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Abstract

Using geometric engineering in the context of type II strings, we
obtain exact solutions for the moduli space of the Coulomb branch of
all N = 2 gauge theories in four dimensions involving products of SU
gauge groups with an arbitrary amount of bi-fundamental matter for
chosen pairs, as well as an arbitrary amount of fundamental matter for
each factor. Asymptotic freedom restricts the possibilities to SU groups
with bi-fundamental matter chosen according to ADE or affine ADE
Dynkin diagrams. Many of the results can be derived in an elementary
way using the self-mirror property of K3. We find that in certain
cases the solution of the Coulomb branch for N = 2 gauge theories is
given in terms of a three dimensional complex manifold rather than
a Riemann surface. We also study new stringy strong coupling fixed
points arising from the compactification of higher dimensional theories
with tensionless strings and consider applications to three dimensional
N = 4 theories.

1 Introduction

Many non-trivial facts involving exact results for supersymmetric field the-
ories have found their natural explanation in the context of string theories.
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54 MIRROR SYMMETRY AND EXACT SOLUTIONS ...—1

In particular many exact results about field theories can be obtained from
a realization of them by considering special limits of string compactifica-
tions and the use of classical string symmetries, such as T-duality or mirror
symmetry.

In this paper we concentrate on the case of N = 2 quantum field the-
ories in d = 4 and obtain exact results for the Coulomb branch of such
theories by using classical symmetries and in particular mirror symmetry of
type II string compactifications on Calabi-Yau threefolds. Exact N = 2 re-
sults from string theories were first obtained in [1] by conjecturing an exact
duality between heterotic strings on K3 x T? and certain Calabi-Yau com-
pactifications of type II strings. It was pointed out in [2] that the relevant
Calabi-Yau’s which arise in these dualities are of the form of a K3 fibration
over a 2-sphere. It was argued in [3] that this has a natural interpretation
based on fibering the duality of heterotic string on K3 with type IIA strings
on T*. In fact it was shown in [4] that K3 fibration of Calabi-Yau threefold
is a necessary condition for any N = 2 type II/heterotic duality. After a
careful study of the field theory content of the string duality conjectured
in [1] it was found in [5] that the relevant field theory part of the moduli
comes from an ADE type singularity of the K3 fibered over the sphere P!.
This resulted in a derivation of many of the exact results known for N = 2
field theories in four dimensions [6,29,30] Moreover it was shown in [8] (for a
review of various aspects of this construction see [9] ) how to use this string
description and compute directly the BPS spectrum of N = 2 strings in
terms of geodesics on the Seiberg-Witten curve. This study of BPS states
has now been extended to many cases [10]. It was also shown in [8] using
the T-duality between NS 5-branes and ADE singularities [11] that one can
view the four dimensional theory as coming from the study of the type IIA
5-brane whose worldvolume is R* x ¥ where ¥ is a non-compact version of
the Seiberg-Witten curve.

The analysis in [8] hinted that the basic idea of embedding N = 2 field
theories in type II compactifications on Calabi-Yau threefolds can be done
without appealing to any non-trivial string duality. Namely, just using the
fact that in type IIA D2 branes wrapping over vanishing spheres of ADE
singularity give rise to gauge symmetries in six dimensions, and fibering
that over a sphere giving N = 2 theories in four dimensions gives by itself
a complete picture. This idea was further developed in [12] where it was
called geometric engineering of quantum field theories. In that context one
starts with type ITA strings on Calabi-Yau threefolds, performs a local mirror
transformation, and ends up with a local type IIB model. Moreover the
moduli of the complex structure mirror type IIB is not corrected quantum
mechanically and thus gives the exact quantum answer already at the type
IIB string and the worldsheet tree level. The main aim of this paper is to
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continue the idea of geometric engineering into a much wider class of N = 2
theories. Since there are many possibilities to consider, we have decided to
devote two papers to this subject. In the first paper (the present one) we
discuss geometric engineering of N = 2 gauge theories involving products
of SU groups with bi-fundamental matter, as well as extra fundamental
matter. We provide exact solution for the Coulomb branch moduli for all
such cases. The various cases will depend on the configuration of matter
we consider which allows us to attach a “quiver diagram” associated to our
theory. In particular, we consider a diagram where for each SU gauge group
we consider a node, and for each pair of groups with bi-fundamental matter,
we connect the corresponding nodes with a line. It turns out, as we will show,
that asymptotic freedom in four dimensions implies that the corresponding
diagram corresponds to an ADE Dynkin diagram or affine ADE Dynkin
diagram. In the case we get an ADE Dynkin diagram we can add extra
fundamental matter to make the theory superconformal. In the case of
affine ADE the condition of having asymptotic freedom will imply that the
rank of each SU gauge group is correlated with the Dynkin number on the
corresponding node, and that automatically leads to a superconformal theory
(without any extra fundamental matter). As we will show, the S-duality
group in all these cases corresponds to the fundamental group of the moduli
of flat ADE gauge fields on the elliptic curve or the degenerate elliptic curve,
depending on whether we are dealing with the affine ADE Dynkin diagram
or the ordinary ADE Dynkin diagram. It is quite surprising from the field
theory perspective how the ADE gauge fields appear in this story. We will
explain its stringy origin.

We construct the type ITA geometry and its type IIB mirror for all such
theories. The complex geometry of the mirror, which gives the exact solution
for the moduli of the Coulomb branch, is generally given by a non-compact
piece of a Calabi-Yau 3-fold. Sometimes, but not always, we find that the
data can be reduced to a Riemann surface ¥, which as noted in [8] becomes
equivalent by a T-duality [11] to the fivebrane of type IIA (or M-theory) on
R* x X

In a subsequent paper we generalize these constructions to include more
general gauge groups and matter content.

The organization of this paper is as follows: In section 2 we introduce
the basic idea of geometric engineering of N = 2 theories in type IIA strings
and the strategy of getting exact results by application of mirror symmetry.
We also show how asymptotic freedom restricts the bi-fundamental matter
structure to be in the form of ADE or affine ADE Dynkin diagrams. In
section 3 we discuss some relevant intuitive aspects of mirror symmetry, and
in particular the fact that ALE space is self-mirror, to help us develop an
intuition about the results that are to follow. Moreover, in that section
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we give a simple, but heuristic derivation of some of the results (which are
derived later in the paper using more sophisticated and rigorous toric meth-
ods). These include the case of SU gauge groups arranged along a linear
chain with bi-fundamental matter between nearest neighbors (the A case),
and the case of SU with bi-fundamental matter according to links of an
affine E Dynkin diagram. In section 4 we discuss aspects of toric geometry
and its relation to mirror symmetry. The discussion in this section is aimed
at putting the intuitive arguments in section 3 in the powerful setup of toric
geometry. We aim to provide an essentially self-contained introduction to
toric geometry and its relation to mirror symmetry, emphasizing aspects
which we will use in this paper. In section 5 we revisit the case of SU gauge
groups arranged along the linear chain (the A case) with bi-fundamental
matter and rederive the results of section 3 more rigorously. This also allows
us to give more information about the solution including the relevant mero-
morphic 1-form on the Riemann surface. In section 6 we show how arbitrary
matter in the fundamental representation can be added for each gauge fac-
tor. This construction will be applicable to all ADE cases. In section 6 we
mainly concentrate on the A case with extra matter. In section 7 we discuss
a quiver configuration corresponding to a trivalent vertex. This in particular
allows us to rederive the results concerning the affine E cases discussed in
section 3 more rigorously. We also show how the theories based on ordinary
Dynkin diagrams of D and E are realized in this construction. In section
8 we give a uniform treatment for quivers based on affine ADE Dynkin di-
agrams, by studying the mirror of elliptic ADE singularities in 2-complex
dimensions (this gives the first derivation for the affine A and D cases and
a third derivation for the affine E case as the quiver). We also discuss the
S-duality group for these affine ADE cases as well as the case based on ordi-
nary ADE Dynkin diagrams. In particular we find that the S-duality groups
for all these cases have a rather simple description in terms of the duality
group for ADE flat connections on a two dimensional torus and its degen-
eration. In section 9 we discuss some realization of certain stringy strong
coupling fixed points, which can be solved using our method. In particular
we show that in some cases we get new critical N = 2 theories (which are
related to toroidal compactifications of some tensionless non-critical string
theories found in six dimensions). In section 10 we apply our results to ob-
tain some new results for N = 4 theories in d = 3. In particular we construct
the dual of k£ small instantons of Eg theory compactified to three dimensions,
extending the result for £ = 1 obtained in [13]. and verifying the conjecture
in [14].
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2 Basic Setup

Our starting point is a local model for type IIA compactification on a non-
compact Calabi-Yau threefold. We first need to review some facts about
properties of type ITA strings on ALE spaces (some of which arise as local
singularities of K3 manifold). Consider an ALE space with an ADE type
singularity. For simplicity let us consider the A; case. In this case we have
a singularity of the form

Ty + 22 =0. (2.1)

This singularity can be resolved by ‘blowing up’. Concretely what this
means is that we consider a new variable

T=zx/z

which implies that if we substitute it into the above equation it is of the
form
Zy+z=0

which is not singular any longer. This resolution has been at the price of
doing a singular change of variables. Mathematically what we have done
is to replace * = z = 0 which was the point singularity of the original
space by a whole sphere parametrized by %, and having done that we have
avoided the singularity. We are only describing the complex structure of the
curve, but if we wish to put metrics to make this resolution continuously
match with the singular manifold we started with, we have to make the
sphere denoted by Z have zero volume at the beginning and then increase it
continuously to a finite value. In the context of type IIA string propagating
on this background, D2 branes wrapped around the % sphere will give a
vector particle whose mass is proportional to the volume of the blown up P!
(2-sphere). Actually we can have two different orientations for the wrapping
of the D2 brane and so we obtain two states, which we will denote by W=.
The states W are charged under the U(1) gauge field corresponding to
decomposition of the type IIA 3-form in terms of the harmonic form on the
P!. Let us call this vector field Z. In the limit where the P! shrinks we get
three massless vector fields W=, Z which form an SU(2) adjoint. The story
is similar for the general ADE singularities where we obtain an enhanced
ADE gauge symmetry in the limit where all the 2-cycles shrink (for a recent
review of ADE blowups in the physics literature see [13] ). We thus obtain
an N = 2 ADE gauge symmetry in d = 6.

If we compactify on a T2 down to d = 4 we obtain an N = 4 system.
Note that the extra scalars we get in the N = 4 system can be identified with
the expectation values of Wilson lines on the T2. We are however interested
in obtaining an N = 2 system in d = 4. In order to kill the extra scalars we
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need the intermediate two-space to have no cycles, which means that we need
a 2-sphere. Mathematically what this means is that we have a three complex
dimensional fibered space with a two-sphere as the base and the ALE space
as the fiber. The structure of the fibration is such that the whole three
dimensional non-compact space can be viewed as a non-compact Calabi-Yau
threefold. We have thus engineered N = 2 pure Yang-Mills theory in d = 4.
Note that the volume of the base P! is related to the coupling constant of
Yang-Mills in d = 4 by the usual volume factor, namely

1
Veooo= . 2.2
base 92 ( )

The Coulomb parameters of the N = 2 system in d = 4 get mapped to the
sizes of the blown up P!’s in the fiber. Sometimes when we refer to the fiber
geometry we only concentrate on the compact parts of it, namely the blown
up spheres.

2.1 Incorporation of Matter

There have been a number of works which relate how matter arises from the
geometry of Calabi-Yau compactifications. We will follow the approach in
[15] which itself was based on earlier works [16,17]. For concreteness let us ex-
plain how we can obtain bi-fundamental hypermultiplets of SU(n) x SU(m).
Suppose we have an A,_; singularity over P! and an A,,_; singularity over
another P!. Moreover the two P!’s meet at a point where the singularity
jumps to an Anym—1 singularity [18]. Let 21 2 denote the coordinates of the
two P1’s and assume that the intersection point is at z; = zz = 0. Consider
the threefold which is locally given by

zy = 2{"23.

Then for arbitrary z; # 0 we have an A,_; singularity and for arbitrary
z2 # 0 we have an A,,_; singularity. Let us change variables to zp = 21 + 1.
The above equation then becomes

oy = 20z + )" = 2T+ L+t

This can be reinterpreted as an SU(n+m) singularity in 6 dimensions which
is broken to SU(n) x SU(m) x U(1) by giving space-dependent vevs to some
of the scalars in the Cartan of SU(n + m). Recall that if we had just
compactified SU(n 4+ m) on T? we would have gotten an N = 4 system,
which in the N = 2 terms contains an extra hypermultiplet in the adjoint.
Out of the adjoint hypermultiplet of SU(n + m) the above space-dependent
breaking of SU(n + m) — SU(n) x SU(m) x U(1) gives rise to (n,m) of
SU(n) x SU(m) charged under the U(1) and localized near z; = 22 = 0,
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as explained in [15] (see also the closely related case [19]). The adjoint of
SU(n) x SU(m) that one would get in this picture has a mass because of the
global geometry of the base P!’s as explained before. So in this way we have
engineered SU(n) x SU(m) x U(1) with bi-fundamental matter charged also
under U(1). It may appear that we are getting an ‘unwanted’ U(1). This
is not quite true. In fact we need to be able to give an arbitrary mass to
the bi-fundamental matter, and this can be done by going to the Coulomb
branch of U(1). Since the U(1) is not asymptotically free we can ignore
its infrared dynamics and just think about its Coulomb branch as the mass
parameters of the SU(n) x SU(m) system.

A

n+m-1

An-l Am-l
Figure 1: At the intersection of two base curves carrying A,-; and y:
fibers, an A, ,,—1 singularity develops, with the extra 2-sphere supporting
the bi-fundamental matter. This is denoted by a link in the quiver diagram
on the right.

It is now straightforward to generalize this to arbitrary product of SU
groups with matter in bi-fundamentals. The data for such a theory can be
drawn in terms of a graph, where to each gauge group we associate a node
(vertex) in the graph and for each bi-fundamental matter between pairs of
groups we draw a line connecting the corresponding nodes. Geometrically we
engineer this theory by associating to each node a base P! over which there
is the corresponding SU singularity, and to each pair of nodes connected,
we associate an intersection of the base P!’s, where over the intersection
point the singularity is enhanced to an SU(n + m) (assuming the nodes
correspond to SU(n) and SU(m) groups). Note that if we are interested in
addition in getting fundamental matter for each group, this can be done by
adding extra SU groups with bi-fundamental matter, roughly by gauging
the flavor group, and making the coupling constant of the extra flavor group
weak, by making the base of the corresponding P! big (recall (2.2)). This
process we sometimes call adding extra nodes and ‘degenerating’ them.

