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DEFORMATIONS OF HOMOGENEOUS ASSOCIATIVE
SUBMANIFOLDS IN NEARLY PARALLEL G>-MANIFOLDS*

KOTARO KAWAIf

Abstract. A nearly parallel Go-manifold Y is a Riemannian 7-manifold whose cone C(Y) =
R>o X Y has the holonomy group contained in Spin(7). In other words, it is a spin 7-manifold with
a real Killing spinor.

We have a special class of calibrated submanifolds called Cayley submanifolds in C(Y). An
associative submanifold in Y is a minimal 3-submanifold whose cone is Cayley. We study its de-
fo;rmations7 namely, Cayley cone deformations, explicitly when it is homogeneous in the 7-sphere
S’
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1. Introduction. For any Riemannian manifold (Y, g), consider its Riemannian
cone (C(Y),g) = (R=g x Y,dr? +72g). A Riemannian 7-manifold (Y, g) is called a
nearly parallel Go-manifold if the holonomy group of g is contained in Spin(7). The
existence of a nearly parallel Ga-structure is equivalent to that of a spin structure
with a real Killing spinor ([2]), which is also used in supergravity and superstring
theory in physics.

We have a canonical closed 4-form ® on C(Y), which defines a calibration. A
3-submanifold M in Y is called associative if its cone C'(M) is calibrated by ®. In
other words, C(M) is a Cayley submanifold in C(Y). For example, special Legen-
drian submanifolds in Sasaki-Einstein manifolds are associative (Lemma 2.19), and
Lagrangian submanifolds in the sine cones of nearly Kahler 6-manifolds are associative
(Lemma 2.30). Here, Lagrangian submanifolds are defined in terms of the vanishing
of a non-closed 2-form which characterizes nearly Kéhler geometry. These are also
called totally real submanifolds.

The deformation of compact calibrated submanifolds was studied by Mclean [19].
Joyce [11, 12, 13, 14, 15] introduced the notion of the stability index of a special
Lagrangian cone to study deformations of a special Lagrangian submanifold with a
conical singularity. Lotay [17] generalized it to the coassociative case. Associative
and Cayley submanifolds behave differently from special Lagrangian and coassocia-
tive submanifolds, and hence it is difficult to generalize it directly to the associative
or Cayley case. Thus in this paper, we focus on the Cayley case and study the defor-
mations of homogeneous Cayley cones explicitly. It may help to develop the general
deformation theory of a Cayley submanifold with a conical singularity. Our approach
is based on the representation theory. This is an analogue of Ohnita’s approach to
special Legendrian submanifolds in [24].

The homogeneous associative submanifolds in S7 are classified by Lotay [16] into
8 types: Aq, As and Az not lying in a totally geodesic nearly Kihler S, Lagrangian
submanifolds L1, L, L3, and Ly in S®, and the totally geodesic S® (Proposition 6.1).
Infinitesimal Lagrangian deformations in S® are studied in [17], and hence we study
the infinitesimal deformations of the others and obtain the following.

*Received July 30, 2014; accepted for publication November 6, 2015.

TDepartment of Mathematics, Gakushuin University, 1-5-1, Mejiro, Toshima, Tokyo, 171-8588,
Japan (kkawai@math.gakushuin.ac.jp). The author is supported by Grant-in-Aid for JSPS fellows
(26-7067).

429



430 K. KAWAI

THEOREM 1.1. As an associative submanifold, Ay is rigid, while Ay and Az are
not rigid. The deformation space of As is unobstructed, and all non-trivial associative
deformations of As are induced by the PGL(4,C)-action on CP? via the Hopf lift.

THEOREM 1.2. All the associative and non-Lagrangian deformations of the totally
geodesic S3, Ly, Lo, L3, and Ly are trivial. In other words, such deformations are

induced from Spin(7) \ Gs.

This paper is organized as follows. In Section 2, we review the fundamental facts
of Go, Spin(7), Sasakian, and nearly Kéahler geometry.

In Section 3, we characterize the space of all infinitesimal associative deformations
as an eigenspace of a twisted Dirac operator D (Proposition 3.2).

In Section 4 (5), we compute the difference of the dimension between infinitesimal
associative and special Legendrian (Lagrangian) deformations. These computations
are useful to prove Theorem 1.1 and 1.2 and give the geometrical meanings of some
eigenspaces of some differential operators such as the Laplacian.

In Section 6, according to Lotay’s classification, we calculate the dimensions of
eigenspaces of homogeneous associative submanifolds by the representation theoretical
method in Appendix B, and prove Theorem 1.1 and 1.2.

NOTATION. Let M be a manifold and E be a vector bundle over M. We denote
by C(M, E) the space of all continuous sections of E — M, and by C*°(M, E) the
space of all smooth sections of E — M. Especially, we write X(M) = C*°(M,TM).

If a Lie group G acts on M, we denote by X* the vector field generated by
X € g = Lie(Q).

Acknowledgements. The author would like to thank the referee for the careful
reading of an earlier version of this paper and useful comments on it.

2. Preliminaries.
2.1. G2 and Spin(7) geometry.
DEFINITION 2.1. Define a 3-form ¢y on R” by

o = dx123 + dxy (drys + drer) + dro(drss — dosy) — dos(dasr + drsg),

where (z1,---,27) is the standard coordinate system on R”7 and wedge signs are
omitted. The Hodge dual of ¢g is given by

*x(pg = dryse7 + dxas (d{E67 + diZ?45) + dxlg(dx57 — d$46) — dxlg(dili56 + d$47).

Decompose R® = R®RT and denote by g the coordinate on R. Define a self-dual
4-form @y on R® by

®g = dxg A po + *p0.

If we identify R® = C* via R® 3 (zg, - - - ,27) > (2o +iT1, xo+iT3, 24 +iTs, v6+iT7) =:
(21, 22, 23, 24) € C*, then ® is described as

1
@0 = 5(}.}0 A\ wo + Rer,

where wy = %Z?Zl dzﬁ and Q¢ = dzio34 are the standard Kéahler form and the
holomorphic volume form on C*, respectively.
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The stabilizers of ¢y and @ are the exceptional Lie group Go and Spin(7), re-
spectively:

G2 ={g€ GL(7,R); g"v0 = ¥0}, Spin(7) = {g € GL(8,R); g" Py = Py }.

The Lie group G fixes the standard metric gy = Zzzl(d:ri)Q and the orientation
on R”. They are uniquely determined by g via

6g0(v1, v2)volg, = i(v1)wo Ai(v2)po A o, (2.1)

where vol,, is a volume form of go, i(-) is the interior product, and v; € T(R7).

Similarly, Spin(7) fixes the standard metric hg = 21'7:0 (dw;)? and the orientation
on R®. We have the following identities:

(I)% = 14V01h0, (i(wg)i(w1)¢0)2 N Dy = 6Hw1 N w2H}2LOV01h07 (22)

where volp,, is a volume form of hg and w; € T(R®).

DEFINITION 2.2. Let Y be an oriented 7-manifold and ¢ a 3-form on Y. A
3-form ¢ is called a Ga-structure on Y if for each y € Y, there exists an oriented
isomorphism between T},Y and R” identifying ¢, with ¢¢. From (2.1), ¢ induces the
metric g and the volume form on Y. A Ga-structure ¢ is said to be nearly parallel if
dep = 4% . We call a manifold with a nearly parallel Ga-structure a nearly parallel
Gy-manifold for short. A Ga-structure ¢ is called torsion-free if dp = d * ¢ = 0.

Let X be an oriented 8-manifold and ¢ a 4-form on X. A 4-form & is called
a Spin(7)-structure on X if for each z € X, there exists an oriented isomorphism
between T, X and R® identifying ®, with ®y. From (2.2), ® induces the metric h and
the volume form on X. A Spin(7)-structure ® is called torsion-free if d® = 0.

LEMMA 2.3. [25] A Ga-structure ¢ is torsion-free if and only if Hol(g) C Ga2. A
Spin(7)-structure ® is torsion-free if and only if Hol(h) C Spin(7).

LEMMA 2.4. [1] The following are equivalent:

dp =4 %@ (i.e. The 3-form ¢ is a nearly parallel Go-structure.),

Vp = %d(p, where V is the Levi-Civita connection of g,

Vi = *p,

Vx(x¢) =—g(X, ) ANy for any X € TY,

i(X)Vxp=0 for any X € TY,

The Riemannian cone C(Y) = Rsg X Y admits a torsion-free Spin(7)-
structure ® = r3dr A ¢ + 14 % @ with the induced cone metric g = dr? + r%g.

S Grds o o~

Next, we give a summary of the facts about submanifolds. Let Y be a manifold
with a Ga-structure ¢ and the induced metric g.

LEMMA 2.5. [8] For every oriented k-dimensional subspace V¥ C T,Y where
p €Y and k = 3,4, we have ¢|ys < volys, xp|ya < volya. An oriented 3-submanifold
L3 CY is called associative if p|prs = volys. An oriented 4-submanifold L* is called
coassociative if xp|pra = volpa.

LEMMA 2.6. [8] Define a tangent bundle valued 3-form x € C*°(Y,\3T*Y @ TY)
by

g(v1, x(v2,v3,v4)) = *@(v1,va,v3,v4)
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forv; € TY. If L* C Y is an oriented k-submanifold where k = 3,4, then

L3: associative < x|rrs = 0 and @|prs > 0,

L*: coassociative < @|ppa =0 and * @|ppa > 0.

DEFINITION 2.7. Define the cross product x : TY x TY — TY by
glu x v,w) = p(u,v,w)
for u,v,w € TY. This satisfies the following relation:

X(u,v,w) =u x (vxw)~+ glu,v)w— g(u, w)v. (2.3)

REMARK 2.8. When L2 is associative, there exists an orthonormal basis
{e1, e, e3} satisfying e3 = e; x ey at any point in L3.

DEFINITION 2.9. Let X be a manifold with a Spin(7)-structure ®. Then for
every oriented 4-dimensional subspace W C T, X where x € X, we have ®|y < volyy.
An oriented 4-submanifold N C X is called Cayley if ®|ry = voly.

LEMMA 2.10. Let (Y, ¢, g) be a nearly parallel Gy-manifold and L C'Y be an ori-
ented 3-submanifold. By Lemma 2.4, C(Y') is a manifold with a torsion-free Spin(7)-
structure ®. Then L CY s associative if and only if C(L) C C(Y) is Cayley.

