ASIAN J. MATH. (© 2019 International Press
Vol. 23, No. 4, pp. 539-560, August 2019 001

THE HEAT TRACE FOR THE DRIFTING LAPLACIAN AND
SCHRODINGER OPERATORS ON MANIFOLDS*

NELIA CHARALAMBOUST AND JULIE ROWLETT?

Abstract. We study the heat trace for both Schrodinger operators as well as the drifting Lapla-
cian on compact Riemannian manifolds. In the case of a finite regularity (bounded and measurable)
potential or weight function, we prove the existence of a partial asymptotic expansion of the heat
trace for small times as well as a suitable remainder estimate. This expansion is sharp in the follow-
ing sense: further terms in the expansion exist if and only if the potential or weight function is of
higher Sobolev regularity. In the case of a smooth weight function, we determine the full asymptotic
expansion of the heat trace for the drifting Laplacian for small times. We then use the heat trace
to study the asymptotics of the eigenvalue counting function. In both cases the Weyl law coincides
with the Weyl law for the Riemannian manifold with the standard Laplace-Beltrami operator. We
conclude by demonstrating isospectrality results for the drifting Laplacian on compact manifolds.
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1. Introduction. Heat equation methods are incredibly useful; see for example,
The Ubiquitous Heat Kernel [5]. One of the most standard ways to prove the spectral
theorem for the Laplace operator on a Riemannian manifold is via the associated heat
semi-group. Moreover, the heat equation provides a connection between probability
theory and analysis. As noted in Kac’s famous paper, one can thereby demonstrate
analytical results using probabilistic methods [6]. Van den Berg and Srisatkunarajah
also used probabilistic methods to demonstrate results for the short time asymptotic
behavior of the heat trace on polygonal domains [10].

The heat trace of a Schrédinger operator on a manifold reflects many of the
geometric quantities of the manifold intertwined with the potential term. It is also
used to determined the rate at which the eigenvalues of the operator tend to infinity.
In this article we focus on short time asymptotic expansions of the heat trace for
Schrédinger operators on manifolds with an irregular potential, as well as the short
time asymptotic expansions of the heat trace for drifting Laplacians on weighted
manifolds.

To be more precise, we consider (M, g), a smooth, compact, Riemannian manifold
of dimension n. The Laplace operator, A, is determined by the Riemannian metric,
with

1 }
A=— ————=0,9"\/det(g)0;.
Z.;l /det(g) !

In this article, we will consider the Schrodinger operator,
Ay =A+V,
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where the potential satisfies V' € L>(M). This is a self-adjoint operator which maps
H?(M, g) — L*(M, g). We also consider the drifting Laplacian,

Af:=A+Vf-V.

Above, we assume that f is a function on M which satisfies Vf € L>(M) and
Af € L>®(M). The operator Ay is also known as the weighted Laplacian or Bakry-
Emery Laplacian. The drifting Laplacian is a self-adjoint operator as well, but with
respect to the weighted volume measure

dpy = e dp,

where dy is the volume measure given by the Riemannian metric.

Our first result is the existence of a small time asymptotic expansion for the trace
of the heat kernels associated to Ay. We determine the first few coefficients in this
expansion as well as a remainder estimate of order o(t?>~"/?) whenever the potential
V is in L™. Let e *»V denote the heat semigroup for the operator A + V, and e *4
denote the heat semigroup for the operator A.

PROPOSITION 1.1. Let (M,g) be a smooth, compact, Riemannian manifold of
dimension n. Let V.€ L>(M). Then e *2V is trace class and has a short time
asymptotic expansion as t ] 0 given by

oay Vol(M) t 1
tre " =z T e /M (6 K(z) - V(z)) an(z)

2
MNETORE

|:a0,2 + %HVH%Q — % /M K(Z)V(z) d‘u(z):| + 0(t2_n/2),

where K(z) denotes the scalar curvature of (M,g), and agz2 is the coefficient of
(4mt)~"/22 in the short time asymptotic expansion of e '™ given in (26).

We prove Proposition 1.1 in Section 2. In Corollary 3.2 we will see that that a
similar expansion also holds for Ay whenever Af,Vf € L*>. We show in Section
83 that Proposition 1.1 is sharp, and that further terms cannot be deduced unless
the potential is of higher Sobolev regularity. Moreover, the remainder estimate in the
asymptotic expansion given in Proposition 1.1 is determined by, and conversely it also
distinguishes the regularity of the potential function. The main result of our paper is
the following

THEOREM 1.2. Assume V € L°°. Then the heat trace has an asymptotic expan-
sion as t | 0 of the form

eay _ Vol(M) t 1
tre A =Ty + EEnTE /M (6 K(z) - V(z)) du(z)

2

i (AL;W {GO’Q * %HVH%Q - % /M K(2)V(z) du(z)} + O3,

if and only if V € H'.

This regularity result was inspired by the work of H. Smith and M. Zworski for
Schrodinger operators on R™ [9]. Theorem 1.2 implies the following isospectrality
result.
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COROLLARY 1.3. Assume V,V € L* and that the Schrédinger operators Ay, Ay
are isospectral. Then the potential, V, is in H' if and only if V is in H'.

A further consequence of the existence of a short-time asymptotic expansion of
the heat trace like the one proven in Proposition 1.1 is Weyl’s law for the growth rate
of the eigenvalues of the operators, Ay and Ay.

