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A NUMERICAL BOUND FOR SMALL PRIME SOLUTIONS
OF SOME TERNARY LINEAR EQUATIONS, II*

MING-CHIT LIUt, TIANZE WANG!, AND YUAN WANGS}

1. Introduction. Since Vinogradov’s remarkable result [V] that every suffi-
ciently large odd integer can be represented as a sum of three primes in 1937, there
are many results on the solvability to the Diophantine linear equation

(1.1) pr+p2+p3=>

with prime variables. Hua’s result[Hul] is more general than the others; he proved in
1938 that every sufficiently large odd integer b can be written as the form

(1.2) p1+ D2 -I-PQc =b

where k > 1 is a fixed integer. Then Hua established in [Hu2] the additive theory
of prime numbers based on a series of generalizations of the works of Vinogradov on
prime number theory. Alan Baker[B] took a step further and considered in 1967 the
problem on bounds for small prime solutions of the linear equation

(1.3) aip1 + azpe +asps = b
where a1, a3, a3 are integers such that
(1.4) aja2a3 #0 and (a1, a2, a3) = 1,

and b is any integer satisfying

(1.5) b=ai +a+a3(mod2) and (b, ai,a;)=1 for 1<i<j<3.
Put
(1.6) A = max {|ai|, |az]|, |as|}-

As the culmination of a series of earlier discoveries[L1], [L2] on the bound of the small
prime solutions to equation (1.3), it was proved [LT1]:

THEOREM 0. Assume the conditions of (1.4) and (1.5) on a;’s and b.

If all the a;’s are positive, then there is a computable absolute constant V> 0
such that equation (1.8) is solvable in prime variables p;, po and p3 when b > AY;

If all the a; ’s are not of the same sign, then there is a computable absolute constant
B > 0 such that equation (1.8) has a prime solution p1, pa, ps with

max {|a1|p1, |az| pe, |as| p3} < max {|b], AP}.

Here > and < are the Vinogradov symbol and the implied constants in the symbols
are computable absolute constants.

As indicated in [LT1, §1] and [LT2, Remark 1.1 and Remark 2.1], conditions
(1.4) and (1.5) are necessary and Theorem 0 implies Linnik’s theorem that the least
prime in any arithmetic progression {ng + €}n=1,2,.. with (g, £) = 1, is < q¥, where
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L is an absolute constant. Recall that the best known numerical upper bound for
the infimum £ (called the Linnik Constant) of all possible values of L is < 5.5 where
the implied constants in <« is computable. This. result is due to Heath-Brown [H-
B]. Accordingly, it is worthwhile to estimate the bound for the infimum B of all the
possible values of the constant B in Theorem 0. We now call B the Baker Constant.
Note that £ < B. In [CLT], it was proved that B < 4 under the Generalized Riemann
Hypothesis. Unconditionally, Choi [C] proved that B < 4191 in 1997 for the first time.
Most recently, based on the results of the zero-free regions for Dirichlet L-functions in
[H-B] and an explicit zero-density estimate near the line o = 1, we are able to improve
upon this bound for B considerably and obtained [LW] that B < 45 (and also infimum
V < 45) where the corresponding constants to the Vinogradov symbols 3> and < in
Theorem 0 above are non-computable in [LW]. Here we would like to remark that it
is not surprising if one can reduce the 45 further to a two-digit bound by modifying
the arguments in [LW]. However, it seems not easy to obtain an one-digit bound for
B which should be the next worthy target in the investigation of Baker’s Constant.

In the present paper we shall continue the investigation in [LW] to obtain the
following Theorem 1 where there are no non-computable constants at all.

THEOREM 1. Under the conditions of (1.4) and (1.5) there is a computable ab-
solute constant C > 0. If all the a;’s are positive, then the equation (1.3) is solvable
in prime variables p1, p> and ps when b > C A4

If all the aj’s are not of the same sign, then the equation (1.3) has a prime
solution p1, ps, p3 satisfying

max {|a1| p1, |az| p2, |as| ps} < max {3[b], CA*}.

