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FINITE-DIMENSIONAL FILTERS WITH NONLINEAR DRIFT XIII: 
CLASSIFICATION OF FINITE-DIMENSIONAL ESTIMATION 

ALGEBRAS OF MAXIMAL RANK WITH STATE SPACE 
DIMENSION FIVE* 

GUO-QING HU+, STEPHEN S. T. YAU*, AND WEN-LIN CHIOU§ 

Abstract. The idea of using estimation algebras to construct finite dimensional nonlinear 
filters was first proposed by Brockett and Mitter independently. For this approach, one needs to 
know explicitly the structure of these estimation algebras in order to construct finite dimensional 
nonlinear filters. Therefore Brockett proposed to classify all finite dimensional estimation algebras. 
Chiou and Yau [ChYal] classify all finite dimensional estimation algebras of maximal rank with 
dimension of the state space less than or equal to two. The purpose of this paper is to give a new 
result on classification of all finite dimensional estimation algebras of maximal rank with state space 
dimension less than or equal to five. 

1. Introduction. The idea of using estimation algebras to construct finite di- 
mensional nonlinear filters was first proposed by Brockett [Br] and Mitter [Mi] inde- 
pendently. The advantage of this finite-dimensional nonlinear filter is at least the same 
as Kalman-Bucy filter. Moreover, it avoids the disadvantages of Kalman-Bucy filter 
such as Gaussian initial condition as well as linearity assumption of the drift term. 
For more detail, we refer the readers to [TWY] and [Ya], in which the links between fi- 
nite dimensional estimation algebras and finite dimensional filters were discussed. It is 
clear from the works of [TWY] and [Ya] that one needs to know explicitly the structure 
of these estimation algebras in order to construct finite dimensional nonlinear filters. 
In 1983, Brockett proposed to classify all finite dimensional estimation algebras in his 
talk at the International Congress of Mathematics. If the drift term of the nonlinear 
filtering system has a potential function (i.e. drift term is a gradient vector filed), 
then the corresponding estimation algebra is called exact. In [TWY], Tarn, Wong and 
Yau have classified all finite dimensional exact estimation algebras of maximal rank 
with arbitrary state space dimension. In [ChYal], Chiou and Yau are able to classify 
all finite dimensional estimation algebras of maximal rank with state space dimension 
less than or equal to two. The novelty of their theorem is that there is no assumption 
on the drift term of the nonlinear filtering system. In [CYL1], Chen, Leung and Yau 
classify all finite dimensional estimation algebras of maximal rank with state space 
dimension equal to 3 (without any assumption on the drift term). They introduced a 
new matrix equation in [CYL2] and showed that this matrix equation has only trivial 
solution if the state space dimension is at most four. They reduced the classification 
problem of finite dimensional estimation algebras with maximal rank to the problem 
of nonexistence of nontrivial solution of this new matrix equation by using the fact 
that 774, homogeneous degree four part of 77, depends only on £&+i,...,a;n where k is 
the quadratic rank of the estimation algebra. Recently Wu, Yau and Hu [WYH] have 
a direct proof of nonexistence of nontrivial solution of this new matrix equation. In 
this paper, we develop a completely different technique than [CYL2]. Moreover we 
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can classify all finite dimensional estimation algebras with maximal rank with state 
space dimension n = 5 also. The following is our main theorem. 

MAIN THEOREM. Suppose that the state space of the filtering system (2.1) is of 
dimension n < 5. If E is the finite-dimensional estimation algebra of maximal rank, 
then the drift term f must be a linear vector field (i. e. each component is a polynomial 
of degree one) plus a gradient vector field and E is a real vector space of dimension 
2n-f 2 with basis given by l,xi,...,Xn,Di,...,Dn and LQ. Moreover rj is a degree two 
polynomial. 

Let LVij = jJi — 1^-, which was first introduced by Wong [Wo]. Our strategy is to 

prove that CJ^'S are constants for all i,j. Then we can apply the result of [Ya] to finish 
the proof. This involves two steps. The first step is to prove that CJ^'S are degree 
one polynomials. This step was completed by Chen and Yau [ChYa2] for arbitrary n. 
The second step is to prove that (j^'s are actually constants. This is the hard part 
in the problem of classification of finite dimensional estimation algebras of maximal 
rank. The purpose of this paper is to deal with the hard part of the problem by 
proving that u^j's are constants for n < 5. We observed that Chen and Yau [ChYa2] 
have already proved that a;^, 1 < i, j < k, where k is the quadratic rank of the 
estimation algebra, are constants. In [ChYa3], Chen-Yau introduced many new ideas 
and claimed to prove that u>ij 5s are constants for either l<2<A;,l<j<nor 
1 < i < n, 1 < j < &,and cjij's are degree one polynomials in x^4-i,...,xn for k + 1 < i, 
j < n. Unfortunately, the proof turns out to be incomplete. 

Recently, Hu and Yau [HuYa] developed a new method and they proved that 
tLfy-'s, 1 < i, j < k or k + 1 < i, j < n, are constants, and ofy-'s are degree one 
polynomials in xi, ...,#& for 1 < i < &, k 4-1 < j < n or k + 1 < i < n, 1 < j < k. 
By using this result and new technique developed in this paper together with basic 
theory developed in [ChYa2], not only we can obtain entirely new results for n = 5, 
but also we have simple uniform proof for n < 4. 

This paper is in essence a continuation of [Ya], [ChYal], [ChYa2] and [HuYa] and 
we strongly recommend that readers familiarize themselves with the results in these 
papers. However, every effort will be made to make this paper as self-contained as 
possible, with minimal duplication of the previous papers. 

2. Basic concepts. In this section, we shall recall some basic concepts and 
results from [Ya], [ChYa2] and [HuYa]. Consider a filtering problem based on the 
following signal observation model: 

r91x f dx(t)    =    f(x(t)dt + g(x(t))dv(t),    x(0) = xo 
{     ' \ dy(t)    =    h(x(t)dt + dw(t), y(0) = 0 

in which x^v^y^and w are, respectively, Rn,Rp,Rm and Rm valued processes and v 
and w have components which are independent, standard Brownian processes. We 
further assume that n = p, /, h are C00 smooth and that g is an orthogonal matrix. 
We shall refer to x(t) as the state of the system at time t and to y(t) as the observation 
at time t. 

Let p(tjx) denote the conditional probability density of the state given the ob- 
servation {y(s) : 0 < 5 < t}. It is well-known (see [DaMa]) that p(t,x) is given by 
normalizing a function aft^x) that satisfies the following Duncan-Mortensen-Zakai 
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equation: 

m 

(2.2) dG{t,x) = LoO'(t,x)dt + y2Li(j(t,x)dyi(t),     cr(0,#) = CTQ, 

2=1 

where Lo = lEJU £f-lXi /*A "SU |& " I E£i ^ andfar i = ll...>fii>Li 

is the zero-degree differential operator of multiplication by hi,ao is the probability 
density of the initial point XQ. 

Equation (2.2) is a stochastic partial differential equation. Davis [Da] proposed 
some robust algorithms. In our case, his basic idea reduces to defining a new unnor- 
malized density 

u(t,x) =exp I -,^2hi(x)yi(t) J a(t,x) 

Davis reduced (2.2) to the following time-varying partial differential equation, which 
is called the robust DMZ equation. 

r  B»(t,x)    =    L0u(t,x) + 52?=iyi(t)[Lo,Li]u(t,x) 

(2.3) I +|Elj=iW(%i(*)[[io,ii],iiM*,a?) 
[ u(0,x)      =    ao{x) 

Here we have used the following notation. 

