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A complex-analytic approach to streamline
properties of deep-water Stokes waves

Olivia Constantin

Abstract. Using methods from complex analysis we obtain some qualitative results for
certain streamline characteristics in a deep-water Stokes flow.

1. Introduction

The study of steady two-dimensional deep-water waves is a classical topic in
hydrodynamics, since typically near-surface water flows are analysed in terms of
superpositions and interactions of such waves, for which at great depths the water
is almost at rest. This interpretation depends on a detailed understanding of the
dynamics of these steady water waves, for which no closed-form solution is known.
In 1847 Stokes provided a perturbation procedure that yields the first successive ap-
proximations to the flow beneath irrotational periodic travelling deep-water waves
(termed deep-water “Stokes waves” nowadays), and in recent decades computers
were used to obtain explicitly high-order Stokes approximations (see [OS01]). How-
ever, while a power series approach proves that the Stokes expansion converges if
the wave steepness is very small (see the discussion in [Co11]), it is by now well-
established that results obtained by truncation at a certain order fail to be accurate
even for waves of moderate steepness (see [Cl07], [Pi20]). A lot of insight into the
dynamics of deep-water Stokes waves was gained relying on analytical methods: see
[BT03] for existence results and [He06], [NR18], [To96] and [Wa04] for investiga-
tions of the flow pattern beneath these waves. In particular, methods from complex
analysis (e.g. conformal maps, maximum principles) proved very useful. In this
paper we make use of a complex analysis approach to prove convexity properties
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of some streamline characteristics like the length of a streamline, the area between
the surface and a streamline, or the total kinetic energy in regions between two
streamlines. For instance, we show that the length of a streamline decreases as the
depth increases and that its logarithm is a convex function of the depth.

2. Preliminaries

2.1. Governing equations

For two-dimensional water waves it suffices to investigate the flow characteris-
tics in a cross-section of the flow, oriented towards the direction of wave propagation.
We choose Cartesian coordinates (X,Y ) with the X-axis pointing in the direction
of wave propagation and the Y -axis oriented upwards. Let Y =η(X, t) be the free
surface and (U(X,Y, t), V (X,Y, t)) be the velocity field, with the water occupying
the region {(X,Y ): Y <η(X, t)} at time t. Under the physically reasonable assump-
tion of a homogeneous inviscid fluid, the governing equations for a flow determined
by the balance between the restoring gravity force and the inertia of the system are
the equation of mass conservation

(1) UX+VY =0 , Y <η(X, t) ,

and Euler’s equations

(2)
{
Ut+UUX+V UY =−PX ,

Vt+UVX+V VY =−PY −g ,
Y <η(X, t) ,

where P (X,Y, t) is the pressure and g is the constant gravitational acceleration.
The associated boundary conditions are the kinematic boundary condition

(3) V =ηt+UηX on Y =η(X, t) ,

expressing the fact that the water’s free surface is an interface, the dynamic bound-
ary condition

(4) P =Patm on Y =η(X, t) ,

which decouples the motion of the water from that of the air above it, where Patm is
the constant atmospheric pressure at sea level, and the assumption that the water
is practically at rest at great depths, expressed by the constraint

(5) (U, V )−→ (0, 0) as Y −→−∞ uniformly for (X, t)∈R
2 .
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The absence of underlying currents is ensured by the irrotational character of the
flow, requiring

(6) UY −VX =0 , Y <η(X, t) .

