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SPIN® MANIFOLDS AND RIGIDITY THEOREMS IN K-THEORY*

KEFENG LIUT, XIAONAN MA¥, AND WEIPING ZHANG!

Abstract. We extend our family rigidity and vanishing theorems in [LiuMaZ] to the Spin® case.
In particular, we prove a K-theory version of the main results of [H], [Liul, Theorem B] for a family
of almost complex manifolds.

0. Introduction. Let M, B be two compact smooth manifolds, and 7 : M —+ B
be a smooth fibration with compact fibre X. Let TX be the relative tangent bundle.
Assume that a compact Lie group G acts fiberwise on M, that is, the action preserves
each fiber of w. Let P be a family of G-equivariant elliptic operators along the fiber
X. Then the family index of P, Ind(P), is a well-defined element in K (B) (cf. [AS])
and is a virtual G-representation (cf. [LiuMal]). We denote by (Ind(P))¢ € K(B)
the G-invariant part of Ind(P).

A family of elliptic operator P is said to be rigid on the equivariant Chern
character level with respect to this G-action, if the equivariant Chern character
chy(Ind(P)) € H*(B) is independent of g € G. If chy(Ind(P)) is identically zero
for any g, then we say P has vanishing property on the equivariant Chern character
level. More generally, we say that P is rigid on the equivariant K -theory level, if
Ind(P) = (Ind(P))€. If this index is identically zero in Kg(B), then we say that P
has vanishing property on the equivariant K -theory level. To study rigidity and van-
ishing, we only need to restrict to the case where G = S'. From now on we assume
G=S.

As was remarked in [LiuMaZ], the rigidity and vanishing properties on the K-
theory level are more subtle than that on the Chern character level. The reason is
that the Chern character can kill the torsion elements involved in the index bundle.

In [LiuMaZ], we proved several rigidity and vanishing theorems on the equivariant
K-theory level for elliptic genera. In this paper, we apply the method in [LiuMaZ]
to prove rigidity and vanishing theorems on the equivariant K-theory level for Spin®
manifolds, as well as for almost complex manifolds. To prove the main results of this
paper, to be stated in Section 2.1, we will introduce some shift operators on certain
vector bundles over the fixed point set of the circle action, and compare the index
bundles after the shift operation. Then we get a recursive relation of these index
bundles which will in turn lead us to the final result (cf. [LiuMaZ]).

Let us state some of our main results in this paper more explicitly. As was
remarked in [LiuMaZ], our method is inspired by the ideas of Taubes [T] and Bott-
Taubes [BT].

For a complex (resp. real) vector bundle E over M, let

Sym,(E) = 1+ tE + t2Sym?E + - - -,

(0.1) A(E) = 1+ tE + t2A2E + -
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be the symmetric and exterior power operations of E (resp. E ®g C) in K(M)[[t]]
respectively.

We assume that 7X has an S'-invariant almost complex structure J. Then we
can construct canonically the Spin® Dirac operator DX on A*(T(%D*X) along the
fiber X. Let W be an S!-equivariant complex vector bundle over M. We denote by
Kw = det W and Kx = det(T(1:9) X) the determinant line bundles of W and 710 X
respectively. Let

(0.2) Q1(W) = @A (W) @ @pey Agn (W).

For N € N,N > 2, let y = 2™/ ¢ C. Let G, be the multiplicative group generated
by y. Following Witten [W], we consider the fiberwise action G, on W and W by
sending y € Gy to y on W and y~* on W. Then G, acts naturally on Q,(W). We
define Q; (T™9 X) and the action Gy, on it in the above way.

The following theorem generalizes the result in [H] to the family case.

THEOREM 0.1. Assume ¢;(T9X) = 0 mod(N), the family of Gy x S* equiv-
ariant Spin® Dirac operators DX ®%2, Sym .(TX ®r C) ® Q1 (T 0)X ) is rigid on
the equivariant K-theory level, for the S* action.

The following family rigidity and vanishing theorem generalizes [Liul, Theorem
B] to the family case.

THEOREM 0.2. Assume w2(TX —W)g1 =0, 2p1(TX — W)s1 = ew*u? (e € Z)
in H3 (M, Z), and ¢;(W) = 0 mod(N). Consider the family of Gy x S* equivariant
Spin® Dirac operators

DX ® (Kw ® K3')/? @2, Sym,. (T X ®r C) ® Q1(W).

i) If e = 0, then these operators are rigid on the equivariant K-theory level for the
St action.

1) If e < 0, then the index bundles of these operators are zero in Kg, xs1 (B). I
particular, these index bundles are zero in Kg,(B).

We refer to Section 2 for more details on the notation in Theorem 0.2. Actually,
our main result, Theorem 2.2, holds on a family of Spin®-manifolds with Theorem 0.2
being one of its special cases.

This paper is organized as follows. In Section 1, we recall a K-Theory version
of the equivariant family index theorem for the circle action case [LiuMaZ, Theorem
1.2]. As an immediate corollary, we get a K-theory version of the vanishing theorem of
Hattori for a family of almost complex manifolds. In Section 2, we prove the rigidity
and vanishing theorem for elliptic genera in the Spin® case, on the equivariant K-
theory level. The proof of the main results in Section 2 is based on two intermediate
results which will be proved in Sections 3 and 4 respectively.

ACKNOWLEDGEMENTS. Part of this work was done while the authors were visiting
the Morningside Center of Mathematics in Beijing during the summer of 1999. The
authors would like to thank the Morningside Center for hospitality. The second author
would also like to thank the Nankai Institute of Mathematics for hospitality.

1. A K-theory version of the equivariant family index theorem. In this
section, we recall a K(-theory version of the equivariant family index theorem [LiuMaZ,
Theorem 1.2] for S-actions, which will play a crucial role in the following sections.
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This section is organized as follows: In Section 1.1, we recall the K-theory version
of the equivariant family index theorem for S!-actions on a family of Spin® manifolds.
In Section 1.2, as a simple application of Theorem 1.1, we obtain a K-theory version
of the vanishing theorem of Hattori [Ha] for the case of almost complex manifolds.

1.1. A K-theory version of the equivariant family index theorem. Let
M, B be two compact manifolds, let 7 : M — B be a fibration with compact fibre X
such that dim X = 2! and that S? acts fiberwise on M. Let ATX be a metric on TX.
We assume that T'X is oriented. Let (W, h") be a Hermitian complex vector bundle
over M.

Let V be a 2p dimensional oriented real vector bundle over M. Let L be a
complex line bundle over M with the property that the vector bundle U = TX &V
obeys we(U) = ¢;(L) mod (2). Then the vector bundle U has a Spin®-structure.
Let hY, h% be the corresponding metrics on V, L. Let S(U, L) be the fundamental
complex spinor bundle for (U, L) [LaM, Appendix D.9] which locally may be written
as

(L.1) S(U,L) = So(U) ® L'/,

where Sy(U) is the fundamental spinor bundle for the (possibly non-existent) spin
structure on U, and where L'/ is the (possibly non-existent) square root of L.

Assume that the Sl-action on M lifts to V, L and W, and assume the metrics
hTX RV, hL, BW are S'-invariant. Also assume that the S'-actions on TX, V, L
lift to S(U, L).

Let VTX be the Levi-Civita connection on (T'X,hTX) along the fibre X. Let
VYV, VE and V¥ be the S'-invariant and metric-compatible connections on (V, k"),
(L, h*) and (W, hY) respectively. Let V5(U:L) be the Hermitian connection on S(U, L)
induced by VIX @ VV and V! (cf. [LaM, Appendix D], [LiuMaZ, §1.1]). Let
VSW.L)®W he the tensor product connection on S(U,L) ® W induced by VUL
and V¥,

(1.2) vSUDeW — gSUD @141 VY.

Let {e;}?, (resp. {f; }?21) be an oriented orthonormal basis of (T'X, hTX) (resp.
(V,hY)). We denote by c(-) the Clifford action of TX &V on S(U,L). Let DX @ W
be the family Spin®-Dirac operator on the fiber X defined by

21
(1.3) DX@W =) c(e)VsUDEW,

i=1

There are two canonical ways to consider S(U, L) as a Zy-graded vector bundle.
Let

Tg = ilc(61) oo C(CZI)y
(1.4) Te = iPc(er) - - - clear)e(f1) - - - c(Fap)

be two involutions of S(U,L). Then 72 = 72 = 1. We decompose S(U,L) =
S*(U,L) ® S~(U, L) corresponding to 75 (resp. 7e) such that 7s|s+(y,) = +1 (resp.
Telszw,1) = £1).

For T = 75 or 7e, by [LiuMal, Proposition 1.1], the index bundle Ind,(D¥) over
B is well-defined in the equivariant K-group Kg:1(B).
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Let F' = {F4} be the fixed point set of the circle action on M. Then 7 : F, — B
(resp. m : F' — B) is a smooth fibration with fibre Y,, (resp. Y'). Let 7 : N — F denote
the normal bundle to F' in M. Then N = TX/TY. We identify N as the orthogonal
complement of TY in TX|p. Let h™¥, AV be the corresponding metrics on TY and
N induced by ATX. Then, we have the following S'-equivariant decomposition of T'X
over F,

TXip = Ny, @ - ® Ny, ® TY,

where each N, is a complex vector bundle such that g € S! acts on it by g”. To
simplify the notation, we will write simply that

(1.5) TX\r = ®yzoNy ®TY,

where N, is a complex vector bundle such that g € S* acts on it by g* with v € Z*.
Clearly, N = @,20N,. We will denote by N a complex vector bundle, and Ng the
underlying real vector bundle of N.

