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Abstract 

An algebra of functions on g-deformed Anti-de Sitter space 
AdSq is defined which is covariant under Uq(so(2,D — 1)), for 
q a root of unity. The star-structure is studied in detail. The 
scalar fields have an intrinsic high-energy cutoff, and arise most 
naturally as fields on orbifolds AdS® x SD/Y if D is odd, and 
AdSq x S^P^/T if D is even. Here T is a finite abelian group, 
and Sx is a certain "chiral sector" of the classical sphere. Hilbert 
spaces of square integrable functions are discussed. Analogous 
results are found for the ^-deformed sphere S^. 
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1    Introduction 

The J9-dimensional Anti-de Sitter space AdSD is a homogeneous space 
with constant negative curvature and cosmological constant. Its sym- 
metry group SO(2, D — l) plays the role of the D-dimensional Poincare 
group, which is recovered in the flat limit by a contraction. It is of con- 
siderable interest in theoretical physics for several reasons. For exam- 
ple, it can be used as a simple model for field theory on curved spaces 
[11], and it arises naturally in the context of supergravity [40]. Recently, 
an interesting conjecture relating string or M theory on AdSD x W with 
(super) conformal field theories on the boundary has been proposed [26], 
where W is a certain sphere or a product space containing a sphere. 
Moreover, there is some evidence that a full quantum treatment would 
lead to some non-classical version of the manifolds. This includes the 
appearance of a "stringy exclusion principle" [27] in the spectrum of 
fields on AdS space. 

In this paper, we study a non-commutative version of the AdS 
space, which is covariant under the standard Drinfeld-Jimbo quantum 
group SOq(2JD — 1). It can be understood as a quantization of a 
certain Poisson structure on the classical AdS space, where q — 1 is a 
deformation parameter which plays the role of the Planck constant. In 
principle, this is can be done for real q and q a phase. For real g, the 
qualitative features of quantum groups and spaces are typically similar 
to the classical case; in particular, no cutoff is expected. 

Here we consider the case where q is a root of unity. It is well-known 
that then quantum groups show completely new, "non-perturbative" 
features; roughly speaking, phenomena which are typical for infinite- 
dimensional representations of classical non-compact groups occur al- 
ready with finite-dimensional representations. In particular, it has been 
shown that there exist finite-dimensional unitary representations of the 
quantum AdS groups at roots of unity [37, 6], where all the features of 
the classical case are consistently combined with a cutoff. 

The correct definition of quantum-AdS space for q a phase is not 
obvious; different versions have been proposed in the literature [4, 13], 
which are not very satisfactory or incomplete. The first goal of this 
paper is to clarify this situation, and to give a precise definition in 
terms of operators on Hilbert spaces. To find the proper definition, we 



QUANTUM ANTI-DE SITTER SPACE 157 

make 2 basic assumptions: 1) covariance under the g-deformed uni- 
versal enveloping algebra Uq(so(2) D — 1)), and 2) allowing only finite- 
dimensional representations, hence insisting on a full regularization and 
avoiding "g-analysis". It is very remarkable that this is indeed possible, 
while maintaining the correct low-energy limit. 

As we will show, these assumptions lead to an algebra of functions 
on the complexified quantum sphere, which decomposes into different 
sectors corresponding to different real forms. They describe the com- 
pact sphere S^ and certain noncompact forms, in particular the quan- 
tum Anti-de Sitter space AdS^. This will provide us with scalar fields 
which are unitary representations of Uq(so(2,D — 1)), and correspond 
to the classical square-integrable scalar fields on AdS space, describing 
spin 0 elementary particles. The remarkable difference to the classi- 
cal case is that all this happens within the framework of polynomial 
functions, whose properties are completely different from the classical 
case. Nevertheless, the classical fields are recovered in the limit of q ap- 
proaching 1. In particular, this allows to study questions of functional 
analysis in the classical case with purely algebraic methods. 

Moreover, it will turn out that the definition of AdS^ implies a num- 
ber of additional, unexpected features. They include the appearance of 
an additional undeformed symmetry group SO(D + 1) if D is odd and 
Sp(D) if D is even, which are in some sense spontaneously broken [37]. 
Moreover, it turns out that the quantum spaces are obtained most nat- 
urally as product of the quantum AdS space (or sphere) with a classical 
sphere. More precisely, one obtains the products AdSqr+1 x S2r+1 /Y 
and AdSf x S^-l/T, where Y = (Z2)

r, and Sf"1 is a certain "chi- 
ral" sector of S . The quotients of the classical spaces are actually 
twisted sectors of orbifolds. It should be emphasized that no specific 
assumptions have been made here, it is simply a consequence of the 
remarkable structures that appear at roots of unity. Of course, this is 
quite intriguing in the context of the AdS-CFT correspondence men- 
tioned above, since we obtain AdS* x Ss,AdSq x S5 and AdS* x 5£, 
which are precisely cases of interest there (apart from the "chiral sector" 
of 57, whose meaning is not entirely clear). These and other physical 
aspects will be discussed further in Section 7. 

This paper is organized as follows. In Section 2, some basic facts 
about quantum groups and spaces are reviewed, including aspects of 
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the representation theory at roots of unity which will be needed. In 
Section 3, we discuss in detail the meaning of reality structures, and 
determine the real form of the quantum AdS group Uq(so(2,D — 2)). 
Section 4 is devoted to a closer analysis of the structure of polyno- 
mial functions on the complex quantum spaces at roots of unity. In 
Section 5, we identify different noncompact sectors, which leads to the 
definition of Hilbert spaces of scalar fields. Their product structure 
with classical spheres is analyzed in Section 5.2. Sections 5.3 and 5.4 
are mathematical interludes, and will allow us to write down explic- 
itly the star structure of the real quantum spaces in Theorems 5.3 and 
5.4, which are some of the main results of this work. In Section 6, we 
comment on further developments towards formulating physical mod- 
els, and propose an on-shell condition which is somewhat reminiscent 
of string theory. Some physical aspects are discussed in Section 7. The 
Appendices include several proofs that were omitted in the text, as well 
an exposition of the vector representations of so(D) for convenience. 

Some advice to the reader: In Sections 5.3 and 5.4, the star structure 
is defined in several steps, and considerable effort is made to give the 
precise mathematical definitions and to explain why it is the correct 
one. However the final result, Theorems 5.3 and 5.4 can be stated 
very briefly. Thus the reader who is not interested in the mathematical 
details may skip much of these sections and simply accept the results. 

2    The basic algebras 

We first recall the classical Anti-de Sitter space AdS0'1, which is a 
(D — 1) -dimensional manifold with constant negative curvature and 
signature (+, —,...,—). It can be embedded in a D-dimensional flat 
space with signature (+,+,—,...,—) by 

zl + z2
D-z2

2 4-i = fl2, (2-1) 

where R will be called the "radius" of the AdS space. The group of 
isometries of this space is 30(2,0 — 2), which plays the role of the 
(D — l)-dimensional Poincare group. 

This space has some rather peculiar features. Its time-like geodesies 
are finite and closed, and the time "translations" is the U(l) subgroup 
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of rotations in the (^z^-plane. The space-like geodesies are un- 
bounded. There exist nice unitary positive-energy representations of 
50(2, D — 2) which correspond to elementary particles with arbitrary 
spin. It is also worth recalling that 50(2, D — 2) is the conformal group 
in D — 2 dimensions acting on (D — 2) -dimensional Minkowski space, 
which can be interpreted as the boundary of AdS0"1. 

To define the noncommutative version, we first review some basic 
facts about the g-deformed orthogonal group and Euclidean space [8]; 
for a more detailed discussion see e.g. [9, 35]. The algebra of func- 
tions Fuiiq(SO(D,C)) on the orthogonal quantum group is generated 
by matrix elements A^ with relations 

B^AfA? = AiAifyr, (2.2) 

where the matrix /Qn is explained below. Fung(50(JD, C)) is the Hopf 
algebra dual to the quantized universal enveloping algebra Uq(so(D) C)), 
which is easier to work with in practice. Given a root system of a simple 
Lie group Q with Killing metric ( , ) and Cartan matrix ^, Uq := Uq(Q) 
is the Hopf algebra with generators {Xf, H^ i = 1,..., r} and relations 
[16, 7, 8] 

[HuHj]   =   0, (2.3) 

[HitXf]   =   ±AjiXfJ (2.4) 

[x?>xr] = fr* V-g-« =5iAHi]qi>      (2-5) 

plus a quantum version of the Serre relations.   Here q is a complex 
number such that q ^ ±#~\ qi = qdi where di = (o^, a:;)/2 are relatively 

prime, and [n]qi = qi ~9Li approaches n as q —> 1. The comultiplication 
is 

AiHi)   =   Hi^l + l^Hi 

A(Xf)   =   X? ®q-diHi/2 + qdiHi/2®X±, (2.6) 

antipode and counit are 

S{Hi)   =   —Hi, 

S{Xt)   =   -q-diXt,    S(X-) = -qd<X-, 

em   =   e(X?) = 0. (2.7) 
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The classical case is obtained by taking q = 1. The consistency of this 
definition can be checked explicitly. 

The Cartan-Weyl involution is defined as 

0(X±) = X?,    9(Hi) = Hu (2.8) 

extended as a linear anti-algebra map; in particular, 6(q) = q for any 
q G C. It is obviously consistent with the algebra, and one can check 
that 

(0®0)A(a;) = A(0(x)), (2.9) 

S(0(x)) = d(S-1(x)). (2.10) 

Borel subalgebras U^® can be defined in the obvious way. This defines 
a quasitriangular Hopf algebra, which means that there exists a special 
element 71 G Uq ® Uq which satisfies 

A'(x)=KA(x)K-1 (2.11) 

for any x G Uq, and other properties which will not be used explicitly. 
Here A7(a;) = r o A(x) is the flipped coproduct. There are explicit 
formulas for 7£, of the form [20, 19] 

n = qX":?***** (i® i + YlKrea®uTes)        (2-12) 

where a^- = {a^aj). In this paper, we consider g = so{2r + 1) = Br 

and 0 = so{2r) = Dr. 

As was shown in [7], the following remarkable element 

v = (ST^Kiq'2' (2.13) 

is in the center of W9, and will be called Drinfeld-Casimir. Here p is 
dual to the Weyl vector p = | X^a>o a' ^ satisfies 

A(i;)   =   n-^ivtov, (2.14) 

v-1   =   q^TLiS2^), (2.15) 

where 7^i2 = 72, and T^i — r oTZ. 

Consider the matrix R1^ = TTJ. ® TT/ (7£) where TTJ. is the D-dimensional 
("vector") representation of Wg, and let qs = q for so(2r), and1 qs = g2 

1This is necessary to be compatible with Uqi as will be checked below.  In [8], 
the conventions are such that qs is replaced by q. 
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for so(2r + 1). Then fig = iig decomposes as ^g = (?5P+ - ^ 1P- + 
95"

D
-P

0
)JWJ where P+, P~ and P0 are the invariant projectors on the 

traceless symmetric, the antisymmetric, and the singlet component in 
the tensor product of 2 vector representations, respectively. The invari- 

ant tensor gij is given by (P0)^ = {qD_l^2-D+1)9
ij9ki where gikg

kj = <$?, 

and can be normalized such that [8] 

gij = Qij = 5i,3>q-pi (2.16) 

where j' = D + 1 — j, and pi is given in Appendix A. 