A Stokes wave is a travelling wave solution to the governing equations (1)–(6) for
which there exists a period λ>0 and a wave speed c>0 such that the free surface
profile η, the fluid velocity (U, V ) and the pressure P have period λ in the X vari-
able, η depends only on (X−ct), while U , V , and P depend only on (X−ct) and
Y . We consider Stokes waves whose profile is symmetric. Typically for the investi-
gation of deep-water Stokes waves (see [BT03], [To96]) one requires periodicity and
symmetry properties of the velocity field (U, V ) and of the pressure P , in addition
to the periodicity and symmetry of the wave profile η. It turns out that in the case
of smooth Stokes waves it suffices to require only the periodicity and symmetry of
the wave profile, since the periodicity and symmetry properties of the velocity field
and the pressure beneath the wave are implied by these, as we shall show below. We
would also like to point out that there are symmetric travelling waves with several
crests and troughs per minimal period, for which the symmetry is not about the
highest crest or about the lowest trough – see [BDT00], [EW15]. We assume that

(7) U <c throughout the fluid region {(X,Y )∈R
2 : Y ≤η(X, t)} ,

since typically the wave speed is much larger than the horizontal fluid velocity (see
[Co11]). The existence of deep-water Stokes waves of small and large amplitude is
by now well-established by means of global bifurcation theory (see the discussions in
[BT03], [To96]). In particular, it is known that (7) holds for all Stokes waves with
exception of the Stokes wave of greatest height, in which case (7) fails precisely
at the wave crest, where U=c and the wave profile has a corner – it fails to be
differentiable, having lateral tangents at an angle of 120¨. In this paper we discuss
smooth Stokes waves, so that the assumption (7) is justified. We now impose a
last condition that will enable us to express our results in terms of the depth of a
streamline below the trough: we assume that there is a single crest and trough per
wavelength λ, in particular, that the profile is strictly monotonic between successive
crests and troughs. The latter condition actually implies the symmetry of the wave
profile (see [Ga65], [To98] and [OS01]).

Taking advantage of the (X, t)-dependence of the form (X−ct), passing to the
moving frame

(8) x=X−ct , y=Y ,

and writing

U(X,Y, t)=u(X−ct, Y )=u(x, y) , V (X,Y, t)= v(X−ct, Y )= v(x, y) ,
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P (X,Y, t)= p(X−ct, Y )= p(x, y) , η(X, t)= η(X−ct)= η(x) ,

we can reformulate the governing equations for Stokes waves as

(u−c)ux+vuy =−px , y < η(x) ,(9)
(u−c)vx+vvy =−py−g , y <η(x) ,(10)
ux+vy =0 , y < η(x) ,(11)
uy = vx , y < η(x) ,(12)
v=(u−c)ηx on y= η(x) ,(13)
(u, v)−→ (0, 0) as y−→−∞ , uniformly in x∈R,(14)
p=Patm on y= η(x) ,(15)

with

(16) u−c< 0 for all y≤ η(x) .

Regarding regularity, we assume that the free surface y=η(x) is the graph of a
periodic C1-function of period λ, and that the velocity field (u, v) is bounded and
continuously differentiable throughout the fluid domain (in the moving frame)

D= {(x, y)∈R
2 : y <η(x)} ,

and has a continuous extension to its closure D={(x, y)∈R2 : y≤η(x)}. Elliptic
regularity theory ensures that under these assumptions the curve η is a real-analytic
curve and the functions u and v can be extended to smooth functions on a open
neighbourhood of D, so that the equations can be manipulated at will. Moreover,
let us note that structural properties of the system (9)–(15) can be used to reduce
the number of unknowns without loss of information. Firstly, the pressure can be
eliminated by taking advantage of Bernoulli’s law: from (9)–(12) we can see that

(17) (u−c)2+v2

2 +p+gy

is constant throughout D.

2.2. Stream function, velocity potential and the hodograph transform

A further reduction is obtained by introducing the stream function ψ(x, y),
defined up to an additive constant by

(18) ψx =−v , ψy =u−c throughout D .
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Note that the (11)–(12) ensure that ψ is harmonic throughout D, while the kine-
matic boundary condition (13) shows that ψ is constant on the free surface y=η(x).
Given that ψ is uniquely defined by (18) up to an additive constant, we may set

(19) ψ=0 on y= η(x) .