Clearly we can generalize this to more general groups in the fiber (such as
D, E and non-simply laced groups [20,21]) and more general kind of matter
(coming from the breaking of an adjoint of a higher group) as discussed
in [15]. This more general situation will be the subject of an upcoming
paper [22].
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2.2 Restrictions from Asymptotic Freedom and ADE Dynkin
Diagrams

As noted above we are considering the case of a product of SU(k;) gauge
groups with bi-fundamental matter between some pairs and some extra, fun-
damentals for each group. For interesting four dimensional field theories,
one would be interested in theories with negative [-function for all gauge
factors!. This turns out to put a severe restriction on the choice of the
bi-fundamental matter one chooses. As discussed before the structure of bi-
fundamental matter gives rise to a graph where for each node 7 of the graph
we consider an SU(k;) gauge group of some rank k; , and for each pair of
bi-fundamentals between the i-th and j-th group we draw a line between the
i-th and j-th node. We will now show that the corresponding graph is that
of an ADE Dynkin diagram or its affine extension. In other words, quite
independently of what extra fundamental matter one has, the geometry of
the bi-fundamental matter is already very restrictive?.

Suppose we have r gauge group factors. Let M be a symmetric r X r
matrix with diagonal entries M;; = 2 and off-diagonal entries M;; = —Nj;
where N;; is the number of bi-fundamentals between the i-th and j-th gauge
groups. Let £ denote the vector which gives the rank of the gauge groups.
Then the condition of asymptotic freedom can be succinctly stated as the
requirement

(Mk); = Mijk; = 2k; — Y Nijk; > 0.
J J#i
In other words Mk is a positive semi-definite vector. Now we need the
following fact known as the Perron-Frobenius theorem:

If S is a symmetric matriz with positive entries, then the eigenvector
v corresponding to its mazimal positive eigenvalue can be chosen to have
positive entries.

To prove this, let us normalize v such that v*v = 1. Then v satisfies
the condition that v‘Sv is maximal subject to v*v = 1. Consider a positive
vector v’ = |v|. Note that v*'v' = 1. Since S has positive entries, we deduce

vt Sy’ > vtSv.

But since v maximizes v!Sv then the above must be an equality and so v'
should be the same as v (up to an overall sign). In other words the eigenvec-
tor corresponding to the maximal eigenvalue can be chosen to correspond to
a positive vector.

!We will nevertheless also consider cases with positive beta function in four dimensions,
since these four-dimensional field theories give rise to interesting three dimensional field
theories which are asymptotically free after further compactification on a circle [13].

*We thank Noam Elkies for providing the mathematical argument that follows. See
also [23].
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Now let us apply this theorem to the matrix N, which is a positive
symmetric matrix. Since M = 2] — N where I is the identity matrix, we
learn that if v is a positive vector corresponding to the maximal eigenvalue
of N, then it is also the smallest eigenvalue of M. Let us call this eigenvalue
A, i.e. Mv = Av. Let us consider

v ! Mk.

Since Mk > 0, by assumption of 8 < 0, and since v is a positive vector we
learn that v! Mk is positive. Thus we have

0 < v'Mk = \(v'k).

Since both v and k are positive vectors this implies that A > 0. Since A, the
smallest eigenvalue of M, is positive this implies, as is well known, that M
corresponds to an ADE Dynkin diagram if A > 0 or corresponds to an affine
ADE Dynkin diagram if A = 0. Moreover, if M corresponds to an affine
ADE Dynkin diagram, since v! Mk = 0 and v > 0 this implies that Mk = 0,
i.e. we learn that k£ is proportional to v, which is the only eigenvector
corresponding to zero eigenvalue for affine ADE generalized Cartan matrix.
Note that this implies that k is a vector which is proportional to the vector
of Dynkin numbers associated to the nodes of the affine Dynkin diagram.
These interesting special cases correspond to having the ranks &; of the i-th
A factor given by a common integer multiple of the Dynkin labels s; of the
affine ADE, k; = s;n. In case we have an ordinary ADE Dynkin diagram
there is no choice of rank vector & which makes the theory superconformal
just by having bi-fundamental matter, because Mk > 0. In such cases we
can add Mk extra fundamental matter to the corresponding gauge group
and make the theory superconformal. These cases we will consider in more
detail later. The group G associated to the base geometry will turn out to
be of physical relevance in many respects, such as determining the S-duality
group of the conformal four-dimensional theory, as we will discuss later in
the paper.

2.3 Strategy in Extracting Exact Results: Mirror Symmetry

We have described how we can geometrically engineer N = 2 quantum field
theories in four dimensions, in particular for SU groups with bi-fundamental
matter, in the context of type ITA strings. We are interested in using this
geometry to learn about gauge dynamics. In general we have Higgs and
Coulomb branches for N = 2 theories. The Higgs moduli correspond to the
moduli of scalars in the hypermultiplets whereas the Coulomb branches cor-
respond to the moduli of scalars in the vector multiplets. Moreover there are
no (F-type) mixtures between hypermultiplets and vector multiplets and so
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the two do not mix with each other. Whereas the Higgs branches are easily
computable using classical Lagrangians of gauge theory, the same is not true
for the Coulomb branch which receives non-perturbative point-like instanton
corrections. We are interested in computing these corrections. The simplifi-
cation occurs in type II theories on Calabi-Yau because the string coupling
constant is in a hypermultiplet (see [24] for a careful treatment). Since the
geometry of the Coulomb branch is independent of hypermultiplet vevs, we
can take an arbitrary string coupling without changing the answer [25]. This
implies that if we compute the tree level answer for the Coulomb branch in
string theory it is the exact answer (this was in fact used in [1,26]). We thus
need to know the classical answer for the Coulomb branch in type IIA string
propagating on the local geometry we have constructed. However the classi-
cal answer on the type IIA side does receive worldsheet instanton corrections.
In fact this construction maps the contribution of spacetime instantons of
gauge theory to special growth of the number of instantons of a two dimen-
sional worldsheet theory, as discussed in [12]. Mirror symmetry comes to
the rescue and results in summing up the worldsheet instantons by giving
a local mirror Calabi-Yau geometry which gives an identical theory where
we now consider type IIB strings instead of type ITA. In this case there are
no worldsheet corrections and thus the exact gauge theory answer can be
read off from a classical computation of a 2-dimensional theory. This is thus
our strategy: Find the mirror of the geometry we have engineered and then
extract the exact quantum answers of the gauge system by classical com-
putations. We thus see that mirror symmetry is a key fact allowing us to
extract exact answers. We now turn to a review of certain aspects of mirror
symmetry.

3 Intuitive Aspects of Mirror Symmetry and
a Simple Derivation of Exact Results

In this section we will review some aspects of mirror symmetry which pro-
vides an intuitive basis for the results which will follow later in the paper.
Moreover, in this section we give a simple but less rigorous derivation of
some of our basic results that will be rederived more rigorously using toric
methods in later sections. The cases we will derive the exact results for in
this section include the case of a linear chain of SU groups and SU groups
corresponding to the affine Fg 78 quiver diagrams.

Consider a d-dimensional complex Calabi-Yau manifold M and its mirror
W . This in particular means that for d odd type IIA(B) on M is equivalent
to type IIB(A) on W, where the roles of Kéhler deformations and complex
deformations get exchanged. If d is even, type IIA(B) on M is equivalent to
type IIA(B) on W, again with the role of Kéhler and complex deformations
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exchanged. Complex dimensions 1 and 2 are very special because there are
very few Calabi-Yau manifolds. In dimension one there is only 72 and in
dimension 2 there is only K3 (apart from T* which has trivial holonomy).
This scarcity in low dimensions in particular leads to the fact that 72 and
K3 are self-mirror. The case of T2 is very well known and is a simple
consequence of T-duality. In the case of K3 this is also a true but less trivial
fact [27]. Even though we will eventually be interested in the case of complex
dimension 3, aspects of K3 and its self-mirror property play a crucial role
in this section and so we will now discuss it in a bit more detail.

As already discussed, we will only be interested in a local model of K3
with singularities. Let us recall that the singularities one encounters in K3
are of ADE type. Our local model will consist of an ALE space of ADE type
and we are interested in constructing the mirror. Let us consider an A,_;
ALE space. This can be described by a singular complex 2-manifold whose
complex structure is given by

zy+ 2" =0, (3.1)

where z,y and z are complex numbers. This space is singular at the origin.
There are two ways this singularity can be remedied: We can either deform
the defining equation to make it less singular or we can ‘blow up’ the sin-
gularity. The deformation which involves changing the complex structure is
given by

n
zy + H(z —a;) =0,
=1

with distinct a;. Up to a shift in z there are n — 1 physical parameters defin-
ing this deformation. On the other hand we can resolve the singularity by
keeping the same defining complex equation (3.1) but by ‘blowing up’ the
singularity, introducing n — 1 extra spheres which intersect one another in
the way dictated by the Dynkin diagram of A,_;. This blow up is specified
by the n — 1 complex parameters, corresponding to the size and the B-field
on each sphere. In the blow up one is varying the Kéahler classes on the
ALE space. Mirror symmetry in this case states that if we are interested in
studying type ITA(B) on this blow up space it is equivalent to studying type
ITA(B) on the complex deformed space exchanging the n—1 complex param-
eters corresponding to the complexified Kahler classes with n — 1 complex
parameters describing deformation of the defining equation.

In the applications we will consider it is also important to consider the
case where the local model for K3 involves an elliptic fibration. This is a well
known subject mathematically [18,28]. In particular the elliptic fibration
over the plane can develop ADE singularities as we change the complex
structure of the K'3. Again we can blow up the singularity and we obtain new
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2-cycles, a basis of which can be taken to be P!’s which intersect according
to the Dynkin diagram of the ADE group, as was the case above. The only
new ingredient in the elliptic case is that there is an extra special 2-cycle
class, whose intersection with the other cycles can be represented by an extra
node making the Dynkin diagram an affine Dynkin diagram. If s; denote
the Dynkin numbers associated with each node of the Dynkin diagram, and
if we denote the i-th 2-cycle class by C; the 2-cycle class of the elliptic fiber
E can be represented by

E=Y s0C (3.2)

Note that this is consistent with the fact that £ - E = 0. The extra cycle
corresponding to the extra node on the affine Dynkin diagram is of finite
size even after all the other cycles have shrunk. This follows from the fact
that when all the other cycles shrink the relation (3.2) implies that the size
of the extra 2-cycle corresponding to the affine node is the same as the size
of the elliptic fiber (recall that the Dynkin number for the affine node is 1).

Mirror symmetry implies that the Kahler deformation of the blow up
is equivalent to complex deformation of the mirror geometry. The complex
deformations of the mirror have in turn another description which will prove
useful for us. Consider type ITA string on a 2 dimensional complex space
with elliptic ADE singularity. If we compactify further on another T? we
obtain an N = 4 theory in d = 4. From the viewpoint of N = 1 theory we
have three adjoint chiral fields X,Y, Z and a superpotential

W = Tx[[X, Y], Z].

The Higgs branch of N = 4 theory can be viewed as giving vevs to the Cartan
of X or Y or Z. In fact a U(3) subgroup of the SO(6) R-symmetry group
rotates these fields among each other. We can identify X with the blowing
up of the elliptic ADE singularity, Y with the deformation of the singularity
and Z as giving Wilson lines to the ADE gauge group on the compactified 72.
Given the R-symmetry we deduce that the three deformations are equivalent
and give rise to the same moduli space. Thus we conclude, in particular,
that the moduli space of blowups of elliptic ADE singularities of the complex
surface is (mirror to) the moduli space of flat ADE connections on a T2.
This result will be important later when we discuss S-dualities that arise in
the field theories we study. We will give an alternative derivation of this fact
in section 8.

3.1 Base Geometry vs. Fiber Geometry

So far we have discussed mirror symmetry in complex dimension 2. However
for the purposes of the present paper we are actually interested in the case
of complex dimension 3. The two are not unrelated, when we recall that
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we are interested in fibering an A-type singularity over some collection of
P’s. So roughly speaking all we have to do is to also apply mirror symmetry
to the base as well. However, as we have discussed before, the interesting
class of configurations of the base also correspond to when we have base P'’s
which intersect according to the ADE or affine ADE Dynkin diagrams. But
we have already discussed how these also arise in the complex 2-dimensional
case. So the mirror to both the base and the fiber geometry will involve
aspects of two dimensional mirror symmetry already discussed. The only
non-trivial data is how a particular configuration of fiber P!’s over the base
Pl’s is translated to mixing these two mirror symmetry transformations. We
will now try to develop this intuitively to arrive at a heuristic derivation of
some of the results which we will derive more rigorously later.

3.2 An Intuitive Derivation of Linear Chain of SU Groups

Let us consider the case of engineering of a linear chain of SU gauge groups
arranged along a line, with bi-fundamental matter between the adjacent
groups. Let us suppose we have m gauge groups. This means in particular
that the base geometry is A,,. As discussed before the mirror of this base
geometry is given by

Ppt1(2) +uwv =0, (3.3)

where Pp,11(z) denotes a polynomial of degree m + 1 in z which is mirror to
blowing up the A, singularity. The fiber geometry will be a combination of
Ap_1’s where n varies over each P! in the base depending on the arrangement
of the SU groups along the linear chain. If we denote the fiber variable by w
(which together with u, v, z and an equation give a threefold), for each of the
SU(n) factors in the fiber we expect to have a polynomial P, (w) of degree n
in w. This should clearly be correlated with the coefficients in (3.3), because
the blowing up of the base geometry is mirrored to complex deformation of
the equation. Suppose the first group along the chain is SU(n;). Then we
should see this group when we blow up the base only once, which is mirror
to

Ppi1(z) = 2™ 4 a2™,

where the A, singularity has been reduced to A,, = A;,—1. At this point
we should be able to see the fiber mirror because we have blown up the
base once and SU(n;) is the singularity supported on the first blowup. This
implies, applying the mirror symmetry now to the fiber, that the coefficient
a in the above equation should be a polynomial of degree n; in w, i.e. we
have for the defining equation of the threefold

2™ 4 Py (w)2™ 4 uv = 0.
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Now we introduce the next blow up in the base which changes the above
equation to
2™ 4 Py (w)2™ 4+ b2™ ! 4 uw = 0.