There is a canonical way to generalize the classical algebra of coor- 
dinate functions on G0. The algebra C^ defining the complex quantum 
Euclidean space [8] is generated by £;, with commutation relations 

(P-ftxiXj = 0 (2.17) 

which are invariant under Uq. Its center is generated by 1 and 

x2 —g^XiXj. (2.18) 

The complex quantum sphere S^1 is generated by U which satisfy the 
same relations (2.17) as x^, and in addition [8] 

t2 = g^Utj = 1. (2.19) 

Explicitly, the commutation relations for Xi (and U) are [8] 

XiXj = qsXjXi, i^f, i < j 

i,~1 a2 - 1 
[xi;Xi] = (q2s " 1) E qn-HxjXj, -   ^   D_2 qp<x2,    i < i'    (2.20) 

j=i i + qs 

Both algebras are covariant under the right coaction Xi —> Xj ® A] of 
Fung(S

fO(D,C)), which is equivalent to a left action 

Xi —> u - Xi = XjirKu) (2-21) 

for u G Uq(so(D,C)). We will usually work with the latter, which is 
more familiar from the classical Lie algebras; then 7rj(uu')=7rt

k(u)Trj(u'). 
We can use this for a quick check of the first relation in (2.20): 

Xf • (X1X2 - 95^2^1) = q1s/2xix1 - qsq~sl,2xixi = 0 (2.22) 
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using (2.6) and Appendix A, as it must be. The other relations can be 
checked similarly. 

The algebra of functions AdS^-1 defining the quantum Anti-de Sit- 
ter space will be defined as a real form of this complex quantum sphere, 
with a (co)action of the quantum Anti-de Sitter group. Therefore as 
an algebra, it is again defined by (P'YkiUtj — 0, t2 = 1. One could 
introduce a physical scale by setting 

Vi := UR (2.23) 

for a constant R > 0, so that y2 = R2. We will simply use the units 
defined by R = 1; physically speaking, the scale will be set by the 
"radius" of AdS space. 

So far, all these spaces are complex. The crucial issue is to find the 
correct definition of the corresponding real quantum spaces. This is not 
obvious especially if q is a phase, and in fact different possibilities have 
been proposed in the literature [4, 13]. This will be discussed in detail 
in later sections. 

2.1    Roots of Unity and Representations 

Since we are primarily interested in the case where q is a root of unity, 
we will consider a more powerful version of the above, the so-called 
"restricted specialization" U™8 := U™s(so{DX)) [22] with generators 

Xj ' = \ji , for k G N as well as Hi, For generic g, i.e., q not a root 
of unity, this is the same as before. However if q is a root of unity, 
the situation is very different. With hindsight, we restrict ourselves to 
roots of unity of the form 

q = ein/M, (2.24) 

where M is even if D is odd; the reason for this will become clear later. 
Then k — M is the smallest positive integer such that [k]q = 0, since 
qM = -1. We also define Mi = M/di, and Ma = M/da for any root a. 
Then Mi is the smallest integer such that 

[M4 = 0, (2.25) 

since $ = ei,r(i'/M. 
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The important point is that the additional generators Xi 
( *' in 

U™8 are nevertheless well-defined with a well-defined coproduct, and 
therefore act on tensor products of representations. In particular, 
(Xf )Mi — 0 in U™8. Therefore ^es contains a remarkable sub-Hopf 
algebra U^in (the "small quantum group") generated by Xf and Hi. 
Here we have slightly changed the standard convention and included the 
Hi as well, slightly abusing the name "finite". This is more appropriate 
for our purpose. 

We will only consider finite-dimensional representations in this pa- 
per. The Cartan generators can then be diagonalized, with eigenvalues 

(ifi,A) = %^ = (al
v,A), (2.26) 

on a weight A, where as usual ay = J^-T is the coroot of a. The 

fundamental weights A* satisfy (A^aJ) = <Jjj, therefore 

{HuKj) = 8ij) (2.27) 

and span the lattice of integral weights. The irreducible highest-weight 
representations with highest weight A will be denoted by Z7es(A). 

The vector representation VD ofUq(so(D,C)) is the representation 
Lres(Ai) with basis Xi (or U) for i = 1,...,D. Their weights A^ are 
given explicitly in Appendix A. If D > 4, then the highest weight Ai is 
equal to Ai. We also define 

d5 = (Ai,Ai),    Ms = M/ds, (2.28) 

so that qs = qds which was used above. 

It is well-known [31] that for generic q, the representation theory 
is essentially the same as in the classical case. In particular, all finite- 
dimensional representations (^modules) ofU™8 are direct sums of some 
Lres(X). Their character 

x(Lr"(A)) - ex ^dimL^CA)^ =: x(A) (2.29) 
77>0 

is given by Weyls formula. Here Lres(X)T] is the weight space of Lr6S(A) 
with weight A — 77. The irreducible highest weight representations of 
W/*n will be denoted by Lfin(\). 
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The value of the Drinfeld-Casimir v (2.13) on Lres(\) (and on any 
highest-weight module with highest weight A) was first determined in 
[30]: 

V'W = q~cxw    for w G Lres(A), (2.30) 

where c\ = (A, A + 2p) is the value of the classical quadratic Casimir 
on L(X). In particular for highest weights of the form A = A;Ai, the 
classical Casimir for so(2r + 1) is 

Ckx, =2k2 + 2k{D-2), (2.31) 

and for so(2r) it is 
CkXl=k2 + k(D-2). (2.32) 

Finally, we quote a few important facts about irreducible represen- 
tations at roots of unity. The first one [2, 5] states that the structure 
of Lres with "small" highest weight A is the same as classically: 

Theorem 2.1. Assume that X is a dominant integral weight with (A + 
p, a) < M for all positive roots a. Then the highest weight representa- 
tion Lres(X) has the same character x as in the classical case, given by 
WeyVs character formula. 

This follows from the strong linkage principle, which was first shown 
in [2]; for a more elementary approach, see [38]. Moreover, Z/m(A) = 
Lres(A) for these weights A, since the Xi 

(  ^ act trivially. 

For general A, the structure of Lres(A) is difficult to analyze. How- 
ever for the "special weights" 

Xz = Y^ MiZiAi    for Zi e Z (2.33) 

it can be understood easily, and this will be the key for much of the 
following. The relation (2.5) together with (2.25) implies that for any 
highest weight module U™8 • w\z with highest weight Xz, 

iPi := Xr • WXz (2.34) 

is a highest weight vector (possibly zero) for any z, i.e., X* • (pj = 0 for 
all z, j. Because Lres(Xz) is irreducible by definition, it follows that 

Xr •wXz=0 for all i (2.35) 
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in Lres(Az). In particular, the irreducible representations Lfin(\z) of 
U^m{so{D)) are one-dimensional.    However the "large" generators 

-Xj        G Uqes do act nontrivially on Lres(\z), as we will see next. 

Using the commutation relations, any element of U~res(so(D)) can 

be written as a sum of terms of the form X^ ll ... Xik 
lk U~fin. It 

follows that all weights of Lres(\z) have the form Az/ = Xz — ^i rtiMiOLi 
with rii G N. In other words, Lres(Az) is a direct sum of one-dimensional 
representations Z/m(Az/) oiU^171, since all Az/ are special points. In fact, 
the weights \z have the structure of a weight lattice with "fundamental 
weights" MiAj. This turns out to be the rescaled lattice of a dual Lie 
algebra g, with Cartan matrix Aij = Aji provided (2.24) holds [37]. In 
the present case, g = so(D) if D is even, and g = sp(D — 1) if D is 
odd. In fact, U™8 "contains" a corresponding classical Lie algebra as a 
quotient. This is the essence of a remarkable result of Lusztig [23], and 
can be made explicit as follows ([37],/Theorem 4.2): 

Let di G {0,1} such that a; + aj = 1 if Aij ^ 0 and i ^ j; this is 
always possible. Define Ki — g*^^ and 

Xt   =   X«M*K?, 

X-  =  xrWRl-'q?, 
Hi   =   [X+,Xr]. (2.36) 

Then one can show the following: 

Theorem 2.2. For all special weights \z, Lres(Xz) is an irreducible 
highest-weight representation of the classical universal enveloping al- 
gebra U(Q), with generators Xf and Hi. If vz> E Lres(Xz) has weight 
XV z'jMjAj, then Hi • vzi = z^v^. 

In particular if Xz is a dominant weight, then the character of 
Lres(Xz) is invariant under the Weyl group, and can be obtained from 
Weyl's formula by rescaling the weights accordingly. 

Using this, the structure of Lres(A) with "large" dominant integral 
A can be described as follows [5]: 

Theorem 2.3. Let Xz as in (2.33) and AQ be an integral weights with 
0 < (AQ, aV) < Mi for all i. Then 

Lres(Xo + Xz) = Lres(Ao) ® Lres(Xz). (2.37) 
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This is not hard to prove, see [5] or [37]. Moreover, the generators 
(2.36) essentially act on the second factor in (2.37) and U^m on the 
first, but with a certain "twisting" [37]. 

Reality structures and symmetry 
algebra 

Since the proper choice of the reality structure is crucial in the following, 
we first discuss the relation of the real structures on the spaces with 
their symmetry algebras. 

The algebra of functions on both classical and quantum D-dimen- 
sional complex Euclidean space is generated by coordinate functions 
Xi} which transform in the vector representation VD of t/g(5o(J9,C)). 
The tensor product of 2 such representations contains a unique triv- 
ial representation; in other words, there is an invariant bilinear form 
( » ) : VD 

X
 VD —> C. In Hopf-algebra language, invariance means 

(f,9) =< u>(i)-f,u(2)-g > for f,g G VD, where A(u) =u®l + l®u = 
'M(i) (gm(2) denotes the coproduct of u G U(so(D,C)) or Uq. This ex- 
tends immediately to polynomial functions. 

In the classical case, the algebra of complex functions on real Eu- 
clidean space (or any real manifold) is equipped with a *-structure, 
i.e., an antilinear map whose square is the identity, defined by the com- 
plex conjugation. The above invariant bilinear form then induces a 
hermitian inner product by 

(f,9) = (r,9), (3-1) 

which satisfies (/,#)* = (#,/). The signature (p, D — p) of this inner 
product is the signature of the (pseudo)Euclidean real space, and it is 
positive definite only in the Euclidean case. But in any case, it defines a 
*-structure on the algebra C/(5o(D,C)), i.e., an antilinear anti-algebra 
map, by 

(f,u-g) = (u*.f,g) (3.2) 

for all u G U(so(D,C)). This defines the real form U(so(p,D — p)), 
and one can then study its unitary representations, which are infinite- 
dimensional except in the euclidean case. 
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In the g-deformed case, we use this connection between the real 
form of a function space and its symmetry algebra in the other direction: 
there will be a clear choice of the real form of Uq, which then determines 
the real form of the function algebras. A real form or * -structure of Uq 

is an antilinear anti-algebra map * on Uq whose square is the identity. 

An invariant inner product on a representation of Uq is a hermitian 
inner product which satisfies (3.2) for all u G Uq\ in other words, the 
star on Uq is implemented by the adjoint, which is well-defined for non- 
degenerate inner products. This is particularly intuitive for elements 
of Uq of the form g = exp(itu) with u* = u, since then 5* = g'1. 

A representation of Uq is unitary with respect to a real form of Uq 

if it has a positive definite invariant inner product. Then 

(*•(«)?)* = Aw (3-3) 
for any u G Uq, in an orthonormal basis. 

Our guiding principle to find the appropriate g-deformed real spaces 
is that the star structure on Uq should admit a sufficiently large class 
of unitary representations of the quantum AdS group in order to de- 
scribe elementary particles, in the spirit of Wigner. The AdS group is 
particularly well suited for such an approach, because it has unitary 
representations for any half-integer spin corresponding to massive as 
well as massless particles with positive energy, in any dimension. In 
fact, one can choose the Cartan subalgebra such that the energy is 
one of its generators, and the unitary representations are then lowest- 
weight representations with positive energy and discrete spectrum. The 
unitary representations of the Poincare group are recovered in the flat 
limit. We want to maintain these features in the q-deformed case. This 
will uniquely select the real structure. 