Since (16) and (18) yield ψy<0 throughout D, we infer from (19) that ψ>0 in D.
We now show that the function x �→ψ(x, y) inherits the symmetry and period-

icity properties of the free surface, that is

ψ(x+λ, y)=ψ(x, y) and ψ(x, y)=ψ(−x, y) for all (x, y)∈D .

To this end, notice first that the harmonic function β(x, y)=ψ(x+λ, y)−ψ(x, y) is
bounded throughout D since v is bounded and the mean-value theorem implies

β(x, y)=ψx(ξx,y, y)λ=−v(ξx,y, y)λ , (x, y)∈D ,

for some ξx,y∈(x, x+λ). Moreover, β=0 on the free boundary y=η(x) of D. The
maximum principle for harmonic functions in unbounded domains (see Corollary
2.3.3 in [Ra95]) yields β≡0 on D. With the periodicity of ψ at hand, we may now
apply the maximum principle to the harmonic function γ(x, y)=ψ(x, y)−ψ(−x, y)
in the domain

{(x, y)∈R
2 : −λ/2<x<λ/2, y < η(x)} .

Indeed, this function vanishes on the top boundary as well as on the lateral sides
of this domain by the symmetry of the free surface y=η(x), respectively, by the
periodicity of ψ, while

lim
y→−∞

[ψ(x, y)−ψ(−x, y)] = 0 (uniformly in x∈ [−λ/2, λ/2])

by Lagrange’s mean-value theorem combined with (14) and (18). Hence γ≡0.
The claim about the periodicity and symmetry properties of the velocity field

throughout the fluid domain follows now from (18). The periodicity and symmetry
of p are ensured by Bernoulli’s law (17).

Without loss of generality, by translating the origin of the Cartesian coordi-
nates, we may assume that

(20) inf
x∈R

η(x)= η(λ/2)=0 ,

so that the wave trough is located at x=±λ/2. We now claim that

(21) ψyy

(
λ
2 , y

)
< 0 for all y < 0 .
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Indeed, consider the domain

Ω+ = {(x, y)∈R
2 : 0≤x≤ λ

2 , y≤ η(x)} .

Since v(x, y)=−ψx(x, y) is odd and periodic with period λ in the x-variable through-
out D, we have that v=0 on the lateral boundaries of Ω+, while v→0 as y→−∞
uniformly in x∈

[
0, λ

2
]
, by (14). On the other hand, from (13), (16) and the fact

that ηx(x)≤0 for x∈
[
0, λ

2
]

(as the wave profile in monotone between crest and
trough) we obtain

v(x, η(x))≥ 0 , x∈
[
0, λ

2
]
,

that is, v≥0 on the top boundary of Ω+. Since v is harmonic by (12) and (11), the
maximum principle yields v>0 throughout Ω+, since v≡0 in Ω+ would imply a flat
free surface by (13). From Hopf’s lemma (see [Co11]) we infer that vx

(
λ
2 , y

)
<0 for

all y<0 and (21) follows now from (12) and (18).
Let us now define the velocity potential ϕ(x, y) as the harmonic conjugate of

ψ, defined uniquely up to an additive constant by

(22) ϕx =ψy , ϕy =−ψx , (x, y)∈D .

From (22), (18), (16) and the fact that ψ(x, y) is even in the x-variable, we deduce
that the restriction of ϕ to the periodicity cell

Ω = {(x, y)∈D : −λ
2 ≤x≤ λ

2 }

is constant on the vertical segment x=λ/2, equal to its minimum value ϕmin, and
constant on x=−λ/2, equal to its maximum value ϕmax. For simplicity, we set
ϕmin=0.

Throughout the paper we identify the complex number x+iy with the vector
(x, y)∈R2, using the notations interchangeably. In light of (11)–(12), the complex
function F (z)=ϕ(x, y)+iψ(x, y) with z=x+iy, called the hodograph transform, is
analytic in D. Moreover, we have

(23) F ′(z)= (u−c)+i(−v)

and relation (14) can be rewritten as

(24) lim
y→−∞

{sup
x∈R

|F ′(x, y)+c|}=0 .