COROLLARY 1.4. Let (M,g) be a compact, smooth, n-dimensional Riemannian
manifold with Laplace operator, A. Let V- € L>®(M,g). Let {\;} denote the eigen-
values of the Schridinger operator, Ay = A+ V with Ay < Ay < .... For a function
f on M with

Af and Vf e L>®(M,yg),

let {ux} denote the eigenvalues of the drifting Laplacian Ay = A+ Vf -V with
M1 S,UJQS ... Let

Ny (A) := #{ )\ <A}, and Np(A) := #{ur < A}.
Then

- Ny(A)(@2m)" . Ny()(2m)n
dm e, Vel = im

where above Vol(M) denotes the volume of M with respect to the Riemannian metric
g, and w, denotes the volume of the unit ball in R™.

As one readily sees from the above result, Weyl’s law for the drifting Laplacian
is in fact independent of the weight function f, whenever Vf and Af are in L*>. In
fact, Weyl’s law only depends on the dimension of the manifold and its Riemannian
volume. Although some experts provide (without proof) the correct Weyl law in the
case f € C? (see for example p. 640 of [2]) it also often appears in literature (also
without proof) with the weighted volume of the manifold. We anticipate that our
paper will not only clarify this inconsistency, but also provide a more general setting
in which the result is true. We prove Corollary 1.4 in §2.1 using the the short time
asymptotic behavior of the heat trace together with the Karamata Lemma.

The independence of Weyl’s law from the weight function f for the drifting Lapla-
cian comes in contrast to estimates for its eigenvalues, which do depend on the weight
function. For example, Setti demonstrated bounds for the first eigenvalue which de-
pend on the weight function [8]. More recently, A. Hassennezhad [4] demonstrated
upper bounds for all eigenvalues of Ay and hence Ay, under the assumption that V'
is continuous. J.-Y. Wu and P. Wu demonstrated lower bounds for the eigenvalues
of Ay under the assumption that the f-Ricci curvature is bounded below [12]. Their
estimates depend on lower bounds for the Bakry—Emery Ricci tensor, hence they also
rely on f being a C? function. As a result, one would also not anticipate that a
Weyl’s law would hold for such general f as in Corollary 1.4, nor that it would be
independent of f. Our work complements the upper and lower eigenvalue estimates
obtained by other authors, and it may be useful to combine it with those results to
obtain sharper eigenvalue estimates.

In the case that f is smooth, we compute in Section 4 the full small time asymp-
totic expansion expansion of the heat trace associated to Ay, Hf(t, x, x).
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THEOREM 1.5. For a smooth weight function f, Hy(t,x,x) has the short time
asymptotic expansion

Hp(t,z,x) ~ (4mt) "/ 2ef@ Z wi(z, )t (1)
i=0

where the u; are defined by (22).
If {\i} is the spectrum of the drifting Laplacian Ay, then

Z eMt ~ (drt) /2 Z a;t' (2)
k i=0

where a; = [, wi(x,z) dp(z).

We emphasize that the integrals defining the heat trace invariants, a;, are with
respect to the Riemannian volume form, du. Finally, we obtain isospectrality results
for the drifting Laplacian on compact manifolds.

THEOREM 1.6. Consider two weighted manifold (M™, g, dpy,) and
(N™, gn,duy,), with f; as in Corollary 3.2 on the respective manifolds. Suppose that
the drifting Laplacian Ay, on M and the drifting Laplacian Ay, on N are isospectral.
Then the two manifolds must have the same dimension and the same Riemannian
volume. If in addition M and N are orientable surfaces, and the two weight func-
tions have equal Dirichlet norms, [,, |V fil*dun = [y [Vf2|* dun, then they are
diffeomorphic. If (M™, ga) is of dimension n < 3, then the set of isospectral drifting
Laplacians, Ay, with smooth f, is compact in C(M).

Acknowledgement. The authors would like to thank the anonymous referee for
the useful feedback regarding the proofs of Proposition 1.1 and Lemma 2.1.

2. Heat Trace Expansions. Recall that (M, g) is a smooth, compact, Rie-
mannian manifold of dimension n, and Ay = A + V is a Schrédinger operator with
V e L>(M). We begin by proving Proposition 1.1, which gives the first few terms in
the short time asymptotic expansion of the heat trace associated to such a Schrédinger
operator. We shall see that the existence of further terms in such an expansion de-
pends upon whether the potential, V' € H*, or not.

Proof of Proposition 1.1. The estimates of [9] §3 p. 465, show that the semi-
group e AV is trace class, but since their results are over R, we recall the required
calculations and estimates in the setting of a compact Riemannian manifold. Using

Duhamel’s principle, one can generate an expression for e *Av — e 7?2 which is given
by
e—tAv _ e—tA — E Wk(t),
E>1
with

Wi(t) = (—1)* / e =AY =1 Ay yemnBds ds. (3)
0<s1<...<sp <t

We first observe that we have the L? operator norm bound

WOz e < VIS /R
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since the integrand is L? bounded by ||V||%,, and the volume of integration is t*/k!.
Then, we also have a bound on the trace class norm,

IWi(®) s < CHE/2450/2 [, (4)

This follows immediately by the same arguments given on p. 365 of [9]. In fact, the
proof can be simplified in our case: since we are working on a compact manifold,
there is no need to use a cut-off function x, and we can obtain the estimate directly
by applying the operator e *4.
Consequently, the operator e~
exchanged with summation to operator

tr(e 1AV — 7t = Ztr(Wk(t))

k>1

tAv _ ¢~tA ig trace class, and the trace may be

We compute the trace of the first term, Wi. Let Hy(t,x,y) denote the heat kernel of
the semigroup e~ *2. The Schwartz kernel of W} is given by

t
Wl(taxay) = _/ / HO(SaIaZ)HO(t - S,Z,y)V(Z) dsta
0 JM

where to simplify notation, we have used dz to indicate du(z). To compute its trace,
we set y = x and integrate,

tr W (¢ / / / Hy(s,x,2)Ho(t — s,z,2)V(2) dzdxds (5)
M

Since we are on a compact manifold, the Laplacian has an L? orthonormal basis of
eigenfunctions {¢} with corresponding eigenvalues A;. Its heat kernel then has a
simple expression with respect to this basis