In order to obtain the computable absolute constant C' in our Theorem 1 above
we have to use the effective upper bound for 5 in (2.8) below which supersedes the
Siegel theorem in [LW, (2.13)]. Note that the Siegel theorem was used only in those
proofs of [LW, Lemmas 6.1 and 7.3] where w < &5 was assumed. So we shall use (2.8)
to establish the corresponding results in our Lemmas 3.1 and 3.2 below when w < €.
These two lemmas will give bounds for Gallagher’s type triple sums ), and ), (see
Lemmas 3.1 and 3.2) to estimate the M, in Lemma 5.4 below. On the other hand,
when w > €2, we shall apply all the results in [LW] directly except that the second
inequality in [LW, (2.13)] now is redundant, and so all the arguments there become
effective.

REMARK. Concerning Vinogradov’s result in [V], under the Generalized Riemann
Hypothesis (GRH) it was obtained in [DERZ] that for any odd integer b > 9, the
equation (1.1) holds. Therefore, the Three Primes Goldbach Conjecture is true under
the GHR. Unconditionally, very recently it was proved by the first two authors that
for any odd integer b > exp(3100), the equation (1.1) holds.

2. Auxiliary lemmas. From now on, we shall use the following notations. Let
N be a sufficiently large positive number and let

(21) 0:=1/(12-¢), Q:=N° T:=@Q° L:=logQ, 7:=N"1Q',

where and throughout this paper, €; is a fixed sufficiently small positive number. We
assume that

(2.2) Q > Al¥er,
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For1<j<3,let
(2.3) Nj:=N|aj|™", Nj:=N@4la)~".

Let L(s, x) denote the Dirichlet L-function of s = o+it where x is a Dirichlet character
modulo g. As a starting point, we first give the following well known result.

LEMMA 2.1. Under the notations of (2.1), there exists a small computable abso-
lute constant ¢y such that the function

(2.4) I II z6.0

¢<Qxmodg

has at most one zero in the region
(2.5) o>1—-c/L, [t|<T.

Such a zero B (called the exceptional zero or the Siegel zero), if it exists, is real and
simple, and corresponds to a mon-principal, real, primitive character ¥ to a modu-

lus ¥ < Q. Here the * in (2.4) indicates that the product [[* is over all primitive
xmod g

characters x(mod q).
Proof. One can see, for example, [D, §14].

In what follows, except for the last part of the Proof of Theorem 1 in §6, we shall
always assume that the exceptional zero § in Lemma 2.1 indeed exists and satisfies

(2.6) ‘ w = (1 - B) L <eo,

where and throughout this paper, 2 is a fixed sufficiently small positive number.
LEMMA 2.2. If the exceptional zero § in Lemma 2.1 indeed ezists, then for any
constant ¢ with 0 < ¢ < 1 and for any small € > 0 there is K(c,e) > 0 depending on ¢

and e only such that for any zero p = B + iy # B (corresponding to x(mod q)) of the
function (2.4) we have

il (1=92/3-¢) (1-0)(2/3-¢)
20 pst {6’ log 7, q] || log ((1 - B)log[F, q] |7|> } ’

if [7, 4]yl > K(c,€). Moreover there exists a computable absolute constant c; > 0 such
that

(2.8) 1—co/L<B<1—er7Y?1og™2 7.

Proof. (2.7) is a direct consequence of [G, Theorem 10.1]. For the second inequal-
ity in (2.8), one can see, for example, [D, §14].
LEMMA 2.3. Foranyxz > 1 and y > 2, let

(29) Nq(CV’y) = Z Z 1 and N(aa z, y) = Z Nq(a7y)7
xmodgq P;‘i:;‘v <z

A3
where the * in (2.9) indicates that the summation >." is over all primitive characters

xmodgq
Xx modulo q, and p = B + i is any non-trivial zero of L(s,x). Then

(2.10) N(a, z,9) € (wzy)s(l_a)/(z_a) log” (z%y), for 1/2 < a < 4/5,
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and

(211) N(a, 7,9) < (229) "9 for 4/5<a <.

Proof. (2.10) is [PP, Theorem 4.4], and (2.11) is [J, Theorem 1].
LEMMA 2.4. Let p = B+1iv be any complez number satisfying 1/2 < 3 < 1. Then
for any real n we have

min {N?, [n|7°}, if |l <1, (2.12)
N Bly—1 ;
/ o e(an)do < N |7|_1,2 z.f [nl < |vl/(47N), (2.13)
N/ NPy 722, if |yl/(47N) < |n| < 4]y]/(xN), (2.14)
NA=Lp 7L, if Inl>4]y|/(xN). (2.15)

Proof. This is [LW, Lemma 4.3] or [LT, Lemma 3.2].

