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Abstract

In a geometrical background, D-brane charge is classified by topo-
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the K-theory. We argue that we can follow the D-brane charge through
the nongeometrical regions of the Kahler moduli space and, as evidence,
explicitly construct torsion D-branes at the Gepner point in some ex-
amples. In one of our examples, the Gepner theory is a nonabelian
orbifold of a tensor product of minimal models, and this somewhat
exotic situation seems to be essential to the physics.
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1 Introduction

The D-branes that were analyzed thus far are mainly BPS branes preserving
a fraction of the space-time supersymmetry. Starting with the work of Sen,
it has been realized that there are also stable but non-BPS D-branes. The
existence of (some of) these states has then been interpreted by Witten: D-
brane charges are classified by K-theory [1, 2] rather than cohomology. In
this context, Sen’s non-BPS states are stable because they carry a conserved
discrete charge — a torsion element of the K-theory!. There are two possible
approaches to understand the physics of these stable non-BPS states: First,
one can use a microscopic formulation, where D-branes are described as
boundary conditions in a conformal field theory. Alternatively, one can use
the language of K-theory and vector bundles. Both of these approaches
have been used to study toroidal orbifolds in the literature. In this paper,
we study non-BPS D-branes in a geometrically more interesting background
— Calabi-Yau compactifications whose K-theory has a torsion part. We are
particularly interested in the dependence of the physics of torsion D-branes
on the moduli of the closed string background.

In the large-radius limit, where geometrical reasoning applies, we know
that D-brane charge is classified by topological K-theory. These geometrical
concepts are no longer available in the stringy regime. Here, boundary con-
formal field theory provides a powerful tool for the investigation of stringy
D-brane physics. While these methods are in principle applicable at generic
points in moduli space, they are most useful at rational or “Gepner” points,
where the theory is exactly solvable.

Still, while a detailed description of the D-branes may not be possible
at a generic point in the moduli space, one might hope to achieve a cruder
goal, namely the classification of the allowed D-brane charges. That is, we
would like to define a “quantum K-theory” (the phrase appeared in [5], in
analogy with quantum cohomology) which would classify the allowed D-
brane charges everywhere in the moduli space, and which would reduce to
topological K-theory in the geometrical limit. And, wherever possible, we
would like to make contact between it and the results of boundary conformal
field theory.

Turning on a (flat) B-field leads rather naturally to a twisted version
of the differential K-theory of [6, 7] (see also [8, 9] for earlier work). But
to define our quantum K-theory, we would also need to understand how it

INot all stable, non-BPS D-branes are explained this way. For instance, among the D-
branes of [3, 4] are ones which are stable in some region of the moduli space, for energetic
reason, not because they carry a conserved charge.
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deforms when one turns on a finite value for the Kéahler modulus.

While we won’t be able to provide a definition of quantum K-theory, we
will, at least, be able to describe how the quantum K-groups vary as we vary
the moduli. More precisely, we will be able to determine the automorphism
of the quantum K-theory that results from traversing an incontractible cycle
in the moduli space.

For the free part of the K-theory, these automorphisms are calculable
using Mirror Symmetry. The comparison of BPS D-brane charges at different
points in moduli spaces was studied in [10, 11, 12, 13, 14, 15, 16, 17, 18, 19].
Our challenge is to extend these results to include the torsion in the K-theory.
In the simplest class of examples (a more precise criterion will be discussed
in §2.4), the automorphisms all act trivially on the torsion subgroup. So the
torsion subgroup of the quantum K-theory is, in some sense, “constant” and
independent of the moduli.

We won’t address the following much harder question. Given a (torsion)
class in the quantum K-theory at a point in the moduli space: is there a
stable D-brane in the conformal field theory at that point representing the
given quantum K-theory class? The analogous question for BPS branes is

hard enough [20, 21, 22].

We will see that, in some examples, it is possible to construct a stable
brane in terms of boundary conformal field theory at the Gepner point,
corresponding to a torsion class in the K-theory. This provides some evidence
that there is, at least, a path between large-radius and the Gepner point
along which the torsion branes are stable. It is not so clear that the torsion
branes are stable near the conifold point (see §7.2).

We will present two examples: Both of them are quotients of the quintic
by a freely-acting discrete group. The first is a quotient by a freely-acting Zs
scaling symmetry. The Kahler moduli space has three distinguished points:
a “large-radius” point, a Gepner point, and a (mirror of a) conifold point. We
construct torsion branes at large-radius and as bound states of BPS branes
at the Gepner point. We find explicitly that the monodromies about these
two points act trivially on the torsion subgroup of the quantum K-theory.
Since there are only three boundary points of the Kahler moduli space, the
monodromy about the conifold point must also act trivially on the torsion
subgroup.

In the second example, we mod out by an additional orbifold action,
which is a cyclic permutation of the five coordinates. This example was in-
vestigated by Aspinwall and Morrison [23]. They found that the tree-level
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topological string amplitudes (the chiral ring) have a Zs symmetry, relating
different points in the moduli space, which is not a symmetry of the full
theory. In particular, the 1-loop topological string amplitudes distinguish
these points. We find that the D-brane spectrum is also not invariant un-
der this would-be Zs symmetry. Rather, the CFTs at points in the moduli
space related by this Zs differ by turning on (topologically trivial) discrete
torsion. This, of course, alters the spectrum of D-branes. We determine the
monodromies (up to a certain ambiguity, involving the torsion) in the Kéahler
moduli space and, in particular, we determine which D-branes become mass-
less at each of the five points corresponding to (mirrors of a) “conifold”-type
singularity.

Section §2 is devoted to laying out our guiding assumptions in determin-
ing the monodromies in the quantum K-theory as one moves about in the
moduli space; subsections §2.1,§2.2 and §2.5 contain essential mathematical
background to our computations. Sections §3,84 review the essential confor-
mal field theoretic background. In §5, we construct the BPS boundary states
on the Gepner orbifolds we are interested in and in §6, we superpose them
to form the desired torsion branes. §7 and §8 are devoted to our examples,
and a detailed comparison of the conformal field theoretic and geometrical
results.

2 K-theory and D-branes

We begin with a short review of some relevant facts about K-theory. Much
of this material will be familiar to many readers; we include it here for
completeness.

2.1 D-brane charge

In this paper we will be considering Type II string theory on spacetimes of
the form R* x X, where X is a compact Calabi-Yau manifold. We will be
interested in wrapped D-branes which correspond to particles in the noncom-
pact R, As has become familiar, D-brane charge takes values in K-theory,
but precisely which K-theory is relevant here? For D-branes which corre-
spond to particles in R*, this is Kc:;n(R4 x X), where by K v We mean
compactly-supported in space, but not in time. Since the time-direction is
contractible, this is

K% (R x X) = K3, (R® x X)
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We can identify Kg,,(M) = K*(M,0M), the relative K-theory of M with

respect to its boundary. In our case, d(R® x X) = S? x X. The relative
K-theory fits into a 6-term exact sequence

KO (M) —— K%OM) —— KY(M,0M)

T | l (2.1)

KO(M,0M) —— KY(OM) —— KY(M)

To evaluate the various terms in this sequence, we use the fact that if K*(X)
or K*(Y) is freely-generated, there is a Kiinneth formula for K*(X x Y),

KX xY)=K'X)® KY)® K}X)® K}(Y)

K{X xY) = K°X)® K'(Y)® K*(X) ® K°(Y) 22)

In our case, KR%) = Z, K°(S?) = Z + Z and K'(R®) = K!(S?) = 0.
Plugging this information into (2.1), we have

KO(X) 7, K%S?) @ KO(X) —— KY(R3 x X,S? x X)
KOR3 x X, 8% x X) —— KO(S?) @ K}(X) «——— KY(X)
| (2.3)

The maps i* are injective; they involve taking a class on R® and restrict-
ing it to the 2-sphere at infinity. So K'(R3® x X,S8%2 x X) = K°(S?) ®
K°(X)/i*(K°(X)) = K°(X) and similarly for K°. So, for Type IIB, our
D-brane charge takes values in

0 (o4 ~ Tl
Kc’;t(R x X)~ K (X) , (2.4)
and for Type IIA it takes values in

K}z;t(R‘* x X) ~ K°(X) (2.5)

This shift in degree should be familiar from ordinary E&M. There, the

charge density, j € Hgﬁt(M3 xR) = Hg’pt(Mg) and by a similar exact sequence

for relative cohomology, we find HZ,,(M3) ~ H2(0Ms3)/3*(H2(M3)). This
isomorphism is known as Gauss’s Law; we compute the charge by integrating

a 2-form, *xF'| over the boundary of a region of space. So we should regard
(2.4),(2.5) as the K-theoretic analogues of Gauss’s Law.
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2.2 The push-forward

We will be particularly interested in the K-theory classes corresponding to D-
branes wrapped around submanifolds of X. Indeed, these will form a basis
for the K-theory. The basic construction we will need is the K-theoretic
push-forward. Given a submanifold 7 : S — X, and a K-theory class v on S,
we can use the Thom homomorphism in K-theory to obtain a K-theory class,
tiv, on X. This class is characterized by the Atiyah-Hirzebruch Theorem.

Let f : Y — X be a continuous map between smooth, compact, con-
nected manifolds. If dim(Y)—dim(X) = 0 mod 2, then for each a € K°(Y),
there is a class fia € K°(X) such that

ch(fia)A(X) = . (ch(a)e%dA(Y)) (2.6)

where d € H2(Y) is a class whose mod-2 reduction is wa(Y) — f*wy(X) and
f« is the push-forward in cohomology. The definition of the push-forward,
fi, depends on a choice? of the class d. If Y, X are almost complex manifolds,
there is a canonical choice for d: set® d = ¢1(Y)— f*c1(X) and (2.6) simplifies
to

ch(fia)Td(X) = f.(ch(a)Td(Y)) (2.7)

If dim(Y) — dim(X) =1 mod 2, then fia € K}(X). Viewing K(X) as a
subgroup of K%(X x S!), we have the same formula (2.6), with X replaced
by X x S! (so the difference in dimensions is again even).

