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FINITE-DIMENSIONAL FILTERS WITH NONLINEAR DRIFT XIII:
CLASSIFICATION OF FINITE-DIMENSIONAL ESTIMATION
ALGEBRAS OF MAXIMAL RANK WITH STATE SPACE
DIMENSION FIVE*

GUO-QING HUT, STEPHEN S. T. YAU, AND WEN-LIN CHIOU?

Abstract. The idea of using estimation algebras to construct finite dimensional nonlinear
filters was first proposed by Brockett and Mitter independently. For this approach, one needs to
know explicitly the structure of these estimation algebras in order to construct finite dimensional
nonlinear filters. Therefore Brockett proposed to classify all finite dimensional estimation algebras.
Chiou and Yau [ChYal] classify all finite dimensional estimation algebras of maximal rank with
dimension of the state space less than or equal to two. The purpose of this paper is to give a new
result on classification of all finite dimensional estimation algebras of maximal rank with state space
dimension less than or equal to five.

1. Introduction. The idea of using estimation algebras to construct finite di-
mensional nonlinear filters was first proposed by Brockett [Br] and Mitter [Mi] inde-
pendently. The advantage of this finite-dimensional nonlinear filter is at least the same
as Kalman-Bucy filter. Moreover, it avoids the disadvantages of Kalman-Bucy filter
such as Gaussian initial condition as well as linearity assumption of the drift term.
For more detail, we refer the readers to [TWY] and [Ya)], in which the links between fi-
nite dimensional estimation algebras and finite dimensional filters were discussed. It is
clear from the works of [TWY] and [Ya] that one needs to know explicitly the structure
of these estimation algebras in order to construct finite dimensional nonlinear filters.
In 1983, Brockett proposed to classify all finite dimensional estimation algebras in his
talk at the International Congress of Mathematics. If the drift term of the nonlinear
filtering system has a potential function (i.e. drift term is a gradient vector filed),
then the corresponding estimation algebra is called exact. In [TWY], Tam, Wong and
Yau have classified all finite dimensional exact estimation algebras of maximal rank
with arbitrary state space dimension. In [ChYal], Chiou and Yau are able to classify
all finite dimensional estimation algebras of maximal rank with state space dimension
less than or equal to two. The novelty of their theorem is that there is no assumption
on the drift term of the nonlinear filtering system. In [CYL1], Chen, Leung and Yau
classify all finite dimensional estimation algebras of maximal rank with state space
dimension equal to 3 (without any assumption on the drift term). They introduced a
new matrix equation in [CYL2] and showed that this matrix equation has only trivial
solution if the state space dimension is at most four. They reduced the classification
problem of finite dimensional estimation algebras with maximal rank to the problem
of nonexistence of nontrivial solution of this new matrix equation by using the fact
that 74, homogeneous degree four part of 7, depends only on zj41,...,x, where k is
the quadratic rank of the estimation algebra. Recently Wu, Yau and Hu [WYH] have
a direct proof of nonexistence of nontrivial solution of this new matrix equation. In
this paper, we develop a completely different technique than [CYL2]. Moreover we
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can classify all finite dimensional estimation algebras with maximal rank with state
space dimension n = 5 also. The following is our main theorem.

MAIN THEOREM. Suppose that the state space of the filtering system (2.1) is of
dimension n < 5. If E is the finite-dimensional estimation algebra of mazimal rank,
then the drift term f must be a linear vector field (i.e. each component is a polynomial
of degree one) plus a gradient vector field and E is a real vector space of dimension
2n + 2 with basis given by 1,1, ...,%n, D1, ..., Dy, and Lyg. Moreover n is a degree two
polynomial.

Let w;; = gi, - -g%, which was first introduced by Wong [Wo]. Our strategy is to
prove that w;;’s are constants for all ¢, j. Then we can apply the result of [Ya] to finish
the proof. This involves two steps. The first step is to prove that w;;’s are degree
one polynomials. This step was completed by Chen and Yau [ChYa2] for arbitrary n.
The second step is to prove that w;;’s are actually constants. This is the hard part
in the problem of classification of finite dimensional estimation algebras of maximal
rank. The purpose of this paper is to deal with the hard part of the problem by
proving that w;;’s are constants for n < 5. We observed that Chen and Yau [ChYa2]
have already proved that w;;, 1 < ¢, j < k, where k is the quadratic rank of the
estimation algebra, are constants. In [ChYa3], Chen-Yau introduced many new ideas
and claimed to prove that w;; ’s are constants for either 1 < ¢ <k, 1< j<nor
1<i<mn,1<j<k,and w;;’s are degree one polynomials in g41,...,x5 for k+1 < 4,
j < n. Unfortunately, the proof turns out to be incomplete.

Recently, Hu and Yau [HuYa] developed a new method and they proved that
wij’s, 1 < 4,5 <kork+1<14, j <mn, are constants, and w;;’s are degree one
polynomials in z,..,z for 1 <i <k, k+1<j<nork+1<i<n,1<j<k.
By using this result and new technique developed in this paper together with basic
theory developed in [ChYa2], not only we can obtain entirely new results for n = 5,
but also we have simple uniform proof for n < 4.

This paper is in essence a continuation of [Ya], [ChYal], [ChYa2] and [HuYa] and
we strongly recommend that readers familiarize themselves with the results in these
papers. However, every effort will be made to make this paper as self-contained as
possible, with minimal duplication of the previous papers.

2. Basic concepts. In this section, we shall recall some basic concepts and
results from [Ya], [ChYa2] and [HuYa]. Consider a filtering problem based on the
following signal observation model:

2.1) { dz(t) = f(z(t)dt+g(z(t))dv(t), =z(0)==o
’ dy(t) = h(z(t)dt + dw(?), y(0)=0

in which z,v,y,and w are, respectively, R®, R?, R™ and R™ valued processes and v
and w have components which are independent, standard Brownian processes. We
further assume that n = p, f, h are C* smooth and that g is an orthogonal matrix.
We shall refer to z(t) as the state of the system at time ¢ and to y(¢) as the observation
at time ¢.

Let p(t,z) denote the conditional probability density of the state given the ob-
servation {y(s):0<s <t}. It is well-kknown (see [DaMa]) that p(¢,z) is given by
normalizing a function o(¢,z) that satisfies the following Duncan-Mortensen-Zakai
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equation:

(2.2) do(t,z) = Loo(t, z)dt + ZL o(t,z)dy;(t), o(0,z) = o,

i=1

where Lo =130 | 2 8—m§ S fi Ber ~ Dic1 %w&; -3 Yr,h?andfori=1,..,m,L;
is the zero-degree differential operator of multiplication by h;,0q is the probability
density of the initial point .

Equation (2.2) is a stochastic partial differential equation. Davis [Da] proposed
some robust algorithms. In our case, his basic idea reduces to defining a new unnor-
malized density

u(t,2) = exp (— 3 hi(w)yi(t)) o(t,2)
i=1

Davis reduced (2.2) to the following time-varying partial differential equation, which
is called the robust DMZ equation.

%%(t’ T) = Lou(ta T) + Zfll yi(t)[LO’ Li]u(ta )
(2.3) 0.0 +%( Z)i?fjﬂ Yi(t)y; (8)[[Los Li], Lju(t, z)
u(0, x = oolx

Here we have used the following notation.