DEFINITION 2.1. If X and Y are differential operators, then the Lie bracket of 
X and Y, [X,Y], is defined by [X,Y]<j) = X(Y<I>) - Y{X(j)) for any C00 function (j). 

DEFINITION 2.2. The estimation algebra E of a filtering problem (2.1) is defined 
to be the Lie algebra generated by {LO,JLI, ...,Lm}. E is said to be an estimation 
algebra of maximal rank if for any 1 < i < n there exists a constant ci such that 
Xi + ci is in E. 

Most of the known finit-dimensional estimation algebras are maximal. For exam- 
ple, if (2.1) is linear, i.e., f(x) = Ax,g(x) = -Bar, and h(x) = Ca^and if (A,5,C) also 
is minimal, then the corresponding estimation algebra is of maximal rank [Ha]. We 
need the following basic result for later discussion. 

THEOREM 2.1 (Ocone). Let E be a finite dimensional estimation algebra. If a 
function £ is in E, then £ is a polynomial of degree at most two. 

In [Wo], Wong introduced fi matrix whose (i, j) — element UJIJ is ^ — |^-. Define 

i=l i=l i=l 

Then Lo = !(££=! 0?-'?). 
The following theorem proved in [Ya] plays a fundamental role in the classification 

of finite-dimensional estimation algebras. 

THEOREM 2.2 (Yau). Let E be a finite-dimensional estimation algebra of (2.1) 
such that uij = -^ — ^ are constant functions. If E is of maximal rank, then E is a 
real vector space of dimension 2n + 2 with basis given by l,xi,X2, ...,xn,DiiD2i ...,Dn, 
and LQ . 
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Recently Chen and Yau [ChYa2] have made important progress in the program of 
classification of finite-dimensional estimation algebras of maximal rank. They study 
the quadratic forms in E and show that the ft-matrix is linear in the sense that all 
Uij are degree one polynomials. 

DEFINITION 2.3. Let Q be the space of quadratic forms in n variables, namely, 
realy vector space spanned by xiXj^l < i < j < n. Let X = (xi, ...,a;n)T. For any 
quadratic form p G Q, there exists a symmetric matrix A such that p(x) = XTAX. 
The rank of the quadratic form p is denoted by r(p) and is defined to be the rank of the 
matrix A. A fundamental quadratic form of the estimation algebra E is an element 
Po G E fl Q with the greatest positive rank, that is, r(po) > r(p) for any p G E nQ 
. The maximal rank of quadratic forms in the estimation algebra E is defined to be 
k = r(po) and is called the quadratic rank of E. 

After an orthogonal transformation, po can be written as 

Po(x) = cix2 4- C2xl + ... + Ckxl,    Ci y£ 0,    0 < k < n 

From po(#)j we can construct a sequence of quadratic forms in E fl Q as follows: 

qo(x) =po(x) 
k 

qjix) = [[Lo,©-i],go] = X^4ici+1^ 
i=l 

In view of the invertibility of the Vandermonde matrix, we can assume that 

(2.4) po(x) = x2 4- xl + ... + xleE 

LEMMA 2.1 (Chen and Yau) [ChYa2]. Ifp is a quadratic form in the estimation 
algebra E of (2.1), then p is independent of Xj for j > k, where k = r(po) is the 
quadratic rank of E. In other words, -Q^ = 0 for k + 1 < j < n. 

Let pi G EnQ be an element with least positive rank, that is, o < r(pi) < r(q) 
for any nonzero q G E fl Q. After an orthogonal transform that fixes #&+i, ...,xn 

varables (i.e. an orthogonal transform on xi, #2, •••? %k), and the Vandermonde matrix 
procedure as above, we can assume 

ki 

(2.5) p1=^2^eEJ    l<fci<A; 

Notice that the orthogonal transform on xi,..., Xk leaves po invariant. In summary, 
we deduce that po = Y^i=i rf ^as the greatest postive rank and pi = Y^iLi xl has the 
least positive rank. Define 

(2.6) 5i={l,2,...,fci}C5 = {l,2,...,fc} 

and Qi = real vector space spanned by {xiXj : ki + 1 < i < j < k} C Q. If ki < fc, 
then Qi fl E is a nontrivial space, since p — po € E nQ. In a similar procedure as 
above, there exist fe > ki and 

k2 

(2.7) P2=   Yl   xUEnQ 
z=A;i+l 
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with the least positive rank in E D Q. By induction, we can construct a series of Si, 
Qi and pi such that 

(2.8) Si = {fc;_i + 1,..., A*},    ko = 0 < fci < ... < h < ... < A; 

(2.9) Qi = real vctor space spanned by    {xiXj : hi + 1 < I < j < k} 

hi 

(2.10) pi=     £    ^2=]r^,    2>0 
j=ki-i+i jeSi 

and pi has the least positive rank in E n Qi-i, for i > 0. 

LEMMA 2.2 (Chen and Yau) [ChYa2]. IfpeEnQ, then there exists a constant 
A such that 

p(0,...,0,a:ife._1+i,...,a:jb.,0,...,0) = A^,    fori>0 

LEMMA 2.3 (Chen and Yau) [ChYa2]. Ifp £ EnQ, then 

p(xi,...,a:fc._1+i,0,...,0,a;ib.+1,...,xn) E JE   fori>0 

The following theroem is the main result of Chen and Yau in [ChYa2]. 

LEMMA 2.4 (Chen and Yau)[ChYa2]. Let p = Sies, SjeSi ZciijXiXj e E , 
where a^- G R ant? /i < h- Then | 5'/1 |=| 5/2 | and A = (a^) = 6T «;/iere 6 is a 
constant and T is an orthogonal matrix. 

THEOREM 2.3 (Chen-Yau). // E is a finite-dimensional estimation algebra of 
maximal rank, then all the entries ujij = -^ — -^ ofQ, are degree one polynomials. 
Let k be the quadratic rank of E. Then there exists an orthogonal change of coordinates 
such thatujij are constants for 1 < i,j < k,Uij are degree one polynomials in xi,...,Xk 
for 1 < i < k or 1 < j < k; and u>ij are degree one polynomials in a;fc+1,...,a:n for 
k + 1 < i, j < n. 

For the convenience of the readers, we also list the following elementary lemma 
which was proven in [Ya] and [ChYal]. 

LEMMA 2.5. 
(i) [X, Y, Z] = X[y, Z] -f [X, Z}Y, where X, Y and Z are differential operators; 

(ii) [aDi,b] = a-^ , where Di = -^ — fi, a and b are functions defined on Rn; 

(Hi) [aDu bDj] = -abujij + a-^Dj - b-jj^Di, where uji = [D^Dj] = §^-^^ 

(iv)[aDlb] = 2a&Di + a$ 

(v) [DlbDj] = 2§:DiDj - Mt^Z?, + Q^- - b^h 

(vi) [DID]] = AutfiDjDi + 2d1^Di + 2^Dj + fe + 2^ 

(vii) [Dl,bDiDj]=2^DkDiDj+2bLjjkDiDk+2b(jJikDkDj + ^ 

^d^Di + b^Dj + h£^-k; 
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(viii) [aDiDjJDk] = a^-A-D* + a^DjDk + abwkjDi + abukiDj + a-gQ^Du + 

The following lemma was observed in [Ya] 

LEMMA 2.6. Let E be a finite-dimensional estimation algebra with maximal rank. 
Then < l,xi, ...,xn,Di, ...,Dn, LQ >C E. 