In the presence of torsion, (2.7) (and similar formulee that we use else-
where) may not completely characterize the push-forward. In the dimension
we are working, we can multiply by 6 to clear denominators. If (as will be
true in our examples) there are no elements which are 2-torsion or 3-torsion,
this operation has no kernel. The resulting equality would, in general, hold
as an equality of integral Chern classes only modulo torsion. But, in our
application, Y is a complex submanifold of a Calabi-Yau 3-fold, X. The
push-forward in K-theory is supported in a tubular neighbourhood of ¥ For
complex codimension 2 or 3, the compactly-supported K-theory of the tubu-
lar neighbourhood (which is isomorphic to the K-theory of V) is torsion-free,
so the equality actually holds over the integers. In complex codimension 1
(Y a divisor on X), we can use the simpler result that 2Oy = L — O, where
L is the line bundle whose divisor is Y.

2There is an obstruction to defining the push-forward if no such class, d, exists. The
implications of this for D-branes was explored in [24].
3This choice of d implements the twisting of [25].
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2.3 Monodromies

We are, of course, not just interested in compactification on a particular
Calabi-Yau manifold, X, but on a family of such manifolds, parametrized by
some moduli space, M. Over each point in M, the allowed D-brane charges
form a discrete abelian group, I'. Locally, there is not much structure; since
the charges are discrete, not much can happen to them. But if we circle
a singular locus (the singular loci are complex-codimension one in M), the
group I' will come back to itself only up to an automorphism. So we have a
[-bundle over the moduli space, and this bundle is characterized by a set of
automorphisms € Aut(I'), one for each of the for each of the homotopically-
nontrivial paths in M.

If we mod out by the torsion in the K-theory, the quotient K (X)/K(X)or
is a lattice and we have more structure. If we map K(X) — K(X,C), then
the latter forms a complex (in fact, holomorphic) vector bundle over M, with
a flat connection (whose flat sections may be taken to be K (X)/K(X)tor)-
The automorphisms of the lattice are just given by the holonomies of this
connection and can be written as monodromy matrices with respect to a
basis of flat sections. These are essential ingredients in defining the Special
Geometry of M.

On the level of K(X)/K(X)tor, the monodromies may be determined,
rather explicitly, using Mirror Symmetry. Our task, however, will be to
extend them to act on all of K(X), including the torsion. For this purpose,
it will prove more insightful to write topological (K-theoretic) formulee. For
this, we follow [26, 27].

We will mostly study the monodromies in the Kéhler moduli space, and
at that, we will mostly specialize to the case of one-dimensional Kéhler mod-
uli spaces. The monodromy around the large-radius limit is given shifting
the B-field by the generator, &, of H2(X). Since the B-field enters into the

Chern character by
Ch(F) = Tr (eF'+B) (2.8)

we see that shifting B — B + ¢ corresponds to tensoring with a line bundle,
L such that ¢;(L) = €.

Another singular locus of the moduli space is the (mirror of the) conifold,
at which the volume of X shrinks to zero size (while the volumes of 2-cycles
and 4-cycles stay finite) [28]. In this case, the monodromy is [26, 27]

v v — kInd(0,)O (2.9)

Here v is an element of K°(X), and O is the trivial line bundle. In the case
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of hypersurfaces in toric varieties (as considered by [27]), the coefficient k is
1. For the orbifolds we will consider later, we will find k& > 1.

2.4 Pairings

If all we had was the structure of an abelian discrete group (modulo torsion,
a lattice), then the automorphisms could be rather more general. However,
there are bilinear pairings on the K-theory, and we must demand that the
automorphisms be symmetries of these pairings.

First, there is the usual intersection pairing,
(,): K'X)xK°%X) > Z (2.10)

This is a skew-symmetric bilinear pairing given by
(v, ) = Ind(Bogs) = / ch(v & T)Td(X) (2.11)
X

Normally, this is written in terms of the Dirac Index, rather than the Dol-
beault Index. They agree on a Calabi-Yau manifold. It is skew-symmetric
because Ind(85) = —Ind(9,). It clearly annihilates K, (X) and it is non-
degenerate on K°(X)/K2 (X).

or

There is a similar pairing on K!(X), given by the natural skew-symmetric
map ‘
KYX) x KY(X) - K°(X)

(where we have used Bott periodicity), followed by taking the index. Again,
this is nondegenerate on K(X)/KL, (X).

These intersection pairings annihilate the torsion in K-theory. To capture
information about the torsion, we can study the torsion-pairing [29, 30, 31].
This is a little more subtle to define, and we will review its definition and
the relation to conformal field theory elsewhere [32]. For present purposes,
it suffices that it is a nondegenerate pairing

() s K9 (X)sor x KN X)tor — R/Z (2.12)

In our examples (this is not the general situation!), K1(X),r is generated by
D1-branes wrapped around torsion 1-cycles on X4, and K°(X),, is gener-
ated by elements of the form L—O, for L a flat line bundle on X. In this case,

4In general, these generate only a subgroup of K 1(X Ytor, and similarly for K°(X)tor.
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the torsion pairing is just the holonomy of the flat line bundle (correspond-
ing to an element of K°(X);.,) around the torsion 1-cycle (corresponding to
an element of K1(X)sr).

Now, it is a fundamental feature of special geometry that the mon-
odromies on the Kihler moduli space leave K!(X)/K*(X)sor invariant, and
similarly, the monodromies on the complex-structure moduli space leave
K%(X)/K°(X)tor invariant. So, if we ignore the torsion, we need only check
the invariance of one or the other of the intersection pairings.

With the torsion, things are more subtle. If a monodromy on the Kéahler
moduli space acts as a nontrivial automorphism on K°(X ), then, for the
torsion pairing to be invariant, it must also act nontrivially on K(X)sor
while leaving K*(X)/K*(X)or invariant.

In our examples, we will, in fact, find that all of K!(X), including the
torsion, is actually invariant under the monodromies of the Kahler moduli
space, or equivalently that K°(X)s,, is invariant. At least for the example
of §7, that will be justified a posteriori by our construction of the torsion D-
branes at the Gepner point. For the example of §8, we were unable to prove
that the action on the torsion subgroup was trivial, but we were unable to
find a nontrivial action consistent with all of our other requirements.

As we said, the monodromies must leave the intersection pairing invari-
ant. That is,

(Mv, Mw) = (v, w) | (2.13)

This is obviously true for the large radius monodromy, since
(v@Liw®L)=(v,w) (2.14)
for any line bundle L.

We also need to consider the effect on the torsion pairing. In the examples
we consider, the ring structure of the K-theory will be such that, if a €
K°%X)or, then a® L = « for any line bundle L, so that the monodromy acts
trivially on K°(X)¢or. If we take the monodromy to act trivially on K*(X),
we then have that both torsion subgroups are fixed by the monodromy, and
hence (trivially) so is the torsion pairing. More interesting is a case in which
a® H = o # «. In that case, where the monodromy acts as a nontrivial
automorphism of K°(X)s,,. In order for the torsion pairing to be invariant,
the monodromy would also have to act nontrivially on K!(X ), (while still
acting trivially on K!(X)/KY(X)tor).

Similarly the monodromy about the conifold (2.9) leaves the intersection
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pairing invariant. One can see this by writing the monodromy as
v v —k(v,0)O (2.15)
and using the skew-symmetry of the pairing.

This monodromy has a very simple interpretation. Let’s say that at
some singularity, a brane (a charged particle in the 4D effective theory)
corresponding to K-theory class w becomes massless. Circling the singularity
shifts the #-angle — of the U(1) for which this particle is electrically-charged
~ by 2m. By the Witten effect, the charge of a particle in K-theory class v
gets shifted by®

v v — (v, w)w

when you shift § — 6 + 27. If k such particles become massless, then the
shift is (2.15). More generally, if several, mutually-local, particles become
massless, the shift is

Vv — Z(v, W; )w; (2.16)

1

where mutual locality means (w;, w;) = 0. As we mentioned in §2.3, at the
conifold, it is the D6-brane, corresponding to the K-theory class O which
becomes massless.

2.5 The Atiyah-Hirzebruch and Cartan-Leray spectral se-
quences

In order to carry through our computations, we will need to be able to com-
pute the cohomology of a Calabi-Yau manifold X = Y/G, given the knowl-
edge of the cohomology of the covering space Y. And, given the cohomology
of X, we will need to be able to compute its K-theory.

Two spectral sequences come to our aid here. The Cartan-Leray spectral
sequence allows one to compute the homology of X. The Atiyah-Hirzebruch
spectral sequence allows one to compute its K-theory. Both of these are
spectral sequences of a double-complex [33].

For a cohomology spectral sequence (like AHSS), the 7 approximation
to the cohomology we are after is a bigraded complex, EF'?, together with a

5Strictly speaking, this argument involving charges only fixes the action on
K°(X)/K°(X)tor. However, the monodromy must also commute with the action of the
quantum symmetry, to be discussed in §2.6. This, together with the action on the quo-
tient, will frequently fix the actionon all of K°(X). Since this monodromy acts trivially
on K°(X)tor, the torsion pairing is preserved if it also acts trivially on K!(X).