3. Gallagher’s type triple sums. Now we come to estimate Gallagher’s type
triple sums in Lemmas 3.1 and 3.2 below, under the assumption w < &3 in (2.6).

LEMMA 3.1. Under the notations of (2.1) and (2.3) and the assumption of (2.6),
there is K (e2) > 0 depending on €3 only such that if Q > K (g2) we have for1 < j < 3,

* ' _ €9, forany 7<Q,
DD I VD SR R
J 1/64 -
1 40 xmodq |y|<QiTe1g-1 gy W, for F< Q/4,
where the 1 indicates that the last summation runs over all the zeros p = B+ iy #
of L(s,x) with 8> 1/2. ;

Proof. For any zero p = B+ iy # B of L(s,x) with |y| < Q*°1¢™1, by (2.6),
7 < @ and Lemma 2.2

. 1-¢)(2/3 - 1-¢)(2/3-
R !

By (2.6) and (2.8), we have

(3.2) w> L2 log™ 27> Q~1/2L71,
and
(3.3) w> QYL for < QYA

Let ¢ = (1/2) + €. Then by (3.2), the second term inside the curly brackets in (3.1) is
(1/2-¢)(2/3—¢) 1+ex1/2
< .
log (FQ1+e1) log (E r )
The above is increasing with respect to 7. Hence in view of # < @, the above can be
estimated further as

(1/2_6)(2/3_6) 1+e 2 (1/2—6)(2/3—5)
s (24+e1)L log (L ’ Ql/ ) < (2+e1) (1/2+¢) < c/6.

This shows that the second term inside the curly brakets in (3.1) is always smaller
than the first one if one sets ¢ = (1/2) + . With this choice of ¢, by (3.1) and 7 < @
we have

(3.4) B<1—(1/6—¢(e1)) L og (1/8w) =: 1 -1 (Q),
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where £(e1) is a sufficiently small positive constant depending only on ¢;. Similarly,
by (3.3), it is easy to verify that the second term inside the last curly brakets in (3.1)
is always smaller than c/6 if one assumes 7 < Q'/* and sets ¢ = (2/7) + . With this
choice of ¢, by (3.1) we have

(3.5) B<1-(8/21—¢(er)) L7 log (1/6w) =: 1 — 12(Q).

Now we let 7(Q) = m(Q) in general and 7(Q) = 72(Q) if ¥ < Q'/%. Setting y =
Q'*1q7! in the first equality of (2.9) and then letting N*(a, Q) := > a<q Nola,y)
instead of N(a,z,y) in (2.9), one has

(3.6)

1-9(Q)
T <- / NE1AN* (o, Q)
1 1/2
4/5

1-n(Q)
= N_1/2N* (1/2, Q) + { / / - }N* (a, Q) N~ 'log Njda.
1 4/5

/2

From (2.9), we havefor 1/2 < a <1,

* 14¢ -1
(3.7) N*(, Q) K L  Jax > Ny(o,@UrMY).
M<q<2M

Note that, in view of (1.8), (2.1), (2.3) and Q > A2 (by (2.2)), we have for 1 < j < 3,
(3.8) N; > QIZ—(1/12)—€1 =: Q.

Hence by (3.7), (2.10), (3.8) and (3.2), the first term on the right hand side of (3.6)
can be estimated as

—-1/2 2)l+er yr—1p9 -1, 3
(3.9) <K N; L’,lSmMa%cQ{M QU ML} « Q
When 1/2 < a < 4/5, by (2.10) we see that (3.7) is

2 Al+e; 3 r—1)3(1—2)/(2—a) 9 6(1+¢1)(1—a)/(2—a) p10
«clng{(MQ MY £} <«Q co,

whence by (3.8), (3.3), and ¢2 = 12 — (1/12) — ¢4, the first integral on the right hand
side of (3.6) is

(3.10)
4/5
< 511/ Qea(a=1) QO(1+e1) (1-a)/(2-0) 4oy L1 Qlca—6(1+e1)/(2-4/5)}(4/5-1)
1/2