DEFINITION 2.1. If X and Y are differential operators, then the Lie bracket of
X andY, [X,Y], is defined by [X,Y ] = X(Y¢) — Y (X ¢) for any C*® function ¢.

DEFINITION 2.2. The estimation algebra E of a filtering problem (2.1) is defined
to be the Lie algebra generated by {Lo L1,...,Ly}. E is said to be an estimation
algebra of mazimal rank if for any 1 < ¢ < n there exists a constant ¢; such that
T;+c;isin E.

Most of the known finit-dimensional estimation algebras are maximal. For exam-
ple, if (2.1) is linear, i.e., f(z) = Az, g(x) = Bz, and h(z) = Cz,and if (4, B, C) also
is minimal, then the corresponding estimation algebra is of maximal rank [Ha]. We
need the following basic result for later discussion.

THEOREM 2.1 (Ocone). Let E be a finite dimensional estimation algebra. If a
function £ is in E, then & is a polynomial of degree at most two. .

In [Wo], Wong introduced Q matrix whose (4, j) — element w;; is gi’ FmL Define

D,-=aiwi—f,-andn 6fl+2:f, ;hf

Then Lo = (31, D? —n).
The following theorem proved in [Ya] plays a fundamental role in the classification
of finite-dimensional estimation algebras.

THEOREM 2 2 (Yau). Let E be a finite-dimensional estimation algebra of (2.1)
such that w;; = a —L are constant functions. If E is of mazimal rank, then E is a

real vector space of dzmenszon 2n+2 with basis given by 1,1, 2, ...,Tpn, D1,Ds, ..., Dy,
and Ly.
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Recently Chen and Yau [ChYa2] have made important progress in the program of
classification of finite-dimensional estimation algebras of maximal rank. They study
the quadratic forms in E and show that the Q-matrix is linear in the sense that all
w;; are degree one polynomials.

DEFINITION 2.3. Let @) be the space of quadratic forms in n variables, namely,
realy vector space spanned by x;x;,1 <i < j<n. Let X = (x1,.ryzn)T. For any
quadratic form p € Q, there exists a symmetric matriz A such that p(z) = XTAX.
The rank of the quadratic form p is denoted by r(p) and is defined to be the rank of the
matriz A. A fundamental quadratic form of the estimation algebra E is an element
po € ENQ with the greatest positive rank, that is, r(po) > r(p) for anyp € ENQ
.The mazimal rank of quadratic forms in the estimation algebra E is defined to be
k =r(po) and is called the quadratic rank of E.

After an orthogonal transformation, py can be written as

po(z) = c12% + el + ...+ cpzs, ¢ #0, 0<k<n
From po(z), we can construct a sequence of quadratic forms in E N Q as follows:
o(z) = po(x)

k
¢j(@) = [[Lo, gj-1], q0] = ) 4] 'a}
’ i=1

In view of the invertibility of the Vandermonde matrix, we can assume that
(2.4) po(@)=2+23+..+ 22 € E

LEMMA 2.1 (Chen and Yau) [ChYa2]. If p is a quadratic form in the estimation
algebra E of (2.1), then p is independent of x; for j > k, where k = r(po) is the
quadratic rank of E. In other words, %’7 =0fork+1<j<n.

Let p1 € ENQ be an element with least positive rank, that is, o < r(p1) < r(q)
for any nonzero ¢ € E N (. After an orthogonal transform that fixes zg+1,...,%n
varables (i.e. an orthogonal transform on z1, 3, ..., 1), and the Vandermonde matrix
procedure as above, we can assume

k1
(2.5) p=) 7, €E, 1<k <k
i=1
Notice that the orthogonal transform on 3, ..., zx leaves po invariant. In summary,
we deduce that pp = ELI z? has the greatest postive rank and p; = f;l z? has the
least positive rank. Define
(26) S1 = {1,2,...,k1} g S = {1,2,...,k}

and @, = real vector space spanned by {z;z; : k1 +1<i<j <k} CQ. If ky <k,
then Q; N E is a nontrivial space, since p — pp € E N Q. In a similar procedure as
above, there exist k; > k; and

ko
(2.7) p2 = Z 7€ ENQ
i=k1+1
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with the least positive rank in £ N Q. By induction, we can construct a series of S;,
Q; and p; such that

(2.8) S; = {ki_l +1, ...,ki}, kh=0<k <..<k<..<k
(2.9) @; = real vctor space spanned by {zjz;: ki +1<1<j <k}
ki
(2.10) pi= Y, z=) 1},
j=ki—1+1 JES;

and p; has the least positive rank in E N Q;_1, for i > 0.

LEMMA 2.2 (Chen and Yau) [ChYa2]. Ifp € ENQ , then there exists a constant
A such that

p(O, ooy 07 L1415 -- zk,y ) )\pz, fOT 1>0

LEMMA 2.3 (Chen and Yau) [ChYa2]. If p€ ENQ, then

P(Z1y ey Thi_1 4150, 00,0, Tk, 15 oy Tn) €EE - fori >0

The following theroem is the main result of Chen and Yau in [ChYa2).

LEMMA 2.4 (Chen and Yau)[ChYa2]. Let p = > ics, Djes,, 20iiTi%; € B,
where a;; € R and Iy < . Then | Sy, |=| Si, | and A = (as;) = bT where b is a
constant and T is an orthogonal matriz.

THEOREM 2.3 (Chen-Yau). If E is a finite-dimensional estimation algebra of
mazimal rank, then all the entries w;; = g—ﬁ - gf% of Q are degree one polynomials.
Let k be the quadratic rank of E. Then there exists an orthogonal change of coordinates
such that w;; are constants for 1 < i,j < k,w;; are degree one polynomials in 1, ..., Ty,
for 1 <i < korl<j<k;and wi; are degree one polynomials in xx_,, ...,z for
k+1<i,j<n.

For the convenience of the readers, we also list the following elementary lemma
which was proven in [Ya] and [ChYal].

LEMMA 2.5.

(1) [X,Y,Z] = XY, Z] + [X, Z]Y, where X,Y and Z are differential operators;
(i) [aD;,b] = aaab where D; = — — fi, a and b are functions deﬁned on R™;
(i) [aD;,bD;] = —abw;; +aab D; —b fo 32; Di, where w;; = [D;, D;] = z, gi

(iv) [aD?,b] = 202> o -D; +a
(v) [D2,bD;] = 2.2 86 - D;D; 2bw,,D + 24D, - b5
(vi) [D?,D?] :4%,1) Di+ 2324D; + 23“’"D + 2 2,
(vii) [D},bD;D;]= 22> Dy, D;D; +2bwjkD,Dk+2bw,kaD]+§£DiDj+2b%¢D

Ow;p ] 8 w
+bZ2E D; + b%2ik D; + bt
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(viii) [aD;D;,bDy] = af-DiDg +age-D; Dy + abwy; D; + abwpiD; + a5 s 33 Dy +
ab%eki — 22D, D;

By,

The following lemma was observed in [Ya]

LEMMA 2.6. Let E be a finite-dimensional estimation algebra with mazimal rank.
Then < 1,21,...,%pn, D1, ..., Dy, Lo >C E.

We need the following important theorem from our previous paper [HuYa] which
is frequently used in the proof of our Main Theorem of this paper.