Similarly let

(1.6) Wir = ©uW,

be the S'-equivariant decomposition of the restriction of W over F. Here W, (v € Z)
is a complex vector bundle over F' on which g € S? acts by g°.
We also have the following S!-equivariant decomposition of V restricted to F,

(1.7 ViF = @uzoVy ® Vi,

where V,, is a complex vector bundle such that g acts on it by g%, and Vi is the
real subbundle of V such that S! acts as identity. For v # 0, let V, g denote the
underlying real vector bundle of V,. Denote by 2p' = dim V! and 2I' = dimY'.

Let us write

(1.8) Lp=L® (®deth®deth)_1.

v#£0 v#0

Then TY @ V& has a Spin® structure as w2(TY @ VE) = ¢;1(Lr) mod (2). Let
S(TY®V§, Lr) be the fundamental spinor bundle for (TY @V, Lr) [LaM, Appendix
D, pp. 397].

Let DY, DY« be the families of Spin® Dirac operators acting on S(TY & V&, Lr)
over F, F, as (1.3). If R is an Hermitian complex vector bundle equipped with an
Hermitian connection over F, let DY ® R, DY= ® R denote the twisted Spin¢ Dirac
operators on S(TY & V&, Lr) ® R and on S(TY, ® VR, Lr) ® R respectively.

Recall that N, r and V, r are canonically oriented by their complex structures.
The decompositions (1.5), (1.7) induce the orientations on TY and VR respectively.

Let {e;}2%,, {f; }?2’1 be the corresponding oriented orthonormal basis of (T'Y,hTY)

and (VR AY"). There are two canonical ways to consider S(TY & VR, Lr) as a
Z>-graded vector bundle. Let

Te = i"c(el) ---c(ear),

(1.9) 7, =i cer) -+ elear )e(f1) - - e fapr)
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be two involutions of S(TY @ V&, Lr). Then 72 = 72 = 1. We decompose S(TY &
VR Lp) = SHTY @ VR, Lr) ®S~(TY & V&, LF) corresponding to 7, (resp. Te)
such that 7s|s+(ry@vR p) = 1 (1€SP. Te|st(ryevR,Ly) = £1)-

Upon restriction to F, one has the following isomorphism of Zs-graded Clifford
modules over F,

(1.10) S(U,L) ~ S(TY & V&, Lr)QAN,Q)AV,.

v#0 v#0
We denote by Ind;,, Ind,, the index bundles corresponding to the involutions 7,5, 7e
respectively.

Let S! act on L by sending g € S* to g' (I, € Z) on F. Then I, is locally constant
on F. We define the following elements in K (F)[[¢'/?]],

Ri(q) = g3Zvlvldim Ny~ 3 Sov dim Vot e ®o<v (Squv (Ny) ® det N,,)

) ®v<05.qu—"l(ﬁv).®v¢0 ;’\:I:q" (Vv) By quv_= Zn Ry nq",
R(q) = g~z lldimNe=gBovdimVtsle @y, Sym, . (N,)

Qu<o (Squ” (Ny) ® det N,,) ®uvro Axge (Vo) @0 ¢"Wy = 32, Ry 14"

(1.11)

The following result was proved in [LiuMaZ, Theorem 1.2]:
THEOREM 1.1. For n € Z, we have the following identity in K(B),

Ind,,(DX @ W,n) = 3, (—1)Zo<» dimNoInd (DYe @ R, )
=Y 4(=1)Pe<odimNoIngd, (D¥= ® R, ),

Ind,, (DX @ W,n) = 3, (~1)Zo<s dimNoTnd, (DY= @ R_ )
= S (~1)EeodimNTnd, (DY @ R ).

(1.12)

REMARK 1.1. If TX has an S'-equivariant Spin structure, by setting V =0, L =
C, we get [LiuMaZ, Theorem 1.1].

1.2. K-theory version of the vanishing theorem of Hattori. In this sub-
section, we assume that TX has an S'-equivariant almost complex structure J. Then
one has the canonical splitting

(1.13) TX ®r C=T10X ¢ TOVX,
where

T(lvo)X e {z € T_X ®R C, JZ =V —12},
TOVX = {z e TX ®r C,Jz = —/—12}.

Let Kx = det(T(™M9X) be the determinant line bundle of T X over M. Then
the complex spinor bundle S(TX,Kx) for (TX,Kx) is A(T(®D*X). In this case,
the almost complex structure J on T'X induces an almost complex structure on TY .
Then we can rewrite (1.5) as,

(1.14) TAOX = @yzoN, & THOY,

where N, are complex vector subbundles of 79 X on which g € S acts by multi-
plication by g°.
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We suppose that ¢; (T(1-9X) = 0 mod(N) (N € Z,N > 2). Then the complex
line bundle K;(/ N is well defined over M. After replacing the S! action by its N-fold
action, we can always assume that S acts on K;(/ N Forse Z, let DX ® K}/N be
the twisted Dirac operator on A(T(®D*X) @ Kj(/N defined as in (1.3).

The following result generalizes the main result of [Ha] to the family case.

THEOREM 1.2. We assume that M is connected and that the St action is non-
trivial. If ¢;(TM9X) = 0 mod(N) (N € Z,N > 2), then for s€ Z, ~N < s <0,

(1.15) Ind(D* @ K¥N) =0 in Kg:(B).

Proof. Consider R, (q), R} (g) of (1.11) with V = 0,W = Kj(/N. We know

(1.16) Rjﬁ"

=0if n <ay =infa(3 3, [v|dim N, + (3 + %) ¥, vdim V),
ton = 0if 7> ay =sup, (-3 2, [v|dim N, + (5 +

¥) >, vdim N,).

As —N < s <0, by (1.16), we know that a; > 0, as < 0, with a; or as equal to zero
iff 3, [v|dim N, = 0 for all @, which means that the S action does not have fixed
points.

From Theorem 1.1 (cf. [Z, Theorem A.1]) and the above discussion, we get The-
orem 1.2. 0

REMARK 1.2. From the proof of Theorem 1.2, one also deduces that DX ®
K%', DX are rigid on the equivariant K-theory level (cf. [Z, (2.17))).

2. Rigidity and vanishing theorems in K-Theory. The purpose of this sec-
tion is to establish the main results of this paper: the rigidity and vanishing theorems
on the equivariant K-theory level for a family of Spin® manifolds. The results in this
section refine some of the results in [LiuMa2] to the K-theory level.

This section is organized as follows: In Section 2.1, we state our main results,
the rigidity and vanishing theorems on the equivariant K-theory level for a family of
Spin¢ manifolds. In Section 2.2, we state two intermediate results which will be used
to prove our main results stated in Section 2.1. In Section 2.3, we prove the family
" rigidity and vanishing theorems.

Throughout this section, we keep the notations of Section 1.1.

2.1. Family rigidity and vanishing Theorem. Let 7 : M — B be a fibration
of compact manifolds with fiber X and dim X = 2[. We assume that S* acts fiberwise
on M, and TX has an Sl-invariant Spin® structure. Let V be an even dimensional
real vector bundle over M. We assume that V has an S'-invariant spin structure. Let
W be an S!-equivariant complex vector bundle of rank r over M. Let Ky = det(W)
be the determinant line bundle of W.

Let Kx be the Sl-equivariant complex line bundle over M which is induced by
the Sl-invariant Spin® structure of TX. Its equivariant first Chern class ¢; (Kx)gt
may also be written as ¢; (T X)s1.

Let S(TX, Kx) be the complex spinor bundle of (T'X, Kx) as in Section 1.1. Let
S(V)=St(V)® S~ (V) be the spinor bundle of V.
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We define the following elements in K (M)[[g*/?]]:

QW) =@, Lo Agn(W) ® @y A_gn (W),
Ry (V) = (ST(V) +S7(V)) ®3L1 Agn (V),
(2.1) R2(V) =(SH(V) =S~ (V)) @521 A—gn (V),
R3(V) = @71 A_gn-12(V),
Ry(V) = @311 Agn-112(V).

For N € N,N > 2, let y = €2™//N ¢ C. Let G, be the multiplicative group generated

by y. Following Witten [W], we consider the fiberwise action G, on W and W by

sending y € G, to y on W and y~—! on W. Then G, acts naturally on Q;(W).
Recall that the equivariant cohomology group Hg, (M, Z) of M is defined by

(2.2) H%(M,Z) = H*(M x5 ES',Z),

where ES! is the usual universal S-principal bundle over the classifying space BS!
of S'. So H%,(M,Z) is a module over H*(BS',Z) induced by the projection 7 :
M xg1 ES' = BS'. Let p1(V)s1, p1(TX)s1 € H%: (M, Z) be the S-equivariant first
Pontrjagin classes of V and T X respectively. As V x g1 ES! is spin over M x g1 ES?,
one knows that 3p;(V)s: is well-defined in H%, (M, Z) (cf. [T, pp. 456-457]). Also
recall that

(2.3) H*(BS',Z) = Z[[u]]

with u a generator of degree 2.

In the following, we denote by DX ® R the family of Dirac operators acting
fiberwise on S(TX, Kx) ® R as was defined in Section 1.1.

We can now state the main results of this paper as follows.

