q=) — (Bx (Q));& is an isomorphism. In particular dimc Hgv’fjll (Q2) = .

Proof. Suppose that T [¢] = 0. Lemma 8.4 implies that [¢] = [1] with 1 belonging

to the closure of A‘(’,‘;’n_l)(ﬂ_) in W(';"”;_l)(ﬂ_). According to Lemma 8.5 there exists
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an extension ¢ € WFt! 1)(CPx) such that 3y € L? (92;6~%). Therefore, for every

n,n— (n,n)

h € B () we have

/w&:/ (b () ,bv (¢)) = T[] (h) =0
Q 1519

and it follows that 9 verifies the moment condition of order k. By Theorem 8.7 there
exists u € W{“nf;_l)(ﬂ_) such that Ou = ¢, so [¢] = 0 and T is injective.

Let @ € (B (Q));#. By the theorem of Hahn-Banach there exists an extension
& e (L2 (250%)) =12, ) (Q67*) of @, so there exists ¥ € L2, (?;6~*) such that

(®,h) = [, h¥ for every h € By (). Let ¥ be the trivial extension of ¥ to CP,,.

Since
/ <i17,*1>dv=/ @:/111:(@,1):0
P, P, Q

it follows that ¥ is orthogonal to the harmonic space H (5 n) (CPn). Therefore, by
Hodge’s theorem ¥ = 95 with $ = 8 G¥ and G the Green operator. From Lemma
6.5 we conclude that ¢ € W(’::;_n (CP,,) and let ¢ = (ﬁlg_ . Since 0p = ¥ and ¥
vanishes on Q_, ¢ defines a cohomology class [¢] € Hiyiri' (2-) such that

<T[so],h>=/m<bv(h>,bv<so>>=/Qh5¢=/gh\P=<<I>,h>

for every h € By () . This shows the surjectivity of T' and completes the proof. O

10. Liouville’s theorem on pseudoconcave compacts of CP,,. The follow-
ing Proposition is a generalisation of Liouville’s theorem for pseudoconcave compacts
in CP,:

PRrROPOSITION 10.1. Let L be a pseudoconcave compact in CP,,, n > 2. Then:

i) A% 0)(L; O(m)) =0 for m <n;

i) AT o) (L; O(m)) is isomorphic to the space of m —n — 1-homogeneous complex
polynomials in n + 1 variables for m >n + 1.

Proof. Let k € N such that 2kK, +n+1—m > 0 (we can choose k = 0 if
m < n) and f € A7 0) (L; O(m)). We consider an extension f € C(k: g’) (CP,; O(m))
of f and we have 8f € L%n’l)(ﬂ;d"“l;(?(m)), where Q@ = CP,\L. By Corgllary
5.6 and Corollary 5.4 b), there exists v € L?n,O) (; 0 (m)) such that dv = 8f and
bu(v) = 0. Let F € Lfn’o>(CIPn; O_(m)) defined by F = fon Q_ and F = f —v on
Q. By Lemma, 6.4 it follows that 0F = 0 on CP,, so F is a holomorphic (n, 0)-form
on CP, with values in O(m). Since the holomorphic (n,0)-forms are holomorphic
sections of O(m—n—1), Proposition 10.1 follows. O ‘

An immediate consequence of the case m = n + 1 of Proposition 10.1 is the
following:

COROLLARY 10.2. A pseudoconcave compact in CP,, is connected.

PROPOSITION 10.3. Let Q_ be a domain with Lipschitz boundary of a compact
Kahler n-dimensional manifold X such that Q_ is Hartogs-pseudoconcave and E a
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holomorphic hermitian vector bundle on X. Let 0 < p<n, 0 < ¢ <n—1 such that
HPtY(X;E) = 0 and k > 1 an integer such that mp_p(Q; E*) + 2(k — 1)Cq > 0,
where @ = X\Q_. Then AQ (s E) is dense in AW(’;W) (Q—;E).

Proof. Since @ = CP,\Q_ is pseudoconvex, by [39] it follows that the do-
mains Q¢ = CP,\ {z € Qd(2,2_) > €} form a strongly pseudoconcave neighbor-
hood system of Q_. According to Theorem 7.1, for every d-exact form ® = 9v with

b € A%, (025 E), there exists 0 < ¢’ << and g € W, (Qi' : E) nce, (Qi’;E)
such that dp = @ and [|¢ll, o , < C'||®ll, o , with C independent of & and € (because
® verifies the moment condition of any order). So we obtain the result by applying

Lemma 8.3. 0

COROLLARY 10.4. Let Q_ be a pseudoconcave domain with Lipschitz boundary
in CP, and m € Z, m < n. Then A, o) (Q-;O(m)) is dense in AW, o (2-;O(m)),
k> 1. If Q_ has C? boundary we have the same result for m =n + 1.