THEOREM 2.4 (Hu and Yau). Let E be a finite-dimensional estimation algebra
of mazimal rank and k be the quadratic rank of E. Then w;; are constants for 1 <1,
J<kork+1<i,j <n;wi are degree one polynomials in z1,...,xx for 1 <i <k
or 1< j < k. Moreover aj = Zf=1 Twji, fork+1<j<mn, arein E .

3. Some useful lemmas. Suppose that the estimation algebra E of (2.1) is
finite-dimensional. Let k be the quadratic rank of E. Let U; be the space of differential
operators with order at most i. The following lemmas facilitate our proof of the main
theorem in section 4.

LEMMA 3.1. If22 € E,j <k, then?ﬁu—()forauk+15jgn.

Proof. We shall construct a sequence of elements in E in the following manner:
1 o1 L2 2 1
= E[LO;‘L‘]‘] = 1 Z[Diaxj] =z;D; + by

LO Zl Z[D,,il?]

-1
2

" Oz
Z ( J D D 2$jwijDi) mod Uo

=1

M:

D2+

g $gwjiDi mod Uo

1

» 1 n
Z3 = [Lo, Zg] = 5 Z |:D,2,D? + Z :Z:jwle{I mod U;
=1

o
Il

i=1

—9 ZwJ,D D; + Z Z a(x’w”
=1 =1 l=1
n

_2ZWJ,DD +ZZJJ,leDD1+ZZn: Ja“”’DD, mod Uy
i=1 I=1

i=1 l=1

g
=3 Zwﬂp D; + Z Z P2 DD mod Uy
=1 =1 l=k+1
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[Z3, 21]=3 Z;;:l [wjiDjDi:wjéDj]
+2im1 Z?_kﬂ[ﬂ% BL;ID Dy, z;D;] mod Uy

=350, (w3 DiD; + w2 D3 — @3 52D; D)

8wy Bwji Oz
+Ez_1 PRI (‘”J az.la_:LDlD +zjHl a:;,D iDj
(8.1) —a:j am‘D Dl) mod U1

21—1 Zl =k+1 Zj 63: D Dl HBIOd U1
—321— wjiDj Di — 2Ez—k+1 Zj a“;'D iDi
- zz_l Zl =k+1 my B:c SHELD; ;D mod U,

n

(3.2) = ([Z3,Z2] + Z3) 3ZwﬂD Di— > @ %““D D; mod U,
i=1 i=k+1

n
0
24,21) = 3 J[w;iD;Ds,z;D;) - Z =i w”D iDi, 2D
i=1 i=k+1

n
Ow;
=3Z[wjiDjDia$ij] Z [1‘_7 z1) Dz,:llj ]] mod U1

=1 i=k+1
n : 6w
~33 D03 37 5,0
i=1 i=k+1
B Z < aw,, a-’L']D D; + 6“"11 6‘7"1 D2 %D-D- mod Uy
i=k+1 a a 81:] o

=3ij,~DjD -3 z a“’”DJD mod U,
=1 i=k+1

n

(3.3) Zy= L (Za-1Z2]) = Y o

i=k+1

Owji

89:]

D D mod U1

s Ow
A = [Lo,Zs) = 53 3 D}z 7 =2 p;D;] mod U,

—D D;D; mod U,
or;

2 Owi
( Z 6.’1; 1) .D? mod U2

I=k+1

A® — [A(l) Zs] = Z Z ( aWJ’D Df, ’38 ip. D) mod Us
I=k+1i=k+1
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o Owji
E Z o Qi MD,D D;D; | mod Us
I=k+1 i=k+1 axﬂ 0z;

i Oow il 3(.0 ii
=2 z z e D2~DiD1 mod Us
I=k+1 i=k+1 Oz Oz; 7

2

" Bws

=2<z —aL:;—]]l 1) D? mod Us
I=k+1

Now, we shall prove by induction on s that

Bwﬂ

s
6wj Dl> D; mod Us+1

n
I=k+1

Suppose that this is true for s. We are going to prove that the same formula is
true for s + 1

AGHD = [AG) 7]

Owji
3 dwy. O\ Ti T
= 23—1 z Z a“:ll w]l. (axazc )Dll DlsD
b, l=k+li=k+1 7 7
Owj;
Tj—— a J DD’L] mod U3+2
= 2571 Z Z 20w]11 Owiji, Owi Dy,..D;,DiD; mod Usyp
b, Le=k+1 i=k+1 O0z; Oz;
" g s+1
=2° ( awg.t D,) D% mod Usya
I=k+1 Zj

Hence we get a sequence of elements in E of the form

n

A(s) —9s-1 ( Z

s
Ow.
ﬂD[) .D? mod U3+1
I=k+1

&zj

Since F is finite dimensional, we conclude that

OWit 0 forall k+1<i<n

B:vj

LEMMA 3.2. If 2 eEandz €E 1<4,j<k, z;éy,thena—“’*l 0= 3—“’L'for
alk+1<1<n.

Proof. From (3.1), (3.2) and (3.3) in the proof of Lemma 3.1, we have the following
elements in E/

n
Bw
(Z3,Z1] =3 wjsD;Ds — Z —p

=1 s=k+1
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- Z Z aw‘)l.D Dl mod U]

s=11=k+1
n

Zy = 3ZMSDJDs - > ;2% D, mod Uy

X
s=1 s=k+1 a J

74— [Z3,Z1]+Z4—Z5—Z Z awﬂ mod Uy
s=11=k+1
7 = [Loya?] = £ 310208 = s + &
() ’ 2

75=[74,71]=Z Z [ auJﬂD Dl,.’II, z] mod U1

s=11=k+1 6
k n
=Y ¥ g g“’f’ g’”’ DiD; mod Uy
s=11=k+1 Ts OTs
= E Tj aaw]l DID mod U1

By interchanging the role of i and j, we get the following element in E
- - Owy
Zs = Z wia_l‘;Dle mod U1
I=k+1

By the cyclic relation Qﬂi + %“’# + aw“ = 0 and Theorem 2.3, we deduce easily

. Bw;
that —-—ll%‘;, = ——LB“;,’ because w;; is a constant.
J i

Hence Zg can be rewritten as

. - 1 0
A =L, 7] = 52 2 (D% ;ﬂ DiD;] mod Uy
s=1l=k+1
n n 6( _7330;:)
z Z — "/ Dp.D;D; mod U,
O

s=11=k+1

=<Z %“’”D)DD mod U,

I=k+1 Ti

40 — [20 7, Bwaz Owjs
A% = 27,74 = T3 (5 DiD;Ds, 23 752" D, Di] - mod Us
I=k+1 s=k+1
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N Ow;j (J%“:’)

=X X o — "2 DD;D,D; mod Us
I= k+ls k+1 i

n
Z 3y ‘?9“” a“’”DDD mod Us
1=k+1 s=kt1 T O
2
= ( Z %wj.l D,) D? mod Us
I=k+1 Ti

li,lo=k+1 1= k+1 :l', :L‘,

0 ;2w
= Z Z 23“’1’1 iy ( am‘)1),11),20 ;D/D;  mod Uy
Oz; Ox; ox;

l1,lo=k+1l1=k+1
n

2 E E E{“‘ jl &u il a(” il

QJ',' Shren I D D DD U
l1,lo=k+1 s=k+1 i 3:1:1 xi 1 Hig 17517 5 mod 4
1,la= 0 .- L

n 3
=2 ( Z aawj‘lDl) DiDj mod U4
1=k 9%

We shall prove by induction on s that

8§

2s—1
TCD @ =21 (Y 22p ) DD, mod Useys
I=k+1 O

and

n

2s
T = Zg =21 [ 3 24p) D mod Vs
I=k+1 axi

Suppose that this is true for 2s — 1 and 2s. We are going to prove that the same
formulas are true for 2s + 1 and 2s + 2