THEOREM 2.1. IfLUQ(W)Sl = wQ(TX)Sl, %pl(V-I-W—TX)Sl =e-7u? (neZ)
in Hy, (M,Z), and ¢;(W) = 0 mod(N). Fori = 1,2,3,4, consider the family of
Gy x S'-equivariant elliptic operators

DX @ (Kw ® Kx")*/? @32, Sym . (TX) ® Q1(W) ® Ry(V).

i) If e = 0, then these operators are rigid on the equivariant K-theory level for the
S1 action.

i) If e <0, then the indez bundles of these operators are zero in Kg, xs1(B). In
particular, these index bundles are zero in Kg,(B).

REMARK 2.1. Aswy (W)Sl = ws (TX)SI s %pl (W—TX)Sl € H;l (M, Z) is well de-
fined. The condition wa(W)s: = wa(TX)s: also means ¢; (Kw ® Kx')s: = 0 mod(2),
by [HaY, Corollary 1.2], the S*-action on M can be lifted to (KW ® Kx')'/? and is
compatible with the S action on Kw ® Kx'.

REMARK 2.2. If we assume ¢;(W)s1 = ¢ (TX)51 in H%, (M,Z) instead of
wa(W)s1 = we(TX)s1 in Theorem 2.1, then Ky ® Ky' is a trivial line bundle over
M, and S* acts trivially on it. In this case, Theorem 2.1 gives the family version of
the results of [De].

REMARK 2.3. The interested reader can apply our method to get various rigidity
and vanishing theorems, for example, to get a generalization of Theorem1.2 for the
elements [W, (65)].
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Actually, as in [LiuMaZ], our proof of these theorems works under the following
slightly weaker hypothesis. Let us first explain some notations.

For each n > 1, consider Z,, C S*, the cyclic subgroup of order n. We have the Z,
equivariant cohomology of M defined by Hz (M,Z) = H*(M xz, ES 1.Z), and there
is a natural “forgetful” map a(S',Z,) : M xz, ES' - M xg ES' which induces
a pullback o(S',Z,)* : H% (M,Z) — Hy (M,Z). The arrow which forgets the S*
action altogether we denote by a(S*,1). Thus a(S*,1)* : H3, (M, Z) - H*(M,Z) is
induced by the inclusion of M into M x g1 ES? as a fiber over BS?.

Finally, note that if Z,, acts trivially on a space Y, then there is a new arrow
t*: H*(Y,Z) — H} (Y,Z) induced by the projection Y xz, ES' =Y x BZ, Ly.

Welet Zy, = ST. Foreach1<n < 400, let i : M(n) = M be the inclusion of the
fixed point set of Z, C S* in M and so i induces i1 : M(n) xg1 ES! - M xg1 ES*.

In the rest of this paper, we suppose that there exists some integer e € Z such
that for 1 < n < 400,

(2.4) a(S1, Zn)* 0 i% (%p1 (V+W = TX)s1 - o-702)

=t* oa(Sl, 1)* o i (%pl(v +W - TX)S]).

REMARK 2.4. The relation (2.4) clearly follows from the hypothesises of Theorem
2.1 by pulling back and forgetting. Thus it is weaker.

We can now state a slightly more general version of Theorem 2.1.

THEOREM 2.2. Under the hypothesis (2.4), we have

i) If e = 0, then the indez bundles of the elliptic operators in Theorem 2.1 are
rigid on the equivariant K-theory level for the S*-action.

i) If e < 0, then the index bundles of the elliptic operators in Theorem 2.1 are zero
as elements in Kg, xs1(B). In particular, these index bundles are zero in Kg,(B).

The rest of this section is devoted to a proof of Theorem 2.2.

2.2. Two intermediate results. Let F' = {F,} be the fixed point set of the
circle action. Then w : F — B is a fibration with compact fibre denoted by ¥ = {Y,}.
As in [LiuMaZ, §2], we may and we will assume that

(2.5) TXjp =TY & @oc, Vo, _
TXr®rC=TY ®r C ®0<U(Nv ®N,),

where N, is the complex vector bundle on which S! acts by sending g to g” (Here N,

can be zero). We also assume that

Vir = Vot © @oc, Voo
(2.6) WIF e @va’
where V,, W, are complex vector bundles on which S* acts by sending g to g%, and
V& is a real vector bundle on which S? acts as identity.

By (2.5), as in (1.10), there is a natural isomorphism between the Z-graded
C(T X)-Clifford modules over F,

(2.7) S(TY,Kx Qo<v (det Ny) 1)®0<uAN, =~ S(TX, Kx)\F.
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For R a complex vector bundle over F, let DY ® R, DY~ ® R be the twisted Spin®
Dirac operator on S(TY, Kx ®o<y (det N,)™1) ® R on F, F,, respectively.
On F, we write

e(N) = Yo, v dim Ny, d'(N) =3 e, vdim N,
(2.8) e(V) =Y gc, v? dimV,, d'(V) =3 ey vdimVy,
e(W) =3, v*dimW,, d(W) =3 ,vdimW,.

Then e(N), e(V), e(W), d'(N), d'(V) and d'(W) are locally constant functions on
F.

By [H, §8], we have the following property,

LEMMA 2.1. If (W) = Omod(N), then d'(W) mod(N) is constant on each
connected component of M.

Proof. As ¢;(W) = 0 mod(N), (Kw)'/" is well defined. Consider the N-fold
covering S — S!, with u — XA = ¥, then p acts on M and Kyw through . This
action can be lift to (Kw)'/N. On F, p acts on (Kw)YYN by multiplication by p¢ ("W).
However, if 4 = ¢ = €2™/N | then it operates trivially on M. So the action of ¢ in each
fibre of L is by multiplication by (%, and a mod(N) is constant on each connected
component of M.

The proof of Lemma 2.1 is complete. O

Let us write

‘ (N) ®0<v(detN )v L(V) = ®0<v(det Vv)vy
(2.9) L(W) = ®v¢0(det Wy)?,
L= L(N) ® L(V) ® L(W).

We denote the Chern roots of N, by {z?} (resp. V, by ) and W, by w?), and
the Chern roots of TY ®r C by {+y;} (resp. Vo = V¥ ®r C by {£u}}). Then if we
take Zoo = S! in (2.4), we get

vi(ud +ou)? + 3 ,,(wj + vu)? — X;(y;)? —Ev,(ﬂ +vu)?) — eu?
3 (B0 (ud)? + By 5(wd)? — Z;(y;)? S v,i (@3)?).

By (2.3), (2.10), we get

(210) 2 3

ai(L) = Ty j0ud + By jowd — B, juzd =0,
@211)  e(V) +e(W) — e(N)
=Y e,V dimV, 4+ 3 02 dim W, — 3o, v* dim N, = 2e,

which does not depends on the connected components of F'. This means L is a trivial
complex line bundle over each component F, of F, and S* acts on L by sending g to
g%¢, and Gy acts on L by sending y to yd'(W). By Lemma 2.1, we can extend L to a
trivial complex line bundle over M, and we extend the S'-action on it by sending g
on the canonical section 1 of L to g2¢ - 1, and Gy, acts on L by sending y to y% (W),

The line bundles in (2.9) will play important roles in the next two sections which
consist of the proof of Theorems 2.3, 2.4 to be stated below.

In what follows, if R(q) = X ;ne1z Bmq™ € Ks1(M )[[g*/?]], we will also denote

Ind(DX ® Ry, h) by Ind(DX ® R(q), m,h). For k =1,2,3,4, set

(2.12) Rir = (Kw ® Kx")'? @ Q1(W) ® Ry (V).
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We first state a result which expresses the global equivariant family index via the
family indices on the fixed point set.

PROPOSITION 2.1. Form € %Z, h € Z,1 < k < 4, we have the following identity
in Kg,(B),

Ind(D* @2, Symgn (TX) ® Rig,m, h)
(213) =3, (-1)Fe<v dimNoInd(D¥> @32, Sym,. (TX) ® Rux
®Sym(€90<v ») ®o<v det Ny, m, h).

Proof. This follows directly from Theorem 1.1 and (2.7). O

For p € N, we define the following elements in Kg:1(F)[[q]]: !

FolX) = @ocy ( ©521 Symyn (Vo) ®nspo Symyn (Vo)) @52, Symyn (TY),
(2.14) f;,(X) = ®0<0n<<vpv (Squ—n (Ny) ® det Nv),

FP(X) = Fp(X) ® Fo(X).
Then, from (2.5), over F, we have

(2.15) FO(X) = ®32,Syma (TX) ® Sym(o<yNy) ®o<y det Ny

We now state two intermediate results on the relations between the family indices
on the fixed point set. They will be used in the next subsection to prove Theorem
2.2.

THEOREM 2.3. For 1<k<4,h, p€Z,p>0,mé€ %Z, we have the following
identity in Kg,(B),

o (—1)Ze<r dmNond(DYe @ FO(X) @ Rix, m, h)
(2.16) =Y (=1)pd' (N)+Zocy dim Ny Ind(DY ®F~ P(X) ® Rik,
m+ ipe(N) + ipd (N), h).