(8,2, 2) ZeiA’“tqﬁk oK (2). (6)

k>1

Expressing the heat kernels in (5) in terms of this orthonormal basis and using the
orthonormality of the eigenfunctions, we compute the integral with respect to x to
arrive at

tr Wy (t / / Hoy(t, z,2)V(2)dzds = —t/M Hy(t,z,2)V(2) dz. (7)

Next, we use the fact that the heat kernel has a local expansion along the diagonal
ast ] 0

1 tK(z)

Hy(t =
olt:2.2) = ez + Glant)2

+7(t) where r(t) =O(>"/?),

and K (z) is the scalar curvature of (M,g) (see for example [7, Chapter 3]). Since
V € L*> and M is compact, it then follows that as ¢ | 0

tr W (t) = —t(4mt)~"/? U 2)dz + — / K(z dz} +0(> ). (8)
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In fact, we can also compute the full asymptotic expansion of the term tr Wi (¢)
as t | 0. Recalling the identity (7) for W; and applying the local heat trace expansion
of Hy together with the assumption that V' € L*, we obtain

tr Wi (t) ~ —t(dmt) "2y " /M o (2, 2)V(2)dz.

J=0

The functions wug ;(z, z) are the local heat invariants of the heat kernel Hy on the
Riemannian manifold (M, g). Consequently, the ug ; are independent of V. It is in
general very difficult to express these functions in terms of geometric and topological
invariants of the manifold. We refer the interested reader to Rosenberg’s results in
[7], and perhaps more conveniently to equation (25) for an integral expression of the
uo,;- In the case j = 1, as we have mentioned above, ug1(z,2) = K(z)/6 where K (z)
is the scalar curvature of the manifold [7]. We would also like to remark that in the
expansion of the trace of Wi only V appears and none of its higher order derivatives.

To complete the proof, we continue to analyze the next term in the expansion.
By definition (3), the trace of W5 is

tr Wa(t) = / / Ho(t — s,z,y)Ho(s — r,y,2)Ho(r, z,2)V(y)V(2) drdsdzdydz.
M3 Jo<r<s<t

We again use the orthonormal basis expansion (6) to express Ho(t — s,z,y) and
Hy(r,z,x), and integrate with respect to = to obtain

tr Wa(t) = / / Ho(t — s+ r,y,z)Ho(s — 1, z,y)V(y)V(z) drdsdydz.
M2 Jo<r<s<t

We can now apply a clever time-substitution technique to further simplify this
expression (see for example [9, pp. 467-468]). Letting u = t — s and suppressing the
integrals over space we obtain the expression,

/ Ho(u+ry,z)Ho(t —u—r,y,2)V(y)V(z) drdu.
r+u<t, 0<r,u

Setting r = tv — u, and observing that drdu = tdvdu, we have
1
/ / Hy(tv,y, z)Ho(t(1 —v),y, 2)V(y)V(2)t dudv
v=0 JO0<u<tv
1

- t2 HO(tUayvz)HO(t(l —U),y,Z)V(y)V(Z)U d’U,
v=0
where for the last integration we have used that the integrand is independent of wu.
Moreover, the symmetry of the last integral with respect to the map v — 1—wv, further
simplifies it to

2
5/0 Hoy(tv,y, z2)Ho(t(1 —v),y,2)V(y)V(z) dv.

We recall the local asymptotic expansion of the heat kernel of the Laplacian over
a compact manifold. Let 6 > 0 be a uniform constant on the manifold such that the
exponential map at p, exp,, is a diffeomorphism on the ball of radius ¢ in the tangent
space at p. Then

k
n d(y,2)? ;
Ho(t,y,2) = (dmt)"Fe™ 40 Huyly, ) + ity y, 2) 9)
7=0
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where the u;(y, z) are symmetric smooth functions on M? supported on a neighbor-
hood of the diagonal, N5 = {(y, 2 ’d y,z) < §}. Moreover, ug(y,y) = 1, and the
remainder term is of order

d(y,z)?

Ire(t,y, 2)| < CptFt1-2e” s

on M? for t € (0,1]. In Section 4, we use geometric methods to prove such an
expansion for the heat kernel of the drifting Laplacian, but this is a classical result.
Hence,

n_ d(y.2)?

HO(tvayvz) = (47”51))756 atv UO(yaz)+T0(tvvyaz)a

and

d(y,z)?

Hy(t(1 —v),y,z) = (4nt(1 —v))~ 3 - T ug(y, 2) + ro(t(1 —v),y, 2).

As a result, the product has a similar expansion which we split into the leading
term and a remainder,

d(y,z)2

Ho(tv,y,z)Ho(t(l—v),y,z) = (471—15)7% 471—1)(1 _U)t) 26 dwd-v) uO(y7 )+T(tvv7yvz)

where!
_ dw.)?
|T(tvvaya Z)l <Ct- (’U(l - U)t) % e Stu(iow) |
The heat kernel, Hy(tv(1 — v),y, 2) has an analogous expansion, which we also

split into the leading term and a remalnder

d(y,2)?

