ASIAN J. MATH. (© 2002 International Press
Vol. 6, No. 3, pp. 433-480, September 2002 004

HOMOGENEOQUS BACKLUND TRANSFORMATIONS OF
HYPERBOLIC MONGE-AMPERE SYSTEMS *

JEANNE NIELSEN CLELLANDf

Abstract. A Bicklund transformation between two hyperbolic Monge-Ampeére systems may
be described as a certain type of exterior differential system on a 6-dimensional manifold B. The
transformation is homogeneous if the group of symmetries of the system acts transitively on B. We
give a complete classification of homogeneous Béacklund transformations between hyperbolic Monge-
Ampére systems.

1. Introduction. In this paper we will study Backlund transformations between
two hyperbolic Monge-Ampére equations. A Monge-Ampére equation is a partial
differential equation of the form

A(zgzzyy — 22,) + Bz +2C2zy + Dzyy + E =0

where the coeflicients A, B,C, D, E are functions of the variables z,y, z, z;, zy. The
equation is hyperbolic if it has distinct, real characteristics at each point, i.e., if AE —
BD+C?>0.

There are many definitions of Béacklund transformations given in the literature.
Rather than attempting to give an all-encompassing definition, we will use Béacklund’s
original notion. In [1] he posed the following general problem: Let M® = M® = R®,

with coordinates (z,v, z,p,q) on M and (Z,7,%,5,q) on M. Given four equations
(11) Fz’(%l/’Z,P,Qaf,ﬂ,f,ﬁ,Q) =Y 7::11'--147

find parametrized surfaces X : U — M, X : U — M and a one-to-one correspondence
between them (which may be established by using the same parameter domain U
for both surfaces) such that the coordinate functions z(u,v),...,§(u,v) of the two
surfaces satisfy the conditions

Fi(z(u,v),...,q(u,v)) =0, i=1,...,4
dz =pdz+qdy
dz = pdZ + qdy.
(The last two equations imply that the coordinates p, g, §, ¢ should be regarded as the

partial derivatives zg, 2y, Zz, Z, respectively.)
Bécklund’s approach to this problem was to assume that X is a graph of the form

(z,9,2,0,9) = (2,9, 2(2,Y), 2:(,9), 2y (2,7))

for some known function z(z,y). Two of the equations (1.1) can be solved for the
variables z and y, and substituting these expressions into the remaining two equations
yields equations of the form

(1.2) f(Z,9,2,0,9) =
9(%,9,2,p,q) = 0.
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This may be regarded as an overdetermined first-order PDE system for the function
Z(Z,y), and the compatibility conditions for this system take the form of partial
differential equations that must be satisfied by the function z(z,y). If z(z, y) satisfies
these conditions, then the system (1.2) has a 1-parameter family of solutions Z(Z, §)
which can be found by solving ordinary differential equations. In this case, the four
equations (1.1) may be regarded as a transformation of the surface z = z(a:,y) into
the surface zZ = Z(Z, 7).

EXAMPLE. The classical Biacklund transformation for the sine-Gordon equation
(1.3) Zgy = 35in(22)
is usually described by the two equations
(1.4) Zz + Zz = A sin(z — 2)
_ 1 .
= Ey =5 sin(z + Z)

where ) is a nonzero constant. In Bicklund’s notation we would write equations (1.4)
as

together with the two additional equations T = z, § = y. It is straightforward to
show that if z(z,y), Z(z, y) satisfy equations (1.4), then both must be solutions of the
sine-Gordon equation (1.3). Moreover, if z(z,y) is any known solution of (1.3), then
(1.4) is a compatible, overdetermined system for the unknown function 2(z, y), whose
solution depends only on solving ordinary differential equations. For instance, taking
z(z,y) = 0 yields

1
z(z,y) = tan~1(e~AT+RY+9),

These are the 1-soliton solutions of the sine-Gordon equation.

The problem that arises in Béacklund’s approach is that for a generic choice of
equations (1.1), the compatibility conditions for (1.2) cannot be written as separate
PDE:s for the functions z and Z; rather they involve z and z together, and so equations
(1.1) do not give a transformation of the desired form. This raises the question: for
what sets of equations (1.1) can the compatibility conditions for (1.2) be written as
separate PDEs for z and z? If this is the case, then the system (1.1) is called a
Bécklund transformation between the two PDEs. Thus the question raised above
becomes: what PDEs (or pairs of PDEs) have Bécklund transformations? This is an
open problem which has attracted much attention over the past century. Its difficulty
is attested to by the extensive work that analysts such as Goursat [9, 10] put into
investigating special cases, such as equations of the form

2gy = PZzzy +aZz +bzy +c

where a,b,c,p are functions of z,y and z. More recently, McLaughlin and Scott
(12] classified auto-Béacklund transformations (i.e., transformations for which z and 2z
satisfy the same PDE) of equations of the form

Zgy + azg + b2y = F(2)
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where a and b are constants, and Byrnes [6] generalized this work by allowing F' to
depend on z and y as well as z. Zvyagin [15, 16], following Goursat’s approach, has
studied a certain type of Backlund transformation which he calls harmonic; he has also
given a classification [17] of Backlund transformations of the wave equation z,y = 0,
although the descriptions of the systems on his list are somewhat unsatisfying and his
paper contains no proof. These references represent only a small sample of the work
that has been done on this problem; it would be impossible to give a complete list.

Although Goursat’s foundational work appears to be highly dependent on work-
ing in coordinates, he was the first to focus on the geometric structures underlying
Backlund transformations. This approach has since proven quite fruitful, and these
structures are best decribed in terms of exterior differential systems.

An exterior differential system on a manifold M is a differentially closed ideal Z in
the algebra of differential forms on M. Any system of partial differential equations can
be formulated as an exterior differential system Z, and solutions of the PDE system
correspond to integral manifolds of Z, i.e., submanifolds N C M which satisfy the
condition that all the forms in Z vanish when restricted to N. A Monge-Ampére system
T is an exterior differential system on a 5-dimensional manifold M that is locally
generated by a contact form @ (i.e., a 1-form 6 with the property that 6 AdO Adf # 0),
the 2-form © = d#, and another 2-form ¥. A Monge-Ampere system Z is hyperbolic
if the quadratic equation

AO+puP)AANO+pT)=0 modl

has distinct, real roots. This condition agrees with the traditional definition of hyper-
bolicity, and it implies that there are two independent linear combinations A© + p ¥
which are decomposable 2-forms (i.e., 2-forms which can be written as w! Aw? for some
1-forms w!,w?) modulo . (See [5] for a discussion of hyperbolic exterior differential
systems.)

EXAMPLE (CONT'D). The sine-Gordon equation (1.3) may be described as a
hyperbolic Monge-Ampére system on R® (with coordinates (z,y, z,p,q)) generated
by the forms

0 =dz —pdr —qdy
©=—dpAdzx—dgANdy
¥ = [dp — §sin(22) dy] A dz.

Note that ¥ is decomposable; the other decomposable linear combination of ¥ and
© is —(¥ 4 ©) = [dq — } sin(22) dz] A dy. Two-dimensional integral manifolds of this
system that satisfy the independence condition dz Ady # 0 are naturally in one-to-one
correspondence with solutions of (1.3).

Bécklund’s original notion may be expressed in this context as follows. Suppose
that (My,Z7) and (M2, Z2) are hyperbolic Monge-Ampere systems, with

Ty = {61,01,%1}

Iy = {62,602, %5}

A Bdcklund transformation between (Mi,Z;) and (M3,Z3) is a 6-dimensional sub-
manifold B C M; x My which has the following properties:
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1. The natural projections m; : B — M7 and 7w : B — My are submersions.
B
M M,
2. The pullbacks to B of the forms ©1,09, ¥, ¥, satisfy the condition that

{‘111, ‘1’2} = {@1, @2} mod {91,92}.

Since ©1, ¥; are linearly independent forms (as are ©9, ¥s), this condition
implies that

{@1, ‘111} = {@2, \Ifz} mod {91, 92}

This second equation is really the desired property; the first equation ensures
that, in addition, the forms ©1, ©, are linearly independent.

That this definition captures the desired behavior may be seen as follows: suppose
that N < Mj is a 2-dimensional integral manifold of Z;. The inverse image 77 *(N) is
a 3-dimensional submanifold of B. Now consider the restriction of 73(Zz) to 71 }(V).
By Property (2) above, the restriction of 73(Z) is a Frobenius system (i.e., an exterior
differential system which is generated algebraically by its 1-forms) on 77 (N). By the
Frobenius Theorem, 77! (V) is foliated by 2-dimensional integral manifolds of 73 (Zs),
each of which projects to an integral manifold of (Ma,Zs); moreover, these integral
manifolds can be constructed by solving ODEs.

From the point of view of Backlund’s original problem, any 2-dimensional integral
manifold S C B of the ideal J = {61,602, ©1, O3} projects to surfaces S; C My, S2 C
M which are integral manifolds of 7;,Z, respectively. The condition that S be an
integral manifold of J is exactly the requirement that the compatibility conditions
for the equations (1.2) be satisfied.

Our primary tool for classifying such structures will be Cartan’s method of equiv-
alence; this is a method for computing local invariants of exterior differential systems
and deciding when two systems are equivalent under some natural class of diffeo-
morphisms. In principle, it should be possible to completely classify all Backlund
transformations of hyperbolic Monge-Ampeére systems using this method. Unfortu-
nately, in practice it is rarely possible to carry out this process in full generality. In
this paper we will perform the somewhat simpler task of classifying the homogeneous
Bécklund transformations, i.e., those transformations for which the group of sym-
metries of the structure (B, 71, T,) acts transitively on B. The main result is the
following theorem.

THEOREM (cf. Theorem 12.1). Let B C M; x M, be a homogeneous Bdcklund
transformation. Then B is locally contact equivalent to one of the following:

1. A Bdcklund transformation between solutions of the wave equation zzy =0

2. A holonomic Bdcklund transformation of the form described in Theorem 6.1

3. The classical Bicklund transformation between the wave equation zzy = 0 and
Liouville’s equation zgy = €*

4. A Baicklund transformation between surfaces of constant negative Gauss cur-
vature in E3

5. A Backlund transformation between surfaces of constant Gauss curvature 0 <
K<1in§®
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6. A Bdicklund transformation between surfaces of constant Gauss curvature
—c0 < K < —1inH?

7. A Bdcklund transformation between spacelike surfaces of constant positive
Gauss curvature in E?1

8. A Backlund transformation between timelike surfaces of constant positive
Gauss curvature, or equivalently, constant nonzero mean curvature, in E*?

9. A Bicklund transformation between timelike minimal surfaces in E2!

10. A Bdcklund transformation between spacelike surfaces of constant Gauss cur-
vature 1 < K < oo in S%1

11. A Bécklund transformation between timelike surfaces of constant Gauss cur-
vature 1 < K < oo, or equivalently, constant mean curvature H € R, in
32,1

12. A Bdécklund transformation between spacelike surfaces of constant Gauss cur-
vature -1 < K < co, K # 0 in H>!

13. A Bdcklund transformation between timelike surfaces of constant Gauss cur-
vature -1 < K < oo, K # 0, or equivalently, constant mean curvature
|H| > 1, in H>!

14. A Bicklund transformation between timelike surfaces of constant mean cur-
vature |H| < 1 in H?!.

15. A Bdcklund transformation between certain surfaces in o 5-dimensional quo-
tient space of SO*(4).

Throughout this paper we will work locally. Statements such as “assume that

C # 0” should be interpreted as “assume that C is not identically zero and restrict
to the open set where C # 0”.