THEOREM 2.4. For eacha, 1< k<4, h,peZ,p>0,me %Z, we have the
following identity in Kg,(B),

2.17) Ind(D¥> ® F~?(X) ® Rix,m + 3p°e(N) + 3pd'(N), h)
’ = (—1)P¢¥ M nd(D¥> ® FO(X) ® Rix ® L™?,m + ph + p?e, h).
Theorem 2.3 is a direct consequence of Theorem 2.5 to be stated below, which
will be proved in Section 4, while Theorem 2.4 will be proved in Section 3.
To state Theorem 2.5, let J = {v € N| There exists a such that N, # 0 on F,}
and

(2.18) ® = {f €]0, 1]| There exists v € J such that fv € Z}.

1Here by Kg1(F) we also mean the direct sum of the form @nezEn with each E, a finite
dimensional vector bundle over F' of weight n under the S-action.
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We order the elements in ® so that ® = {6;|1 <1 < Jo,Jo € N and f3; < Bi+1}. Then
for any integer 1 <4 < Jy, there exist p;, n; € N, 0 < p; < n;, with (p;,n;) = 1 such
that
(2.19) Bi = pi/ni.
Clearly, 85, = 1. We also set pp = 0 and 8, = 0.
For 1 <3 < Jo, p € N*, we write
I{,’ = ¢, the empty set,

- n_ p]
_{(vn[UEJ(P—l)U<n<pv,%>p_1+pJ}

For 0 < j < Jy, set

(2.21)
FoiX)=Fp(X) @ Fpa(X) Q@  (Symy-n(N) @ detN,) Q) Sym,. (Vo).
(v,n)EUi_, I? (v,n)el}
Then
— T—p+1
022) FpalX) = F7PH(X),

Fp.ao(X) = F7P(X).

For s € R, let [s] denote the greatest integer which is less than or equal to the
given number s. For 0 < j < Jy, denote by

(2.23) €@ 05 N) = 5 Doy (dim Ny) g(p ~ Do+ [22) (- o + (22 +1),
' (p, B, N) = Yo, (dim No)([B°] + (p — 1)0).

Then e(p, B;, N) and d'(p, B;, N) are locally constant functions on F. And

e(p, Bo, N) = 1(P— 1)26(N)+ 30— 1)d'(N),
(2.24) e(p, By, N) = 3p%e(N) + 3pd'(N),
. d'(p, B, N) = d’(p+ 1, ﬂo,N) pd' (N).

THEOREM 2.5. For 1< k<4,1<j<Jo, p€E N*, h € Z, m € 3Z, we have the
Jollowing identity in Kg,(B),

Za(_l)d’(Pyﬁj—l,N)+20<v dim NoInd(DYe @ Fp j—1(X) ® Rux,
(2.25) , . m+e(p7ﬂj—11N)ah)
= Ea(—l)d (p,5;,N)+Eo<o dim NoInd(DY> ® Fp,i(X) ® Rug,
m + e(p,ﬂj,N),h).

Proof. The proof is delayed to Section 4. O
Proof of Theorem 2.3. From (2.22), (2.24), and Theorem 2.5, for 1 < k < 4,
h € Z,p € N* and m € Z, we have the following identity in K¢, (B):

> (=14 P:Bg:N)+Bo<e dimNuInd( DY« @ F~P(X) ® Ry,
(2.26) , m+ —p 2e(N) + pd’(N) h)
: = Z (- )d (pyﬂoyN)+20<vd1mNuInd(DY ®QF ”'*‘l(X) ® Ru,
m + 1(p— 1)%2e(N) + 2(p 1)d'(N), h).

From (2.24), (2.26), we get Theorem 2.3. O
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~ 2.3. Proof of Theorem 2.2. As ip)(TX —W)s1 € H3: (M, Z) is well defined,
by (2.8), and (2.10),

(2.27) d(N) + d (W) = 0 mod(2).

From Proposition 2.1, Theorems 2.3, 2.4, (2.23), (2.27),for 1 <k <4, h,p € Z,
p>0,m € 1Z, we get the following identity in K¢, (B),

Ind(D¥ ®32, Sym g (TX) ® Ry, m, h)

(2.28) = Ind(DX ®%2, Symg. (TX) ® Ry ® L™, m/, h),
with
(2.29) m' =m+ph+p'e.

Note that from (2.1), (2.12), if m < 0, or m' < 0, then two side of (2.28) are zero
in Kg,(B). Also recall that y € G acts on the trivial line bundle L by sending y to
yd W),

i) Assume that e = 0. Let h € Z, mg € %Z, h # 0 be fixed. If h > 0, we take
m' = my, then for p big enough, we get m < 0 in (2.29). If h < 0, we take m = myg,
then for p big enough, we get m' < 0 in (2.29).

So for h # 0, mg € %Z, 1<k <4, we get

(2.30) Ind(D* ®%2, Symg» (TX) ® Rik,mo,h) =0 in Kg,(B).

ii) Assume that e < 0. For h € Z, mo € }Z, we take m = my, then for p big
enough, we get m' < 0 in (2.29), which again gives us (2.30).

The proof of Theorem 2.2 is complete. O

REMARK 2.5. Under the condition of Theorem 2.2 i), if d'(W) # 0 mod(V), we
can’t deduce these index bundles are zero in K¢, (B). If in addition, M is connected,
by (2.28), for 1 <k < 4, in Kg,(B), we get

(2.31) Ind(DX @32, Sym . (TX) ® Ri)
) =Ind(D¥* @32, Sym . (TX) ® Ry) ® [d'(W)].

Here we denote by [d'(W)] the one dimensional complex vector space on which y € G,
acts by multiplication by y¥ (™). In particular, if B is a point, by (2.31), we get the
vanishing theorem analogue to the result of [H, §10].

REMARK 2.6. If we replace ¢;(W) = 0 mod(N),y = e2™/N by ¢, (W) =0,y =
e?™ with ¢ € R\ Q in Theorem 2.2, then by Lemma 2.1, d'(W) is constant on
each connected component of M. In this case, we still have Theorem 2.2. In fact, we
only use ¢; (W) = 0 mod(NN) to insure the action G on L is well defined. So we also
generalize the main result of [K] to family case.

3. Proof of Theorem 2.4. This section is organized as follows: In Section 3.1,
we introduce some notations. In Section 3.2, we prove Theorem 2.4 by introducing
some shift operators as in [LiuMaZ, §3].

Throughout this section, we keep the notations of Section 2.
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3.1. Reformulation of Theorem 2.4. To simplify the notations, we introduce
some new notations in this subsection. For ny € N*, we define a number operator
P on Kg1(M)[[g7]] in the following way: if R(g) = @pc 1 74" Ra € Ks1(M)[[g™]],
then P acts on R(g) by multiplication by n on R,. From ;ow on, we simply denote
Sym g« (TX), Agn (V) by Sym(T'X,,), A(Vy) respectively. In this way, P acts on TXp,
V., by multiplication by n, and the action P on Sym(T'X,,), A(V,,) is naturally induced
by the corresponding action of P on T'X,,, V,,. So the eigenspace of P = n is just given
by the coefficient of g™ of the corresponding element R(g). For R(q) = ®,,¢ i zq"R, €

K (M)[[gs]], we will also denote
(3.1) Ind(DX ® R(q),m,h) = Ind(DX ® Ry, h).

Let H be the canonical basis of Lie(S!) = R, i.e., exp(tH) = exp(2wit) for t € R.
If E is an S'-equivariant vector bundle over M, on the fixed point set F, let Jg be
the representation of Lie(S') on E|r. Then the weight of S! action on I'(F, E|r) is
given by the action

(3.2) Ig= g_;\/:uH.

Recall that the Z, grading on S(TX, Kx) ®°%, Sym(TX,,) (resp. S(TY,Kx ®
®o<v(det N)™1) ® F~P(X)) is induced by the Zs-grading on S(T'X,Kx) (resp.
S(TY,Kx ® ®o<y(det N,)71)). Let

Fy =8(V) @21 A(Va),
(3-3) Fx2/ = n€N+1 A(Va),
QW) = @2 oA(Wr) @52, A(W,).

There are two natural Zs gradings on F}, F2 (resp. Q(W)). The first grad-
ing is induced by the Zs-grading of S(V') and the forms of homogeneous degree in
R A(VR), ®neN+1 A(V,) (resp. Q(W)). We define Toypit = +1 (resp. TyjQw)x =
+1) to be the involution defined by this Z,-grading. The second grading is the one
for which F{, (i = 1, 2) are purely even, i.e., Fi;" = F}. We denote by 7, = Id the
involution defined by this Z, grading. Then the coeflicient of ¢ (n € %Z) in (2.1)
of Ri(V) or Re(V) (resp. R3(V), Ry4(V), or Q1 (W)) is exactly the Z,-graded vector
subbundle of (F}, ;) or (F},7.) (vesp. (FZ,7.), (FZ,7s) or (Q(W),71)), on which P
acts by multiplication by n.

We denote by 7. (resp. by 7s) the Zo-grading on S(TX, K x)®%, Sym(T X,,) Fk
(k =1, 2) induced by the above Z,-gradings. We will denote by 7.1 (resp. by 7s1)
the Z,-gradings on S(TX,Kx) @ ®2,Sym(TX,) ® Ff ® Q(W) defined by

(3.4) T1=Te®1+1®7, Ta=7,81+1®mn.