We need the following important theorem from our previous paper [HuYa] which 
is frequently used in the proof of our Main Theorem of this paper. 

THEOREM 2.4 (Hu and Yau). Let E be a finite-dimensional estimation algebra 
of maximal rank and k be the quadratic rank of E. Then UJIJ are constants for 1 < i, 
j < k or k + 1 < i,j < n; Uij are degree one polynomials in xi, ...,£& for 1 < i < k 

orl<j<k. Moreover aj = Yli=i xiVji, for k + 1 < j < n, are in E . 

3. Some useful lemmas. Suppose that the estimation algebra E of (2.1) is 
finite-dimensional. Let k be the quadratic rank of E. Let Ui be the space of differential 
operators with order at most i. The following lemmas facilitate our proof of the main 
theorem in section 4. 

LEMMA 3.1. Ifx?eE,j<k, then %£- = 0 for all k + 1 < j < n. 

Proof. We shall construct a sequence of elements in E in the following manner: 

Z1 = \[Lo,x)] = \ f^Dlxj] = XJDJ + \ 

1    n 

1     n     /   Fl \ 
= 2 ^ [27te:DiDj ~ 2xiuiJD*)    mod u° 

n 

= Dj + ^2 XjUjiDi   mod UQ 

i=l 

1    n 

Zs = [Lo,Z2] = -z 2J 
2« 

mod Ui 

il it        it       r\/ \ 

=2j:.jiDjDi+Y,EJTJllD>D> 
i=l i=l 1=1 

dxi 

n      n 

Ox, 

n n      n n      n p. 

2 Y, ujiDjDi+Y, J2 53iUjiDiDi+Y S XJ -^:DiDi mod Ul 

2=1 1=1   1=1 2=1   1=1 

n k        n rs 

dxi 
i=l i=l l=k+l l 
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[Z3, ^1=3 T^i^iiDjDi, XjDj] 

= 3 Eti {ton ^DtDj + Ujt gjUj - xj ^DjDi) 

+ 12i=i 22i=k+i \xi~d£"d£DiDj + x3~d£~'dfl
DiD3 

- Efei Er=fc+i ** i£rDiDi  mod ^i 
=3 E^I ^^jA - 2 Er=fc+i xii%7D}Di 
-EliE^+i^AA    modt/i 

(3.2) Z4 = - ([Zs, Za] + Z3) = 3 ^ ^i^A -  ^ *,- ^DjDi   mod ^ 

[Z4,Z1] = 3^[u;iiJDjA,a:j-Di]-  ^ [^-^^A.Xi^] 
' dxj J 

(3-3) 

n n 

= $'Y)PjiDjDuxiDj]-  J2 [xj^^DjDi.XjDj]    mod C/i 
i=l i=k+l 3 

n n p. 

= S^ujjiDjDi - 3 ^2 Xj-^-DjDi   mod Ui 
i=i i=k+i     dxi 

1 n f) 

^5 = 2 (^4 - [^4,^i]) =   E xi-£rDiDi    mod ^ 

= E E -^W^WM mod ^ 
i=l /=A;+1 

^) = [AW>ZB]=X:    ^(l&Ai^l^)     modC/s 
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l=zk+li=k+l   \ 3 3 j 

n n 

=*E E^f^f^A -««« 
/=A;+1 i=A;+l 

Oj       L/U,^ 

Now, we shall prove by induction on s that 

AM:=[Al-1\Z6] = 2-1('E  ^A)   X>?    modC/s+1 

Suppose that this is true for s. We are going to prove that the same formula is 
true for s + 1 

A(s+1) .-[A(s)jZ^ 

n fi (      duJji \ 
s^ fdufa    dtjji, 0 \XJ dxj ) 

dxj '" dxj        dxj '*-'   E    E FS^-^-S^a.-ft.^. 
li,...tls=k+li=k+l 

Xj-^-^DjDi]    mod Us+2 

Hence we get a sequence of elements in E of the form 

Since E is finite dimensional, we conclude that 

5^ =0,    for all    k + 1 < / < n 

D 

LEMMA 3.2. J/a?f € S. and x] e E ,1 < i, j < k, i^ j, then f^- = 0 = ^ for 
all k + 1 < I < n. 

Proof. From (3.1), (3.2) and (3.3) in the proof of Lemma 3.1, we have the following 
elements in E 

n n rx 

[Zs, ZX] = 3 Y, "JsDjDs - 2 Y, xi-^DiD^ 
2=1 s=A;+l J 
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8=1 l=k+l dX'' 
n n rs 

Zi = 3^UiSDjDs-   ^ Xj-^-DjDs   mod[7i 
s=i s=k+i      dxi 

Zh=   Yl  xJ'-plDJDs    mod t/i 
s=k+l 

k        n 

Z4 = -[Z3, Zi] + Z4 - Z5 = Y, E Xj^p10^   mod ^1 

Zl = [L0,x*] = ±J2[Dlxi]=xiDi+
1- 

S=l 

k        n r\ 

Z5 = ^.Zi] = E  E N^^A^iA]    mod C/i 

-EE'i^t^-w>' ■"o"". 

IM     dXi 

By interchanging the role of i and j, we get the following element in E 

n        f) 
Ze =   5Z xi-j^-DiDj    mod C/i 

By the cyclic relation ^^ + -^j- 4- -^r- = 0 and Theorem 2.3, we deduce easily 

, ^if = -^- because uij is a constant. 

Hence ZQ can be rewritten as 

*• = E ^^ 
We shall construct from Z5 and Z6 an infinite sequence of elements in E 

A{1) = [L0,Z5] = ^E E P^it^'A]   mod ^ 
Srrl l=k+l Xj 

= E  E  -^J-D.D^    mod % 

= f E  ^A) UiA    mod U2 
\,=k+i dxi 

n n 

^ = [A{1\Z5] =  Y    E l^^^J^fDsDi]   modC/3 
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l=k+l s=k+l        l 3 

duji dujs 2 t t w-^DlD°D*mod"» 
n   ■ a \ 2 

=     Ei?^     A2   modC/s 
V/=A;+1 

9Xi 

=     t      t l^^-^^-D^D^Dj       modC/, 

= 2 ( E §^^1 D
*
D

J 
mod ^ 

\i=ib+l       *      / 

We shall prove by induction on 5 that 

X(2s-1):=R(2s-2),Z6] = 2^f £  PLDX*"DiDj    modU2s+1 
\l=k+l l / 

and 

A(2s):=\A(2S~1)M = ^(£  ^DX
0
^    modU2s+1 

Suppose that this is true for 2s — 1 and 2s. We are going to prove that the same 
formulas are true for 25 + 1 and 2s + 2 

-?(2s+l)=p-(2S)-6] 

Il,...,la,=*+ll=*+l     *        * 

Xi-jj^-DiDj]   mod {72S+2 

A-Cj]   mod C/'2S+2 

= 2*(    E    -foT01) DiDi     m0df/2S+2 
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[<"«> =P>!-«>,Z5|= 2-     ±      ± [^...%*A1..J>U,IW>„ 
ll,...,l2a=k+ll=k+l l l 

Xj-j-^DiDi]   mod U2S+3 

DiDi]    mod i72S+3 

\i=k+i    i   ) 

Since E is finite—dimensional, we conclude that 

= 0   for allfc + 1 < / < n dvji _ , 

Similarly, we have ^ = 0 for all k + 1 < / < n. D 

LEMMA 3.3.   // a^ + ... + z| G E and ^ = 0 for all k + 1 < I < n and 

hi < i ^ j < k, then ^j- = 0 for all k + 1 < I < n and ki <i< k. 