Hy(tv(1 —v),y,2) = 4rtv(l —v)) " 2e” ®0-0ugy(y, 2) + ro(tv(l — v),y, 2).
Comparing the two expressions we get,
Hy(tv, y, z)Ho(t(1 = ), y, 2) — (4mt) =% Ho(tv(1 - v), y, 2)
= (amt)~E [(amto(1 — )~ e DD (135, 2) — uo(y 2))
+r(t,v,y,2) —ro(tv(l —v),y, z)}

We therefore have

2 1
tr Wa(t) = % (4mt) "% / / Hy(tv(l —v),y,2)V(y)V(z)dvdydz + I + I1,
M2

where

d(y, 2)2
I=— (47t)” / / (4rtv(1 —v)) " Ze BRI (ug (y,2) —uo(y, 2)) V(y)V(2)dvdydz,
M2

and
II = 47rt / / r(t,v,y,2) — ro(tv(l —v),y, 2)] V(y)V(2)dvdydz.
M?2

I Throughout this proof, we may use C for any constants which do not depend on the variables
in which we are demonstrating estimates.
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From the asymptotic expression of the remainder terms, r and ry, we have that
[ b2 = (e - 0,0 V@V vy
M2

Y,z 2
<Ct / / v(l —wv)t) e D [V (y)| |V (2)| dvdydz.
M2

However,

Y,z 2
lim [ (o(1 — o))" Fem a0 |V (y)| |V ()| dyd=

t—0 M2
Y,z 2
= lmC [ s B |V (y)||V(2)|dydz < OV < C.
s—0 M?2

To see this last inequality, we can split the integral into two parts, on the neighborhood
N of the diagonal, and its complement. At each y, we can use the exponential map

2
to express z as a point in the tangent space and d(y, z) = |z|. Since s~ 2e~ 15 s the
heat kernel on Ty M, the integral on N is uniformly bounded and independent of 4.
For the complementary set, we use the fact that d(y,z) > ¢ and the rapid decay of
the Gaussian on this set.
From the above we conclude that

t? n
II = 5(47#)—? o(t)

For I, we recall that ug(z,z) = 1 and ug(z,y) = uo(y, z), so we see that

auO(yaz) — auO(yaz) -0
8y y=z 0z Y=z ’

Since ug is smooth, and M is compact, this implies that there exist uniform constants
C, & > 0 such that for d(y,2) < e

luo(y, ) — uo(2, 2)| = luo(y, 2) — 1| < Cd(y, 2)*.

Then

|’U,0(y, Z)Q_U’O(yv Z)' = |u0(y7 z)||u0(y, Z)_1| < (1 + Cd(y7 2)2) Cd(y7 Z)2 < Cd(y7 2)2'
We let N be a small neighborhood of the diagonal with ¢ < §. Then,

d(y,z)2

2 1
1= t— (47rt)7% / / (rtv(1 —v)) " 2e (-0 (ug(y,z) —uo(y,2)) V(y)V(2)dvdydz
M2 Jv=0
n o dwa)?
= — (4nt)~ / / (Amtv(1 —v))~ 2e 0= (ug(y, 2) — uo(y, 2)) V(y)V(2)dvdydz
e Jv=0
+0.(t™)]
t? _n ! _n g _ A2
< 5 (4nt)"2C {/ / (Artv(l —v))” 2d(y, z) e 3 0= dodydz + O (t°) | .
Ne 0

The error term O, (t>°) corresponds to the integral over N5 \ N. and vanishes rapidly
away from the diagonal.
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Again using coordinates via the exponential map, we may write
_n g —d.=?
(Artv(1 —v)) " 2d(y, 2)%e” 0= dydz
NE
212
< / C s_§|z|2e_%n(y,z) dzdy, s=tv(l—v).
M JR?

Above, 7 is a smooth bounded cut-off function which vanishes for z outside B.(0) C
T,M = R". Given that the integral

2
/ 87%|Z|267% dz = 0(s),
n

and 0 < s = tv(1l — v) < ¢, we therefore have
t2 n
I= ) (4rt)~2 O(t).
We note that this estimate is independent of both £ and 4.

Hence, we have computed that

t2
Wa(t) = o (dnt)”

w3

1
UMQ /:0 Hy(tv(1 —v),y, 2)V(y)V (2)dvdydz + O(t)| . (10)
Note that
/GM Ho(tv(1 —v),y,2)V(y) dy = Uv (tv(1 — v), 2),

is the solution to the heat equation with initial data V' at time tv(1 —v). By (10) we
have

1
‘2(47Tt)"/2t2 tr Wa(t) — /0 /M Uy (tv(1 —v),2)V(z) dzdv| = O(t). (11)

We recall that the solution to the heat equation with initial data V" at time tv(1—v)
converges to V as t | 0, uniformly in L?(M) for all v € (0,1) since 0 < tv(1 —v) < ¢.
In other words,

Uy (tv(1 = v), 2) = V(2)||2 — 0 uniformly as ¢ | 0 for all v € (0, 1).

As a result,

/01 /M Uy (to(1 — ), 2)V (2)dvdz — /01 /M V()P dx vdv

< <||V||L2(M) sup [|[Uy(tv(1 —v)) — V||L2(M)> — 0 uniformly as ¢ | 0.
ve[0,1]

However, we do not know a priori the rate at which the right side converges as ¢ | 0.
Combining this estimate with (11) we therefore obtain

wWa(t) = o (4nt) ™2 [IV]3: +o(1)] (12)
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To complete the proof, we recall the bound in (4), which shows that

tr) Wi(t) <CH#"2 0<t <1 (13)
k>3

As a result, under the very general assumption that V' € L%, we have a precise
expression for the heat trace up to order t2~"/2 and a remainder estimate,

iay  Vol(M t 1
tre—tA _(47rt()"/)2 + (47rt)"/2/ <3 K(2) —V(z)) du(z)

+ s [oa+ VI — § [ KGVG) duta)] +oe2),

ast ] 0.0

We note that the first, second, and fourth terms come from the corresponding
terms in the short time heat trace expansion of e ** on M. Moreover, the potential
V' does not appear in the leading order asymptotics; it first makes an appearance
in the coefficient of t'="/2. This is the crux of the matter and the reason why V
does not affect Weyl’s law for a Schrodinger operator. However, based on the work of
Hassanezhad [4] and Wu and Wu [12], one does expect that more refined estimates of
the eigenvalues of a Schrodinger operator may indeed depend on the potential.