Let h"> be the metric on V, induced by the metric hY on V. In the following,

we identify AV, with AV by using the Hermitian metric A"» on V,. By (2.6), as

in (1.10), there is a natural isomorphism between Zs-graded C(V)-Clifford modules
over F',

(35) S(V()Ra®0<v(det Vv)_l)®0<vAVv = S(V)lF
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By using the above notations, we rewrite (2.14), on the fixed point set F, for
peN,

(%) = ®ocy (@721 SYm(Nop) ® s, Sym(No,n)) @72, Sym(TY,),
(5.6 Fy(X) = @gernen (Sym(Ny,—n) ® det I, ),
For(X) = F(X) © FyX)

Let Vo = VR ®gr C. From (2.5), (3.5), we get

fO(X) = ®;0=1 Sym( ea0<v (Nv,n @ Nv,n)) ®:o=1 Sym(TYn)
® Sym(©o<y Ny 0) ® det(@0<va)a
(3.7) F‘l/' = ®n—1 A(®0<v( v,n @ Vv n) eV n)
®S(Vo, ®o<u(det V3) ™) ®o<u A(V0),
F‘zf = ®0<n€Z+1/2 A(®0<v( v,n @ Vo ‘n) ® W n)7
QW) = Q,Lo A@Wo,n) @y A(©oWo,n).

Now we can reformulate Theorem 2.4 as follows.

THEOREM 3.1. For each a, h, p€ Z, p> 0, m € %Z, fori=1, 2, T =1, or
Ts1, we have the following identity in Kg,(B),

Ind, (DY~ ® (Kw ® Kx')'/?® }“P(X) ® Fi, @ Q(W),
m + 3p°e(N) + 3pd'(N), h)
= (-—1)Pd'(W)IndT(DY ® (Kw ® Kx")'/? @ F°(X) ® F},
RQ(W) ® L~P, m + ph + pZe, h).

(3.8)

Proof. The rest of this section is devoted to a proof of Theorem 3.1. O

3.2. Proof of Theorem 3.1. Inspired by [T, §7], as in [LiuMaZ, §3], for p € N*,
we define the shift operators,

Tyt Nyp — Nv,n-{-pva Tx : J!g,n — ]\Lzhn—pva
(39) Tx - Wv,n - Wv,n+pv7 Tx :_Wv,n jwv,n—pv’
Ts : Von = Vo ndpu, Te : Von = Von—po.

Recall that L(N), L(W), L(V) are the complex line bundles over F' defined by
(2.9). Recall also that L = L(N)™! ® L(W) ® L(V) is a trivial complex line bundle
over F, and g € S! acts on it by multiplication by g2¢

PROPOSITION 3.1. Forp€ Z, p > 0, i =1, 2, there are natural isomorphisms
of vector bundles over F,

ro(F7P(X)) = FO(X) ® L(N)P,

(3.10) ro(Fi) ~ Fi, ® L(V)~

For any p € Z, p > 0, there is a natural Gy x S'-equivariant isomorphism of vector
bundles over F,

(3.11) r(Q(W)) ~ QW) ® L(W)™".
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Proof. The equation (3.10) was proved in [LiuMaZ, Prop. 3.1]. To prove (3.11),
we only need to consider the shift operator on the following elements,

(3‘12) Qw = ®Zo=o A(er#OWv,n) ®Zo=1 A(@v;éowv,n)-
We compute easily that
(3-13) rQw = ®Z°=o A(@v;éowv,n—pv) ®Z°=1 A(@v¢0Wv,n+pv)-

Let A" be a Hermitian metric on W. Let A"* be the metric on W, induced by BV,
As in [LiuMaZ, §3], the hermitian metric A"> on W, induces a natural isomorphism
of complex vector bundles over F,

(3.14) AW, ~ A Wo—iy, @ det W,

elfv>0,forneN, 0<n<pv0<i<dimW,, (3.14) induces a natural
G, x S'-equivariant isomorphism of complex vector bundles

(3.15) AWy ey = ASMWo—ify oo ® det W,

eIfv<0,forneN, 0<n< —pv,0<i<dimW,, (3.14) induces a natural
G, x S'-equivariant isomorphism of complex vector bundles

(3.16) AWy pipy = ASBWe—iT o © (det W) 72

From (2.9), (3.15) and (3.16), we have

® Ai" Wv,n—pv ® All" Wv,n+pv

n€EN,v>0, n€N,v<0,
(3 17) 0<n<pv 0<n<—pv
. ~ Adim Woy—in w. Adim Wv—":InW L(W)™P
— v,—n+pv v,—Nn—pv ® ( ) .
n€EN,v>0, n€EN,v<0,
0<n<pv 0<n<—pv

From (3.13), (3.17), we get (3.11).
The proof of Proposition 3.1 is complete. O

ProprosSITION 3.2. Forp € Z, p > 0, ¢ = 1, 2, the Gy-equivariant bundle
isomorphism induced by (3.10) and (3.11),

T+ : S(TY, Kx ®o<y (det Nv)_l) ® (Kw ® K)_(l)l/2
RF P(X)® Fi ® Q(W)
= S(TY, Kx ®o<y (det N,) 1) ® (Kw ® Kx')'/?
RFU(X)® Fi ® QW) ® L™P,

(3.18)

verifies the following identities

(3.19) it Iy =Jm,
) ryt-P-r, =P+ plg + p’e — 3p%e(N) — 2d'(N).

For the Zy-gradings, we have

-1 _ -1 —
Ty TeTx = Te, T, TsTs = Ts,

(3.20) rolmr, = (=1)P4 Mgy
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Proof. We divide the argument into several steps.
1) The first equation of (3.19) is obvious.
2) a) From [LiuMaZ, (3.23)] and (2.8), for ¢ = 1,2, on F};, we have

(3.21) r7 Pr, =P+ pJg + -;—p2e(V).
b) Note that on ®g<v,0<n<pv det Ny, Ju acts as pe(N)+d'(N). On S(TY,Kx ®

det(Bo<oNy) ™) ® (Kw ® K3)Y/2, Jgr acts as —3d'(N) + Ld'(W). From (2.8), (3.6),
on S(TY, Kx ® det(@o<yNy) ™) ® (Kw ® Kx')/? ® F~P(X),

(3.22) r=1Pr, = P+ ply — pe(N) — %p(d’(N) +d'(W)).
c) From (2.8), (3.17), on @nen.vs0, AWy n ® nenvco, Ain W, , one has
0<n<pv o<n<—pv
(3.23)
ri'Pro= Y (dmW, —in)(-n+pv)+ Y (dmW, —i,)(—n — pv)
n€EN,v>0, n€EN,v<0,
0<n<pv o0<n<—pv
=P+pIg+ Y, (dmW,)(-n+pv)+ Y. (dimW,)(-n—pv)
n€N,v>0, n€EN,v<0,
o<n<pv o<n<—pv
1 1
=P+pJu+ §pze(W) + -2—pd'(W).

From (2.11), (3.21), (3.22) and (3.23), we get the second equality of (3.19).
3) The first two identities of (3.20) were proved in [LiuMaZ, Proposition 3.2].
For the Zy-grading 1y, it changes only on ®nen,v>0, A Wy n @ nenvco, Ain Wy .
0<n<pv 0<n<—pv
From (2.8), (3.17), we get the last equality of (3.20).
The proof of Proposition 3.2 is complete. 0 -
Proof of Theorem 8.1. From (2.11), (3.4) and Propositions 3.2, we easily obtain

Theorem 3.1. 00

4. Proof of Theorem 2.5. In this section, we prove Theorem 2.5. As in [Li-
uMaZ, §4], we will construct a family twisted Dirac operator on M(n;), the fixed
point set of the induced Z,; action on M. By applying our K-theory version of the
equivariant family index theorem to this operator, we prove Theorem 2.5.

This section is organized as follows: In Section 4.1, we construct a family Dirac
operator on M (n;). In Section 4.2, by introducing a shift operator, we will relate both
sides of equation (2.25) to the index bundle of the family Dirac operator on M (n;).
In Section 4.3, we prove Theorem 2.5.

In this section, we make the same assumptions and use the same notations as in
Sections 2, 3.

4.1. The Spin° Dirac operator on M(n;). Let 7 : M — B be a fibration of
compact manifolds with fiber X and dimg X = 2I. We assume that S' acts fiberwise
on M, and TX has an S'-invariant Spin® structure. Let F' = {F,} be the fixed point
set of the S!-action on M. Then 7 : F — B is a fibration with compact fiber Y. For
n €N, n>0,let Z, C S denote the cyclic subgroup of order n.

Let V be a real even dimensional vector bundle over M with an S'-invariant spin
structure. Let W be an S'-equivariant complex vector bundle over M.
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For n; € N, n; > 0, let M(n;) be the fixed point set of the induced Zy;-
action on M. Then 7 : M(n;) — B is a fibration with compact fiber X (n;). Let
N(nj) = M(n;) be the normal bundle to M (n;) in M. As in [LiuMaZ, §4.1], we see
that N(n;) and V can be decomposed, as real vector bundles over M (n;), to

Nmnj)~ P Nm)weo N("j)P:Zi,
(4'1) 0<v<n; /2
Vinm) 2V @B VngeeVn)s
0<v<n;/2 z

respectively. In (4.1), the last term is understood to be zero when n; is odd. We also
denote by V(n;)o, V(n;)»i, N(n;j)»; the corresponding complexification of the real
2 2

vector bundles V (n;)&, V(n;)%; and N(n;)%, on M(n;). Then N(n;)y, V(n;)'s are
2 2

complex vector bundles over M (n;) with g € Z,, acting by g¥ on it.