Proof We shall construct a sequence of elements in E in the following manner. 

1 1 
Zi = - [io,    < + ••• + **] = Y^ XiDi + 2 (fc " fcl + ^ 

1     n       fc 

Z2 = [Lo, ^i] = g S S ^' ^'^l   mod ^ 
i=l j=ki 

n       k       , p. v 

= 5Z S   ( 'd^DiDj ~ X0ijJ3iDi )       mod ^0 

A; n       k 

= ^ J5j + ^ ^ XjUjiDi   mod C/Q 

Z3 = [L0, Z2] = \,Z1£[DlD^ + \'£J2Y/[Dlxju;jlDl}   mod ^ 

i=l j=k1 z=l /=1 j^fci l 

n      k n      k 

= 2E E "^A+E E ^^A 

+EE E*ii^' mod^ 
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n       k k        n k r\ 

2=1 j=k1 i=l l=k+l j=k1 
l 

n       k        k 

i=l j=ki l=ki 

K 7X K K c\ 

+E E E E^^^-0''^^] modC/i 
i=l l=k+l j=ki p=ki l 

'"tit ("vg;^ ^^DM-^D^) 
Z—J. J — ACl I — A/1 

k 71 k k / r\ r\ c\ (\ 

1=1 l=k+l j=ki p=ki   x 

dxp 

k        k n       k n k        k 

-xp-^J--irrLDiDi )    mod ui 

= zY,Y, ^w+3 E E «■*AD, - 3 E E E -^^A 
j=ki l=ki i=l j=ki i=k+l j=ki l=ki 

r\ K Tl K c\ 

+ E E E *i^AA - E E E ^AA mod ^ 
2=^! l=k+l j=k1 

l i=l l=k+l j=ki l 

n       k k n k 

= 3 E E ^D^ -2 E E E «i tj A A 
i=l i=Aji i=A;i Z=A;4-1 i=A5i 

-EE   E^^AA    modC/, 
i=l l=k+l j=ki 

1 n       k 

zA = - ([z3, Zi] + z3) = 3 J2 E ^A^ 
i=l .7=^1 

"E   E   E-^AA    modf/, 
2=/;;! Z=A:+1 j=ki 

n       k        k k n k        k r\ 

[Z^Zi] = 3^ ^ ^[^AA^/A] - £ E E E h-^AA^pA] 
2=1 j=A;i l=ki i=ki l=k+l j=ki p=k\ 

n      k k        n        k r\ 

= 3EE^AA-3£   E   E^i^AA   modf/! 
i=l j=A!i i=/si /=fe+l j=ki 

k n k - fv ft n> r\ 

Z5 = -(Z4-[Z4,Z1])=J2   E   E^'^AA    modC/i 
2=/;! Z=A;+1 j=A;i 
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Since -^- = 0 for all k + 1 < I < n and ki < i ^ j < k , by hypothesis, we have 

k n rv 

Z5 = ^   ]r Xi^-DiDi   mod C/x 

A*
1
) = [ ^0, ^] = i E E E P^ITAA] 

mod ^ 
p=l i^k! l=k+l * 

E E E    n.    D'D>D> mod ^ 

= E E t*^? A mod % 
&        /      n rj \ 

2=/:! /=fe+l ^=^2 g=A;+l P 

= E E E E »gf-4£!iwMv>. -odt/, 
2=/;! /=fc4-l p=ki q=k+l 

= 2E E E ^^^^ mod^ 
i=ki l=k-\-l q=k-{-l 

i=k1   \Z=A;+1 t        / 

n n 

AV^AVZ^Y, E  E E Ei^-^A^2, 
i=ki li=k+l l2=k-\-l p=ki q=k+l 

Xp-^^DpDq]    mod UA 
UXp 

-2 E   E     E   E   E  -^7-^- ^ DhD'>Di 

£)pDg    mod 1/4 

=^E E  E E ^^^-.^^ —^ 
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By induction, we get an infinite sequence in E of the form 

AM=2-i£( £  ^H   Dl   m0dC/s-1 
i=ki   \/=A;+l 

Since E is finite dimensional, we conclude that 

duju 
dxi 

= 0   for all   & + 1 < / < n   and   ki < i < k 

D 

4. Classificaton of finite-dimensional estimation algebras of maximal 
rank with state space less than or equal to five. In order to prove our Main 
Theorem in section 1, we only need to prove that uij, 1 < i,j < n are constants 
because of Theorem 2.2. Let k be the quadratic rank of the estimation algebra E. In 
view of Theorem 2.4, we can assume that 0 < k < n . In the subsequent discussion, 
we shall let fcijfej— be the sequence defined in (2.6) - (2.10). 

4.1. State space dimension n=2. 
In this case, we only need to to consider k = 1. By Theorem 2.4, the fi matrix is 

of the following form 

"-<"*>- (I T) 
where UJ12 = —^21 = ^L^i + ci2- Since A; = 1, we have x^ G E. 

By Lemma 3.1, we have ^^ = 0 which implies u;i2 is a constant. 
Therefore the following result of Chiou-Yau follows from Theorem 2.2. 

THEOREM 4.1. Suppose that the state space of the filtering system (2.1) is of 
dimension two. If E is the finite-dimensional estimation algebra with maximal rank, 
then E is a real vector space of dimension 6 with basis given by l,xi,X2,Di,D2 and 
Lo. 

4.2. State space dimension n=3. 
In this case, we only need to consider two subcases: k = 1 or k = 2. case(I): 

k = 1    By Theorem 2.4, the ^-matrix is of the following form 

/  0        U12     Vl3\ 

A = (vij) = 

where: 

W12 

^21      0      C23 

V^31     C32       0 j 

= -W21 = ^12^1 + c12 
Uis = -LJ3I = o\3xi + Cis 

Since k = 1, we have xf G E. Lemma 3.1 implies ^^ = 0 = 4^- 
Hence LJ^ and LJIS are also constants. 
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case(II): fe=2     By Theorem 2.4, the fi-matrix is of the following form 

/o 
C21 

Cl2 
0 ^23 

Y^Sl      ^32        0  / 

where 

^23 = -^32 = ^23^1 + ^23^2 + C23 

We need to consider two subcases. 

subcase(IIa): ki = 1 < fe = k = 2. In this case, we have arf G E and x^ € J5. 
By Lemma 3.1, we have ^ = 0 and &%*■ = 0. 