A(2s+1) [A ——(2s) Z ]

— 28—1 Z z [aw]ll . aw]lz.e Dl1 Dl2sD

ly,..los=k+11l=k+1 O
Ow
T; a ]lD[ ]] mod U23+2
Ow Owiy,. Ow
=2° Z E [ a;ll ]l'2a a JlDll Dl29D‘i
1 2

U1, los=k+11=k+1
Dle] mod U23+2

8 2s+1
( Z aw]l l) Dz'Dj mod U23+2
1=kt1 9%
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(254+1) = Owji, Owiji,,
T Zs) =20 Z Z[ i "””D,l Dy, D;D;,

Oz;
11, los=k+1 I=k+1 ¢

DlDi] mod Uzs43

. o

s 80)];1 6wﬂ25+1 awﬂ
=2 [ - Dy, ..Dy,, . .D;
ozx; Ox; et
l,el2sy1=k+11=k+1 g

DiD;] mod Ussy3

n P 2542
(%)
(Z 695][ > D} mod Ussys
(]

l=k+1

Since E is finite—dimensional, we conclude that

3wﬂ
aw,-

=0 forallk+1<I<n

Similarly, we have M =0forallk+1<1i<n.0O

LEMMA 3.3. If:z:il+...+a:?c € Eand % =0 forallk+1<1<n and
ky <i#j<k, then%“—;ﬂ}=0f0rallk+1§l§nandklgigk.

Proof. We shall construct a sequence of elements in F in the following manner.

Z1=

k
1
[Lo, 2}, +..+2}] =) =:Di+ 5 (k—ki+1)

i=k1

Zy = [Lo, Z4] =

n k
Z > [D%,z;D;] mod Uo
=1 j=k,

NIH

i=1 j=k;
k n k
= Z D? + Z Z zjwi;D; mod Uy
j=k1 =1 j=k;
n n k
= [Lo, Z2] = Z Z [D?,D3] + %Zz > _[D},zjwpDi] mod Uy
z-l j=k1 i=1 I=1 j=k1
k
22 Z wji D;D; +Zi > i) p.py mod Uy
i=1 ]—k1 i=1 I=1 j=k; Oz
= Zw],DD +ZZU)31D D,
Jj=k1 =1 j=k;

k k aw
Z Z j——l'D.Dl mod U1

i=1 l=k+1 j=k1
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k k
f:z w;iD; D; +Z i 3 Ja“’”DD, mod U,
i=1 j=k, i=1 I=k+1 j=k,

n k k
(23,210=3% Y Y [wjiD;Di, D]

=1 j=k; l—k1

+Z Z Z Z[ Jaw]lDDlazp p] mod Ul

1=1 l=k+1 j=k1 p=k1

n k n

=3y > ¥ <w],a"”D D,+w,,g"’fD,D - %“”D D)

1=1 j=k1 l=k1

k n

P2 S S (2420, 05 22,

i=1 l=k+1 j=k1 p=Fk1

,.ZZ 68“;2’ D; D,) mod U,
k k

3 S WD 433 S WD -3 3 3 Y Sitp

j=k1l=k1 i=1 j=k; i=k+1 j=k1 l=Fk1

n k Ow: . n k aw "
B3P IPIGLLLIS 3B S JL-

i=ky l=k+1 j=k1 i=1 l=k+1 j=k1
=3zzwﬁDiD QZ Z Z awﬂ.D Dl

i=1 j=k; i=ky I=k+1 j=k;

—Z Z Z a“’J’DD, mod Uy

i=1 l=k+1 j=k,

n k
1
Z1=5 ([Z3, Z1) + Z5) = 32 Z wjiDiD;

i=1 j=k,

-Z Z Z ja“’f‘DDl mod Uy

l—k1l k+1 J—kl

(24, 2:] = 32 z Z[WJZD Dj,z1Di] - Z Z z Z[ Jaw]lD D1, wpDp]

=1 j=k1 l=k1 = k1l k+1 j=k1 p=k1
n k Ow: .
=3Y Y w;DiD; 32 Z Z Tj g, DiD1 mod Uy
=1 j=k1 1=k = k+1] k1
Zs = 1(24 24, 21)) = Z Z Z a‘””D :D; mod Uy
2 b

’L—kl = k+1 ]—k1
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Since Qﬁv’i =0forallk+1<Il<nandk; <i#j<k,Dbyhypothesis, we have

k n Ow: l
Z5=ZZ.’B1 z. z'l modU1
z_kll k+1
n
= Z z; ( %DO D; mod Uy
i=k1 I=k+1 Ti

1 n k n 8 i
AW =[Lo, Z5) =53 % 3 D}z, DiDy] mod Uy

p=1i=ky l=k+1
n k n 9 (;Bl%ﬂi
=3 > =2 D,D;D; mod Us

=y Xn: Qi b2y mod U

i=kq I=k+1 Ti
k n
Ow;
=31 a“D, D? mod U,
i=k; \l=k+1 Ti

k
A® — A(l) ZS]— Z Z Z Z aqu2D1, Paawqu D] mod Us
i=k1 l=k+1 p=k1 q=k+1
Ow.

awzl (pm?)
—ZZZ 22 ———*2D;,D,D,D, mod Us

1,—k1 I=k+1 p=k1 g=k+1

n

Bwu Owigq 5
22 Z > B 90, DiDaDi mod Us
i=ky I=k+1 g=k+1

n F) 2
Wil 2
2 E ( E 6:1:, 1) D2 mod U3
i=k1 \l=k+1

k n n k n

AV =140, z) =23 3 Y Y Y (Rndng, by

i=kq li=k+1 lo=k+1 p=k1 g=k+1
)
pq
Tp——t o, —=D,D,;] mod Uy

Ow

“ - Z 6&)51 8w,-, 6( Pﬁm)
= 22 1 2 P D D D
i=zk1 l1=zk+l 12=Zk+1 p=zkl q=;+1 Oz; Oxi Oz; hh
D,D, mod Uy

n

— 92 Z Z Z Z 3(;% (9(;;;12 szqDllDlzD D, mod Uy
i=ky li=k+1 lo=k+1 g=k+1 Ti % T

k n 3
Ow;
=22§:<§: a“;i’D,> D? mod Uy

i=k1 \l=k+1
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By induction, we get an infinite sequence in E of the form

k n s
AB) =251 5 ( > ‘Z“"‘_’ D,) D? mod U,_;

i=k, \l=k+1 ?

Since F is finite dimensional, we conclude that

6w,-l

=0 forall k+1<i<n and k <i<k
Oz;

4. Classificaton of finite-dimensional estimation algebras of maximal
rank with state space less than or equal to five. In order to prove our Main
Theorem in section 1, we only need to prove that w;;, 1 < 4,5 < n are constants
because of Theorem 2.2. Let k be the quadratic rank of the estimation algebra E. In
view of Theorem 2.4, we can assume that 0 < k£ < n . In the subsequent discussion,
we shall let k;, k2, ... be the sequence defined in (2.6) — (2.10).