TORSION D-BRANES IN NONGEOMETRICAL PHASES 275

differential '
. R +7,q—r+1
d, : EP4 — EPTT

which increases the total degree, n = p + ¢, by one. The (r + 1) ap-
proximation, E, 1 is the cohomology of d. on E,. Raoul Bott has likened
spectral sequences to perturbation theory, each successive approximation
getting closer and closer to the desired answer. In most applications, the
EP? vanish outside of some finite range in p (or outside of some finite range
in g). Consequently, unlike perturbation theory, the spectral sequence is
guaranteed to converge after a finite number of steps to something we can
call EB?. What the spectral sequence converges to, however, is not quite
the cohomology we are interested in. Rather, it converges to the associated
graded, Gr(H®). That is, the cohomology group H™ has a filtration (sequence

of subgroups, Fi(n))
H =F">F™S5FEY 5 FM S (2.17)

such that F,S") / F;Si)l = EP* 7P, So, in general, even after we have computed
E., we still have an extension problem to solve, in order to recover the
cohomology groups H™ themselves.

A homology spectral sequence (like CLSS) is very similar. The 7" ap-
proximation is a bigraded complex, E7 /, but this time the differential lowers
the total degree by one

. T T
dr Ep g = Bporgir—1

Again, the spectral sequence converges to the associated graded Gr(H,),
where the homology group H,, has a descending filtration

_ n—1 n—2 n—3
Hy = Fy D Foy D F " D FL" D (2.18)

: P p—1 _ pn—p
with F(n) /F(n) = FE%P.

It is conventional to denote the complexes E, (or E") by rectangular
arrays, with the index p running in the horizontal direction and the index
¢ running in the vertical direction. So the differential acts down and to the
right for a cohomology spectral sequence. It acts up and to the left for a
homology spectral sequence.

The Cartan-Leray spectral sequence: For a discrete group, G, the
Eilenberg-MacLane space, K(G,n) has
Z p=0
(K(G,n)) =< G p=n (2.19)

0 otherwise
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(For n > 1, G must be abelian.) The group homology of G may be defined
as the ordinary homology of the corresponding Eilenberg-MacLane space

H,(G) = Hy(K(G,1)
So, we have, immediately that

Ho(G) =Z, H,(G) = G/|G, G|

For any abelian discrete group, G, K(G,1) can be determined from

K(Z,1) = S!
K(Z,) = L(co,n) = S*°/Z,
K(GxG'1)=K(G,1) x K(G',1)
A relatively short computation (see, e.g. [34]) yields

Hy(Zm X Zn) = Zimn) (2.20)

If G acts freely on Y, the Cartan-Leray spectral sequence allows one to
compute the homology of X = Y/G. The E? term is

E}  =H,(G, He(Y)) (2.21)

the homology with twisted coefficients (see [34] for precise definitions). If G
acts trivially on Hg(Y"), the coefficient group is constant: H4(Y) = Hy(Y),
and the homology groups H,(G,Hy(Y")) are determined from H,(G) and the
Universal Coefficients Theorem. If G does not act trivially on Hg(Y'), then
these homology groups with twisted coefficients are a bit ugly to compute.
The one easy case is Ho(G, Hq(Y)). Let Hy(Y)e be the coinvariant quo-
tient, Hy(Y)e = Hg(Y)/ A, where A is the subgroup of Hy(Y") generated by
elements of the form z — g -z, for z € Hy(Y') and g € G. One finds

Ho(G, Hq(Y)) =Hy(Y)e (2.22)
If G acts trivially on the homology, then Hy(Y)e = Hy(Y).

The Cartan-Leray spectral sequence converges to Gr(He(Y/G)). Our
basic application will be the following. Assume

e Y is simply connected.

e G acts freely on Y.
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e Hy(Y)¢ is torsion-free.

The E? term of the CLSS looks like.

) 2 | Ho(Y)e
Epq 1 0 0 (2.23)
0 Z Hi(G) Hy(G) H;3(G)
0 1 2 3

At least for this portion of the diagram, dy vanishes identically, so E3 = E2.
The differential d3 : H3(G) — Ha(Y )@ could, in principle, be nontrivial, but
vanishes in this case because Hy(Y)¢ is torsion-free®. The spectral sequence
converges (since the higher differentials would land outside of this rectangle).

So
H:(X) = Hi(G) = G/|G, G| (2.24)

and Hy(X) has the filtration

Hy(X)=F, D> F1 D Fy

where

Fo=F =H\)s F/F =H(G) (2.25)

This can be rewritten more succinctly as the short exact sequence
0 — Hy(Y)g == Hy(X) — Ha(G) — 0 (2.26)

where 7, is the push-forward by the projection 7 : Y — X and makes sense
on the quotient, Ha(Y)g, because elements of A push-forward to zero.

If Hy(G) = 0, then we find that Ha(X) is just Hy(Y) and is torsion-free.
Otherwise, we still have a nontrivial extension problem, (2.26), to solve and
Hs(X) may or may not have torsion.

As a simple application, consider the Tian-Yau manifold, which was the
second example in [35]. The K-theory of that manifold has a nontrivial tor-
sion part, but the author of that paper did not compute it. The missing
ingredient was a computation of the torsion in Ha(X). With our methods,
this proves to be straightforward. Ho(Y) is 14-dimensional. Under the action
of G = Zs, it decomposes as 4 regular representations and two trivial repre-
sentations [36]. For each of the regular representations (with basis z1, z9, x3,

®1f Ho(Y) e has torsion, then d3 : H3(G) — Ha(Y)g kills part of the torsion in Ha(Y)g,

and the spectral sequence converges at the E* term.
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which are cyclically-permuted by G), we mod out by the subspace spanned
by {z1 — 9,29 — z3}.The quotient is torsion-free, and is generated by xz;
(modulo A). Since Hy(G) = 0, we conclude that Hy(X) = Hy(Y)g = Z°8.
The considerations below then yield K°(X);or = K1(X)sor = Zs.

The Atiyah-Hirzebruch spectral sequence: The Atiyah-Hirzebruch
spectral sequence allows one to compute the K-theory of X, given a knowl-
edge of its cohomology..The Fs term is

EBY = HP(X,my(BU)) (2.27)
where o, (BU) = Z, mon+1(BU) = 0. The spectral sequence converges to
EPY = Gr(KPT(X)) (2.28)

The key feature of the differentials d, in the AHSS is their images are always
torsion.

We will be interested in the K-theory of Calabi-Yau manifolds, but the
computation of the AHSS works exactly the same for any compact, connected
6-manifold, X, with finite fundamental group (so that H!(X) = 0). The E»
term looks like

5 3 3 3
1 HO(X)%?’(X) 4 (X) H(X) B (X)
gra_gea 3| 00 0 0 0 0 0
30 =B 5 HOX) 0 HX(X) HR(X) HA(X) HS(X) HO(X)
1 0 0 0 0 0 0 0
0| HYX) 0 HX(X) H3(X) HAX) HYX) HO(X)
0 1 2 3 4 5 6

The first potentially nonvanishing differential is ds, since all of the odd
rows of the complex vanish. d3 annihilates H(X), since the “lift” of HO(X)
to K-theory is just the rank, and there is always a trivial vector bundle of
rank n, for any n. So the generator of H(X) must survive in the cohomology
of d3. Similarly, d3 annihilates H2(X), since its “lift” to K-theory is the
first Chern class, and for any ¢ € H?(X), we can always find a line bundle
L with ¢;(L) = &, so that L — O is the lift to K-theory of £ Finally,
ds : H3(X) — H8(X) also vanishes because H(X) is torsion-free.

The only possible higher differential, ds : H°(X) — H*(X) again van-
ishes for the same reasons as in the previous paragraph, and so the spectral
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sequence converges at the Ey term. K°(X) has a filtration by H®’(X) and
K(X) has a filtration by H%(X).

The filtration on K!(X) leads to the short exact sequence
0—HX)— KYX)—HX)—0
Since H?(X) is torsion, this tells us that the torsion subgroup (which is what
we are really interested in computing) is also given by
0 — H(X) = K'(X)tor = H*(X)ior — 0 (2.29)

The filtration on K°(X) is a little longer. Recasting it as a set of short exact
sequences, we have

0— K(X)— K%X)—-HY(X)—-0 (2.30a)
0— K)(X) —» K(X) - H}(X)— 0 (2.30b)
0 — H8(X) — K5)(X) - HY(X) -0 (2.30c)

The sequences (2.30a,b) are universal. They single out the reduced K-theory,
K(X) as the subgroup of K°(X) with vanishing rank and K (2)(X) as the
subgroup of the reduced. K-theory with vanishing first Chern class. The
sequence (2.30c) is special to our low-dimensional situation where the AHSS
converges at the Fy term.

The image of Hé(X) in K%(X) is 11Op, the push-forward of the trivial
line bundle over a point in X. This cannot be written as a multiple of some
other K-theory class, so K ) (X)tor = HY(X)sor. Putting that together with
(2.30b), we find that the torsmn subgroup is given by the extension

0 — H*(X)ior — KO(X)tor — H2(X)sor — 0 (2.31)

Now, let us put the output of these two spectral sequences together. Let
Y be a Calabi-Yau hypersurface (or complete intersection) in a toric variety.
By the Lefschetz theorem, H; (Y) = 0 and Ha(Y") is torsion-free. By Poincaré
duality, this is enough to show that all of He(Y") is torsion-free, and hence
so is H*(Y'). Therefore K*(Y) is torsion-free.

To obtain something interesting, we mod out by a freely acting finite
group to form X = Y/G. For our applications, we will assume that G acts
holomorphically, and preserves the holomorphic 3-form so that X is again
Calabi-Yau, but for these topological considerations, that doesn’t matter.
From (2.24), we learn that H2(X);, and H5(X) are G/[G,G]. H3*(X)i0r
and H* (X)tor = Ha(X)tor are determined once we've solved the extension
problem (2.26) to find the torsion in Hy(X). Finally, we use (2.31),(2.29) to
compute the torsion in the K-theory.
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2.6 The quantum symmetry and discrete torsion

In the §2.5, we considered Calabi-Yau manifolds of the form X = Y/G.
String theory propagating on Y/G is governed by an orbifold conformal field
theory. Since G acts freely on Y, there are no massless states in the twisted
sectors, just massive string states. Still, the full conformal field theory (like
any orbifold theory) has a quantum symmetry group isomorphic to G/[G, GJ.
How this works in the closed string sector is familiar. A little less familiar
is how the quantum symmetry group acts on the D-branes of the theory.