2. The equivalence problem. Suppose that B is a Bécklund transformation
between two hyperbolic Monge-Ampére systems (M7,7;) and (M, Z;). Let J be the
ideal on B generated by the pullbacks of Z; and Zp; according to our definition of a
Bécklund transformation, J is generated algebraically by the forms {61,602, ©1,02}.

Since Z; and Z; are hyperbolic, locally there exist 1-forms w!, w?, w3, w* on B such
that {01, 02, w!, w?, w3, w*} is a coframing of B (i.e., a basis for the space of 1-forms
on B) and

J = {01, 02, w' A2, W3 /\w“}.

(It is important to note that 6; and 02 are each separately determined up to a scalar
multiple, since 6; determines the contact structure on M;.) Any such coframing has
the property that
dfy = A Aw? 4+ Ayw® Aw* mod {61, 02}
dfy = Azw' Aw? + Agw® Aw? mod {61, 6}
for some nonvanishing functions A, As, A3, A4. Since df1, dfs are required to be
linearly independent 2-forms at each point of B, we must have A1 Ay — A2A3 # 0.
By rescaling the w* and adding multiples of #; and 6, to the w* if necessary, we
can arrange that
(2.1) df1 = Aiwr Aw? +wP Aw? mod 6
dfy = w' Aw? + Ay Aw* mod 6,
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for some nonvanishing functions A;, As on B with A; Ay # 1. This coframing is not

unique; any other such coframin 01, 02, @', @2, &3, &*} has the form
g
(617 [b11baz — bi2ba 0 0 0 0 0]7'[6]
05 0 ajia02 —apa; 0 0 0 O 62
(:JI 0 0 ailx Qa2 0 0 wl
(2.2) =
d’2 0 0 a21 Qo2 0 0 w2
(:)3 0 0 0 0 b11 b12 w3
@] L 0 0 0 0 bu by |w!

where b11baa — biabe1 # 0, @11a22 — a12a21 # 0. (The inverse is included for greater
ease of computation in what follows.) A coframing satisfying (2.1) is called 0-adapted,
and the group Go of matrices of the above form is called the structure group of the
equivalence problem. (In fact, the most general choice of structure group would
include a discrete component interchanging the distributions {w!,w?} and {w?,w*}.
However, this freedom does not contribute anything crucial to the structure group,
and it is easier to work with a connected group.)

Now consider the exterior derivatives of the w®. Because 6; is well-defined (up to
scalar multiples) on Mj, its Cartan system C = {0, w",w?, w3, w*} is well-defined on
M;. (The Cartan system of a 1-form 6 may be thought of as the span of a minimal
set of 1-forms required to express 6 and df. It is always a Frobenius system; see [3]
for details.) In fact, M1 is (locally) the quotlent of B by the leaves of the foliation
defined by C. Let {-2- 307 3‘22, 3T %;, 305 3w4} denote the basis for the tangent space

of B which is dual to the coframing {f;, 09, w?, w?, w3, w*}. The ideal
= {01, w! ANw? Wi AW}
is well-defined on Mj, as are its characteristic systems
K11 = {61,w! Aw?}, K1z = {81,0° Aw?}.

Therefore the Lie derivative £ ' (w! A w?) must satisfy

0= Cai(w Aw?) mod {6;,w! Aw?}

(2.3) = a%_l(dw Aw? —w Adw?) mod {f1,w! Aw?}.
2

Reducing equation (2.3) modulo w?! yields

_a__ldwl Aw?=0 mod {#,w'},
00,

and therefore

7]
— 1dw! =0 mod {8;,w!,w?}.
00,
Consequently, dw! cannot contain any terms involving the 2-forms 65 Aw? or 65 Aw?.
Similarly, reducing equation (2.3) modulo w? shows that dw? cannot contain any terms
involving the 2-forms 65 A w® or 65 Aw*. An analogous argument using the equation

Ebi(w?’ Aw?) =0 mod {8;,w? Aw?}
62
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shows that dw? and dw? cannot contain any terms involving the 2-forms 65 A w! or
0> A w?.
This argument can be repeated for the characteristic systems

Ko = {62,0" Aw?}, Koo = {62,0° Aw?}

of (Ma,Zs); this shows that dw! and dw? cannot contain any terms involving the
2-forms 6; A w® or 6; A w?, and dw? and dw* cannot contain any terms involving the
2-forms 6; A w! or 6; A w?. Tt follows that that

dwl-=‘B101 /\02+Clw3/\w4

mod {w?,w?}
dw? = By 6, /\92+ng3/\¢04

dw3EB301 /\02+C’3w1/\w2

mod {w?, w?
dw* = B4 01 Ay + Caw' Aw? } ¢ )

for some functions B;,C; on B.
These equations, taken together with equations (2.1), form the structure equations

dé; | [B1 + B4 0 0 0 0 O 61 (S
dfs 0 a;+ags O 0 0 O 0 O,
dw? 0 0 a1 az 0 O wl ot
(2.4) =— A +
dw2 0 0 a3 04 0 0 w2 92
dw? 0 0 0 0 B P w? Q3
| duw* | . 0 0 0 0 fs Ba] | [0

where the a;, §; are 1-forms on B and

01 =7A0 + AW A+ W3 AW

O =0 A0y +w Aw? + Agw® Aw?

Q' =B161 A Oy + Crw® Aw?

Q% =B301 Ay + Cow® Auw*

Q% = B30, A by + Caw' Aw?

Q* = B46; A Gy + Cyw? AW?
for some 1-forms 4,0 on B. These equations are chosen so that the matrix in (2.4)
takes values in the Lie algebra go of Gp; this is in accordance with the method of
equivalence. (See (8] for details.) The functional coefficients of the terms appearing

in ©;, Q¢ are called torsion terms.
We can modify the a;, §; if necessary to arrange that

¥=FE1 0+ Fw' + Fw?
60 =FEy6; +F3w3+F4w4



440 J. N. CLELLAND

for some functions E;, F; on B. The forms «;,(; are still not uniquely determined;
they are determined only up to transformations of the form

2 Bi s Br+s1wd 4+ spwt

B2 "—’52+32w3+33w4
Ba = Ps +sqw® — spwt

g g —riwt —row? B4 — B — 51w — sow?.

a1 — o +r1w1+r2w

(2.5) ag - ag +row! +ryw?

o3 »——>a3+r4w1 —r1w2

Differentiating the structure equations yields

0= d(d01) mod {Gl,wl,wz}

E—E102/\w3/\w4 = F; =0.
0=d(df) mod {62,w? w}
E—E201Aw1/\w2 = Fy =0.

o
]

= d(df;) mod {61,w?}
—(F1 4+ A1C) w AwB AWt = F; = —A,C;.
0=d(d6;) mod {61,w'}
= (—F+ AW AP AWt = By = ACh.
0= d(dfs) mod {fa,w*}
—(F34+ AC)w AP AW = Fy=—A4,C4.
0= d(df;) mod {fs,w?}
= (—Fy+ AC)w AP Aw? = Fy= A,Cs.
Next we examine how the functions A;, B;, C; vary if we change from one 0-

adapted coframing to another. A computation shows that under a transformation of
the form (2.2), we have

= (a11022 — a12a91) .
(b11bag — b12b21)

A, = (b11b22 — b12b21) Ay
(a11022 — a12a21)

B aze —a2| [B:

_ | = (b11b22 — b12b21)

Bs | —a21 a11 B, |
B; ba  —bi2]| [Bs

_ | = (611022 — a12021)

By ] | —bz1  b11 | | Ba]

él _ (b11b22 — by2b21) [aza —ai2
Cp|  (au02 —01202) |—ay  ay

_ (a11a22 - 0121121) bas —b1a| [C3
(buboz = b1obon) |~y by | [Cu]

S
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From this we see that the functions A;, A and the vectors

Cl Cg
) Ll
are relative invariants: if they vanish for any 0-adapted coframing, then they vanish
for every 0-adapted coframing.

The general procedure in the method of equivalence is to choose a 0-adapted
coframing that normalizes the torsion terms as much as possible. This has the effect
of reducing the structure group to a subgroup G; C Gy which preserves the normal-
ized torsion terms. This in turn introduces new torsion terms, which can then be
further normalized, etc. Ideally, this process eventually leads to a uniquely deter-
mined coframing whose torsion terms are invariants of the system 7 on B. Even in
those cases where a unique coframing is not obtained, it may be possible to reduce
the structure group to the point that some of the torsion terms are uniquely deter-
mined. Our hypothesis that B is homogeneous implies that once the structure group
has been reduced to the point that it acts trivially on a torsion term, that term must
be constant on B.

In order to proceed with the method of equivalence, we will divide into cases
depending on whether certain of these invariants are zero or nonzero.

3. Case 1: [C; C3]=[C3 C4=1[0 0]. Suppose that C; = Co =C3 =Cs =0.
Differentiating the structure equations yields

B
B,

B3
By

b

0 =d(dw') mod {f;,w!,w?}

=B Awd Aw = B; =0.
0 = d(dw?) mod {8;,w!,w?}

= By Aw® Aw? = B, =0.
0=d(dw?) mod {fa,w? w*}

= B30 Aw! Aw? = B3 =0.
0=d(dw?) mod {a,w? w*}

= B4 0; Aw' Aw? = B4 =0.

Now we see from the structure equations that
dw! =0

W =0 mod {w?!,w?}
dw?=0

y mod {w3,w*}.
=0

Therefore the systems {w!,w?} and {w?,w*} are completely integrable; this implies
that there exist functions X, Y, P, @ on B (in fact, these functions are well-defined on
M; and M) such that

{w',w?} = {dX,dP}

{w?,w*} = {dY,dQ}.
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We can choose a 0-adapted coframing with
wl = dX, w2 = dP, w3 = d}f, w4 = dQ

Then we see from the structure equations for the dw® that, taking advantage of the
ambiguity (2.5) in o4, 3;, we can assume that

az=03=P2=03=0
a1 :Gl dX, CY4=G2 dP,
B1=GzdY,  Bs=G4dQ

for some functions G, Go, G3, G4 on B. Differentiating the structure equations for
the df; then shows that

dA; = A11dX + A1pdP — A1G3dY — A1G4dQ
dAs = —AsG1dX — A3GodP + AxzdY + Ay dQ
dG1 = G100s + G11dX + G12dP

dG2 = G962 + G12dX + Gap dP

dG3 = G361 + G33dY + G34dQ

dGy = G001 + G34dY + G4 dQ

for some functions A;;, G;; on B, and differentiating the equations for the dG; in turn
shows that

G10 = Goo = G3p = G40 = 0.

Therefore, G; and G5 are functions of X and P alone, while G3 and G4 are functions
of Y and @ alone. Moreover, we have

d(G1dX + G2dP) = d(G3dY + G4dQ) = 0;
therefore there exist nonvanishing functions A(X, P), u(Y, Q) such that
A 1d\ = G1dX + G2 dP
p~rdp = G dY + G4 dQ.
Let 6, = 11, 05 = \05. Then a computation shows that

dfy, = AjpndX AdP + pdY AdQ
dfy = XdX NdP + A\ dY AdQ,

and that, moreover,
d(A1pdX AdP) = d(pndY AdQ) = d(AdX A dP) = d(A22AdY AdQ) = 0.
Therefore, by Darboux’s Theorem there exist functions
z1 = 21(X, P) z9 = z2(X, P)
n=p(X,P) p2=pX,P)

1 =y1(Y,Q) y2 = 12(Y,Q)
a=q(Y,Q) 2 =q(Y,Q)
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such that

A1pdX ANdP =dx; A dpy
pdY AdQ = dyi Adag:
AdX ANdP = dzs A dps

AsNdY A dQ = dy2 A dgo.