LEMMA 2.11. [16] There are no coassociative submanifolds of a nearly parallel
Go-manifold (Y, ¢, g).

Proof. Tf L is a coassociative submanifold, we have |, = 0, which implies that
4voly, =4 * ¢|rr = dp|rr, = 0. This is a contradiction. O

2.2. Sasakian geometry.

DEFINITION 2.12. An odd dimensional Riemannian manifold (S, g) is a Sasakian
manifold if its Riemannian cone (C(S),g) = (Rsox S, dr?+7r2g) is a Kéihler manifold
with respect to some integrable complex structure J over C(S).

Here, r is a standard coordinate of R~ and we regard r as the function on C(.5).
We identify S with the submanifold {1} x S C C(S).

LEMMA 2.13. Let (S,g) be a Sasakian (2m + 1)-manifold. If g is Finstein, the
cone (C(S),7) is Ricci-flat. In addition, if there exists a holomorphic volume form
Q € QUHLO(C(9)) such that

W™/ (m 4+ 1) = (=1)™mm D23 /)M A Q, (2.4)

where w = g(J-,-) is the associated Kahler form on C(S), we call (C(S),g,J,w,Q) a
Calabi- Yau manifold.

LEMMA 2.14 ([4, Corollary 11.1.8]). If S is a compact simply-connected Sasaki-
FEinstein manifold, C(S) is a Calabi- Yau manifold.

REMARK 2.15. The holomorphic volume form € is not unique. For any 6 € R,
e¥Q) also satisfies (2.4).
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Let (5, g) be a Sasaki-Einstein 7-manifold with a Calabi-Yau structure on C(S).

LEMMA 2.16. There exists a 3-form o € Q3(S) such that (S,¢,g) is a nearly
parallel Go-manifold.

Proof. Fix a holomorphic volume form 2. Then a 4-form
1
®=jwAw+ReQ € QY C(9)) (2.5)

gives a torsion-free Spin(7)-structure on C(S). A 3-form ¢ € Q3(S) defined by
Q) =1%dr Npp + 11 %y, where (1,p) € Rog X S,

gives the nearly parallel Gs-structure on S. O
Next, we summarize the facts about submanifolds in Sasakian manifolds.

DEFINITION 2.17. An m-submanifold L C S is called Legendrian if C(L) C
C(S) is Lagrangian: w|pc(z)y = 0. Fix a holomorphic volume form € on C(S).
An m-submanifold L C S is called special Legendrian if C(L) C C(S) is special
Lagrangian: ReQ|Tc(L) = VOlc(L) = w|Tc(L) = O,ImQ|Tc(L) =0 and R€Q|T0(L) >
0.

The following is a well-known fact. For example, see [21, Proposition 4.5].

LEMMA 2.18. Let L C S be a Legendrian submanifold. Then L is minimal if and
only if Im(e®?Q) = 0 for some 0 € R.

By definition, we obtain the following result.

LEMMA 2.19. Let L C S be an oriented 3-submanifold. If L is special Legendrian
or if the cone C(L) is a complex submanifold in C(S), L is associative.

Proof. 1f L is special Legendrian, we have %w Awlrery = 0 and ReQ|ro ) =
volg(ry. If C(L) is a complex submanifold, we have %w A w|re(ry = volg(ry and
ReQ|rey = 0. By (2.5) and Lemma 2.10, we see that L is associative in both
cases. U

2.3. Infinitesimal deformation of special Legendrian submanifolds. Let
(S, g) be a Sasaki-Einstein (2m + 1)-manifold with a Calabi-Yau structure on C(S).
Fix a holomorphic volume form 2 and let . C S be a special Legendrian submanifold.

LEMMA 2.20 ([24]). The vector space of all infinitesimal special Legendrian de-
formations of L is identified with

{feC(L);Ayf=02m+2)f}, (2.6)

where Ay is the Hodge Laplacian for functions on L.

We write the subscript 4+ of AL since every eigenvalue of this Laplacian is non-
negative if L is compact.

Proof. Let v be the normal bundle of L in S. Since L is Legendrian, there is
a canonical isomorphism v 3> v+ (g(v, J(r2)|,=1),—g(Jv,")) € R& T*L. Via this
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identification, suppose that V € C*°(L,v) corresponds to (f,a) € C*(L) & Q(L).

Then we have
0
0 v (z (T (97‘) w)

s () o)

which implies the proof. O

= —20 + df, (2.7)
TL

=dxa+ (m+1)fvolg, (2.8)
TL

The same result is obtained in [6] by using the fact that a cone C(L) of L is
special Lagrangian in C(S) and applying the deformation theory of special Lagrangian
submanifolds in [19].

2.4. Nearly Kahler geometry.

DEFINITION 2.21. Let (N,k,J,0) be a real 6-dimensional almost Hermitian
manifold with a Hermitian metric &, an almost complex structure J and an associated
Kihler form o. Let ¥+ € Q3(N) be 3-forms on N. A quintuple (k, J,o,¢*) is called
an SU(3)-structure if we have ||[¢*| = 2 and ¥ := ¢ + /=1y~ is a (3,0)-form
with respect to J.

REMARK 2.22. The SU(3)-structure with a Kahler structure and a holomorphic
(3, 0)-form ¥ is a Calabi-Yau structure. In fact, we can prove

3(3—1)
2

o AT =0, 0%/31=(-1) (i/2)30 AT,

DEFINITION 2.23. An SU(3)-structure satisfying do = 3¢™ and dyp~ = —20? is
called nearly Kahler.

LEMMA 2.24 ([5]). Let (N,k,J,0) be a real 6-dimensional almost Hermitian
manifold. It admits a nearly Kdhler structure if and only if (VxJ)X = 0 for every
vector field X on N and VxJ # 0 for every 0 # X € TN, where V is the Levi-Civita
connection of k.

LEMMA 2.25. Let (N, k,J,0,¢%) be a nearly Kihler manifold. Then C(N) =
Rso X N admits a torsion-free Ga-structure (@, k) with
k= dr? + rk,
o =1r%dr Ao+ 13T :%
*p = 3T Adr + %T402 = —id(r‘lw*).

LEMMA 2.26 ([4]). Let (N,k,J,0,¢%) be a nearly Kihler manifold. Then
Cs(N) = (0,m) x N (a sine cone of N) admits a nearly parallel Ga-structure (@, k)
with

k= dt® + (sin® t)k,
¢ = (sin?t)dt A o + (costsin® t)y+ — (sin® t)y~,
4

«p = 2(sin® t)o? + (sin® tcost)y™ Adt — (sin t)dt A YT
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We canonically identify N with the submanifold N x {$} C Cs(N).

REMARK 2.27. Since C'(N) admits a torsion-free Ga-structure, R x C(N) admits
a torsion-free Spin(7)-structure. The nearly parallel Ga-structure on Cs(N) is induced
via the identification C(Cs(N)) = Rso x (0,7) x N > (r,t,x) — (rcost,rsint,z) €
R xRsg x N =R x C(N).

LeEMMA 2.28 ([20]). Let (N, k,J,0,9%) be a nearly Kihler manifold. Define a
map G : TN x TN — TN by k(G(u,v),w) =T (u,v,w) for u,v,w € TN. Then we
have

(Vx)(Y)=G(X,Y), Vxyt =—k(X,") Ao,
where V is the Levi-Civita connection of k and X,Y € X(N).

LEMMA 2.29. Let (N,k,J,0,9%) be a nearly Kihler manifold. From Lemma
2.25, the cone C(N) = Rsg X N admits a torsion-free Go structure. Let 3 C N
(L C N) be an oriented 2(3)-submanifold. Then we have

e C(X) C C(N) is associative if and only if ¥ is a J-holomorphic curve.
e C(L?) C C(N) is a coassociative 4-fold if and only if L is Lagrangian: o|rr =
0.

LeEMMA 2.30. Let (N,k,J,0,9%) be a nearly Kihler manifold. From Lemma
2.26, the sine cone Cs(N) = N x (0,7) admits a nearly parallel Gy structure. Let
X C N (L C N) be an oriented 2(3)-submanifold. Then it follows that

o C(X) C Cs(N) is associative if and only if ¥ is a J-holomorphic curve.
o L x {7} C Cs(N) is associative if and only if L is Lagrangian: o|rr, = 0.

REMARK 2.31. On a nearly Kihler manifold, we know that do = 3¢, which
implies that a Lagrangian submanifold L satisfies ¢)*|7, = 0. Thus Lagrangian
submanifolds in a nearly Kéhler manifold are regarded as “special Lagrangian” (with
phase —i).

We know the following as Lemma 2.20.

LEMMA 2.32. The vector space of all infinitesimal Lagrangian deformations of L
in a nearly Kdhler manifold is identified with

{v e X(L);rot(v) = v}, (2.9)
where rot(v) = Z?Zl e; X V;:’U, VT is the Levi-Civita connection of the metric ki, on
L induced from (N, k) and {e;}i=12,3 is the local orthonormal frame of TL.

Proof. Since L is Lagrangian, there is a canonical isomorphism between the
tangent bundle T'L and the normal bundle of L in N via v +— Jv. Then a vector field
v € X(L) on L corresponds to an infinitesimal Lagrangian deformation of L if and
only if

0= LJUU'TL = 3i(’U)V01L — d(kL(’U, ))

Note that ¢~ |p, = —voly. Then the equations x(i(v)voly) = kr(v,:) and
xd(kr(v,-)) = kr(rot(v), ) imply the proof. O
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3. Associative deformations in nearly parallel Go-manifolds. Let (Y, ¢, g)
be a nearly parallel Go-manifold, ¢ : M? < Y be an associative immersion, and
{te : M = Y}ie(—c,e) be a smooth family of immersions with 1 = ¢.

DEFINITION 3.1. A family {¢;} is called an associative deformation of ¢ if
1t is an associative immersion for each ¢t. An associative deformation {¢;} is called
trivial if {+;} is induced by a one-parameter family of automorphisms of (Y, ¢, g). If
all infinitesimal associative deformations of M come from trivial deformations, M is
called rigid.

First, we characterize the space of infinitesimal associative deformations of M.