4.1. State space dimension n=2.
In this case, we only need to to consider £ = 1. By Theorem 2.4, the 2 matrix is

of the following form
0 w
Q = (UJU) = (w21 62)

where w12 = —wsz; = al,x1 + c12. Since k = 1, we have z7 € E.
By Lemma 3.1, we have %“;111 = 0 which implies w2 is a constant.
Therefore the following result of Chiou-Yau follows from Theorem 2.2.

THEOREM 4.1. Suppose that the state space of the filtering system (2.1) is of
dimension two. If E is the finite-dimensional estimation algebra with mazimal rank,

then E is a real vector space of dimension 6 with basis given by 1,x1,x2, D1, Dy and
L.

4.2. State space dimension n=3.
In this case, we only need to consider two subcases: k¥ =1 or k£ = 2. case(I):

k=1 By Theorem 2.4, the 2-matrix is of the following form

Q=(wi)= |
(Wi wor 0 o3
w3y c32 0
where:

_ _ 1
w1z = —Ww21 = @13%1 + C12

— 1
w1z = —Wws31 = aj3%1 + C13

Since k = 1, we have z? € E. Lemma 3.1 implies %“;‘12 =0=15%u
Hence w2 and w;3 are also constants.
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case(II): k=2 By Theorem 2.4, the Q-matrix is of the following form

0 ¢ ws

c 0 w
Q= (wij) — 21 23

where

— _ 1 2
W13 = —W31 = Q1321 + ay1372 + c13
1 2
W23 = —W3z = G371 + A3T2 + Co3

We need to consider two subcases.

subcase(Ila): k; = 1 < ky = k = 2. In this case, we have 22 € E and 7% € E.

By Lemma 3.1, we havea—“’li 0 and %};’L 0.

On the other hand, %‘;‘1 = 0 = é’—“iﬁ by Lemma 3.2. Therefore wis and w3 are
constants in this case.

subcase(IIb): k; = k = 2. In this case, we have 22 + z2 € E.

: : dw dway ngg Owiz _ Owas
By cyclic relation 322 + 522 + = 0, we have B2t 6z1

This implies a?; = a3;. Since a3z = 21:1 Tiwsy, we have a};z3 +2a2;71 72 +a2523 €
E.
By Lemma 2.2, any quadratic form in E must be a constant multiple of z? +
:1:2 € E. Therefore a?; = a}; = 0 and al; = aZ;. In view of Lemma 3.3, we have
=0= 9%23 . Hence wi3 and wy3 are constants. Consequently, the following
result of [CYLl] follows from Theorem 2.2.

THEOREM 4.2. Suppose that the state space of the filtering system (2.1) is of
dimension three. If E is the finite-dimensional estimation algebra with mazimal rank,

then E is a real vector space of dimension 8 with a basis given by 1, x1, 3, T3, D1,
D2, D3 and Lo.

4.3. State space dimension n = 4. In this case, we only need to consider
three subcases: k=1, k=2o0r k=3

case(I): k=1 By theorem 2.4, the Q-matrix is of the following form

where
1
W12 = —W21 = 35T + C12
— _ 1
w13 = —ws31 = a33T1 + €13
_ _ 1
W14 = —W41 = @142 + C14

Since k = 1, we have 27 € E. Lemma 3.1 implies %212 = 0 = %213 = %111.
Hence wi2,wi3 and wy4 are constants.



920 G. Q. HU, S. 5. T. YAU, AND W. L. CHIOU

case(II): k =2 By theorem 2.4, the Q-matrix is of the following form

0 ci2 wiz wis

Q = (wij) B T T T
w3y wzz 0 e3
W41 W4y C43 0
where
_ 1 2
w13 = —W31 = G13T1 + A3T2 + C13
— _ 1 2
W14 = —W41 = G4T1 + Q14 T2 + C14
1 2
W23 = —W32 = Q5371 + a533T2 + C23
_ 1 2
W24 = —W42 = Gy T1 + Q54 T2 + C24

We need to consider two subcases.

subcase(IIa): k; =1 < ks = k = 2. In this case we have z? € F and 23 € E.

dw dwy Owo, Ow:
By Lemma 3.1, we have 522 = o= G = 5B = G =0

On the other hand, in view of Lemma 3.2, we have %_u;n =0= %%23- and Gwis —

Ox2
0= %’521-“. Therefore w3, w14, ws3 and wqy are constants.

subcase(IIb): k; = k =2. In this case we have z? + 22 € E.
By cyclic relations a—“’& + fea 4 i“ﬂa =0, Suus 4 Gun 4 M = 0, we have

° s dz3 s 6 ) 8322 Oz4
2 _ Owig wo3 — wu waoq
13 = Bz, Bz, 023 and ajy = e dz1 = ayy.

By Theorem 2.4, the following elements are in F

2 2
—ag = E Tiwiz = G133t + 20337152 + a3,73 + c13T1 + C2372 € E

2
—Qy = E Tiway = ahmf + 2af4zlz2 + a§4m§ +c1471 +cuz2 €E

As E is of maximal rank, we have alzz? + 2a%3w1w2 + aggxg €E and ahaf;1 +
2a3,7172 +a%,2% € E. In v1§w of Lemnga 2.3, 6we have a13a— als =0and a?, = a}, =
0. By Lemma 3.3, we have —“’-1-1 =0=%2 ()= -cf,iﬂ Therefore w13, w4, w23

Ozo ' Oz
and w94 are constants.
case(III): k£ = 3 By theorem 2.4, the — matrix is of the following form
0 c2 c13 wis

ca1 0 co3 wou
D=(wij)= |ca1 c2 0 wa

where
W14 = —wa = 61471 + 01472 + 03473 + c1g
Wa4 = —Way = a3,T1 + 02472 + a3,T3 + Coa
W34 = —Wa3 = G34T1 + G54 T2 + a3,T3 + C34



FINITE DIMENSIONAL FILTERS WITH NONLINEAR DRIFT XIII 921

subcase(IIla): k3 =1 < k2 =2 < k3 = k = 3. In this case we have z? € E and

¢} € E and 2} € E. By Lemma 3.1, we have 924 = (0 = 224 — Zuss By Lemma

Owisa _ Owaq __ Owiga _ Owazs __ Owas __ Owgas __
3.2, we have Gt =g =0, 5 =522 =0 and Gt = gou = 0. Therefore w4,

wa4 and ws4 are constants in this case.
For subcase(IIIb) and subcase(IIlc) below, we shall use the following observations.
The cyclic relations

ow Ow Ow. Ow Ow ow. Ow Ow Ow
14 + 21 42 — 0’ 14 + 31 + 43 =0 and 24 + 32 + 43 =0
6x2 a’L'4 81121 351)3 851)4 83}1 3.’1)3 61174 8.’1)2
imply
0,2 _ aw14 _ Oway _ a1 a3 _ a‘-‘114 _ a‘-‘134 _al
14 8.172 8.’171 24> Y14 am3 61171 34>
Owaq  Owsy
d 3 = = = a2 .
and agy 923 D2 A3y

subcase(IIIb): k; = 1 < ky = 3 = k. In this case, we have 22 € E, 22 +z2 € E.