It follows that

dél =dx; A dp1 + dy1 N dth
dé2 = dxa A dps + dy2 A dga,

and by Pfaff’s Theorem, there must exist functions z; on M; and z3 on My such that

01 = dz; — prdzy — 1 dys
02 = dzo — pa dza — g2 dyo.

Finally, we see that the ideals

Ty = {61, dz1 Adpy, dy1 Adgr }
Iy = {02, dzo A dpa, dya A dga}

both represent the wave equation
2zy = 0,
and that the Bécklund transformation is given by equations of the form

T2 = 172(11,1)1)
(

D2 = P2 901,101)
Yo = yz(yl,lh)
92 = q2(y1,q1)-

These may be written in PDE notation as

Z =Z(z,2g)
Ea-; = Zz(%, 22)
= g(y’zy)

l

2:!7 =2y (ya z’y)7
and the nondegeneracy conditions imply that

Ops Ozy  Opp Oz, Og2 Oy Ogo Oyo

dp1 8zy  Ozy Op1 | Bgq1 0y1  Oy1 Oqu

These transformations are more general than typical point transformations (or even
gauge transformations), in that they do not necessarily preserve the space of indepen-
dent variables.

Thus we have the following theorem.
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THEOREM 3.1. Let B C My X My be a Bdcklund transformation with Ci =
Cy =C3 =Cy =0. Then B is locally contact equivalent to a transformation between
solutions of the wave equation

2zy =0

with the property that given any solution, the new solutions given by the transformation

may be obtained by quadrature.
Note that in this case the assumption of homogeneity was not necessary. In the
remaining cases, however, homogeneity will play a crucial role in the analysis.

4. Case 2: [C; Co]=[0 0], [C5 C4] #[0 0]. Suppose that C; = C2 =0, but
C3 and Cjy are not both zero. By a transformation of the form (2.2), we can arrange
that

C3=O, C4=]., A1=1

A coframing satisfying this condition will be called I-adapted. If {6y, 62, w!, w?, w?,
w?} is a 1-adapted coframing, then any other 1-adapted coframing {6, 6o, &, &2,

@3, @*} has the form

(4.1)
(6] [enazn—anan 0 0 0 0 o 1776
s 0 anam—azan 0 0 0 0 6,
@l 0 0 a1 a2 O 0 wl
@? - 0 0 21 Goz O 0 w?
@3 0 0 0 0 1 0 w3
ot [0 0 0 0 by anem—anan| |w?]

The same computation as in the previous section shows that By = Bs = 0.
Furthermore, we have

0=d(dw®) mod {6;,w? w*}
= (B2 + B3 03) Awt AW
0=d(dw®) mod {f,w? w*}
= (,82 - B3 61) A wl /\w2.
Together, these equations imply that
B2 = B30, — B30, +H1w1 +H2w2+H3w3 +H4w4

for some functions Hi, Hy, Hs, Hy on B. Similarly, computing d(dw*) = 0 modulo
{61, w?,w*} and {62,w3,w*} shows that

Ba=0c1+ag+ Byby — Baby+ Jyw' + Jow? + J3wd + Jyw?

for some functions J1, Ja2, J3, J4 on B. By taking advantage of the ambiguity (2.5) in
the forms f;, we can assume that

H3=Hy=J3=0.
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Now computing d(df;) =0 mod 6; shows that
B1=Kp61+ By6Os +K1w1 +K2w2 +w3 — J4L|J4

for some functions Ky, K1, K5 on B.

Under a transformation of the form (4.1), the function A remains unchanged;
therefore by our assumption of homogeneity it must be constant. Moreover, the
nondegeneracy assumptions imply that As # 0,1. So we have

0 =d(df;) mod 62
= —Ay[(Ko + B4) 01 + (K1 + J1) w' + (K2 + J2) w?] Aw® Aw?,

which implies that

Ko=—-By
Ky =-7
Ky =—s.

Now we have

0= d(d01) =T N0
0= d(d92) =Ty A0

where

Y, = day + day + (Jy W + J2w?) A — (Hyw! + Hyw?) Aw* — Jywd Aw?
Ty = day + day + As[(J1 w' + Jow?) Aw® — (Hyw' + Hyw?) Aw? — Ty Awd.

These equations imply that T; must be a multiple of #; and Y2 must be a multiple
of 65, so

0= Tz — T] mod {91,92}
= (Ay - D)[(J1w! + o w?) Aw® — (Hyw + Haw?) Aw* — Jywd AWl

Therefore, since As # 1 we have
Hi=Hy=J1=J=Jy4=0.

The structure equations for a 1-adapted coframing now take the form

-d91- -al + oy 0 0 0 0 0 01 CH
dfs 0 ar+ag 0 0 0 0 02 O,
dw! 0 0 a; az 0 0 wl ol
(4.2) = - A +
dw2 0 0 a3 G4 0 0 w2 Qz
dw’ 0 0 0 0 0 0 w3 Q3
_dw4_ L 0 0 0 0 B a1+ 0y | ;w4_ _94_
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where
01 =w Aw? + Wi A (wh - 6))
0y =wh Aw? + Azw3 A (W —6)
Q=0
=0
Q3 = B3 (6; —w) A (0 —w?) + By (6, — 0 3
3 (61 —w*) A (02 —w*)+ Bg (61 —02) ANw
94=B4(01—w4)A(02—w4)+w1/\w2.
Now
O=d(d91)=—d(a1+a4)/\01,
and so

dlor +ag) =9 A6
for some 1-form . Differentiating this equation and reducing modulo 8; yields
A (W AW+ P Awl)=0 mod 6.
But since w! Aw? 4+ w® A w? is nondecomposable, this implies that
=0 mod 6
and hence that
d(a; +a4) =0.
Therefore, there exists a nonvanishing function A on B such that
Al =01 + ay.

We can choose a new 1-adapted coframing in which 0; is replaced by A#6;. This
coframing will have the property that

a1 +a4=0.
Now we have
d(w* Aw?) =0,

and so by Darboux’s Theorem there exist functions z,p on B (which are also well-
defined on M; and Ms) such that

w! Aw? =dz A dp.
Therefore

0 = d(df;) = d(w® A (w? — 61))
0 = d(df;) = d(Agw® A (w* — 62)).
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Again by Darboux’s Theorem, there exist functions y;,q; on M; and y2,q2 on Ms
such that

W A (wt = 61) = dyy Adg
Ay A (W — 82) = dyz A dgo.

By Pfaff’s Theorem there exist functions z; on M; and 23 on M> such that

0, =dz —pdz —q1dyx
02 = dz2 — pdz — g2 dya.

The ideals Z7,Z5 now take the form

T = {61, w Aw?, WA (W = 601)} = {dz1 — pdz — q1 dy1, dx A dp, dy; Adgr}
Ty = {02, w' Aw?, Az wB A (w* — 02)} = {dzz — pdz — g2 dy2, dz Adp, dyz A dgs}.

Both represent the wave equation
Zgy = 0,

and the Backlund transformation is given by equations of the form

To =T1
Y2 = yZ(xI»y17zlvz2»p1aql)
p2=n

g2 = Q2(-’E1a Y1, 21, z2ap1)q1))a

or, in PDE notation,

T=cx

Y= ﬂ(:c,y, z,Z, z:cazy)
Zz = 2g

_ﬂ = _g($7y) 2, Za Z:taz’y)‘

As in the previous case, these transformations do not in general preserve the space of
independent variables.
Thus we have the following theorem.

THEOREM 4.1. Let B C M; x Ms be a homogeneous Bdicklund transformation
with one of the vectors [C1 Cbq], [C3 Ci] identically zero and the other monzero.
Then B is locally contact equivalent to a transformation between solutions of the wave
equation

2zy = 0.

5. Case 3: [C; Cq], [C3 C4] # [0 0]. Suppose that the vectors [C1 Cq], [Cs C4]
are both nonzero. By a transformation of the form (2.2), we can arrange that

Ci=C3=0, Co=Cy=1.
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A coframing satisfying this condition is called 1-adapted. If {61, 02, w!, w?, w3, w4} is
a l-adapted coframing, then any other 1-adapted coframing {61, 62, @', @?%, &%, @*}
has the form

- - - o =1 . -

91 age 0 0 0 0 0 01
d 0 b2 0 0 0 0 9
! 0 0 2 ¢ o0 o0 w!
(5.1) -
@2 0 0 a1 axpe O 0 w?
~ a 3
I 0 0 0 0 3§ 0 w
_@4_ L 0 0 0 0 b21 b22_ _w4_

Similarly to the previous case, computing
d(dw') =0 mod {6;,w?,w?}
d(dw') =0 mod {f2,w!,w?}
d(dw®) =0 mod {0;,w? w*}
d(dw®) =0 mod {82,w?,w?}
shows that
a2 = A2B1 01 — B1 03 + Giw' + Gaw? + G3w® + Ggw?
Bo = B30 — A1 B3 02 + Hyw' + Hyw? + H3w® + Hyw?

for some functions G;, H; on B. By taking advantage of the ambiguity (2.5), we can
assume that

Gy =Gy =H3=H;=0.
Now computing
d(dw?) =0 mod {f;,w!,w?}
d(dw?®) =0 mod {s,w!,w?}
d(dw*) =0 mod {8;,w? w*}
d(dw®) =0 mod {fy,w?,w*}

shows that

1 =fB4— a4 — By + A1ByOs + Jyw! + Jow? + 3w + Jyw?
B1=as— s — A2B2 01 + Ba 02 + Ky w! + Kow? + Kyw® + Ky w?

for some functions J;, K; on B. Using some of the remaining ambiguity (2.5), we can
assume that

J3=K; =0.
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The structure equations for a 1-adapted coframing now take the form

[d6; ] E7R 0 0 0 0] [6:] [e4]

dbs 0 B 0 0 0 0 6 O,

dw?! 0 0 Ba—oag O 0 0 w! ot
(5.2) =— A +

dw? 0 0 as o 0 0 w? 02

dw3 0 0 0 0 Q4 — ,34 0 w3 93

| duw? | (0 0 0 0 Bs Bs] |w*] [0
where

©, =91/\(B202+A1w1+K2w2+K3w3+K4w4)+A1w1/\w2+w3/\w4
Q2 =0y A (=By 01 + J1w + T2 + Ay + Jyw?) + W Aw? + A Aw?
QO =wlA (—B4 01+ A1B40s + Jo w? + J4w4)

+w? A (A2B16; — B1 03 + Gsw® + Gyw?) + B16; A0
Q% =By0; Ay + w3 Aw
Q3 = wP A (=A42B2 01 + B2 05 + Ko w® + Ky w?)

+w* A (B3 — A1B3 Oy + Hy w + Hyw?) + B3 01 A O,
O = B0, Ay + w' Aw?.

A computation shows that under a transformation of the form (5.1), we have

[Bl] [ (a22)2 0 Bl
B, —ag1022 bao| | Bo
[33] [ (b2)2 07 [Bs
By —boibys age| |Ba)

In particular, the functions B;, B3 are now relative invariants. In order to proceed
further, we will need to divide into cases depending on the values of the B;. First we
prove the following lemma:

LEMMA 5.1. For any 1-adapted coframing as above, the vectors [By Bs], [Bs Bai]
are either both zero or both nonzero.

Proof. Suppose that B; = By = 0. Then

0=d(dw®) mod {w!,w?}
=01 A0y A (Baw* — Byw?).