Due to the periodic dependence of ψ(x, y) on the x variable, the analytic function
z �→F (z+λ)−F (z) has vanishing imaginary part throughout D, and it is therefore
constant. In order to determine this constant, we let �m(z)→−∞ in

F (z+λ)−F (z)=
∫ z+λ

z

F ′(w) dw,
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and, by (24), we find that the right-hand-side above converges to −cλ. Therefore

(25) ϕ(x+λ, y)−ϕ(x, y)=F (z+λ)−F (z)=−cλ,

holds for any z=x+iy in the fluid domain D, so that, by (20), we get

ϕmax =ϕmax−ϕmin =ϕ
(
− λ

2 , η
(
− λ

2
))
−ϕ

(
λ
2 , η

(
λ
2
))

=ϕ
(
− λ

2 , 0
)
−ϕ

(
λ
2 , 0

)
= cλ .

Notice that F is a biholomorphic map between the interior of the periodicity
cell {(x, y): x∈(−λ

2 ,
λ
2 ) , y<η(x)} and the open half strip {(q, p): 0<q<cλ, p>0};

see Figure 1. As already mentioned, relation (16) ensures that the function η

has to be real-analytic, and ψ admits an extension to a harmonic function on an
open neighbourhood of D (see [To96] for a proof based on Lewy’s theorem [Le52]
and [Co11] for an alternative proof relying on regularity for elliptic boundary-value
problems).

x

y

p=p0

q=0 q=cλ

p=0

−λ
2 0 λ

2

y=η(x)

y=fp0(x)

Figure 1. The orientation-reversing conformal hodograph transform (x, y) �→(ϕ,ψ) maps the fluid
domain D into the upper half-plane [p>0], flattening each streamline: the image of the curve
y=fp0 (x) is the horizontal line p=p0.

The hodograph transform F induces the following orientation-reversing con-
formal change of variables

(26)
{
q=ϕ(x, y),
p=ψ(x, y) ,

which is a global diffeomorphism from the closure D of the fluid domain D to the
closure of the upper half-plane

R= {(q, p) : q ∈R , p> 0} .
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Furthermore, it is easy to see that

(27) lim
y→−∞

ψ(x, y)=∞ uniformly in x∈R .

Indeed, we infer from (14) and (16) that

δ=− sup
(x,y)∈D

{u(x, y)−c}> 0 .

The uniform growth of ψ(x, y) as y→−∞ follows by integration of (18), since

ψ(x, 0)−ψ(x, y)≤ δy , x∈R , y≤ 0 ,

and x �→ψ(x, 0) is bounded, being periodic. Our claim (27) is thus proven.
Note that the conformal bijection q+ip �→x+iy from R to the fluid domain D,

obtained as the inverse of the change of variables (26),

(28)
{
x=x(q, p),
y=y(q, p) ,

has the “periodicity” as well as the asymptotic properties

(29)

⎧⎪⎨⎪⎩
x(q+cλ, p)=x(q, p)−λ for (q, p)∈R ,

y(q+cλ, p)=y(q, p) for (q, p)∈R ,

limp→∞ y(q, p)=−∞ uniformly in q∈R ,

where the first two relations above are mere reformulations of (25). The asymptotic
property in (29) can be shown analogously to (27). Indeed, by (16) we have

δ0 =− inf
(x,y)∈D

{u(x, y)−c}> 0 ,

and integrating (18) we deduce that

ψ(x, y)−ψ(x, 0)≤−δ0y , x∈R , y≤ 0 ,

which implies

δ0 y(q, p)≤max
x∈R

{ψ(x, 0)}−ψ(x(q, p), y(q, p))

=max
x∈R

{ψ(x, 0)}−p−→−∞ as p−→∞.