The last P! that we have blown up is reflected in the coefficient of the smallest
power of z being non-zero. Thus, just as before, we now expect b to be a
function Py, (w) of degree ns in w. Continuing this reasoning we will end up
with the local model for the threefold

m+1
Z sznm+1_k(w) +uv =0,
k=1

where we have put P,,(w) = 1. Note that the case of one gauge group (i.e.
m = 1) was already considered in [8,12] which agrees with the above result.
Moreover it was noted in [8] that one can use the T-duality which relates C*
fibrations in type IIB with NS 5-branes of type IIA (and vice versa) [11] to
show that this is equivalent to considering an NS 5-brane of type IIA whose
worldvolume is ¥ x R* and where ¥ in this case is a Riemann surface with

equation
m+1

i Y 2Py, (w)=0
k=1

carved out of the (w, z) space. Moreover it was noted in [8] that the rele-
vant metric on ¥ is provided by the SW meromorphic 1-form on . This
in particular shows that ¥ is non-compact. Recently this result of [8] for
one gauge group was rederived from the imbedding of type IIA branes in
M-theory in [29] and extended to the case of a linear chain (with arbitrary
number of fundamentals)®. That result agrees with what we have found
above. Later on in this paper we will generalize our derivation to the linear
chain of A-groups and in addition with an arbitrary number of fundamen-
tals for each group and we fully recover the results of [29] from perturbative
symmetries of strings.

3.3 An Intuitive Derivation for Affine E as the Base

So far we only considered linear chains. As discussed before an interesting
case involves the configuration of the A-groups arranged along the affine
ADE Dynkin diagrams, where the rank of the SU gauge group is propor-
tional (with fixed proportionality) to the Dynkin number of the correspond-
ing node. In this case we get N = 2 superconformal theories. Here we
show how the general result for the Coulomb branch of A-groups arranged
according to the affine E as the base geometry can be obtained.

3For an extension of these methods to other gauge groups, see [30].
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Just as in the linear chain considered above we first need to know the
mirror for the base geometry. In particular we need a complex geometry
whose deformation is mirror to blowing up elliptic E-singularities. To do this
we recall that there are three special constructions of K3 given by orbifolds
which give rise to elliptic Fg, E7 and Ejg singularities:

T? x T?
K3 = XL Eg singularity,
Zs
T? x T?
K3 = il E7  singularity,
Zy
T? x T2
K3 = ———ZX——— Eg singularity,
6

where the T?’s are special, in that in the first and third case above they
correspond to a hexagonal lattice, and in the second case they correspond to
a square lattice (these singularities were studied in the context of F-theory
compactifications in [31] generalizing the work of [32] ). We are interested in
finding the mirror for these constructions. Actually we will only be interested
in the limit where one of the T?’s is replaced by C, the complex plane, where
an isolated elliptic singularity appears.

Let us first consider the Eg case. In this case the mirror is given by the
LG theory (modded out by an overall Z3) with the superpotential (see [33])

'y'2' 4+ deformations.

W=z*4+y¥+28 tazyz+2+9°+2°+dz
Here the unprimed variables denote the mirror to one torus and the primed
variables the mirror to the other. Also the deformation monomials are of
total degree 3 and mix up the unprimed and primed variables. There are
three fixed points on each torus which get identified with monomials z,y, z
and z',%/,2', and blowing up various fixed points, is mirror to choosing the
combination of corresponding monomials as deformation of the above po-
tential. Recalling that we are interested in the limit where the primed torus
becomes infinitely big (corresponding to sending a’ — 0o0) and concentrating
on one fixed point on the C plane, corresponding say to the variable z', the
deformation monomials will be of the form

zB,2"%(z,y, 2), 7' (2%, 92, 2%).

Thus going to the patch where ' = 1 and ignoring ¢’ and 2’ which play no
role in the above deformations we find that the relevant deformation is given
by the geometry

2+ 13 + 22 +azyz + (b2 + cy? + d2?) + (ez + fy +g2) + h=0.
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Thus we have found the mirror to blowing up an elliptic Fj singularity, where
the monomials 1, , 2% correspond to the blown up P!’s of one fixed point on
the T2 and correspond to one edge of the affine Fg Dynkin diagram starting
from the trivalent vertex of affine Eg, and similarly for 1,y,y? and 1, z, 2.
Now we consider the fiber in addition to this which will correlate with these
monomials just as in the case of the linear chain with the fiber geometry.
Basically, we apply the idea of incorporating the fiber in the linear chain
case to each straight edge of the affine Dynkin diagram. We find the local
threefold is now given by

0 = z3+93+ 2% +azyz + Py (w) +

szk —z_l_z szk 3 z_l_z w)z3 —1

(it is also easy to write the geometry for the more general case where the
[-function is not zero, by choosing polynomials of different degrees than
those considered above, just as in the linear chain case). The generalization
to the case where the base geometry is affine E7 or Eg is straightforward,
where we start with the elliptic curve y? + z* + 2* for the E; case and
y?+234 25 for the Eg case. The connections with blowing up of the 7% xC/Z4
and T? x C/Zg are similar to the previous case. In particular, for F; the
monomials z, z correspond to blowing up the fixed point of order 4 whereas
y corresponds to blowing up the fixed point of order 2. In the case of Es, z
corresponds to the fixed point of order 6, z corresponds to the fixed point
of order 3 and y corresponds to the fixed point of order 2. It is also easy to
include the fiber geometry as in the case of the linear chain. For the E7 case
with vanishing S-function we have the mirror geometry

3
gt +24 4y’ fazyz+ Y P (w)zt” 1+ZP (w)2* ™ + P (w)y+ Py (w) = 0
i=1

and for the Fg case we obtain

2 5
By azyz+ S Po(w)ad i+ P (w)y+ 3 Py ()25 + Poy(w) = 0.

=1

Note that for these cases we cannot reduce the data solving the Coulomb
branch of the N = 2 system to a Riemann surface. However we still have
an equally useful description of the Coulomb branch in terms of three di-
mensional Calabi-Yau manifolds given above. In particular one has a holo-
morphic 3-form whose periods give the central terms in the N = 2 SUSY
algebra, and one can read off the effective coupling constants of the gauge
theory from these periods, just as would be the case for the N = 2 solutions
associated to Riemann surfaces.



S. KATZ et al. 69

4 Toric Geometry and Linear Sigma Models

In the previous section we have seen how heuristic application of mirror
symmetry goes a long way in giving the type IIB geometry dual to a given
type IIA geometry of Calabi-Yau threefolds. However, for more general cases
and also to prove more rigorously the assertions of the previous section,
we need to recall in more detail some of the machinery needed for this
purpose [34,35]. We first have to construct a 2 dimensional quantum field
theory which describes the propagation of type ITA strings in the local model
which we are interested in. Next we have to use this to construct the mirror
geometry. What we will do now is to show how type IIA geometry can be
summarized in terms of toric data and how this can be used to construct the
relevant mirror.

In physical terms the easiest way to construct the type ITA background
is in terms of linear sigma models [34]. This involves considering an N = 2
gauge system with some matter which in the infrared describes the conformal
field theory corresponding to the string propagation in a desired background.
For our purposes it suffices to consider the case with gauge group U(1)",
with k matter fields ;. One can also consider adding superpotential terms
involving the fields, and we shall need that for later applications. There are
also 7 FI D-terms we can add to the theory, one for each U(1). Let gf denote
the a-th U(1) charge of the z; field. The condition that the theory has an
extra R-symmetry (which can thus flow to a non-trivial conformal theory)

is that
> gt =0. (4.1)
1

To start with, which is sufficient for some of the applications, we will
consider a theory with no superpotential. The vacuum configurations for
this theory is described by the gauge invariant fields. It is well known that
this is the same as the manifold

Ck/(C*)ra (42)

where C* corresponds to the complex values for z; and where the a-th C*
action is given by
T; = T A% (4.3)

The manifold (4.2) is the geometry which the linear sigma model produces.
Note that the complex dimension of this manifold is d = k—r. This geometry
is generically singular and putting the FI D-terms into the Lagrangian has
the effect of resolving the singularity by blowing up the manifold. Just
as in the previous section, let us first concentrate on the case of complex
dimension 2.
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4.1 Type ITA on A,_; Background and Toric Geometry

Let us consider our first concrete example. We will find the linear sigma
model for the A; singularity of K3. For this purpose it is sufficient to
consider the case of U(1) gauge theory with three matter fields z; , whose
charges are given by

1) = (¢f,45,43) = (1,-2,1). (4.4)

The gauge invariant geometry (using (4.2) ) associated to this is obtained
by considering the generators of gauge invariant (i.e. neutral) chiral fields

U= a:%:cg, v= a:g:cg, 2 = T1T9T3. (4.5)
These are not independent, and there is one relation among them:
_ 2
uv = 2z°. (4.6)

So the geometry of the vacuum configuration (4.2) in this case is given by
the A; ALE space. Turning on the FI D-term corresponds to blowing up
the singularity. To see this, note that turning on the D-term corresponds to
having the potential

V = (|21 + |z3* — 2laa|* - 4)?, (4.7)

where A corresponds to the FI term. If we take A > 0, z1,z3 cannot both
be zero (in order to minimize V'). The coordinates (z1,z3) up to an overall
rescaling (which gets identified with the non-compact cotangent direction)
can thus be viewed as a P! whose Kibhler class is controlled by A.

The geometrical interpretation of the above field theory makes it possible
to use the powerful concept of toric geometry. This is not really necessary
for the simple example above, but will be important for the more compli-
cated cases, where the gauge theory picture quickly becomes unmanageable,
whereas the toric methods proceed without trouble.

In toric geometry, the fields z; become homogeneous variables on the
quotient space (C* — U)/(C*)", acted upon by the r C* actions (4.3). U
is a subset of C*, defined by the C* actions and a chosen “triangulation”
and we will determine it in a moment. It generalizes the point z; = 0,
Vi=1,...,n+ 1, that is removed in the case of ordinary projective space
pn.

To find the gauge invariant fields we associate to each field z; a vector
vi = (vi1,...,V,4) in the standard lattice 74, such that the v; fulfill the
following relations determined by the C* actions

S i®y=0, Va=1,...,r. (4.8)
A



S. KATZ et al. 71

Note that the dimension of the lattice is equal to the number of gauge in-
variant generators, d = k — r. Furthermore, for any vector k; € Z°,

u(k) = [J a9, (Wi k) = vijkj
( J

is a gauge invariant field and we get therefore a convenient representations
of the gauge invariant fields in terms of the integral vectors k;.

Since only positive powers of the fields z; should appear, we make the
further restriction that if IV is the lattice generated by the vectors v; and if
M is its dual lattice, the allowed choices for & lie in the cone in M defined by
(vi, k) > 0. Moreover, to avoid redundancy of the description, we restrict to a
set of generators vX € M which generate all elements in this cone by positive
coefficients. The generators of invariant fields are then u, = iwz{”i’"‘:).

Note that it follows from the anomaly freedom condition (4.1) that [], z;
is one of the invariant monomials. This in turn implies* the existence of
a vector h with (h,1;) = 1 Vi, that is, the vertices v; lie in a hyperplane
H of Z%. In geometrical terms this corresponds to the condition that the
singularities of the toric variety V are sufficiently well behaved to give rise
to Calabi—Yau manifolds with first Chern class ¢; = 0. A convenient choice
of coordinates is to take h = (1,0,0,...) and therefore v; = (1, %).

Applied to the above example defined by the charge vector (4.4) we get

1 -1 1 -1 2 10
vi={1 0|, vi={1 0], (wmuy)=1111
1 1 1 1 01 2

and thus uy = u(v}) = (u, 2,v) as in eq. (4.5).

We still have to determine the disallowed set U. For this we will need
some more technical definitions; however the final representation in terms
of “toric diagrams” will be very transparent and is all that is needed to
understand the following discussion.

The precise definition of the toric variety V is in terms of a collection of
cones 0, bounded by rays from the origin through the points in Z¢ defined
by the vertices v;. This is shown in figure 2.

The disallowed set U is now determined in the following way: Elements
in U are defined by those subsets of vertices which do not lie together in a
single cone o:

{z; =0, i€{i,}} e U if {v,} oy, Vo..

In the example above, U = {z; = z3 = 0}, since the points v1,v3 do not lie
in a cone (they are separated by the ray passing through vs).

“Neglecting subtleties related to torsion.
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Figure 2:

From now on, we simplify the diagrams by suppressing the direction
normal to H. The toric diagram for the above configuration then looks as
in figure 3.

O] -2) [¢)]

(o ® O
1 2 3
Figure 3:

A nice property of the toric variety V is that the hyperplanes
D; : {z; = 0}, also called divisors, generate the d — 1 dimensional homol-
ogy group and its dual, the homology class of curves we are after. In fact we
are interested in the compact part of the toric variety and the curve classes
C, contained in it. The first rule to read the toric diagram can be stated as:
the divisor z; = 0 corresponding to the node v; is compact if v; is an interior
node. In the example, the only interior node is v4, and 5 = 0 can be read-
ily seen to be compact, since the potential (4.7) implies |z1|2 + |z3|? = A.
Moreover the P! with coordinates 1, z3 determined by this equation is the
only homology class of the compact divisor Ds.

Physically, the most important quantities of the type IIA geometry are
the intersections of the curve classes C, contained in V. It is a standard
calculation to determine these intersections from the relations (4.4) and U
(for a pedagogical review see [36]). However, in two complex dimensions
there is a nice short-cut, which, in the presence of the fibration structure
we use, will also be helpful for the threefold case and provides a direct link
between the toric diagrams as in figure 3 and Dynkin diagrams. Similar
observations about the appearance of Dynkin diagrams in Calabi-Yau toric
descriptions have been made in [37,38]. In fact there is the following simple
way to read off the curve classes and their intersections: each curve class C,
corresponds to a relation 1(2) between the vertices v;. Moreover the entries

ll(a) are the intersections® Cy - D;. In particular, in two complex dimensions,

SMore precisely, it can happen that the intersections differ by a common normalization
factor N,. We take care of these factors in the following.
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the hypersurfaces D; are curves themselves and C, - D; is the intersection
matrix for curves.

Note that the k divisors D; are not independent but give rise to r different
homology classes K,, the Poincaré duals of the curves C,. If we choose a
preferred basis for the 2-cycles (thus fixing certain linear combinations of
the l(“)), namely such that the volumes of the curve classes C, generate the
Kahler cone of V, the intersections C, - D; reproduce precisely the Cartan
matrix of the gauge system and part of the toric diagram agrees with the
Dynkin diagram. The charge vectors 1(2) in the basis dual to the Kahler
cone are called Mori vectors.