3.1    Star structures on Uq 

There are essentially 2 types of star structures2 on Uq [37], the first of 
the form 
 X? = SjXf,    Ht = Hu (3.4) 

2There are additional ones if the Dynkin diagram has automophisms, such as for 
5o(2r); they however do not correspond to Anti-de Sitter groups, and do not admit 
finite-dimensional unitary representations. 
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and the second of the form 

Xf^SiXf,    #; = -#, (3.5) 

with Si = ±1. They define consistent star algebras for both real q and 
q a root of unity. The compatibility conditions with the coproduct are 
different for real q and q a phase, which will show up in different reality 
structures of the associated quantum spaces. 

It is known that there exist finite-dimensional unitary representa- 
tions of the first type (3.4) if q is a root of unity [38, 37], which have the 
desired properties including a high-energy cutoff in the AdS case. For 
q G R, unitary representations of noncompact forms also exist, but they 
have no cutoff. There are also certain unitary representations of the 
second type for q a phase, e.g. for Uq(so(2,l)) [32], but they are not 
highest-weight representations; in particular, the Cartan subalgebra 
cannot be diagonalized, and the energy in the AdS case is not positive 
definite (notice that the Cartan subalgebra is distinguished for q ^ 1, 
unlike in the classical case). Finite-dimensional unitary representations 
of the second type cannot exist, since then Hi could be diagonalized 
with purely imaginary spectrum, which is in contradiction with the 
commutation relation (2.4); Therefore we only consider star structures 
on Uq of the first type (3.4) from now on, with q a root of unity. 

Consider the vector representation Vp of Uq, with basis Xi and 
weights A^ for i = 1,..., D. V^ is unitary with respect to the com- 
pact form 

X? = X?t    H* = Hh (3.6) 

which defines Uq(so(D)) for both real q and q a phase. In general, 
there is a unique invariant inner product on highest weight modules 
satisfying (3.2) for star structures of the type (3.4). The weight vectors 
Xi are then orthogonal for different weights, and they can defined to be 
orthonormal, i.e., 

(xuXj) = <Jy. (3.7) 

This is the standard convention in the literature. 

Now it is easy to find the definition of Uq(so(2,D — 2)). Let E 
be the element of the Cartan subalgebra which is dual to \i/ds, so 
that (£, A) = (Ai, \)/ds. Then the eigenvalues of E on VD are Ei := 
(Ai, \%)/ds = (1,0,..., 0, —1); E will turn out to be the energy.   We 
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claim that the star structure defining Uq(so(2, D — 2)) is 

xr = {-i)E9(xt){-i)E=sixri 

H^Hi       with ^ = (-1)^'^,   (3.8) 

where Si = (-1,1..., 1) for D ^ 4, and Si = (-1, -1) for ,0 = 4. This 
is a star algebra of the first type (3.4) which can be considered for both 
q G M and q a root of unity, and there exist unitary representations 
in both cases. The maximal compact subalgebra is Uq(so(D — 2)) x 
Uq{so(2)) where Uq(so(D - 2)) generated by X2

±,..., X*, #2,. •., Hr 

(for D y£ 4), and Uq(so(2)) by E; these subalgebras commute. The 
unique (up to normalization) corresponding invariant inner product on 
VD which satisfies (3.2) is 

(xuxj) = (-i)E*6ij (3.9) 

in the above basis, and has the correct signature for the AdS case. We 
will also find the desired unitary representations of U^in(so(2^ D — 2)), 
provided (2.24) holds. Therefore we define the "physical" quantum 
Anti-de Sitter group at roots of unity to be the real form (3.8) of 
Uf™(so(2,D-2)). 

3.2     Quantum Euclidean and Anti—de Sitter space 
for real q 

For real g, there is a standard star structure on the algebra C^. The 
algebra R^ on the real quantum Euclidean space is defined by [8] 

x* = xjg*. (3.10) 

This is a consistent star algebra, which indeed leads to the invariant 
inner product (xi,Xj) = <$#, and by (3.1) corresponds to the real form 
(3.6) on Uq. It is also consistent with the constraint XiXjg1* = 1, thereby 
defining the quantum Euclidean sphere S^'1 for real q. 

The algebra AdS^-1 on quantum Anti-de Sitter space for real q is 
similarly defined by 

t* = -(-ifn^, (3.11) 

together with 
t2 = Ut3^ = 1. (3.12) 
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This is consistent with (2.17) because E is in the Cartan subalgebra, 
and has the correct classical limit. By (3.1), this leads to the invariant 
inner product (U^tj) = (—l)Ei5ij. 

If q is a phase, (3.10) does not extend as a star on the algebra C^. 
In this case, star structures different from (3.10) have been proposed, 
of the type x* = ±Xi [8, 4]. While C^ then becomes a star algebra, 
they lead to star structures on Uq of the second type (3.5), which we 
have discarded above. However, we will see below that there is a star 
on the semidirect product algebra Uqt<Cq which extends (3.8), and 
agrees with (3.10) or (3.11) in the classical limit. 

4    Scalar fields at roots of unity 

In order to construct scalar fields on classical AdS space which are uni- 
tary representations, one has to consider square-integrable functions; 
they are of course not polynomials. The situation for q G R is com- 
pletely analogous. At roots of unity however, the structure of poly- 
nomials changes completely, and we will see that the analogues of the 
classical scalar fields can in fact be written as polynomials in the £;. 

To see this, we have to study C^ in more detail. Consider the set 
of homogeneous polynomials M* C C^ with degree k in the a^, which 
forms a submodule of the fc-fold tensor product representation V^k 

of Uqes. M* is not irreducible, because the metric projector may be 
nontrivial. Clearly X1...X1 = (xi)k G M* is a highest weight vector 
with weight kXi. It generates the highest weight module 

^(fc):=W;c8-(xi)*cMj. (4.1) 

If q is generic, then ^(k) is a irreducible representation with highest 
weight kXi corresponding to a totally (g-)symmetric traceless tensor, 
and Mq = ^(k) 0 x2Jr(k — 2) © • • • as classically. If q is a root of 
unity, then M* is not completely reducible any more, which is a typ- 
ical phenomenon at roots of unity. The full structure of M^ is quite 
complicated, and will be discussed elsewhere. Here we only consider 
those modes which will be needed for the Hilbert space of scalar fields 
on AdSq. 
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First, we identify the polynomials ^(k) in C^ which have essentially 
the same structure as classically, which means the character of Lres(fcAi) 
is the same as classically. Using (2.24), Theorem 2.1 implies that 
x(Lres(/cAi)) = x(fcAi) for k < Ms - (D - 3) (assuming D > 4; indeed, 
any positive root a can then be written as a = Y2niai w^h rii < a^, 
where a^ are the Coxeter labels. Hence (kXi + p, a) < (k + D — 3)di, 
which is < M = d1M1 provided k < M1 - (D - 3). For D = 3, the 
bound isk<Ms- 1/2). 

However, this bound can be improved using the strong linkage prin- 
ciple, see e.g., [38]. We can assume that k < Ms] then it implies that 
the character of Lres{kXi) = Lfin{kXi) is the same as classically, unless 
it contains a dominant integral weight /i which is in the orbit of A;Ai 
under the Weyl group acting with center M5A1 — p (since MsAi is a 
special weight). Since (^Sp) = (E,p) = (D - 2)/2 by Appendix A, 
this is only possible for k > ks where 

ks = Ms~(D- 2)12. (4.2) 

Hence 
xtL^fcAx)) = xCfcAx)    for k < ks. (4.3) 

In fact, it turns out that the smallest k where x(^res(^Ai)) is non- 
classical for even D > 4 is k = ks + 1, where 

X(Lres((ks + l)Ai)) = x((ks + l)Ai) - x((kS - l)Xi). (4.4) 

(For odd D, there is a similar phenomenon). This is related to the scalar 
singleton field on the AdS space, as we will see in the next section. One 
can check that e.g., the Casimir v (2.13) indeed becomes degenerate for 
these weights. 

To summarize, the structure of Mff is the same as classically for 
small k: 

Theorem 4.1. For no < ks and roots of unity of the form (2.24), 

Pino) = Lrea(noXi) = L/in(noAi) (4.5) 

has the same character x(^'O^i) as classically. Moreover, M™0 is the 
direct sum 

MT=     ©      (x2)kT(nQ-2k). (4.6) 
0<A;<no/2 
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The proof is completed in Appendix C. 

Next consider ^(kMs), which is of central importance to us. Its 
highest weight kMsXi is a special weight (2.33). Using (2.6) and the 
commutation relations (2.20), one has 

Xi ' (zi)n = Qs^W*!)"-1 + qsln~S)/2*i*2(xi)n-2 

+ --- + qt1)/2Mn-1*2 

= qtl)/MqMxi)n-1- (4.7) 

Since [kMs]qs = 0, it follows that Xr . fa)™3 = 0 for all z, hence 
(xi)kMs is a one-dimensional representation of U^in. As discussed in 
Section 2.1 below (2.35), this implies that all weights of TikMs) have 
the form \z = ^ZjMjAj, and ^(kMs) is a representation of the clas- 
sical universal enveloping algebra U{§) with generators Xf and H^. 
Moreover, it is a highest weight module with highest weight vector 
(xi)kMs. By the classical representation theory, it follows that it is 
irreducible, hence 

F(kMs) * Lres(kMs\i), (4.8) 

which is essentially L(fcAi) of Q (except for D = 3, where it is L(fcAi)). 

Now consider more generally n = no + kMs with 0 < no < ks 
and k e N. Then both ^(n) and J:(no)®J:{kMs) are highest weight 
modules with highest weight nAi. Clearly ^{n) c ^(nojFikMs), by 
(4.1) and (2.6). On the other hand, F{n0)F{kMs) C Tiyi^^FikMs), 
which is isomorphic to Lres(nAi) by Theorem 2.3. Hence we have shown 
that 

Theorem 4.2. For n = no + fcMs wii/i 0 < no < ks and k G N; 

jr(n) = F(n0)T(kMs) S jr(no) & jr(A;M5) S Lrej(nAi).        (4.9) 

In particular, it is essentially the tensor product of ,F(no) with the 
irreducible representation L(kXi) (or L(kAi) for D = 3) of the classical 
algebra g. 
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5    Real forms and Hilbert space represen- 
tations of the quantum spaces 

5.1    Hilbert spaces for S^'1 and AdS^'1 

Now we are ready to discuss the reality structure at roots of unity. As 
was pointed out before, (3.10) and (3.11) are not consistent with the 
algebra for q a phase. To find the correct definition, we first construct 
the Hilbert spaces, and then simply calculate the adjoint of the oper- 
ators of interest. We want to emphasize that the inner products on 
irreducible representations are determined uniquely by (3.2). Indeed 
on any highest weight module, there exists a unique (up to normal- 
ization) invariant inner product for a given star structure of the form 
(3.4). This is because once the inner product is defined on the high- 
est weight vector, it can be calculated for all descendant vectors using 
(3.2); in general, it is not unitary. The resulting invariant inner product 
is non-degenerate if the representation is irreducible. 

We first discuss the quantum sphere. As representation oiU™3, we 
can consider 

Hn) = Ks ■ (hr C Sfc1 (5.1) 

instead of (4.1). However, not all these ^(n) should be considered 
as fields on the "real" quantum sphere, only those which are unitary 
representations of the compact form 

Xt   =Xf,    H* = Hh (5.2) 

of Ufin(so(D)), with the natural inner product discussed above. It was 
proved in [37] that this certainly holds for those Lre5(A:Ai) = Z/in(£;Ai) 
with k < ks (4.2). Here the assumption (2.24) is important. 