PROPOSITION 3.2. Let (Y, ¢,g) be a nearly parallel Go-manifold, and M3 C'Y
be an associative submanifold. Denote by v the normal bundle of M in'Y and by V*
the connection on v induced by the Levi-Civita connection V of (Y, g).

Taking any local orthonormal frame {e1,e2,es} of TM, define the operator D :
C>(M,v) = C>®(M,v) by

3
D= e; x V1.
i=1

Then the vector space of all infinitesimal associative deformations of M? — Y s
identified with

{¢ € CF(M,v); Dip = =1}

REMARK 3.3.  [19] There exists a rank 4 vector bundle E — M satisfying
v =S ®yx E, where S — M is a spinor bundle. Then D is a twisted Dirac operator.

The proof of Proposition 3.2 comes from the following general theory of associative
deformations.

PropoSITION 3.4 ([7, 19]). Let (Y, p,g) be a manifold with a Ga-structure and
M? C Y be an associative submanifold. Then the vector space of all infinitesimal
associative deformations of M3 < Y is identified with ker D, where D : C>®(M,v) —
C*(M,v) is defined by

3 4

Dipi==> " ei x Vi + > (Vo % 0) (e, )i

i=1 k=1

Here {e1,e2,e3} is an oriented local orthonormal frame of TM, w = e1 Aea Aes, and
{n,n2,n3,n4} 1s a local orthonormal frame of v.

Proof. We give an outline of the proof. Define a map F : C®(M,v) —
C*®(M,TY|y) as F(o) = expy x(w), where x is defined in Lemma 2.6. We know
that exp, (M) is associative if and only if F'(o) vanishes. For any ¢ € C°°(M,v), we
may consider

(dF)o(y) = 0.

By a direct computation, the left hand side is equal to — Z?:l €; X Véﬂ/) + Zi:l (V=
©) (K, w)nk, and hence the statement is proved. O
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By Lemma 2.4, we see the following lemma, which implies Proposition 3.2.

LEMMA 3.5. If (Y, p,g) is nearly parallel, then Zizl(vd, * ) (e, W)k = —P.

REMARK 3.6. We can prove Proposition 3.2 by using the the fact that a cone
C(M) of M is a Cayley submanifold in C(Y') with a torsion-free Spin(7)-structure.
Applying the deformation theory of Cayley submanifolds in [19], we consider the
Cayley cone deformation of C(M). This is an analogue of the proof of Lemma 2.20
given by [6].

The operator D has the following properties.

LEMMA 3.7. The operator D is elliptic. There exists a vector field X € X(M)
on M satisfying

9(D,¢") = —div(X) + g(v, DY) (3.1)
for any ¥, € C°(M,v). In particular, when M is compact, D is self-adjoint.

Proof. The ellipticity of D is shown in [7]. For any ¢, ¢’ € C°° (M, v), we compute
by Definition 2.7 and Lemma A.1

3
g(D?/},?/}/) =9 <Z €; X Vei1/},1/}/>

=1

3
== g(Veh,ei x ¥')

i=1

3
=) (=eilg(,ei x ¥)) + g(¥, Ve,ei x ¢')) + g(, D).
i=1

Define the vector field X € X(M) on M by g(X,v) = g(¢,v x ¢') for v € TM. Then
we obtain (3.1). O

Since D is a twisted Dirac operator, there is a close relation between D? and
the Laplacian. Choose a local orthonormal frame {e1,ez2,e3} of TM and define the
operators V*V+4 R, A : C(M,v) — C>(M,v) by

3 3
Vv = Z(_vivé + VJV_T ei)v R = WV(Z R(e;,-)ei), A= Ao A,

=1 =1

where V+ is the connection on the normal bundle v induced by the Levi-Civita
connection V of (Y, g), VT is the orthogonal projection of V to TM, R is the curvature
tensor of g, my is the orthogonal projection to v, A: v 3 ¢+ (u s =V, ) € SM :=
{T :TM — TM;'T =T} (the second fundamental form), and ‘A is the transpose of
A.

PROPOSITION 3.8. Let (Y, p,g) be a nearly parallel Go-manifold and M3 C'Y be
an associative submanifold. Then we have

(D — 3id,)(D +id,) = V**V+ + R — A.

The proof is given in the appendix. The right hand side 7 := V2*V+ + R — A is
called a Jacobi operator, and ker 7 is known to be the space of infinitesimal minimal
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deformations ([26]). By this formula, Dy = —1 implies J+ = 0, which ensures that
associative deformations are minimal deformations.

REMARK 3.9. When M is compact, the space of all infinitesimal minimal and
non-associative deformations of M is identified with {¢p € C*°(M,v); Dy = 3¢}.

Proof. Since D is elliptic self-adjoint, there is an orthonormal basis {1}, C
C>(M,v) of L?(M,v) consisting of eigensections of D. The set of eigenvalues is
discrete and the each eigenspace is finite dimensional. We may assume that Di; =
A\ity; for A; € R. For any o = Y oo (¥, ;) 2¢; € C°°(M,v) where (-,-)r2 is the L?
inner product, we have

v

s
Il
-

(1/)7 (D - 3Zdl/)(D + Zdl/)¢l)L21/)l

.

s
Il
-

(A = 3)(Ni + 1) (0, i) 2.

e

N
Il
-

Since {1;}5°, is an orthonormal basis, we see that (D — 3id,)(D + id, )y = 0 if and
only if (A;—3)(A\;+1)(¢),4;) 2 = 0 for each 7. Thus elements of ker(D —3id, )(D+id,)
are linear combinations of elements of ker(D — 3id,) and ker(D + id,). O

4. Associative deformations of special Legendrian submanifolds in
Sasaki-Einstein manifolds. Let (S,g) be a Sasaki-Einstein 7-manifold with a
Calabi-Yau structure (g, J,w,Q) on C(S). Let M C S be a special Legendrian sub-
manifold. By Lemmas 2.16 and 2.19, (S, ¢, ¢) admits a nearly parallel Gao-structure
for some ¢ € Q3(S) and M is associative. We study the infinitesimal associative
deformations of M.

4.1. Associative deformations of special Legendrians. Let v — M be the
normal bundle of M. First, we rewrite the operator D : C*°(M,v) — C*(M,v) in
Proposition 3.2 in the special Legendrian case. Since M is special Legendrian, there
exists canonical isomorphism TM @R > (v,z) — Jv + xJ(r%)h:l € v. Via this
identification, we obtain the following.

PROPOSITION 4.1. The corresponding operator D : X(M) ® C*®(M) — X(M) ®
C>(M) is described as
D(v, f) = (—grad(f) + rot(v) + v, div(v) + 3f),

where gar(grad(f),-) = df, div(v) = tr(V'v), and rot(v) = Z§:1 e; X V0 v.
Here, we denote by gar the metric on M induced from (Y,g), by V' the Levi-
Civita connection of ga, by {e;}i=1,23 the local orthonormal frame of TM, and
gy (v X w, ) = p(v,w,-) =voly (v,w,-) (v,we TM).

We first give all the statements in this section and then prove them.
COROLLARY 4.2. We have

dim{ the infinitesimal associative deformations of M}
=dim{f € C°(M); Ay f =8f} +dim{v € X(M);rot(v) = —2v}.
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REMARK 4.3.  From Lemma 2.20, dim{v € X(M);rot(v) = —2v} gives the
dimension of infinitesimal associative and non-special Legendrian deformations.

We have the same equations as in the vector analysis.

LEMMA 4.4. For any f € C(M) and v € X(M), we have

rot(grad(f)) =0, div(rot(v)) = 0,
3
rot(rot(v)) = V' *V v + grad(div(v)) + Z R(v,e;)e;,
i=1

where {e;}i=1,2.3 is the local orthonormal frame of TM, R is the curvature tensor,
and VT*VT = Zle(—v; V; + ng ei) is the rough Laplacian.

This lemma implies the following, which corresponds to Proposition 3.8.

COROLLARY 4.5.

3
D*(v, f) = <—4grad(f) +v4rot(v) + VIV v+ Z R(v,ei)ei, Ayf+ 4div(v) + 9f> .

i=1

Now, we give proofs.

Proof of Proposition 4.1. Let {e1,ea,e3} C TM be a local oriented orthonormal
frame. Set eq := r%h:l and n; = J(e;) for 1 < j < 4. Then {n;}1<;j<4 is a local
oriented orthonormal frame of v. Let {e!,---,e* n',--- 7%} be the dual coframe,
then we have

4

w:Zei/\ni, Q= (e +in") A A (e +inh).
i=1

Denoting V. e; = S IKey and Vin, = S Tl for 1 < i,j < 3 and
1 < a < 4, we see the following by a direct computation.

LEMMA 4.6. We have

N4 73 =2 -

(€i X Ma) = —n3 M4 mo —n2 )
72 - M4 —n3
Uy =15,  Th=-6; Th=6w Ti=0,

for1<i,5,k<3,1<a<A4.

Then via the identification X(M)®C> (M) > (Z?Zl viej, f) — 22:1 vin;+fna €
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C*(M,v) where v;, f € C°°(M), we have

V)
3
D <Zvj77j +f774>
j=1
3 ’ 3
=) exVg <Zvﬂ7j +f774>
i=1

j=1

3 3 3 3 3
Z ei(vj)es X mj + Z vjei X <erj7]k ”774> + Zez €i X N4+ Zfei X i
k=1 i=1

i,J=1 i,J=1 i=1

3 3
= {62(”03) —e3(v2) + Zvj(rgj - ng)} m + {63(”01) —e1(v3) + Zvj(l“},,j - F?j)} 2

Jj=1 Jj=1

3 3
+{el(vz)—ez(m)—kzvg‘(ﬁj—sz }ns—k{ze@ vi) + Z vj U}m
Jj=1 i=1 i,j=1
3

+ vaz = el f)mi +3fm,

i=1

which gives the proof. O

Proof of Lemma 4.4. The first two equations are easy to prove. We only prove
the third equation. By Lemma A.1 and the fact that M is associative, it follows that

rot(rot(v Zez VTe]xV v—l—e]xVTVT )-
4,j=1
From (2.3) , we have u X (v x w) = —g(u,v)w + g(u,w)v for u,v,w € TM on an

associative submanifold M. Hence we have

rot(rot(v))

3
= Z (I‘J VT’U + g(ei, VT )V;ej - 6Z-jV;:Veij + g(ei,V;V;v)ej)

5,J=1

3
A vARS vARTINE Z g((V;V; — ngej v, ei)e;,

ij=1
where we use the fact that Ffl = —Fﬁj since {e;}i=1,2,3 is the local orthonormal frame
of TM. On the other hand, we have
3 3
grad(div(v)) = Y ei(g(Vv.e)))ei = > g((V. V] - V%iej)v,ej)eu
ij=1 ij=1

which implies the proof. O
The proof of Corollary 4.5 is straightforward and we omit it.