Similarly, we also have the following Z,,-equivariant decomposition of W on
M(n;),

(4.2) W = ®0§v<n,-W(nj)v'

Here W (n;), is a complex vector bundle over M (n;) with g € Z,, acting by g* on it.

It is essential for us to know that the vector bundles TX (n;) and V (n;)& are
orientable. For this we have the following lemma which generalizes [BT, Lemmas 9.4,
10.1] (See also [O]).

LEMMA 4.1. Let R be a real, even dimensional orientable vector bundle over a
manifold M. Let G be a compact Lie group. We assume that G acts on M, and lifts
to R. We assume that R has a G-invariant Spin® structure. For g € G, let M9 be
the fized point set of g on M. Let Ry be the subbundle of R over M9 on which g acts
trivially. Then Ry is even dimensional and orientable.

Proof. Let h® be the metric on R which is induced from the Spin® structure on
R. As g preserves the Spin® structure of R, g is an isometry on R and preserves the
orientation of B. On MY, we have the following decomposition of real vector bundles,

R=Ro®R;.

Since the only possible real eigenvalue of g on R; is —1, and det(g|z,) =1 on M7, we
know that dimg R; = dimg R — dimg Ry must be even. So dimg Ry is even.

Let K g be the G-equivariant complex line bundle over M which is induced by the
Spin® structure of R. Then E = R & Ky has an G-invariant spin structure. On M9,
we have the decomposition of vector bundles E = E; @ Ey, here Eq is the subbundle of
E on which g acts trivially. Now the action of g on the fiber of the spinor bundle S(E)
at ¢ € M9 gives an element g € Spin(E;) C C(E;), here C(E;) is the Clifford algebra
of E,. Let p : Spin(E;) — SO(E;) be the standard representation of Spin(E;,), then
p(9) = g. So ge(a) = c(ga)g for a € E,. Here we denote by ¢(-) the Clifford action.
This means that g commutes ¢(a) for a € Fy,, so g € Spin(E;,).

Let ej,---,ear be an orthonormal basis of Ey., then e; ---e;; (1 <43 <--- <
i; < 2k) is an orthonormal basis of the vector space C(E1;). We define o : C(Ey,) —
det(E1;) by

o N etN---Neg if j=2k=dimgE,,
oleq --e) = { 0 otherwise.
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By [BGV, Lemma 3.22),

(4.3) lo(9)] = det™/((1 - gj,)/2)-

So o(g) is a nonvanishing section of det(E1), det(E}) is a trivial line bundle on M?Y.
But E; is equal R; or R; & Kg, this means R; is orientable. So Ry is orientable.
This completes the proof of Lemma 4.1. O
By Lemma 4.1, TX(n;) and V(n;)& are even dimensional and orientable over
M (n;). Thus N(n;) is orientable over M (n;). By (4.1), N(n;)%; and V(n;)%, arealso
2

even dimensional and orientable over M (n;). In the following,zwe fix the orientations
of N(n;)%, and V(n;)%, over M(n;). We also fix the orientations of TX(n;) and
2 2

V(n;)& which are induced by (4.1) and the orientations on TX,V, N(n;)% and
2
V(ny)%; .
Let

(14) r(ng) = 5(1+ (-1)).

LEMMA 4.2. Assume that (2.4) holds. Let

L(75) = Qococny o ( etV (5),) © det(V(ng),)

4.5 ri{n; v
o @ det(T(7),) @ det(W (n)ny—s)) "

be the complex line bundle over M (n;). Then we have
i) L(n;) has an n% root over M (n;).
i) Let

Ly = Kx Qocyen, 2 (det(N(ny)0) @ det(Vny),)
(4.6) ® det(W (n;)n, j2) ® L(ng)r(s)/ms,
L2 = KX ®0<v<nj/2 (det(N(nj),,)) ® det(W(n])nJ/z) (024 L(nj)"'(ni)/";

Let Uy = TX(n;) ® V(n;)& and Uy = TX (n;) @V (n;)¥,. Then Uy (resp. Uz) has a
2

Spin® structure defined by Ly (resp. Lo ).
Proof. Both statements follow from the proof of [BT, Lemmas 11.3 and 11.4]. O
Lemma 4.2 allows us, as we are going to see, to apply the constructions and results

in Section 1.1 to the fibration M(n;) — B, which is the main concern of this section.
For p; € N, p; < nj, (pj,n;) =1, B; = -f%',, let us write

f(ﬁj) = ®0<"€Zsym(TX(nj)") ®0<v<n,~/2 Sym( ®0<n€Z+pj'v/n,~ N(nj)‘vm

®0<n€Z-—pj'v/nj N(nj)v,n) ®0<n€Z+% Sym(N(nj)%i,n)’

Fy(B;) = A( Go<nez V(nj)on Docon; /2 (EBo<nez+p,~v/n,~ V(n;)u.n
Do<nez—pjv/n; Tnj)v,n Po<nez+l V("j)'%,n )

F‘zf(ﬁj) = A( Bo<nez V(nj)ﬁz:‘.,n ®0<v<n,~/2 (@0<n€z+l’j'v/n,’+% V(ni)om
®0<neZ—p,~v/n,-+% Wu,n) Bo<nez+1 V(ni)on ),

QW(ﬂJ) = A(®0§v<n5 (®O<n€Z+pj'v/nj W(nj)"yn @OSnGZ-—pjv/nj W(nj)v,n)) :

(4.7)
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We denote by DX(") the S-equivariant Spin°-Dirac operator on S(Ui,L;) or
S(Us, Ls) along the fiber X (n;) defined as in Section 1.1. We denote by DX(") ®
F(Bj) ® Fi(B;) ® Qw(B;) (6 =1, 2) the corresponding twisted Spin® Dirac operator
on S(U;, L;) ® F(B;) ® F{;(,BJ) ® Qw (B;) along the fiber X (n;).

REMARK 4.1. In fact, to define an S (resp. Gy)-action on L(n;)"(")/"i  one
must replace the S*-action by its n;-fold action (resp. the Gy-action by G 41/»5 -action).
Here by abusing notation, we still say an S* (resp. Gy)-action without causing any
confusion.

In the rest of this subsection, we will reinterpret all of the above objects when we
restrict ourselves to F', the fixed point set of the S! action. We will use the notation
of Sections 1.1 and 2.

Let Nr/um(n;) be the normal bundle to F' in M (n;). Then by (2.5),

(4.8) NF/M("J’) = @0<v:v6njz Nv: .
TX(n;) ®@r C =TY ®r C @o<vven;z (Ny ©® Ny).

By (2.5), (2.6) and (4.1), the restriction to F' of N(n;),, V(n;), (1 < v < n;/2)is
given by

N(nj), = P Ny ) No,

(4 9) 0<v’:v'=v mod(n;) 0<v':v'=—v mod(n;)
V(nj)o = EB Vor @ V.
0<v’:v'=v mod(n;) 0<v’:v’=—v mod(n;)
And
(4.10) V(nj)o =V ®r C EB (Vo ® V).

0<v,v=0 mod(n;)
By (4.8)-(4.10), we have the following identifications of real vector bundles over F,
N(nj)%i = ®o<v,v=%i mod(n;) Ny,
TX(n;)=TY ®O<v,v=0 mod(n;) N,

V("J')OR = VOR ®0<v,v=0 mod(n;) Vo,

V(n,)lit,_ = ®0<v,v=ﬁj— mod(n;) V.

(4.11)

By (2.6) and (4.2), the restriction to F' of W(n;), (0 < v < n;) is given by
(4.12) W(nj)v = ®y'=v mod (n,-)Wv"

We denote by Vp = V& ®gr C the complexification of V® over F. As (pj,n;) =1,
we know that for v € Z, pjv/n; € Ziffv/n; € Z. Also, pjv/n; € Z+1iffv/n; € Z+1.
From (4.8)-(4.12), we then get

(4.13)
‘7:('3-7) = ®0<"€zsym(TYn) ®0<v,'v=0,:-7'- mod(n;) ®0<n€z+5,,£ Sym(Nv’" ® ]_Vv'")
®0<v’<nj/2 Sym( Dy=y mod(n;) ( @0<TLEZ+};L,”' Nv,n ®0<n€z_‘;1;." N’u,n

Dy=—v’ mod(n;) ®0<nEZ+£"£ Nv,n ®0<nEZ—£,;g Nv,n )a
i i
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108.)— ns . V.
FV (’BJ) =A [®0<"€z Vo "®0<v ,v=0,-4 mod(n;) (@0<n€Z+M v "®O<n€Z LA V” "

®0<v’<nj/2 (@v—v’ —v' mod(n;) (®0<nEZ+—’—- Vo v,n eaO<n€Z ~L- V )
2(3.) =
FV(IBJ) =A [ 690<n€Z+% %’"@0<v,v=0,—2l- mod(n;)
( Qo<nez+2i2 41 Von ®o<nez—‘—:§+% Von
e90<"'<":‘/2 DSv=v',—v’' mod(n;) EB0<nez+1},'§’+% Von e90<nez—5,;"'j—"+% V”’"))]’

Qw(8;) = A(@v (®0<n€Z+pj‘v/nj Won ®0§nez—pjv/nj an))

Now, we want to compare the spinor bundles over F. From (4.5), (4.6), (4.9) and
(4.12), we get that over F' we have the identities

r(ni)