Hence we could define a Hilbert space of functions on the real quan- 
tum sphere to be the direct sum of all ^(k) with k < ks- In order to 
obtain a simple definition of position operators in Section 5.5, we im- 
pose the slightly stronger bound k < ks, and define the Hilbert space 
of functions on the real quantum sphere to be 

S?'1-    ©      ^(no)=    ©     Up-iti)"0. (5.3) 
0<no<A:s 0<7io<A:s 
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The position operators will be discussed in Section 5.5. Its genera- 
tors are essentially the U as in Section 2; they will have to be slightly 
modified in order to account for the cutoff. Their star structure is de- 
termined uniquely by the adjoint on the Hilbert space, and will be given 
explicitly in Section 5.5. 5'^~1 is a truncated version of the classical 
sphere 5'jD_1 = ©ri>oI/(nAi), which is recovered in the limit M —> oo, 
or q —y 1. 

Now consider more generally n = UQ + kMs with 0 < no < ks, so 
that r(n) = J:(nQ)®F(kMs) according to (4.9). Since FikMs) ^ 
Lres{kMs\i) is a finite-dimensional irreducible representation of the 
classical g, it has a standard positive-definite invariant inner product. 
We just discussed the inner product on ^(no). This suggests a natural 
positive definite inner product on ^(ri) as the tensor product, so that 

(/PW,/V(fc)):=(/,/')(PW,P(fc)) (5-4) 

where /, /' E ^(rio) and P(k)^p[k) £ ^{kMs). This leads to an inter- 
esting physical interpretation, as we will see. We will always use an 
orthonormal basis corresponding to this inner product from now on. 

We have seen in the previous section that all weights of Lres(kMsXi) 
have the form Xz = J^ZjMjAj. Therefore ^(n) is the direct sum of 
irreducible representations Z/m(noAi + XZ) oiU^in for various Az; if the 
multiplicity of a certain Z/m(noAi + Az) in ^(n) is larger than one, then 
the corresponding subspace can be decomposed as an orthogonal sum 
of irreducible components. Hence Fin) is a direct orthogonal sum of 
Hilbert spaces of type Z/m(77,oAi + Az), with the induced inner product 
(5.4), and the different components are related by the action of the 
classical generators Xf (2.36). One can now calculate the adjoint of 
the generators of U^%n on Z/m(noAi + Xz) with respect to this inner 
product. The result is (see [37], Theorem 5.1) 

H* = Hu    X?* = SiX?,    where   * = (-1)*. (5.5) 

If TT- (u) is the representation of u G U*™ on Z/"1'(raoAi + Xz) with respect 
to an orthonormal basis, this means that 

Or(u)ttf = K){uy = ni(v?) (5.6) 

as in (3.3); here * really depends on z as in (5.5), which will however 
be suppressed in the following. Hence Z/m(noAi + Az) is a unitary rep- 
resentation of a certain real form of the type (3.4) of 6^m(«so(Z?,C)), 
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and the "sectors" with different \z but the same Si are unitary with 
respect to the same real form form. Comparing with Section 3.1, we 
conclude that if all Zi are even, then Z/m(noAi + \z) is a unitary repre- 
sentation of the compact form (3.6) and hence a scalar field on S'f*"1. 
If the zi are such that si = {—l)Zi is as in (3.8), then it is a uni- 
tary representation of the Anti-de Sitter group U^in(so(2^ D — 2)), and 
should in fact be viewed as a scalar field on AdSq"1, corresponding 
to a square-integrable scalar field in the classical case. To understand 
this, consider the Z/m((2Ms — k)Xi) as lowest-weight representations 
Lfin(kXi) ofUfin with lowest weight k\i. For low energies, they have 
the same structure as the scalar fields on the classical AdS space, which 
are irreducible unitary lowest-weight representations of SO'(2, D — 2) 
realized in terms of square-integrable functions. It is very remarkable 
that they are realized here in terms of polynomials in the coordinate 
functions. Therefore we define the Hilbert space of functions on the 
real quantum Anti-de Sitter space to be 

AdS?-1 : =        0 Wf • fa)" 
Ms<n<Ms+ks 

=        0 l/in(n\1) = S?-1(ti)M''.        (5.7) 
Ms<n<Ms+ks 

In terms of lowest-weight representations Lfin(nXi) = Uf%n'(t^s~nt^s) 
o£Ufin, this can be written as 

AdS?'^        0 ZWnAx). (5.8) 
(D-2)/2<n<Ms 

For energies less than M^, the states in the Hilbert spaces are the same 
as classically, and the action of U^in approaches the classical one for 
any given weight as M -> oo. The energy of all states is less than 2M5. 
The precise definition of the position operators will be given in Section 
5.5. In the classical case, the lower bound (D — 2)/2 can be seen by a 
simple dimensional argument; however it can be violated slightly. 

For even D > 4, the irreducible quotient of Uf n-(tJs"(I>"4)/2tfs) is 
the scalar singleton L^n((jD-4)/2Ai), with lowest weight (D-4)/2 Ai; 
we will not consider it any more here. 
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5.2    Product spaces 

From the above discussion, it would seem much more natural to con- 
sider all polynomials in the U instead of just certain U^n • (ti)n. For 
simplicity, we will restrict ourselves to the polynomials of the form 
^(n) = U™3 • (ii)n for all kMs < n < kMs + kg and all k G N, and 

study their field content. Let Ai = Ai for D > 3, and Ai = Ai/2 = Ai 
for D = 3. Then ^(n) = Jr(nQ)J:(kMs) using (4.9), where the second 
factor is essentially the representation L(A;Ai) of the classical symme- 
try algebra g, which connects the various components with different 
Az/. Hence xz 

©^(n)=(   0   ^("o)) ®■(©£(**!)), (5-9) 
0<no<A;5 fc€N 

where certain modes were omitted as in Section 5.1 for simplicity. For 
the moment we ignore the reality structure. 

Observe that the L(kXi) are very particular representations of the 
classical g, which have a nice interpretation. Consider first D — 2r. 
Then the dual algebra is sb(2r) = so(2r) as shown in [37], and L(kXi) 
can be viewed as a function on the classical sphere 5jD~1. Hence 
©fcGN^(^Ai) = F^n(S'jD~1), which is the space of polynomial functions 
on the classical sphere S'jD~1. 

Next, consider D = 2r + 1, which is less obvious. Then Ai = Ai, 
and ^(kMs) is the highest-weight representation L(kAi) of sb(2r + 
1) = sp(2r) with highest weight kAi. Observe that the 2r-dimensional 
representation L(Ai) is not real, in the sense that the 2r variables Zi are 
necessarily complex, and can be considered as 4r real variables Xi. The 
compact form USp(2r) acts by multiplying the Zi with a unitary matrix. 
Therefore the radius x2 = J2i zi^i ^s invariant under USp(2r), and the 
orbit of USp{2r) in L(Ai) = C2r turns out to be sphere S47*-1 (to see 
this, one can show that the stabilizer of (1,0,... ,0) is USp(2r — 2), 
hence USp(2r)/USp(2r - 2) ^ S47*"1 on dimensional grounds). The 
set of polynomials of degree k in the z^ is precisely the representation 
L(fcAi), hence @k^L{kKi) is the space of those functions on 54r-1 

which are induced by holomorphic functions on C2r; for lack of a better 
name, we call it the "chiral sector" S^~l of S'4r~1. The full sphere could 
be obtained by tensoring Sx with another (conjugate) chiral sphere. 
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In summary, we found (ignoring the reality structure) ©neN-T^) — 
S°"1 ® Fun(M), where 

„,     f   S0-1,   D-l odd ,r 1A, 
M = { Sf"»;   D - 1 even, t510) 

which should be interpreted as the functions on the product of the 
quantum sphere with the classical sphere, or the "chiral sector" of the 
classical sphere. 

Now we take into account the star structure (5.5) induced on the 
various Z/m(noAi + Xzf) C ^(n). As we have seen before, certain 
sectors \zr of the modules ^(n) correspond to S^-1, others correspond 
to AdSj^"1, and others yet have not been identified here. This means 
that we obtain the product of AdS^'1 or S^-1 with certain quotients 
(=orbifolds) of the classical spaces. The functions on the orbifolds 
are described by functions on the covering space which are invariant 
under the action of a certain classical group, possibly modulo signs (for 
twisted orbifolds). 

To make this more specific, recall that vzi G L^m(noAi + A2/) C ^(n) 
is an element of AdS^'1 iisj = (—l)Zj is as stated in (3.8). By Theorem 
2.2, this condition can be restated as 

e^-iv^-rv. (5.11) 

Here the el7rHj are elements of the classical group corresponding to £j, 
whose square is the identity; they can be viewed as rotations by TT. 

They generate the abelian group 

r = (Z2)
r. (5.12) 

This means that the classical functions vzi on M = S0-1 or S*D~S are 
really functions on the (twisted) orbifold M/T. Hence 

e^(n) = (Ads?-1 x M/r) e (sf-1 x M/r) ©...    (5.13) 

in somewhat sloppy notation, where the different summands correspond 
to different twisted sectors of the orbifold M/T. In fact, some of these 
other sectors (which were not considered so far) are again equivalent to 
AdSq"1. For example for D = 5, all sectors turn out to be either S* 
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or AdSq. Hence they might recombine, and (^2)r might effectively be 
smaller. 

The residual1 symmetry of Q on these orbifolds is [37] su(2)r for 
D = 2r + 1, and to ^(l)r for D = 2r; in a sense, Q is spontaneously 
broken. 

5.3    The Universal Weyl Element UJ 

The appropriate mathematical tool to describe the involution is an 
element of an extension of Uq by generators Ui of the braid group, 
introduced in [19] and [21]. The CJ, act on representations oiU™8, and 
define a braid group action on Uq via Ti(u) = ujiuu^1 for u G Uq. All we 
need is the generator corresponding to the longest element of the Weyl 
group, LJ. Acting on an irreducible representation, u maps the highest 
weight vector into the lowest weight vector of the contragredient (dual) 
representation, as classically. It has the following important properties 
[19, 21]: 

A(a;)   =   n~1uj®uj = cj®ujn2i, (5.14) 
UUUJ-

1
   =   eS-f(u) = S-1e^(u)i (5.15) 

UJ2   = (5.16) 

for u G Uq, where 7 = id in the case so(2r + 1), and 7 is the auto- 
morphism of the Dynkin diagram3 in the case so(2r). e is a Casimir 
with 

A(e) = c®e (5.17) 

which takes the values ±1. It turns out that e = —1 only for spinorial 
representations which are not considered in this paper, thus we will put 
e = 1 from now on. (5.14) justifies the name "universal Weyl element" 
for CJ. One can also define antipode and counit for a;, and explicit 
formulas for UJ in terms of formal sums in Uq can be given [14]. Since 
explicit proofs of (5.15) and (5.16) have only been given for the rank 
one case in the literature, we will sketch short proofs for the general 
case in Appendix B. 

3for 50(8), it is the automorphism which interchanges 0:3 with 0:4 and leaves Ai 
invariant, as can be seen from Vb. 
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For our purpose, we define a slightly modified element 

G) := g2V (5.18) 

with the same properties as uo except 

UUGJ-
1
 = dS-^u) = S9-f(u). (5.19) 

u or CJ has a simple interpretation for real representations. A represen- 
tation V of Uqes will be called real here if there exists an intertwiner 

g:V®V-±C, (5.20) 

or in other words an invariant tensor on V ® V. If gij is the matrix of 
this intertwiner, then 

gijKkMtffa) = e(u)0M, (5.21) 

for all u G W^, which by standard Hopf algebra identities is equivalent 
to 

9iA(u)=9ki*(S(u))lJ, (5.22) 

or ^{u)Tg = g7r(S(u)) in matrix language. Now by (5.19), one can 
write S(u) = 0)0(7(1/)Jo)-1, and one obtains 

7r(u)r = A-17r(0(7(^)))A, (5.23) 

where A-1 = gir(6j). 