In the SU(2) example above, the Dynkin diagram of SU(2) is given by
the middle node v, and we have also indicated the intersections of the single
curve class C = Dy with the non-compact divisors divisors Dy, D3, (1), and
with itself, (—2).

Now we consider the generalization of this to A,—; ALE space. We
consider a U(1)"~! theory with n + 1 fields, with charges given by

1M =(1,-2,1,0,0,0,...,0),
1® =(0,1,-2,1,0,0,...,0),

l(S) = (07 0, ]-7 _2’ 17 0, M | 0)7 (4‘9)

1"=1" =(0,0,0,0,...,1,-2,1).

It is not too difficult to read off the geometry associated to this, just as in
the A; case. In particular the generators of gauge invariant chiral fields are

_ onan—1,_n-2 0

U =27Ty T3 ... .Tpyg,
— »0.,.1,.2 n

vV = ZjTHx3 ... Ty,

Z =T1T2T3...2Tn,

with the single relation .
wy = 2", (4.10)

which defines the background geometry corresponding to A,_; ALE space.
Turning on the n — 1 FI D-terms corresponds to blowing up the ALE space
and introduces n — 1 Kahler classes. Even though it is possible to study the
linear sigma model phases and see the geometry of the resolved space, this
becomes increasingly difficult. In fact it is precisely to answer such questions
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that toric geometry is useful. So let us see how this appears for the present
example.

The toric data are now given by

10 1 n 0
11 1 0 1 n-1 1
vi=|" |, vi=|n -1}, (uvy)=1[" ' ’ (4.11)
.o 0 1 . . .
1 n 1 0 n,
summarized in the toric diagram figure 4.
ol W QW P . e o
1 2 3 n n+l
Figure 4:

The Dynkin diagram of SU(n) , associated to the curve classes C, in the
compact part of V, is plainly visible as the chain of black dots. We have
also indicated the intersections of the 2-spheres contained in D;, namely
self-intersections (—2) and intersections (1) with the nearest neighbor. Note
that they are given precisely by the entries of the charge vectors (4.9) and
moreover agree with the entries of the Cartan matrix of SU(n).

4.2 Local Mirror Symmetry

The data we used to describe the variety V, are the k vertices v; spanning
a polyhedron A, the r relations [(#) fulfilled by them and the k — r vectors
v}, that defined the generators of gauge invariant fields u,. Note that the
vertices v} define similarly a polyhedron 57 in the dual lattice. Batyrev’s
construction of the mirror geometry [39] proceeds by exchanging the roles
of the polyhedra A and 7 (for an attempt to prove the mirror symmetry
in terms of Batyrev’s construction see [40]). More precisely, we consider a
Calabi—Yau manifold X. In the simplest case, X is defined as a hypersur-
face in V, described by a homogeneous polynomial in the gauge invariant
monomials u,:

0=p(X)=Zbaua = ZbaH£B§Vi’V;) = by z1T92...Tx + ...,
a «a 1

where b, are some complex numbers parameterizing the complex structure
of X. Similarly the mirror polynomial, exchanging the roles of v; and v} is
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given by

0=p(X*) = awi = > a;[[8.%") = ao#1ds... 8k + ...,
i 1 «
(4.12)

where Z, are the homogeneous coordinates of V*, ¥* are vertices in the
convex hull spanned by the vertices v and a; parameterize the complex
structure of X*. Moreover y; are monomials in the variables #; invariant
under the C* actions %, — #,A%, which descend from relations }:i&a)ﬁ’oﬁ
fulfilled by the dual vertices Y. The statement of mirror symmetry is that
the geometry of Kahler variations of the space X is captured by the complex
deformations of the space defined by (4.12). Moreover there is a precise
procedure to read off the instanton corrections of the original space, in terms
of “variations of Hodge structure” of the mirror geometry given by (4.12)
(in terms of specific period integrals).

The charge vectors (%) of X imply the following relations® between the
gauge invariant coordinates y; of X™*:

[Tv = [2554") 21 va, (4.13)

Note that these equations can be studied for sets of relations [(*) indepen-
dently of an embedding in a larger system. In particular, as in [12], consider
the hyperplane given by

p(X*) =) aiyi =0, (4.14)

where ¢ runs only over the vertices v; describing the local geometry of the
gauge system. This equation is homogeneous, and one can eliminate an
overall scale from (4.14) , and so we end up with k — r — 2 dimensional space
as the mirror. This can be two lower than the dimension expected in generic
applications in the compact cases as was in the A,_; case above.

This reduction of dimension (and the generalization to the complete in-
tersection case) can be understood in the following way. Suppose we start
with a (possibly non-compact) Calabi—Yau X described by k vertices 7; and
# relations [(®). The dimension of X would be d = k — # without a super-
potential and d = k — # — 2 with a superpotential p(X), one less from the
equation and one less because of (4.1). Now divide the vertices ©; into two

5The relation (4.6) fulfilled by the gauge invariant fields of the original manifold X is
a relation of this kind\associa.ted to the Mori generators of X*, i
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sets, the first, A = {1;}, containing the k vertices describing the local ge-
ometry of the gauge system and the second one, A’ = {1/} containing the
rest. Similarly we divide the relations [() into two sets, according to whether
or not they involve elements of {v;}. Let r be the number of relations 1(*)
involving some of the {;}.

Two situations can arise: i) the d dimensional local geometry describing
the gauge system is constrained, that is, the singularity exists only on the
hypersurface p(X) = 0. In this case, d = k — r — 2 and the mirror geometry
is of the same dimension. This happens, e.g. for a D, singularity discussed
in a later section. ii) the d dimensional local geometry describing the gauge
system is unconstrained. In this case we have d = k — r, a case without a
superpotential. However the mirror geometry is constrained by p(X*), giving
a mirror of dimension d = k —r — 2 = d — 2. In particular, this happens for
A, singularities where one obtains Riemann surfaces as the mirror geometry
of a threefold. In such cases, one can relate the type IIB theory to a d-fold
geometry by noting that adding two more variables to the equation which
appear quadratically, p(X*) = 0 — p(X™*) + uv = 0, does not affect the
period integrals and so we can view the mirror geometry as this local d-fold
(the trick of adding quadratic variables to describe the geometry is familiar
from the study of LG models [41,42] ).

Sometimes simplifications can occur in describing the mirror. In particu-
lar if there are variables which appear only linearly, they serve as ‘auxiliary’
fields and can be eliminated by setting to zero the variation of the poly-
nomial with respect to them, without affecting the period integrals of the
mirror. In particular if we have several variables :z:f) which appear linearly
in the polynomial”, p(X*) = 3" z}G;, the mirror geometry can be viewed as
corresponding to the complete intersection G; = 0 Vi.

Let us see how this mirror symmetry works in the case of A,_; which
we have constructed above. In this case we have yi, ..., yp+1 as the space of
y's subject to the relation (4.13)

YiYiv2 = yi2+1-

Choosing the homogeneous factor so that y; — 1 we can solve the above
relations® and obtain

(yl,y2, v 7y'n+1) = (1’y7 y2a oo ,yn),

"Note that the existence of the hyperplane H implies that there is always one variable
which appears only linearly, related to the hypersurface constraint (4.12).

80r simply using y; = Hi:f,""":‘) with (v;, %) given in (4.11) and &o = (z0,y,s = 1).
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where we have defined y = y5. And thus the mirror geometry is

n
E aiy' = uv ,
i=1

where we have introduced the auxiliary variables u,v to make contact with
2-fold geometry. The result is as expected, namely the Kahler deformations
of the A,_; singularity has been changed to deformations of the same sin-
gularity (the self-mirror property of A,_; ALE space already discussed in
section 3).

4.3 The Threefold Case

The type IIA compactification on the A,_; geometry described in the previ-
ous section develops an enhanced SU(n) gauge symmetry in six dimensions.
As discussed previously, to get an N = 2 theory in four dimensions we have
to compactify further on a one complex dimensional space which should
have no 1-cycles to avoid adjoint matter — that is, a collection of 2-spheres.
Therefore we have to consider base geometries that are precisely of the same
type as the fiber geometries.

This makes the discussion of the threefold geometry simple. As before
let us start with the simplest case A;, a single 2-sphere. However we have
now two such P!’s, one for the fiber and one for the base. Moreover, instead
of taking only the naive product of the two P!’s, we can take instead a non-
trivial fibration of the first P! over the second one (see [12] for a detailed
treatment of the mirror of such cases that we review below).

These P! bundles over P! are classified by a single integer n and are called
Hirzebruch surfaces, denoted [F,,. Let us describe them in the notation we
introduced in the previous section. The geometry of the A; singularity with
a single blow up sphere we considered in detail was conveniently summarized
in the toric diagram figure 3. For two P'’s, one for the fiber and one for the
base, we will have to combine two of these geometries. The only non-trivial
question is how they are connected, in other words, to specify the fibration.
Let us continue to reserve the horizontal direction in the diagrams to denote
the fiber geometry whereas we use now the vertical direction to draw the
geometry for the base. The result is shown in figure 5.

Note that the fiber (base) P! corresponds to simply omitting the points
vy, Vs (v2,v3). Not surprisingly, the two geometries in figure 5 differ in the
fibration, the first one corresponding to the trivial product Fo : P! x P!
whereas the second geometry has a non-trivial fibration and is an F, surface.
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@) 1/z

) x(@2 3) 1/x b)

o)z

Figure 5: Local threefold geometries: a) Fy : P! x P! b) [F,.

To see this, let us write down the vertices and charge vectors:

mosl o) (3 000),
\o 1
o 0y (4.15)
10 21 1 00
sl ol e=(F e 5T
-1 -1

Recalling that the charge vectors llga) = ¢} define the C* actions z; — 2 g,
we see that in the first case the projective actions of the P! factors are
independent, (z1,T2,Z3,T4,T5) = (A "2u"2z1, AT2, A\T3, uT4, uT5), Whereas
in the second case the coordinates of the fiber P!, namely (z2,z3), trans-
form non-trivially under rescalings of the coordinates (z4, z5) of the base P!,
(71, T2, T3, T4,25) = (A 221, AT2, \u 223, ux4, pxs5). We have also indicated
in figure 5 the variables that solve (4.13) and appear in the hypersurface
constraint p(X*).

Note that the first coordinate, x1, is necessary to satisfy the anomaly
cancellation (4.1). It corresponds to the non-trivial canonical bundle of the
Hirzebruch surfaces F,,. To ensure the Calabi—Yau condition ¢; = 0 we have
to consider the 3 complex dimensional total space.

In the large base limit, which is the relevant one for the weakly coupled
field theory limit (see (2.2)), the difference between the two fibrations Fy
and Fy is actually irrelevant. It is only the stringy strong coupling behavior,
corresponding to small base, in which they differ. We will discuss these
points as we go along with the solution of the more general theories.

Let us finally sketch the appearance of matter. As explained already,
matter arises from extra singularities, localized above special points on the
base geometry. Geometrically this corresponds to introducing extra P'’s,
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blowing up points on the base. This is shown for the SU(3) gauge theory
with Ny = 1 matter in figure 6a). As in the previous example, the base is

Figure 6: Geometry for the SU(2) Ny = 1 theory: a) toric polyhedron A of
the type ITA geometry b) Riemann surface of the type IIB geometry.

a simple P! factor represented by the three points v, v3,v7 on the vertical
line. The horizontal line with points v3, v4, v5, g describes the case n = 3 of
(4.11), an Ajg singularity. Inspection of the relations 1(®) a5 in (4.15) identifies
the compact divisors v4 and v5 as a blowup of F; and the P! bundle F3,
respectively. The blow up P! corresponding to the matter corresponds to
the extra point vs.

The above geometry is also a simple example where it is possible to
choose two different partitions into cones, denoted by the dashed line in
the figure. In particular this means that the specification of the vertices
alone does not determine the geometry completely. Drawing rays through
the points v;, as in figure 2, is not sufficient to generate a valid collection of
cones, which is characterized by the property that the projection of the faces
to the hyperplane H we draw should yield a triangulation of the polyhedron
A defined by the points v;.

Physically, a choice of triangulation corresponds to the fact that the
spectrum of light relevant BPS states can depend on the region in moduli
space one considers. A simple representation of this fact is shown in figure
6b which displays the Riemann surface E representing the mirror geometry
of the toric geometry in figure 6a. Each interior point of the polyhedron A
corresponds to a non-trivial homology class of E and moreover each link of A
to a non-trivial 1-cycle on E. Moduli of the gauge theory are associated with
periods along 1-cycles in the compact part of E whereas bare parameters as
the gauge couplings mass parameters arise from 1-cycles that wrap the non-
compact legs of E, related to the behavior “at infinity”. Depending on
the region in moduli space, the period over the 1-cycles between the points
v; and v4 may be smaller or bigger than the one over the dashed cycle
between the points v and v3, Choosing the one that leads to the smaller
value corresponds to choosing the triangulation of A.



80 MIRROR SYMMETRY AND EXACT SOLUTIONS ...—1

4.4 Mirror Map on Moduli Space and the Exact Solution

Let us finally collect the necessary ingredients to determine the exact solu-
tions for the moduli dependent gauge couplings from the geometry.

In the type ITA compactification, the volumes V, of the 2-spheres combine
together with the anti-symmetric tensor fields B, to form complex fields ¢,
parameterizing the Kahler moduli space. In the Mori basis we introduced
previously, the Kdhler moduli ¢, correspond 1-1 to the charge vectors 1(9), as
is clear from their interpretation as FI parameters in the linear sigma model.
Mirror symmetry, now on the moduli space, relates the Kahler moduli £, of
the type ITA geometry X to complex structure moduli z, of the mirror
geometry X*

1
to = By +1V, = =——Inz, + O(2,),
271
where the so-called algebraic coordinates z, are given by

l(a)

= :I:ﬁa , (4.16)

with the a; defined as in (4.12). The exact worldsheet instanton corrected
prepotential is then obtained from the period integrals of the unique holo-
morphic (d,0) form © on X*, in the general form given in [39]. Another
expression, which turns out to be useful in certain cases, is the logarithmic
form:

= o T 2 4.17)

In(p(X ))1:[ t (4.