Proof. If Q_ has Lipschitz boundary, Corollary 10.4 follows directly by Proposi-
tion 10.3 by identifying the holomorphic O(m)-valued (n,0)-forms with holomorphic
sections of O(m —n—1). Under the hypothesis of C? boundary, we conclude similarly
by using Theorem 8.7. O

From Proposition 10.1 and Corollary 10.4 we obtain the following form of Liou-
ville’s theorem:

THEOREM 10.5. Let Q_ be a pseudoconcave domain with Lipschitz boundary
in CP,. Then H°°(Q_;O(m)) N W(Q_;O(m)) = 0 for m < —1 and H*°(Q_) N
W2(Q-) =C. If Q_ has C? boundary we have also H*%(Q_)NnW(Q-) =C.

11. Hartogs-Bochner theorem in CP,.

THEOREM 11.1. Let Q be a domain with Lipschitz boundary in CP, such that
Q- = CP,\Q is connected and contains a pseudoconcave domain with C? boundary

and f € CR(OQ)NW %(8Q). Then there ezists f € O(Q)NW(Q) such that bv(f) =f.

Proof. We consider the current Ty of bidegree (0,1) on CP, given by (Ty, ) =
Joq fp for every ¢ € C5 ) (CPy). Since f € CR(0Q) we have 9Ty = 0, so Ty =
9KTy, where K € D{,, ,_;)(CPyn x CPy) is the fundamental solution for 9 given by

the formula of Bochner-Martinelli-Koppelmann type in CP,, [20].
We denote F(z) = KTy(z) for z € CP,\0 and we have

F(z) = - /3 K2k

Since suppTy C 02, F' is holomorphic on CP,\0f2. We denote F. the restriction
of F to Q and F_ the restriction of F' to Q_ and since f € W2(89), by Lemma 8.1
it follows that Fy € HO%(Q)NnW(Q) , F- € H®°(Q_)nW'(Q-), so from Theorem
10.5 it follows that F_ = C = constant on _.

For every ¢ € C@‘f’n_l)(ClI’n) we have

(Ty, ) = /a fo=(OKTy,0) = - /@P KTy(2)0p(z) -

=—/F+5go—/ F_5<p=/ bu(—Fy + C)p
Q Q- o0
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thus f = bv(—Fy + C) with f = —Fy + C € O(Q)nW'(Q). O

REMARK 11.2. Both hypothesis in Theorem 11.1 are essential. Indeed, if Q =
CP,\D, where D is a bounded domain in C*, than the restriction to O of a non-
constant entire function cannot extend holomorphically to Q; if CP,\Q has two con-
nected components, a CR function which takes different constants as values on the
boundaries of these components cannot extend holomorphically to 0.

If Q is a bounded domain in C* such that 69 is connected, Theorem 11.1 is
equivalent to the generalization of the classical Hartogs-Bochner theorem proved by
Fichera [11]. For smooth CR functions (ie. for functions f on 9 which admit a C*°
extension f in a neighborhood of 8Q such that f vanishes to infinite order on 9f2),
we can use directly Proposition 10.1 to obtain in a similar way the following;:

THEOREM 11.3. Let Q be a domain in CP,, such that voly, (02) = 0, 8Q =
0 ((C]P’n\ﬁ) , CPL\Q is connected and contains a pseudoconcave compact with non-
empty interior. Then for every f € CR(OQ)NC>®(ON) there exists fe O(Q)NC>(Q)
such that flag =f

Proof. As in the proof of Theorem 11.1 (by transforming the integrals on the
boundaryin integrals over the domains) we have f = F,|sqo — F_|sq, where F €

o) NC* (Q) and F- € O(Q-) N C>® (Q-) with Q_ = CP,\Q.
Let L C Q_ be a pseudoconcave compact such that L # (0. Then F_ € A® (L)

and by Proposition 10.1, F— = constant on L. Since Io, C Q_, it follows that F_ =
constant on Q_ and Theorem 11.3 is proved. O

REMARK 11.4. If Q is a bounded domain in C* such that C*\Q is connected,
the classical theorem of Hartogs-Bochner is a particular case of Theorem 11.3 because
CP,\Q contains the pseudoconcave compact CP,\B, where B is a suitable ball of C™.

REMARK 11.5. All the results_are valid for domains ) in algebraic manifolds
X C CP, such that Q = QNX, with Q pseudoconvexr domain in CP, and 0 transverse
to X (the condition Q = QN X is not valid in general, see for ex. [12]).