Q~1%, forany 7<Q,

-1.38
@ <<{Q13, for < QY4
To estimate the last integral on the right hand side of (3.6), instead of (3.7), we first
use (2.11) to bound N*(e, Q) as follows. Let d = 1—2=% for k > 0. So 2d, = 1+di—;
for k > 1. Let u be a fixed sufficiently large constant, then by (2.9) and (2.11) we have
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for a € [4/5, 1],
u
Ne<Y Y N(a@t®)4s Y N, (a,QUd)
k=1 Qk-1<g<Q% Q4 <q<Q

u
< z Q(1+2dk+el—dk_l)(2+s)(1—a) + Q(2+1+sl—du)(2+s)(1—a)
k=1
& Q(2+251)(2+5)(1—a),

providing that 27* < &; where the implied constants in the above < depend on u.
Hence by (3.8), the last integral in (3.6) can be estimated as

1-n(Q
(3.11) < / 4 )Q{02—(2+2€1)(2+5)}(a—1)£da < Q—{62—(2+261)(2+s)}n(Q)'
4

/5
Thus, in general, by (2.6), (3.4), and ¢; =12 — (1/12) — &3, the above is
(3.12) <exp{—(c2 — (2 +¢)(2+ 2€1)) (1/6 — e(e1)) log(1/8w)}

< w(02"(2+5)(2+251))(1/6—5(61)) L w <K es.

When 7 < Q'/4, by (2.6) and (3.5), we can estimate (3.11) further as
(3.13) L exp{—(c2—(2+¢)(2+2¢1))(8/21 — &(e1)) log(1/6w)}
< W3TA/6Y) & 51/64 3

Combining (3.6), (3.9), (3.10), (3.12) and (3.13), the proof of Lemma 3.1 is complete.
LEMMA 3.2. Under the conditions of Lemma 3.1, we have

—1—0.951 ~
-1y ! B-1) -1 Q y  forany 7<Q,
IO ITES SINED DINEE /Al U D2 AT
210 medg Ql+e1g-1<|y|<T Q e1,3, for < QY4
Proof. Note that
(3.14)

Secam{ses 8w

xmodg Q*e1¢-1UL|y|<2Q+e1¢-1U
—1—¢1 p2 1 B-1
<@ £ 12’(?2% 1<Va§Q {U Z Z Z N; } :
V<g<2V xmodg |y|<2Q'+¢1¢-1U
Noting U < Q® (see (2.1)) and |y| < 2Q'*°1¢~1U, by Lemma 2.2 and (2.6), the 3 in
(3.14) is
. [c (1-0)(2/3-¢) (1-¢)(2/3-¢)
<1l- = 1 .
S1-min { 6’ log (FQITl) 8 6w

In view of (3.3), if # < Q/4, then by similar arguments as between (3.3) and (3.4) it
can be verified that the second term inside the last curly brackets is always smaller
than ¢/6 if one sets ¢ = (2/7) + . With this choice of ¢, the above is

(3.15) <1- &;—1%1 < )::1—773(Q,U), say.
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If # > Q/*, we shall use the trivial bound 8 < 1, that is, in this case, we let 73(Q, U) =
0. Thus in view of (2.9) the last triple summation over g in (3.14) is

-n3(Q,U)
(3.16) < - / N77'dN (a, 2V, 2Q' 51UV )
1/2

s 4/5 1-15(Q,U)
< N;7'Y?N (1/2,2v, 2@+ UV / /
: 4/5

X N (a, 2V, 2Q"*'UV ') N7~ log N;da.

By (2.10), the first term on the right of (3.16) is <<'Nj_1/2Q1+51UV£9. Hence by
(3.14), (3.8), c2 = 12 — (1/12) — €1, and (3.2) its contribution to ), is

—1—g pll —15-1/2 41+e -3,3.
(3.17) <Q ' 1<U<T1<Va§Q{U N; @ 1UV}<<Q

Again by (2.10), the first integral on the right of (3.16) is
4/5
< £10/ qu—l (Q1+51 UV)3(1—°‘)/(2—C¥) da,
1/2

hence by (3.14), its contribution to ), is

4/5
€QTTNLY mp {U‘l /1/2 Nyt (@)t eeTe da} :