As a consequence of (16), (18) and the implicit function theorem, for every x∈R
there exists a unique fp(x)∈(−∞, η(x)] such that ψ(x, fp(x))=p and the streamlines
(i.e. the level sets of ψ) are smooth curves. We have

(30) f ′
p(x)=−ψx(x, fp(x))

ψy(x, fp(x)) = ϕy(x, fp(x))
ϕx(x, fp(x)) = v(x, fp(x))

u(x, fp(x))−c
.
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Recall that the free surface y=η(x) is the streamline ψ=0. One can easily show
that each streamline inherits the periodicity, symmetry and monotonicity prop-
erties of the free surface. While no explicit expression for the stream function
is available, note that linearization yields ψ(x, y)≈a eky cos(kx)−cy for y≤0 and
0<a<c/k, where k= 2π

λ (see [Cl07]). However, as pointed out in the introduction,
perturbation methods for deep-water Stokes waves can be misleading.

3. Kinetic energy between two streamlines

In this section we investigate convexity properties of the total kinetic energy
within the region

Rp = {(x, y)∈R
2 : −λ

2 ≤x≤ λ
2 , fp(x)≤ y≤ η(x)}

between the free surface y=η(x) and an arbitrary streamline y=fp(x), more pre-
cisely, of the quantity

E(p)=
∫∫

Rp

(u2+v2) dA, p≥ 0.

We start by recalling some basic facts that are needed in our further consider-
ations. A function f :(0,∞)→R is convex of log r if

f(r)≤αf(r1)+(1−α)f(r2)

holds whenever log r=α log r1+(1−α) log r2 with α∈(0, 1) and r1, r2∈(0,∞).
Equivalently, f :(0,∞)→R is a convex/concave function of log r if and only if
g(y)=f(ey) is convex/concave on R.

Remark 3.1. Let N and β be real functions on intervals such that the composi-
tion M :=N ¨β is well-defined. It is straightforward to check that, if β is concave and
increasing and if N is convex and decreasing (respectively, concave and increasing),
then M :=N ¨β is convex and decreasing (respectively, concave and increasing).

We denote D:={z∈C: |z|<1} and for r∈(0, 1) we consider the annuli

A(r, 1)= {z ∈C : r < |z|< 1} .

Remark 3.2. For any square-integrable analytic function f :D→C, the function

r �−→Af (r)=
∫∫

A(r,1)
|f(z)|2 dA(z) , r∈ (0, 1) ,
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is concave of log r. Indeed, from

Af (r)=
∫ 1

r

∫ 2π

0
|f(ρeiθ)|2 ·ρdθ dρ

we get
d
dr Af (r)=−r

∫ 2π

0
|f(reiθ)|2 dθ=−rM2(f, r) , r∈ (0, 1) ,

where

M2(f, r)=
∫ 2π

0
|f(reiθ)|2 dθ=2π

∞∑
n=0

|an|2r2n , r∈ [0, 1) ,

if f(z)=
∑∞

n=0 anz
n on D. Clearly r �→M2(f, r) is increasing on [0, 1). Therefore,

setting g(y)=Af (ey), we get

g′(y)=A′
f (ey)·ey =−e2yM2(f, ey) ,

which is a decreasing function and we conclude by the considerations from the
beginning of this section. �

Theorem 3.3. The total kinetic energy E(p) between the free surface and the

streamline ψ=p is a concave function of p>0, or, equivalently, a concave function

of the streamline depth below the wave trough, given by d=d(p)=−fp(λ2 ).