By Lemma 3.1, we have %%111 =0 . In view of Theorem 2.4, we have

3
2
—oy = E Tjwpe = ahxf + 2a§4 a:% + a§4w§ + 2aj,z122 + 20,?4 13
=1
2a3 E
+2a54T2x3 + C14T1 + C24T2 + C34T3 €

Since E is of maximal rank,
(4.1) Qs = a},23 + a2y x3 + ad, 22 + 22,3120 + 203, 2123 + 203,7023 € E

By Lemma 2.2, —ay (0,73, z3) = a3, «3 + a3,22 + 2a3,2223 is a constant multiple
of z§ + #3. We have a3, = 0 = a3,. As 2} € E, we have %24 = qf, = 0 by Lemma
3.1. On the other hand, by Lemma 3.3, we have %i"fj = %3;1 = 0. By (4.1), we have
202,712 + 203, 7123 € E

In view of Lemma 2.4 and the fact that |{1}| < |{2,3}| , we conclude that a?, =
0= a§4. Hence wy3, w14, w23 and wey are constants.

subcase(IIlc): k; = 3 = k. In this case, we have 27 + 22 + 22 € E. As in the
proof of subcase(IIIb), we have

ag = a},2? + a3, 2% + a3, 7} + 22,3120 + 203, 123 + 23,7273 € E

By Lemma 2.2 this quadratic form is a constant multiple of z? + z2 + z2. Con-
sequantly, we have af, = a3, = a}, = 0. It follows that %4 =0 = %21 = st by
Lemma, 3.3. Therefore wy4, w24 and w34 are constants.

We have proved the following result which was claimed in [CLY2].

THEOREM 4.3. Suppose that the state space of filtering system(2.1) is of dimen-
sion four. If E is the finite-dimensional estimation algebra with mazimal rank, then E

is a real vector space of dimension 10 with a base given by 1, 1,25, 3,24, D1, Ds, D3,
D4 and Lo.
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4.4. State Space Dimemsion n = 5. In this case, we only need to consider
four subcases: k =1,k =2,k=3 and k = 4.

case(I): £ = 1. By Theorem 2.4, the Q-matrix is of the following form

—s w" —
(wis) w31 c32 0 cag c35
w1 c2 c43 0 s
wsy Cs2 €53 Cs4 O
where
— _ 1
Wiz = —W21 = @13%1 + Ci2
_ _ 1
w1z = —Ws1 = @ 3%1 + Ci3
_ _ 1
W14 = —w41 = G14T1 + C1g
_ _ 1
wis = —Ws1 = Q1521 + C15

By Lemma 3.1, we have ?J- =0, for all 2 < j < 5, which means that wy2,w;3,
wi4 and wys are constants.

case(II): k = 2. By Theorem 2.4, the -matrix is of the following form

0 c2 wiz wi wis

Q= (wy)= |
) w31 wse 0 ¢34 c35
wyg waz c3 0 cs
ws1 ws2 €53 cs4 O
where
_ _ 1 2
w13 = —Wws1 = G371 + aj3T2 +C13
1 2
W14 = —W41 = G14%1 + a14T2 + C14
: _ 1 2
wis = —Ws1 = @351 +ai5T2 + Cis
_ 1 2
W23 = —W32 = A53%1 + A33%2 + C23
_ 1 2
W4 = —W42 = G421 + a34%2 + C24
_ 1 2
W5 = —Ws2 = A35%1 + A35T2 + C25

subcase(Ila): k; =1 < ky =2 = k. In this case we have 22 € E and z3 € E.

By Lemma 3.1, wehave%’-—o —927- for all 3 < j < 5. By Lemma 3.2, we have

"ﬂa_3—‘”2L_0,fora113gg55.Thereforew,.j,fora.lugzg2and35ggsare

8:222 Bz 1
constants.

subcase(IIb): k; = k = 2. In this case, we only have z2+ z2 € E. By the cyclic

dw Awa 3w _ Ow Bw Bw Ow Bw Ow,
relations o8 + 52k + 5582 = 0, Fela+ T+ 5042 = 0 and s+ St + 5452 = () imply
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2 __ Owiz __ Owaz 1 Owiq _ Ow2a __ 1 2 _ Owis _ OBwazs _ ,1
g}s = Bz = oz — %235 afy = Baa = ot = O, and ajy = FOE = FE = ap;
1mnce

2 2 2
—a3 =Y Twis, — 0y = Y mwis and — a5 = > zwis
=1 =1 =1

are in E, we deduce easily that the following elements are in E .

—~ 2
a3 = a}37% + 20337122 + ads13 € E
g = al,2? + 2020120 + a322 € E
s = a}5 2% + 20353122 + ads75 € E
By Lemma 2.2, az,ay and as are constant multiple of z? + 23 . Hence we have

a2; = 0 = a2, = a2;. In view of Lemma 3.3, we have 22iL 5o =0forall1<i<2and
3 < j < 5. Therefore w;; , forall 1 <i <2 and 3 < j <5 are constants.

case(III): k = 3. By Theorem 2.4, the Q-matrix is of the following form
0 Cl2 C13 W14 Wis

c21 0 co3 way wos
ca1 cz2 0 w3y wss

Q=lwa)=| =
wg waz wiz 0 ey
W51 W2 Ws3 Csyq 0
where
Wig = ~Wa1 = 14T + G142 + 0343 + C1a
Wis = —ws1 = 15T1 + a25T2 + adsx3 + 15
W4 = —Waz = a34T1 + a2,2o + 3,23 + cog
was = —ws2 = Ap5T1 + a35T2 + 35T + o5
W34 = —Wwy3z = a;1341'1 + 0:%4-7»'2 + a§4z3 +C34
W35 = —Wsz = a%sfltl + 0%511!2 + 04%551;3 + ¢35

subcase(IIla): k; =1 <k =2 < k3 = k. In this case we have 7} € E ;22 € E

and z3 € E. By Lemma 3.1, wehavegﬂl_o _g‘;’;” —Qiaiforall4<1<5
By Lemma 3.2, wehave%L_o_"’“l =a_wa=g:;;a=g%fl=%1 for all
4 < j < 5. Therefore w;j, for alll<z<3and4< j < 5, are constants.

For subcase(I1Ib) and subcase(IIIc) below, we shall use the followmg observations.

. . Owi; Ow Owsz; , Bw dwiji Owsg; Owija
.__...L - 1 13 31 S35 iz —
The cyclic relations 4 Qw2 Ty =0, Jad+Gpatr 5t = 0, 5 4 Owag S5l = 0
Owrj __ 3“’21 . | 1 Ows; dwij _ 3 2 Ows;
for j = 4,5 imply af; = Do = Do = 02j 1 03j = Bz, = Bzg = O1j » 03j = ppo =

31.02, —
T —azj , for j =4,5.

subcase(IIIb): k; =1 < ky =3 = k. In this case we have z? € E :c2+:173 €E.

By Lemma 3.1, we have aj, = %“’ =0and ai; = 86%& =0. Since —ay = Zz 1 TiwWig

and —a5 = 2,=1 Zyws are in E by Theorm 2.4, it is easy to see that the following
quadratic forms are in F.

(4.2) ag = 22,3172 + 203, 173 + a3y 72 + adyxk + 2ad 2073 € E
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(4.3) a5 = 203571 + 2035 T1T3 + ady T2 + adszi + 2a35x073 € E

By Lemma 2.2, oy (0, z2,z3) and as (0,22, z3) are constant multiple of a:% + 3.