Note that 3(1 —a)/(2 —a) < 1for 1/2 < a < 4/5. Then by (3.8) and (3.3) and
cg =12 — (1/12) — &1, the above is

4/5
(3.18) & Qa2 / / Qlea=6(1+e1)/ (-} a-1) gq
1/2

_2 ~
< Q—l—elQ—1.38 < { Q for any 7 < Q7

Q- 2 8 for 7< QY4
Next, by (2.11), the last integral on the right of (3.16) is
I_WS(Q)U)
£L Nj(:!—l (Q1+51UV)(2+E)(1—C¥) da,
4/5

hence by (3.14), its contribution to ), is

(3.19)
<o 8 e d U1 1-n3(Q,U) ot (Q2+51U)(2+€)(1_a) da
1<ULT 4/5 J
- —61 3
= Q7L lglggT{f U)}, say.

‘We now come to prove that for any 1 <U < T,
(3.20) (i) f(U)«k1, forany 7<Q,

and

(3.21) (i) fU) < w®, for 7< QY4
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For (3.20), noting U+9)(1=2) < U for a € [4/5, 1], we have by (3.8),
1
FU) S/ Qler—Cren ol a-Dgq « 1,
4/5

as desired. To prove (3.21), we consider the upper bounds for U at Q06 Q0025
QY%7 Q%% and T (= Q®). Note that the U~1+(2+)(1~) in (3.19) is decreasing
with respect to U > 1. When 1 < U < Q%96 and # < Q'/4, by (3.8), (3.15) and
c2 =12 —(1/12) — &1, we have

f(U) < Q~{ea=(2+e1)(2+e)}ms(Q.U)

< w{c2—(2+51)(2+s)}(10/21—e)L/log(Q1/4+1+€1+°-°°6) < (3001

When Q%% < U < Q%% and 7 < Q'/4, by (3.8), (3.3) and (3.15) we get
1-93(Q,U)
0 <aw [

4/5
1- Q:U

< (Lw)s(o.oos)/ 73 )Q{cz‘(2.006+51)(2+E)}(a—1)da
4/5

< (Ew)8(°'°°6) E—lQ—{cz—(2.006+€1)(2+5)}n3(Q,U)

N]{x—l (Q2.006+€1)(2+€)(1-—a) do

< w8(0.006)w{02-—(2.006+51)(2+€)}(10/21—e)L/log(Q(l/4)+1+‘1+°‘°25) < (300025

Similarly, when 7 < Q'/4 we get
w00l jf 0025 < [7 < ()0.08T
FU) <« { w3003 if QU087 < [ < O35
(:.)3'6 if QO.BS S U S Q3 =T.
This proves (3.21). By (3.20) and (3.21), we see that (3.19) is
< { Q 1—1£3, forany 7<Q,
Q=1 L3w3, for < QYA
From (3.17), (3.18) and (3.22), the proof of Lemma 3.2 is complete.

(3.22)
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4. Triple sums on integrals.
LEMMA 4.1. Under the conditions of Lemma 3.1, we have for 1 < j <3,

9 1/2
=1 ar1/2
dn} <L laj|” N2

Sui=Y Y Y { / -

4<Q xmodq |y|<T |7/ —7/4

N;
/ 2’ te (ajan) dr
N;

where e(q) := exp(i2na) for any real o.
Proof. We write Q(q) := 15Q'*¢1¢~! and S ; as

(1) Su={2 )IEDIED DD VDI }

¢<Q xmodg |v|<Q(g) ¢<Q xmodg Q(q)<|v|<T
1/2
T/q 2 /
/ .
-7/q
2

By (2.3) the above integral with respect to 7 is
dn.