Therefore, B3 = B4 = 0. A similar argument demonstrates the converse. 0

6. Case 3A: [B; Bj]=[Bs B4 =[0 0]. Suppose that B; = By = B3 = By =
0. Then the forms {w!, w?,w?, w*} form a Frobenius system, and so locally there exists
a 4-manifold N which is a quotient of B and for which the 1-forms w?!,w?, w3, w?* are
semi-basic for the projection B — N. (Here “locally” refers to the fact that any point
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in B has a neighborhood which possesses such a quotient, and “semi-basic” means
that the restrictions of the w* to the fibers of the projection vanish identically. See [3]
for details.) In fact, this quotient fibers through each of the quotients m; : B — M;,

/\
\/

Let X,Y, P,Q be local coordinates on N, and let Z;,Z> be functions on Mi, Mo,
respectively, such that {X,Y,P,Q,Z;} is a local coordinate system on M;. Then
{X,Y,P,Q,Zy,Zy} may be regarded as a local coordinate system on B, and we can
write

wl dX
w? dP
=1
w3 dYy
w? dQ

where F' = (f;;) is a nonsingular matrix whose entries are functions on B. By rela-
belling X, Y, P,Q if necessary, we can assume that the 2 x 2 sub-matrices

fir fi2 fas  faa
[f21 f22} ’ {f43 f44}
are nonsingular, and we can choose a 0-adapted coframing with
1 0 fiz fia
0 1 Jfas fu

fan faz 1 0
far fa2 0 1

A messy but straightforward computation shows that the requirements

L%(wl/\w2) =0 mod {6, w! Aw?}

F =

E%(w?’ Aw?)=0 mod {8y, wd Aw?}

are satisfied if and only if

i P A o

N N - 2| _f 2 | _ 0,
Of23 Of24 9f23 Of24
82, 087, 875 08Z,

where

P foafa1+ foafar 1 — fiafa1 — fiafu
foafao+ foafaz —1  —fiafaz — frafae
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Since det(F) = det(F) # 0, this implies that

Ofis _0fis _ Ofs _Ofss _0fia _ 0fra _ Ofaa _ Ofaa _
0Z, 0Zy, 0Zy 0Zy 07, 07y 07 07,

0,

and so the functions fi3, f23, fi4, f24 are well-defined on N. Therefore w! and w? are
well-defined forms on NN; in particular, the 2-form w! A w? is well-defined on N. A
similar argument using the conditions

L'Tg_(wl Aw?) =0 mod {fs, w' Aw?}
1
Lo (W Aw?) =0 mod {fs, w* Aw?}
1
shows that w3 and w* (and hence the 2-form w® A w?) are well-defined on N as well.

Since the w® are well-defined on N, we see from the structure equations for the
dw* that the forms «;, B; are linear combinations of the w®. In particular, we have

(6.1) doy = —y A0 + Ayt Aw? +wd AWt
(6.2) dfy = —8 A By +w! Aw? + Aswd Aw?

for some 1-forms +, § which are linear combinations of the w* alone. It follows that §;
is a well-defined 1-form on M;, from which it follows in turn that A; is a well-defined
function on M;, i.e.,

Al =A1(X,YaP7Q)Zl)a A2=A2(X)YaP)Q7Z2)'

Now we use the hypothesis of homogeneity for the first time: because the product
A1As is an invariant independent of the choice of 0-adapted coframing, it must be
constant on B. It follows that the functions A;, Ag are actually independent of Z;, Zs
and so are well-defined functions on N.

Now differentiating equation (6.1) and reducing modulo A3({w'}) yields

= —dyA6; mod A3({w'}),
but this implies that in fact
dy N6, =0.
By an argument identical to that given in Case 2 for the form aj + a4, it follows that
dy=0.
Therefore, there exists a nonvanishing function A on B such that
Al =1
Let §; = A61. Then
dfy = d\ A 61 + Ndb
= MNA;w Aw? WP AW,

Since this is a closed form which is semi-basic for the projection B — N, it is in fact
a well-defined form on N. By Darboux’s Theorem there exist functions z1,y1,p1,q1
on N such that

d; = —dp; Adzy — dgy A dy;.
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Then by Pfaff’s Theorem there exists a function z; on M; such that
01 = dz1 — p1 dz1 — g1 dus.

A similar argument shows that there exist functions x2,y2,p2,92 on N and 22,4 on
M such that 62 = 105 has the form

02 = dza — p2dza — go dyo.
The ideal 7 = {w! Aw?, w® Aw?} on N is now spanned by the forms
{dp1 ANdzy +dgy Adys, dps Adxo+dgs A dyz},

and the ideals Z;, T, are integrable extensions of Z. (For a definition and discussion of
integrable extensions, see [4].) The equations defining the Bécklund transformation
are simply those defining the change of coordinates on N:

T2 = 12(T1,Y1,P1,q1)
(6.3) Y2 = y2(®1,91,P1,01)
p2 = p2(Z1,91,01,q1)
g2 = q2(%1,91,P1,01),

or, in PDE notation,

a_: = j(.’E,y, za:,zy)
¥ = T(z,Y, 22, 2y)
Zi = Z:’i:(waya zmazy)

Zg = Zg(x,y, 25, 2y)-

Note that if z(z, y) is a known solution of the PDE corresponding to the ideal (M1,Z1),
the corresponding solution Z(Z,y) of the PDE corresponding to the ideal (Mz,Z;) can
be constructed by quadrature.

We have proved the following theorem:

THEOREM 6.1. Let B C M; x My be a homogeneous Bdacklund transformation
with the vectors [C1 Ca], [C3 C4] both nonzero and By = By = B3 = By = 0. Then
B arises in the following way: let {z1,y1,p1,q1}, {Z2, Y2, 02,92} be two sets of local
coordinates on a 4-manifold N such that the 2-forms

{dpl Adzxy +dg ANdyy, dps Adxe + dgs A dyz}

span o hyperbolic pencil (i.e., there exist two distinct linear combinations of these
2-forms which are decomposable) at each point of N. Let

M, = N x R with coordinate z; on the R factor
My = N x R with coordinate zo on the R factor.

Let I be the ideal on M, generated by the forms

0y =dz1 —pr1dz1 — q1dyr
df; = —dp1 Ndxy — dgi A\ dy;
T, = dps Adze + dgs A dys



HOMOGENEOUS BACKLUND TRANSFORMATIONS 453

and let Iy be the ideal on My generated by the forms

b2 = dzg — p2 dz2 — g2 dy2
dfs = —dpa A dxo — dga A dys
Yo =dp1 Adzy + dg A dy;.
Then B C My X Ms is defined by the equations (6.3).

Zvyagin [15] calls Bécklund transformations with By = By = B3 = By = 0
holonomic. Even without the assumption of homogeneity our argument shows that
any holonomic Bécklund transformation arises locally from a hyperbolic system

T ={w'Aw? WP AWt}
on a 4-manifold N such that (M;,Z;) and (Mz,Z,) are integrable extensions of (N, I).

These transformations are generally of limited interest.
7. Case 3B: By = B3 =0; Bs, By # 0. First we compute that
0 =d(dw') mod {w!,w?}
=By A0y A(Gaw® +Gyw?) = G3=G4=0
0 =d(dw®) mod {w?,w}
=By Ao A (Hyw! + Hyw?) = Hy=Hy=0.
Next we observe that under a transformation of the form (5.1), we have

By = byyBy

By = a0 By,

so we can choose a coframing with Bs = B4 = 1. Such a coframing will be called
2-adapted; any two 2-adapted coframings differ by a transformation of the form

- - o =1

(64 10 0 0 0 O 6:
”2 01 0 0 0 O 6,
ot 00 1 0 0 O wl
(7.1) =
LDQ 0 0 asy 1 0 0 w2
@3 00 0 O 1 O w?
_LTJ4_ _0 0 0 0 b21 1_ _w4_

For a 2-adapted coframing, computing
d(dw?) =0 mod {w!,w?}
d(dw*) =0 mod {w?,w?}
shows that

aq4 = L1604 +L262-—(A1+J1+1)w1 —(J2+K2)w2+M3w3+M4w4
B4 = L36q +L402+M1w1+M2w2—-(A2+K3+1)w3—-(J4+K4)w4
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for some functions L;, M; on B.

It is straightforward to show that under a transformation of the form (7.1), the
functions A;, Az, Jo, Jy, Ko, K4, L1, Lo, L3, Ly, M3, M, remain unchanged. By our as-
sumption of homogeneity, they must therefore be constants. Moreover,

Ji = Ji +ag1do
K3 = K3 + b1 Ky
My = My + ag1 My
Mg = M3 + b21M4.

Now we compute:

0 =d(df;) mod {61,823}

= A (My +2K) w! Aw? Aw? = My = —2K,
0= d(df2) mod {6;,602,w'}

= Az(Mz+2J2)w2/\w3/\w4 = My = —2J,
0= d(df;) mod {8;,w?,w}

= Ay(Ly— Ly — A1 + 1) 02 Aw AW? = Ly=Ly—A;+1
0=d(df2) mod {fs,w",w?}

= Ap(Lz3— L1+ A —1) 0 Awd AWt = L3=L; —Ay+1

0=d(df;) mod {1,02,w*}
= (A1M3 +2A1 K3+ AjAs + Ay — 1) wAw? AW

= ]\4'3=—2I(3—Ag—].—i
Ay
0= d(df2) mod {81, 62,w}
= (Ale +2A45J7 + A1As + Ay — 1) W Awd AWt
= M1=—2J1—A1—1—Ai2
0= d(d6) mod {w!,w? w?}
EJ291/\02/\0.)2 = Jo=0
0=d(dfz) mod {w!,w? w?}
= K401 Ay Auw* = K4 =0.

Therefore the functions J;, K3 in fact remain unchanged under a transformation of
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the form (7.1), and so they must be constants as well. Next we compute:

0 = d(dw?) mod {w!,w? w*}

= (—L1 - A2L2) 01 NO> N w? = L1 =—-AsL,
0=d(dw') mod {w? w? w'}
E—K201A92/\w1 = Ky=0

o
il

d(d6;) mod {fa,w?, w?}
= (A142 —1)(Le+ 1) 0 AW Aw? = Ly=-1
0 =d(dw?®) mod {w!,w? w'}

=—Jy0 ANy A3 = J;=0
0=d(df;) mod {w? w? w?}
E—(J1+A1+1)91/\02/\w1 = Ji=-4A; -1

=d(df;) mod {w!,w?, w?}
E—Al(K3+A2+1)91/\92/\w3 = K3=-A4,-1
0 =d(dw') mod {8;,w? w*}

o
|

=(A; +1) (A2 +1) 6 Awt AP = (A1 +1)(42 +1) = 0.
Without loss of generality, we can assume that Ay = —1. Then
2_1
0=d(d02)=(;417—)02/\w1/\w3 = A%=l.
1

Since A1 A3 — 1 # 0, we must have A; = 1. The structure equations for a 2-adapted
coframing may now be written as

doy =0 A (W4 w?) el AW i Aut
diy = =0 A (W + W¥) Fwt Aw? —wd Aw!
dw! =w1/\(01+92 —ws)
dw? = —az Aw! —wW? A (01 + 602 —w®) +0; Ay + Wi AWt
dw® = w3 A (0 — 0 — wh)
dw* = =3 ANwd —wi A (02 —60; —wh) +0; Ay + ! Aw?
for some 1-forms ag, f3 on B.
Now suppose that {1,602, w!,w? w3 w*} is any 2-adapted coframing. Since
dw'=0 mod w!
dw?®=0 mod w?
there exist functions z,y, 71,72 on B and nonzero constants A;, Ag such that
w! = A\e™ dz, w3 = \ge™ dy.
Since the systems {#;,w!,w3} and {#2,w*,w3} are completely integrable, there must
exist functions 21, 22, p1, P2, ¢1, 42, p1, P2 on B, with p;, p2 nonvanishing, such that
61 = p1(dz1 — prdz — g1 dy)
02 = p2(dzz — padz — g2 dy).
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Moreover, since
dé1,df> =0 mod {w!,w?},

p1 must be a function of the variables z,y, z; alone and p; must be a function of the
variables z,y, 2o alone. By making the contact transformation