2.1. Weyl’s Law via the Heat Trace and Karamata’s Lemma. In general,
there are two main techniques which can be used to prove Weyl’s law. The first
technique is known as Dirichlet-Neumann bracketing, and this is the one used in Weyl’s
classical proof [11]. The second technique uses an element of the functional calculus
of the Laplacian, such as the resolvent, wave group, or heat semi-group, together with
a suitable Tauberian theorem. Here, we use the short time asymptotic behavior of
the heat trace together with Karamata’s Tauberian Lemma to prove Corollary 1.4.
The proof is significantly simplified by using a generalization of Karamata’s Lemma;
originally, the function g below was required to be continuous.

LEMMA 2.1. Let g be a bounded, non-negative, piecewise continuous function on

[0,1]. Assume that v is a non-negative measure, o > 1, and

/ e dy(\) < ooVt > 0, limto‘/ e dv(\) = ¢ € (0,00).
0 t0Jo

Then, we have

o [T iyt __¢ Lty —ta—1
1;&115/0 gle™)e dy()\)—r /0 gle e "t dt.

Proof. We begin by introducing the notations

Fi(g) =1t* /000 g (e_tA) e~ dr()), G(g) = FL) /000 gle)yt* e tdt.  (14)

(o
Let {gL}, {g¥Y} be two sequences of continuous functions such that

0<gi(z)<...<gh(x)<...<g@)<...<gY(x)...<g¥(z) < M, for ae. ze|0,1],
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and

lim gk (z) = lim gY(z) = g(x) for a.e. x €[0,1].

n—r00 n—oo

Due to the assumption that g is non-negative and bounded, we have the estimate
c o0
0<G(g) < —/ Mt tetdt = cM.
I(a) Jo

This will allow us to apply dominated convergence arguments.
Since all of the gL and g¥ are continuous, by Karamata’s original Lemma,

: Ly _ L : Uy _ U
lim Fi(g,) = G(9) and lim Fi(g,,) = G(gy)
for each n. Therefore,

lim sup Fi(g) < limsup Ft(gg) = G(gg)
10 10

and

. > Timi Ly _ L '
hmﬁlg Fi(g9) > hmltrllg Fi(g;) = G(gy)

Together these estimates give

G(gﬁ) < liminf Fi(g) < limsup Fy(g) < G(gg)
tl0 10

for all n.
By dominated convergence we have

lim G(gL) = G(g) = lim G(gY)

n—r00 n—oo

and as a result

lim F(g) = G(g).

a

Proof of Corollary 1.4. We assume that (M, g) is a compact Riemannian manifold,
and V € L*(M, g). Let {\x}x>1 be the spectrum of the Schrédinger operator, A+V/,
on M. We shall apply the generalized Karamata Lemma to the measure

dv = 26)"“'

k>1

Then we note that

/Om () = N(z) = #{w < 2} —n_.

Above, n_ is the number of negative eigenvalues of the Schrodinger operator. It is
well known that n_ is finite whenever the potential V' is bounded below. We recall the
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brief argument for this for the sake of completeness. If ¢y is the unitary eigenfunction
corresponding to Ay, then

Ak:/ |v¢k|2+/ V2 > —[[V]o.
M M

The spectral theorem in this setting implies that the eigenvalues may only accumulate
at 00. By the above estimate, there can therefore exist at most finitely many negative
eigenvalues.

We shall apply Lemma 2.1 to the function,

0; z € [0,e U, 00
g((E):{ 1. .IEEGI 1% [ )

z°

(15)

By Proposition 1.1, and due to the fact that there are at most finitely many negative
eigenvalues.

limtn/Q/ eft)\dy()\) _ limt”/2 <tretAV _ Z eAkt> _ VOI(M)
0

/2
t10 t10 et (4m)m

Let
__ Vol(M) n

@mnz 473

Applying Lemma 2.1 with the aforementioned g, ¢, and o we obtain

limto‘/ g (e ™) e dr(N) = ¢ / g (e )tz e at.
0 r(2) Jo

n
tlo n

Substituting for g in this equation we have

1/t 1 1
1imt°‘/ e dv(\) = limt* N () = ° / ettn/2letqt = —©
t10 0 t10 t 0

I3
!
—
I3
~—

Clearly then,

1 2 2A"/2 Vol(M
m /2N (2) = 20 e Ny~ 2 VM)
t—0 t nl'(n/2) nl (%) (4m)n/2

To prove Weyl’s law for the drifting Laplacian on a weighted manifold, we use the
fact that it is unitarily equivalent to a Schrodinger operator. We consider a function
f on the manifold, M, such that Af and V[ are both in L>(M,g). Let L? denote
the set of L? integrable functions on M with respect to the weighted measure dpuy,
L3(M) = {u1 |fM u?e~/du < oo}. Using the transformation 7' : L? — L3 given
by T(u) = ez fu we have that the drifting Laplacian is unitarily equivalent to the
Schrédinger operator,

1 1
A+V, where V = 5Af+ Z|Vf|2.

Under these assumptions the potential function V' = $Af + 1|V f|? € L>®(M,yg).
Consequently, for the above V' and f, the operators Ay and A¢ are isospectral. We
therefore apply the preceding proof of Weyl’s law for the operator A+V and conclude
that the operator Ay obeys the same Weyl law as A+ V. O
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3. The Heat Trace and the Regularity of the Potential. In this section we
demonstrate that the sharpness of the remainder estimate in the short time asymptotic
expansion of the heat trace is equivalent to the regularity of the potential. It turns
out that the regularity result of Theorem 1.2 is determined entirely by the term tr Wy
we saw in the previous section.