Under tensor products, the flat line bundles on X form an abelian group
which is isomorphic to H?(X);or = G/[G, G). Identifying this with the quan-
tum symmetry group, it acts on K*(X) by

v—=vQ®L (2.32)

for L a flat line bundle. Since the quantum symmetry is a symmetry of this
whole family of conformal field theories, we obtain a further constraint on
the monodromies discussed in §2.3: they must commute with the action of
(2.32).

We saw that Ho(X)ir # 0, was the condition for having a potentially
nontrivial extension problem (2.31),(2.29) relating the K-theory to the coho-
mology. It is also the condition under which one can turn on a topologically-
nontrivial flat B-field, i.e. one with H € H?(X);or. Turning on this discrete
torsion modifies the spectrum of the closed string theory and the D-brane
charges take values in twisted K-theory, K3 (X), where H is the class in
H3(X)tor [8, 9]. The moduli space of the compactification, in this case,
consists of disconnected components, labeled by the discrete torsion.

Viewed as an orbifold of the conformal field theory on Y, however, the
theory on X = Y/G admits discrete torsion whenever Hy(G) is nonzero, even
if Ha(X)ior (and hence H3(X)tor) vanishes (see (2.26)). In that situation,
we have a flat B-field, but there is no topological obstruction to continu-
ously turning it off. Hence the theory “with discrete torsion” is continuously
connected to the theory “without” discrete torsion — they lie in the same
connected component of the moduli space. We will encounter an example of
this in §8.
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2.7 Our examples

Perhaps the best-known Calabi-Yau Manifold is the quintic hypersurface, Y,
in CP*. The Fermat quintic,

z{f+zg+z§+z§+z§=0

where the z; are the homogeneous coordinates on P?, is invariant under a
freely-acting Zs x Zs symmetry generated by

(21, 22, 23, 24, 25) — (zl,wzg,szg,w3Z4,w4z5) (2.33)
where w® = 1 and

(217227‘23)'24725) - (22723,24725,21) (234)

The quintic, of course, is simply connected and its K-theory is torsion-free.
To form a non-simply connected Calabi-Yau, we mod out by (2.33) to form
the manifold X = Y/Zs. X will be our first example. It is nice, in that we
can construct the corresponding orbifolded Gepner model quite explicitly,
and study the boundary states there.

We can go further and mod out by (2.34) to form W = X/Zs. This will
be our second example. Several new features will arise.

3 BCFT Generalities

Once we move away from the large-radius limit, we have to use the language
of conformal field theory to describe the compactification. A framework
for studying D-branes in such compactifications is provided by boundary
conformal field theory. A conformal field theory on a Riemann surface with
a boundary requires specifying boundary conditions. For o-models these
conditions are given by Dirichlet or Neumann boundary conditions on the
o-model fields. Consider now a general conformal field theory with a chiral
symmetry algebra A. In this case a class of boundary conditions is provided
by the automorphisms 2 of the chiral algebra. These can be used as gluing
conditions for the symmetry generators W along the boundary taken to be
the real line: W(z) = (QW)(2), for 2 = 2. A generalization of Cardy’s
formalism provides, in this case, a set of boundary states, see [37, 38] for
more details.

In the context of Calabi-Yau compactification, the chiral algebra which
has to be preserved along the boundary, is the NV = 2 world-sheet supersym-
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metry algebra. This algebra has a well-known automorphism, the mirror-
automorphism. Accordingly, there are two types of boundary conditions
[39]:

T=T, J=-J, G*¥=GF “A-type”

_ _ _ 3.1
T = T, J = J, G:!: — G:l: “B—type” ( )

These boundary conditions guarantee that the boundary theory preserves
one copy of an N = 2 algebra. For the construction of BPS branes in CFT
it is required also that N’ = 1 spacetime supersymmetry is preserved. The
spacetime supersymmetry generator is obtained from the spectral flow oper-
ator of the worldsheet theory. Bosonizing the U(1) current J = iy/c/3 0X,
the spectral flow operator is given by exp (i1/3/cnX), where 1 specifies the
number of units of spectral low. To construct a space-time SUSY generator,
one half unit of spectral flow is needed. The obvious boundary conditions
on the spectral flow operator compatible with A-type or B-type boundary
conditions are:

&t 3fenXL — eQﬂ'itp e—i\/B/chR “A—type” (3 2)
ei 3fenXL — 6271'1'19 o 3/enXr “B—type” ’

We see that the A-type or B-type conditions are Dirichlet or Neumann
boundary condition on the boson X, describing the bosonized U(1). Ac-
cordingly, a “position” can be associated with A-type states and a “Wilson
line” with B-type states. The phase appearing in the boundary conditions
determines which space-time N = 1 algebra is preserved. For two or more
D-branes, the difference in the phase determines if there is a common pre-
served supersymmetry [40, 41]. 1 can be interpreted as a “Wilson line” along
the bosonized U(1) for the B-type branes. We will see these Wilson lines
explicitly in the case of the Gepner model BPS branes. Similarly, the A-type
states have positions along the spectral flow direction.

Far out at large volume, A-type BPS boundary states correspond to
branes wrapping special Lagrangian submanifolds of the Calabi-Yau, and
B-type BPS branes correspond to vector bundles on holomorphic cycles [39].
In K-theory language, A-type branes are classified by K, whereas B-type
branes are classified by K°.

For non-BPS states, the spectral flow symmetry can be broken by the
boundary, since the brane breaks spacetime supersymmetry. Consistency
does however require that the worldsheet supersymmetry is preserved, in
other words, there will be A-type and B-type non-BPS states. In the ex-
amples introduced in the previous section, we expect to find two types of
stable but non-BPS branes, one in K, and one in K. In this paper, we will
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give a physical description of these branes as bound states of BPS D-branes,
similar to the approach taken in [3, 42, 4, 43] for orbifolds of tori and flat
space.

The aim in the following sections is to identify a stack of BPS D-branes,
described as boundary states in Gepner models, whose stable ground state
is the torsion brane.

4 Gepner Models and Orbifolds Thereof

The stringy regime of Calabi-Yau orbifolds is described by orbifolds of Gep-
ner models, whose closed string sector is reviewed in this section. For this,
we first recall the Gepner model and its symmetries and then construct the
closed string partition function of the orbifold model.

4.1 Building blocks of Gepner models

The basic building blocks of the Gepner model are A/ = 2 minimal models.
The minimal model M M}, has the following coset representation:

SU(Q)k X U(1)4

MM, =
g U(1)2k44

(4.1)

Accordingly, the central charge is ¢, = 3k/(k + 2). The irreducible repre-
sentations of the theory are labeled by (I,m, s), where [ refers to the SU(2),
m to the U(1)okyq in the numerator and s to the U(1)4 in the nominator.
These three integers are subject to an additional constraint:

l+m+s even.
The symmetry group of a minimal model is Zgg 44 X Zsg for k even and Zgj+s
for k odd. It is generated by operators with the following action on primary

fields:

194
g‘q)(l,m,s) = " (I)(l,m,s)

s (4.2)
h q)(l,m,s) =e’™2 (I)(l,m,s)
Here, q is the U(1) charge of the primary field ®; , o),
m s
q (4.3)

Tk+2 2
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The corresponding action on the representation labels is generated by the
current (0,1,1), which is interpreted as the spectral flow operator (by 1/2
units), and by (0,0, 2), which are the representation labels of a worldsheet
supersymmetry generator. The action of these currents on a representation
is inherited by the fusion rules. Accordingly, they map (I, m,s) to (I,m +
1,s41), and (I, m, s) to (I,m, s+ 2). Using these currents, the fields of the
minimal model can be organized into orbits. The orbits of the spectral flow
operator plays a major role in the discussion of the boundary states.

4.2 Bulk theory

To use minimal models for string compactification, we first have to form
tensor products of » minimal models in such a way that the central charge
is equal to 9. This is the right central charge for a CFT description of
a Calabi-Yau compactification. In addition, we need to tensor this with
an SO(2); current algebra, describing the uncompactified directions in the
light cone gauge. These products do not give consistent string vacua with
four dimensional N/ = 1 space time SUSY. But there exists an orbifold of
the tensor product which satisfies all requirements of a consistent string
background.

At this point, let us introduce some notation. First, we organize the [
quantum numbers in a vector

A=, .0,

where r is the number of minimal models. The quantum numbers s and m
are written in an 27 + 1 dimensional vector: ’

= (80;M1, ..., My;81,...,Sr)

One can also define an inner product between these vectors:

_ Koo HiVi MitrVitr
= 4.4
a +Z(k+2 4) (4.4)

Next, we introduce the special (2r + 1)-dimensional vectors [y with all
entries equal to 1, and §;, j = 1,...,r, having zeroes everywhere except for
the 1st and the (r+ 1+ j)th entry which are equal to 2. These vectors stand
for particular elements in the symmetry group of the tensor product of the
minimal model.

To implement worldsheet supersymmetry, one has to project on represen-
tations (A, ) which satisfy 8U) - € Z. To ensure spacetime supersymmetry,
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one projects on odd integer U(1) charge, i.e. on representations (A, u) with
200 - € 2Z + 1.

The Gepner model partition function is the partition function of the
tensor product of minimal models, orbifolded by these symmetries:

(Imr)2 & - ] N
Ww;)@(__ )% x0,2(@)X07(2)- (45)

The symbol Zﬁ denotes a ( constrained sum: The sum is taken over those
(A, p) which fulfill the charge quantization conditions u - Gy € 2Z + 1 and
BY) . e Z. A denotes the lattice spanned by By and BY). In the twisted
sectors, the right movers are shifted with respect to the left movers by lin-
ear combinations of the lattice vectors in A. They are therefore describing
winding modes along By and 8.