L(n)) ™ = Qocvr<ny /2 (®v=v, mod(ny) (det Ny ® det Vo ®det W,)2
® =’ mod(ny)(det Ny ® det V, ® det W,,)—%’)r("")/""
Ly = Kx ® L(n)"")/™ @q s ./ (®v=v’ mod(n;)(det Ny ® det V,)
®ez—vr modtny) (et Ny ®det 7)™ ) -2 moain, det W,
Ly = Kx ® L(n;)r )/ Qo<vi<n; 2 (®v=v’ mod(n;) det No
@ =—v' mod(n;)(det N'v)_l) @i mod(n;) det Wo.
From (4.11), we have, over F,

(4 15) (nj) @ V(nJ) =TY ® VO 690<v v=0 mod(n;) (N eV, )
TX(’ILJ) @ V(n]) n =T1Y @0<v v=0 mod(n;) Ny 690<v v——l- mod(nj) Vo-

’

(4.14)

Recall that the Spin® vector bundles U3, Uz have been defined in Lemma 4.2. Denote
by

(4.16)
S(UL, L) = S(TY oVRL R  (detN, ®det V,,)-l) & AV,
o<, 0<w,
v=0 mod(n;) v=0 mod(n;)
S(Us, Lo)' = S(TY, Lk ® @detN)? & (det V,,)-l) R A
v=0 mod(n;) v="4 mod(n;) v="mod(n;)

Then from (1.10) and (4.16), for ¢ = 1, 2, we have the following isomorphism of
Clifford modules over F',

(4-17) S(Uu Li) =~ S(UM Li)l ® A(®0<v,u=0 mod(nj)Nv)'

We define the Z, gradings on S(U;, L;)' (i = 1, 2) induced by the Z,-gradings on
S(Us, L;) (i =1, 2) and on A(®o<v,v=0 mod(n;)Nv) such that the isomorphism (4.17)
preserves the Zs-grading.

We introduce formally the following complex line bundles over F,

1/2
Li=[L7'®  oc (detN, ®detV.) Roc, (det Ny @det V) @ Kx|

v=0 mod(n;)

1/2
Ly=[I5'® oc.  detNe®  oco  detV,®ocy (detN) @ Kx] .

v=0 mod(n; v=n;/2 mod(n;)
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From (1.10), Lemma 4.2 and the assumption that V is spin, one verifies easily that
¢ (ng) = 0 mod(2) for ¢ = 1, 2. Thus L}, L} are well defined complex line bundles
over F. For the later use, we also write down the following expressions of L} (¢ = 1, 2)
which can be deduced from (4.14):

1
L = [L(Nj)-'r(nj)/nj ® =" mod(ny) (det Ny ® det V, @ det W, )] ;
®0<v$1} mOd(nj)(det Nv)—l % <v<n; mod(n;) (det V )
b= [L(nj)—r(nj)/"j @474 mod(n;) (det Ny ® det V, ® det W,,)]
®0<v§ %—mod(nj) (det N'u)—l

v=

(4.18)

From (4.14), (4.16), and the definition of L] ({ = 1, 2), we get the following
identifications of Clifford modules over F,

S(Ula Ll)’ ® L’1 = S(TY, Kx ®o<v (det Nv)_l) ® S(VOR: ®0<v(det Vv)—l)
(419) ®A(630<v,v=0 mod(nj)Vv)a

S(Ug,Lz)’ ® Ll = S(TY, Kx Qo<v (det Nv)_l) ® A(®0<v,v=—¥- mod(nj)%)'
Let
A, N)= Y > dim N, + o(N(n;)%,),
2
(4 20) %i<v’<nj 0<v=v' mod(n;)

A, V)= > dim V, + o(V(n]-)%),

ﬁzi <v'<n; 0<v=v' mod(n;)

with o(N(n;)%,) = 0 or 1 (resp. o(V(nJ)R ) = 0 or 1), depending on whether the
given orlentatlon on N(n;)%; ( resp. V(n]) ] ) agrees or disagrees with the complex
orientation of ®,_r; 104(n;) N (resp. 69«;:—21- mod(n;) V2)-

By [LiuMaZ, §4.1], (4.12) and (4.17), for the Z,-gradings induced by 7, the
difference of the Z,-gradings of (4.19) is (—1)2(>M); for the Z,-gradings induced by

Te, the difference of the Zs-gradings of the first (resp. second) equation of (4.19) is
A(n;,N)+o(V(n;)%;)

(=1)A(N)+AM05,V) (regp. (—1) +).
4.2. The Shift operators. Let p € N* be fixed. For any 1 < j < Jp, inspired
by [T, §9], as in [LiuMaZ, §4], we define the following shift operators r;,:

Tjx * Nv,n — Nv,n+(p—l)v+p,~v/n,~a Tjx * ]ﬁ,n - ]Y&n—(p—l)v—pjv/njy
(4.21) Tjx : Wy — Wv,n+(p—1)v+p,-v/njv Tjx :_Wv,n __)Wv,n—(p—l)v—pjv/nja
Tix Vo 2 Vont@-tvtpo/mg Tie i Von 2 Voo p-1)v-pju/n;-

If E is a combination of the above bundles, we denote by r;+E the bundle on
which the action of P is changed in the above way.

Recall that the vector bundles F{, (i = 1, 2) have been defined in (3.7). From
(2.21), we see that

fp,j(X) = TP(X) ® ]:1,3—1 (X) ®(v,n)€Uf=IIf (Sym(Nv,—n) ® det Nv)

(4.22) e
®(v7n)€7§ Sym(Ny p).
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PROPOSITION 4.1. There are natural isomorphisms of vector bundles over F,

"'j*fp,j_l(X) IBJ) ®O<v v=0 mod(n ) Sym( )
+(p—1)v+1
®0<”(detN )[ ] ®=1) ®0<v v=0 mod(n; )(detN ) 1
F (X F S N N (22 ]+(p 1)v+1
r]* 171]( ) (IB]) ®O<v v=0 mod(n;) ym( v 0) ®0<v (det ) ’
(4 23;'.7*FV - S(‘/O ’®0<v(det Vv 1) ® F‘lf (IB]) ®0<1/ v=0 mod(n;) A( v 0)
Doy (det 7,) %5 DY,
— [Ri¥,1 -
iy = F3(B;) ®o<v,v=1‘§i mod(n;) A(Vy,0) ®o<y (det V. )[ ny T2l l)v
— p v 1
ri@(W) ~ Qw (8;) ®o<y (det W ) w5 O @ om0 mod(ny (A€t ) ™!
®u<o(det Wv) ] (P=1)v.

Proof. The proof is similar to the proof of Proposition 3.1.

Note that, by (2.19), for v € J = {v € N| There exists a such that N, # 0 on
F,}, there are no integer in ]%J‘_—“’ ’i-?—”[ So for v € J, the elements (v,n) € U2, IP

are (v,(p—1v+1),---,(v,(p— v+ [%"0—]) for 39 = j — 1, j. Furthermore,

424 B2 =B -1 i v=0 mod(ny)
(4.24) [I:;—llv] [%] if v#0 mod(n;).

By using (3.7), (4.21), (4.22), (4.24), we can prove the first four equalities of (4.23)
as in the proof of [LiuMaZ, Proposition 4.1].

From (3.14), we have the natural G, x S!-equivariant isomorphisms of complex
vector bundles over F',

(4.25)
inTI7 o~ dim Wy —i,
® A Wv,n—(p—l)v—%f,—u - ® A : Wv ,—n+(p— 1)v+—"—
nEN,u>0, ’ nENw>0,
0<n<(p-1)v+ 7 0<n<(p—1)v+ 24"
= |\ [2 ]+ (p—1)v+1 = \—
Rdet,) eI Q) (det T,
0<v 0<v,v=0 mod(n;)
n ~ dim W, —i, 717 v
® A", ” n+(p— 1)v'|'—L - ® A Wv,—n—(P—l)v—ﬂy.?-—
n€N,v<0, X n€N,v<0, X 7
0<n<~(p-1)v—55- 0<n<—(p— 1)v—‘°,”
1
®(detW)[ 2 )—-(- .
v<0

From (3.7), (4.13), (4.25), we get the last equation of (4.23).
The proof of Proposition 4.1 is complete. O
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LEMMA 4.3. Let us write

L(B;)1 = L, ®o<o (det ) %5 OV o (46t T, ,)l%’11+(p—1)v
®0<v,u=0 mod(n; )(detN )7 Qu<o (det W, )[ -1
®o<v(det Wy )[ 2]+ (p—1)v+1 oo mod(n)(det W)t

L(B;)2 = L5 ®o<y (det N, )[ =1 (p-1)v ®o<v (det Vv)[ Fl+(—1)v
®0<v,v=0 mod(n;)(det Ny)~ 1 ®,<o (det W, )[ - (p-1)v
®o<v(det W, )[ el ®o<v,0=0 mod(n; )(detW )-1.

(4.26)

Then L(B;)1, L(Bj)2 can be extended naturally to G, x S*-equivariant complez line
bundles which we will still denote by L(B3;)1, L(B;)2 respectively over M (n;).

Proof. Write

(4.27) 2V = PV w(v)
n;j n; n;j

Note that for v = % mod(n;), ﬂn(Jﬁ =1

We introduce the following line bundle over M (n;),

L4(8) = oy ((det(N(n5)) @ det(V(ny),)

(4.28) R
® det(W(nj)v) ® det(W(nj)nj—v)

)—w(v)—r(nj)v'

As in [LiuMaZ, (4.38)], Lemma 4.2 implies L*“(3;)'/" is well defined over M (n;).