8

=z
=y

L3

Z1
21=—%/ pl(xava)dT
0

22
22=_%/ PZ(fﬂ,y,T)dT
0

~ 1 = 6p1($aya T)

__1 L2002 dr — Lo (ayy,

P 2 |, % T 2,01(1? Y, 21)P1

_ z2 6P2 z,Y,T

fa = %/ -——(a—x—)-d‘r — 1p2(,y, 22)p2
0

- = op1(z,y, T

G1 = —% ‘ﬁi—'—) dr — %pl(:l;v Y zl)Q1

0 Oy
~ =2 ap2 z,Y,T
G = —%/ ——(3 ) 4r — 302(2,Y, 22)q2
0 Y
we can assume that p1 = py = —13.

Substituting the expressions given above for 6;,6s,w!,w? into the equations for
dw?, dw?® yields
dTl = l(ClZz + dzl)
2 mod {dz, dy}.
d7'2 = %(d22 d dzl)

Therefore we have
r = 3(z2 +21) + f(z,9)
ry = (22 — 21) + 9(z,y)

for some functions f,g. By making the contact transformation

8

=z
y=y

Z =21+f(.'2:,y) —g(ac,y)

Zy =22+ f(z,y) + 9(z,9)

pl—P1+g—£—%
pz—pz+g—£+g§
%"“h-i-%—g%
g2 Q2+a—f+?£
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we can assume that f = g = 0. Now substituting into the equations for dw?!,dw?
yields

(7.2) P2 —p1 = 2Ae3(2tA)
g2 +q1 = 2\pe 277,

The equations for dfy, df; imply that

w? = —ie’%(‘”“l)dpl + 6,
= —ﬂe 2("2*'21)(0@92 —2M1X0e*2 dy) — 6, mod W'
wt= —2—1/\—26 3= g 46,
= ie 3 (== zl)(dqz — 2\ \0e*2 dz) + 63 mod w?
By scaling « and y if necessary, we can assume that
1
S WY
for some nonzero constant A\. Then equations (7.2) become
(7.3) p2 — p1 = V2 e3(F2t3)

e+a= \/Ti ex(m=m),
or, in PDE notation,
Zp — 2p = V2Ae2(F+2)
Zy+zy = T2 e2(E=2)
This is the classical Backlund equation between the wave equation
Zgy =0
and Liouville’s equation
Zpy = €°.
We have proved the following theorem.

THEOREM 7.1. Let B C M; X My be a homogeneous Backlund transformation
with the vectors [C1 Ca), [C3 Cul, [B1 Bs], [Bs Ba] all nonzero and the pairs
[C1 C3), [B1 By and [C3 C4), [Bs By both linearly dependent. Then B is locally
contact equivalent to the transformation (7.3) between the wave equation

Zgy =0
and Liouwville’s equation

Zyy = €°.



458 J. N. CLELLAND

8. Case 3C: Exactly one of Bj, B3 is nonzero. Without loss of generality,
we can assume that By # 0, Bz = 0. Under a transformation of the form (5.1), we
have

Ay =2y
a22

Ay =224,
b22

By = (a22)%Bs

By = —a91a22B1 + b2y By

B4 = a22.B4.
By Lemma 5.1, the function B4 must be nonzero, so we can choose a coframing with
By =0, A; = By = 1. Such a coframing will be called 2-adapted. By our homogeneity

assumption, the functions Az, By are constant for any 2-adapted coframing. Moreover,
any two 2-adapted coframings differ by a transformation of the form

. - 4 -1

[0, 1000 0 O (6, ]

Gy 0100 0 O 62

ot 0010 0 O wl
(8.1) =

@? 0001 0 O w?

e 0000 1 O wd

@4 |0 0 0 0 b 1| |w!

For a 2-adapted coframing, computing
d(dw?) =0 mod {w',w?}
shows that

1
a3=L101+L202+M1w1+M2w2+B_wS
1

for some functions L;, M; on B. Using some of the remaining ambiguity (2.5), we can
assume that M; = 0. Computing

d(dw') =0 mod {w!,w?}
d(dw*) =0 mod {w?,w?}

shows that
ag =P 601+ P00, — (Jl + 1)w1 + (Bl —Jy— KQ)U.)Q - %(Az +K3)w3 - %K4w4
for some functions Pi, P, on B. Computing

d(d91) =0 mod 01
d(df2) =0 mod 6,
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shows that

(1— Ag — 242J)

Az
+(By —20)w” + &—_;4_2_—1)&}3 N (ﬁ_j—h)w‘l.

Ba=(P1+1)01+ (Po—1)02+ w?

It is straightforward to show that under a transformation of the form (7.1), the func-
tions Gy, J1, J2, J4, Ko, K4, L1, Ly, Ms, P;, P; remain unchanged. By our assumption
of homogeneity, they must therefore be constants. Now we compute

0 =d(dw?®) mod {w?,w?}

= (Hyw' + How?) A6 A 6) = H =Hy,=0
0=d(df;) mod {w!,w? w?}

=1K401 A AW! ' = K4=0
0 =d(df;) mod {w*,w? wi}

= By(J1 + 1) 61 A0y A w? = J;=-1
0=d(df;) mod {w!,w?}

= —G401 Aw? Aw? = G4 =0

0=d(df;) mod {w? w3}

_ (AsL2(B1 = Jz) — P)
Ao

0=d(df;) mod {w? w?}

= (=L1(By — J2) + P1) 61 A AWt = P = Li(B; — Jy).

01 N0, /\wl = P = Asz(Bl - Jz)

Next we compute

0=d(df;) mod w?
= [(Ll + ALy + M2)(J2 — Bl) — K-z] 61 Awl /\w2
0=d(df;) mod w?

= (Ll + ALy + Mz)(JQ — Bl) — %] 02 /\L/.)1 A w?.
2

Since Az # 1, these equations imply that Ko = 0. Now
0= d(dw?) mod {62, w? w3}
=—(L1J2 +1) 61 Aw' Awt
Therefore Ly, J; are both nonzero, and

1
J2 - _L_l
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Next we compute
0 =d(dw?) mod {62,w!,w?}
EBl(A2+1)6’1/\w2/\w4 = Ay =-1
0 = d(dw?) mod {6;,w?, %}

E(—LZT—EI—)'GQ/\LUI/\LU4 = Lo=1,
1
0 = d(dw?) mod w?

EBlM291/\02/\w2 = My =0.

Now it is straightforward to check that under a transformation of the form (7.1), the
functions G3, K3 remain unchanged; therefore they must be constants. Continuing,
we have

0 =d(dw®) mod {;,w*}

=—Jiw Aw? AWd =Jy4=0
0 =d(dw') mod {6,602}
Eu;@wlszAws = Kz=1
L,
0=d(df;) mod {0, w? w*}
_ (@1Bi+1) 1a,3 __1
= .5, L ANw ANw =L = B
0 = d(db1)
=(B1—G3)0h AN NW® = G3 = B.

In summary, we have now shown that the structure equations of a 2-adapted
coframing take the form

df; =01 A (w! —|—w‘°‘)+w1 Aw? 4+ wd Aw?

dfs = —02 A (W' +w?) + W Aw? — Wi AWt
(8.2) dw' = B1(01 Ay + 01 Aw? + 03 Aw? +w? Awd)

dw? = El—(é’l + 6y —w¥) Aw! +wd Aw?

1

dw® = (6; — 2 — By w?) AP

dw* = —f3 Aw® +60; ANy — 0 Aw? + 02 Aw* + Brw? Aw* +w! Aw?
for some 1-form (33 on B.

LEMMA 8.1. We can choose a 2-adapted coframing with B3 = 0.

Proof. We will make liberal use of the fact that §3 is only well-defined modulo
w3, so we can add multiples of w® to B3 at will.
Suppose that O3 # 0. Differentiating the last equation in (8.2) yields

0 = d(dw*) = [~dBs + —2(61 — 6 — B1w?) A Bs] Aw;
therefore

(8.3) dfs = —2(01 — 62 — Biw?) A3 mod w®.
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By the Frobenius Theorem, there exist functions z,y, A, 1, v on B such that
Wi =edz
(s = et dy +vdz.

In fact, because of the w3-ambiguity in B3, we can assume that v = 0.
From the equation for dw® in (8.2) and equation (8.3) we have

[\ = (61 — 02 — Biw)]|Aw® =0
[dp +2(6, — 02 — By w)]ABs=0 mod wd.
It follows that
d\=6; -0y — Byw? +ridx
dp = —2(61 — 03 — Biw?) +radz +r3dy

for some functions 71,79, 73 on B. Therefore d(u + 2)) is a linear combination of dz
and dy. This implies that there exists a function f(z,y) such that

p+2x = f(z,y).
Thus we have
Bs = el @V ay,

and by replacing the function y by the function [ ef (=9 dy (and adding multiples of
w? to B3 if necessary) we can assume that

O3 = e’”dy.

From the structure equation for dw* in (8.2), it follows that under a change of
2-adapted coframing of the form
ot = w? = by W3
we have

B3 = B3 + dba1 + 2ba1 dA
= e" 2 dy + dboy + 2bg; dX.
Taking by; = —ye~2* yields §5 = 0, as desired. O

For a 2-adapted coframing as in the lemma, the structure equations (8.2) take
the form

do; = 01 A (W + W) +w AW+ WP Aw?
diy = =03 A (W +W®) +wl Aw? —wd AWt
dw' = B1(6; Ay + 01 Aw? + 0 Aw? 4+ W AWP)
1
dt.uz=E—(01+92—cu:‘x)/\wl+ou3/\w4
1
dw® = (61 — 62 — By w?) AP
dw? =01 ANy — 01 Aw* + 05 Aw* + By w? Aw? +w! Aw?.

The intepretation of these equations requires some preliminaries regarding the geom-
etry of frame bundles, which we will postpone until after the next section.
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9. Case 3D: By, Bs # 0. Under a transformation of the form (5.1), we have

A= b—”-A1
az2

Ay =724,
bao

B1 = (a22)231

By = —a21022B1 + ba2 By

Bs = (b22)?Bs

By = —ba1by2Bs + a2 By.
Since Bi, B3z # 0, we can choose a coframing for which B, = B4 = 0 and B, B3
are constants. Such a coframing will be called 2-adapted. A 2-adapted coframing is
uniquely determined by the constants B; and Bs, and by the homogeneity assumption,
all the other torsion functions are constants as well. For now we will not specify the
values of By and Bs; rather we will use this ambiguity to specify the values of other
torsion coefficients in what follows.