Proof of Corollary 4.2. By Proposition 4.1, D(v, f) = —(v, f) is equivalent to
rot(v) 4+ 2v = grad(f), div(v) = —4f. Considering the divergence of the first equation,
we have Ay f = —2div(v), which implies that D(v, f) = —(v, f) is equivalent to

{ rot(v) + 2v = grad(f),

Af_st (4.1)
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The second equation is given in (2.6). For any f € C°°(M) satisfying Ay f = 8f,
(v, f) = (3grad(f), f) is the solution of (4.1), which corresponds to the infinitesimal
special Legendrian deformations of M. (See (2.7)). O

4.2. Associative deformation of homogeneous special Legendrians. The
method and the notation in this subsection are summarized in the appendix. We
give an explicit description of the operator rot when M is the reductive homogeneous
space G/K, where G C Aut(S,p,g) and K C G is a closed subgroup. Take an
Ad(K)-invariant vector subspace of p C g satisfying g = ¢ @ p.

It is well-known that there is an one-to-one correspondence between Ad(K)-
invariant inner products on p and G-invariant metrics on M = G/K. Since
G C Aut(S, ¢, g), there exists a G-invariant metric gy on M induced from (S, g). De-
note by (-, ) the corresponding Ad(K)-invariant inner product and by {e1, e2,e3} C p
an oriented orthonormal basis of p. Then we have the following.

LEMMA 4.7. The map G Xaqa p 2 [9,X] = L9 - exp(tX)K|i—o € TM is an
isomorphism. Thus the tangent bundle TM of M is a homogeneous vector bundle.

PROPOSITION 4.8. The operator rot : X(M) — X(M) is a homogeneous differ-
ential operator and induces the map rot : C=(G,p) AN — C(G, p)FAD | [f we
define rot € (End(p) @ U(g))* by

ot = Y el @ (e Aeira) = ([eirr eialp, e © 1,
= i€n/3

where {e}}i=1.2,3 is the dual basis of {€;}i=1,2,3, we have
ﬁlcm(G,p)(KvAd) = I%/t (42)

REMARK 4.9. Set [e;, ej], = 22:1 cfjek. Then with respect to {e1, es, e3}, rot
is described as the following U (g)-valued matrix:

1 2 3
0 —e3 €9 C33 C53 Chg
rot = es3 0 —e | —| ¢ &
1 2 3
—ey € 0 Cia Cla Ci2

Proof of Proposition 4.8. It is straightforward to show that rot is a homogeneous
differential operator. Since rot is independent of the choice of {e;};=12 3 and Ad(K)
preserves the orientation and the metric, we see that rot is K-invariant.

From Remark B.8, a homogeneous differential operator is completely determined
by its value at a point, and so we only have to compute rot at eK € G/K = M.

For any 0 = Zle vie; € C(G,p)FAD where v; € C(G), denote by v € X(M)
the induced vector field:

v(gK) = %9 * exXp <tzvi(g)ei> K

i=1

t=0

Take local coordinates (yi1,y2,y3) around eK defined by (y1,y2,y3) —
exp (Z?:l yiei). Let 7 : G — G/K = M be the projection and 7, : M — M
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for ¢ € G be the left translation. Denoting V', 2 8y Zk 1 w ay , we see the
9y,
following.

LEMMA 4.10 ([9, 22]). For a sufficiently small X € p, we have

) e, (55 00"
<8yi)cxp(X)-K =(( cxp(X))*)eK( s)e (Z (m+1)! z)

m=0

o~ (—ad(X))™ (0
=((Texp(x)))exc <Z S (m+ 1L <5yi)e;<> ’

m=0

0 0 1
99 s, TE(eK) = <(c
gm (8y17 8yj>eK J 13(6 ) 2( ki +Ck])

Now we compute rot(v) at eK € G/K = M. First, we compute (V ',

oy4

v)ek - Since

the metric gy is G-invariant, we have

o 0 0 0
(ei,e5) = gum (8_%’ 5_%>6K =gm <((Texp(X))*)eK <8yi>eK s (Texp(x))#) e (8—%_)6[()

for any X € p. Then for sufficiently small ¢t € R, it follows that

d ° ) B
o (v ) —ous (S vntemptte) (o) () ()
ay] exp(te;) K <kz_1 Bt 8yk eK ay] exp(te;)-K

_y <ei(uk)6kj + ok <ek7 —%[€i7€j]>) ~ g <v7ipk (eK) ai)

k=1

|
v
g
=
(&4
<
s
|
[\]
(4
ol
=
e)
S
+
LY
+
e}
S
<.
3

Jj=1 j,k=1
Thus we compute
t (2 v’
wot(wer = (5 ) (VT vhen
> 0 .\ o
= [ —e3(v2) + ea(v3) c——f—ev—ev—cj—
3(v2) + e2(v3) le o0 3(v1) — e1(v3) j:zlgl s
& 0
+ _62(U1)+€1(’U2)—ZC{2 8—y3,

Jj=1

which implies the proof. O
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5. Associative deformations in the sine cone of nearly Kahler mani-
folds. Let (N, k,J,0,9F) be a nearly Kihler manifold and L C N be a Lagrangian
submanifold. From Lemma 2.26 and 2.30, the sine cone C5(N) = (0,7) x N admits
nearly parallel Go-structure (@, k) and {5} x L C Cs(N) is associative. We study the
infinitesimal associative deformations of {5} x L.

Let v — {} x L be the normal bundle of {7} x L. C Cs(N). First, we rewrite the
operator D : C*°({§}xL,v) — C>®({5}xL,v) in Proposition 3.2 in this case. Since L
is Lagrangian, there exists canonical isomorphism TL®R > (v, z) — Jv—i—x%h:g €.
Via this identification, we obtain the following.

PROPOSITION 5.1. The corresponding operator D : X(L) & C*(L) — X(L) ¢
C(L) is described as

D(v, f) = (—grad(f) — rot(v) + 2v,div(v)),
where we use the notation in Proposition 4.1.
By Proposition 5.1, we prove Corollary 5.2 as in the case of Corollary 4.2.
COROLLARY 5.2. We have

dim{the infinitesimal associative deformations of {3} x L}
=dim{f € C°(L); A+ f =3f} + dim{v € X(L);rot(v) = 3v}.

REMARK 5.3. From Lemma 2.32, dim{f € C>°(L);Ay+f = 3f} gives the
dimension of infinitesimal associative and non-Lagrangian deformations.

Proof of Proposition 5.1. Let {e1,ea,e3} C TL be a local oriented orthonormal
frame such that ¥~ (eq, e2,e3) = —1. Set n; := J(e;) for 1 < j <3 and ny := %h:
Then {n; }1<;<4 is a local oriented orthonormal frame of v. Let {e!,--- €3, nt,--- |y
be the dual coframe, then we have

z.
4

}

3
o= Zei A U=t +ip™ = —i(er +in') A (€% +in?) A (€3 +in?).
i=1

Hence at a point of L x {7}, we have

3
95:774/\Zei/\77i+61(e23 —7’]23)—7’]1(62/\7’]3-‘1-772/\63).
i=1

As in the Sasakian case, the definition of the Levi-Civita connection gives the
following.

LEMMA 5.4. For any X,Y € X(N x {§}), we have
Co(N o) 9 C.(N
v )Y|Nx{g} = VY, vl )5|Nx{g} =0, V%( )X|Nx{g} =0,

where VW) and VN are the Levi-Civita connections of k on Cs(N) and k on N,
respectively.

Denoting V;ej = Zi:l Ffjek for 1 < 4,57 < 3, we see the following from the
computations above and Lemma 2.28.
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LEMMA 5.5.
Na  —M3 N2 —Mm N 3 .
(eixma)=1 m m —-m -m2 |, Ve = Z(Eijk + 15
—n2 M Na  —13 k=1

where €5, 1s the permutation symbol and 1 <i,5 < 3.

Via the identification X(L) ® C*(L) > (Z?:l vje;, f) — Z?:l vin; + fna €
C*(L x {35}, v) where v;, f € C*°(L), we can calculate as in the proof of Proposition
4.1.0

6. Computation in the standard sphere S7. By Definition 2.1, C* admits a
torsion-free Spin(7)-structure (®g, ho), which induces the nearly parallel Ga-structure
(p,9) on S7 by Lemma 2.16. In this section, we study the deformation spaces of
homogeneous associative submanifolds in 57, and prove Theorem 1.1 and 1.2.

6.1. Classification of homogeneous associative submanifolds in S7.
Mashimo [18] classified homogeneous Lagrangian submanifolds in S°. Applying this
classification, Lotay [16] classified homogeneous associative submanifolds in S7.

PROPOSITION 6.1 ([16, 18]). Let A be a connected associative 3-fold in ST C C*
which is the orbit of a closed 3-dimensional Lie subgroup of Spin(7). If A does not lie
in a totally geodesic S®, then, up to the Spin(7)-action, A is either

1. Ay 2 T3 given by Example 6.2,
2. As = SU(2)/Zs, or As = SU(2) given by Example 6.3,
If A lies in a totally geodesic S®, then, up to the Ga-action, A is either
1. the totally geodesic S® = SU(2),
2. Ly =2 SU(2) given by Example 6.5,
3. Ly 22 S0O(3) = SU(2)/Z2 given by Example 6.6, or
4. Ls =2 SU(2)/A;, or Ly 2 SU(2)/D3 given by Example 6.7.

Note that the automorphism group of nearly parallel S7 is Spin(7) and that of
nearly Kihler S¢ is Gs.

EXAMPLE 6.2. Define the action of T2 = (R/27Z)? on C* by
(61,02,03) - (21, 20, 23, 24) = (€1 21, €2 29, 02 25, 7001 02402) 5 |y

where 0; € R/27Z and z; € C. Then
3 1y N~ 3
A12:T '5(1,1,1,2):T

is special Legendrian given in [8].