Proof. The hodograph transform F=ϕ+iψ maps Rp bijectively to the rectan-
gle [0, cλ]×[0, p] and the periodicity cell

C = {(x, y)∈R
2 : −λ

2 ≤x≤ λ
2 , y≤ η(x)}

onto the half-strip S=[0, cλ]×[0,∞); see Figure 1.
Due to (23), the change of variables z �→F (z) yields

E(p) =
∫∫

Rp

(u2+v2) dA=
∫∫

Rp

|F ′(z)+c|2
|F ′(z)|2 ·|F ′(z)|2 dA(z)

=
∫ p

0

∫ cλ

0

∣∣∣F ′
¨F−1+c

F ′
¨F−1 (q, p1)

∣∣∣2 dA(q, p1)

=
∫ p

0

∫ cλ

0

∣∣∣1+ c

F ′
¨F−1(q, p1)

∣∣∣2 dA(q, p1)

=
∫ p

0

∫ cλ

0
|G(q, p1)|2 dA(q, p1) ,(31)

where
G := 1+c (F−1)′ =1+ c

F ′
¨F−1



Streamline properties of deep-water Stokes waves 91

p=p0

p=0

q=0 q=cλ

Figure 2. The conformal bijection z �→eikz with k= 2π
cλ

maps the half-strip S\{(cλ, p): p≥0} onto
the punctured closed unit disk D\{0}.

is analytic in the interior of S and continuous on its closure.
We aim to make a change of variables in order to turn the integral E(p) into

an integral over an annulus. The transformation z �→eikz with k= 2π
cλ maps the half-

strip S\{(cλ, p): p≥0} bijectively onto the punctured closed unit disk D\{0} (see
Figure 2). Its inverse is given by α(w)= 1

ik Logw, where

Logw= log |w|+i Argw , 0≤Argw< 2π ,

is the branch of the complex logarithm that ‘jumps’ over the positive x-axis. We
define the map

H(w)=G(α(w))= F ′
¨F−1(α(w))+c

F ′
¨F−1(α(w)) .

The periodicity of F ′ in the x-variable (expressed as F ′(x+λ, y)=F ′(x, y)) together
with the relation (see (29))

(32) F−1(q+cλ, p)=F−1(q, p)+(λ, 0) , q ∈R , p≥ 0 ,

cancel the ‘jump’ of Log over the positive x-axis and thus H extends to a continuous
map on D\{0}. Morera’s theorem now ensures the analyticity of H in D\{0}. Since
F ′+c=u+iv and, by (29),

lim
p→∞

�m
(
F−1(q, p)

)
=−∞ uniformly in q ,

the decay of u and v for y→−∞ given by (14) yields limw→0 H(w)=0. Hence H

has a removable singularity at w=0 and H1(w):= H(w)
w extends analytically to D.

Substituting z=α(w) (with |α′(w)|= 1
k|w| ) in (31), we get

E(p) =
∫ p

0

∫ cλ

0
|G(z)|2 dA(z)= 1

k2

∫∫
A(r(p),1)

|H1(w)|2 dA(w)

=AH1(r(p)) ,
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where r(p)=e−kp. It follows from Remark 3.2 that r �→AH1(r) is a concave function
of log r, which at its turn implies that p �→E(p) is a concave function, proving the
first assertion.

To prove the second assertion, note that the depth d=d(p) of the streamline
ψ=p below the wave trough satisfies

p= p(d)=ψ
(
λ
2 , −d

)
.

In view of (16), (18) and (21) we obtain

p′(d) =−ψy

(
λ
2 , −d

)
> 0 ,(33)

p′′(d) =ψyy

(
λ
2 , −d

)
< 0 .(34)

Hence d �→p(d) is increasing and concave and, since E(p) is clearly increasing, we
may apply Remark 3.1 to infer that d �→E(p(d)) is concave and increasing. �

Remark 3.4. The total kinetic energy in the moving frame within the region
Rp between the free surface y=η(x) and the streamline y=fp(x), defined by

Em(p)=
∫∫

Rp

((u−c)2+v2) dA,

is the linear function Em(p)=cλ·p. Indeed, using the hodograph transform, we
obtain

Em(p)=
∫∫

Rp

|F ′(z)|2 dA(z)=
∫ p

0

∫ cλ

0
1 dA= cλ·p . �

4. Area between two streamlines

Consider the region between a fixed streamline ψ=p0 and the streamline ψ=p

with p≥p0, given by

Sp0,p = {(x, y)∈R
2 : −λ

2 ≤x≤ λ
2 , fp(x)≤ y≤ fp0(x)}.

and denote by Ap0(p) its (Lebesgue) area.