The contributions of N and V in L(8;)1, L(8;)2 are the same as given in [Liu-
MaZ, Lemma 4.2], we only need to calculate the contribution of W in L(8;)1, L(8;)2-
Actually from [LiuMaZ, (4.37), (4.44)], (2.9), (4.12), (4.18), (4.26), (4.27) and (4.28),
we get

L(psh = L7000/ @ (81 @ det(Wny),)

o0<v<E
—(p—1 _ﬁz:_ w L
(4‘29) L(,Bj)2 =L (p-1) nj ®L ) F] ® det n]) )
0<v5

® ® det(V(n;),)-

1<m<p; /2 m—}<p;v' /n;<m

The proof of Lemma 4.3 is complete. O
Let us write
s(W) = —} Toe, (dim W) [(Z2] + (p — D) (Z2] + (p = Do + 1)
~(B2 + (p~ 1)) (2([%} +(p 1) +1)]
~1 Do (dm W) [([(=22] = (p = Do) (- 22] - (p— Do + 1)
22+ (- 1) 2 ([—%5] - (- 1) +1)],

(4.30)
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&1 = } T, (dimN, - cnmvv)g([%] + (o= D) + (- Do +1)
~(22 + (p - 1) (22 + (- Do) + 1)),
= 1 e, (dim M) [([E2] + (p— Do) (Z2] + (- v +1)
(22 4 (= 1) (A + (o~ 1) +1)]
_% o<y (dimVy) [([% + %] +(p - 1))?
—2(22 + (p— Do) (B2 + 1]+ (p— 1)v).

Then £(W),e1, &2 are locally constant functions on F'.

Recall that the involutions 7., 7, and 73 were defined in Section 3.1. Also recall
that if E is an S'-equivariant vector bundle over M, then the weight of the S'-action
on I'(F, E) is given by the action Jg (cf. §3.1).

PROPOSITION 4.2. For i = 1, 2, the Gy-equivariant isomorphisms induced by

(4.19) and (4.23),

ri1 : S(TY, Kx ®o<y (det Nu) 1) ® (Kw ® Kx')/?
®Fp,i-1(X) ® Fy; @ Q(W) -
S(Ui, L) ® (Kw ® Kx')/? ® F(B;) ® F(B;)
®Qw(B) ® L(Bj)i ® _o<v. = Sym(NVuo),

4.31 mod(n;)
(4.31) riz 1 S(TY, Kx ®ocy (det Ny)~ 1)®(KW®K 1y1/2

®F,i(X) ® Fi, @ QW) —
S(U;, L)' ® (Kw ® K,;l)l/2 ® F(B;) ® Fi,(B4)
®Qw(B;) ® L(Bj)i ® < (Sym(N,0) ® det N,),

v=0 mod(n;
have the following properties : 1) fori=1, 2, y=1, 2,

JH"'W =Jdm,

(4.32) 1P7',.y _P+(‘L+(P—l))JH+Ez-y,
where
(4.33) eir = &; +e(W) —e(p, Bj-1,N),

eiz = i + (W) — e(p, B;, N).
2) Recall that o(V(nJ) ;) was defined in (4.20). Let
=- 20<v[p B dlva + A(nj, N) + A(n;,V) mod(2),

Zo<v[2’— + 2] dimV, + A(n;,N) + o(V(nJ) ) mod(2),

M3 = A(nbN) mod(2),
pa =3, (dim W) ([2] + (p - 1)v) + dim W + dim W (n;)o  mod(2).

Then fori=1, 2, y=1, 2,

(4.34) ¥

-1 : -1
Tz'v TeTiy = (—1)PiTe, Tiy TsTiy = (—1)¥s1s,

(4.35) 1'17',.y = (—1)Hamy.

Proof. The first equality of (4.32) is trivial. From (2.23) and (4.24), one has

(436) e, N) =ep.Bi-1, M)+ > (-1w+ ])dlmN

0<v,v=0 mod(n;)
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Denote by &;(V) (i = 1, 2) the contribution of dimV in ¢; (i = 1, 2) respectively.
Then from [LiuMaZ, (4.52), (4.53)], on FY},, we have

(4.37) 17 Pris =P+ ((p=1) + ) I +ei(V).

From (4.25), as in (3.23), on Q(W), we get

(438) r3iPr =P+ ((p-1)+ %J})JH reW)+3((-1)+ %)d’(W).

From (4.36), (4.37), (4.38), and by proceeding as in the proof of Proposition 3.2,
as in [LiuMaZ, Proposition 4.2], one deduces easily the second equation of (4.32).
Finally from the discussion following (4.20), and [LiuMaZ, (4.50)], we get the first
two equations of (4.35). By (4.12) and (4.25), we get the last equation of (4.35).
The proof of Proposition 4.2 is complete. O

LEMMA 4.4. For each connected component M' of M(n;), €1 +e(W), e +€(W)
are independent on the connected component of F in M'.

Proof. From (2.11), (4.10), (4.12), (4.27) and (4.30), we have

1 . . .
e = 3 E E (dim N, — dim V,, — dim W)
0<v'<n; v=v' mod(n;)
PV a2 w@)(n —w('))
(- +6-v L2

J
(439) =(-1+2ype— L (dimR N(n;)% — dimg V(n;)% - 2dim W(nj)n_j)
n; 16 ‘EL —2L 2
1

) Z (dimN(nj)v/ —dim V(n;)y — dim W(n;)w

0<v'<n; /2 , ,
—dim W(nj)n,._v:) w(v')(n; —w(v')) .

n;
By (4.30), e2 — 1 was given in [LiuMaZ, (4.49)], it is independent on the connected
component of F' in M'.

The proof of Lemma 4.4 is complete. O

The following Lemma was proved in [BT, Lemma 9.3] and [T, Lemma 9.6] (cf.
[LiuMaZ, Lemma, 4.6]).

LEMMA 4.5. Let M be a smooth manifold on which S* acts. Let M’ be a connected
component of M(n;), the fized point set of the subgroup Z,; of S* on M. Let F be
the fized point set of the S'-action on M. Let V. — M be a real, oriented, even
dimensional vector bundle to which the S*-action on M lifts. Assume that V is Spin
over M. Let p; €]0,n;[, p; € N and (pj,n;) =1, then

Y o<y (dim Vv)[%fjﬁ] + A(nj,V) mod(2),

(4:40) Soco(dmV)[Z2 + 1]+ 0(V(nj)R ) mod(2)

are independent on the connected components of F' in M'.
Recall that the number d'(p, 3;, N) has been defined in (2.23).

LEMMA 4.6. For each connected component M' of M(n;), d'(p,B;,N) + u; +
e mod(2) (¢ =1, 2, 3) are independent on the connected component of F in M’'.
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Proof. By (4.34), and Lemma 4.5, to prove Lemma 4.6, we only need to prove

) "(dim N, )( [p]v] +(p—1)v) + A(nj, N) + ps mod(2)
0<v

is independent on the connected components of F' in M'. But by [BT, Lemma 9.3],
as wa(TX @ W)s1 = 0, we know that, mod(2),

(4.41) 3 (dim N,) p’”] + A(nj,N) + Z (dim W,) [
0<v

is independent on the connected components of F' in M'. From (2.23), (2.27), (4.41),
we get Lemma 4.6.
The proof of Lemma 4.6 is complete. O

4.3. Proof of Theorem 2.5. From (2.23), (4.9), (4.12) and (4.24), we see that

(4.42)
Z dim N, = Z dim N(n;)y + = dlmR N(nJ) 2t Z dim N,,
0<v o<v< 3L 0<v,v=0 mod(n;)

d(p,Bj,N)=d'(p,fj-1,N)+ ), dimMN,.

0<v,v=0 mod(n;)

By Lemma 4.6, (4.42), d'(p, Bj-1, N) +3 g, dim Ny + p; +pg mod(2) (i = 1,2,3)
are constant functions on each connected component of M (n;).

TFrom Lemma 4.3, one knows that the Dirac operator DX (") ® F(8;) ® Fi,(8;) ®
Qw(B;) ® L(B;)i (¢ =1, 2) is well-defined on M(n;). Thus, by using Proposition 4.2,
Lemma 4.4, (4.17) and (4.42),fori =1, 2, h € Z, m € 3Z, T = 7, or 75, and by
applying both the first and the second equations of Theorem 1.1 to each connected
component of M (n;) separately, we get the following identity in K¢, (B),

(4.43)
za(—l)d'(”’ﬁj‘l’NHz"f" dim N"Ind,—(DY" ® (KW ® K}—(l)l/z ® ]:p,j_l (X)
®-Fz ® Q(W),m + e(pnB] laN) h)
= Yy (—1)d @i LN+, dim N, »trInd, (DX(") ® (Kw © Kx')'/2 ® F(B;)
QF%(B;) ® Qw(Bj) ® L(Bj)i,m +¢&; + (W) + (—L + (p—1))h,h)
= Yo (~1)¥ 85N+ Toc, dimNong (DY @ (K ® Kx')V? ® fp,](X )

Here ) ; means the sum over all connected components of M (n;). In (4.43), if 7 = 751,
then p = ug + pg; if 7 = 721, then p = p; + pa.
The proof of Theorem 2.5 is complete. O
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