On the other hand, ^^ = 0 = ^^ by Lemma 3.2. Therefore uis and a;23 are 
constants in this case. 

subcase(IIb): ki = k = 2. In this case, we have xf + x^ 6 E 
By cyclic relation ^ + ^ + ^f = 0, we have ^ = ^ 

This implies a\3 = a^. Since as = ^j-! ^CJS/, we have a\3Xi 4-2^3X1X2+023X2 G 

By Lemma 2.2, any quadratic form in E must be a constant multiple of xf + 
#2 G 12. Therefore 0^3 == a^ = 0 and a^ = a^. In view of Lemma 3.3, we have 
^-2. = 0 = ^^ . Hence a;i3 and c«;23 are constants. Consequently, the following 
result of [CYLi] follows from Theorem 2.2. 

THEOREM 4.2. Suppose that the state space of the filtering system (2.1) is of 
dimension three. If E is the finite-dimensional estimation algebra with maximal rank, 
then E is a real vector space of dimension 8 with a basis given by 1, xi, X2, X3, Di, 
D2, Ds and LQ. 

4.3. State space dimension n = 4. In this case, we only need to consider 
three subcases: fc = l,fc = 2orfc = 3 

case(I):   A: = 1 By theorem 2.4, the Q-matrix is of the following form 

f  0        U12      UJ13     UJi4\ 

W21 0 C23 C24 

W31 C32 0 C34 

^41 C42 C43 °J 
where 

a;12 = — U21 = a12Xi + C12 

(j13 = -UJ31 = aJgXi + C13 

UJ14 = —u>4i = a}4xi 4- C14 

Since k = 1, we have xf G E. Lemma 3.1 implies 
Hence a;i2,ci;i3 and ^14 are constants. 

du;i2 
dxi 

= 0= dull U        dxi 
aa;i4 
dX! 
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case(II):   k = 2 By theorem 2.4, the ^-matrix is of the following form 

ft = (wij) = 

/ 0 C12 u;^ a;i4\ 
C21 0 Ct;23 ^24 

^31 ^32 0 C34 
V^41 ^42 C43         0   / 

where 

^13 = 

^14 = 

^23 = 

^24 = 

-cjai = aia^i + ^13^2 + C13 

-a;4i = a^tfi + ^4X2 + C14 

-^32 = ^23^1 + ^23^2 + C23 

—^42 = 024^1 + a24a;2 + C24 

We need to consider two subcases. 

subcase(IIa): ki = 1 < fe = k = 2. In this case we have x\ € E and x^ E E. 
By Lemma 3.1, we have ^ = ^ = ^ = §^ = 0. 

On the other hand, in view of Lemma 3.2, we have ^- = 0 = ^- and ^^ = 

0 = T^T
1
. Therefore a;i3,a;i4,ci;23 and a;24 are constants. 

subcase(IIb):    ki =  k = 2. In this case we have xf + x^ G £?. 
By cyclic relations ^f + %^ + " 0a;; 

a13 = 8X2, 

+ 
—   n~-   — "OQ anu a-iA —   « —   ~      — tto>i• 

duJ2 
8x4 

duly 
dx\ = 0, we have 

dz ^23 n4 aa:2 a^i 
x24- 

By Theorem 2.4, the following elements are in E 

_a3 = X^ ^^3 = ^IS^l + 2013X1X2 + ^23X2 + C13X1 + C23X2 € E' 
z=i 
2 

-0:4 = ^ ^a;24 = a\±x\ + 2a\AxiX2 + ^4X2 + 014X1 4- C24X2 € E 
1=1 

As i£ is of maximal rank, we have a\zx\ + 2al3xiX2 + 023X3 € ^ and a^xf + 
2^4X1X2 + a24x2 ^ E. In view of Lemma 2.3, we have a^ = a^ = 0 and af4 = a^ — 

C/Xl C/X-2    '        (JiCl 

and a;24 are constants. 
0. By Lemma 3.3, we have ^f = 0 = ^f, ^ - 0 = f^f. Therefore a;^^^,^ 

case(III): A: = 3 By theorem 2.4, the ft— matrix is of the following form 

ft = (Vij) = 

(0 C12 CIS ^14 \ 

C21 0 C23 ^24 

C31 C32 0 ^34 

\a;4i    ^42    ^43      0 J 

where 

uu = 
U24 = 

UJ34 = = -^43 

^41 = 0^4X1 + ^4X2 + ^4X3 + C14 

^42 = 024X1 + a24X2 + ^24^3 + C24 

= a>l4xi + 034X2 + 034X3 + C34 
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subcase(IIIa): ki = 1 < fe = 2 < fcs = k = 3. In this case we have xf G E and 
xleE and a;§ G E. By Lemma 3.1, we have ^ = 0 = f^f- = f^f. By Lemma 

3.2, we have %£ = %** = 0, ^ = ^ = 0 and %£ = *%* = 0. Therefore a;14, 
a;24 and UJ34 are constants in this case. 

For subcase(IIIb) and subccLse(IIIc) below, we shall use the following observations. 
The cyclic relations 

^14     ^21      9^42 _     duu     dusi     dUtf _ du2±     duj32     du)43 _ 

8x2       8x4      dxi ' dxs       8x4       dxi 8x3       8x4       8x2 

imply 

du;i4 _ duj24 _   1       3   _ dcJu _ 80134 _   1 

~d^-i^;-a24'au - ~d^ - ~d^ -a34 

3 du)24        81034 2 and a24 = ^r = -ez =a^ 

subcase (Mb): ki = 1 < fe = 3 = k. In this case, we have xl e E, x^+x^ £ E. 
By Lemma 3.1, we have ^^ = 0 . In view of Theorem 2.4, we have 

3 
—a4 = ^2XIUJI4 = 014X1 4- 2^4 ^2 + a^a?! + 2a\±x1X2 + 2^4 xx^s 

(=1 

+2024X2X3 + C14X1 + C24X2 + C34X3 E £7 

Since i? is of maximal rank, 

(4.1) 04 = a\4x\ + a|4 x| + a^Xg + 20(4X1X2 + 2^4 X1X3 -h 2^4X2X3 G JS 

By Lemma 2.2, — 0:4 (0, X2, X3) = a^ x^ + ^34X3 + 2^4X2X3 is a constant multiple 
of xl + X3. We have a^ = 0 = 034. As xf € E1, we have ^^ = aj4 = 0 by Lemma 

3.1. On the other hand, by Lemma 3.3, we have ^ = ^ = 0. By (4.1), we have 

20(4X1X2 + 2af4 X1X3 E E 
In view of Lemma 2.4 and the fact that |{1}| < |{2,3}| , we conclude that 0(4 =. 

0 = a^. Hence (^13,0014,0023 and 0024 are constants. 

subcase(IIIc): ki = 3 = k. In this case, we have xf + x^.+ X3 G JE. As in the 
proof of subcase(Illb), we have 

04 = 014X1 + ^4 xl + 034X3 + 20(4X1X2 + 2af4 X1X3 + 2^4X2X3 G E 
By Lemma 2.2 this quadratic form is a constant multiple of x( + x^ + X3. Con- 

sequantly, we have 0(4 = 0(4 = a|4 = 0. It follows that ^ = 0 = ^ = ^ by 
Lemma 3.3. Therefore 0014,(024 and ^34 are constants. 

We have proved the following result which was claimed in [CLY2]. 