For a 2-adapted coframing, computing
d(dw?) =0 mod {w',w?}
d(dw*) =0 mod {w? w?}

shows that

B
03=L191+L202+M1w1.|.M2w2_B_3w4
1

B
B3 =L301+L492——B§w2+M3w3 ——M4w4

for some functions L;, M; on B. Using the remaining ambiguity (2.5), we can assume
that M; = M3 = 0. Computing

d(dw') =0 mod {w!,w?}
d(dw®) =0 mod {w?,w?}

shows that

Qy = P191 +P202+Q1w1 +Q2w2 - %(A2+K3)w3 d %K4w4
B4 =P361+ P10y — %(Al + J1) - %J2w2+Q3w3+Q4w4
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for some functions P;, @; on B. Now we compute

0=d(df,) mod {01,w3,w4}

= A1(Py — Py) Oy Awt AW? = P =P
0 =d(df;) mod {#,,w!,w?}
_—__'AQ(Pg—Pl)gl /\w?’/\w4 =>P3=P
0=d(df;) mod {6;,6,w®}
EAl(%K4—J4—Q4)w1/\w2/\w4 =>Q4=%K4-—J4
0=d(df2) mod {91,92,w1}
= As(3J2 — K2 — Q2) w? AwP Aw? = Q2=1Js— K>
0=d(df;) mod {w!,w?,w}
E—BlQ101A02/\UJ2 =@ =0
0=d(df;) mod {w!,w?, w}
= —B3Q36; Ay At =Q3=0
0=d(df;) mod {w!,w? w}
(1 3 KyLy
:(§K4L4—A2P2)91 ANy ANw = P = 24
2
0 =d(df2) mod {w?w?, w}
JoLy
= (AP — L J2L1) 01 A Oy AP = P =
(A1 Py 392 1) 61 2 1 94,
0= d(d01) mod 01
= (2A1K;5 — $A14; - 1) w' Aw? A WP =>K3=A1i142+2
1
0= d(d@g) mod 6,
= (%Ang - %AiAg —Dw Awd Aw? = J1= —Aljif +2
2
0=d(df;) mod {fa,w?, w*}
_ (1-(A4142)%) 1A,3 2 _
= ALA, 0L ANw ANw = (AlAz) =1.
Since we require A;As # 1, we must have A; Ay = —1, and therefore 4y = ——=-.
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Continuing, we have

0=d(df;) mod {fs,w*,w?}

E(—HL_A—‘:@—@&A&/W‘* = Hp = A7G4
0 = d(dw!) mod {w? w? w?}

= ———-————Bl(L2; A l) 61 A Oy AWt = Ly =A1L;
0 = d(dw?) 1mod {w,w? Wt}

= —Ba(Ls+ A1L3) 01 ANy Aw? = Ly = —A1L3

0 =d(dw') mod {61,0,w*}
Bg Bl
0 =d(dw®) mod {6;,0;,w?}

= (B1Hy Ms — By Jo) wl Awd A w? = Jo = ———BIHIM4
B; B3
0 =d(dw?) mod {w!,w? wt}
= B1 M3 01 A Oy Aw? = M;=0
0 = d(dw*) mod {w!,w? w3}
= B3M4 61 A 02 Aw* = My =0.

Now we have

0=4d(db,) = [—Alngl Aw? + l—Z—lwl/\w“—Angwz/\w:; - %w:;/\w‘l] A 61
1 1
= Gs=H,=J4=K>=0

0 =d(dw?®) mod {f2,w? w}
_ (Bil1 + A1 B3Ls) 1,3 __Ai1BsLs
= 4.5, 0L ANw Aw =L = B,

d(dw?) mod {6;,w!,w?}

—Bs(By + A1G4L3)

By

o
I1l

02 N\ w? Aw? = B; + A%G;}Lg =0.

Il

Since By # 0, this implies that G4, L3 # 0 and L3 = _Z?GT
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The structure equations now take the form

b, =01/\(A1w1+Zl—w3)+A1w1/\w2+w3/\w4
1

1 1
d02=—-02/\(A1w1+——w3)+w1/\w2—Iw‘g/\w
1

d“’l:(—A 61+ B1 63 — Gaw*) Aw® + B161 A Oy
1
B B Bs
2 _ 3 B;
do = (g 01— G, et 5 v
do® = (_B3 61 + AlB3 02 — AlG4 w2) Aw? + B30, A0,

dw* = (

4

wH A Fwd Awt

By
A2G’ AG 02+ 2)/\wg’-i—t.ul/\wz.

By a transformation of the form (5.1) with
a = b !
2= 7= 22 =
|G4l A1v/[Gd

we can arrange that A; = 1,G4 = £1. Let € = G4 = %1, then the structure equations
take the form

doy =0 A (W + ) Fwt AW+ Aw?

dfy = =05 A (W' +w®) + W Aw? —wP AWt

dw' = (B16; + B10; —cw?) Aw? + B1 61 A b,
B

dw? = (—eB3 6, —€B302+-§§w4) Aw' + w? Aw?

1

dw® = (B3 61 4+ B30y —ew?®) Aw* + B36; A6

dw* = (¢B1 6, —eB1 62 + %l—wz)/\ws—}-wl AWl
3

The next section contains a discussion of frame bundles which will be necessary in
order to interpret these structure equations and those of the previous section.

10. Local geometry of surfaces in 3-dimensional Riemannian and
Lorentzian space forms. First we will discuss the familiar geometry of surfaces
in 3-dimensional Euclidean space; then we can examine what changes when the cur-
vature and/or the signature of the underlying space form is allowed to vary.

Let 3 denote the vector space R? with the Euclidean inner product

(iL‘, y> — xlyl 4 1723/2 + m3y3‘
An orthonormal frame at a point z € E3 an orthonormal basis {e1, e2,e3} for the
tangent space T,E3. The set of all orthonormal frames at all points of E? is called the
frame bundle of E3, denoted F(E?); it is a principal bundle over E3 whose fiber over
each point = € E? is naturally isomorphic to the Lie group O(3) (or, if we require our
frames to be positively oriented, SO(3)).

The frame bundle F(E?) is in fact naturally isomorphic to the Lie group E(3),
the group of isometries of E3. Recall that

E@) = {[’g ﬂ :AeO(3),beIE3}.
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If we represent a vector y € E3 by the 4-dimensional vector [ﬂ, then elements of

E(3) act on y by matrix multiplication:

o B[

An orthonormal frame {e;, es,e3} at z € E3 may be regarded as an element of E(3)
by letting A be the matrix whose columns are the vectors es, e, es and letting b be
the vector z.

The vectors z, eq, ez, e3 may all be thought of as E3-valued functions on F(E3).
Thus their exterior derivatives dz,de; are TE3-valued 1-forms on F(E3). Since
{e1, €2, €3} is a basis for the tangent space to E3 at each point, we can express dz, de;
as linear combinations of ey, ez, e3 whose coefficients are ordinary scalar-valued 1-
forms on F(E?). Hence we can define 1-forms 7%, n], 1 < i, < 3, on F(E3) by the
equations

3
(10.1) dz = Zei n*
i=1

3

— J

de; = E e; ;-
j=1

The 1-forms 7', 7?,n® are semi-basic for the natural projection 7 : F(E3) — E3. They
have the property that if o : E3 — F([E?) is a section of the frame bundle defined by

o(z) = (e1(z), e2(x), e3()),

then the pullbacks o*(n¢) are dual to the basis {e1(z), e2(z), es(x)} for the tangent
space T, E3 at each point z € E3. Thus the forms {o*(n'),0*(n?),0*(n)} are a basis
for the 1-forms on E2. For this reason, the n’ are called the dual forms on F(E3).
The 77;:, on the other hand, form a basis for the 1-forms on each fiber of 7. If o is a
section as above, then the pullbacks o* (77;) are the Levi-Civita connection forms of
the Euclidean metric on E? for the frame defined by o. For this reason, the n} are
called the connection forms on F(E?). Together, the forms {n*,7:} form a basis for
the left-invariant forms on the group E(3), and hence for the Lie algebra e(3).

Differentiating equations (10.1) shows that the forms 7%, o satisfy the structure
equations

3
(10.2) dn' == ninn
j=1

3
dy = = >k Ay
k=1

(These equations are equivalent to the structure equations for the Lie algebra ¢(3).)
Differentiating the equations
0 i#j
(e, e5) = { 7

1 i=j
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shows that 7} = —n?; in particular, 7! = 0 for ¢ = 1,2, 3.

Now let U C R2 be open and let X : U — E3 be a regular surface. An adapted
orthonormal frame field along X is a choice, for each z € X, of an orthonormal
frame {ej, e2,e3} at z such that the vectors e, e2 form a basis for the tangent space
T:X (and hence e3 is a unit normal vector to X at z.) If {e1,e2,es} is an adapted
orthonormal frame field, then any other adapted orthonormal frame field {é;, é2, €3}
has the form

€1 = x[(cos @) e1 — (sin ) ey]
€y = x[(sinp) e; + (cos p) ey]
€3 = *es3

for some function ¢ on X. (The ambiguities of sign can be removed by specifying a
choice of unit normal and requiring that the frame field be positively oriented.)

A choice of an adapted orthonormal frame field may be thought of as a lifting
X :U — F(E3). Now consider the pullbacks of the forms 7¢, n; via X to the surface
X. (The pullback notation will be omitted for simplicity.) Since e;, e form a basis
for T, X at each point z € X, the 1-form dz = ¥ e; 7° must be a linear combination
of e; and ey; therefore, 7 = 0. Moreover, the 1-forms 5!, n? are linearly independent
and so form a basis for the 1-forms on X. Differentiating the equation 7% = 0 yields

0=dn® = -} An* =15 A7
By Cartan’s Lemma, there exist functions hji, h12, hos on X such that

=hi ' + hian?
3 _ 1 2
My = hian + haan”.

The structure equations for the dual forms can now be written in the form
(10.3) dn' = —mz An?
dn® = An*

where 73 is the Levi-Civita connection form for the induced metric on X. The first
and second fundamental forms of X are

I=(dX,dX) = (n')*+ (n*)?
II = (dX,de3) = hi1 (n1)? + 2h12 0 02 + hag (7%)2.

The Gauss curvature K of X is defined to be the determinant of II, i.e.,
K = hi1hgs — h,,

and the structure equation for the Levi-Civita form 73 can now be written in the form
dny = Kn' AP

(This is called the Gauss equation.) The mean curvature H of X is defined to be
one-half of the trace of IT with respect to the metric defined by I, i.e.,

H = %(hu —+ hzg).
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The quantities K and H are independent (up to the sign of H) of the choice of adapted
orthonormal frame field on X. Note that

n3 A3 = (hirhos — Big)n' An? = Kn' An?
ns An® +n' An3 = (hu1 + he2) 0t An® =2Hn' AP

So for instance, let X : U — E? be any surface whose Gauss curvature K satisfies
K=-1.IX:U—-F (E?) is any choice of adapted orthonormal coframing along
X, then the image of X is an integral manifold of the exterior differential system

I={n dn®, m}An}+n' An?}

on F(E3). But there is one further wrinkle to consider. Generally our objects of
interest are surfaces, and while the unit normal vector es is determined up to sign by
the surface, in general there is no canonical choice of basis {e;,e2} for the tangent
spaces T, X. Rather than lifting X to the entire frame bundle F(E?), it is more
natural to consider liftings of X to the space M of contact elements of E3. This is the
space of tangent planes to points of E2, and if we allow these planes to be oriented
by a choice of unit normal vector, M may be described as

M = {(z,e3) : x € E3 e3 € T,E?, (e3,e3) = 1}.

This is a 5-dimensional manifold, and it is naturally the quotient of F(E3) by the
circle action consisting of rotations between e; and es at each point.

The 1-form 72 is well-defined on M, and in fact it is a contact form on M.
The forms 7,723,173 are semi-basic for the natural projection F(E%) — M, and
the form 7 spans the cotangent space of each fiber of the projection. While the
forms n',n%,73,m3 are not well-defined on M, certain combinations of them are. In
particular, since n® is well-defined on M, so is the form

dn® = —n3 An' —m3 A 72

In addition, the area form n' A 5 is well-defined on M, as are the 2-forms 1} A 73
and 1§ A9 + 1! An3 which describe Gauss and mean curvature. So in the example
above, the ideal Z on F(E3) actually projects to a well-defined ideal

I={n? dn®, n3 An3 +n' An?}

on M. Integral manifolds of this ideal are the canonical liftings to M of surfaces in
[E? with constant Gauss curvature K = —1. Furthermore, in this case the pair (M,Z)
is a hyperbolic Monge-Ampére system.