The symmetries of the Gepner model are given by the subgroup of sym-
metries of the tensor product theory which preserve worldsheet and space
time supersymmetry [44]. These symmetries act as:

T —_—

. i (kg + 1) 6 (e

9Nz = expim | 3 Tt ) Pww T O DD, s (46)
i=1
where the ; in v = (71, ...,7) specify the orbifold action in the individual
minimal models as in (4.2). 3, is the vector (0;2v;0). For consistency with
the projections, we require 3, - fo € Z.

The new partition function is easy to write down [44]: One just has to
include a further vector into the lattice A and to project on elements u with
By - (u+ @) € Z. In lattice language, there are new winding modes with
p — @ = nfB, coming from twisted sectors.

It is a well-known result by Greene and Plesser that if we orbifold by all
generators which are compatible with the charge quantization conditions, we

get the mirror theory. In the case of the quintic, the Greene-Plesser group
is Z‘g.

In this paper, we are interested in free orbifolds of a given Gepner model.
Geometrically, we consider free orbifolds of hypersurfaces in weighted pro-
jected space.

Our main example is a free orbifold of the quintic. The Gepner model
for the quintic is given by a tensor product of five copies of the k = 3
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minimal model with the appropriate projections. The orbifold action under
consideration is given by

v=1(0,1,2,3,4) and B =8, =(0;0,2,4,6,80,...,0) (4.7)

To obtain the mirror of the orbifold applying the Greene-Plesser construc-
tion, we have to orbifold by one further Zs action. This Zs action has to
be compatible with both the GSO projection and the orbifold projection
given by (4.7). This generator can be chosen as v2 = (0,1,3,1,0). Taking
an orbifold by both 7; and -, leads to the mirror of the orbifold [23]. This
can also be understood in the following way: We first orbifold the quintic
by Z"g, the full Greene-Plesser group of the quintic, to obtain the mirror of
the quintic. Then, we mod out by a freely-acting Zs, which is the quantum
symmetry associated to orbifolding by ~1. In this way the original orbifold is
undone. Starting with the mirror of the quintic and undoing the orbifold by
1 is the same as starting with the quintic and orbifolding by «; and -ys. The
full quantum symmetry of the orbifold is given by Zs X Zs, whose generators
are denoted g and h. The action of these symmetries on the D-branes will
be discussed in detail in later sections.

5 BPS Boundary States for Orbifolds of Gepner
Models

The A-type and B-type boundary states for a single minimal model are
determined using Cardy’s formalism in rational conformal field theory. In
particular, in this framework the boundary states are labeled by the same
labels as the primary fields, we denote boundary states using capital letters
(L,M,S). In the tensor product, the labels L are summarized in a vector
A which specifies the boundary conditions in the WZW part of the minimal
models:

A= (Li,...,L;)
The U(1) labels are contained in a lattice vector Z:
== (So;Ml,... 7M7»;Sl7... 757»).

In this way (A, Z) specifies a consistent boundary state in the tensor product
theory.

However, as explained for the closed string situation in the previous
section, we have to take an orbifold of the tensor product theory, to ensure
space-time and world-sheet supersymmetry. The GSO projection consists of
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a projection on integer charges. In geometrical language, one would say that
the bosonized U(1) in eq. (3.2) is compactified on a circle.

A-type boundary states have Dirichlet boundary conditions along the
circle. It is well-known from the geometrical context how to construct A-
type branes on a circle by summing over images of the translation operator
[45]. In our context, the translation operator is given by the spectral flow
operator by one half unit. More explicitly, the projected A-type boundary
state can be written as [37, 46, 47]

52
A, Eproj = const > _(=1)*(=1)F N, E+ vy + 218 + - +1,87). (5.1)

A

Inequivalent A-type boundary states are given by orbits of the spectral flow
operator and the operators 8("). As a consequence, the physically inequiva-
lent choices for S; are encoded in the sum S = ) .S;, which is defined mod
4. The Zy operation S +— S + 2 maps branes to anti-branes. The A-type
states transform non-trivially under the symmetry operations (4.6).

I E)proj = [(AE + By))pro (5.2)

Note, however, that because we took an orbit under the spectral flow the
vector vo = (1,1,1,1,1) acts trivially, and consequently the vectors «y and
v + 7o act in the same way on the boundary state. :

B-type boundary states have Neumann boundary conditions on X. They
are therefore wrapping the circle given by the bosonized U(1). In this case,
they should be specified by a discrete Wilson line. In analogy with the
situation where D-branes are wrapped on a geometric circle (or rather a
lattice vector) this Wilson line is given by 20y - . Similar to the A-type
branes, the label S = > S, distinguishes between branes and anti-branes.
The physically inequivalent choices for the M; can then be encoded in the
quantity M = > w; M;, where w; are the weights of the embedding weighted
projected space, w; = d/(k; + 2), where d = lem{k; + 2}. Note that this
quantity just extracts the M dependent part of the Wilson line 28y - 2. The
B-type boundary states are invariant under application of elements Bap of
the Greene-Plesser group since per definition

9(vap) |(A, 260 - B)) = |(A, 200 - (E + Bap))) = (A, 260 - E)).

This means that of all the generators in (5.2) there remains only one non-
trivially acting symmetry operation on the B-type states,

g:Mw— M+ 2. (5.3)
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Let us now describe boundary states on the orbifold. A set of A-type
boundary states can be obtained by simply projecting the boundary states
in (5.1) by the additional orbifold operation. In formulas:

52
|A, Z)orp = const Z () (=D TN E+vfo+ VB, 411 Y+ 0,80,
v,V u;
: (5.4)
This set of A-type states is given by orbits of the spectral flow operator and
the additional orbifold operator. To obtain the A-type states for the orbifold
of the quintic, plug in the explicit generator ~; in (4.7).

Let us turn to the B-type states. There are more B-type states on the
orbifold than on the original model. The D-branes of the original model split
up into several fractional branes. The reason for this is that the closed string
orbifold partition function has additional twisted sector states, the lattice
A in (4.5) is enhanced by an additional vector (3,, which can be wrapped.
There are two labels needed to distinguish between different B-type branes,
the label M and M =d 3" %i% Explicit formulas for the B-type states are
provided in the appendix.

It is instructive to look at the situation in the language of [16]. They
argue that B-type boundary states (with A = (0,...,0)) can be thought of
as the restriction of the fractional brane states of a C"/Zg orbifold describ-
ing the Landau Ginzburg phase of the linear o-model to the Calabi-Yau
hypersurface. In this picture, the B-type states on a Zpy orbifold corre-
spond to fractional branes on C"/Zg x Zy, which are characterized by the
irreducible representations of the orbifold group. For Zy groups, these rep-
resentation labels are just given by a phase, and this phase can be mapped
to the Wilson-line label introduced before.

The states on the orbifold are only invariant under the Greene-Plesser
group of the orbifold, which is a subgroup of the Greene-Plesser group of
the original model. The quantum symmetry of the orbifold model is bigger
than that of the covering space, and the different fractional branes can be
related by applying the symmetry generators. For the quintic orbifold, the
B-type states are labeled by M = >~ M; and M = Ms +2M3 + 3My + 4Ms.

They transform non-trivially under the Zs x Zs quantum symmetry:
g-M—->M+2 M — M (5.5)
h:M—M, M — M +2 '

g and h can be written in matrix form if we arrange the BPS boundary
states in a 25-dimensional vector with entries (M, M*).

((07 0)7 (27 0)7 (47 O)a (67 O)a (8a O)’ (2’ O)a (2a 2)a s (8’ 8))t
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On these vectors, g acts as a 25 x 25 matrix, consisting of 5 dimensional
shift matrices on the diagonal. On the other hand, h acts as a shift matrix
on those 5 x 5 blocks.

These symmetry operations specify the transformation properties of the
BPS branes (periods about the Gepner point) under the quantum symmetry,
and can be compared with the results obtained from K-theory considerations.
The generator g corresponds to the additional Zs symmetry at the Gepner
point. Geometrically, its action on branes is given by the monodromy matrix
around the Gepner point. The group generated by h is a universal symmetry
group and should be compared to the quantum symmetry discussed in §2.6.
In §7.2 these symmetry operations are worked out for the example at hand.

~

So far, we only considered orbifold groups generated by a single group
element. Of course, it is possible to repeat the same procedure for an addi-
tional generator. In particular, the full Greene-Plesser group can be divided
out. In the bulk, this yields the theory on the mirror and the procedure
outlined above provides us with a method to confirm that mirror symmetry
extends to the open string sector [48, 26, 49]. A-type boundary states on
the mirror obtained through an orbifold by the Greene-Plesser group are
organized in terms of orbits of this group. The resulting open string sector
inherits that structure. Therefore, the projected (A-type) partition function
coincides with that found in [37] for B-type states on the original manifold
[46]. The Wilson line M on the B-type side becomes an orbit label on the
A-type side. Conversely, we can also understand A-type states as B-types
on the mirror: Taking successive orbifolds, the B-type states split up further
into fractional branes and a new label dY ~;M;/(k; + 2) has to be intro-
duced after each step. After all Greene-Plesser generators are modded out,
the states will be orbits of only the spectral flow operator. In this way,
A-type boundary states can be obtained as B-type states on the mirror.

This interpretation provides a convenient way to specify the A-type
branes in terms of d ) ~;M;/(k; + 2) for all Greene-Plesser operators. For
the quintic we will use the following labels for A-type branes: M = Y M;,
M = My + 2Ms3 + 3My + 4Ms and M2 = My + 3M3 + My. These states
transform non-trivially under Zs x Zs x Zs, which is the quantum symmetry
of the mirror of the orbifold.