In the classical case, it is known that the "real" representations of a 
Lie group can be chosen to be orthogonal or symplectic matrices, in a 
suitable basis. Moreover, a highest weight representation is real if the 
highest weight is invariant under the automorphism 7. We can show 
the following related statement in the g-deformed case: 

Lemma 5.1. 7/7 acts trivially on the dominant integral weight A, i.e., 
(/?», A) = (7(^)5 A) for all i, then the automorphism 7 can be realized 
as a conjugation on Lres(\), 

7r(7(u)) = CTI{U)C (5.24) 

with C2 = 1, and Lres{\) is real If Lres(X) is in addition a unitary 
representation of the compact form (3.6) ofU™8, then there exists an 
orthonormal basis of Lres{\) such that the matrices 7r(tz)J. satisfy 

7r(u)T = J-l7r{e(u))J (5.25) 
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and (5.6) for all u G U™3, where J = 1 if L(X) is orthogonal at q = 1, 

and J is block-diagonal with blocks of the form ( 1 n j if L(\) is 

symplectic at q = 1. In this basis, C^ = C and CT = JCJ~l. 

This is proved in Appendix C. An alternative approach has been 
given in [35]. We will always use such a basis from now on. Even 
though these properties will be used only for the vector representation 
VD in this paper where they can be checked directly, they hold much 
more generally. In particular, (5.25) together with (5.23) implies by 
Schur's Lemma that the invariant tensor is given by 

g = JTCn(u-1), (5.26) 

where the hat on g will indicate the particular normalization implied 
by this equation. Further consistency relations of the j?-matrix with 
the invariant tensor follow from (5.14), see [30] or [35]. 

Now we concentrate on the case of interest here, which is the vector 
representation VD — Lres(\i). Since 7 acts trivially on the highest 
weight, VD is real, and the invariant tensor g is nothing but the metric 
(2.16). Moreover VD is orthogonal classically, hence J — 1, and 

-xiuf = >IT{6(U)) (5.27) 

for all u G Ur
q
es. Therefore £y = Cj^oT1), and Cj = 6} for so(2n + l). 

Finally, the star structure (3.6) on Uq can be extended by uu* = a;-1. 
This is consistent with (5.14), (5.15) and (5.16) for all real forms (5.5) 
of Uqi and also with the explicit formulas for u. Acting with (5.15) on 
a unitary irreducible representation, it follows by Schur's Lemma that 
7r(a;)t7r(a;) = 1, hence TT^)

1
" = 7r(a;*), as it should be. By (5.26), this 

implies that 
g^g-1- (5-28) 

For VD, this means g*j = gjl, which is well-known. 

5-4    Pre-involution on the extended coordinate al- 
gebras 

In this section, we construct an auxiliary "pre-involution" on certain 
algebras of coordinate functions extended by ^es, which will be used 
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in the next section to write down the star structure on the (extended) 
coordinate algebra. 

Let T be a ^es-module algebra, which in the present paper will 
be either C^ or S®^. The following constructions are however much 
more general. 

It turns out one has to extend T in order to write down the involu- 
tion. Consider the semi-direct product (cross product) algebraUqesb< J7. 
As a vector space, this is nothing but U™3 ® J7, with the relations 

uxi = (i/i • Xi)u2 (5.29) 

for Xi E J7 and A(u) = ui®U2 for u e Uq. This defines a consistent 
algebra, because U™8 is a Hopf algebra and T is a (left) U™8 -module 
algebra. 

Let g1* be the inverse of the metric, i.e., g^Qjk = S%
k, and define as 

usual [8] 
L-) = ^{n^)n^\ (5.30) 

Then we can define an auxiliary "pre-involution" on U™8 bi T as follows. 

Proposition 5.2. Let T be C^ or S^1, with generators Xi. The map 

(.) on Uqe8\K T defined by 

xl   =   LJXjCfu"1 = xiL~kgkl 

TTi   =   Hhxf = X? (5.31) 

can be consistently extended as an antilinear anti-algebra map on 
Ur

q
e8 ix F, which satisfies 

f = vxv~l (5.32) 

for any x G U™8 ex T. Moreover, 

x2 = XiXjgv = x\ (5.33) 

if the normalization of g^ = q^ ~ *' glj is such that g1* = gfy. 

On U™8, this is just the compact involution considered before; notice 

that v is central in U™8. For q = 1, L~* = <SJ-, and (5.31) agrees with 



182 H. STEINACKER 

(3.10) in the classical limit. In particular, the use of Co is not essential, 
but a considerable simplification. 

This generalizes easily for more general algebras generated by gen- 
erators xi in bigger, real representations. The 7^-matrix involved in xj 
essentially corrects the flip in the conjugation of the coproduct of Uq 

which occurs if q is a phase. In the form with L~, a somewhat similar 
formula was proposed in [24] in a different context. However, we use it 
as an intermediate step towards the correct "physical" involution. The 
two formulas for xl are identical, because 

=   xiL-lk9
ki (5.34) 

where we used (5.14) and ir^fyCl = (^~1)f = gk\ since J = 1 here. 

Proof One has to verify that the map is consistent with (5.29); this 
is done in Appendix C. The verification that xi = vxiv"1 is immediate 
if one uses Co = CJ~

1
 and C* = C^T = C. Recall that we do not consider 

spinorial representations here, so e = 1 in (5.16). In the more "down- 
to-earth" version with L~, the calculation is more complicated, and 
sketched in the Appendix C. 

The bar is compatible with (P'Y^XiXj = 0, using the fact that 
R* = R"1] note that for even D, R commutes with C ®C, because 7£ 
is invariant under the automorphism 7. 

To see the last relation, observe that C^C/py is also an invariant 
tensor, hence it is proportonal to gku and in fact it is equal to gu 
(consider e.g. the highest weight state, where G = 1). By (5.26), this 
implies that Cnfo) = 7r(Cj)C and therefore g2 = q^ ~ '^{v"1) = 1, so 
that g-1 is equal to g. This is known explicitly for Vp. Hence (5.33) 
follows from (Dx2^;-1 = x2, since x2 is a singlet. Therefore the bar is 
well-defined on S^"1- 

5.5    Position operators and star structure 

We concentrate on S^1 from now on. The generators U define linear 

operators on 5^71, and we now restrict them to the real sphere S^-1 = 
®o<no<ks ^(no)' Smceti!F(k) 6 ^r(fc + l)©^r(fc — 1) and usingthefact 
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that all ^(k) for 0 < k < ks + 1 are linearly independent by Theorem 
4.6, the projector 

Pc:      0       ^(no)->    0     r(no) = S?-1 (5.35) 
0<no<ks+l 0<no<ks 

is well-defined4, commutes with W£e5, and maps US^'1 C S^1 into 
Sq"1. Hence the operator 

U := P^Po (5.36) 

acts on S'^)_1, and generates the algebra of functions on the real quan- 
tum sphere. Of course for k < ks — 1, it coincides with U. Hence 
from now on, we can consider 5^~1 as an algebra, generated by the 
U. As before, it can be extended to Ur

q
es\K S^-1, which we consider as 

an operator algebra acting on S^-1. This will be understood from now 
on. Since S®~1 is a Hilbert space, we can calculate the star on that 
algebra, which is given by the adjoint. We will do this by constructing 
the inner product on the Hilbert space explicitly. 

Observe that the "pre-involution" defined in Proposition 5.2 induces 
a "pre-involution" on U™8^ S^'1 by 

Ti=CjijC
j

iCo-\ (5.37) 

since 

PJkPc   =   PcCjtjClCj-lPc = uPctjPcC
J

iuj-1 

=   LuijCJu-1 = U (5.38) 

if acting on S^-1. Moreover, there exists a unique invariant state < > 
on S^-1, given by the projection on the invariant component (singlet) 
in the decomposition (5.3), i.e., 

(fit)) = /o e C, (5.39) 

where /o is the unique trivial component of f(i) € S'.f-1. Because it is 
invariant, i.e., (u- f) = £(«)(/), this state extends naturally to a state 
on U™3* S°-\ so that (uf) = e(u)(f) = (fu). It satisfies 

    (/>* = (/> (5-40) 
4this is no longer true if we include more modes in S^-1 than in (5.3), since 

then non-decomposable modules appear. 
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for / G Sq~l, which again extends to f e Ur
q
esK Sq~l.  This can be 

used to define an inner product ( , )o on /S^-1, 

(f,9)o'-=(fg), (5.41) 

which however is not hermitian, rather 

(/, gTo = (Ji) = (gvfv-1) = (g,v f)0. (5.42) 

It satisfies furthermore 

(/,« • 0)0 = (M) = (u*fg) = (u* ■ /, g)0 (5.43) 

where u* is the compact involution (3.6), by (5.31). 

Now it is easy to write down an invariant hermitian inner product 
on Sq"1. We need the square-root of the Casimir v (2.13) acting on 
the representation 5^~1. Since v is diagonal on 5^~1 with eigenvalues 
q~Cx by Theorem 4.1, we can simply define the operator y^ acting on 
S?-1 by 

y/^'-q-^nXx    qn^n), (5.44) 

and similarly y/v-1. Here U™8 is considered as an algebra of opera- 
tors rather than an abstract (Hopf) algebra, hence there is no problem 
adding this new operator y/v. One may also give a more formal def- 
inition in terms of a rational function of v, see [35]. This allows to 
define 

n := CJX/^
1

, (5.45) 

again as an operator on S^-1 (or similar spaces). It satisfies QuSl — 
eS'^iu) = 867(11), and 

ft2 = 1 (5.46) 

if acting on S^"1, by (5.16). Then the following holds: 

Theorem 5.3  ("Quantum Euclidean sphere"). For any f,g € 
gD-l 

(f,g) •=(/>>&-9)0 (5.47) 

defines a positive definite hermitian inner product on 5^~1. It satisfies 

(u-f,g)   =   (f,u*-g)     . (5.48) 

(iif,9)   =   (fj*g) (5-49) 
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where u* is the compact involution (3.6) onU™8, and 

$! = Q-bjC$l= Vv^ijiL^ig^y/v (5.50) 

as operators on 5^_1. 

Of course, (/, Ug) = (i*/, g) also holds by hermiticity. In particular, 
this defines a star structure on the operator algebra generated by ii and 
Wg

res acting on S?-1. 

Proof     (5.49) follows from 

(iif,9)   = (iif, Vv ■ 9)o 
= (JiiVi ■ f) 
= (futjCiu-^-g) 
= {f^nijCin-'g) 
= (ftfjCJn-ig). (5.51) 

(5.48) follows immediately from (5.43), and hermiticity is seen easily 
using (5.42): 

(1,9)*  =  (f,>/i-g)o = {^'f,g)o 
=   (g, vVv-i ■ f)o 

=   (g,f)- (5-52) 

It only remains to prove that it is positive definite. For this, it is enough 
to check that ((ii)n, (^i)n) > 0 for all n < ks, using the invariance of 
( , ) and unitarity of Lres(nXi) for n < kg- This follows either by a 
continuity argument for q' on the unit circle between 1 and q using 
(2.24), or by a direct calculation, which is done in Appendix C. There, 
the bound n < kg will seen explicitly (the reason is that for larger n, 
tiJ:{n) becomes indecomposable). 

This completes the definition of the real quantum sphere 5^~1. To- 
gether with 0 or Wges, it forms a star algebra. In the classical limit 
q —> 1, the star becomes the correct involution i* = tjg*1 (3.10) for any 
given mode ^(n), as was pointed out below Proposition 5.2. Moreover, 
S^-1 C S^"1 naturally as a vector space if q' = eilTlM' with M' > M, 
since the irreducible representations Lres(nAi) oiU™8 and W^8 with de- 
grees n < ks are isomorphic. Real, self-adjoint position operators can 
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be defined for example as U + i*. This is similar to the "fuzzy sphere" 
[25] in the sense that there is a cutoff in the set of representations of the 
symmetry group, but we do not insist here that the algebra of functions 
should be a simple matrix algebra; instead, we consider a larger algebra 
including 0 or Uq. 