These constructions can all be carried out when E? is replaced by the space forms
S3 H3, by flat Lorentzian space (which we will denote E>1!), or by Lorentzian space
forms of constant sectional curvature 1 or —1 (which we will denote S*! and H?!,
respectively). In each case the frame bundle will be isomorphic to the Lie group
of isometries of the underlying space form, and the structure equations will vary
depending on the group. In addition, in the Lorentzian case there will be variations
depending on whether we are considering spacelike or timelike surfaces. In either case
we choose orthonormal frames along the surface with e; and es tangent to the surface;
in the spacelike case we choose frames with

(e1,€1) = (e, €2) =1, (es,e3) = —1,
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and in the timelike case we choose frames with

(e1,e1) = (es,e3) =1, (e, e2) = —1.

For spacelike surfaces in either Riemannian or Lorentzian space forms, the Gauss
equation

dn = Kn' An?

is taken as a definition of the Gauss curvature of the surface. For timelike surfaces in
Lorentzian space forms, the analog of the Gauss equation is

dny = —Kn' A,

(See [13] for a discussion of curvature in Lorentzian spaces.) Moreover, whenever the
underlying space form has nonzero sectional curvature Ky, the relationship of between
the Gauss curvature K of a surface and the second fundamental form of the surface
is

K = Ko + (h11hos — h3p)
when the underlying space form is Riemannian and
K = Ko — (hi1hos — h2,)

for either spacelike or timelike surfaces when the underlying space form is Lorentzian.
Thus we have

i A1 = (K — Ko)n' Ap°
for surfaces in Riemannian space forms and
i AT = (Ko —K)nt A

for either spacelike or timelike surfaces in Lorentzian space forms. Finally, for timelike
surfaces in Lorentzian space forms the mean curvature is defined to be one-half of the
trace of II with repect to the Lorentzian metric I, so

H = (h11 — ha2).
In this case we have
M AN —nt An3 = (h11 — ha2)nt An? = 2H n! A7

The structure equations in the various cases are:
e Surfaces in E3: the frame bundle is isomorphic to E(3), and the structure
equations are

3
diff == mi Am’
i=1
. 3 .
dny =~ i AT,
k=1

with 7t = —n].
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e Surfaces in S3: the frame bundle is isomorphic to O(4), and the structure
equations are

3
dif ==Y miAn
j=1

3
dnf == i Anf +n' ArY,
k=1

with ni = —n].

Surfaces in H3: the frame bundle is isomorphic to O(3,1), and the structure
equations are

3
dif ==Y niAn
i=1

3
dnf == Anf = ' Arp,
k=1
with 17;'. = _nf.

Spacelike surfaces in E2!: the frame bundle is isomorphic to the Lorentzian

group E(2,1) (i.e., the Lorentzian analog of F(3)), and the structure equa-
tions are

3
d' ==y 1 AP
=1

3
dni ==Y i Anf,
k=1
with n¢ =0, n? = —nj, n} =n}, n§ =nj.

Timelike surfaces in E?1: the frame bundle is isomorphic to the Lorentzian
group F(2,1), and the structure equations are

3
dnt ==Y i AP
=1

3
dnf == ni Ak,
k=1

with nf =0, nf =n3, n3 = —n3, n3 =n3.

Spacelike surfaces in S%!: the frame bundle is isomorphic to O(3,1), and the
structure equations are

3
dn' == miAn

Jj=1
dny = -m Am3 + 0t An?
dnf = —nm3 At + 1 At
dns = —-ni A + 0> An?
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with n! =0, nf = —n}, n} = n3, n3 = n3. It is straightforward to show that
this case is actually isomorphic to the case of surfaces in H® via the change
of basis

', 0% 0 nd, nd 3} — {~n, nd 0, my, 0?, '}

This correspondence sends surfaces of Gauss curvature K # —1 in H? to their
Gauss images, which are spacelike surfaces of Gauss curvature K # 1 in S*1.

e Timelike surfaces in S%!: the frame bundle is isomorphic to O(3,1), and the
structure equations are

3
dn' ==Y mAr’
c

dng = —ng An3 —nt An?

dn} =-n3 Ani+n*An}

dny = —n} Ang—n® A
with nf =0, n? =n3, n} = —n}, n§ =n3.

e Spacelike surfaces in H?!: the frame bundle is isomorphic to O(2,2), and the
structure equations are

3
dn' == _nj Al
j=1

dnz = —n3 A3 —n* AP
dn} = —n3 An3 —n° An’'
dn3 = —n3 Amg —n° An?
with 7f =0, nf = —n3, 3 =ni, 73 =}
e Timelike surfaces in H?!: the frame bundle is isomorphic to O(2,2), and the
structure equations are

3
d' ==Y miAn]
j=1

dng = —n3 A3 +n' An?
dn} = —m3 An? —n3 An?
dn3 = —n} Anz +n° An?

with n} =0, nf =n3, n3 = -3, n§ =nj3.

11. Interpretation of Cases 3C and 3D. In Cases 3C and 3D, we found a
coframing {61, 62, w!,w?, w3, w*} whose structure equations have constant coefficients.
This implies that the forms in the coframing form a Lie algebra. This in turn gives
the manifold B a Lie group structure (at least locally) by regarding the forms in the
coframing as the left-invariant forms on B. The first step in interpreting the structure
equations is to identify the Lie algebra that they define, and in all but one case it
turns out to be one of those described in the previous section. Then because the
contact forms 601,02 are each determined up to scalar multiples, we must find two
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distinct bases for the Lie algebra: a basis {n%,7¢} for which 7% is a multiple of 6,
and a basis {¢?,(}} for which ¢ is a multiple of §,. The Bécklund transformation is
then given by the transformation relating these two bases for the Lie algebra. These
transformations can all be described by geodesic congruences of some sort, in the same
way that the classical Backlund transformation between pseudospherical surfaces is
given by line congruences.

These computations were carried out using the algorithm in [14] with the assis-
tance of Maple. The algorithm divides into several cases depending on the value of
B; in case 3C and the values of B, Bs, ¢ in case 3D. The change-of-basis matrices are
rather complicated and not very enlightening, so they will be omitted here.

11.1. Case 3C. Recall that the structure equations in this case are
df; = 01 A (W + W) +w AW+ WP Aw?
dfy = —(92/\(1‘11 +w3)+w1/\w2 — w3 AWt
dw? = B1(6; A2 + 01 Aw? + 02 Aw? +w? AW

dw? = %(01 +0s — ) A F i AWt
1

dw® = (0; — 0, — Byw?) A WP
dw* =01 Ay — 0; Aw? + 05 Aw? + By w? Aw® + w! Aw?

with Bj # 0. Carrying out the algorithm described above shows that:
o If B; # 2, then the Lie algebra is s0(2, 2). For each of the two bases computed
by the algorithm, the structure equations coincide with those for timelike
surfaces in H?'; moreover, the ideals Z;,Z take the form

Ty = {n3, dn?, n3 An® —n* An3 — 20" A%}
Zo={C d® GAC - NG -2 A

So up to contact equivalence, B represents a transformation between timelike
surfaces of constant mean curvature equal to 1 in H?!. We note that the
change-of-basis matrices have different expressions for Bj in the ranges B; <
0, 0< B; <2, and B; > 2.

o If B; =2, then the Lie algebra is ¢(2,1). For each of the two bases computed
by the algorithm, the structure equations coincide with those for timelike
surfaces in E2!; moreover, the ideals Z;, 7, take the form

I ={n®, dn®, n} An® —n* A3}
T ={¢% d® G A - AG)
So up to contact equivalence, B represents a transformation between timelike

minimal surfaces in E?!. This transformation is explored in detail in [7].
Thus we have the following theorem.

THEOREM 11.1. Let B C M x M» be a homogeneous Bdcklund transforma-
tion with the vectors [C; Cs], [Cs Ca], [B1 Bsa], [Bs Ba] all nonzero, the pair
[C1 C3l, [B1 By linearly independent, and the pair [Cs Cal, [Bs Ba] linearly
dependent. Then B is locally contact equivalent to either

1. A Bécklund transformation between timelike minimal surfaces in E21, or
2. A Bdcklund transformation between timelike surfaces of constant mean cur-
vature equal to 1 in H>1.
In both cases, the transformation may be described in terms of geodesic congruences.
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11.2. Case 3D. Recall that the structure equations in this case are
doy =01 A (W +®) +w Aw? + WP Aw?
dfy = —0 A (W' +wd) +w Aw? — B AW?
dw! = (3191+3102——8w4)/\w2+B191/\92

dw? = (—eB3fy — B30, + %w‘l) Awt +wd Awt
1
dw® = (=B3 01 + B30y —ew?) Aw* + B3 01 A,

B
alw4=(5316’1—e53102+B—lw"")/\w?’-l-wl/\w2
3

with By, B3 # 0 and € = £1. The algorithm described above divides into many cases
depending on the values of these parameters.

When ¢ = —1, the By B3 plane divides into regions as shown in Figure 1. The
curve in this graph is defined by the equation

4BiB? — 4B?B; + 4B, B3 + B? + 2B, B3 + B2 =0,

and it may be parametrized by

1 1/1 2
By =—=(t 12 Ba==1= 1
1 2(+)7 3 2(t+)

for t # 0. (The point corresponding to t = —1 is (0,0) and so is not included in our
parameter space.) For convenience, we define

Q™ =4B?B? - 4B}B; + 4B, B2 + B? + 2B, B3 + B2.
When the point (B1, Bs) is in the second or fourth quadrant, @~ can be factored as
Q" =aaq
with
gy =2B1B3 — B+ B3 +2v/—-B1B3
g5 =2B1B3 — B, + B3 — 2¢/—B; Bs.

Figure 1: e=~1

II

-]
-
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e If @~ =0and ¢t > 0 (so that By < —% and Bz > %), then the Lie algebra

is ¢(3). For each of the two bases computed by the algorithm, the structure
equations coincide with those for surfaces in E3; moreover, the ideals Z;,Z>
take the form

Iy ={n%, dn®, 3 And+n' An?}
Ty ={¢% d® G NG+ AC)

So up to contact equivalence, B represents a transformation between surfaces
of constant Gauss curvature K = —1 in E3. This is the classical Bicklund
transformation between pseudospherical surfaces, and the parameter ¢ along
the curve @~ = 0 is a function of the usual parameter appearing in this
transformation.

If @~ = 0and ¢ < 0 (so that either B; > —% or B3 < %), then the Lie algebra
is ¢(2,1). For each of the two bases computed by the algorithm, the structure
equations coincide with those for spacelike surfaces in E?1; moreover, the
ideals Z7,Z> take the form

= {n*, dn’, ni Ams+n' An?}

I, ={¢% d¢®, G NG+ A
So up to contact equivalence, B represents a transformation between spacelike
surfaces of constant Gauss curvature K = 1 in E%1.
In Region I of Quadrant 2, the Lie algebra is s0(4). For each of the two bases

computed by the algorithm, the structure equations coincide with those for
surfaces in S3; moreover, the ideals Z;,Z, take the form

Ii={n* dn®, ndAnd+ (Z%) n' An?}
2

To={C d® GAEG+ <Z%> ¢t AP
2

So up to contact equivalence, B represents a transformation between surfaces
of constant Gauss curvature

ko1 G
a3

in $3. As (Bj, B3) ranges over Region I, K takes values in the interval (0, 1).