EXAMPLE 6.3. Define the SU(2)-action on C* by

2 a® ~V/3a% V3ab’ -0’ 2

(a _E>. 2 | _| V3% a(ja? 20 —b(2lal* - [bo*) V3ab’ 2
b @ z3 V3ab®  b(2lal* — b]?)  a(la* —2b]*)  —/3a%b z3
Z4 b3 V/3ab? V3a?b a’ 24
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where z; € C and a,b € C such that |a|> + |b]? = 1. Set

Ly

Ay =SU(2)-%1,0,0,0) = SU(2)/Zs, Az = SU(2) 7

where Zs3 = {( g

curve in CP3:

(0,1,7,0) = SU(2),

NN o

) € SU(2);¢3 = 1} . Then A, is the Hopf lift of the Veronese

{[z% : V322 : V3ay? : y®] € CP3; [z : y] € CP'},

and hence associative. However, A3 is an associative submanifold which does not arise
from other known geometries.

REMARK 6.4. Set Az(6) = SU(2) - ((cos6,0,0,sin6) for § € [0,F]. It is known
that all the Ap() are congruent up to the Spin(7)-action to Ay = A(0), which is
U(2)-invariant. In [10], A2(%) is shown to be special Legendrian.

Next, we give examples of homogeneous Lagrangian submanifolds in 5.

EXAMPLE 6.5. Define the SU(2)-action on R” = R & C? by

- Z1 (la]? = |b]?)x1 — 2Im(abzy)
( - ) L A (6.2)
b a 29 azo — bzg
Z3 EE—I— az3
where a,b € C such that |a|? 4 [b]*> = 1. Then
Ly :=SU(2) - (%2,0,2,0) = SU(2), (6.3)

where t(é, 0, %, 0) € R®C3, is Lagrangian in S° given in [8]. Moreover, L is invariant
under a U(2)(C G3) action.

EXAMPLE 6.6. Let Ly C S® be given by
Ly = {(O,zl,ZQ,Z3) ERDC? 21>+ |22* + 23> = 1,27 + 25 + 25 = O} . (6.4)

Since Ly is the link of an complex cone, it is Lagrangian in S°. Define the SO(3)-
action on R” = R @ C? by the trivial action of R and the standard (real) action on
C3. Let @ : SU(2) — SO(3) be a standard double covering:

3 la|? — |b|? 2Im(ab) —2Re(ab)
w : ( Z _ ) — | —2Im(ab) Re(a®+b*) Im(a®+0%) |, (6.5)
¢ 2Re(ab) Im(—a? +b%) Re(a® — b?)

where a,b € C such that |a|? + |b|> = 1. By composing these actions, SU(2) acts on
R7, and we have
L,

Ly =SU(2) - —=10,0,1,4) = 8U(2)/Z3 = SO(3).
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EXAMPLE 6.7. Let {1, -+, €7} be a standard basis for R7. Identify R with the
homogeneous harmonic cubics H3(R?) on R? by:

at
€1 1—0017(23:2 —3y* — 32%); g —Vbxy2; €3 > ?z(yQ —2%);
1
€4 > —1—053;(4@2 — % = 2%); €5 > — 1052'(4:172 — % = 2%);
1 1
€6 > iy(y2 — 32%); €7 — 52(2'2 — 3y%).

Let SU(2) act on H3(R3) 2 R" as A - f(z,y,2) = f((z,y,2)w(A)), where A € SU(2)
and f € H3(R3) 2 R7. Set

L3 = SU(2) €2, L4 = SU(2) c €6

Then Ls = SU(2)/A} and Ly = SU(2)/Dj are Lagrangian, where A} is a binary
tetrahedral group of order 24 generated by

i 0 0 -1 1 [ e% —ei
k1_<0 _Z>7 k2_(1 0 )7 kB_E(GT e%ﬂ )7 (66)

and Dj is a binary dihedral group of order 12 generated by

0 -1 eF 0
we () (L), o)

6.2. Computations on SU(2). For the convenience of the following computa-~
tions, we summarize formulas on SU(2). Define the basis of the Lie algebra su(2) of

SU(2) by
E1:<—01 (1)) EQ:(? 8) E3:<é —Oz) (6.8)

which satisfies the relation [F;, E;j11] = 2E;42 for i € Z/3. We see the following by
Proposition B.5 and Lemma B.6.

LEMMA 6.8. Let V,, be a C-vector space of all complex homogeneous polynomials
with two variables z1, zo of degree n(n > 0) and define the representation p,, : SU(2) —

GL(V,,) as
(3 2))eoms(oo (s )

Define the Hermitian inner product { , ) of Vi, such that

1
PO N
El(n —k)! 0<h<n

—

is a unitary basis of V,,. If we denote by SU(2) the set of all equivalence classes

—

of finite dimensional irreducible representations of SU(2), we know that SU(2) =
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{(Vn,pn);n > 0}. Then every C-valued continuous function on SU(2) is uniformly
approzimated by the C-linear combination of the following functions:

{0 0fyin > 0,0 < i,j <},

which are mutually orthogonal with respect to the Lo inner product.
By a direct computation, we see the following.

LEMMA 6.9. Identify X € su(2) C U(su(2)) with the left invariant differential
operator on SU(2). Foru= ", Clvl(") €V, set

T (—1)"_1611_11}1(") eV,.
1=0

Then for anyn > 0,0 < k,l <n,u,v € V,, X € su(2), we have
X{pn()v,u) = (pn(-)dpn(X)v,u),
81) 8’0 z
" X — e 27 tX 1
(@)1 2) = (o) (22)),

(pn (Y™ u) = (1) (pn (Yol u*),
; (n)
(=i + Ea){pu( oy ) = { oD =R Ccd, (6=
(iFy + E2)<Pn(')vl(€n) u) = { 2i\/k(n =k + 1)<pn(-)v,(£)1,u>, EZ > Og
9 O, _
(n

The next lemma is useful for the later computations.

LEMMA 6.10. Suppose that {e1,e2,e3} = {pFE1,pEs,qEs} where 0 # p,g € R
is an oriented orthonormal basis of su(2) for some metric and orientation. For v =
23:1 vie; € C°(SU(2),5u(2)), rot(v) = av for 0 # « € R is equivalent to

(teg — (2q + @) (v1 + iva) + (—ieg + e2)vz =0, (6.9)

2 2
(ier + e2)(v1 + ive) + <a n % + i63> 3 = 0. (6.10)
These equations imply that

4p? 2p?
{A+ + (f; - 4q) ies + (_a - 2q> (24 + a>} (01 +iv2) =0, (6.11)

ae-a(or®)uo @

where Ay = — 23 e? is a Laplacian. Especially, for anyn > 0,0 <k < n,u € V,,

=1 "1
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we have
A {pn (Yo u) = {(—p® + ) (n — 2k)2 + p*(n® +2n) } (p ()0 ), (6.13)
oo (oo (o e s

— {(—p2 +¢*)(n—2k+2)%+p*(n*+2n) — (a + f) } (pu ()0 u). (6.14)

REMARK 6.11. In the case of SU(2)/T for some finite subgroup I', we have to
consider the I' equivariant solutions of (6.9) and (6.10).

Proof. Note that [e1,es] = %63,[61,63] = —2qea, [ea,e3] = 2ge;. Then from
Remark 4.9, rot(v) = aw is equivalent to

ieg(vl +ive) + (—ier + 62)(’1}3) = (2¢ + a)(v1 + iv2), (6.15)
Re((ie1 + e2)(v1 + ivg)) = — (a + 2T];2> 3. (6.16)

It is clear that (6.9) and (6.10) imply (6.15) and (6.16). Conversely, suppose that
(6.15) and (6.16) hold. Applying (ie; + e2) to (6.15), we obtain

. . . 2p? .
(ieg — a)(ieg + e2)(v1 + ive) + (e% +el+ %z@,) vz = 0.

Considering the real and imaginary parts, we obtain from (6.16)

—eslm((ier + e2)(v1 + iv2)) + « (a + 271;2) v3 + (e +e3)(v3) =0, (6.17)

—aeg(vs) — aIm((ieq + e2)(v1 + iv2)) = 0. (6.18)

The equations (6.16) and (6.18) imply (6.10), and hence we obtain the first statement.
Substituting (6.18) into (6.17), we have (6.12). Applying (—ie; + e2) to (6.10),
we obtain from (6.9)

2 2
<e§ +e3— Zi€3> (v1 +ivg)

2 2
= <—a — % +2q — ieg) (—ie1 + e2)vs

4p? 2p?
S R L L

which imply (6.11). Then from Lemma 6.9, we obtain (6.13) and (6.14). O

6.3. The case A;, As, and Aj. First, we study the deformation of homogeneous
associative submanifolds which do not lie in a totally geodesic SS.

6.3.1. The case A; = T3. Define the basis of the Lie algebra t> of T° by

€1 = (\/55070)5 €2 = (07 \/ia _\/5)5 €3 = (_17 15 1) € RS = tga
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which is an oriented orthonormal basis of t3 with respect to the orientation and the
metric induced from A;.
Define the smooth function f, € C>®(T3 ,C) for v = (y1,7%2,73) € Z* on

T3 = (R/27Z) by f(01,02,03) = exp(i Z?:l ~v;09;). By a Fourier series expansion,
every C-valued continuous function on 72 is uniformly approximated by the C-linear
combination of f,’s. By a direct computation, we obtain the following.

LEMMA 6.12. Identifying e; € 3 with the left invariant differential operator on
T3, we have

e1(fy) = Vonif,, ea(fy) = V2(v2 — 13)ifs, e3(fy) = (=71 + 72 +73)ify,
Ap(fy) ={271 +2(v2 —73)* + (=11 + 72 + 713)°} fy-

Then we deduce the following.
PROPOSITION 6.13. dimg{f € C®(T?); AL f =8f} =12.

PROPOSITION 6.14. dimg{v € C®(T3,t3);10t(v) = —20v} = 6.

By Corollary 4.2, these imply that associative deformations of A; are trivial since
Spin(7) induces 18(= dimg(Spin(7)/7?))-dimensional associative deformations of Aj.
Now, we give proofs.