It is straightforward to check that the period integrals II; = f Q of Q,
where -y; is a basis of non-trivial homology d-cycles, fulfill the GKZ system
of differential equations

AN 9 _®
H (6—%)’° = H (Ea_;) kL (4.18)
1950 1M <o

Moreover, as a consequence of the C* actions, the period integrals depend
only on the combinations z; of the a; defined in (4.16). This invariance can
be similarly expressed in terms of differential equations. They depend in
addition on a choice of gauge for  which fixes the proportionality factor
that depends only on the complex parameters a;. The Calabi-Yau periods
are then obtained by choosing linear combination of the solutions to (4.18)
with leading behavior determined by the intersections. Specifically, the per-
turbative one-loop prepotential of the four-dimensional N = 2 gauge theory,
defined by a choice of a root system Rg corresponding to a gauge group
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G and matter representations corresponding to weight vectors w € Wg, is
given by

_ & ey (@)? i o2y (6 w)?
F = i Z (@-a)°In 12 ypm Z (@ w)*In o (4.19)
a€Rg weWg

where a; are the Coulomb moduli parametrizing the moduli space of the
N = 2 theory. From the string point of view, the perturbative couplings
(4.19) describe the intersections of the type IIA geometry X. Once we
have completed the geometrical engineering of the appropriate local geom-
etry of 2-spheres, such that the intersections reproduce the perturbative
piece (4.19), the exact solution is immediately determined in terms of the
Picard-Fuchs system (4.18)°. Note the amazingly direct relation between
the group theoretical data (a € Rg, w € W) defining the perturbative field
theory, and its exact geometrical solution in terms of the differential equa-
tions (4.18). Essentially all we need is the direct correspondence between
the charge vectors 19 and (o, w) defining the 2d and 4d field theories, re-
spectively. This is similar to statements about the relation of Picard-Fuchs
equations with the matter representations made in the context of N = 2
field theories in [45,46]. The periods II; describe the exact special geometry
of the Calabi-Yau moduli space. To get the rigid special geometry of the
field theory moduli space we have still to decouple gravity effects, as in [5].
We will describe the appropriate limit when we treat the general case of a
product gauge group in section 5.2.

5 Linear Chain of [[, SU(k;) With Bi-Fundamental
Matter

We will now describe the geometrical construction of the exact solution of
the linear chain of SU groups with bi-fundamental matter between adjacent
groups. We begin with a simple case of SU(N + 1), Ny = 1 and gradually
add the different building blocks needed to describe the most general case.

5.1 SU(N+1) with N; =1

We start with the construction and solution of the model shown in figure
6, with the generalization that we consider general SU(N + 1) instead of

9For details on Calabi—~Yau techniques to determine the periods from the GKZ system,
see [43,44].
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SU(3). The type ITA geometry X is therefore defined by the n, = N + 5
vertices v; in R?:

vi0 = (1,0), vo; = (2,7), v3x = (3,k) , (5.1)

with 7 € {0,...,N + 1} and k¥ € {0,1}. To make contact with the gauge
theory we identify the classes C; of the 2-cycles and their intersections. As
explained previously, the classes C; are in 1-1 correspondence with linear
relations of the vertices v;, described by the charge vectors

19) = (1,-2,0M*1,1,0),
19 = (0},1,-2,1,0N 02), i=1,...,N, (5.2)

l(m) = (Ov_lvlaONalv_l)a

where we introduce the following notation: parameters related to bare gauge
couplings will be denoted by a superscript (g), and similarly bare masses by
(m) and Coulomb parameters by (c).

5.1.1 Local Type ITA Geometry

Let us describe the local geometry of the above toric variety X in some
more detail; in particular we want to show that it contains the homology of
2-cycles with the appropriate intersections. The derivation in the following
paragraph requires some more knowledge of toric geometry which is not
needed otherwise to follow the remaining discussion.

The polyhedron A defined by (5.1) describes a toric variety, whose com-
pact part is composed of a chain of N rational ruled surfaces E;, i =1,...,N.
In the above model, the E; for i > 1 are Hirzebruch surfaces F,, with
n; = 2i — 1, and the first one, F1, is a blow up of I, along the intersection of
the section and the fiber. The blowup corresponds to the additional vertex
v3 1. The curve classes can be described as follows: each Fp, has two sections
s;, t; with intersections s? = —ny, t? =mn; 8;-t; =0 and a fiber f; class
with f; - s; = 1. Since the compact divisors E; meet along sections, there
is only one independent class from the sections, which we can choose to be
the section of the first factor, F;. In addition we have N fibers f; and the
exceptional curve of the blow up, u, which supports the matter hypermul-
tiplet. In summary we have N + 2 curve classes s, f;, v with the following
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intersections with the divisors F;:

. -2 ifi=7j
-2 ifi=0 ifl¢—3g
i+ By —'{ 0 otherwise i By = (1) gtllfe;w]ilse_ b
(5.3)
-1 if:=0

0 otherwise

where we denoted by Ey the non-compact divisor at one end of the Ay
chain. Note that these intersections are precisely the entries of the Mori
vectors (5.2). Moreover, I(9) and I{™ describe the charges of the SU(N +1)
vector bosons and the highest weight of the fundamental matter in a Cartan
basis, respectively.

5.1.2 Type I.3 Mirror Geometry

The intersections (5.3) guarantee the correct leading behavior described by
the perturbative gauge couplings (4.19). To solve for the exact dependence
including instanton corrections, we apply now the local mirror transforma-
tion (4.13) to the above type IIA geometry parametrized by the Kahler mod-
uli to obtain the type IIB geometry parametrized by complex deformations.
A solution is given by the monomials

1
ZoNHL Noy g NHL g 2NH2 2N+
z

and after setting s = 1, using the C* action (z,w,s) = (A™Y "1z, Aw, \s), we
obtain the defining equation for the mirror manifold X*, a Riemann surface:

p(X*) = =L+ Pyya(w) +2(az0 + a3 ) , (5.4)
Pypi(w) = T2 agnum . |

The moduli a; ; are related to the vertex v; ; carrying the same index. Note
that although the curve (5.4) is appropriate to describe the field theory, the
expression (4.17) for the holomorphic 1-form, @ = In(w)dz/z is not (yet).
Only after taking the large base space limit, which requires a shift of the
w variable to stay near the singularity, will the answer agree with the field
theory answer. We discuss the precise limit together with the more general
case in the next section.
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5.2 The Linear Chain With Bi-Fundamentals

Let us consider now the general case of products of SU(N) factors with
matter in the bi-fundamental representations. In the case of a single SU(N)
factor, we had a single P! as the base geometry. For the generalization to
a product of SU(N) factors we have simply to replace the single P! by an
Apr chain of P!’s with nearest neighbors intersecting. The toric diagram
now looks as shown in figure 7. The vertical line at the left end describes

00 o

) l\ O - - —=o_ (kI+D
0 -==- I——\ @ka+n)
'

™Mo I—WQ

(M+1,0)

Q0 &

Figure 7: Polyhedron A for the product gauge group H,].Vil SU(k; +1).

an Ajps Dynkin diagram associated with the base geometry, whereas the
horizontal lines describe the SU factors from the fibers.

In figure 7 we have implicitly assumed the convexity of the polyhedron
A. The convexity assumption is needed for the validity of the mirror de-
scription in terms of polyhedra. This can easily be seen to be equivalent
to the appropriate high-energy behavior of the product gauge theory: The
matter content of a given SU(k, + 1) factor is (ky—1 + 1) + (kr41 + 1) fun-
damental representations. Asymptotic freedom requires 2k, > k,._1 + kr41,
in agreement with the convexity of the polyhedron A. :

However, the non-convex toric diagrams also have a valid physical in-
terpretation. Assume we start from a convex toric diagram as in figure 7,
but tune the moduli of some of the vertices on the right side towards zero.
This is an allowed moduli and leads to some P!’s becoming large. Therefore
the corresponding gauge bosons and matter fields associated with D2-brane
wrappings get very heavy. At low energies, the theory is described effectively
by states associated with the small 2-cycles, which might well be described
by the homology classes of a non-convex toric diagram. However, we should
think of such a diagram as being part of a more complicated theory, including
the vertices required by convexity.

There are two types of situations which may arise; the toric diagrams
are depicted in figure 8. In the first case, completing the diagram effectively
enlarges the rank of the previously infrared free SU factor. In this case
the consistent high energy behavior is restored by the presence of additional
charged vector bosons and their negative contribution to the beta function.
In the second, more interesting case, the rank of the gauge group stays the
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same. The consistent high energy behavior arises from a non-trivial coupling
of the infrared free SU factor to the other group factors. The vertices v; € R?

b)

Figure 8: Toric completion of an infrared free gauge group factor (grey
vertices) a) convexity requires an additional vertez v/ (black circle), b) the
completion of the convex polyhedron requires only a new link between the
neighbored SU factors (dotted line).

of the polyhedron A can be read off from figure 7. For a product gauge group
ﬁ‘il SU (k. + 1), we have n, = 2 + 2M + k vertices, where k = ) k.

There are ng; = 2M — 1 + k independent classes of 2-spheres Cj;, whose
(c) (m)

volumes describe the k& Coulomb parameters z, ;, M — 1 bare masses z;

OR

and M coupling constants z;

() _ @ri-10rit1 _ .
zr,i =T ,’I”—].,...,M ,’l—l,...,kr,
i
(m)  _ ar08r41,1 —
Zr —m ,T—l,...,M 1, (55)
ar—1,00
29 = Gr=100r410 cr=1,...,M.
a’r,O

The naive dimension of the mirror manifold is n, — n¢, = 3. However this is
a case where we had no superpotential on the type ITA side and we expect
a reduction of dimension by two as explained previously. The Mori vectors
1@ can be easily read off from equations (5.5), (4.16). The local mirror
geometry, given as the solution of (4.13) with the Mori vectors defined as
above, describes a Riemann surface X* given as a hypersurface:

M kot
p(X*) =a00+ Y ZP(w)+apo,  Pr(w) =) anut.
r=1 =0

To reduce to the field theory limit, we shift w by a constant ~ ¢! and send
€ — 0. This shift has to be accompanied by a corresponding limit in moduli
space to stay near the singular point of the Ay, singularity described by
P.(w). This identifies

Qg ~ ¢kt (5.6)

as the correct limit. Furthermore ag,ap4+1 ~ €. The algebraic coordinates
(5.5) scale in this limit as

AV M~ P9 et
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where b, = k,_; + kr41 — 2k, is the beta-function coefficient of the r-th
group factor. For asymptotically free theories b, < 0 and the limit € — 0
corresponds to taking a very large base, as expected: From (4.16) the volume
of the r-th 2-sphere in the base scales as V. ~ b, Ine. Moreover, for each
configuration saturating the limit, 2k,+1 = k, + kr42, we gain a new finite
parameter zﬁﬂ_)l in the field theory limit, corresponding to an undetermined
bare coupling 7. Note that this parameter appears naturally as the Coulomb
modulus of an SU factor from the base. This will be important when we
identify the S-duality group and its physical origin.

We complete the discussion of the chain model with an explanation of the
local type IIA geometry. Similarly as in the case of a single SU(N) factor,
the interior points of the polyhedron describe the compact divisors E: of X.
We have ¢ = 1,...,k, of such exceptional divisors, ruled over the r-th base
P!, which itself intersects transversally the adjacent spheres P!_; and P._,
in the base. The divisors E! are Hirzebruch surfaces F,: blown up along the
intersection of . with a fiber (ﬁber~over the same point of P! for all 7). The
proper transforms are denoted by ti. There are also the exceptional curves
ut. introduced by the blowups.

E! and E**! are glued together by attaching the sections E}: to sit!l. Since
the normal bundles of this common curve in E} and E:*! can be seen to add
up to —2, this can be embedded locally in a Calabi-Yau threefold.

Finally, E meets Ef,; by the identification of u’ with u’,,; these are
each curves with self-intersection —1, so the union can be locally embedded
in a Calabi-Yau threefold. Note that we have now one fiber with k + M —1
components. The Mori cone is generated by these k + M — 1 components
of the fiber, together with M sections s,, giving the total of k¥ + 2M — 1
generators.

6 Trivalent Geometry and Addition of Fundamen-
tal Matter

To add N; matter in the fundamental representation for a given gauge
group SU(N,), we can introduce an extra sphere which intersects a given
P! base corresponding to the gauge group of interest, on top of which we
have an Ay ;-1 singularity. In this way we obtain extra bi-fundamental mat-
ter (Ny, Nc). By degenerating the extra sphere, i.e. by considering the extra
sphere to be very large, we weaken the SU(Ny) dynamics, thus ‘demoting’
it to a spectator flavor symmetry group. In this section we would like to
add matter to the linear chain of SU groups considered in the previous sec-
tion. In order to construct this geometry along the lines just discussed we
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clearly need an additional building block of our base geometry, correspond-
ing to the trivalent vertices in the base. That is, we need a central sphere of
self-intersection —2 intersecting three other 2-spheres once. '
A non-trivial constraint arises from the fact that this geometry has to
be compatible with the Calabi-Yau condition. Recall that each Mori vector
defines a 2-cycle C; which is a generator of the canonical base for the 2-cycle
homology and moreover that the intersections of this 2-cycle with the divisors
in X are proportional to the entries of the Mori generator. If X is Calabi-
Yau, the entries of each Mori generator always have to add up to zero'®. The
Calabi-Yau geometry forces us therefore to introduce one other vertex with
contribution —1 such that the Mori vector of the central 2-sphere becomes
10) = (=2,1,1,1,-1,0,...). The local mirror geometry, solving (4.13), now
contains the monomials
l’w’y’z’wyz b (6'1)

where we have used a C* action of the solution to scale one of the variables
to 1.

The solution to the local mirror geometry of the trivalent vertex uses two
more variables than the 2-vertex we used previously in the chain. If we want
to keep the dimension of the manifold X three, adding trivalent vertices,
we have to add more equations, that is, we have to consider a complete
intersection manifold.