Finally we define the algebra of coordinate functions or position 
operators on the real Anti-de Sitter space AdS^'1, which was our 
main goal. Since the Hilbert space of scalar fields (5.7) (corresponding 
to square-integrable functions) has the structure 

MS? -1 = S?-1 ® L'in(Ms\i) = Sf- V, (5.53) 

where p= (ti)Ms, we can simply define the operators 

ii-(fp):=(ii-f)p (5.54) 

for / e S^"1, using the definition (5.36). The positive definite inner 
product on AdS?"1 is defined as 

(fp,9P) = (f,9) (5-55) 

where (f,g) is given by (5.47). Using (5.50), the adjoint of ii is 

{uy ■(fp) = (MjCin - /) # (5.56) 

However, we want to express this directly in terms of the Hilbert space 
AdSq"1) without explicitly using the above decomposition. The result 
is 

Theorem 5.4 ("Quantum Anti-de Sitter space"). The positive 
definite inner product (5.55) on AdS?'1 satisfies 

(u-f,g)   =   (f,u*-g) (5.57) 

(iif,g)   =   (fAg) (5-58) 

where u* is the star (3.8) on U™s(so(2, D — 2)), and 

(uy = -n(-i)E tjCM-V* = -(-i^Vv^ijiL-y^t, (5.59) 

where E is the energy operator defined in Section (3.1). 
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Proof     Using (2.12), one can see that for p £ Lfin(Y^ ^A^A.), 

(fti • /) ®(^2 • p) = 9(A/'Az)/ ® P (5.60) 

where A/ is the weight of / and Xz = ^^M^A^ this is because the 
term J2 Uqres ® W^rcs in (2.12) does not contribute since Xf - p = 0, 
and the "large" generators vanish as well, by the more explicit formulas 
in [20, 19]. On AdS?'1, one has g*M<z» = Si (no sum) with s* as in 
(3.8). Hence q(xf>Xz)f = (—1)^ • /, where i? is the energy operator as 
defined in Section 3.1. Therefore 

(^i-/)®(^2.p) = ((-i)£;./)®p = (7e2./)®(7e1.p).    (5.6i) 

Now 

= fi(-i)%c/v^(7er1^(-i)E - f)(n^(-i)E. p) 

= -(^^^-^-^^C/V^o; • ^(^^(-^^(-l)^ . p) 

- -(y/vu-HjCiy/v^G) • f)p 

^-(nijCin-ftp. (5.62) 

Here we used tt = Vv^oo = V^^ 1? ^(^ 1) — ^21^ 1 ® a) 1, and the 
fact that     

^foii^AFl(f®p) = -(^ii^A^lf)®p (5.63) 
for fp G AdSq~l, which is not hard to see. 

This completes the definition of the star-algebra of coordinate func- 
tions on the real quantum Anti-de Sitter space AdS^-1, extended by 
Cl or Uqes. In the second form of (5.59), the classical limit q -> 1 is 
easy to understand for low-energy states (i.e., states with weight close 
to the origin), since then (L~yk becomes 6J

k, and the star approaches 
the classical form i* = —ij(—l)Ejgjl in the limit, see (3.11). For ener- 
gies E < Ms, the scalar fields have the same structure as classically. 
Self-adjoint position operators can be defined as U + £*, and together 
with Uq we have a complete framework for quantum mechanics on the 
g-deformed AdS space. 

It should be noticed that the operators ii satisfy the algebra (2.20) 
on all Tip) except the one with maximal n. This is related to the clas- 
sical issue of the domain of definition of the position operators on AdS 
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space, which are then unbounded operators, and can be obtained as the 
limit of U for q -> 1. Then the "maximal" ^(n) becomes the lowest- 
weight module with minimal mass, and could be called the "massless" 
field (even though the definition of "massless" is somewhat ambiguous 
on the AdS space). In the classical case, the product of this field with 
the coordinate function U is not in the Hilbert space any more, and 
one might simply say that this field is not in the domain of definition 
of the position operator. However its domain can be extended, and the 
definition (5.36) of the operator ti amounts to an extension such that 
(5.59) still holds, at the expense of the commutation relations. Hence 
we enter the nontrivial subject of extensions of the domain of definition 
of symmetric operators. This shows that even issues of operator anal- 
ysis can be addressed in our "regularized", finite-dimensional version, 
which might be of interest even from the purely classical point of view. 

6    Further developments 

6.1    Calculus 

It is well-known that there exists a ^-analogue of the usual differential 
calculus, differential forms etc. on the quantum Euclidean space; for 
an extensive review see e.g. [9]. Even though this is usually done for 
generic g, there is no problem extending it to roots of unity. Moreover, 
the reality structures defined in Section 5 immediately generalize to 
these algebras. The basic relations are as follows [39]: 

diXj=gij+qs{R-1^l
jxkdh (6.1) 

with 
(P-)J?M- = 0. (6.2) 

The one-forms dxi satisfy 

dxidxj = -qsRijdxkdxi,    Xidxj = qsRijdxkXi. (6.3) 

All this is covariant under the symmetry algebra Uqes. 

The differential forms that should be used on the sphere or Anti- 
de Sitter space are -ofo;, where r2 = x2.   However, the number of 
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independent one-forms remains D instead of D — 1, since d(x2) cannot 
be omitted (i.e., factored out) consistently. This may in fact be quite 
interesting from a physical point of view, see Section 6.3. From a formal 
point of view, this is related to the fact that there exists a certain analog 
of the Dirac-operator in the sense of Connes, 

which generates the calculus on these quantum spaces by 

[to, f]± = (1 - qs)df (6.5) 

for any form / with the appropriate grading. This was discovered by 
Bruno Zumino [41]. It satisfies 

dw = w2 = 0. (6.6) 

It is also worth observing that d(xi)Ms = 0. One could go on and 
define an analog of the Laplace operator by A = gljdidj, and write 
down wave equations. However at roots of unity, this is perhaps a bit 
too simple-minded. A different proposal will be made in Section 6.3. 

6.2    Integral 

The invariant integral of polynomial functions on the quantum sphere 
is uniquely given by the projection on the invariant component (5.39), 
as in [34, 12, 9] for real q. To make the notation more intuitive, we can 
write 

Hi) = (H*)) (6-7) 
Js?-1 

where S^'1 is considered as the algebra generated by U. One can 
give an explicit formula, using the calculus discussed in the previous 
section: Consider the invariant linear functional [34, 9] defined on M2k 

by (/(X))A := c^1Akf(x)\ for k < kg, where Ck is given by (11.21) in the 

Appendix, and the vertical bar means "evaluation", i.e., it anihilates 
the derivatives. We define Ck such that {x2g(x))/± = (g(x))A, hence 
( )A is a functional on 5^"1. Since it is also invariant, it agrees with 
the unique integral, 

/      f(i) = c-k
1Akf(x)l (6.8) 

JsP-1 I 
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if f(i) is given by a reduced polynomial of degree 2k;  of course, 
SSD-I f(i) = 0 if f(i) is odd. (5.40) implies that 

f  m) = f  /(*r, (6.9) 

with the involution (5.50); note that even though /(£)* is an element 
ofUqe8K Sq~l, the projection on the invariant component of S^'1 un- 
ambiguously reduces /5D-I /(£)* to a complex number. In particular, 

f      f(iyg(i) (6.10) 

agrees with the positive-definite inner product on S^-1 defined in The- 
orem 5.3. 

On AdSq-1, the situation is similar. The algebra of S^Q 
1 implies 

for example 

{tl)Mst.    =    -t^s,      i?l,D 

(t^Hn   =   tuih)"* (6.11) 

(the minus could be eliminated by defining Q = gfi;). Similarly, one 
obtains commutation relations between the other elements of ^(Ms) 
and the generators £*, and hence between the elements of ^(Ms) them- 
selves. This algebra is consistent with the action oiU™8, which is that 
of g as we have seen earlier. Moreover, it is naturally a Hilbert space 
as we have used many times, hence the algebra generated by F^Ms) 
is naturally a star algebra, using the adjoint. The inner product can 
again be obtained from a unique invariant state. Combining this with 
Sq~l, A := (©^(fcMs)) ® Sq'1 becomes a star-algebra. The unique 
invariant state defines an integral on A, so that the inner product (5.4) 
of this Hilbert space can be written in the form 

(/,£)= [ 1*9- (6-12) 
JA 

In particular, this defines a positive-definite integral on AdSj?"1. 
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6.3    Towards formulating physical models 

We have already discussed the one-particle states for scalar particles in 
detail: they are just the irreducible representations ^(n) = Z/iri(nAi) G 
AdS®-1 for Ms < n < Ms + ks, or equivalently the lowest weight mod- 
ules Lfin(kXi) for (D — 2)/2 < k < Ms* The integer k characterizes 
the "mass" of the particle, in the Anti-de Sitter sense. How it should 
be determined is a dynamical question; one might e.g. write down La- 
grangians and try to formulate a variational principle. In particular, 
this would allow to consider interaction terms, since functions on quan- 
tum Anti-de Sitter space can be multiplied. We will come back to this 
in a moment. 

Spin one particles or vector fields are irreducible representations 
Z/m(fcAi — c^i), where k satisfies certain unitarity bounds. They can 
be described as one-forms on AdS®'1, as discussed in Section 6.1. As 
we pointed out, there are now D components instead of D — 1, the 
additional one corresponding to "radial" forms f{t)dr. In the classi- 
cal limit, they simply become scalar fields on AdS space, which are 
intimately connected to their vector partners. In fact in the massless 
case, they turn out to be ghosts of the gauge fields. Moreover, there 
is a natural BRST operator which arises from U™3 [36, 35]. All these 
surprising features show that the remarkable structures that arise at 
roots of unity may have very interesting physical interpretations. We 
should also mention the classical symmetry g here, which appears to be 
spontaneously broken in a natural way to su(2)r for D = 2r + 1, and 
to u(l)r for D = 2r [37]. Of course, fields with different spin can also 
be described. 

However, the correct formulation of a dynamical principle on AdSq 

is not clear, and deserves some discussion. The traditional approach 
would be to write down a Lagrangian, which determines a Hamilto- 
nian, which in turn dictates the dynamics of a model. On AdS^'1 

however, the energy is given a priori; it is simply the element E of the 
Cartan subalgebra of Uq(so{2,D — 2)) defined in Section 3.1. Hence 
it seems that the dynamics should be formulated here by a principle 
which determines the physical, "on-shell" degrees of freedom, as in 
string theory. This is quite trivial in a non-interacting model, since it 
just amounts to picking an irreducible representation. In an interact- 
ing model, determining a consistent physical Hilbert space in terms of 
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the representations we have at our disposal seems very nontrivial. In 
particular, it involves tensor products of the one-particle states, which 
is a rather complicated and rich topic for quantum groups at roots of 
unity [5]. This is also related to knot theory via the R -matrix and the 
Drinfeld Casimir v (2.13), which has proved to be very important in 
earlier sections. In view of this and other considerations, we propose 
the following "on-shell" condition: 

v = 1 (6.13) 

or perhaps v = c for a constant c, as an operator identity on the physical 
many-particle Hilbert space, supplemented by other conditions. This is 
somewhat reminiscent of the on-shell condition in string theory, L0 = a 
(among others), see also [1]. It will be discussed further in the next 
section. 