Proof of Proposition 6.15. For (y1,72,73) € Z3, we know that
297 +2(72 — 73)° + (—m1 + 12 +73)* =8
@(715 V25 73) = :l:(2a 17 1)5 i(oa 17 _1)7 :l:(lv 25 1)7 :l:(lv 17 2)5 i(lv _15 0)7 :l:(la 07 _1)5
which gives the proof by Lemma 6.12. O

Proof of Proposition 6.14. Take any v = 2?21 vie; € C°(T3, %) where v; €
C*°(T3). Then from Remark 4.9, rot(v) = av for o € R is equivalent to

(iez — a)(v1 + ivg) + (—ier + e2)(v3) = 0, (6.19)
Re((ie1 + e2)(v1 +iv2)) = —aws. (6.20)
Eliminating v3, we have
—a(ies — a)(v1 +iv2) + (—ier + e2)Re((ter + e2)(v1 + iv2)) = 0. (6.21)
Set w1 +va = Y cys Oy fy where C,, € C. Since f., = f—,, (6.21) is equivalent to
Oy (=71 = (2 = %)* + al=y1 + 72 + 73 + @) + Ty (71 + (72 = 73)i)* = 0. (6.22)
Take the complex conjugation of (6.22) and replace v by —~, then we obtain
Oy + (=72 +73)0)? + Csy (77 = (32 = 13)* + a(m =72 =3 +a)) = 0. (6.23)
Eliminating C, from (6.22) and (6.23), we have
o {2077 + (32 = 713)*) = @* (=71 + 72 +73)* +a’} C; = 0.

Set o = —2. Since we know that —2(v¥ + (v2 —¥3)?) = (-1 + 12 +13)2 +4 =
0< (y1,72,73) = £(1,1,0),+(1,0,1),4(0,1, 1), we deduce by (6.22) that

v1 +ive =C1,1,0)f(1,1,0) — ia(l,l,o)f(—l,—l,o) +C01)fa,01) + i€(1,o,1)f(—1,o,—1)
+Co,—1,-1)f(0,-1,-1)-

Thus v1 +14vy depends 3 complex parameters C(11,0), C(1,0,1), C(0,—1,—1), Which implies
Proposition 6.14. O
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6.3.2. The case A; = SU(2)/Z3. By Remark 6.4, Ay = A5(0) is congruent to
Az (%), which is special Legendrian. We may compute the dimension of the infinites-
imal associative deformations of A3(%) by Corollary 4.2. The action (6.1) induces an
inclusion su(2) < su(4), where Ey, Ey, E5 in (6.8) correspond to

0 V3 0 0 0 V3 0 0 3 0 0 0
-3 0 2 0 V30 20 0 i 0 0

0 -2 0 V3| 0 2 0 V3 |’ 0 0 —i o0 '

0 0 —V3 0 0 0 V3 0 0 0 0 -3

respectively. Set pg = %t(l, 0,0,1) € C*. Then we have
" 3 . By . . 3i
(El)PO = \/;t(O,—l,l,O), (EQ)PO = \/;t(O,Z,Z,O), (ES)PO = ﬁt(luoaou_l)u

Hence if we set ey := Ei/vV3,es := Ey/\/3,e3 := E3/3, {ei}1<i<3 is an oriented
orthonormal basis of su(2) with respect to the orientation and the metric induced
from As.

PROPOSITION 6.15. dimg{f € C™(A2); AL f =8f} =19.

PROPOSITION 6.16. dimg{v € X(A2);rot(v) = —2v} = 11.

On the other hand, Spin(7) induces 17(= dimg(Spin(7)/U(2)))-dimensional as-
sociative deformations of As. By Corollary 4.2 and Remark 6.4, we have a 30-
dimensional infinitesimal associative deformation space of As, and hence A, can have
non-trivial associative deformations. In fact, we obtain the following.

PROPOSITION 6.17. All non-trivial associative deformations of Az are induced
by the PGL(4, C)-action on CP? via the Hopf lift.

REMARK 6.18.  ([24, 3]) As a special Legendrian submanifold, Az(%) is not
rigid, either. By a non-standard projection py : S7 — CP3, py (A2(7)) is a horizontal
holomorphic curve in CP?, and for any horizontal holomorphic curve ¥, p, * (%) c S7
is a special Legendrian submanifold.

Since the group of biholomorphic maps which preserve the horizontal distribution
is PSp(2,C), all non-trivial special Legendrian deformations of Ay(7) are given by
the induced action of PSp(2,C) on CP3.

Now, we give proofs. First, we prove the following lemma.

LEMMA 6.19. Let {(vl(n))* = (-,vl(n)>} be the dual basis of {vl(n)}. Then we have

Homg, (V,,,su(2) ®r C)
={L € Homg¢(V,,, 5u(2) ®r C); L(py (k)v) = Ad(k)L(v) for any k € Zs,v € V,, }

es (n—2i€3Z)
=spang (vgn))* RX;X=1< eg+iea (n—20€3Z+1) »,
e1 —iea (n—2i€3Z+2)

3

Homyz, (V,,,C) = spanc {(vi"))*; — 32} .
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Proof. Take any v € V,, and k = ( g g ) € Z3 where (3 = 1. By definition, we
see that

Setting L = >, Zle Cli(vl(n))* ® e; € Homg(V;,,5u(2) ®@g C) where Cy; € C, we
know that L € Homg, (V;,,su(2) ®r C) if and only if

3
¢ Z Crie; = Ci1(Re(¢)e; — Im(Q)ea) + Cra(Im(¢)er + Re(C)ez) + Cizes
=1

for any 0 <1 < n and ¢ = 1. This is equivalent to

("= 1)Ci3 =0,
("2 —1)(Crp —iCpy) = 0,
(¢ 1) (Chp +iChy) = 0,

which implies the first statement. The second is proven in the same way. O

Proof of Proposition 6.15. From (6.13), the solution f of A} f = 8f is contained in
spang {(pn(~)v,(€"),vl(")>; (n,k) = (6,0),(6,6),(4,2),0 <1< n} , which are Zj invari-

ant. Hence we obtain Proposition 6.15. O

Proof of Proposition 6.16. First, we consider dimg{v € X(Asz);rot(v) = —2v}.
Set (p,q, ) = (%, ,—2) in Lemma 6.10. Since we know that

2 1
—§(n— 2k + 2)% + g(nQ +2n) =0« (n,k) = (4,0),

—%(n— 2k)? + %(rﬂ +2n) =0 < (n,k) = (0,0),

we have vy + ivy = <p4(-)vé4),u> for w € V4 and vz is constant. We see that v =

Z?:l v;e; satisfies (6.9), (6.10), and is Z3 equivariant. Hence we obtain dimg{v €
X(Ag);rot(v) = =20} = 11. O

Proof of Proposition 6.17. We find 13(= 30— 17)-dimensional family of non-trivial
associative deformations.

Let p; : ST — CP? be the Hopf fibration. By Lemma 2.19, for any holomorphic
curve ¥ C CP?, the Hopf lift p; '(2) € ST of ¥ is an associative submanifold. Since
p1(As2) is a holomorphic curve in CP3, the group of biholomorphic map of CP3, which
is known to be PGL(4, C), induces the associative deformations of Ay via the Hopf
lift.

The PGL(4, C)-action included in the Spin(7)-action is the standard SU(4)-action
on S7. Thus the dimension of non-trivial associative deformations of Ay induced by
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PGL(4,C) is given by

dimg PGL(4,C) — dimg{g € PGL(4,C); g - p1(A2) C p1(42)}
— (dimp SU(4) — dimp{h € SU@); h- Ay C As})
= dimg PGL(4, C) — dimg PGL(2, C) — dimg SU(4) + dimg U(2)
—30 - 6— 15+ 4 = 13,

which gives the proof. O

~

6.3.3. The case A3 = SU(2). Since Aj is not special Legendrian, we cannot
apply Corollary 4.2 to this case. First, we describe the operator D explicitly. Define
E; € su(2) as (6.8). We denote by ey, ez, e3 the left invariant vector fields on SU(2) =
As induced by %El, \%EQ, Ejs, respectively. If we define the vectors i for 1 < k <4

as
7 2 7 2
=)= (Jer+ —=eq ), —\/j<Je +—e),
m \/;< 1 \ﬁ4) 2 3 2+ e
7 2 7 2
=4/=|Jes— —es |, Z\/j Jes — —eq |,
" \/;< ’ \/72) " 3( ! \/71)

where J is the standard complex structure on C* and e4 is the position vector, then

{e1, - ,e3} is the orthonormal frame of T As and {n,---,n4} is the orthonormal
frame of v. At py = %f(o, 1,4,0), we have
V3 V3i 0 0
o 1 21 o — 1 -2 o 1 . 111
1 /—14 —9 s €2 /—14 % » €3 \/§ 1 y €4 \/5 i )
—V/3i -3 0 0
i —1 —2+/3i —2v/3
1[0 _ 1 0 1 -3 1 34
m \/5 0 » 112 \/i 0 > 113 /742 3 y 14 ,742 -3
1 —i 2V/3 2v/3i

LEMMA 6.20. We have

2
Viei=0fori=1,23, le1, e2] = Z€3) le1, e3] = —2eq, le2, €3] = 2eq,
N 3 —MNa N3 T2 Uil M4 n N2 —mn
(Vem)==| m  —m —m m | (axm)=| —n om om0
™o —=Tm  —5ns 5n3 N2 =M M4 I3

Proof. Since the SU(2)-action preserves the Ga-structure on S7, we only have
to consider at pg. The equations of V;';ei and [e;, e;] is shown easily. By a direct
computation, we have

3 —Na N3 2 m 2v3 —e; —ea 2es 0
(Vglnj) = ? 3 —T4 - 72 + T €9 —eq 0 —2e3 ,
T2 —Tm —5ns 5 0 0 2 —2ey
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and hence we obtain Vj‘i n;. To prove the equations of e; x n;, let hg be the stan-

dard metric on C*, wy be the standard Kihler form on CH, and Qo be the stan-
dard holomorphic volume form on C*. Define e’ = ho(e;,-),n’ = ho(n;,+). Then

{et,--- et nt, .-+ ,n*} is the dual coframe of {eq, - , 4,71, -+ ,n4}. We compute
GI(J') 64 771 nl(J) 61 _774
EXCONN NI . \/3 " 7T | \/3 |2 -
ey | vr| € 7\ | Py | VT e Vil »
64(J') —61 774 774(J) 64 771