Hence we have a3, = 0 = a3;. In view of Lemma 3.3 we have %“’7724 =0= %
%;Z 3w5 . By (4.2) and (4.3) , we have

az = 20343172 + 203, 7173 € E and @5 = 2a};7172 + 2435 2173 € E.

In view of Lemma 2.4 and the fact that |[{1}| < |[{2,3}| , we conclude that a?, =
a3, = 0 = a?5 = a;. Hence wy4,w1s,waq,wss, wss and was are constants.

Subcase(IIlc): k; = 3 = k. In this case, we have 2 + 72 + 72 € E.
Since —ay = 213__:1 Twyg and —os = Z?=1 w5 are in E by Theorem 2.4, it is
easy to see that the following quadratic forms are in E.

ag = a}y7? + 202, z170 + 203,723 + a3,73 + a3473 + 2a3,2073 € E
— 2
a5 = a}573 + 2035 1172 + 203 173 + aZg7E + ad 7l + 2031023 € E

By Lemma 2.2, ag and ag are constant multiple of z? + 22 + z2. Therefore we_
have a}, = a3, = a3, = 0= a}; = a}; = a};. In view of Lemma 3.3, we have %—“’EL =0
forall4 <l <5and 1<¢<3. Hencew;;, foralll1<i<3and4<j<5, are also
constants.

Case(IV): k = 4. By Theorem 2.4, the Q-matrix is of the following form

0 a2 c3 c4 wis
co1 0 c3 oy wos
Q= (wij) = Jesr ez 0 3 wss
cs1 cg2 c3 0 cgs

where
w15 = —ws1 = aisT1 + 2572 + adsx3 + atsTs + 015
Was = —Ws2 = a%5m1 + a%5:1:2 + a§5m3 + a§5:1:4 + co5
W3y = —Ws3z = a§5:v1 + agsxz + a§5z:3 + a§5m4 + c35
W45 = —Wsq = ai5z1 + aisxg + (12511,'3 + a25m4 + c45

subcase(IVa): k1 =1 < ks =2 < k3 < ks =4 = k. In this case we have 77 € E
,w%GE,x%GEanda:ﬁEE.ByLemma31 Wehavea—“’ﬁ—Oforalll<l<4 On

the other hand, Lemma 3.2 says that 2ws az, =0foralll 3 I,m < 4,1 # m. Therefore
w15, was, wss and wys are constants.
For subcases(IVD), (IVc), (IVd) and (IVe) below. We shall use the following

observations. The cyclic relations Q‘ﬂﬁ + %“fl + Qﬂl =0, %"f + Q“ﬂf‘ + Q% =

Bwas 6w dw dw, Bw dw. Bw dw: aw
0,52 o + Gt ;- S =0, Jiam —2; + Ja 0, B + —213% + —JZ 0 and
Owas 8&/33 ws3 __ Owas w 2 1 _ Owzs _ Owis _ .3
ox3 S + Ozs 8xg — 0 Imply a2 5 3$1 N 6$2 = ays, a356_ 23] 6_ oxzz Q155
1 _ Owas _ Owis _ .4 3 _ Owazs __ - Owss 2 2 __ Owss __ Owas __ 4
45 = Bz, — s — M5 025 T Bgg T Bz, — 0355 045 = 3, T Bz, — Q25 and

3 Owas __ 34035 — 4
045 = 25 — Oza 035
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subcase(IVb) ky =1<ky =2 < ks =4 = k. In this case we have 22 € E ,

72 € E, 22 4+ 22 € E. By Lemma 3.1, wehaveals—%“; —Oandaz&-,_%“;2 —0

On the other hand, Lemma 3.2 says that a3; = %zlf =0 —%“;1 = a}s. Since

—a5 = Ele Tywys is in E by Theorem 2.4, it is easy to see that the following quadratic
form is in E.

~ 3,2
a5 = 2035 T123 + 2a%5 2174 + 20357273 + 20357274 + ad573
+2a35 T3T4 + ajzz; €E

As a5 (0,0, 23,74)is a constant multiple of zZ + % , we have a3; = 0. In view of
Lemma 3.3, we have %5351 =0= ‘9—41.
Hence the following quadratlc form isin E.

Bs = 2a35 173 + 2a}571 T4 + 20357273 + 20357274 € E

By Lemma, 2.3, we have 35 (21,0, 3,%4) = a;z173 + 2a}; 7174 is in E. In view
of Lemma 2.4 and the fact that [{1}] < |{3,4}| , we conclude that a?; = 0 = af;.

Similarly, because of 85 (0, z2,T3,T4) = 2a3;Z2T3 + 2a3; T2z4 is in E , we have
ad; =0= aés by Lemma 2.4 . Hence wjs,wss,wss and wys are constants.

subcase(IVc): k; =1 < ks = 4 k. In this case, we have z? € E , z2+13+12 €
E. By Lemma 3.1, we have a}; = le =0.

Since —as = ZLI zywys is in E by Theorem 2.4, it is easy to see that the following
quadratic form is in E.

as = 20257172 + ads73 + 203 7123 + 2at521 74 + 20357073 + 203,727 + adsTE +
2037374 +ajsx2 € E

As a5 (0, 72, 3, T4) is a constant multiple of z2 + 2% +z2 by Lemma 2 2 , we have

a5 = a3s = aj; = 0. By Lemma 3.3, we have a5 = 525 = 0, a5 = %25 = 0 and
ajs = %“; = 0. It follows that a5 = 2a%;7122 + 203,71 73 +2a};2124 is in E . In view

of Lemma 2.4 and the fact that |{1}| < |{2,3,4}| , we conclude a?; = 0 = a}; = ai;.
Therefore w15, wss, wss and wys are constants.
subcase(IVd): k; = 2 < k» = 4 = k . In this case, we have 2?2 + 22 € E and

22+ 22 € E. Since —a5 = Z;l:l Zjws is in by Theorem 2.4, it is easy to see that the
following quadratic form is in E.

a5 = alsz? + 2al57172 + 20352173 + 2057104 + 203572 + 2035 w013
+2a3, 274 + a2572 + 20557324 + afs22

As ag (21,72,0,0) is a constant multiple of % + 22 and a5 (0,0,z3,74) is a
constant multiple of 2 + 2% by Lemma 2.2 , we have a?; = 0 and a3; = 0. In view of

Lemma 3.3, we have

8w15 BUJQs BDJ35 6(4.145
0,15 = = O, a%5 = = 0, a§5 = ——=0and 0,35 =
01 0xo 0x3 Oy

Hence a5 = 2a3;7173 + 2a57174 + 20357273 + 2a3;7274 € E.

=0.