PROPOSITION 3.1. Assume that V- € L. If tr Wa(t) has an expansion ast | 0
of the form

2

tr Wg(t) = 5

S €+ 00).

then V. € H*, and
c=[[V]Za.
Conversely, if V€ H, then tr Wa(t) has such an expansion and

t2

tI‘WQ(t) = W (

IVIZ: +0@)) -

Proof. To prove the proposition, we begin by assuming that
tr Wo(t) = % t2 (4mt) "2 [c + O(1)] .
Since V € L>, (12) gives ¢ = ||V||2., and we now have
wIa(e) = o () ™ (VI3 + (1) (16)

Comparing (10) to (16) we therefore obtain

1 1
iz = [ e - o v G = 2 < o
0 M x M

for ¢ small enough.
By definition,

/ Ho(to(1 = v), 9, 2) V(y)V (2)dydz = (e~ =020y, V),
M x M
therefore the above estimate also shows that

1
- <Cast—0". (17)

1
HW%—A@4M%WMVMU

We make the following observation. For any A\, > 0

1 ! ! 1
lim — |1-— / et =0 dv} = / V(1 =v)Apdv = = A
L 0 0 6

1 1 !
=— lim - [1 —/ et dv} .
6 t—0+ t 0



552 N. CHARALAMBOUS AND J. ROWLETT

Using the orthonormal basis expansion (6) for the heat kernel, we obtain

(eftv(lf'u)AoV, V) — Z e*AktU(lfv) / ij (z/)V(z/)d)k (Z)V(Z)dZdZ/

E>1 M x M
_ § ef)\ktv(lfv)|vk|2,
E>1

where

Vi = /M V(2)or(z)dz

is the k' Fourier coefficient of V with respect to the basis. We also note that

||V||L2 (M) — Z |Vk|

E>1
Consequently,
1
/ ( —tv(l— v)AOV V)d’U—”V”Lz / Z —Aptv(l—v) _ )le|2dU'
0 E>1

Since V' € L2, the above expression converges absolutely and uniformly. We may
therefore compute

1 1
lim — U (e~t=0)Roy V) dy — |V||2L2]
0

t—0+ ¢

= 1 - —)\kt'ul'u_l ‘7\2d
Ryt Ve

k>1

1 [t —
= 3 im —/ (e~ M=) _ 1)[Tr 2o
0

t—0+ ¢

1
= 15 gim _/ (et — 1)[Vi[2dw.
6 0
k>1

On the other hand, by the definition of the heat operator,

Do MR = ().
k>1

Substituting this in the right side of (18), we obtain
L[ ewa 2
lim — (e °V,V)dv — ||V||72
0
1 1
= — lim - [

The definition of the heat operator [3] also gives that

1
[y |V|%z] .

0

1
lim © [/ (e 12V, V) dv — ||V||2L2} = — lim 1( —thoy 1)
0 o+ dt (20)

= lim (Age "2V, V) = |[VV|7..
t—0t
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The estimate in (17) together with the identities (19) and (20) demonstrate that
in fact [|[VV]|2, < co and we can conclude that V is in Hy. We have therefore proven
that whenever tr Wa(¢) has an expansion as above, this implies that V' € Hj.

Conversely, if we assume that V' € Hy, then by (20), we see that we obtain the
improvement in the remainder estimate in tr Wa(t), so that

2
wWa(t) = s (VI3 +0(1) .

(47t)n/2
Hence, tr W (t) has an asymptotic expansion of this type if and only if V' € H;. O
Finally, we use the proposition to prove Theorem 1.2.

Proof of Theorem 1.2. The & priori estimates on tr Wy (¢) for k > 3 given in (4)
show that

trY Wi(t) <Ct7"2 0<t<1
k>3

and in consequence
tre AV —tre Tt = tr Wi (t) + tr Wa(t) + Ot /2).

The asymptotic expansion for tr Wi(t) from (8) together with the asymptotic
expansion for the trace of the semigroup e~ give

tre AV — (4at) /2 [VOI(M) +t/M (é K(z) — V(z)) du(z)

+t2 (ao,g - % /M K(2)V(z) du(z))} = tr Wa(t) + O3~ "/?).

The theorem therefore follows from Proposition 3.1. O

We proved in Proposition 1.1 that for V € L we have an expansion for the heat
trace of A 4V with an error term of order o(t>~"/2) for ¢ small. Theorem 1.2 implies
that if the error term is slightly better, then the potential must in fact belong to H*.
The converse is also true. This regularity result was inspired by the work of H. Smith
and M. Zworski for Schrodinger operators on R™ [9]. There the authors were able to
use the Fourier transform on Euclidean space to express the trace of the heat kernel
and relate it to the H" norms of the potential, but also to obtain estimates for the
terms, Wy.

Here, we provide a generalization of some of their results to the case of compact
manifolds. In our case, we are not able to use the nice properties of the Fourier
transform, but instead rely on the definition of the H' norm with respect to the heat
operator, as well the expansion of the heat kernel with respect to its orthonormal
basis of L? eigenfunctions. We believe that similar results should also hold on non-
compact manifolds where the Schrédinger operator or drifting Laplacian has a discrete
spectrum and its heat operator can be expressed using such an orthonormal basis of
eigenfunctions. We were recently informed by H. Smith that he has also independently
worked out a generalization of his results with M. Zworski for complete manifolds.