6.1 Gauge Group SU(N) with M Fundamental Matter Re-
visited

Before proceeding to the case of linear chain with extra fundamental mat-
ter, let us consider the special case of SU(N) with M fundamental matter.
We have already done this by viewing it as a special case of the chain of
SU(N) x SU(M) where the SU(M) coupling is weakened. Now we wish to
obtain it again using the trivalent geometry constructed above. The type
ITA geometry is shown in figure 9a. The vertices for the base geometry can
be read off from the figure (we add an extra zero at the end of each vertex
for the fiber direction). The fiber geometry involves an Ay _; chain of N —1
2-spheres fibered over sg 0, the central base P!, generating the gauge sym-
metry, and a further Aps_1 chain of M —1 2-spheres fibered over another base
P!, s0,1,0 (in an obvious notation), which generates the matter. These two
chains are described by two sets of vertices 1/,2’0’0 =(0,0,0,k), k=1,...,N

and 1/2’1’0 = (0,1,0,k), k = 1,..., M, respectively.By sending the gauge

10The fact that ci1 = 0 implies 3, 1{*) = 0 is a basic result in toric geometry. Alterna-

tively, in the linear sigma model language, >_; 15“) describes the anomaly contribution to
the a-th U(1) factor (4.1).
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[(B )]
[ ] © (020

Figure 9: a) SU gauge group with fundamental matter from the trivalent
vertex geometry, b) Product gauge group [[SU(l,) - SU(n) - [[SU(k:)
with bi-fundamentals and fundamental matter in the SU(n) factor.

coupling of the SU(M) gauge group to zero, the “degeneration” process
described previously, we are left only with SU(N) gauge group with M fun-
damentals. Geometrically we take the base P! of the Aj;_; factor to have
infinite size!!. In the toric geometry, this is easily done by simply cutting
the length of the leg carrying the Aps—q chain to one, that is, deleting the
vertex %20 from our polyhedron.

We proceed with the solution of the model. The (N) + (M) + (4 +1)
vertices fulfill N+ M relations corresponding to the N—1 Coulomb parameter
zzgci of SU(N), M mass parameters zz(m) and the universal scale parameter
209):

0,0,0 0,0,0 0,1,0 0,1,0
@ _ 91 9t (m) _ apray” gm) _ ai'iaiji
% T T 000y 0 20 000,050 % T T 0Ty,
(a;) Gy Qg (a;") (6.2)
0,1,0,,1,0,0 001
A0 =20 oog 111 :
(ag™")%ag
The mirror geometry X* is described by the hypersurface
p(X*) = Py(w) + 2 +y + 2 (ag™" 2y + Qur(w)),
(6.3)

0,0,0 0,1,0 i
Py(w) =Y N,ad® wi,  Qu(w) = Yiya v,

where we have set various coefficients to one using the C* symmetries of the

'Note that the 2-cycles supporting the matter multiplets sit at a common point of this
P!. Intuitively the limit corresponds to restricting to the neighborhood of this point on
the base P! while deleting the dependence on the global structure - this will effectively
lead to a reduction of the dimension of X.
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solution. Note that z appears only linearly in p(X*) and can be integrated
out. This integration imposes the constraint

e=zy+Qu(w)=0,
and solving e = 0 for, say, y, we get finally

p(X*) =z + Py(w) + ———= QM(w) ,

which is the expected result.

6.2 Product Gauge Group [[ SU(k,) With (k,, k1) ® m, - (k)
Matter

The above construction generalizes straightforwardly to the product gauge
groups considered previously. For each single group factor SU (k) we replace
the base P! by the central P! of the trivalent geometry, as shown in figure
9b for one SU factor.

The base geometry is now a chain of T trivalent vertices, where above
each central P! we have an Ay, _; chain of 2-spheres generating the gauge
symmetry and above each layer P! there is an A,,_1 chain of spheres adding
the fundamental matter. The vertices of the toric type IIA geometry can
be obtained from plumbing together those of a single trivalent vertex as
described before. They can be also recovered from our description of the
type IIB mirror geometry below. Figure 10 shows the structure of our chain

Z)X, Z,X, Xy Z3X;,Xy
X, X, X3

O\ o\ q
\ lelQl \ XzzzQz \ X3Z3Q3

\ \ \
\ \ N
\ N \
\ \ N
\ \ \
o N

1 X P, X,P, X3P,

Figure 10:

of trivalent vertices, where we have indicated the monomials that solve the
mirror geometry. The monomials associated to the geometry of the r-th
trivalent vertex can be collected into three groups:

2 Py (w), Pr(w) = XiZo #f o,
Tr2r Qr (W), Qr(w) =T ¢f w',

Pr = My xr—1$r+1% y

where zr4+1 and z,,2,, 7 = 1,...,T are 2 T + 1 coordinates for the base
geometry and w is the fiber variable. The polynomials P,(w) and Q,(w)



90 MIRROR SYMMETRY AND EXACT SOLUTIONS ...—1

describe the 7-th gauge system and its associated fundamental matter, re-
spectively. Moreover p, ¢; and u, are parameters related to the moduli
of the combined gauge and matter system. The monomials combine to the
hypersurface constraint

T+1 T

T
p(X*) =1+ 2, P(w)+ Y 2:2:Qr(w) + Y pr - (6.4)
r=1 r=1 r=1

The coordinates z, appear all linearly and integrating them out imposes a
set of T' constraint equations:

€r: wEQT(w) + prZr—1Zr41 =0,7=1,...,T,

with solution

o =" [[@a) (), Qrlw) ==-Qr(w)

a=1 H

Plugging them back into (6.4) we obtain the final mirror geometry, which
again describes a Riemann surface:

T+1 T

p(X*) =14 2 Pr(w) [[(Qa)"*(w) - (6-5)

r=1 a=1

6.2.1 Exact Solution for the Coulomb Branch

The Riemann surface (6.5) has the geometrical interpretation of a single
type IIA five-brane [8] as a result of a T-duality transformation on the ALE
fiber space [11]. For the present gauge and matter content it was derived
in [29] from strong-weak coupling duality between type IIA and M-theory.
However, the exact solution of the gauge theory needs more than just the
geometry of the Riemann surface F, as is clear from the fact that the same
E can describe very different kind of N = 2 theories depending on a choice
of metric on E. These data can be obtained easily from the type IIB picture,
which was the starting point of the T-duality to the five-brane in [8]. This
is a straightforward aspect of our toric construction: once the type IIA
geometry is set up, the toric machinery proceeds in a stubborn and precise
way until the very end, giving the exact solution of the theory in terms of
period integrals on X*.
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The moduli of the above gauge/matter system in terms of complex struc-
ture moduli of type IIB are given by

(€) _ PisiPiy1  _
Z,r,i "‘W)Z—la--')kr_l

(m),fund pggl  _(m).fund _ 9191
z = FA = —(—7*— i=1,...,m—1
T b q:‘) b I I T

p'{qa ()
. r 41
zy(‘m),bzfund _ prgpr]_‘_ ’
P1Pg
L9 — e
T (PS) pro
They describe the complex volumes of 2-spheres as follows: zﬁ? are the
k = >k — 1 Coulomb parameters, zﬁ?)’f und ond zﬁm)’f und jescribe the
(m),bifund

m = Y. m, mass parameters for the fundamental matter and zy
describe the T' mass parameters for the bi-fundamentals. Moreover zﬁg ) are
T coupling constants, parametrizing the T' — 1 relative gauge couplings and
the Planck mass.

For the derivation of the periods from the Picard-Fuchs equations, it is
convenient to use a complete intersection description of the above geometry
[47]. To do this, we have to give the so-called nef partition, which roughly
speaking corresponds to finding subsets S, of fields whose U(1) charges ¢
add up to zero within each set. For the present case this is trivial due to
the linear appearance of the z, in (6.4), and the nef partition is obtained
by grouping the vertices and monomials by powers of the z,. In this way
we obtain a set Sy containing all z, independent monomials and T sets S,
containing the monomials linear in 2, for each r. The holomorphic (3,0)

form is then [43,48]
T+4

11 ax,
=g lly 5

where the T + 4 variables X, correspond to the base variables z,,r =
1,...,T + 1, the fiber variable w, and two extra trivial variables v,u which
we add quadratically to Py as in as in (3.3). Here P is the Laurent poly-
nomial related to the hypersurface constraint by setting z, = 0,Vr in (6.4)
and similarly the P, correspond to the T equations e,'2. More precisely, the
residue of 2 gives the holomorphic (3,0) form on the threefold defined by
P.=0,r=0,...,T.

2For the precise definition of Laurent polynomials and the coordinates X.., see [48].
For an alternative canonical formulation using homogeneous coordinates, see [49)].



92 MIRROR SYMMETRY AND EXACT SOLUTIONS ...—1

It is straightforward to check that € fulfills the GKZ system of differential
equations (4.18), which determine the instanton expansion for the period
integrals of 2.

Let us finally give the field theory limit and check that it agrees with the
general expectations. Requiring to be near the singular point of each of the
A factors of the fiber geometry, the limit is of the form

kr my 0

T T
by~ € y o ~ € s Hr ~ €,

implying finiteness of the field theory moduli

d .
z7(‘::l) ~ zizz),fun ~ zT('m),fund ~ z1(”m),b1,fund ~ 60 .

On the other hand the scale variables zﬁg) behave as

zy(-g) ~ e_br, by = 2k — kry1 — kr—1 —my
precisely as required by the beta-function coefficient b, of the r-th gauge

factor.

7 Affine E,, Geometries From the Trivalent Geom-
etry

In the next section we will derive the mirror geometry of affine singularities
using elliptic fibrations over the complex plane. Here we want to describe
briefly how we can get the affine E, geometries from the trivalent geometry
by extending what was done in the previous section.

Since we are interested in the base geometry to look like an affine E,
Dynkin diagram, we now allow all three A chains emerging from the central
sphere to have length > 1. Let us denote these chains as Ap_1, Ag—1, Ar—1.
From (6.1) and the obvious intersections of the A chains, the mirror geometry
contains the monomials

. 2 3 .2 .3 .2 .3 r
Lz,y,zxyz; =%, a---)wp’ Y,y 1~--ayqa RH%750 042 (71)

and describes the complex deformation of a singularity called Ty 4, [50].
From the discussion of the trivalent vertex in the previous section, it is clear
that this corresponds to the mirror of type ITA geometry of trivalent base
geometry. The general singularity of this type has indefinite intersection
form and will not lead to the perturbative prepotential of a well-defined field
theory in four dimensions (though it would be of interest for questions of
mirror symmetry in N = 4 theories in d = 3 as discussed later in the paper).
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Figure 12: Affine E,, base geometry of the 4d superconformal theories.

As discussed in section 2 the limiting case that would be of interest for
constructing superconformal theories in four dimensions are the ones (with
semidefinite intersections)

Ts33 :y°+ 23 + 2% + pzyz,
Toa4 : y? + 2t + 24 + pryz, v (7.2)

Toze Y2+ 23+ 25+ pzyz,

which give affine Eg, E7 and Eg geometry in the base. We can now proceed
to the construction of the E, type of superconformal theories as follows: we
start with a type IIA singularity which is composed of three A,_; chains
of length n; = (p,q,r), which intersect the central sphere of a trivalent
geometry, with (p,q,7) being one of the values in (7.2). For concreteness
let us consider the Fg case corresponding to (p,q,7) = (3,3,3). The mirror
geometry is described by the monomials (7.1), combined in the hypersurface



94 MIRROR SYMMETRY AND EXACT SOLUTIONS ...—1

constraint

p(X*) =¥+ vz +y+2)+o@E@®+ i+ 2) +28+ 3+ 2B ayz, (7.3)

where (z,y, z,v) are the homogeneous variables. Equation (7.3) describes a
del Pezzo surface Bg with ¢; # 0. We can easily restore ¢; = 0 by using
v - p(X™) as the hypersurface constraint, which describes a singular quartic
K3 surface.

However this is not the end of the story because we wish to use this Fjg
geometry as the base and fibering A, chains above the blow up spheres of
the original type IIA geometry. Let k;; denote the rank of the A, chain
above the i-th base sphere in the z direction and similarly for y,z. The
mirror geometry becomes

p(X*) = v*Py, o +0*(@Pr,, +yPr,, + 2P, )+
(7.4)
V(2% Pry , + V2P, , + 22P,,) + 28 + 2 + 23+ ayz

where the coefficients P, = P;(w,w') are polynomials of degree i in the
homogeneous variables w,w' on the fiber. For

kzi=ky;=k.;=(3—1)k, k€Z,

the hypersurface determined by the polynomial vww'p(X*) = 0 describes a
Calabi-Yau threefold X*. There are two independent C* actions

(v, z, z,v,w,w') = (Ne=2y, Xe=2g, Me=22 \~2~ky, \pw, Apw'), which can
be used to set v and w' to one.

The above geometry, and its E7, Eg variants based on the other two
singularities in (7.2), describe the exact solutions to the superconformal N =
2 gauge theories defined in section 2. The toric geometry of the E, base
can be read off from figure 12, where to each node we show the associated
monomial of the mirror geometry and the Dynkin numbers which determine
the relative multiplicities in the rank of the A, fibers.

The fibration of the A, fibers proceeds as in the Eg case described above
and leads to the following defining polynomials for the mirror geometry:

Eg: SU(k)® x SU(2k)3 x SU(3k)
p(X*) =P+ 23+ 23+ /u:yz

+Zz—z sz ’w)+z.’1737'1' +Zy3zzP w),

Eq: SU(lc)2 x SU(2k)® x SU(3k) x SU (4k)
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p(X*) =¢* + 5" + 2* + payz (7.5)

4 3
+ Z 24 PE (w) + Z i P% (w) + Z y* Py (w),
i=1 i=1
Es: SU(k) x SU(2k)? x SU(3k)? x SU(4k)? x SU(Sk) x SU(6k)
p(X*) =92 + 23 + 2% + payz

6 2
+ Z zﬁ‘iviP{’fk (w) + Z 32 PE | (w) + Z y? ?”Pe’j’Z o (W),
i=1 i=1

7.1 Exact Solution for the Coulomb Branch

We proceed with the exact solution of the superconformal theory corre-
sponding to the affine Eg quiver. The other two cases can be treated very

similarly.

To fix notations, let us label the vertices of the type IIA geometry in
figure 12 by the letters a; ; for the “2” leg and similarly by b; ; for the other
two legs starting from the central sphere. The first subscript ¢ denotes the
Dynkin number and the second subscript the j-th vertex of the A, chain of
the fiber. The fiber polynomials in (7.5) are then

PJ (w) Z?”B ijwl, i€ {2,4}, PY(w)= Z?io bs jw?,

P (w) = E;io a,-,jwj, 1=1,...,6.