Theorem 4.1. Ap0 is a concave function of p, or, equivalently, a concave

function of the streamline depth below the wave trough, given by d=d(p)=−fp(λ2 ).
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Proof. By an analogous approach to the one in the proof of Theorem 3.3, we
perform a change of variables using the hodograph transform F=(u−c)+iv followed
by α(w)=− i

k Logw (with |α′(w)|= 1
k|w| ) to obtain

Ap0(p)=
∫∫

Sp0,p

1 dA=
∫ cλ

0

∫ p

p0

|(F−1)′(z)|2 dA(z)

= 1
k2

∫∫
A(r,r0)

∣∣∣ (F−1)′(α(w))
w

∣∣∣2 dA(w) ,(35)

where r=e−kp and r0=e−kp0 . Just as in the proof of Theorem 3.3 we find that

H̃(w) := (F−1)′(α(w))= 1
F ′
(
F−1

(
− i

k Logw
))

extends to an analytic function on D\{0}. The decay of F ′+c for y→−∞ (see
relation (24)) yields

lim
w→0

H̃(w)=−1
c
,

which shows that H̃ extends to an analytic function on D with H̃(0)=−1
c . We may

therefore write H̃(w)=
∑∞

n=0 anw
n for w∈D, and thus

H̃(w)
w

=−1
c

1
w

+
∞∑

n=0
an+1w

n =−1
c

1
w

+ H̃(w)−H̃(0)
w

.

We now return to (35), where we use polar coordinates and the uniform con-
vergence of the above power series on circles of radius ρ∈(0, 1) to get

Ap0(p)= 1
k2

∫∫
A(r,r0)

∣∣∣H̃(w)
w

∣∣∣2 dA(w)

= 1
k2

∫ r0

r

1
ρ2

∫ 2π

0
|H̃(ρeit)|2dt·ρdρ

= 1
k2

∫ r0

r

1
ρ
·2π

∞∑
n=0

|an|2ρ2n dρ

= 2π
k2

(∫ r0

r

|a0|2
ρ

dρ+
∫ r0

r

∞∑
n=0

|an+1|2ρ2n+1 dρ
)

= 1
k2

(2π
c2

log r0
r

+
∫∫

A(r,r0)

∣∣∣H̃(w)−H̃(0)
w

∣∣∣2 dA(w)
)
.
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By Remark 3.2

r �−→
∫∫

A(r,r0)

∣∣∣H̃(w)−H̃(0)
w

∣∣∣2 dA(w)

=
∫∫

A(r,1)

∣∣∣H̃(w)−H̃(0)
w

∣∣∣2 dA(w)−
∫∫

A(r0,1)

∣∣∣H̃(w)−H̃(0)
w

∣∣∣2 dA(w)

is, for fixed r0, a concave function of log r and hence also a concave function of
p=− 1

k log r. Since log r0
r =k(p−p0) is a linear function of p, it follows that p �→

Ap0(p) is concave. The second assertion follows from this by Remark 3.1, in view
of (33)–(34). �

5. The length of a streamline

In this section we show that the length of a streamline decreases as the depth
increases, and its logarithm is a convex function of the depth.

Theorem 5.1. Let L(p) be the length of the streamline

γp(x)= (x, fp(x)) , −λ
2 ≤x≤ λ

2 ,

given by L(p)=
∫
γp

1 ds, where s represents the arclength parameter. The function

p �→logL(p) is convex, while p �→L(p) is decreasing. Equivalently, the streamline’s

length is decreasing and its logarithm is a convex function of the streamline’s depth

below the wave trough, given by d=d(p)=−fp(λ2 ).