Nj
/ z’ e (ajzn)dz

q N
/ z*e(zn)ds

N/4

For simplicity, we denote the intervals of  in [—7/q, 7/q] satisfying the conditions in
(2.13), (2.14) and (2.15) by Ji, J2, Js respectively. Thus by Lemma 2.4 and (2.3), the
innermost sum 5’ in the first triple sum in (4.1) is

[712Q(a)
1
’ -8 T/q 2
<<Z |a; / min {Nw, |n|_2ﬁ}dn
[yl<1 -T/a
1
! 2 :
_ 1 _1n2 _ 1\ 2
+ ) lajl ﬂ{/(N" Yn| 1) dn+/(Nﬁ|7I 1/2) d77+/ (NP]y™) dn}
1<]71<Q(a) Ja Js J1
, N7t T/q 1/2
SO / N2ﬁdﬂ+/ n~*dn
lvI<1 0 N
1
+ Y lagl P { NN 4 N N 4 Ny Ry Nt}
1<]vI<Q(q)
<laj| PNV Y NBL
[1£Q(a)

Hence by Lemma 3.1, the first triple sum in (4.1) is < |a;| ™ N/2. For the second

triple sum in (4.1), in view of 7 = N=1Q!*¢1 in (2.1), we have || < 7¢~! < |7]/(47N)

if |v] > Q(g). Thus by (2.13), (2.1) and (2.3), the innermost sum Y’  in the
QO <IST
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second triple sum in (4.1) is

1/2
! _ /4 112 _1n\1/2 ! - _
< > lal ‘*{ PR dn} ()" 3 lal PN
Q@)<hILT 0 Q@)<ILT
—_— —_— I _— —_—
<<|aj| 1N1/2Q1+€1/2q 1 Z Njﬁ lh'l 1
Q()LIILT

Thus by Lemma 3.2, the second triple sum in (4.1) is € Q=041 |a;|™" N1/2, The
proof of Lemma, 4.1 is complete.
LEMMA 4.2. Under the conditions of Lemma 3.1, we have for 1 < j <3,

> { I 3@}1/3

4<Q xmodq |y|<T |/~ 7/4

Nj
/ =z’ e (ajzn) dr
N;

eala;| 7 N2, forany 7<Q,
b3 |af| T N3, for 7 < QU4

Proof. Using Q(q) again we write Sp ; as

(42) 52,,.:{2 )DED DD DD I }

q<Q xmodq |v|<Q(g9) ¢<Q xmodg Q(q)<|7|<T
1/3
T/q 3 /
/ dn .
-7/q

By a similar argument as in the proof of Lemma 4.1, the innermost sum 5.’ in the
‘ 171<Q(a)

Nj
/ e (ajzn) dz

N;

first triple sum in (4.2) is
-1 ! _
< lag| 7PN YT NPT
[Y1<£Q(a)
Thus by Lemma 3.1, the first triple sum is
€2 |aj| ! N2/3, for any 7 < Q,
(4.3) 1/64 31 11 nr2/3 = < O1/4
gy w?|aj| 7T N2/, for 7 < Q4.

For the second triple sum in (4.2), in view of |n| < 7¢™! and 7 = N~1Q'*¢1, there
always exists |n| < |v|/(47N) if |y| > Q(g). Thus similar to the above lemma, by

(2.13) the innermost sum  Y.'  in the second triple sum in (4.2) can be estimated
Qo<II<T

!
<< |a/j|_1 N2/3Q1+61/3q—1 Z Njﬁ—llfyl_l-
QUO<hILT

as

Thus by Lemma 3.2, the second triple sum can be bounded by (4.3). The proof of
Lemma 4.2 is complete.

5. The circle method. In this section we apply the circle method, and our
Lemmas 4.1 and 4.2 to obtain some useful results for our proof of Theorem 1. Since
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our arguments are very similar to [LW, Sections 4 and 5] we shall make use of some
lemmas in [LW] directly. For convenience in mentioning these lemmas we shall use the
same notations as in [LW] except now our § = 1/(12 —¢;) (see (2.1)). For j =1,2,3
define I(b)a 5L (b)’ IZ(b)a IJ(y)’ IJ(y)7 G(ajh7 X)7 G(ajh7 Q), gj(ha q,ﬂ)» Hj(ha a,m), 6(q),
ij 5(]7), Z(qy Xl$X2:X3) and My as in [LW’ (47)a (49)7 (410)5 (411)’ (51)a (54)7
(5.5) and (5.10)] respectively. We need the following lemmas.

LEMMA 5.1. Let I, (b) and H;(h,q,n) be defined as in [LW, (4.7) and (4.11)].
Under the assumptions of Lemma 3.1, we have

q

I} T/ 8
a0 =Y oY e (~20) [ etotm) [T Hyhamin+ O(s),

a<Q h=1 q -7/a =1

q

where Z' is the summation over all 1 < h<gq, (h,q) =1, and
h=1

(51) Q= N2Q2'5+€1 lalazagl_l T-1.2.