We abbreviate the parameters of the base by dropping the second subscript,
a; = a0, etc. In total we have 13 + ca(Es)k = 30k + 13 vertices. To obtain
a local threefold they should fulfill 30k + 8 relations. These are the 30k — 9
Coulomb parameters, 8 mass parameters, the 8 relative coupling constants

and the elliptic modulus:
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zz(g) _ EIL::FI_ i=1,..,5 a =1, zég) = a%BJal;: )
ygg) — g_g’ ygg) — %g, ygg) - g%g,

A0 =ttt o 6 (=1, ..,0k—1,

ot

Y = Wikl 934 1=1,.ik -1,

,l

(m) _ 0;00i41,1
7 = L

5 (m) _ baoba (m) _ ae,0ba
Q;,10:4+1,0° B

%6 = byabag’ = a6,1b4,0°

z(m) _ asob31
8 7 a1b30’

where we have used a basis adapted to the Dynkin diagram for the coupling
constants zl(c). The elliptic class is given by T13_;(z)* [Tj—s.5.4¥)e=n"6.
Using the definition (4.16) of the complex structure moduli, it is easy to
read off the charge vectors /(2 from (7.6). The exact instanton corrected
prepotential is then given in terms of the period integrals, the solution to
the Picard-Fuchs system (4.18). The field theory limit is as in (5.6), that
is, the coefficient of the power of w* of a SU (k) factor scales as e¥~%. Tt is
easy to check that all moduli in (7.6) scale as ¢” in this limit. Moreover the
holomorphic form on X can be written in homogeneous variables as

_ dydzdzdvdwdw’
T vww'p(X*)

where w' is the second homogeneous variable on the fiber. More precisely,
taking into account the invariance under the two C* actions, 2 restricts to
the holomorphic (3,0) form on the hypersurface p(X*) = 0. Very similar
statements hold for the field theory limits and the holomorphic forms for the
following theories based on affine base geometries and will not be repeated.

It is clear from the above that we can also obtain the curve for the case
with arbitrary ranks of the gauge group corresponding to the affine E base,
simply by changing the degree of the corresponding functions of w. We can
also obtain the exact solution if we put additional fundamental matter for
each gauge group, as we will next discuss.

7.2 D and E Dynkin Diagrams as the Base

As noted in section 2, asymptotic freedom also allows SU gauge theories
based on ordinary D and E Dynkin diagrams. Note that the ordinary D
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and F Dynkin diagrams also correspond to T} 4 geometry. In particular
Dy, corresponds to the T59,_2 geometry and the ordinary E cases are the
same as T235,1234 and Tp33 for Eg7¢ respectively. It is clear from the
previous discussion how one writes the type IIB geometry for these cases
with arbitrary rank gauge group on top of each node. Moreover, we can add
fundamental matter to each gauge group just as in the case of a linear chain.
In fact, treating each edge of the E, or D,, Dynkin diagram emanating from
the trivalent vertex as a linear chain, we have a situation already studied.
In solving for the curve we will get just as in the linear chain case additional
polynomials raised to some powers for each node, and their powers will
increase as we go down the chain. Since various aspects of these have already
been discussed in detail in previous sections we will not go into any further
detail.

8 Elliptic Singularities and Affine ADE Quivers

We complete now the description of gauge groups with the base geometry
given by affine ADE singularities using elliptic fibrations over the complex
plane. This kind of singularities is well studied in the mathematics literature
[18,28] and has been analyzed thoroughly in the context of heterotic/F-
theory duality in [21].

k

k k k k
Figure 13: SU(k + 1)V+1 gauge theory from affine Ay in the base.

The result from local mirror symmetry we obtain is that the local mirror
geometry of the Kahler resolution of affine ADE singularity describes the
moduli space of flat ADE bundles on a torus E. This was already anticipated
from our discussion of section 3. Although we restrict again to the ADE case,
the non-simply laced cases can be treated similarly [22].

We proceed in this section as follows. First we will study the missing
cases, the two infinite series of 4d superconformal theories based on the affine
Ay, and D,, geometries, respectively. We will then relate our results for all
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the ADE geometries to the description of flat G bundles on an elliptic curve
E and use this connection to determine the S duality groups.

8.1 Affine A, From Elliptic Fibrations Over the Plane

The first of the two infinite series of superconformal 4d gauge theories con-
sists of fibering Ay singularities over the affine Ay base. This base geometry
can be constructed by blowing up the local singularity

y? = a3 + 22 4tV (8.1)

in a fibration of an elliptic curve E over the C plane. As before, we choose
a sextic in WIP; 2 3 as our model of E.

Let us describe the toric data for the type IIA base geometry. The
polyhedron is defined by four vertices 9, describing the generic sextic, and
N + 1 vertices v;, ¢ = 1,..., N + 1 introduced by the blow ups:

%o = (0,0,0), 91 = (0,2,3),52 = (0,-1,0),93 = (0,0, -1),

v1=(1,2,3),v9 = (1,2 — 1,3 — 1), vi31 = (1,2 — 1,2 — 1), i > 0.
(8.2)

Above each blow up sphere we fiber now an Ay singularity. To describe
the toric polyhedron, we add a zero entry at the end of each vertex in (8.2)
and join (k + 1) - (N + 1) further vertices:

vy =v;+(0,0,0,0), I=1,...,k+1. (8.3)

This completes the construction of the type ITA geometry.

As before, let us associate to each vertex v;; the parameter a;; that
multiplies the corresponding monomial in the defining equation of the mirror
geometry. Moreover we abbreviate a;o by a;. The relations 1(®) needed to
define the mirror geometry and its moduli space, written in terms of the
moduli (4.16), are as follows: The volumes in the base are parametrized by
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the relations:

zgg) — agag_&, , zgy) — 9%4_, zéy) — alaﬁgéa,

ajao a a3do
N
L9 asiasina 2 2  Neven
2i+2 0its . ——;1 -2 Nodd'’

N
(9) _ asi—102i43 , _ 5 -1 N even
z2i+1—' 2_741 2 5 1—2,..., &

93i+1 A4l —2 Nodd'’
(8.4)
92 N even
(9) _ an—2an41 o
zyy = N=2NAL 5 o 4
N ay {%g- N odd ’
d0a2
= N even
20)  — awaxy 3
+17 a2 P :
N 22 N odd
0

Moreover, the gauge system of the fiber is described by k- (IV 4+ 1) Coulomb
moduli and N + 1 mass parameters, of which N are independent:

() _ @i l—-1041+1 (m) _ @3,0%i42,1
z = a?,z , z = —_ai,lai+2,0. (8.5)
In total we have n, =4 + (N + 1) - (k + 2) vertices fulfillingng =1+ N +
(N +1) - k + N relations. Taking into account the hypersurface constraint
this gives a mirror geometry of dimension n, — ng — 2 = 3. Combining the
monomials that solve (4.13) with the I(%) as defined by the above relations
and (4.16), the hypersurface constraint reads:

Ay : SU(k+1)N*+!
p(X*) = v(y® + 2 + 2° + pyz2)

+zN+1P,§ff1) (w) + zN_le,g_Irl_l)(w) (8.6)

yng,gg_)l (w) N even

N-2, p(N-2)
+2z yPk+1 (’U)) + ...+ { w(N+1)/2P]£(_)|_)1(w) N odd .

The coefficients in the polynomials P,gfl) (w) are related to those in egs.(8.4),

K
(8.5) by P, ,§+1’(w) = SH a1k wh
To solve p(X*), note that v appears only linearly and can be integrated
out. This results in the constraint:

E:y?+23 428+ puyze=0.



100 MIRROR SYMMETRY AND EXACT SOLUTIONS ...—1

Thus (y, z, z) become coordinates on an elliptic curve E. We are left with
the second term in p(X*), which, after reordering in powers of w, reads

k+1

k
0 = Zfz(yax’z)wz = f~k+l(y=$a z) (wk+1 + Z f'l,(y) z, Z) wi)a (87)

=1 i=1

where for N odd

filty,z,2) = a2V +agizVN "z 4+ aygy iV HD/2
(8.8)

fily,z,2) = fily,3,2) fh(y,z, 2),

and similarly for N even.
The functions f; are rational functions on the torus E, with poles at the

zeros of fiyq1. This is in agreement with the results in [29], where the zeros
of fr+1 are interpreted as the positions of five-branes on the torus E.

8.2 Affine Dy From Elliptic Fibrations Over the Plane

The second infinite series arises from a base geometry of 2-spheres intersect-
ing as determined by the affine Dynkin diagram of Dy. The local singularity
which is blown up on the type IIA side is given by

y? = 2?(z +ct) + VL (8.9)

A description of the type IIA geometry based on the standard representation
of the torus as a sextic in WP 2 3 starts from a toric polyhedron A spanned
by the vertices for the elliptic curve

E:p = (0,0,—1), P2 = (0,_1,0), pP3 = (0, 2a3)a Voo = (0’ 0, 0)’ (8-10)

together with N +1 vertices describing the blow up spheres of the singularity
(8.9):

v =(1,1,1), v5=1(1,2,3),v8 =(2,3—4,4—4),i=1,..,N—3

fvf=(1,2-n,2-n),
N even '{yz":(l,l—-n,2—n),
=(1,1-n,1-mn),

N odd : 4"
04 e =(1,1-n,2 —n),
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where n = (N —2) for N even and n = 3(N —3) for N odd. We use again
the definition of the moduli (4.16) to describe the charge vectors 1(*), needed
to determine the mirror geometry:

A9 —wms o N5

i

ygg) — agbiby ygg) — ON-aciCy

alao ? aN_aaO
9 _a (9) _a
-'L‘g) — ;Jfl, z ) — 11);?3, (8.11)
(9) __ an-3pm (9) _ an-3p3m
T3 =g T =g N even,
2
:L'gg) — GN;3P2, wgg) — aN;aapzp] N odd.
2 1ap

The elliptic class is given by (] z§9))2(1‘[ yz(g))z(l_[ xﬁ-")) with the powers re-
flecting the Dynkin numbers of the affine root. The mirror geometry, ob-
tained by solving (4.13), results in the hypersurface constraint

Dy:  p(X*) =po+vp1+v°py, (8.12)
with
po = (¥% + 2% + 28 + agzy2),

pL = (b1ZNy + bgzN+3 + clz4-—eyw(N+e)/2—2 +c2z3+em(N—e)/2),

2N -2 2N—4,.2 8 N—4
z );

py = (012 + agz T+ asz +...+an_32°z

where € = 0 (1) for N even (odd). The hypersurface constraints p(X*) are in-
variant under the C* action (y, z,z,v) = (A\y, A2z, Az, A>~Nv) and describe
two-complex dimensional Calabi-Yau hypersurfaces, after appropriate mul-
tiplication with powers of v.

To construct the 4d superconformal field theory we use this geometry as
the base geometry and then fiber, on the type IIA side, A, chains over each
2-sphere in the base, as dictated by the Dynkin numbers of affine Dy, times
an overall integer k.

As before, we describe these A, chains by adding new vertices to the
polyhedron A. They are

v = (%,%,%,7), 1=1,.,N=3, j=0,..,2k+1, vig =1y,

V’?)jz(*’*)*aj% i=172a -7=0”k+1’ VfaOEV

fo,j:(*,*)*)j)a i=1a27 .7=0?’k+1’ Vic,OEV'c
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Figure 14: Toric diagram for Dy : Dynkin numbers and conventions.

and we denote again the moduli multiplying the monomials of the mirror
geometry corresponding to these vertices by a; j, b; j and c; ;, respectively.

To determine the dimension of z, note that we had N + 5 vertices from
the base and we add now (N — 1)(2k + 1) + 2 further ones. Moreover we
had N + 1 coupling parameters measuring volumes in the base geometry.
A 3-fold geometry requires 2(N — 1)k + N further relations. These are the
2(N — 1)k Coulomb fields 2() and N mass parameters z(™):

MO = %udije2 =1 N-3, j=0,...,2k—1

a)i)j - aiyj_H

29 = bigbigtr i=1,2, j=0,.,k—1
b?z?] bi7j+1

z@,_ﬁgMﬂ, i=1,2, j=0,..,k—1

cig T

Gii+1
(8.13)

(m) _ gipait11  ; _

Zai = airacee LT 1,...,.N —4,
(m) _ a1,0bi1 - _
Zoi = a1,1b; 0’ i=12,
m an — Ci .
2 = aN-sociL i=1,2.

Cy2 aN-3,1Ci,0

The mirror geometry describing the geometry of the 4d N = 2 field theory
is then given in terms of the hypersurface (8.12) with

Dy : SU(k+1)*x SU2k+1)N -3
po = (y° +2° + 2° + agzyz2),

p1 = (blzNyP,g_ll_l('w) + bgzN+3P,g_2'_1(w) (8.14)
+Clz4_€y$(N+6)/2—2P£_ll_1 (,w) + 02z3+6$(N—e)/2P,§_2‘_1 (w))’
p2 = (a12*" P o1 (W) + az*N 2z P, o1 (W)

+... + aN_328£I7N_4P;1;v_|_—13 (w))’

where again € = 0 (1) for N even (odd) and the polynomials in the fiber
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variable are defined as
k+1

k+1 zbl Jw )

and similarly for the other terms.
Equations (8.11) and (8.13) define the charge vectors 1(®, The exact
solution is then given in terms of the Picard-Fuchs system (4.18).

8.3 Moduli Space of G Bundles on Elliptic Curves FE

We will describe now the relation of the mirror geometry of elliptic ADE
singularities to the geometric representation of moduli spaces of flat ADE
bundles over an elliptic curve. Physically, these moduli space of G bundles
over an elliptic curve E are interesting in the light of the duality between
heterotic string on elliptically fibered manifolds and F-theory. This has been
studied in [19] and [51].

Let us collect the equations defining the two complex dimensional mirror
geometry of the base manifold, adding the E,, cases, which can be obtained
in a similar way from fibering the elliptic singularities over the plane:

An-1: (P 4+ 2%+ 2° + pyzz) +o(azY + a2 2o+ az2V Py +
N/2
aNT
+{ s 3})
aNyzx 2
Dn : (42 + 23 + 2% + pzyz)
+’U(b12’ y+b2zN+3+clz yg;(N'*'E)/? 2_1_6223+6$(N e)/2)

+v (alz N 4 092?23 4 322N 452 + .+ ay_3282N~ 4)

Ee : (y2z + 2° + 222° + pzyz'z) + (azv zz' + a1vz?2'?)
+(bov?y2"® + brvy?) + (c20222"% + €1v222"%) + d3v®2’, (8.15)
Er: (v* + %2 + 2°2'° + pay2 z) + (arvz® + a2v2x2z' +asv32 ')
+(b3vz "+ 22822 + b2t 3 + v Sy+d z’6v4,

Es : (v + 2® + 2% + pzy2)
+(agv® + asv52 + agv*2? + a3v32® + a9v?2* + a1v2%)
+(b3v3y + byv?z? + byv'z).