THEOREM 4.3. Suppose that the state space of filtering system(2.1) is of dimen- 
sion four. If E is the finite-dimensional estimation algebra with maximal rank, then E 
is a real vector space of dimension 10 with a base given byl,xi,X2,xs1X4,Di,D2,Ds, 
D4 and LQ . 
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4.4. State Space Dimemsion n = 5. In this case, we only need to consider 
four subcases: &=!,& = 2,& = 3 and k = 4. 

case(I): k = 1. By Theorem 2.4, the fi-matrix is of the following form 

/  0        LJ12     CJis     Uu     ^lb\ 

Q = (u>ij) 
V21 0 C23 C24 C25 
^31 C32 0 C34 C35 
(J41 C42 C43 0 C45 

V^5i C52 C53 C54    0 y 

where 

a;i2 = -^21 = aL^i + ci2 

^13 = -^31 = ^3X1 + C13 

0714 = -^41 = ah^l + C14 

^15 = -^51 = o\5Xi + C15 

By Lemma 3.1, we have -^J- = 0, for all 2 < j < 5, which means that u^^is, 
a;i4 and cc;i5 are constants. 

case(II): A; = 2. By Theorem 2.4, the ^-matrix is of the following form 

/ 0        C12      UJlS     Uu     ^15\ 
C21 0        UJ23     W24     ^25 

where 

fi = (cjy) = 
^31      ^32        0        C34       C35 
^41      ^42      C43 0        C45 

V^51      ^52      C53       C54 0  / 

^13 = 

UU = 

^15 = 

^23 = 

0724 = 

^25 = 

-CJ31 = a{3xi + a^^ + C13 
1 .2 

—^41 = ^14^1 + a14X2 + C14 

-CJsi = 015^1 + a15X2 + C15 

-^32 = 0,23X1 + 033X2 4- C23 

-Cc;42 = O24X1 + 024X2 + C24 

-a;52 = 035X1 + O25X2 + C25 

subcase(IIa): ki = 1 < fe = 2  = fc. In this case we have xf G £7 and x^ G JS1. 

By Lemma 3.1, we have ^^ = 0 = -^l  for all 3 < j < 5. By Lemma 3.2, we have 

^1 = ^1=0, for all 3 < j < 5. Therefore cjy, for all 1 < i < 2 and 3 < j < 5 are 
constants. 

subcase(IIb): ki = k = 2. In this case, we only have Xi+ xl G E. By the cyclic 
relations ^ + ■ + d(Ja2     

OX! 0, 9a; duo duj, doJi a^+Tt+%t =0 and ^+^+ir = 0™^ 
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a13 — 
Since 

dX2 
duJ23 
dxi a23  > a14 —    dx2    ""   Oxi    "" a24? ana a15 

    0c<;i5       du;25     
0X2 dxx = a25- 

2 2 2 

-OLZ = ^2 ^^3, - «4 = ^ ^^4 and - a5 = ^ x/^/s 
Z=l /=1 Z=l 

are in i£, we deduce easily that the following elements are in E . 

ai = a\3xl + 2a\zxiX2 4- 023X2 G E 

04 = 014X1 + 2a\AxiX2 + 024^2 ^ ^ 

S5 = 015X1 4- 2al5xiX2 + 025^2 ^ -^ 

By Lemma 2.2, S3, S4 and S5 are constant multiple of xf + x^ . Hence we have 
af 3 = 0 = 014 = ai5. In view of Lemma 3.3, we have ^j- = 0 for all 1 < i < 2 and 
3 < J < 5. Therefore o;^ , for all 1 < i < 2 and 3 < j < 5 are constants. 

case(III): k = 3. By Theorem 2.4, the ^-matrix is of the following form 

/o Cl2 Cl3 ^14 ^15\ 

C21 0 C23 ^24 ^25 

H = (ofy.) zz: C31 C32 0 ^34 ^35 

^41 W42 W43 0 C45 

\^51 ^52 ^53 C54 0/ 

where 

^14 = -W41 = O14X1 + 014X2 + of4X3 + C14 

^15 = -^51 = Oi5Xi + of5X2 + Oi5X3 + C15 

6^24 = —^42 = O24X1 + O24X2 + O24X3 + C24 

^25 = -^52 = O25X1 + 035X2 + O25X3 4- C25 

^34 -^43 = O34X1 4- O34X2 4- O34X3 4- C34 

^35 = -^53 = 035X1 4- 0^5X2 4- 0^x3 4- C35 

subcase (Ilia): ki = 1 < ^2 = 2 < £3  = k. In this case we have x^ G E 5X3 G E 
and xi € £. By Lemma 3.1, we have ^ = 0 = §£2£  = §^- for all 4 < j < 5. 

By Lemma 3.2, we have ^ = 0 = ^■ = ^ = %*• = %* = gi-, for all 
4 < i < 5. Therefore LJIJ, for all 1 < i < 3 and 4 < j < 5, are constants. 

For subcase(IIIb) and subcase(IIIc) below, we shall use the following observations. 
duij  ,  du;2i   1 9UJ2  _ n   duJ3j   1  duns  i ^ji  _ n   ^Sj  ,  aa;23  i ^j2  _ , The cyclic relations ^+^+^ 

^2          ^Ij        dLJ2j 
dx2 dxi 

Occ, 
L4- 

0X3 
= 0, a^: 

for j = 4,5 imply ajj ,1. 

duJ2j 

a2j  5 a3j — 
^3j   _ aa;ij   _    3 

Li  ^^29   1 :  = 0 

dxi 0X3 
= o 

Ij 
2    _  ^3i 

a3j —   0X2 

-aS- = a2i ,fori = 4,5. 

subcase(Illb): ki = 1 < ^2 = 3 = fc. In this case we have x\ € E ^ 4-X3  € .E. 
By Lemma 3.1, we have o^ = ^^ = 0 and o^ = ^^ = 0 . Since -at = YJI=I %ivi4 

and —as = Yli=i xiui5 are in E by Theorm 2.4, it is easy to see that the following 
quadratic forms are in E. 

(4.2) a4 = 2^4X1X2 + 2af4 ^i^s 4- O24 X2 4- 034X3 4- 2^4X2X3   G E 
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(4.3) 5£ = 2a\bxiX2 4- 2af5 0:1X3 + a^ x\ + 035^ + 2025^2^3  € E 

By Lemma 2.2, 04 (0,X2,X3) and 05 (0,X2,X3) are constant multiple of x^ + X3. 
Hence we have aiL = 0 = aL. In view of Lemma 3.3 we have ^^ = 0 du, 

dU25 
8x2 

dub 
dxs . By (4.2) and (4.3) , we have 

8X2 0X3 

a4 = 2a\AxiX2 -f 2a\A X1X3 G E   and    as = 2al5xiX2 + 2ald xix^ G E1. 

In view of Lemma 2.4 and the fact that |{1}| < |{2,3}| , we conclude that af4 = 
ai4 = 0 = afg = af5. Hence ^14?^15,^24?^25,^34 and ^35 are constants. 

Subcase(IIIc): ki = 3 = fc. In this case, we have xf + x^ + #§   G JEJ. 

Since — 0:4 = X)i=i ^^4 and —0:5 = ^2i=i xiUJi5 are in E by Theorem 2.4, it is 
easy to see that the following quadratic forms are in E. 

al = ^4X1 4- 2a\A X1X2 + 2^4X1X3 4- al4xl + 034X3 4- 2^4X2X3   G E 

as = 015^1 4- 2ai5 X1X2 4- 2af5 X1X3 4- a^s^i + a35x3 + 2^5X2X3   G E 

By Lemma 2.2, S4 and 05 are constant multiple of xf 4- x^ 4- X3. Therefore we 
have 0^4 = a^ = a^ = 0 = af5 = af5 = a^s- In view of Lemma 3.3, we have |^ = 0 
for all 4 < / < 5 and 1 < i < 3. Hence Uij, for all 1 < i < 3 and 4 < j < 5, are also 
constants. 