In Regions II and III of Quadrant 2 and in Quadrant 4, the Lie algebra is

50(2,2). For each of the two bases computed by the algorithm, the structure

equations coincide with those for spacelike surfaces in H?'; moreover, the

ideals Z;, 7o take the form

-
Iy ={n® dn® ndAnd+ <q—2:> n' An?}
1

I={¢3 d¢, Erg+ (Zi:) ¢t AR
1

So up to contact equivalence, B represents a transformation between spacelike
surfaces of constant Gauss curvature

K=2_;

91
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in H>!. As (Bj, B3) ranges over these regions, K takes values in the interval
(—1,0) in Regions II and III of Quadrant 2 and in the interval (0, c0) in Quad-
rant 4. We note that the change-of-basis matrices have different expressions
in each of the three regions.

In Region IV of Quadrant 2, the Lie algebra is s0(3,1). For each of the two
bases computed by the algorithm, the structure equations coincide with those
for surfaces in H3, or equivalently, for spacelike surfaces in $*!1. Regarded as
surfaces in H?®, the ideals Z1,Z; take the form

-
Ty = {n®, dn®, n} A} — (q%) nt An?}
1

-
n= (¢ d%, G- (L) n)
1
Regarded as spacelike surfaces in S%!, the ideals Z;,Z, take the form

-
Ty ={n*, dn®, n}Ani— (?) nt An?}
2

T ={¢% d¢%, NG - (Z%) A,
2

So up to contact equivalence, B may be regarded as representing either a
transformation between surfaces of constant Gauss curvature

in H3, or a transformation between spacelike surfaces of constant Gauss cur-
vature

ko1 i

a2
in S%1. In the first case K takes values in the interval (—oco, —1) as (By, B3)
ranges over Region IV, and in the second case K takes values in the interval
(1,00) as (B, Bs) ranges over Region IV.
In Quadrants 1 and 3, the Lie algebra is s0(2,2). For each of the two bases
computed by the algorithm, the structure equations coincide with those for
timelike surfaces in H?!; moreover, the ideals 71,7, take the form

2B1B3 — By + B3

e

2B1B3 — By + B3
/Q_
So up to contact equivalence, B represents a transformation between timelike

surfaces of constant mean curvature
2B1B3 — B1 + B3
Ve~
in H>1. As (Bi, B3) ranges over these regions, H takes values in the interval

(—1,1). We note that the change-of-basis matrices have different expressions
in each quadrant.

I ={r®, dp’, ¥ An® —n' An§ -2 n* An?}

Ty ={¢ d®, GAC - A2 ¢t AP

H=
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When ¢ = 1, the B; Bs plane divides into regions as shown in Figure 2. The curve
in this graph is defined by the equation
4B?BZ 4+ 4B?B3 — 4B, B2 + B 4+ 2B1B3 + B2 = 0,

and it may be parametrized by

1 ) o1/, \?
Bl—i(t-l-l), Bs = 2<t+1>

for t # 0. (The point corresponding to ¢ = —1 is (0,0) and so is not included in our
parameter space.) For convenience, we define
Qt =4B?B? + 4B?B; — 4B, B} + B? + 2B, B; + B3.
When the point (B1, Bs) is in the second or fourth quadrant, @* can be factored as
Q =dqfds

with

¢t =2B1Bs + B; — B3 +2v/—B1B3

g5 =2B1B3 + By — B3 — 21/—B1Bs.

Figure2: =1

2 3
1+ !

2 T

I

B,

e If @ =0 then the Lie algebra is ¢(2,1). For each of the two bases computed
by the algorithm, the structure equations coincide with those for timelike
surfaces in E%!; moreover, the ideals 71,7, can be written either in the form

i ={n’, dn’, n} Anj +n' An’}
I ={¢ d® NG+ A%
or in the form
Iy = {n®, dn®, m} An® —n' An3 —2n' A9?}
L ={3, d® @A -G —2¢" %)
So up to contact equivalence, B may be regarded as representing either a
transformation between timelike surfaces of constant Gauss curvature K =1

or a transformation between timelike surfaces of constant mean curvature
H=1inE>1,
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In Region I of Quadrant 4, the Lie algebra is s0(2,2). For each of the two
bases computed by the algorithm, the structure equations coincide with those
for timelike surfaces in H?1; moreover, the ideals Z;,Z, can be written either
in the form
+
I = {n® dn’, i Ams + (31:) A’}
2

+
In={¢ di® GAG+ (%1;) ¢tA ¢
2

or in the form

2B1Bs + B; — B3 771 A T]z}
A /Q+
9B, B3 + By — Bg) At

Vor

So up to contact equivalence, B may be regarded as representing either a
transformation between timelike surfaces of constant Gauss curvature

Iy ={n*, dn’, ni‘/\nz—nl/\ng’—2(

I = {¢®, d¢?, c%Acz—clA<§—2<

+
k=0 _;
q2
or a transformation between timelike surfaces of constant mean curvature
. 2B1Bs + B; — B3

Var

in H?!. As (B, B3) ranges over Region I, K takes values in the interval
(0,1); meanwhile, H takes values in the interval (—oo, —1).

In Regions IT and IIT of Quadrant 4 and in Quadrant 2, the Lie algebra is
50(2,2). For each of the two bases computed by the algorithm, the structure
equations coincide with those for timelike surfaces in H?!; moreover, the
ideals Z7,Z5 can be written either in the form

H

+
g
Iy = {n° dn®, n} A3+ (52:) nt A’}
1

+
o= {3, d¢®, 3 AEG+ (g%) ¢t A ¢
1

or in the form

I = {n*, dn®, nf/\nz—nlf\ng—2(

V¥

T, = (¢, d¢, cfAcz—clAcS—2<2BlB‘°'+Bl "B“> ¢ A,

v

So up to contact equivalence, B may be regarded as representing either a
transformation between timelike surfaces of constant Gauss curvature

2BB3+B; — B

+
k=2 _,
a
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or a transformation between timelike surfaces of constant mean curvature
2B1B3 + By — Bs

Vo

in H?!. As (Bj, B3) ranges over these regions, K takes values in the interval
(—1,0) in Regions II and III of Quadrant 4 and in the interval (0,00) in
Quadrant 2; meanwhile, H takes values in the interval (1, 00) in Regions II
and III of Quadrant 4 and in the interval (—o0o, —1) in Quadrant 2. We note
that the change-of-basis matrices have different expressions in each of the
three regions.

In Region IV of Quadrant 4, the Lie algebra is s0(3,1). For each of the two
bases computed by the algorithm, the structure equations coincide with those
for timelike surfaces in S%!; moreover, the ideals Z;,Z, can be written either
in the form

H =

+
q.
T, = {if, dn®, n} Anf - (q—) A}
1

+
T = {¢%, d*, B AGE - (Z—i—) A
1

or in the form

2B1B;3 + B; — B3

- - 7 A’}
_Q-i-

2B1Bs + B; — B3 ¢t Ac2y.
_Q+

So up to contact equivalence, B may be regarded as representing either a

transformation between timelike surfaces of constant Gauss curvature

+
K=1-%
q
or a transformation between timelike surfaces of constant mean curvature
2B1B3 + B; — B3
—Qt
in §%1. As (Bj, B3) ranges over Region IV, K takes values in the interval
(1, 00); meanwhile, H ranges over all real numbers.
In Quadrants 1 and 3, the Lie algebra is s0(3) @ s0(2,1). The corresponding
Lie group is denoted SO*(4) in Cartan’s list of Lie groups as described in
[11]. This group has no natural 3-dimensional quotients compatible with the
contact structures given by 6; and 63, and so there is no natural way to
regard these examples as transformations of surfaces in any 3-dimensional
space. They may naturally be regarded as transformations of certain surfaces
in a 5-dimensional quotient space of SO*(4).

Iy = {n®, dn®, ni’/\n"’—nlAng—?(

T = {¢, d¢d, c§A<2—<1A<§’—2<

H=

Putting all these cases together yields the following theorem.
THEOREM 11.2. Let B C My X My be a homogeneous Bdcklund transformation

with the vectors [C1 Cs], [Cs C4], [B1 Ba], [Bs Ba] all nonzero and the pairs
[C1 C3), [B1 Bs] and [C3 C4], [Bs B both linearly independent. Then B is locally
contact equivalent to one of the following:



~

10.

11.
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. A Bcklund transformation between surfaces of constant negative Gauss cur-

vature in E3

A Bdcklund transformation between surfaces of constant Gauss curvature 0 <
K<1inS3

A Backlund transformation between surfaces of constant Gauss curvature
-0 < K < -1 inH?

A Bicklund transformation between spacelike surfaces of constant positive
Gauss curvature in E»!

A Bicklund transformation between timelike surfaces of constant positive
Gauss curvature, or equivalently, constant nonzero mean curvature, in E?1
A Backlund transformation between spacelike surfaces of constant Gauss cur-
vature 1 < K < oo in S1

A Backlund transformation between timelike surfaces of constant Gauss cur-
vature 1 < K < oo, or equivalently, constant mean curvature H € R, in
S2,1

A Backlund transformation between spacelike surfaces of constant Gauss cur-
vature —1 < K < co, K # 0 in H>!

A Backlund transformation between timelike surfaces of constant Gauss cur-
vature —1 < K < oo, K # 0, or equivalently, constant mean curvature
|H| > 1, in H??!

A Baicklund transformation between timelike surfaces of constant mean cur-
vature |H| < 1 in H?!,

A Bdacklund transformation between certain surfaces in a 5-dimensional quo-
tient space of SO*(4).

In all cases, the transformation may be described in terms of geodesic congruences.

12.

Conclusion. Theorems 3.1, 4.1, 6.1, 7.1, 11.1, and 11.2 may be combined

to yield the following result.

THEOREM 12.1. Let B C M; X My be a homogeneous Bécklund transformation.
Then B is locally contact equivalent to one of the following:

o do I~

11.

A Bicklund transformation between solutions of the wave equation zz, =0
A holonomic Bdcklund transformation of the form described in Theorem 6.1
The classical Bicklund transformation between the wave equation zgy = 0 and
Liouville’s equation zzy = €*

. A Baicklund transformation between surfaces of constant negative Gauss cur-

vature in B3

A Bdcklund transformation between surfaces of constant Gauss curvature 0 <
K<1in$®

A Bdcklund transformation between surfaces of constant Gauss curvature
—o0 < K < -1 in H®

A Bdcklund transformation between spacelike surfaces of constant positive
Gauss curvature in E21

A Bicklund transformation between timelike surfaces of constant positive
Gauss curvature, or equivalently, constant nonzero mean curvature, in E>1
A Bicklund transformation between timelike minimal surfaces in E?1

A Backlund transformation between spacelike surfaces of constant Gauss cur-
vature 1 < K < oo in §%1

A Backlund transformation between timelike surfaces of constant Gauss cur-
vature 1 < K < oo, or equivalently, constant mean curvature H € R, in

S2,1
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12. A Bdcklund transformation between spacelike surfaces of constant Gauss cur-
vature —1 < K < oo, K # 0 in H>?

13. A Bicklund transformation between timelike surfaces of constant Gauss cur-
vature —1 < K < oo, K # 0, or equivalently, constant mean curvature
|H| > 1, in H>1

14. A Bdcklund transformation between timelike surfaces of constant mean cur-
vature |H| < 1 in H>1.

15. A Bdcklund transformation between certain surfaces in a 5-dimensional quo-
tient space of SO*(4).

Now this is certainly not the end of the story. There are interesting Backlund
transformations which are not homogeneous; in particular, the classical Backlund
transformation for the sine-Gordon equation does not appear on this list. Moreover,
the notion of Backlund transformation used here does not take into account the pres-
ence of the arbitrary parameter A that plays such an important role in the theory
of Bécklund transformations of integrable systems such as the sine-Gordon equation.
We hope to address these and other issues in future papers.
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