G:M—->M+2 M —-M M- M
H:M—M, M - M +2 My— M, (5.6)
H :M—-M, M ' — M M, — My+2

In §7.2, this symmetry action will be compared with the results obtained
from K-theory.



290 I. BRUNNER AND J. DISTLER

5.1 The intersection form for the orbifold models

In this section, we will compute the intersection numbers for the BPS states
on the orbifold. Since the torsion state we are looking for is supposed to
have zero intersection with all branes, this computation gives a first hint on
the symmetry properties of the torsion brane.

In boundary conformal field theory, the intersection form of two branes
can be computed as the Witten index in the open string sector, trp(—1)F.
To compute the intersection numbers on the orbifold of the quintic (k = 3)5,
we use the formulas and notation of [10], where the expression for the A-type
boundary states with A = (0,0,0,0,0) was given as

5

M=Tla-g™. (5.7)

i=1

Here, the g; are the symmetry operations in (5.2), with g; = ¢((1,0,0,0,0)), ...

((0,0,0,0,1)). Because of the GSO projection the generators g; are not in-
dependent and we can express one of them, e.g. g5, in terms of the other
generators, (g5)™! = g1929394- This leads to the following expression for the
intersection form [10] :

"= (1= gD)(1 = g2)(1 — g3)(1 — ) (1 — g1929394).

For the B-type states on the quintic, all the g; get identified, leaving only
the non-trivial generator g of (5.3). The result for the intersection matrix is
therefore:

1% = (1- g7V, (58)
where g is the generator mapping M — M + 2, where M = ) M;.

On the orbifold we are in an intermediate situation, where some of the g;
get identified. The intersection forms can be written in terms of the quantum
symmetry generators g, h for the B-type states and in terms of G, H, H' for
the A-type states. Their action on the boundary states is given in (5.5) and
(5.6).

Using g and h, the intersection form for B-type states on the orbifold is
given by
IB, = g*(=h* = h® —h? —h — 1) + g*(2h* + 2h% + 2h% + 2h + 2)
+g?(—2n* —2n® —2h% —2h — 2) + g(h* + K + K2+ h +1) (5.9)

This means that the intersection matrix depends only on g, not on hA. The
intersection matrix between two states which differ only in M, not in M is

>g'l‘:
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zero, and that of two states which differ only in M equals the intersection
number on the quintic. For two states differing by a general application of
g"h™, the intersection number is independent of m.

Using the generators in (5.6), the intersection form for the A-type states
can be written as
IA, =G*-1-H'H*-H3H*-H?>-HH?)
+G3(H*H*+H3H*+H*H*+ H>+HH*+ H*+ HH?+H +H*H'+ H*H"?)
+G*(-H*H®*-HH*~H*-H*H*-H'-H*'H' -H*~H*H?>~H’H'-HH')
+GH*H® + H* + H*H' + HH' + 1) (5.10)

States, which only differ by an application of H, have zero intersection num-

ber. The intersection number is determined by the group actions G and
H'.

6 Non-BPS States on the Gepner Orbifold

The D-branes we are interested in are non-BPS but stable. Their stability
is guaranteed because, though they are not charged under any RR field, they
carry a discrete torsion charge. We are going to construct the torsion brane
as a bound state of the BPS branes, whose boundary state description has
been given in the previous section. The idea is to form a bound state such
that all the BPS charges cancel, leaving only a net torsion charge.

Let us first consider the B-type states. Since the intersection form does
not depend on h, we conclude that the application of h can only shift the
torsion charge. Starting from a given brane |(A, Z)), the RR charge can be
canceled by adding a full orbit of g-images to that brane. However, for these
branes there is no obstruction to decay to the vacuum. To be left with a non-
trivial torsion charge, we modify the g-action on the orbit by suitable powers
of h. This is possible, since the state ™ g|(A, E)) has the same intersections
as g|(A, 2)), but differs from it by an action on M. Summarizing, we add up
the following five branes (taking into account the appropriate Chan-Paton
indices):

(M, M")) + h™g|(M, M")) + h"2g?|(M, M)
+h"eg® (M, M*Y)) + B g*|(M, M)
» = Zhnmgm‘(Mv M1)>> (6'1)
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where

an # 0 mod 5.

Note, that there are tachyons propagating between the individual branes
of this stack of branes. Therefore, this unstable stack of branes can decay
into a stable single particle state. We argued that this state is the torsion
brane we are looking for. This claim will get further support from the K-
theory analysis in the following section, where the K-theory classes of all BPS
boundary states and their symmetry properties will be identified. Taking a
sum of K-theory classes as in (6.1) will result in a torsion class.

The A-type states can be dis-

cussed similarly. From their in- (0.8) £(0,4)
tersection form it can be con- 0,8) i«i? (0,2)
cluded that to cancel the RR e _@h

charge a sum over all powers of
G and H' has to be taken. To

i /(07 0)
®

have a remaining torsion charge, (2,0 he
M? should not cancel out. This "i‘ "
means that we consider the fol- e
lowing stack of branes: (8,0)
.%“**xg? \

S H e G )™ (M, MY, M), :

/ LN |
L (4,0) =

(6.2) %62

where ’

Figure 1: Graphical depiction of a torsion
Zn(m,m/) #0 mod 5. state: Each dot represents an L = 0 BPS
brane. The symmetry generator h acts
within each small pentagon; g maps the
branes of one pentagon onto the next. The
5 branes marked by circles can decay to a
stable torsion brane.

Also for the A-type branes this
picture can be verified using K-
theory arguments.

To summarize, we have shown

that for the free orbifold of the

quintic generated by 7; there are torsion B-type and A-type states. The
A-type states can be reinterpreted as B-type states on the orbifold by v;
and 9. One might ask what happens if we take an orbifold by the third
Greene-Plesser generator. Since this generator does not preserve the projec-
tion by 1, the torsion states get projected out. This is what is expected
from geometry, since the mirror of the quintic has no torsion in K-theory.
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7 The K-theory of X

7.1 The K-theory of the Quintic

First let us review the K-theory of the quintic, Y.

The even dimensional cohomology of Y has generators 1,&3,&4 and &,
with relations &2 = 5¢4, £, U &y = & and €2 = 0. The total Chern class of Y
is

c(Y) =1+ 50&4 — 200&6

H3(Y) has 204 generators (;, and we have (; U (; = w;;& for some constant
antisymmetric matrix w;;. Also UG =84 U ¢ =0.

Let H be the hyperplane line bundle on Y, and D be the corresponding
hyperplane divisor. Let C be a degree-one rational curve (a P!) in Y and p
a point in Y. K°(Y) has the following generators:

| |rial c | o |

@ 110 0 0
a=40Op=H-0|0|&| O 0
b=140¢ 010 | —& |2

Cc = igOp 0 0 0 256

These correspond simply to a 6-brane wrapped on Y, a 4-brane wrapped on
D, a 2-brane wrapped on C and a 0-brane sitting at the point p.

The relations in the K-theory ring are similar to what we had in coho-
mology: a? = 5b, ab = ¢ and b2 = 0. For later use, it is also worthwhile
knowing that complex conjugation acts by: @ = —a+ 5b— 5¢, b = b— 2c and
c= —c.

K'(Y) has generators u; € K°(Y x S') whose only nonvanishing chern
class is ca(u;) = —(; U ¢, where ¢ is the fundamental class of S1.

The intersection form on K°(Y) is

(v,w) = Ind(Opgw) = /Ych(v ®@w)Td(Y) (7.1)

In the above basis, this is the matrix

0 -5 -1 -1
5 0 1 0
1 -1 0 0
1 0 0 O

Q= (7.2)
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The monodromies are generated by the following operations: Moo 1 v —
v® H at large radius, M. : v — v — Ind(9,)O at the conifold and M, =
M.M,— at the Gepner point. With respect to the above basis, these are

represented by the matrices

1000 1 -5 -1 -1
1100 01 0 0
Mr—co=1¢g 5 1 0" M=|0 0 1 o]
0011 00 0 1
(7.3)
-4 -10 -2 -1
1 1 0 0
My=149 5 1 o
o 0 1 1

Note that Mg’ =1.

To make the connection to CFT at the Gepner point, we need to find

a set of five K-theory elements which are cyclically permuted under the Zs
action of M. Set

Vo =M,"0 (7.4)

or, explicitly,

Vi=0O—-a+5b—5¢c
Vo = —40 4 3a — 10b + 5¢

V3 =60 — 3a+ 5b (7.5)
Vi=—-40+a
Vs =0

Together, these span an index-25 sublattice of K°(Y") — only 2-brane and 0-
brane charges which are multiples of 5 are realizable as linear combinations
of the V,,. The intersection pairing between these generators is given by the

5 X 5 matrix
0 5 =10 10 -5

-5 0 5 =10 10
10 -5 0 5 —10

-10 10 -5 0 5

5 —-10 10 -5 O

which agrees with the intersection form (5.8) for the B-type boundary states
at the Gepner point. We therefore identify the B-type boundary states
constructed in the CFT as BPS representatives of the above K-theory classes.

In fact, as noted by Diaconescu and Douglas [16], the sublattice of K°(Y")
which arises in this way is precisely the pullback of the K-theory of cpt
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under the embedding Y < CP*. Their rationale for this was that, for the
purpose of studying the B-type states, one can ignore the superpotential in
the N=2 gauged linear o-model.

If one ignores the superpotential, then in the large-radius phase of the
GLoM, one has a sigma model with target space ¥ = Opi(—5), the to-
tal space of the canonical bundle of P4, This is a noncompact Calabi-Yau
manifold, and its K-theory, K(Ops(—5)) = K(P%).