Since we know ho = 3"+, ((¢")% + (77)?), we obtain

4
3 , ; 2
wo = ho(J',') — \/;E :61/\,’71+ \/7(_614 —623+7714+7723)-
i=1

The holomorphic volume form g is of the form C- (el +ig(e1,-))A--- (e* +ig(es, ")) =
C-(et—iel(J))A--- (et —ie*(J-)) for C > 0, and from the relation wg /4! = (i/2)*Qo A

Qo, we have C' = 7/3. Hence the Ga-structure ¢ € Q3(S7) on S7 is described as

2
_ —6123 4 61 A (7714 4 7723) 4 62 A (_7713 4 7724) 4 63 A (7712 4 7734)7

1
v =1(eq) <—w(2) + ReQO>

which implies the lemma. O

ProOPOSITION 6.21. By the trivialization of v wvia {m,---,m}, D :
C>(SU(2),R*) 22 C>(A3,v) — C™(A3,v) = C*(SU(2),R*) is described as follows:
(a1 0 —e3 e —e -2 (a1
D Yo | _ €3 0 —e1 —e " -2 (0>

V3 —e2 e1 0 —eg 3 V3
(o ex. e ez 0 3 (O

Setting V1 = 1 + 1o, Wo = 13 — i1h4, we have
Uy . 1€3 —1e1 + es —1—75 Uy
D ( \I/Q ) B {( —(iel + 62) —ieg ) + ( 3 \IJQ ’

Proof. Take ¢ = Zi:l Yana, € C(Az,v) for ¢, € C°(A3). By the lemma
above, we see

D1/) = Z(ei(wa)ei X Na + 1Z)aei X Véﬂa)

= (;63(1#2) + ea(1h3) — e1 (V) — Br)m + (es(vhr) — e1(¥3) — ea(tha) — Bibo)ma
+ (—e2(¥1) + e1(Y2) — e3(¥a) + 3¢3)ns + (e1 (Y1) + e2(2) + e3(¥h3) + 3tha)na,

which gives the proof. O
From these descriptions, we compute the following.

PROPOSITION 6.22. dimg{y € C*°(SU(2),R*); Dy = —¢p} = 34.
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On the other hand, Spin(7) induces 18(= dimg Spin(7)/SU(2))-dimensional as-
sociative deformations of As, and hence Az could potentially have 16-dimensional
nontrivial associative deformations. However, we do not know whether there exists
actual 16-dimensional nontrivial deformations.

Proof of Proposition 6.22. By Proposition 6.21, DY = a for a € R is equivalent
to

(ieg — <175 + Oé>) Uy + (—i61 + 62)\112 =0, (624)
—(iel + 62)\111 + (—ieg + (3 — O[))\IJQ =0. (625)

Applying (ie; + e2) to (6.24), we obtain

1 2
(ieg - (? + a)) (iey + e2) Wy + (ef +ei+ ?ieg) Ty = 0. (6.26)

Substituting (6.25) into (6.26), we have (—TA + 24ie3 + (Ta+ 1)(a — 3)) Uy = 0.
By using the notation in Lemma 6.8 and Lemma 6.9, we obtain

(=TA, + 2dieg + (Ta + 1)(a —3)) (o ()ol™ , u)
—{—6(n—2k+2)>—n? —2n+24 + (Ta+1)(a - 3)} (pa ()0, u),

forn>0,0<k<n,uel,.
Set o = —1. Since we know that —6(n — 2k +2)?2 —n? —2n +48 =0 < (n, k) =
(6,4), (4,2), (4,4), we deduce that

Uy = <P6(')Uz(;6)7u1> + <P4(')U§4)7U2> + <p4(-)v£4),u3),

for uy € Vg, ua, us € Vy. From (6.24), we see that

T T
1= iy g5 lpe( e w) — m@m«wyam.

Hence we obtain dimg{y € C°>°(SU(2),R*); Dy = —} =14 +2-10=34. O

6.4. The case S3 L1, Lo, L3 and L. Next, we study the deformations of homo-
geneous associative submanifolds which lie in a totally geodesic S®. These Lagrangian
deformation spaces are studied in [17]. Hence we only consider associative and non-
Lagrangian deformations by Remark 5.3.

6.4.1. The totally geodesic S® = SU(2). In this case, {e1, ez, e3} =
{E1, Es, E5} gives an orthonormal basis of su(2) with respect to the induced met-
ric from the totally geodesic S3. We easily see the following by (6.13).

PROPOSITION 6.23. dimp{f € C>®(5?); A f =3f} =4.

This implies that associative and non-Lagrangian deformations of the totally
geodesic S? are trivial since G5 induces 8(= dimg G/SO(4))-dimensional Lagrangian
deformations of S% and Spin(7) induces 12-dimensional associative deformations of
S3, whose space is known to be Spin(7)/K, where K =2 SU(2)3/Zs is a Lie subgroup
of Spin(7) ([8, Theorem.IV.1.38]).
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6.4.2. The case L; = SU(2). Set pg = \/Tgel + %64 = t(@,o,%,o) cRaeC3.
Then we have

(EDpo = = 3 € - 5667 (E3)po = — 3 €2 — §€7a (E3)po = 565.

Thus {e1, e2,e3} = {@El, @EQ, 3 E3} gives an orthonormal basis of su(2). We easily
see the following by (6.13).

PROPOSITION 6.24. dimp{f € C®(S®); A f =3f}=T1.

This implies that associative and non-Lagrangian deformations of L; are trivial
since Spin(7) \ G2 induces 7-dimensional associative deformations of L;.

6.4.3. The case Ly = SU(2)/Zs. Set pg = %(644—67) = %t(0,0, 1,i) € RpC3.

Then we have
(ET)PO = \/5637 (Eg)po - \6627 (Eg)Po = \/5(65 - 66)'
Thus {e, eq,e3} = {\%El, %Eg, 1E3} gives an orthonormal basis of su(2).
LEMMA 6.25. If n is even, we have
Homy, (V,,,su(2) ®@g C) = Homg (V,,, su(2) ®r C), Homy, (V,,,C) = Home(V,,, C).
If n is odd, both spaces are {0}.
From this Lemma, we see the following by (6.13).

PROPOSITION 6.26. dimg{f € C*(L2); A f =3f} =6.

This implies that associative and non-Lagrangian deformations of Ly are trivial
since Spin(7) \ G2 induces 6-dimensional associative deformations of Ls. Note that
Ly is invariant under the action of {diag(e =3, e®, e ¢');t € R} C Spin(7) \ Ga.

6.4.4. The case L3 =~ SU(2)/A;. We have
(Eik)fz = \/E€4 - \/666, (E;)EQ = \/EE{, - \/667, (Eék)ég = —463.

Thus {ey, e2,e3} = {E1/4, E2/4, E5/4} gives an orthonormal basis of su(2).
LEMMA 6.27.

Hom; (V. €) = € ((of)" - (vf”)")
Proof.  Recall that A} is generated by ki,ko,ks in (6.6). Take L =
1120 C (vl(lo))* € Homg (Vig, C) where Cj; € C and consider the condition
L(pro(k)v) = L(v), (6.27)
for k € A} and v € Vig. As for k = ky, ko, (6.27) is equivalent to
(-4 =0, (=1)!'Coy = G

Thus L is of the form C' ((vgﬁ))* - (véﬁ))*) for C' € C, and we see that (056))* - (vé6))*

is invariant by ks. O
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PROPOSITION 6.28. dimg{f € C*(L3); A f=3f}=T1.

This implies that associative and non-Lagrangian deformations of L3 are trivial
since Spin(7) \ G2 induces 7-dimensional associative deformations of L.

Proof. The solution f of ALf = 3f is contained in
spanc {<p6(~)v¢(16),vé6)>; 0<a,b< 6} from (6.13). From Lemma 6.27, A} in-
variant solutions of Ay f = 3f are of the form f = <p6(')(U§6) - UéG)),’u,> for u € V.
Imposing that f is R-valued, we have dimg{f € C®(L3); A f=3f}=7.0

6.4.5. The case L4 =~ SU(2)/D%. We have
(Ef)ée = \/66% (E;>56 = \/6637 (Eg)fﬁ = Ger.

Thus {e1, e2,e3} = {E1/v6, E2/+/6, E3/6} gives an orthonormal basis of su(2).

LEMMA 6.29. The space Homp: (Vn, C) is spanned by the following functions:
1. In case n = 6m where m € Z>q,

(ng))* + (—1)j(v,(lrl_)3j)* for 0<j<m.
2. In case n = 6m + 2,

(W) + (—1)j+1(v(")(3j+1))* for 0<j<m.

n—

3. In case n = 6m + 4,

(W) + (-1 p)* for 0<j<m.

In case n € 2Z + 1, we have Homps (V,,, C) = {0}.

Proof. Recall that D3 is generated by ka, k5 in (6.7). Take L = >"}" Cl(vl(n))* ®
e; € Homg(V,,,C) where Cj; € C. Consider the condition (6.27) for k = ky, ks, it is
equivalent to

)" Cu =G, (€T =0
Then we easily see Lemma 6.29. O

PROPOSITION 6.30. dimp{f € C™(L4); AL f=3f}=T7.

This implies that associative and non-Lagrangian deformations of L4 are trivial
since Spin(7) \ G2 induces 7-dimensional associative deformations of L.

Proof. From (6.13), the solution f of A} f = 3f is contained in the space spanned
by (pﬁ(-)vﬁ-ﬁ),véﬁ)> where j = 0,6 and 0 < a < 6. From Lemma 6.29, D} invariant
solutions of A, f = 3f are of the form f = (pﬁ(-)(vé@ + véﬁ)), u) for u € V. Imposing
that f is R-valued, we have dimg{f € C*>(L3); Ay f=3f}=7.0

Appendix A. Proof of Proposition 3.8. We follow the proof of [7]. First, we
show the following lemma.

LEMMA A.1. For any vector fields u,v,w,z, X € X(Y), we have
Vx(uxv)=(Vxu) xv+ux (Vxv)—x(X,u,v),
R(w, z)(u x v) =(R(w, 2)u) X v + u x (R(w, 2)v) + ¢(z,u, v)w — p(w, u,v)z
—g(w,u)v x z — g(w,v)z X u+ g(z,u)v x w+ g(z,v)w X u.