COROLLARY 3.2. Let (M,g) be a smooth, compact Riemannian manifold with
Laplace operator A, and let f be a real-valued function on M, such that

Af and Vf e L>®(M,yg).
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Then, the heat kernel for drifting Laplacian Ay = A+ Vf -V has a small-time
asymptotic expansion as t | 0 of the form

tre tAV

= (4rt)~"/? [Vol(MH—t/M <éK(z)—i|Vf(z)|2> du(z)

+ 2 (ana— [ $KG) (307 +51907) dute)+ 5507+ IV IPIE:) |
+ R(t)

where the remainder R(t) = o(t>="/2) as t | 0. Moreover, the remainder R(t) =
O(t*>="/2) if and only if Af + |V f|* € H'.

Proof.  The corollary follows immediately from the observation that the
Schrodinger operator A + V' and the drifting Laplacian A + Vf - V are unitarily
equivalent, and that [y, V(z) du(z) = 1/4 [,, [V f(2)]* du(z). O

Proof of Corollary 1.3. 1If the Schrédinger operators A + V and A + V are
isospectral, then they have the same heat trace. By the preceding corollary, the
remainders are either both O(t>~™/2) or o(t>~™/?), and therefore either both V and
V are in H', or they are both not in H'. [

4. The Heat Trace for the Drifting Laplacian with a Smooth Weight
Function. In this section we will give the classical method for obtaining the heat
trace of the drifting Laplacian in the smooth case. This is done via the parametrix
method, as in the case of the Laplacian, and works particularly well for a smooth
weight function, f. Since we are mainly interested in the coefficients for the short
time asymptotic expansion of the heat trace we will omit some of the simple technical
elements of the arguments as they are identical to the unweighted case (we will refer
the interested reader to [7] for the details).

The manifold is compact, so there exists a uniform constant ¢ > 0 such that for
any x € M the exponential map at x is a diffeomorphism from the ball of radius € in
the tangent space onto By (¢). Fix a point € M. For any y € B, (¢) the Riemannian
distance, d(z,y), from x to y satisfies d(z,y) < e. We let

Us = {(I,y) €M x M | yeBz(E) }
Let
2 z,
G(t,x,y) = (4nt)~"/2e= 5"

be the direct analogue of the Euclidean heat kernel on M which belongs to C*°(R™ x
U.). Set

u(t,,y) = uo(w,y) + ...+ ug(z,y)t*
where the functions u;(x,y) are to be determined. Define
Sk(t,z,y) = G(t, m,y) e2TEOH W) 4yt 2 v).
Denote the inner product on M by (-, -). Recalling that
A(h-g) = (Ah)g + hAg — 2(Vh,Vg),
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for (z,y) € Us we compute

(gt +Af,y) Sy = (gt +A, ) (Gu) - exU@H W) L Gy . A (e2F @+ W)

— 2V, (Gu), Vy (2 F@H WYy (v £V, (GuerF@+Fw),

Above, the drifting Laplacian, Laplacian and gradient are taken with respect to the
y variable. Using (3.8) of [7], we have

0
(8t+Ajy) Sk
’

8U0 8
+t<8r +. +1t’“(9 )+A ugp + . —I—tkAyuk]

1 1
+G (g + ...+ thuy) e T@H W) [5 Ayf(w) + IVyf(y)|2]

where
D = det(dexp,)

is the determinant of the Riemannian volume form centered at x, and D’ = 9D /0r
is its derivative with respect to the radial function r(y) = d(z,y).

To obtain the parametrix we will choose u; inductively such that the coefficient
of #* vanishes for —1 < i < k — 1. The coefficient of ¢~! will vanish if we set

r D' Oug

—0.
SR BT

This first order differential equation has a smooth solution for r < e given by

D_1/2(

uo(7,y) = Y)

which is a smooth function on U, independently of f and satisfies
uo(x,x) = 1.
For t'~! we obtain the equation

, r D’ ou;
LU + = U; +1r——

1
LD 2 +Auu+[ A )+ 5 9, W) s =0

Letting (s) be the unit speed geodesic from x to y for s € [0, r] with 2(0) = x and
x(r) =y, we may obtain a solution to the above equation from the integral equation

ui(x,y)
= —r iz, y) D7y U DY2(x(s)) - (Dg(oyio1) (@, z(s)) - ' 'ds (22)

+ [ o (5 Af<w<s>>+Z|Vf<w<s>>|2)ui_1<x,x<s>>-si—1ds .
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We take this opportunity to correct a small misprint in [7] (3.12); in the above x
stays fixed, and y varies along the geodesic from z. Observe that the functions u; are
smooth on M x M.

As a result,

< + Af_’y) Sk = G(t7 x, y) tk e%(f(z)JFf(y))
. X (23)
Javunta + (3850 + §950F ) i)

Define

- 1 on U€/2
’7("’”’9)_{ 0 on M x M\U.

to be a smooth function with bounded first and second order derivatives. Then we
extend Sy to M x M setting

k
hilt,x,y) = n(z,y) - Sk(t,2,y) = 0(z,y) G(t,2,y) e TOHO S @ ) i, (24)
=1

Each hy(t,x,y) is a smooth function on (0,00) x M x M. Moreover, for k > n/2,
hi(t,z,y) is a local parametrix of the operator % + Ay by virtue of the two properties
it satisfies given in

LEMMA 4.1. The following two properties are satisfied by hy,

. 0
(Z) 8thk+Afyhk€C([ )XMXM);

(w0) fw | et y)g(w) dps(y) = g(@) - for any g € L3(M).