7.2 The K-theory of X

Now we turn to the same computation on X = Y/Zs, where we mod out
by (2.33). The cohomology ring of X is a little simpler than for the quintic.
Hev(X) is generated by 1, &5, x,£52, and €33, with relations

XUx=5x=xU&=¢§"=0
The total Chern class of X is |
e(X) =14 10¢52 — 40¢53

Under the projection 7 : Y — X, we have 7{(£3) = &2, and, consequently,
71 (e(X)) = c(Y).

H3(X) has generators (;, i = 1,...44, and H3(X) has a single generator
X U ( (the cup product being independent of 7).

Now we turn to the K-theory. As before let H be the hyperplane line
bundle and let L be the flat line bundle

L= (Y xC)/Zs

where Zs act by multiplication by a fifth root of unity on C. A basis for
KO%(X) is

A N N

@] 1fo] oo
a=H-0|0|&| 0 |0
a=L-0|0| x| O 0

a? 0|0 |—¢ |23

a3 00| 0 |26

where a®a = 0. Complex conjugation acts by @ = —a+a?—a and @ = —a.



296 I. BRUNNER AND J. DISTLER

" Note that there is no préferred choice for a. Shifting a — o’ = a+a« yields
exactly the same ring. For flat line bundles, there is a preferred one which is
actually trivial. There is no similar preferred choice if the line bundle isn’t
flat.

KY(X) c K°%X x 8') is given by generators u; whose nonvanishing
Chern classes are ca(u;) = —(; U ¢ and (3, whose only nonvanishing Chern
class is c3(f8) = 2x U U ¢.

The intersection form on K°(X) is given with respect to the above basis
(omitting «, which has zero intersection with everything) by

0 -1 -1 -1
1 0 1 0

=11 1 0 o (7.6)
1 0 0 0

and the monodromies are generated by the following operations: M, - :
v~ vQ® H at large radius, M, : v — v — 5Ind(8,)O at the conifold and
M, = MM, —o at the Gepner point.

The conifold monodromy is easy to understand by the considerations
of §2.4. At the conifold point, 5 mutually local particles become massless.
They are the wrapped D6-brane and the D6-brane with p torsion D4-branes
on it, for p = 1,2, 3,4. These lie in the K-theory classes O, L, L%, L3, L*. By
(2.16), the monodromy is ‘

v v — (v,0)0 — (v, L)L — (v, L) L? — (v, L¥)L3 — (v, L*)L*
=v—(0,0)(O+L+L*+L*+ L+ L% (7.7)
=v—5(v,0)0

where we used the fact that the intersection pairing with LP is independent
of pand O+ L+ L%+ L3+ L* = 50. So, for the purposes of the considerations
of §2.4, we just have five particles carrying 6-brane charge becoming massless
at the conifold (instead of one such particle for the quintic).

With respect to the above basis, the above monodromies are represented
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by the matrices

1000 1 -5 -5 -5
1100 01 0 0
M=o=|o 1 10| M=l0 0 1 o]
0011 00 0 1
(7.8)

—4 -10 10 -5

1 1 0 0

Mi=lo 1 1 o

0 0 1 1

Another way to think about (3 is as the push-forward 1Oy of the trivial
line bundle oni the torsion 1-cycle, £. In that case, the torsion pairing between
« and (B consists of computing the holonomy of L = O + « restricted to £.

At a generic point in the moduli space, the quantum symmetry is Zs,
generated by v — v® L, i.e. O — O+« and u; — u; + B, with all other basis
vectors held fixed. Note that the monodromies (in particular, the conifold
monodromy) commute with this action. At the Gepner point, the quantum
symmetry is enhanced to Zs X Zs, where the second Zs is represented by
M, above acting on K°(X), and acts trivially on K'(X). These symmetries
preserve both the intersection pairings on K°(X) and K'(X) and the torsion
pairing: K%(X)or X KY(X)tor — Z/5Z.

To make contact with the B-type states in the conformal field theory, we
follow the procedure above. We write down the orbit of O under the Zs x Zs
quantum symmetry. The orbit generated by Mj is

V1,5=(9—‘a+a2—a3.
Vo5 = —40 +3a — 2a%> + a°

V35 =60 — 3a + a® (7.9)
‘/21,5 =—-40+a
Vs =0

The generator of the other Zs shifts O — O+a. Noting that 6a = —4a = «,
this means that it shifts V,, 5 — V. 5 + a. So full Z5 x Zs orbit consists of 25
K-theory classes

’

Vi = Vos — ma (7.10)

Their intersection form is clearly independent of m, and the n-dependence
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is given by the 5 x 5 matrix

-1 0 1 -2 2
2 -1 0 1 -2

in agreement with the CFT result (5.9). So we identify the 25 B-type bound-
ary states as BPS representatives of the 25 K-theory classes V;, .

Having made this identification, we can give a further, a posteriori ar-
gument for the correctness of (7.7), in particular, for our assertion that M,
acts trivially on the torsion subgroup. Using this identification, the results
of §5 show that M, acts trivially on the torsion subgroup. We already had
that M,—o acts trivially on the torsion subgroup, so we conclude that M,
acts trivially on the torsion subgroup, as we determined above.

To form a torsion brane representing the class a, we sum
Vl,nl + V2,nz + V3,ng + V4,n4 + %,ns

with Y n; = 1 mod 5. This cancels the BPS charges, leaving just the
torsion -charge. After tachyon condensation, what remains is a non-BPS
brane carrying torsion charge .

We have constructed torsion D-branes at large radius and at the Gepner
point. This likely means that there is a region of the moduli space, containing
both large-radius and the Gepner point, in which the torsion branes are
stable. It is not clear that they are stable everywhere. Indeed, in a related
situation, Gopakumar and Vafa [50] have argued that the torsion branes
might be unstable near the conifold point.

The situation is this: at the conifold, the D6-brane (with or without
torsion charge) is becoming massless. If the mass of the “pure” torsion brane
stays finite at conifold point, then it clearly becomes unstable to decaying
into a D6-brane,anti-D6-brane pair (carrying net torsion charge). If this is
the case, then there is a curve of marginal stability surrounding the conifold
point, across which the torsion 4-brane becomes unstable.

Of course, the above scenario depends on the behaviour of the mass of
the torsion brane as we approach the conifold. Since we don’t really know
how it behaves, we cannot make a definitive prediction.
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8 The Permutation Orbifold

Now we consider the Calabi Yau manifold W = X/Zs, where we mod out
by the freely acting Zs, (2.34).

8.1 Action of the permutation group

In the Gepner model description of W there is an additional Zs action, which
has to be implemented on the boundary states. The action of that Zs on
the primary fields is given by:

o (l1)l27l3)l47l5) = (15)l17l27l3>l4)7
g (30;m17m27m37m47m5;51)52783734785) =

(s0; ms,m1, Mg, M3, My; S5, S1, 52, 53, 54)-

(8.1)

It is easy to see how this action translates into an action on boundary states
in the tensor product theory:

A= (L17L27L37L47L5) = (LS)L17L27L37L4)7
(So; My, My, M3, My, Ms; Sy, Sa,S3, S4, S5) —
(So; Ms, My, Mo, M3, My; Ss, S1, 52,53, 54)
(8.2)

In the following, it is assumed that the boundary states under consideration
carry the same L labels in all minimal models A = (L, L, L, L, L). In partic-
ular, we are interested in the B-type boundary states with A = (0,0,0,0, 0).
As a first step, let us consider an action of the permutation group in the un-
orbifolded (k = 3)° theory. The B-type branes, being labeled by M = 3 M;,
are invariant under the action of the permutation group. This is no longer
the case on the orbifold X, since v acts differently on the individual minimal
model factors. The permutation acts on the branes on the orbifold as:

(0,0,0,0,0), M, M) — |(0,0,0,0,0), M, (M* + M)) (8.3)

As a consequence, the five states with M = 0 are invariant under the cyclic
permutation. The other 20 states can be organized in four Zs orbits of length
five. Note that the action of the permutation symmetry is the same as that
of an (M dependent) power of h, meaning that the four orbits are formed in
such a way that the resulting brane configuration can be lifted to the quintic.
In particular, each orbit is labeled by M.
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To study the branes on the orbifold W it is important to realize that the
generator o of the cyclic permutation commutes with the generator g(vy1)
only up to a generator of the GSO projection gg. This reflects the fact that
geometrically these two actions only commute up to projective equivalence
of the embedding projective space. The full orbifold group is therefore a
non-abelian group I' with the relation:

g(7)o = goog(m) (8.4)

The commutator subgroup is just the Zs subgroup generated by go, and we
have the exact sequence of groups

" 0—>Zs > —ZsxZs—0 (8.5)
The quantum symmetry group of the orbifold model is I'/[I', | = Z5 x Zs.

To classify the branes, we have to find all irreducible representation of T
Each representation can be used as an action on the Chan-Paton factors and
therefore specifies a brane. We immediately see that the orbits of four which
we found above correspond to irreducible representations of the orbifold
group, where go acts as a phase multiplication:

9(71)0- = e%ngg(71) M = O) 2) 4) 6) 8 (86)

In addition to this we find 25 one dimensional representations, where gg acts
trivially. In that case, g(v1) and o generate an abelian group. To check if
this covers all irreducible inequivalent representations, we apply a lemma of
Burnside, which states that the sum of the square of the dimensions of the
irreducible representations equals the order of the group. Since the order of
the group is 53, these 29 representations are indeed all irreducible inequiva-
lent representations. The representations of the full non-abelian group can
be reinterpreted in terms of representations of the group generated by g(vy1)
and o. This is the group which has a direct interpretation in geometry. We
see that for M = 0 this group acts in one-dimensional representations, and
we have the usual picture of fractional branes labeled by two phases. For
M # 0 this groups acts in a projective representation on the Chan-Paton
factors. In other words, we have turned on discrete torsion. The two-cocycle
in H%(T,U(1)) is specified by the phase factor appearing in the projective
representation:

e(g(m) ™™, g(11)Po?)) = eF Mlma=pm) (8.7)

The quantum symmetry of the model, I'/[I',T'| = Zs x Zs, is the same
quantum symmetry group that we see at a generic point in the moduli space.
In contrast to the previous cases, there is no enhanced symmetry at the
Gepner point.
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8.2 The K-theory of W

He’(W) is generated by 1,&5, x1, x2,¢&4 and &, with relations
&° = 25¢], ZUE =&, sUXi =& Uxi=5xi=xiUx; =0
The total Chern class of W is
(W) =1+ 10¢// — 8¢/l (8.8)
Under the projection 73 : X — W,

w3(€5) =56,  mEN =&  mOa)=x, 7)) =0
and consequently 75(c(W)) = ¢(X).