Proof. As in Theorems 3.3 and 4.1, we first use the hodograph transform F=
ϕ+iψ. More precisely, its restriction to each given streamline provides a change
of variables which enables us to turn the integrals along streamlines into integrals
over a line segments, which we may subsequently turn into integrals over concentric
circles, and it is at this point that Hardy’s convexity theorem (see [Du70]) comes
into play. We have

F ′ =(u−c)+i(−v)=ϕx−iϕy .

We perform a change of variables in the integral expression for L by setting

q= q̃p(x)=ϕ(x, fp(x)) .

Then, by (30),

q̃′p(x) =ϕx(x, fp(x))+ϕy(x, fp(x))·f ′
p(x)=

ϕ2
x(x, fp(x))+ϕ2

y(x, fp(x))
ϕx(x, fp(x))

= |F ′(x, fp(x))|2
ϕx(x, fp(x)) < 0 , −λ

2 ≤x≤ λ
2 ,(36)
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and

q̃p(−λ
2 )=ϕ(−λ

2 , fp(−
λ
2 ))= cλ , q̃p(λ2 )=ϕ(λ2 , fp(

λ
2 ))= 0 .(37)

It now follows that

L(p) =
∫ λ/2

−λ/2

√
1+[f ′

p(x)]2 dx=
∫ λ/2

−λ/2
|F ′(x, fp(x))|· 1

−ϕx(x, fp(x)) dx

=−
∫ λ/2

−λ/2

1
|F ′(x, fp(x))| q̃

′
p(x) dx=

∫ cλ

0

1
|F ′

(
q̃−1
p (q), fp(q̃−1

p (q))
)
|
dq

=
∫ cλ

0

1
|F ′(F−1(q, p))| dq=

∫ cλ

0
|(F−1)′(q, p))|dq ,

where the next to last step above follows from

F
(
q̃−1
p (q), fp(q̃−1

p (q))
)
=
(
ϕ
(
q̃−1
p (q), fp(q̃−1

p (q))
)
, ψ

(
q̃−1
p (q), fp(q̃−1

p (q))
))

=
(
q̃p(q̃−1

p (q)), p
)

=(q, p) .(38)

We now pass from the half strip [0, cλ)×[0,∞) to the unit disc, where we
may apply Hardy’s theorem. As shown in the proof of Theorem 3.3, the function
H̃(w)=(F−1)′(− i

k Log w) extends to an analytic function in the unit disc. We then
have

M2(H̃, r) :=
∫ 2π

0
|H̃(reiθ)|2dθ

=
∫ 2π

0

∣∣∣(F−1)′
(
− i

k log r+ θ
k

)∣∣∣2dθ
= k

∫ cλ

0

∣∣∣(F−1)′
(
q− i

k log r
)∣∣∣2dq= kL(p) ,(39)

where p=− log r
k and the next to last step above follows by the change of vari-

ables q= θ
k . Hardy’s convexity theorem (see [Du70]) now ensures that the map

r �→logM2(H̃, r) is a convex function of log r for r∈(0, 1), i.e. for any r, r1, r2∈(0, 1)
and α∈[0, 1] such that log r=α log r1+(1−α) log r2, we have

(40) M2(H̃, r)≤ [M2(H̃, r1)]α ·[M2(H̃, r2)]1−α.

Since p=− log r
k , we deduce from (39) that p �→logL(p) is a convex function.

As pointed out in Remark 3.2, the map r �→M2(H̃, r) is increasing, and it hence
follows from (39) that p �→L(p) is decreasing.

The two statements regarding the properties of the streamline length as a
function of the depth below the wave trough follow from those with respect to the
p-variable in view of Remark 3.1 and (33)–(34). �
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