Case(IV): k = 4. By Theorem 2.4, the Q-matrix is of the following form 

/ 0 C12 Ci3 C14 ^i5\ 

C21 0 C23 C24 ^25 

C31 C32      0 C34 u35 

C41 C42 C43 0 C45 

V^51      ^52     ^53     ^54        0  7 

fi = (Uij) = 

where 

^15 = -^51 = ^5X1 4- a?5X2 4- af5X3 4- ^5X4 4- C15 

^25 = -^52 = ^5X1 4- ^5X2 4- al^xs 4- a|5X4 4- C25 

^35 = -^53 = aUxi 4- ^5X2 4- 035X3 4- a|5X4 4- C35 

bJ45 = -a;54 = 045X1 4- ai5X2 4- 045^3 4- a|5X4 4- C45 

subcase(IVa): ki = 1 < £2 = 2 < ks < £4 = 4 = k. In this case we have xf G £" 
,xleE,xl€E and x^ G £. By Lemma 3.1, we have ^ = 0 for all 1 < Z < 4. On 

the other hand, Lemma 3.2 says that 4^ = 0 for all 1 < l,m < 4,/ ^ m. Therefore 
^155 ^25 > ^35 and ^45 are constants. 

For subcases(IVb), (IVc), (IVd) and (IVe) below.   We shall use the following 
observations.   The cyclic relations ^ + ^ + ^ = 0,^ + ^ + *-' 

didAs    i    duoiA    i    du\                           
dxr    "^   dxs    ~r   dxA w,  9^2    "^   ^5    ^   0a;_ 

~Mt + ~dxr + ^T ~ u imply a25 ~  aa;i   -  dxi   - ai5' 
1    _   duJAb   _   ^15   _ „4      ^3    _  9a;25   —.   da^s   _ ^2      ^2 

o, _L  dwtt       n   9a;45 4- duJ2 
dx5 

+ ^ = 0 and 
a 1    _  Puss   _  9a; 15  _ n3 

35  —    aa;i 

a45 = axi 9X4 
= a 15? «25  = 

9X3 

a] 45 
_  9a;45  _  9a;35   _ ^4 

9X3 9X2 
a: 35 5 a45 

9a;45   _   9a;25   _ n4 
9X2 9X4 = a 25 and 

9X3 9X4 
x35 



FINITE DIMENSIONAL FILTERS WITH NONLINEAR DRIFT XIII 925 

subcase(IVb): ki = 1 < £2 = 2 < ks = 4 = A;. In this case we have x* € E , 
x\ £E,X\+X\(=L E. By Lemma 3.1, we have a}5 = ^ = 0 and a\h = ^ = 0 

. On the other hand, Lemma 3.2 says that af5 = ^^ = 0 =7^ = a25- Since 

-as = Xl/Li ^^5 is m E by Theorem 2.4, it is easy to see that the following quadratic 
form is in E. 

0:5 = 2ai5 ^1X3 + 2af5 0:1X4 + 20,25X2X3 + 2035X2X4 -f 035X3 

+2035 X3X4 + 045X4  G £? 

As 05 (0,0, X3, X4)is a constant multiple of X3 + X4 , we have 035 = 0. In view of 
Lemma 3.3, we have ^- = 0=^-. 

Hence the following quadratic form is in E. 

fe = 2af5 X1X3 + 2ai5xiX4 + 2035X2X3 + 20^5X2X4   € E 

By Lemma 2.3, we have ^5 (xi,0,X3,X4) = of5X1X3 + 20^5 X1X4 is in E. In view 
of Lemma 2.4 and the fact that |{1}| < |{3,4}| , we conclude that 0^5 = 0 = af^. 

Similarly, because of ^5 (0,X2,X3,X4) = 2035X2X3 + 2035 X3X4 is in E , we have 
a|5 = 0 = 035 by Lemma 2.4 . Hence Ci;i5,a;25,tc;35 and ^45 are constants. 

subcase(IVc): ki = 1 < £2 = 4 = k. In this case, we have xf G E , X2+X3+X4 G 
JS. By Lemma 3.1, we have ajg = ^ = 0 . 

Since -as = Xw=i ^/^/s is in E by Theorem 2.4, it is easy to see that the following 
quadratic form is in E. 

ai = 2ai5xiX2 + 035X3 -f 2oi5xiX3 + 2oi5XiX4 + 2035X3X3 + 2035X3X4 + O35X3 + 
2035X3X4 + O45X4     G E 

As aj (0,X3,X3,X4) is a constant multiple of x^+x^+xl by Lemma 2.2 , we have 
^   - als = 0I5 = 0. By Lemma 3.3, we have 0^5 = ^ = 0 , o|5 = ^ = 0 and "25 - "25 - "35 - u-   x^jr   ucimiia 0.0,  wc nave 0,35 -  -^ — u , 0,35  — -^ 

O45 = ^^ = 0. It follows that 05 = 2015X1X3 + 2015X1X3 + 2015X1X4 is in E . In view 
of Lemma 2.4 and the fact that |{1}| < |{2,3,4}| , we conclude ofg = 0 = ofg = O15. 
Therefore W15,0025,(^35 and ^45 are constants. 

subcase(IVd): fci = 2 < £3 = 4 = fc . In this case, we have xf + x^ G E and 
X3 + X4 G -E*. Since —as = Xl/=i ^/^/s is in by Theorem 2.4, it is easy to see that the 
following quadratic form is in E. 

05 = a\6Xi + 2015X1X3 + 2015X1X3 + 2015X1X4 + 2a\bx\ + 2035X3X3 

+2035X3X4 + 035X3 + 2035X3X4 + O45XI 

As 05 (xi,X2,0,0) is a constant multiple of xf + x^ and 05 (0,0,X3,X4) is a 
constant multiple of X3 + X4 by Lemma 2.2 , we have ofs = 0 and O35 = 0. In view of 
Lemma 3.3, we have 

1 9^15        n 2 ^25        n 3 ^35        n ,     4 ^45        n 

Hence 05 = 2oi5xiX3 + 2015X1X4 + 2015X2X3 + 2035X2X4 G E. 