12. A (counter)example. In this paragraph we consider the domain
(12.1) 0= {[Z0,21,22] € (C]le |21| < lz()l}

where (20, 21, 22) are homogeneous coordinates in CP5. One can compare this domain
with the well-known Hartogs triangle {(z,w) € C? | |2| < |w| < 1}. We study below
some of the properties of the domain 2 in connection with our results:

EXAMPLE 12.1. The domain Q defined in (12.1) has the following properties:

1. Q is simultaneously pseudoconvex and pseudoconcave;

2. There do not erist any Stein neighborhood of 0;

3. There exist O-closed forms g € C’E”(j’ 1 (Q; O(m)) such that the equation du=f
has no solution u € C (Q; O(m)) for any m € Z;

4. The Bergman space L? () N O () separates the points of Q;

5. There exist no non-constant holomorphic functions in W* (Q);

6. The Hartogs-Bochner theorem for CR (8Q) N W—1/2(8Q) is not valid.

Proof.
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1. We denote U; = {[20,21,22] € CP2| 2; #0}. Since & C Uy, in local co-
ordinates €2 is the product of the unit disc and the complex plane, so it is
pseudoconvex. But CP2\Q = {[20, 21, 22] € CP3 | |21| > |20|} and by the same
arguments as before in Uy, it follows that CP,\Q is also pseudoconvex, so
is pseudoconcave.

2. The boundary 0Q = {[20,21,22] € CP3| |21]| = |20|} is smooth exceptly at
[0,0,1]. It contains the compact Riemann surfaces

Sp = {[20,21,22) € CP2 | 21 = €2}, O € R.

This means that © has no any Stein neighborhood.

3. Let a, b distinct points of {2 such that the complex projective line £ through
a and b has a nonempty intersection with CP2\Q. Let Q' be an open neigh-
borhood of € such that £ N (CP2\Q') # @. By [17] there exists a Stein
neighborhood V of LN Q.

Suppose m < —1. Since V is Stein, there exists h € H%°(V;O(m + 1)) such
that h (a) # h ().

Let x be a C function on CPs with support contained in £’ such that y =1
on V and let L a linear form such that £ = {[2o, 21,22] € CP2| L (z) = 0}.
Then %X defines a form g € Cfy,, (;0(m)). Suppose that there exists
u € C (Q;0(m)) such that Ou = g. Then the function xh — Lu defines a
section f € O(Q;O(m + 1)) N C (Q; O(m + 1)) such that f = h on L. But
0N is foliated by compact Riemann surfaces which have a common point, so
every holomorphic section of O (m + 1) is constant on 9 and this gives a
contradiction.

Suppose m > 0. We choose homogeneous coordinates z = (zp, 21, 22) for a
point [z] € CP3 such that £ = {[z]|z = 0}. Let h € H*°(V; O(m + 1)) such
that 52?7”_,_—,- is non-constant on L.

Let x be a C*° function on CP» with support contained in ©' such that x =1
on V. Then f‘% defines a form g € Cf,, (%, 0(m)). Suppose that there
exists u € C (Q;O(m)) such that du = g. Then the (m + 1)-homogeneous
function ¢ = hx —zou defines a section f € O(Q; O(m+1))NC (4 O(m + 1))
such that 8—2%‘% = ??,,h_,.—r on L. Since 912 is foliated by compact Riemann
surfaces which have a common point, EZ%PTT is constant fonction on each leaf,
so constant on {2, and we obtain a contrladiction.

4. This property follows from Proposition 4.1.

5. Let f € O (Q) N W (Q). We consider the complex projective lines

Ax = {[20,21,22] € CP2| 21 = Az}, A€ C, [N < 1

and we have A\ {[0,0,1]} C Q.

Let ¢ = ({o,¢1) be local coordinates in Us and B, = {¢||¢| < r} a ball
centered at the origin. For |A| < 1 we denote ¢y : C* — C the function
defined by ¢y (2) = f ({p,¢1) with (o = z and {; = Az.

Since

/ |£1? d¢od¢ydCodC, = / d\dx / 121 | f (2, A2)|? dzdz
B.NQ |Al<1 D,
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with D, = {z € C| |z| < r}, the function z¢) € L?(D,) N O(D,\{0}) for

almost all A € C, |A\| < 1 and it follows that ¢y (2) = O (|17|) and ¢ (z) =

0 (Iz—llg) Because f € W* (), we obtain as before that zph € L? (D,). I oy

has a first order pole at the origin, then z¢) (2) = O (Ii—l) and z¢)\ ¢ L% (D,);
so the origin is a regular point for ¢,. It follows that f is constant on Ay for
almost all A € C, |A| < 1 and therefore constant on (.

By Proposition 4.1 there exist non-constant holomorphic L? functions on ;
their boundary values belong to CR (89) N W~1/2(8Q) and cannot extend

to holomorphic functions of L? (CP,\Q). 0O
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