Nevertheless, there are obstacles if one tries to perform a "sec- 
ond quantization". In particular, it is neither clear how to impose 
a symmetrization postulate on AdS^'1, nor how to define an invari- 
ant path-integral. Consider many-particle states, which should be de- 
scribed by tensor products of the one-particle irreducible representa- 
tions Lfin(k\i). A first complication is that at roots of unity, such ten- 
sor products are generally not completely reducible. However, there ex- 
ists a reduced tensor product, which yields precisely the correct "phys- 
ical" many-particle states, as a direct sum of unitary irreducible rep- 
resentations. This was defined in the case of Z^m(5o(2,3)) in [38], and 
will be discussed more generally elsewhere5. The more difficult problem 
is that there seems to be no natural definition of a totally symmetric 
or antisymmetric tensor product for more than 2 factors, because the 
.R-matrix represents (a quotient of) the braid group rather than the 
symmetric group. A related difficulty arises in the context of path inte- 
grals: if one expands the fields as ^{t) = ^ a(fc)/® (t) in the usual way, 
then the coefficients a^) should be covariant under U^in as well, hence 
they cannot be ordinary numbers, and there is no obvious definition of 
an integral. Some new ideas are needed here, presumably related to 
the natural concepts of braiding, links and vertices associated to the 
fields Z/m(£;Ai). A proposal in this direction has been given recently 
in a somewhat different context [28], which is however not consistent 
with a Hilbert space formulation. 

5it is different from the usual "truncated" tensor product [18, 5, 24] defined in 
the context of conformal field theory. 
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Finally, we want to mention that it is easily possible to describe 
fields on covering spaces of AdS^'1. This is done by giving up the 
quantization of the eigenvalues of the Energy E to (half)integers, which 
arises from the compact time-like curves on Anti-de Sitter space. The 
corresponding unitary representations of U^n{so{2) D — 2)) with non- 
integral weights indeed exist [37]. However, U™8 is then not admissible 
any more, which means that the classical symmetry Q disappears. The 
fields cannot be described simply by polynomials in the U any more, 
but they are still finite-dimensional with similar properties. 

7    Discussion of physical aspects 

Some remarks on the physical aspects of the suggested framework are 
in order. 

Hilbert space First and foremost, the Hilbert spaces of particles 
respectively fields on AdS^1 are finite-dimensional, even though they 
are covariant under the noncompact symmetry algebra Uq(so(2,D — 
2)). Since all local aspects of such a theory should have a smooth 
limit to the flat, undeformed case, this can nevertheless be viewed as a 
regularization of the classical, flat case if one takes the limit R —> oo. 
All states have manifestly positive energy, with a high-energy cutoff of 
the order of M, in units where R = 1. Moreover, there exists only a 
finite number of inequivalent one-particle representations. 

The total number of states in AdSq~l as defined in (5.7) can be 
calculated easily. For simplicity we calculate 

dim(AdS°-1) = dim(Sf -1) « dim (    J^   T(k) J 
\0<fc<M5 / 

= dim(Mg
M5-1) + dim(M^s-2) 

D-l      ) + \      D-l 

MD-1 
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for large M5.   This means that if we assign the classical area to the 
sphere S^-1, then the number of states per area is approximately 

i^.cf^r1, (7.2) 
area \ R J K     J 

where c « V^f^)      .   This corresponds to a "quantum length" of 
Lmin = R/Ms, and the same should hold on AdS^-1. 

However, the physical interpretation of the cutoff Ms is not en- 
tirely clear. At first sight, on may be tempted to relate Lmin to the 
Planck scale, even though we have not attempted to formulate gravity 
here. On the other hand, the commutation relations (2.20) together 
with (2.19) are inhomogeneous and suggest the existence of another, 
larger length scale given by L2

NC & R2i(q - q'1) or LNC/R ~ A/M"
1
, 

where one would expect the noncommutativity to become important. 
This implies a certain quantization of the radius R of AdS space in 
terms of LNc and M. Of course this argument may be questioned be- 
cause the coordinate functions U are not real. However this scale is 
relevant whenever functions on AdS^'1 are multiplied, for example if 
one would write down interaction terms in Lagrangians, as discussed in 
the previous section. We will see further evidence for the importance 
of this scale in the next paragraph. Hence LNc is expected to be the 
relevant "non-commutative" scale where the "fuzzyness" of the space 
becomes important, while Ms/R is the maximal energy of the entire 
many-particle Hilbert space. Of course, these issues can only be settled 
once a physical model has been formulated and studied. It is neverthe- 
less quite interesting that in the context of loop quantum gravity and 
spin networks [3], a similar quantization of the cosmological constant 
in terms of the Planck length and the root of unity of a quantum group 
was found. 

At this point, we can get some insight into the proposed on-shell 
condition v = 1 (6.13), for the one-particle sector. Consider the unitary 
representations Z/m(A) = Lfin{y) for A = 2M5A1 —/i, which has lowest 
weight //. It satisfies v = 1 if the classical Casimir c\ is divisible by 2M, 
by (2.30). This holds in particular if CA = 0, which is a good definition 
of massless fields on AdS space; for example, it means (j, = (D — 2)Xi for 
scalar fields. It also characterizes certain gauge fields with higher spin 
[10], for example the massless vector fields on AdS*, which contain the 
correct degrees of freedom of gauge fields [38]. This will be discussed in 
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more detail elsewhere; in any case, the constraint v = 1 yields certain 
massless fields, and a series of massive fields with masses of the order of 
\/M, since c\ is quadratic in A. The latter is essentially Lj^Ci the scale 
found above where noncommutative effects are expected to become 
important. Therefore one gets qualitatively a similar picture as in string 
theory. However, the tower of massive fields terminates here. 

Anti-particles Another interesting issue is the physical meaning of 
certain observables, such as the operator E defined in Section 3.1. For 
E much smaller than Ms, this is clearly the generalization of the clas- 
sical energy. However, note that the spectrum (=the weights) of the 
irreducible representations Z/m((Ms + fc)Ai) for k < Ms is symmetric 
around M5A1, and there are as many states with E = 2Ms — n as 
there are with E = n. Hence one could interpret [E]qs « 

:^sin(^L) 
as the physical energy which has a maximum at E — Ms, and inter- 
pret the states with E > Ms as anti-particle states. This is actu- 
ally more natural from the mathematical point of view. Then particle 
and anti-particle states could be unified in one irreducible representa- 
tion, which is a fascinating picture. Alternatively, one may interpret 
Lfin({-Ms + k)Xi) C Lres((Ms + k)Xi) as the anti-particle states cor- 
responding to Z/m((Ms + &)Ai). Then the operator Cl defined in (5.45) 
plays the role of a CPT operator. It could also be redefined using U(g) 
so that it leaves Lfin((Ms + k)Xi) invariant, if latter is interpreted as 
containing both particle and antiparticle states as just discussed. 

Comments on the AdS-CFT correspondence Recently, an in- 
teresting conjecture between string or M theory on AdSn x W and 
(super)conformal field theories in n — 1 dimensions has been proposed 
[26]. This includes the cases AdS* x S5, AdS* x 53 x M, and AdSA x S\ 
Moreover, this has been extended to certain quotients (orbifolds) Sn/Y 
[17], which can break supersymmetry. Even though no precise defini- 
tion of the string theory or M theory side is known, it has been argued 
that it implies a "stringy exclusion principle" [27], which may indicate 
that the "effective" space-time is noncommutative. One may try to 
identify the integer M with the number of jD-branes, as was already 
suggested in the literature [13, 15]. Hence it is quite striking that the 
mere definition of quantized AdS spaces at roots of unity presented here 
leads naturally to such product spaces with spheres, as explained in Sec- 
tion 5.2.  In particular, the appearance of AdS4" x S7

X was completely 
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unexpected, and occurs without making any choices. Another feature 
of the AdS-CFT correspondence is the quantization of the radius of 
AdS space in terms of the Planck scale and the number of jD-branes 
[26]. We found a similar quantization above, where the relevant integer 
is M. 

One may object that there is no reason why precisely the Drinfeld- 
Jimbo quantum groups at roots of unity should play a role in the AdS- 
CFT correspondence. On the other hand, it has been known for a long 
time [1] that they do play a role in certain conformal field theories, 
such as the WZW models. Since the AdS space can be viewed as a 
coset of the AdS group, it is plausible that the quantum AdS group 
at roots of unity should be important in the above context. Hence it 
seems worthwhile to study the consequences of that assumption; as we 
pointed out, they are quite striking and rich. However at present, it is 
difficult to study these issues in more detail, since little is known about 
both the string theory side and the quantum group side. 
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9    Appendix A:Vector representations 

We review the vector representations for convenience.   First consider 
so(D) with D = 2r + 1, and Dynkin diagram as in figure 9. 

o o- -      - -o=# 
a2 oc 

Figure 1: so(2r + 1). 

a1 a2 
ar-l ^r 



QUANTUM ANTI-DE SITTER SPACE 197 

Then VD = Lres(A1) has a basis Xi for i = 1,...,D with weights 
Ai = I^(Aj,a!j)Aj. The coordinates (Ai,aJ) e Z will be listed below 
as row vectors. For D > 3, the weights are in descending order 

Ai      =Ai = (1,0,0,...,0) 
Aa     =Ai-oi =(-l,l,0,...,0) 
A3     =Ai-ai-a2 = (0,-1,1,0,..., 0) 

(9.1) ^r =Ai-Epi1ai =(0,...,-l,2) 
Ar+i = Ai - ELi «* = (0,..., 0) 
Ar+2 = Ai - X)[=i«» - Or = (0,..., 1, -2) 
Ar+3 = Ax - E[=1 aj - Q;r - Q!r_i = (0,..., 1, -1,0) 

A2r+i = Ax -2^1=1^ =(-l,0,...,0) = -Ai. 

If D = 3, then Ax = 2Ax = a. In any case, Ax = ]Ci=i ^ wi*h 
(Ai,Ax) = 2. o;r is the short root, and6 p* = (p, A;) = (2r — l,2r — 
3,...,l,0,-l,..,-2r + l). 

Next consider so(D) with D = 2r and Dynkin diagram as in figure 
9. 

o—o-- 

Figure 2: so(2r). 

The vector representation Vp has a basis x; for i = 1,..., D with 

6in [8], the conventions are such that there is an additional factor 1/2. 
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weights Aj. For D > 4, the weights in descending order are now 

Ai     =A1 =(1,0,0,...,0) 
A2     =Ai-a1 =(-l,l,0,...,0) 
A3     =Ai-ai-a2 = (0,-1,1,0,...,0) 

•,-1,1,1) 
.,-1,1) (9.2) 

•,1,-1) 
.,1,-1,-1) 
.,1,-1,0,0) 

A,.!   =Ai-Erfl^ =(0" 
Ar        = Ai - ^11=1 ai - ar-l = (0, • 

Ar+i   = Ai - YZZi OLi-ar = (0,. 
Ar+2   = Ai - J^Ui ai = (0, • 
Ar+3   = Ax - £]Li ^ - a;r_2 = (0,. 

A2r    = Ai - £[=1 a* - JJiZi ai   =(-l,0,...,0) = -Ai. 

If D = 4, then Ai = Ax + A2 = |(Q:I +(X2)- In any case, Ax = X^=i ai ~ 
l{oir-i + ar), and (Ax, Ax) = 1. The Weyl vector is invariant under the 
automorphism 7, and pi = (p, Aj) = (r—1,1—2,..., 1,0,0, —1,..., — r+ 

1). 

10    Appendix B: On the Weyl Element CJ 

We want to give some explanations to the remarkable formulas (5.14), 
(5.16) and (5.15). 