( o3     o4   \ 
By Lemma 2.4 we know that the matrix I     J5      J5   ) is a constant multiple of 

\  a25     a25   / 
an orthogonal matrix. In particular, we have 

(4.4) 0^0^ + aj5a|5 = 0 = a?5a}5 + a|5a|5 
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(4.5) e45<4 + al3alb = 0 = 45aJ5 + a^5al5 

We shall construct a sequence of elements in E 

1 
4 

Zi = - [Lo,a?l + xl] - J2XiDi + 1 

Z2 = \[Lo,Z1] = ±J2J2P}>*M 
»=i i=3 

1   5    4      ^a: 

4 5       4 
= S ^i + S H X3UJ3iDi     mod ^0 

j=:3 i=l j=3 

^8 = 5 [iio, Z2] = 1 S E [A2^?] + 5 E E E W^i^A]     mod U, 2^"-* J      2^^1   ll   3}     2 
i=l ^=3 z=l Z=l j=3 

5       4 5       5       4 
djXjUjl) 

^2^x:^^+EEE^S^^^ mod^ 
i=l j=3 i=l Z=l j=3 z 

5      4 5      4 4      4 o 

= 2 E E ^i^iA+E E "ijDjDi+E E ** -^DiD^ mod ^ 
i=l i=3 Z=l i=3 i=l j=3 z 

5       4 4       4 o 

= 3EEa;i<ZJi2?« + EEa:i-^Z?*D5    modC/l 
t=l i=3 «=1 i=3 Xi 

5       4       4 

[^3, ^i] = 3 J] ^ E K^j A, xz A] 
4=1 j=3 /=3 

4      4      4     r      a 

Xj  ^       UiU^^XpUp mod l/i 
z=l ^=3 p=3 
5 4 4 Q Q Q 

^n.n.^ ^n.n ^i: 

+EEE(^t^+^IS^ 2=1 j=3 p=3 

"^p Q   ^^   -Pi-Ps)    mod C/i 

4       4 

dxi 

up 

4      4 5       4 4       4 

= 3 E E unDiDi+3 E E ^^^ -3 E E ^ ijj£-DiD* 
j=3 1=3 i=l j=3 j=3 /=3 

+EE»i^L^'-EE^^» mod^ 
i=3 j=3 l i=l j=3 l 
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5      4 4      4 o 

927 

= 3 E E "tiM* -2 E E *; ^^ 
t=l i=3 

4      4 

i=3 j=3 
9Xi 

9a;j5 -EE^if^^5 modC/i 
i=l i=3 

5       4 4       4 1 /3 

Z4 = -([Z3,Zi] + Z3) = 3EE^D^ " EE^'^^^   mod ^ 
i=l j=3 i=3 j=S 

5      4      4 

[Z4, Zi] - 3E E E kiA^-,^A] 
i=l ,7=3 1=3 

4      4      4     r      ^ 

+EEE 
i=l j=3 p=3 L 

5       4 

X^   ^       UiJLJi.X'pU'p 
OXi 

mod t/i 

4     4 9^,- = 3EEa;^^"3EE^Tii^jD5 mod(7] 
2=1 j=3 i=3 j=3 

4       4 1 /-I 

z5 = -(z4 - [Zt, ^D = Y, E ^ -?n-DiD5 mod ^ 
i=3 j=3 

4       4 

da:* 

9a; 'is Z4 = - [Z3, Z^ + Zi-Z^Y^Y^ Xj^DiDa    mod Uj. 
t=i 3=3      aXi 

_       ! 2 
Zi = - [L0,xl +^] = J^XiDj + 1 

2=1 j=3 p=l 

Xj      _ UiU5* XnUr) 
OXi 

mod C7i 

-ZES^^wv -^. 
2=1 j=3 p=l 

2       4 
9ct; = EE^i?^5    modC/, 

2=1  j=3 

i=3 
B^w- 
i=l 

mod C/i 

By switching the roles of x\ + x^ and 0:3+0:4, we get the following element in E 

24      d 
ZQ = E E Xiir^DJD5  mod ^ 

2=1 j=3 ^ 
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The cyclic relation ^ + ^ + ^ - 0 implies ^ = ^ for 1 < < < 2 and 
3 < j < 4   Therefore 

2       4 
9a; 

^6 = 535Zx<-r&23ijD5    modC/x 
i=l j=3 

2 4 

^Xi 

^a;-,- -E"D^w 
2=1 j=3 

9a:i 

5       2      4 

p=l i=l j=3 

5  2 4 fi(*i%i?) 

D2    ^JIDD 
p' :' dxi 

mod [/2 

= EEE^If^^AZ>5   modU* 
p=l i=i j-3 a^ 

2       4 
9a;7-, = EESi^^5    modC/2 

i=l j=S 

2      4 

9x. 

du) = EE(^i^)i?^ mod^ 
i=l i=3 

2       4       4       2 

^> = [^^.]=EEEE 
j=l j=3 t=3 s=l 

9XJ 9x< 

,9a; 'is ,du. 
(-^DdDiD^xti-gf-DjD. 

= EEE(^)(^«)w. mod^ 
z=l ^=3 s=l 

-E 
i=l 

£<£?*> 
i=3 

S^i A
2
+ E E 

mod C/3 

OplpLlXDiD.   modC/3 

Observe that for 1 < i ^ s < 2 

E^*?-Z:4*-» *(«> 
For 1 < i < 2 and 3 < j < 4 , we denote 

^ = -£rDs and ^ = E4' 
Then 

AW = ^i7ii??    modt/3 
i=l 

2       2       4 

,4(3) = [Am,^6] = ^ J2 YtfaDl UxsDj]   mod C/4 
2=1 s=l j=3 
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2       4 

= 2 ^2 ^2 V&JDiDJ     m0d ^4 
i=l j=3 

2      4      4      2 

A<4> = [A(3)
5Z5] = 2 5^5^ j;^[WeyA^i,6tXt2?J   mod Us 

i=l j=3 t=3 s=l 

2       4       2 

= 2^2Y1^2 V&J €sj DiDs     m0d US 
i=l j=3 s=l 

2 2 4 

= 2^r??Z)l
2 + 2    J]    (Etij^DiD.    modU5 

Observe that for 1 < i ^ 5 < 2 

EfeW = E ^'^^ = E^^I = 0   by (4.5) 
j=3 j=3 j=3 

Hence 

By induction, we get an infinite sequence in E of the form 

2       4 

i4(2-+i) = 2'535>J&Ai>j    niodC/2s+2 
i=l i=3 

J4(2S+2) = 2S ^ ^+^2     mod [|2s+3 

i=l 

Since E is finite dimensional, we conclude that for 1 < i < 2 

4 4 

V ^ = ^^ = 2(^)^ = 0 
i=3 i=3 

Therefore ^ = 0     for 1 < i < 2 and 3 < j < 4. 
We have proved that UJIS ^25^35 and a;45 are constants. 

Subcase (IVe) : ki = 4 = fc., 
4 

In this case we have xf -I- xf + xf + x^ G E.    Since —as = £) x/a;^ is in E by 

Theorem 2.4, it is easy to see that the following quadratic form is in E. 

as = a{5xl + 2a\bxiX2 + 2a\§xiX3 + 2af5a:ia:4 + 025X2 

+2025X2X3 + 2^5X2X4 + ^35X3 4- 2^5X3X4 H- ^45X4 

By Lemma 2.2, as is a constant multiple of x\ + x\+x\+x\. Therefore we have 
^ = 0 for 1 < i ^ 3 < 4. It follows from Lemma 3.3 that ^f = 0 for 1 < i < 4. 
Hence u;i5,C(;25,a;35 and c<;45 are constants. 
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We have proved the following new result. 

THEOREM 4.4. Suppose that the state space of the filtering system (2.1) is of di- 
mension five. IfE is the finite-dimensional estimation algebra with maximal rank, then 
E is a real vector space of dimension 12 with a basis given by l,xi,X2,X3,X4,X51Di, 
D2,Ds,D4,D5 and LQ. 

Add to the Proof: Recently Yau and Hu [YaHu] have completed the classification 
of finite dimensional estimation algebra of maximal rank with arbitrary state space 
dimension. 
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