3 4
By Lemma 2.4 we know that the matrix ( s Zis > is a constant multiple of
25 025
an orthogonal matrix. In particular, we have

3 3 4 4 _n_ .3 4 3 4
(44) ay5Q95 + a15a55 = 0 = ajzas + assa55
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12 1.2 1.1 2 2
(4.5) a3sa3s + ay5055 = 0 = agsays + a35ais

We shall construct a sequence of elements in E

4
Z, = % [Lo, a3 + 73] ZwiDi +1
i=3
[LO,ZI] = 2 ZZ [Dzr’zj
=1 j=3
; 22(2 Oz, D iDj — 2z;wi;D;) mod Up
i=1 j=3
4z ” 5
= ZD? + Z Z:cij,D mod U
j= i=1 j=3
1 134 13 4
2 LO, Z2] = 2 ZZ DJ2] + 5 ZZZ Di,a:jwlel] mod U;
i=1 j=3 i=1 l=1 j=3
5 5 4 B(z;w l)
—2ZZwJ,DJD,+ZZZ 179 D;D; mod U,
i=1 1_3 i=1 I=1 j=3 Ti
= 222%,1) :D; +ZanD D +ZZ Ja“’f"’D ;D5 mod U,
=1 ]—3 =1 j=3 =1 j=3
= 322w,,p .D; +ZZ ]a“’ﬁD ;D5 mod U
=1 j=3 i=1 j=3 .
5 4 4
(23,21]=3)_ Y > [wi;D;Di,m D]
i=1 j=3 =3
4 4 4 Buwjs
+ZZZ[ DDs,wpD mod U;
i=1 j=3 p=3
325224:24:@) 3"”D Di+w;i 22D, D, - 5,2 . )
ol ]Z 1 ]za ’ 1 a 1
4 4 4
Ow;s Oz Ow;s O
+§§§ ’aj a” 5D, xjaf a”DD
O(x; 52)
—Tp— (T — o ) Dz’D5) mod U1
4 4 LA B N
=33 wuD;D +3ZZwJ,D Dj =33 > wip2>D;Ds
j=3 1=3 i=1 3_3 j=3 1=3 T

4 4

+szja“’f5p5p ZZ ]aw’5DD5 mod Uy

=3 j=3 =1 j=3
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5 4
=333 w;iDiD; - 222 ]a“’ﬁ’D .Ds
i=1

=3 j=3

=3
14 5
_ZZ% amjsDDs mod U;

5 4
=%([Zs,zl]+za)=3zz w;iD;D; ZZ JaszDD5 mod Uy

i =3 j=3

[Z4,Z1] = 3 [UinDiDj,CIIlDl]

+
M- M=
M- LM])=

IS
|
-
.
Il
w
3
Il

.

M» -

6(.4.7]5
7 Om;

——D;Dy,xp,D ] mod Uy
3

w;:D;iD;j — 32 Z 13“151) .Ds mod U

=3 j=3

I
F%‘"
NI

.
Il
A

<.
Il
@

4

4
1 Ow;
Zs = §(Z4 —[24,24)) = E E 'z ;quiDs mod Uy

i=3 j=3

[Z3aZ1 +Z4—Z5—ZZ anBD D5 mod U1

v i=1 j=3

1 2
71 = 3 [L0,$%+.’I:§] =ZwiDi+1

4 4

75=|_—Z—4,Z1 ZZZ[ 6wJ5DD5,II)p :| IIlOdU1
i=1 j=3 p=1
L2 BW56.’E
=ZZZ% 3; stD mod U;

=1

s
Il
-

<.
w

3

Il
NI ||MN

8

4
E wJSDDs mod Uy

j lZ(%ﬁs D5)D } mod U1

i=1

<.
Il
@

By switching the roles of 22 + 22 and 22 + %, we get the following element in E

2 4

Zthaw’.s :Ds  mod Uy

i=1 j=3
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The cyclic relatlon 5 4 %?si + 9“’—5L = 0 implies %‘;ﬁ = %'ié for 1 <i<2and
3 <j <4 Therefore
_ 2. 4 B
Ze=)_ Y w52 D;Ds mod Uy
=1 j=3 Ti
2 4 o
5
= szz:( 6 J. .D )DJ
i=1 j=3 ¢
— oo Ow
AW = [Ly,Z5] = 5 S>> [Dg, %5 Ga: —2D;Ds| mod Up
p=1 i=1 j=3
2 4 wjs
O(x; 52
-3 (—éi“ﬁp,,p .Ds mod Us
p=1 i=1 j=3 Tp
2. 4 5w,
= Z Z 8;5 D;D;Ds mod U,
i=1 j=3 *
2 4 5,
=357 5 5 Ds)D;D; mod Uy
=1 j=3 z

2 4 4 2
A = [40,Z5] =33 32 [(%“’35 Ds)D; DJ,:,;t(a‘"t5 Ds)D, ] mod Us

2 4 2 Ow: aw

2 . Bw; Owjs Ow;

5 Z Z j5 15 12

= E E ( ],, a:EJ, 6.’17]3 D5DiDs mod U3
i=1 | j= i1#8;i,8=1 j=3

Observe that for 1 <i#s<2

Owjs Ow; : i
Z GRS =S aigats =0 by (45)
2 S j=3
For1<i<2and3<j<4, we denote

asz

4
gz] ——Ti-DS and Th=z 2'2]'7

Then

2
A® =% "n,D} mod Us

=1

, 2 2 4
A® = [AD, Ze] = 3 3 0> 1D}, &wiwsD;] mod U4

i=1 s=1 j=3
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2

Z Z ’Ih‘fijDiDj mod U4
= 2 4 4 2

AW = [4A®) Z] =2 Z Z Z Z[mfijDiDj, &stxeDs] mod Us

i=1 j=3 t=3 s=1

2 4 2
=23 3" "mi&ij&; DD, mod Us

i=1 j=3 s=1
= 2217302 +2 Z (Z &ij€s5)DiDs  mod Us
=1 i#8;1,8=1 j=3

Observe that for 1 <i #s<2

Ow; Ow; .
Z{,,{sy = Z 35 D5 8:1:]5 Ds = Za}sajf,Dg =0 by (4.5)

=3
Hence
2
AW =23 "n?D? mod Us
=1
By induction, we get an infinite sequence in E of the form

2 4
A2s+1) — 98 Z Z n3&i;DiD; mod Ussiz

=1 j=3

2
A@2s+2) — 9s Z nis'*‘lD? mod Usey3

=1

Since E is finite dimensional, we conclude that for 1 < <2

Zén Z(a“’"” )>D2 =0

j=3 j=3

Therefore%L—O for 1<i<2and 3<j<4.

We have proved that wis,wes,wss and wys are constants.
Subcase (IVe) : k; =4=k.

4
In this case we have 22 + 22 + 22 + 27 € E. Since —a5 = Y. mywys is in E by
=1
Theorem 2.4, it is easy to see that the following quadratic form is in E.

G5 = alsz? + 2252120 + 20371 73 + 20} 7124 + a5l
+2a3, 2273 + 2352224 + ad522 + 20552324 + afy 22

By Lemma 2.2, @; is a constant multiple of 22 + 2% + 23 + a:4 Therefore we have

8eis = 0for 1 <i#j < 4. It follows from Lemma 3.3 that 92is = 0 for 1 <i < 4.

Hence w1s,wss,wss and wys are constants.
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We have proved the following new result.

THEOREM 4.4. Suppose that the state space of the filtering system (2.1) is of di-
mension five. If E is the finite-dimensional estimation algebra with mazimal rank, then
E is a real vector space of dimension 12 with a basis given by 1,1, %2, x3,%4,%5,D1,
D3, D3, Dy, D5 and Lo,

Add to the Proof: Recently Yau and Hu [YaHu] have completed the classification

of finite dimensional estimation algebra of maximal rank with arbitrary state space
dimension.
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