To get some confidence in these formulas, notice that if 

A (a;) =n~1cj®uj (10.1) 

holds on the tensor product of 2 fundamental representations, then 
it holds for any representations. This can be seen inductively: if 
(10.1) holds on V®Vf, then it also holds on the representations in 
V <g> V & V". Indeed by coassociativity, 

(id® A)A(a;) = ^"^(a;®^) (10.2) 

acting on V ®(V1 ® V") should be the same as 

(A ® id) A(a;) = ^^3(0; ® uo) (10.3) 
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acting on (V ® Vf) ® V". The rhs agree indeed since Uq is quasitrian- 
gular, see e.g. Lemma 1.1.1 in [35]; thus the Ihs agree as they should. 
Furthermore, since the action of LJ on any given finite-dimensional rep- 
resentation can be expressed in terms of generators of Uq, it satisfies 
Af(u)) = llA^n-1, and together with (10.1) this implies A (a;) = 
a;(8)a;7^2i- (10-1) also shows that cu is well-defined at roots of unity; 
this can alternatively be seen from the explicit formulas given e.g. in 
[21]. 

The action of UJ on the fundamental representations can be found 
explicitly, see [19]. If they are real, it is essentially the invariant metric 
Sy, by (5.26). 

(5.16) together with the statement that e = ±1 on any irreducible 
representation now follows easily, since e := ir1^2 is grouplike, i.e., 
A(e) = €0 6, and it only remains to check that e is ±1 on the funda- 
mental representations, where it agrees with the classical limit. 

Finally, we show UJXUJ'
1
 = 9Srj(x). Again, this can be verified 

for the fundamental representations, and it follows for tensor product 
representations by (10.1) and the fact that both sides of (5.15) are 
algebra maps. 

11    Appendix C: some proofs 

Proof of Theorem 4.1 The fact that .F(Jfc) S Lres(/cAi) = Z/in(kAi) 
have the same character as classically for k as stated was already ex- 
plained in the text; this can also be seen to a large extent by considering 
various Casimirs. It remains to show that they are linearly indepen- 
dent at roots of unity, and that (4.6) holds. Linear independence is 
clear: if there were a nontrivial linear combination of vectors in the 
•F(fc) which is zero, then there would exists a nontrivial submodule 
of the form Ffa) fl (0.F(fcj)) 7^ 0. This would mean that at least 
one F(k) contains a highest weight vector, which is in contradiction to 
!F(k) being irreducible (this also follows from well-known facts about 
representations at roots of unity [5]). Now (4.6) follows immediately, 
because the characters and hence the dimensions of the ^(k) are the 
same as classically. 
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Proof of Lemma 5.1 Assume that 7 acts trivially on A. Since 
Lres(X) is a highest weight module, every v G Lres(A) can be writ- 
ten in the form v = u~ • w\ for u~ G U~res. Define T7 • v := 7(1/") • WA- 

This is well-defined, because T7 • (Hi • w\) = ^(Hi) - w\ = Hi - w\ by 
the assumption. Clearly T^ = 1, and if C is the matrix representing 
r7, then C2 = 1 and (5.24) follow. 

To see that Lres(A) is real, observe that Lre5(A) contains a vector 
u-w\ with weight —A, since cuHiCj-1 = —j(Hi) and 7 acts trivially on A. 
This implies (e.g. by the method of characters) that for generic 5, the 
representation Lres(A)®Lre5(A) has precisely one trivial component, 
which defines the invariant tensor. It can be viewed as a solution of 
the equations X* = Hi = 0 which are analytic in q. Therefore this 
invariant tensor is smooth, and induces an invariant tensor also at roots 
of unity, where the irreducible representation Lres(X) can be obtained 
as quotient of the generic ones. Hence Lre5(A) is real. This can also be 
seen from Theorem 2.3. 

Next we prove (5.25). (5.23) implies 

7r(u)T = B-^iOiufiB (11.1) 

with B = CA, and applying this twice yields 

7r(u) = (BTB-1)7r{u)(BTB-1)-\ (11.2) 

using 92 = id. Since the representation is irreducible, Schur's Lemma 
implies that BTB~1 = al, or equivalently BT = aB for some a G C. 
This is possible only for a = ±1, thus 

BT = ±B. (11.3) 

Similarly, taking the complex conjugate of (11.1), we obtain 

7r(^)t   =   B-l*7r(6(u)yB* 

=   B-^TtiPivTyfB* = B-^B-^iu^BB*,      (11.4) 

using (5.6) and 6(11)* = 0(u*). On the other hand, 7r(uy = 7c(u*), and 
it follows as above that BB* = pi. Together with (11.3), this implies 
that BB^ = ±131. The constant ±/3 must be real and positive because 
BB^ is a positive definite matrix. We can assume that the determinant 
of B (or g) has modulus one, hence 

BB* = 1. (11.5) 
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Decomposing B = X + iY with real matrices X, Y, it follows that 
[X, y] = 0. Thus X and Y can be simultaneously (block-) diagonalized 
with a real, orthogonal matrix O, and B can be written in the form 
B — 0TJO with J diagonal ifBT = B,orJ block-diagonal with blocks 

proportional to f j if BT = — B. Changing the basis using the 

matrix O yields 7r(i/)T = J~
1
TT{9{U))J while preserving (5.6), and J 

has the desired form after a transformation with a unitary diagonal 
matrix. In particular, (5.25) together with JTC = gnfa) (see below 
(5.23)) implies that 

g = JT
C>K{UJ-

1
). (11.6) 

Next, we show that J = 1 if the representation is orthogonal at 
g = l, and JT = —J if it is symplectic. Equation (5.21) holds also for 
u = a), where E(U)) = 1 (this can be understood e.g. from the explicit 
form [14] of a; as a power series in Z^es, or simply by the fact that u 
acts trivially on trivial representations). Using (5.14), this implies 

gijiR-'Yin^^K^) = 9ki (ii.7) 

Since Lre5(A) is real, Lres (X) ® Lres (X) contains precisely one trivial 
module for generic 9, as classically. In that case, it is known [30] that 

giAR-'YL - giji^YL = ^w (11.8) 

where CA is the classical quadratic Casimir. Now for q = 1, (-R)^ = <^n 

is the permutation operator, hence a = 1 if L(A) is orthogonal at q = 1, 
and a = — 1 if it is symplectic. In any case, aqCxgnm7r™(Cj)iri'(£j) = gu, 

and cTqCxgnm^k^) = Pfc^iO^-1)- Now ^"1 = ^v'1 by (5.16), and 
together with (2.30) we obtain gnmF'kfa) = G^JW^nO^)* or 5f7r(^) =:: 

a(#7r(aO)T. By (11.6), this implies JC = a(JC)T. By definition, C 
leaves the subspace with weight ±A invariant, where C = 1. Hence 
JT = cr J, and the claim follows. 

In particular, we have shown CT = JCJ-1, which can also be seen 
by calculating 7r(7(ix))T in 2 different ways and using Schur's Lemma. 
Finally, taking the adjoint of (5.24) yields ^(^(u))^ = ^(^(u*)) = 
C7c(uyC. On the other hand, 7r(7(^))t = 0^(11)*C*, and Schur's 
Lemma implies that CC* = al for some a G C. Since C = 1 on the 
highest weight vector, we obtain C* = C. 
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(One can show similarly that there exists another basis such that 
the representation satisfies both (5.6) and 7r(u)T = —J~

1/
K(U)J for 

Proof of Proposition 5.2 First we check the compatibility with 
the cross product algebra. Applying the bar to uxi = Ui - XiU2 where 
A(u) = Ui ®U2 is the Sweedier notation for the coproduct, we get 

LUXkCfa'1!!   =   ifi xiir^ui)* 

=   vv&XkCfa-^fc), (11.9) 

using the fact that VD is a unitary representation of the compact form. 
Multiplying from the left with UJ~

1
 and from the right with a), we have 

to show 
XkCifi^uu = a)"1(^)ia;xfcCf7r;((?i)2), ' (11.10) 

or using (5.19) 

XHCtyS-^u)   =   (^-17(«)1)1-xfcCf(^-17(«)1)27rj((«)2) 

=   {OS-^Wn) ■ xfeCf^-17(«)ii7r/((«)2) 

=   a;nCf^(5-17(w)12)7rK(M)2)^-17(M)ii 

=   a;„<(£((«)2))Cr^-17(«)i 
=   xJS-^Ci 
=   xn6S-ly{u)C? (11.11) 

as desired, using Lemma 5.1, C — CT and standard properties of Hopf 
algebras (recall that C = 1 for Bn, which simplifies this calculation). 

Next we verify that xi is given by the conjugation with u, using 
the form (5.34). Applying the bar to (5.34), we find using L~} = L+l 
(which follows from 7^ fc^j = IZ^1 ^Tl^1) and g* = g'1 

Wi   =   gikL+'txtL-tug
vl 

=   gikxr>Kl{L+k
s)L

+s
lL-t

ur
l 

=   gikXrR^L+'L-lg"1 

=   gikxrL-r
tL

+k.B&g'a 

=   gikxrL-r
tL

+k
sg

stq-c^, 

(11.12) 
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where we used the standard commutation relations of the L±-matrices 
[8], and Rfcg* = Rs^gul = q-c^gst. On the other hand, using (2.14) 
one has 

=   XjL-iSL+tq-^ 

=   XjL-iguL+ltq-^, (11.13) 

since (l®^)^-1 = 5L+- = pftL+[p'fc, see [8]. Clearly both forms 
agree. 

Positivity of (5.47)    Consider 

((*i)n, (*i)B) = < (hrVi ■ (ti)n > 
=   <(i1)

nd;-1v/^-(^r> (11.14) 

where we used C£ = 8[ since ti is the highest-weight vector of VD (we 
omit the hat on the U since n < ks). Using (T^f1 • ti)(72.^1 • ti) = 
q-frMfa)2, one can show that u ■ (ii)n = gjn(n"1)/2(w • ii)n, hence 

((*i)B,(*i)B)  = ?5(n"1)/2 < (ti)nM"-1 ■ h)n > 

=     ^-1)/2
(?-("2+^-2))/2 < (t!)**^-1 • tl)" > 

=   q-s
n{D-1)l2 < {hnhCfgiiY > 

= q-s
n{D-m < (hntDgD1r > 

=   (9Di)n < (*i)nfa>)n > (11-15) 

where faj = g^q^ ~ *' , see Proposition 5.2. To proceed, we use the 
formula ({ti)n(tD)n}  = c-1An(xi)n(xD)n|  of Section 6.2, as well as 

A^ = q2
sXi£± + /i9t where // = 1 + 95"^. Using ^JJ = ^5 [8], (6.1) 

implies di^i = Xi^i, and therefore 

Az? = g^x^A + gS"1 Ww^i"1^- (H-16) 

Now observe that ^x^i = 0 unless i = 1, hence Six^i = (giD + 

gi^D^i)^-1!, using (R'^ID = 95- Therefore 

^i^i^^r'N^^^r1- (ii-i7) 
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Moreover Arc^i = 0, and it follows 

Ax^i =q2
s
{n-1)[n}2qsmD(xr1xnD1), (11.18) 

thus 

((^i)n(^)n) = c-V^dnhsinmnT (11-19) 
where [n]qs\ = [n}qs[n - l],s • • • [l],g. Now goigiD = 1, therefore 

((«!)», (*!)») = ^"-^M VdnLO2- (11-20) 

By another tedious, but straightforward calculation one finds 

C = AV)n| 

= ^9f-
1)+"(D-2)/2[n]gs![n + D/2 - l]w!([2?/2 - I],,!)"1, 

(11.21) 

hence 

((*!)", (tx)") = »-nq-s
niD-2)/2[D/2 - l]w!Ks!([n + D/2 - I],,!)"1 

= (q{
s
D-2)/2 + q-s

{D-2)/2)-n n + D/2-1 
D/2-1 

,   (11.22) 
QS 

where 
n 
m 

{D - 2)12 = kg. 

|m|0!|n-m|( 
This is manifestly positive for n < Ms — 
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