Proof. The lemma can be proved by precisely the same way as that of [LW,
Lemma 4.7] with the use of Lemma 4.1 instead of [LW, Lemma 4.6].

LEMMA 5.2. Let Mo, M; and Ms be defined as in [LW, (5.10) and (5.1)]. Then
we have

My + Ms > w® My + O (7Q2 + N2Q™1751) .
where
(5.2) Qy = NzQ_1+El lal as a3]‘1.

Proof. It can be proved by precisely the same way as that of [LW, Lemma 5.5]
with [LW, (5.15)] replaced by the following (5.3). In view of (2.6) we have w < es.
Thus noting N} > 471Q'?~<1=(/12) (similar to (3.8)) we have for 1 < j < 3,

(5.3) 1— N]'.ﬁ—l >1-— (4—1Q12—51-(1/12))ﬁ‘1

=1—exp { (5 _ 1) log (4—1Q12—51—(1/12))}

>1—exp {(12 — 21 — (1/12)) (B - 1) E}
=1—-exp{— (12— 2¢; — (1/12)) w}
2w,
providing that e, is sufficiently small.
LEMMA 5.3. Let My and s(p) be defined as in [LW, (5.10) and (5.4)]. If
(i) all the a;’s are positive and b = N, or
(it) not all the a;’s are of the same sign and N > 3|b|, then

My > N? |a1a2a3|_1 Hs(p)
?
Proof. This is [LW, Lemma 7.4].
LEMMA 5.4. Under the conditions of Lemma 3.1 and Lemma 5.8, we have
M { g2 Mo, for any 7<Q,
2 s;/64w3M0, for 7< QY4
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Proof. Recall from [LW, (5.1)] that there are 19 terms in the integrand for M,
and they are of the 6 types as in [LW, (i)-(vi) below Lemma 7.4]. The treatments for
these six types are quite similar. We illustrate the details with a term belonging to
the fifth type, namely,

a ! b T/q ~ 3
Mys =Y (@)Y e <—5h) / ) 8(9)G (arh, %x0) i ()e(—bn) [ [ G;(h, g, n)dn

9<Q h=1 -T/4 j=2
In view of [LW, (4.9), (4.10) and (5.5)], the above is

(5.4)

q , 3
Mis=3 o@®) e (—-h> G(mh Xx0) > D (HG (ash, 21))

q_sla h=1 x2modg xgmodq \j=2
rlq

X Z Z / (—bn) 11 (n) (H / zfi~le awn)dx) dn

[72l<T |vs|<T

=Y XYY Y Y Y Y v Z@nrex)

r2<Q x2modre |v2|<T r3<Q xamodrs |y3|<T _ 9<Q
[#, 72, r3llq

T/q
<[ et (H / 27" (ajan) dw)

Noting that [7, ro, 73] |q implies 72, r3 < g (soT/q < 7/rj, j = 2, 3), applying Hélder’s
inequality, the absolute value of the last integral with respect to 7 in (5.4) is

(5.5)
e 3 /3, /s 3 1/3
/ dne ] / dp b .
—-7/q j=2 |/-7/7;

By (2.12), the first term in the above product can be estimated easily as

IA

Ny
/ # e (ayz) dz
Ny

N;
/ z#i e (ajzn) dz
i

(5.6) < laa |_1 N?/3,

Now we substitute (5.6) into (5.5), and then into (5.4). Then by Lemma 4.2 and using
[LW, (5.8)] to estimate the sum over g, (5.4) can be estimated further as

e3N? |ayazas| ™! [] s(p), forany 7<Q,
P
(5.7) < B
)32 N? |ayanas|  [[s(p), for 7 < QY4
p
< €2 Mo, for any <@,
e;/aszMo, for 7< Q4.
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Similarly, by the use of [LW, (5.8)] and Lemma 4.2 we have

g9 My, for any <@,
Mz, My, Moz K { :
21y 22, 28 e;/64w3M0, for 7< QY4
ez M, forany 7<Q €3 Mo, forany 7<Q
Mo €3 1o ST M o Vo=
g wlMy, for < QY4 gy WMy, for #< QY4

Combining all the above estimates, the proof of Lemma 5.4 is complete.