Note that the generator of H?(W) pulls back to 5 times the generator
of H?(X). Equivalently, the generator of Hy(X) pushes forward to 5 times
the generator of Ha(W). Recall that the Cartan-Leray spectral sequence
tells us that 7, : Hao(Y) — Ho(X) is an isomorphism, since Hy(Zs) = 0.
On the other hand, applying the Cartan-Leray spectral sequence to W =
Y/(Zs x Zs), one has an extension

0—Hy(Y) ™ Hy(X) - Zs — 0 (8.9)

since Hyo(Zs X Zs) = Zs. There are two possible extensions: either the
sequence splits, or it does not. In fact, Aspinwall and Morrison [23] show
that the generator of Hao(W) is represented by an elliptic curve, £, which is
not the image of an element in Hp(Y'). Hence the sequence does not split,
Ty = T4 O M1, 1s multiplication by 5 and therefore so is ma,.

Note that we are in the situation discussed in §2.6, where H3(W) is
torsion-free, whereas Ho(G) # 0. Viewed as an orbifold CFT, the model on
W admits discrete torsion, but this can be continuously turned off. As a
consequence, the Kahler moduli space of W is a fivefold cover of the moduli
space of X, branched at the Gepner point and the large-radius point. As
we saw in §8.1, there is no enhancement of the quantum symmetry at the
Gepner point and so the Gepner point is now a smooth point in the moduli
space. Since we have a fivefold cover, the coordinate on the moduli space
is now 1 rather than v°. Points related by multiplying % by a fifth root of
unity are related by adding one unit of discrete torsion (8.7). Hence they
are physically inequivalent, as was already noted by [23].

A basis for KO(W) is
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l [rla] e | ¢ |
O 1] 0 0 0
a=5-0 |0]& | 0 0
a1=L1—(’) 0 X1 0 0
ag=Ls—O |0 | x9 0 0
b=140g 010 |-=¢&1| 0
c=140, 0|0 0 |2

The line bundle S on W satisfies 75S = H®. the ring structure is a? =
25(b + ¢), ab = c and aa; = bay; = 0.

The intersection form, in the above basis (omitting the «;), is

(8.10)

The monodromy about the large radius is generated by My—co : v — v ® S
or, in the above basis,

1 000
1 100

Mr=oo=10 95 1 0 (8.11)
025 1 1

There are 5 conifold points, and the monodromies about them are gen-
erated by

M, 1 v v — (v,w;)w;, i=1,...4 (8.12a)
M, :v—v—25(v,0)0 (8.12b)
where
wi =50 — 4a + 90b + 6¢
wg =50 — 3a + 60b + 8¢

w3 =50 — 2a + 35b + Tc
wyq =50 —a + 15b + 4c

(8.13)

These classes (including k = 5, if one formally writes ws = 50) can be
written more succinctly as

wg = 50 + (k — 5)a+ 3(k — 5)(k — 10)b + tk(k — 5)(k — 10)c  (8.14)
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On the mirror of W, four of the five conifold points correspond to singu-
larities at which an S3 shrinks to zero size. At the mirror of the fifth, there
are five singularities, each of which locally looks like S3/Zs. D-branes in such
backgrounds were studied in [50], with the result that five states should be-
come massless when the S°/Zs shrinks to zero. This result is consistent
with the computation of the Fij-function in [23]. The number of massless

“hypermultiplets can be read off from the coefficient of the logarithm in an
expansion of F} about the singular point. At ¢ = 1, there are 25 massless
states. At the other four conifold points, there is only one massless state.

In our case, the multiplicity 25 in M., is easy to understand: as in (7.7),
there are 25 6-branes (flat line bundles on W) which become massless at
1 = 1. Near the other four points, the conformal field theory is the same -
as the theory near v = 1, but with discrete torsion turned on. As we saw
in §8.1, the remaining irreducible representations of the orbifold group on
the Chan-Paton factors correspond to rank-5 projective bundles. But, since
the discrete torsion is topologically trivial, we can choose an isomorphism
between the twisted differential K-theory and the ordinary K-theory of W,
and write these in terms of ordinary K-theory classes, w; on W. The rank of
the w; are, of course, 5. The first Chern class (and hence the coefficient of a)
can be understood as follows. The action of a 27 rotation in the t-plane is to
tensor with S, which shifts the first Chern class (and hence the coefficient of
a) by 5. A rotation by 27 /5 should therefore shift the first Chern class (and
hence the coefficient of a) by 1. Having understood these two coefficients,
the rest are determined by requiring

Wets = Wk @ S
and requiring that the coefficients of a, b, and ¢ vanish for £ = 5. The unique
solution to these constraints is (8.14).

In the above basis,

—69 —-575 =20 -25

Mo_| %6 a1 16 2

<= | —1260 —10350 —359 —450 |’
\ -84 —600 —24 —29
34 —425 -15 -25

Mo | 2 w6915

2= | _420 —5100 —179 —300 |’

—-56 —680 —24 -39
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, -14 =300 -10 —-25 -4 -200 -5 -25
6 121 4 10 1 41 1 5
Mey = -105 —-2100 —-69 -—-175}’ Me, = —-15 —600 —-14 -75
—-21 —420 -14 -34 -4 =160 -4 -19
1 -125 0 -25

0 1 0 O

Me; = 0 O 1 0

0o o0 0 1

Multiplying these monodromies together, we find the monodromy at the
Gepner point is

My = My Moy Moy My, Moy My—oo = 1 (8.15)

confirming that -the Gepner point is a smooth point in the moduli space, as
we argued in §8.1.

In contrast to the previous example, (8.11) and (8.12) are not the unique
set of monodromies compatible with all of our criteria. For instance, choose
a particular torsion element, v € K°(W),r, and modify (8.12a) to read

M, :v—v—(v,w)(w; +7), 1=1,...,4 (8.12a")

This still acts trivially on the torsion subgroup, it induces the same action on
KO(W)/K°(W)or as before and, moreover, it still satisfies (8.15) (because
S, w; = 0 mod 5).

Clearly more physical input is required to completely pin down these
monodromies in the general case. That is an interesting subject for future
work. ‘
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A Explicit Formulas for B-Type States on Gepner
Orbifolds.

In this section, we provide explicit formulas for B-type boundary states on
Gepner orbifolds. For concreteness, we include one orbifold generator v, and
a corresponding lattice vector f; = (0;2v;0,0,0,0,0). We assume that ~
generates a free orbifold group of order d = lem{k; + 2}. The closed string
partition function is (4.5) where the lattice A is generated by fo, B By.

B-type boundary states are written as a linear combination of Ishibashi
states built on bulk fields, which fulfill B-type boundary conditions. We
impose B-type boundary conditions in each minimal model separately, and
therefore have to take bulk fields where ;1 = —7i. In addition, we have to
require that the bulk field is contained in the closed string partition function:

= p+nbo+niBY +mpy = —

In other words, all B-type Ishibashi states are built on winding modes of the
lattice A.

Following Recknagel and Schomerus a consistent boundary state can
then be obtained as

=P Z(~1)‘S§BQ“|/\M)). (A1)

Here, |Ap)) is the Ishibashi state built on the primary field of the representa-
tion (A, 1), P is a projection operator which will be discussed in more detail
below and Ba" is given by Cardy:

T

A
Byt =

1 Sln( 7 J)kj 6271'7,/.4':. (A..2)
5Vl 3yt 0

The projector P has to make sure that we sum over all winding modes, and
that the integer charge and spin alignment conditions are fulfilled.

27”'mn'rn,z
P= ZZH;HQZ e

MEZLq n€lyy =1 Pi€Lx; 42

K Z 1(2u-Bo—1)v H Z 2B . A3)

VEZK 1=1 13 EZQ
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- The open string .partition function computed from these boundary states is
given by

7o —const S6@ . gE)
(A, (4, M M) = EOTE5 ;; I (E=E-p) "L e (Mi=Mi—v—m))

L 2 - (4)
H NE,Ll 5V—M,;—Mi+m:: 5V—2U1‘+Si—§i+s; (A4)
1

This is almost the same partition function as for B-type states on the quin-
tic, but there is an additional d-function insertion in the open string sector
(the first d-function in the above equation). In words, this d-function en-
forces that all momenta p propagating in the open string sector are correctly
quantized along the direction ;. (At this point it is easy to also describe
boundary states on orbifolds with more than one generator: The only differ-
ence is that there are additional -functions imposing the correct momentum
quantization in the open string partition function.) The other §-functions
make sure that the correct charge quantization is satisfied. We read off from
the partition function, that the boundary conditions are completely deter-
mined by A, dvy-E and ) M;, as noted in the text before. The quantities
dy-E and ) M; appear as Wilson lines in this formula: In the open string
sector they determine a shift in the momentum quantization along a par-
ticular direction. For the spectral flow operator By this shift determines if
the two branes preserve the same supersymmetry. In [41] this was related to
a grading on the space of branes. Here we see that the additional orbifold
induces a similar kind of grading. It would be interesting to interpret this
further.
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