We assert that the complex deformations of the above two dimensional sur-
faces give a geometrical representation of the moduli space of flat G bundles
over an elliptic curve E, where G is one of the above ADE groups. To this
end note that the divisor v = 0 projects onto the degree six elliptic curve
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E : WP%’2,3 with modulus p. Moreover the scaling v — Av induces a pro-
jective action on the moduli parametrizing the complex structure, such that
they become coordinates on the weighted projective spaces:

An_1: (a,l, ey G,N) S ]P’N_l,
Dy : (b1,bz,c1,¢3,01,-an-3) € WP 15 o,
FEs : (al, bi,c1,az,bs,co, d3) S W?,1,1’2,2’2’3,
E7:(a1,b1,a2,b3,¢2,a3,b3,ds) € WP | 555334,

. 8
Eg : (a1,a2,b2,a3,b3,04,b4,05,a6) € WPT 05334456

These are precisely the moduli spaces predicted by Looijenga’s analysis of
the moduli space of flat G bundles on F [52].

Let us describe the geometry of these spaces in more detail. In the Ay
case, v appears only linearly, and integrating it out results in setting the v°
and v! pieces to zero separately. The result is a zero dimensional geometry
of N +1 points on the elliptic curve E. This is the spectral cover description
presented in [19,51]. For the E,, cases, setting the extra variable 2’ to one in
virtue of the present C* symmetries, the equations (8.15) represent del Pezzo
surfaces'® Eg : WP$ | , 3[6], Er : WP3 ) | 5[4], Eg: WP}, | (3], respectively.
Again this agrees with the representation of E, bundles in terms of complex
deformations of del Pezzo surfaces in ref. [19)].

This identifies the apparently disconnected descriptions of the geometri-
cal objects appearing in the analysis of [19] as the mirror of the physical type
ITA compactification geometry. Note that the reasoning given in section 3
explains the connection we have found between the mirror of this type ITA
geometry and the moduli of flat ADE bundles on an elliptic curve. Moreover
here we have obtained also the geometrical description for the Dy case for
which no representation in terms of complex deformations was known. As
mentioned, the non-simply laced cases can be obtained in the same way [22].

8.4 S-duality Groups

As discussed in the previous sections, when we consider the chain of SU
groups arranged according to the affine ADE Dynkin diagrams whose ranks
are proportional to the Dynkin indices and where for each link we associate
bi-fundamental matter, we obtain an N = 2 theory in four dimensions with
vanishing B-function. Similarly if we consider the configuration of SU groups
according to ordinary ADE diagram with extra matter fields as described

13The number in the last bracket denotes the degree of the polynomial.
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previously, we obtain again superconformal theories. Thus the coupling con-
stants of these gauge groups do not run and it is natural to ask what is
the space of inequivalent coupling constants. This moduli space is the naive
classical moduli space of coupling constants modulo the S-duality group.

From our construction of the type IIA geometry it is clear that the space
of couplings is the same as the moduli controlling the (affine) ADE geometry
of the base. Moreover the moduli space of the affine base geometry describes
the blow up of elliptic ADE singularities and is equivalent to the moduli Mg
of flat G C ADE bundles on a 2-torus F, as we discussed in section 3 and
the present section. The S-duality group is then simply the fundamental
group of Mg. In the case of ordinary ADE diagrams, the S-duality group
can be obtained by degenerating the moduli of the elliptic curve in the
corresponding affine case and the S-duality group is the subgroup of the
affine one, which corresponds to moduli of flat ADE connections on the
degenerate elliptic curve.

The case corresponding to the A diagrams was already considered in
[29]*4, where the moduli space was shown to be the moduli of  points on an
elliptic curve or its degeneration depending on whether we are dealing with
the affine or ordinary A case. This is in agreement with our result when one
notices that flat bundles of A-type on a torus are equivalent to the choice of
n points on the dual torus or its degeneration.

It is quite suggestive that a gauge group associated with the base arises
in describing this moduli space. This begs for a more direct physical in-
terpretation, and is related to the strong coupling phenomena associated to
shrinking the base, as we will discuss now.

9 Strong Coupling Fixed Points and New Duali-
ties

We have seen that in our construction the base and fiber play a similar role.
For example consider the curve we have for the linear chain of SU(n)™ gauge
theories along a linear chain with n additional fundamentals at each end of
the chain. The corresponding threefold for this case is given by

m+l n

F(z,w) = Z Z ai; 2wl = uv, (9.1)

i=0 j=0

where z corresponds to the base degree of freedom and w to the fiber, as
before. Clearly this geometry is invariant under the exchange of n <+ m +
1 and z <+ w, which would correspond to the geometry associated with

See also [53].
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SU(m+1)""! along the linear chain with m + 1 extra fundamentals at each
end. In particular in either case the relevant fivebrane lives on the same
genus m (n — 1) Riemann surface. This suggests a “duality” of the form

SU(n)™ & SU(m + 1) ! 9.2)

with the matter described above, where the Coulomb parameters, the cou-
plings and the masses get exchanged in a non-trivial fashion.

I P S
P S
P Ve G

Figure 15: Toric diagram for the field theories (9.2) connected by the strong
coupling fixed point.

Before we analyze the relation in (9.2) in more detail, let us use it to get
some more insight about the S duality group of each one of these theories.
The S-duality group describes the equivalences of the moduli space in the
high energy behavior, or equivalently, the behavior for small values of the
moduli. Neglecting the terms of lower degree in w in (9.1) (for the SU(n)™
theory), F(z,w)/w™ is of the form

m+1

ai’nz .

=0

The moduli space is described by the m Coulomb moduli’® (¢ of the
SU(m + 1) theory corresponding to the base geometry. In particular, the
effective duality group acting on the Coulomb parameters of SU(m + 1)
generates the S-duality transformations of the SU(n) theory.

As an explicit example consider the m = 1 case. The coupling space
describes the roots of a quadratic equation which, written in terms of the
SU(2) modulus 29 = az,nao,na;’i, reads F/w® = 2" + (42(9 — 1). The
singular points are at the values 209 =0, %, 00. The singularity 2(9) =0, the
large base limit, corresponds to weak coupling limit whereas 29 =00 is a
Zy orbifold point, as discussed in [29] in the M-theory picture. The fivebrane
description breaks down at the point z = % corresponding to a collapse of
two fivebranes. In the type IIA geometry, this singularity describes simply
the zero volume point of the blow up sphere of the A; base geometry.

15More precisely there are finite shifts proportional to the mass parameters which are
straightforwardly to determine from egs. (5.5).
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In the general SU(m +1) case there are m singular points of this type in
the generic hyperplane of the moduli space. The S-duality group is generated
by loops around these singular points together with the weak coupling mon-
odromies generating the translations in the special coordinate ¢ ~ %m In 2(©).
Analogous statements apply to the coupling space of the D and E cases,
as is clear from the above discussion and also from the large w limit of the
polynomials given in the previous sections.

Let us determine now more carefully the precise relation between the
theories appearing in (9.2). The local geometry of the type IIB side and its
periods describe part of the exact moduli space of the N = 2 string theory,
which is of special Kahler type. To reduce to the field theory we have on
the one hand to decouple gravity. Moreover also the bare parameters of
the field theory, the coupling constants and the mass parameters, are scalar
fields which sit in full vector multiplets. Clearly we have to freeze out the
fluctuations of these fields, if we are interested in the pure field theory answer
described by an action including renormalizable couplings only.

In the asymptotic free case, the My, — oo limit requires to adjust the
coupling constants to zero at the Planck scale [5], in order to keep the field
theory scale A at a fixed, finite value. Moreover, the vector multiplets cor-
responding to the bare parameters freeze out due to the behavior of their
kinetic terms, whereas the vector fields of the gauge theory remain dynam-
ical, if the moduli are tuned to to the neighborhood of the enhanced gauge
symmetry point in moduli space.

On the contrary, in the case with vanishing 8 function, the couplings
do not run above the natural scale of the field theory set by the vev’s and
the volume of the base remains unfixed in the My — oo limit. We have
still to adjust the field theory moduli to be close to the enhanced symmetry
point. However in this case it is possible to treat the fiber geometry in the
same way as the base and we obtain a new low energy theory containing the
coupling constants as additional dynamical fields. In particular note that
although the curve (9.1) is as expected in gauge theory, the differential 2 is
now symmetric in the base variable z and the fiber variable w and agrees
with the field theory answer only after shifting the variable w — O(e™!) +w:

Q =In(w)dIn(z) = —dIn(w) In(2)

=—IneZ + ewd + Z(—)k“lek%kgf.

In the asymptotic free case, the first term corresponding to the period
associated with the base volume is related to the weak gravity limit by
e™5 = (A2d/)! = €, where S is the dilaton determining the string coupling,
o ~M s_tfm g and! depends on the theory we consider. The 1-form propor-
tional to € in the above expression is what the gauge system sees. In the
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conformal case, the exponent [ is zero and the scale € is a new scale governing
the dynamics of the additional fields from the base. It is clear that we can
now switch the roles of the base and the fiber in the above limit. In fact we
can continuously interpolate between the theories (9.2).

Of course these new theories symmetric in the base and fiber geometry
are very interesting to study further. In order to gain insight into these cases,
let us consider the closely related, but simpler case considered in [12,54,55]:
If we consider P! x P! in a Calabi-Yau, and view one of the P!’s as the fiber,
we obtain a theory with pure SU(2) gauge symmetry where the volume of
the base P! is related to the gauge coupling of the SU(2), V ~ 1/g%. However
if we exchange the role of base and fiber we get the base P! giving rise to
SU(2) and the volume of the fiber P! is related to its coupling. So in a sense
we have an SU(2) x SU(2) here, where the Coulomb space of either SU(2)
is identified with the coupling constant of the other SU(2). This suggests
couplings roughly of the form

trF2f(¢2) + (1 ¢ 2),

where ¢; denote the scalar adjoints of the two SU(2)’s and where f vanishes
as ¢9 — 0. This theory is clearly not renormalizable, but the critical point
corresponding to a superconformal theory where, roughly speaking, we are at
the origin of the Coulomb branch for both SU(2)’s is known to exist [54,55].

The situation we are considering above is roughly of the same type, where
now the Coulomb parameters of the base A,, play the role of the couplings
of the various SU gauge groups in the fiber. But now the classical Weyl
group of A,, exchanges the various SU gauge groups with each other; thus
the coupling of these two systems makes sense only if we consider the part
of the S-duality group which exchanges the SU’s. So in some sense it is
like gauging the quantum symmetries of the theory. Clearly this is a very
interesting area to study further.

Note also that the affine ADE bases that we have considered, if we allow
shrinkings of the base, would correspond to new critical theories, and in
fact correspond to compactification of M-theory on the same manifold times
a circle, or F-theory on the elliptic version of the same manifold times a
2-torus [56-60]. Thus our results give an answer to the Coulomb branch of
such 6 dimensional critical theories compactified on T2.

10 Applications to d =3, N =4 QFT’s

Some of the results we have obtained have been used in [13] to derive dual
pair of field theories with N = 4 in d = 3. This is done by considering a
further compactification of our mirror IIB model and considering the Higgs
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branch and using T-duality on the extra circle and converting it to a IIA
model Coulomb branch, compactified on a circle, and reading off the gauge
theory and matter content. Even though in this paper we have mostly con-
centrated on theories which are asymptotically free in d = 4 (ignoring the
U(1) factors), we already mentioned how one would construct the corre-
sponding geometry even for non-asymptotically free theories. For applica-
tions in three dimensional QFT’s the cases which are not asymptotically
free in d = 4 (but which automatically are asymptotically free in d = 3)
are more relevant, as those are the cases that are completely Higgsable and
which can have a dual gauge theory with Higgs and Coulomb branches ex-
changed [14, 61, 62].

It is clear from the approach in [13] that a dual system for any N = 4,
d = 3 gauge system will exist if it comes from geometric engineering, however
the dual may not be a gauge system. This in particular was shown to be
the case for the dual of [[ U(s;) groups associated to an affine Eg 7 Dynkin
diagram, where s; are the Dynkin indices. The dual in this case was found to
be the toroidal compactification of one Fg 76 small instanton in accordance
with the conjecture [14]. The method used there was to start from the
Coulomb branch of the compactified exceptional strings in the type IIB
setup which was known [63] and then considering the Higgs branch of it and
reading it as type ITA theory. However we can study the same problem in
a completely different way, using the results of the present paper. Namely,
we can start from the type IIB realization of the Coulomb branch of the SU
groups associated with the affine E quivers and see if that can be viewed as
the Higgs branch of the small E,, instantons, which is known [64,65] for Eg
theory, but the generalization to the other cases goes through without any
complications.

Note that here it is crucial that we are actually dealing with [[U(s;)
rather than []SU(s;). As noted before the extra U(1)’s do not affect the
Coulomb branch we studied in four dimensions and in fact the vev of the
scalars in the U(1) correspond to the mass parameters of the bi-fundamental
matter. However they are crucial in the three dimensional story as the U(1)’s
are asymptotically free in d = 3. Let us recall the local type IIB geometry
which gives the Coulomb branch of this theory for the more general case of

[1U(ks;) (7.5):
Eg: p(X*) = 2 +2°+ 28 4+ payz + 30, 2574 P7 (w) +

2 —1 1 —i
i=1 3 ;i‘k(w) + Ei—_q y2 1P3yi.k (w).

Let us restrict first to & = 1. Furthermore, we can shift z, y so that the equa-
tion will involve only the monomials 42, 2%, z, 1, with coefficients a function
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of z,w. Once we do this we find that the local geometry can be written as

y? = 2%+ 2% + azzt + 2(B fi(w) + 22 fo(w) + zf3(w) + fa(w))
+(2°g1 (w) + 2%go(w) + ... + gs(w)) ,

where f;(w), g;(w) are polynomials of degree i in w (which can be written
in terms of the original polynomials). This is exactly the description of the
Higgs branch of one small Fg instanton in F-theory, which when compactified
on T2 becomes the description of type IIA on the same geometry, thus
showing that the dual of one Ejg instanton compactified to three dimensions
is the [[U(s;) along the affine Es quiver diagram. The generalization to
U(ks;) is straightforward: All that happens is that one shifts the degrees
of polynomials f;,g; — fx.4, 9k in the above equation, and that is what
one expects for k instantons of Eg [65,66]. This is also in accord with the
conjecture [14].

Note that our approach will also allow us to find new dual systems. For
example suppose we are interested in constructing the dual to U(s;) along the
affine Eg Dynkin diagram and in addition some extra fundamental matter
for each group. Then the methods of the previous section can be used to
give the geometry for the 3d dual type IIA Higgs branch, just as in the
case considered. Then, however, it will not be related to any known small
instantons theory, but the dual system will always exist, as was noted in [13].
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