Proof. For (i) we need to show that %hk + Ag yhy extends to t = 0. This is true
for M x M \ U since hy = 0. On U,/5 (23) holds, and the right set tends to 0 as
t — 0 for k >n/2 and f smooth. On U, \ U, /3

(8/8t + Af’y) hr =n (8/8t + Aﬁy) S — 2<d77, dSk> + (Af,yn) Sk

2 Yy
= (47-‘—t)—n/26—‘d (4t )qﬁ(t’ x, y)

where ¢ is a smooth function on (0, 00) x M x M and has a pole of order at most ¢~
as t ] 0. Since d > £/2 on this set, we can also extend 2 a1k +Agyhy by zero to t = 0.
Note that for k > 1 + n/2, (8/8t+ Ayy) by € CH[0,00) x M x M) .
For (ii) we can show that for any w € L2(M) (which is equivalent to g = 2w €
L3)
. 1y
tim [ hult e Doty dus ()
k

= /@ thnol t- / G(t,z,y) n(x,y) ui(z,y) w(y) dy
—
=0

_ i
ez tlgr(l)Zt ui(x, x) w(x)

= e%f(w)w(:zr)
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since G(t, x,y) is the heat kernel in R™ and n(z, z) = uop(z,z) = 1.
Therefore, for any g € L?(M ) the result follows. O

LEMMA 4.2. Let
Hf(t,l‘,y) = hk(tvxvy) - Qk * hk(tvxvy)

and Q= Y 5o, (— DAML(((0/0t + Afyy)(hk))*)‘. Then Hy(t,x,y) € C°((0, 00) x M x

M), it is independent of k for k > 2+ n/2 and it is the heat kernel of the semigroup
e—tAf .

The Lemma follows in exactly the same way as [7, Theorem 3.22], and simply

relies on estimates of convolution operators which give that |Qy * hy| < C - thtl-n/2,

Proof of Theorem 1.5. Recall the definition that A(t) ~ > o2 a;t* as ¢ | 0, if for
all k > K,

The estimate (1) is now a direct consequence of the parametrix method and is
due to the fact that hy(t,z,2) = Zf:o ui(x,z)t" and the term Qy * hy(t, z, ) is at
most of order t*t1="/2 for k sufficiently large (see [7, Proposition 3.23] for all the
details).

For the second part of Theorem 1.5 we first note that under these hypotheses,
by Corollary 1.4 and the fact that the eigenfunctions are an orthonormal basis of
L?(M,e~7dy), the heat kernel is trace class. By the heat trace formula and the
asymptotic expansion (1),

tr _tAf*/Hjtxxdluj Z)"“t

(4mt) ”/QZtZ/ wi(z, z)el @ dug(z)

(4rt) ”/QZtZ/ ui(x, x) dp(x).

d

Note that for f = 0 the coefficient functions wu; corresponding to the heat kernel
of the Laplacian over the manifold are inductively given by

uo,i(x,y) = =~ (z,y)D~2(y) /OTDW(:C(S))'(Az<s>ui_1)($=w(8))-Si_ld«?- (25)

Denote
Go,i:/ uoi(x, ) du(z). (26)
M

In this case, we also have ug o(x,2) = 1. As we have previously mentioned ug 1 (z, ) =
& K(z), where K (z) is the scalar curvature of the manifold at the point .
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For the weighted case, the definition of the u; in (22) gives
ap = Vol(M)
1 1

o= [ waoa - [ (58564 {1961 a)

M M
1 1
— [ sE@du)~ [ 1V dutz).

M M

These coincide with the coefficients of (47t)~"/2 and (47t)~"/?t that we saw in Corol-
lary 3.2 for (not necessarily) smooth f.
Using these estimates we can now prove the isospectrality results in Theorem 1.6

Proof of Theorem 1.6. By our assumption,

tre tAn =tre A = g et

k

As a result, the leading term in (2) corresponding to ¢ = 0 must have the same
exponent in ¢, giving us n = m. Moreover, the coefficients ay must coincide, thereby
requiring Vol(M) = Vol(N).

Next we assume that M and N are orientable surfaces, and that the weight
functions have equal Dirichlet norms. By isospectrality, the coefficients a; must also
coincide, so that

/ K pr() dyon () = / Kn () dn ().
M N

By the Gauss-Bonnet theorem, M and N have identical Euler characteristic,

The result follows, since two compact oriented surfaces with the same Euler charac-
teristic are diffeomorphic.

The compactness of the set of isospectral drifting Laplacians with smooth weight
function follows immediately from the corresponding result for Schrodinger operators
proven by J. Briining, Theorem 3 of [1]. O

We conclude our paper with the following two remarks.

REMARK 4.3. The unitary equivalence of the drifting Laplacian, Ay, and the
Schrédinger operator, A+ 'V, with V.= LAf + 1|V f|* for V € L> implies that the
heat kernel of A+V, Hy (t,x,y), is related to the heat kernel of the drifting Laplacian,
Hy(t,z,y) by the following formula

Hy(t,z,y) = Hy (t,z,y)ez U@+ ),

Note, that the corresponding parametrixz for /0t + A+ V would now be hy(t,x,y) =
n(x,y) G(t, z,y) u(t,x,y) with the same u; as in (22)

REMARK 4.4. As we have seen in the proof of Corollary 1.4, ag determines
Weyl’s law for the eigenvalues of the operator. In the case of the drifting Laplacian
this law is independent of the weight function f. This is also illustrated in the simple
case of a constant function f. In this setting the eigenvalues of the drifting Laplacian
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coincide with the eigenvalues of the Laplacian on a compact manifold even though the
weighted volume of manifold is different from its Riemannian volume. As a result
Ay and A have the same heat trace, independently of f. What is fairly surprising is
the fact that Weyl’s asymptotic formula is independent of the function f for any f
satisfying SAf + 2|V f|? € L*.

[12]
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