6. Proof of Theorem 1.
LEMMA 6.1. Let I2(b) be defined as in [LW, (4.7)], then we have
L(b) < N2Q~/2 |ayasas| /2 5.
Proof. This is [LW, Lemma 8.1].
LEMMA 6.2. Let I;(b) be defined as in [LW, (4.7)] and 8 be given as in (2.1).
Under the assumptions of Lemma 5.3, and (2.2) we have
I (b) > N2 ]a1a2a3|_1 Q_3/8£—3.
Proof. We consider two cases according to # < Q/4 or not. If # < Q1/4, then by
[LW, (5.2)] and Lemmas 5.2, 5.4, and then by (5.1) and (5.2), we get

I, (b)
Zw3Mo +0 (53/64W3M0 +Q +7Qe + N2Q—1—El)
>wPMy+ 0 (N2Q2'5+€‘ |a1a2a3]_1 T-1L2 + #N2Q~1He |a1a2a3]_1 + N2Q_1_€1) .

In view of (3.3), Lemma 5.3, [LW, (5.7)] and T' = @3 (in (2.1)), the above O-term can
be absorbed and hence

I (b) > N2 |a1a2a3|_l Q_3/8£_3,

providing that @ > max {A%, K (e2)}, where K (g;) is a sufficiently large positive
number depending only on the given small €5 > 0.

If # > Q'/4, then by the same arguments as above except that now we use LW,
Lemma, 5.6] instead of our Lemma 5.2 and that we do not use (3.3), we have

Ii(b) > Mo + O (e2Mp) + O (Ql + Qs + N% tlog® £ + N2Q—1_E‘)
> Mo + 0{N2Q2.5+61 |a1a2a3|_1 T-1£2 4 N2Q-1+e |a1a2a3|_1
+ N log? L+ N2Q71 4} > N |arazas| ",

providing that @ > max {A!2*1 K (g5)}. The proof of Lemma 6.2 is complete.

Proof of Theorem 1. We separate our arguments into two cases, according to
(2.6) holds or not, to prove that I(b) (see [LW, (4.6)]), has the lower bound N'*.
Then Theorem 1 follows immediately. When the exceptional zero 3 in Lemma 2.1
exists and satisfies (2.6), then we write I(b) in the form [LW, (4.7)]. Thus by [LW,
(4.7)], Lemmas 6.1 and 6.2 and (2.1), we have, under the assumptions (i) or (ii) in
Lemma 5.3,

I(b) = L (b) + I(b) > N?asazas| "  Q3/8L~% + O (NZQ'W lazazas| ™/ cs)
> N2 |a1a2a3|—1 Q_3/8E_3 > N2Q-5/8£—3 > Nl.Q,
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providing that @ > max { A'2*°1 K (e2) }, where K (e2) is a sufficiently large positive
number depending only on €. That is to say N >> A4

When the exceptional zero 3 in Lemma 2.1 does not exist.or it exists and satisfies
w > €9, then, in view of (2.5) and (1 — )L = w (in (2.6)), all zeros p with [Imp| < T
of the function defined by (2.4) lie in the region

(61) - o< 1 — min {Co, 82}/ L.

Note that the parameter Q in [LW, (4.1)] equals to N1/(15-11€1) ' while Q = N~1/(12"‘:1)
(see (2.1)) in this paper. Thus by (6.1), we see that the possible exceptional 3 in [LW,
Proposition 2.3] satisfies

B <1—4min{cy, 2} /(5log N*/(15-11e1)),

Therefore, the second inequality in [LW, (2.13)] now is redundant. Consequently, all
the arguments in [LW] become effective. Since the w there now is always > 1, we can
use the final result there on the lower bound for I(b) (i.e. I(b) > w3N?|a;aza3|™!) to
give

I(b) > N9,

provided that N > CA* or N > max {3|b|, CA**} according to the validity of
conditions (i) or (ii) in Lemma 5.3. As the non-effective second inequality in [LW,
(2.13)] has not been used, the above positive C are sufficiently large computable
absolute constants. The proof of Theorem 1 is complete.
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