DEFORMATIONS OF ASSOCIATIVE SUBMANIFOLDS 457

When M? CY is associative, we have TM x TM C TM,TM xv Cv, andv X v C
TM. Thus for any X,u,v € C°(M,TM),n € C*(M,v), we have

V;F((u ):(v;r(u) Xv+ux (V;v)—(x(X,u,v))T,

Ve (uxn) =(Viu) x n+ux (Vxn) — (x(X,u,n)*"

Proof. Let {fi}r=1,.. 7 be any local orthonormal frame of Y. Then

7

Vi (uxv) =Y {(Vxp)(u,v, fi) fi + o(Vxu, v, fi) fi + @(u, Vv, fi) f;}

i=1
—x(X,u,v) + (Vxu) x v+ux (Vxv)

since Vg = 0 and V¢ = xp. For R(w,z) = V,V, — V.V, — Viw,z , We see the
following by a direct computation.

R(w,2)(u x v) = (R(w, 2)u) x v+ u x (R(w, 2)v) = (Vuwx)(z,u,v) + (V.x)(w, u,v).

Then, the equation Vi x = >, i(fi)(Vw *¢) @ f = = > 1 i(fr)(g(w, ) Ap) & fr =
—p@w+ Y (9w, ) Ni(fr)e) @ fi proves the lemma. O

Next, we compute D?. Let {e;};—1 ... 3 be any local orthonormal frame satisfying
es = e1 X ez and {n }r=1,... 4 be any local orthonormal frame of v. Then by Lemma
A1, it follows that

3
D*p = e;x Vile; x Vi) =1+ I,

ij=1
where
Z ei x (VSej x Vi +e; x VEV 1)),

1,7=1
3
12 = - Z €; X (X(eivejaveljw))L'

ij=1

From (2.3), the following holds:
Zez (e; x ej) ijJn/))

= —Z ei X (ei % €;)) x Vi =2 e; x VLo =2Dy.
J
By the computation in [7], we have I; = V*V14) + 7y, (I3) + I, where

1
I3 = —3 Z(ei x ej) x R(ei,e;), Iy = ZQ(A(eiXej)XnkeiaAwej)nk

i,j 1,5,k

From the next lemma, we obtain Proposition 3.8.
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LEMMA A.2.

3
I3 = ZR(% p)e; + 31, Iy = —Ay.
=1

Proof. By using the relation e; X e;11 = e; 42 for i € Z/3 and the Bianchi identity,
we have

Iy = — Z e; X R(eit1,eir2))

i€Z/3
= Y ei x (R, eis1)eir2 + Rleiya, ¥)eirn),
i€7/3
eive X R(eip1,v0)e; =R(eir1,¢)eir1 — (R(eip1,9)eiya) X €
— (Y, eir2,e5)€ir1 + P(eit1, €ita, €)Y
=R(eit1,¥)eir1 +e; X (Reir1, ¥)ei2) + ¢,

since e; X e;41 = €42 for i € Z/3, g(e;, ) = 0, and ¢(e;, €;41,€;42) = 1. Hence we
obtain I3 = Zle R(e;,v)e; + 3. For I, we have by Lemma A.1

Afeixesyxm€ = — Vi ((ei x €5) x 1)
=— Vo (ei xej) xnp— (e; x e5) x (VL m) + x(ei, e; x ej,mi)
= - {(Véei) X ej + €; X (V;ej)} X i+ (e; X ej) X Ay, €
+x(es e < ejymp)

Since an associative submanifold is minimal, it follows that ", Veli e; = 0. Moreover,
we see y . e; X Veliej =0 for j = 1,2,3 by the relation e3 = e; x ea. Hence we obtain
I4 = I5 + 167 where

Is=> gl(ei x ¢j) x Ay.ei, Agei)me,  To =Y g(x(ei,ei x ej,mk) ", Aye; )i

.5,k 1,5,k

It is shown that Iy = —Avy in [7]. As for I, we compute x(e;, €; X €5, M) = Nk X (€; X
(eixe;)) = e x(—ej+0;5€;), and obtain ), np x (—ej+0;5€;) = =2 xe; € CF(M,v),
which implies that I = 0. O

Appendix B. Harmonic analysis on a homogeneous vector bundle. We
give a summary of harmonic analysis on a homogeneous vector bundle from [27].

B.1. Homogeneous vector bundles.

DEFINITION B.1. Let G be a Lie group and let K be a closed subgroup of G.
Set M := G/K. A vector bundle E — M is called a homogeneous vector bundle
if G acts on F on the left and the G-action satisfies:
1. g- By =FEg, forge G,z e M,
2. g By = Ey., is linear for g € G,z € M,
where F, is the fiber of F at x € M.

LEMMA B.2. Let (1, Eg) be a finite dimensional representation of K. Then the
associated vector bundle E := G x, Eg = G x Ey/ ~, where (g,v) ~ (g -k, (k)" v),
is a homogeneous vector bundle over M.
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All homogeneous vector bundles are described as above by the following lemma.

LEMMA B.3. Let E — M be a homogeneous vector bundle. Let Fy = FE.x and
7 : K — End(Ey) be the induced action from 2 of Definition B.1. Then we have
E=2G Xr Eo.

B.2. Fourier series expansion. Let GG be a compact Lie group, K be a closed
subgroup of G, (7, Fy) be a finite dimensional unitary representation of K, and E —
M be the homogeneous vector bundle associated with (7, Fy). Assume that M = G/K
is orientable. Setting

C(G, Eo) 7 == {f € C(G, Eo): f(g- k) = 7(k) "' f(g) for any g € G,k € K)},

we have the following.

LeEMMA B.4. For f € C(M, E), define f € C(G, Eo) ™7 by f(g) = g~ f(9K) €
E.x = Ey. Then the map f — f gives an isomorphism C(M,E) = C(G, Ey)*7),
The map f — f extends to the isomorphism A : L*(M, E) = L*(G, Ep)m),

Let G be the set of all equivalence classes of finite dimensional irreducible unitary
representations of G. For each y = [(7,,V;)] € G, we assign a map A, : V, ®
Hompg (Vy, Eg) — C(G, Eo) ™), where Homg (V,, Ey) = {L € Hom(V,, Ep); L(k -
v) = 7(k)L(v) for any k € K,v € V,)}, by A, (v® L)(g) = L(g~" - v).

PRrOPOSITION B.5 (Fourier expansion). The algebraic direct sum

Z Ay (Vy @ Homg (Vy, Eo))
'yeé

is uniformly dense in C(G, Eo) ™) relative to the uniform topology.

LEMMA B.6 (Schur orthogonality relations). Let (w, V) and (7', V") be irreducible
unitary representations of a compact group G. Let (-,-) and (-,-)" be inner products
on V and V', respectively. Then for u,v € V and v',v' € V', we have

(. v dg = 0 o (W * WI)
[ @u TG T = { (G

B.3. Homogeneous differential operators.

DEFINITION B.7. Let G be a Lie group and let K be a closed subgroup of G. Set
M =G/K. Let E — M and F — M be homogeneous vector bundles, and (7, Ey)
and (o, Fy) be the representations of K associated with E and F, respectively.

A differential operator D : C°(M, E) — C*°(M, F) is called a homogeneous
differential operatorif g-Df = D(g-f) forg € G, f € C°(M, E). Here, (g-f)(x) =
gf(g7'z) forz e M,g € G, f € C®(M,FE) or C*°(M,F).

REMARK B.8. The map D is completely determined by its value at a point, i.e.,
given (Df).k for any f € C°°(M, E), we can determine (Df),x for each g € G, f €
C>®(M, E).

We give an explicit description of the homogeneous differential operators.
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Let U(g) = ®*g/I(g), where I(g) is the two-sided ideal in ®*g generated by {X ®
Y-YoX—-[X,Y];X,Y € g}. (Inother words, U(g) is the universal enveloping algebra
of g.) Let £ : ®*g — U(g) be the canonical projection and U'(g) := £(3°, -, ®"g).

Set D(G) be the space of all left invariant differential operators on G. For any
X € gand f € C°(G), define Xf € C®(G) by X f(g) = (d/dt)f(g - exp(tX))|e=o0-
The map X — (f — X f) gives the inclusion g — D(G), from which an isomorphism
U(g) = D(G) is induced.

LEMMA B.9. The algebra U(g) is isomorphic to D(G). If {Xi, -+, Xn} is a
basis of g, then {X{™ --- X"y m; > 0} forms a basis of U(g).

n

Similarly, for L ® X € Hom(Ey, Fo) @ U(g) and f € C*(G, Ey), set (L@ X)f =
L-X f. Thus the element of Hom(Ey, Fy)®U(g) is considered as a differential operator
COO(G, Eo) — COO(G, Fo)

Let K act on Hom(Ey, Fy) @ U(g) as u(k)(L ® X) = o(k)L7(k)~! @ Ad(k)X for

L € Hom(Ey, Fy) and X € U(g). Then (u, Hom(Ey, Fy) @ U?(g)) is a representation
of K for each j. Setting

(Hom(Ey, Fy) ® U(g))® = {D € Hom(Ey, Fy) ® U(g); u(k)D = D for any k € K},

we have the following.

LEMMA B.10. For any D € (Hom(Ey, Fo)@U (g))¥, we have DC™® (G, Eq)7)
C>®(G, Fy) ) . Conversely, if D € Hom(Eq, Fy)®U(g) satisfies DO (G, Eg) ) ¢
C>(G, Fo) 2, then (k) Dl coe (G, o) = Do, po)om -

DEFINITION B.11. Let ¢ be the Lie algebra of K. A homogeneous space G/K is
called reductive if there exists an Ad(K)-invariant vector subspace p C g satisfying
g=tdp.

PROPOSITION B.12. Suppose that M = G/K is a reductive homogeneous space.
Let D : C*(M,E) — C*™(M,F) be a homogeneous differential operator of order j
and let D be the corresponding map from C=(G, Eo)*™) to C®(G, Fy)o),

Then there exists D € Hom(Ey, Fo) @ U(g) so0 that D|ce (g, py)ucn = D. IfK is
compact, D may be taken to be in (Hom(Ey, Fy) @ U(g))~.
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