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Abstract
We explain the B-model origin of extended Picard–Fuchs equations
satisﬁed by the D-brane superpotential on compact Calabi–Yau threefolds. The domainwall tension is identiﬁed with a Poincaré normal function — a transversal holomorphic section of the Griﬃths intermediate
Jacobian — via the Abel–Jacobi map. Within this formalism, we derive
the extended Picard–Fuchs equation associated with the mirror of the
real quintic.
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Introduction

Mirror symmetry is a powerful tool to manipulate physical and mathematical
data associated with Calabi–Yau manifolds. Soon after the earliest examples of mirror symmetry [1–3], a computation of the special geometry and
the enumeration of rational curves on the quintic were made by Candelas
et al. [4]. The computation was explained Hodge theoretically in [5] and the
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veriﬁcation of the enumerative predictions was completed in [6,7]. Approaches
to derive mirror symmetry from the worldsheet point of view have also been
discussed [8, 9].
Meanwhile, D-branes have entered mirror symmetry in a variety of ways.
To name the most important, Witten [10] showed that for open topological
strings, cubic string ﬁeld theory reduces to ordinary or holomorphic Chern–
Simons theory. Kontsevich [11] proposed to understand mirror symmetry
as an equivalence of A∞ -categories, whose objects were later identiﬁed as
D-branes. Strominger et al. [12] used D-branes to develop the geometric picture of mirror symmetry as a duality of torus ﬁbrations. Vafa and various
collaborators (beginning with Gopakumar) have shown that Bogomol’nyi —
Prasad–Sommerﬁeld (BPS) states of D-branes are extremely useful invariants that carry a lot of physical and enumerative information [13]. Douglas [14] has complemented the picture by a general formulation of stability
conditions on D-brane categories (see also [15]).
In the course of these developments, the established theory underlying
closed string mirror symmetry for Calabi–Yau manifolds — special geometry
and Gromov–Witten invariants — has played a very useful supporting role.
It has, however, not always been clear whether D-branes would ultimately
be part of the traditional picture or how one would derive the closed string
story, e.g., from D-brane categories. (This problem was posed already in
[11]; for some recent work, see [16–18].) As a physicist, one feels that in
some sense, the underlying reason is that A∞ -categories are too big. Since
D-brane categories are deﬁned oﬀ-shell, they carry a lot of redundant, gaugedependent information. With some hindsight, one is led to ask the natural
question: What is the invariant physical information stored in the derived
category?
In this paper, we give answers to these questions by picking up the Hodge
theoretic considerations. Our main motivation is the recent realization that
at least in some cases, there is indeed invariant information in the open
string sector beyond its cohomology. Walcher [19] showed that for a certain
D-brane conﬁguration on the quintic,1 the on-shell value of the superpotential, as a function over closed string moduli space, satisﬁes a diﬀerential
equation which is an extension of the Picard–Fuchs equation which governs closed string mirror symmetry. According to general principles, this
superpotential makes enumerative predictions in the A-model, which were
subsequently veriﬁed rigorously in [22]. In this work, we will explain the
B-model origin of this extended Picard–Fuchs equation. Previous studies
of analogous problems in local Calabi–Yau manifolds include [23, 24], whose
1

Very similar results appear to hold for many other one-parameter models [20, 21].
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enumerative predictions were veriﬁed in [25,26] and whose diﬀerential equations were discussed in [27, 28] (see also [29, 30]).
The main idea to derive Picard–Fuchs equations in the context of open
strings has been implicit in many previous works. Consider, for simplicity, the case when we are wrapping a D5-brane on a curve in some second
homology class of our Calabi–Yau manifold. Assume that this class has two
isolated holomorphic representatives C+ and C− . Choose a three-chain Γ,
∂Γ = C+ − C− connecting these two representatives. C+ and C− correspond
physically to two supersymmetric vacua of an N = 1 supersymmetric theory
on the brane worldvolume. The tension of a BPS domainwall between the
two vacua is, T = W+ − W− , equal to the superpotential diﬀerence, and is
given by the geometric formula [31]

W+ (z) − W− (z) = T (z) =

Ω(z),

(1.1)

Γ

where Ω(z) is the holomorphic three-form as a function of complex structure
moduli.
The Picard–Fuchs equation, LΠ(z) = 0, is the (in general, system of partial) diﬀerential equation satisﬁed by any period Π(z) = Γc Ω(z) of the
holomorphic three-form over a closed three-cycle, ∂Γc = 0. When applying the Picard–Fuchs operator to a chain integral as in (1.1), we will not,
in general, obtain zero. One type of non-vanishing contribution arises as a
boundary term, but there are, in general, also other terms from diﬀerentiating the chain Γ. The inhomogeneous Picard–Fuchs equation associated with
C+ − C− is then
LT (z) = f (z).
(1.2)
As we will review below, this inhomogeneous equation is well-deﬁned by the
algebraic cycle C+ − C− and does not depend on the choice of chain Γ. It
is also known (although we will not review this) that f (z) is necessarily a
rational function of the suitable algebraic coordinate on moduli space.
The general existence of inhomogeneous Picard–Fuchs equations similar
to (1.2) has been known in the mathematical literature at least as early
as [32]. (In dimension 1, of course, such notions are completely classical.)
A fairly recent reference with examples worked out in dimension 2 (i.e., for
K3 surfaces) is [33]. The main result of the present work is a complete
and mathematically rigorous derivation of the inhomogeneous Picard–Fuchs
equation satisﬁed by T (z) for the B-brane mirror to the real quintic. This
is, to our knowledge, the ﬁrst explicit example of an inhomogeneous Picard–
Fuchs equation in dimension bigger than 2.
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The particular form of the inhomogeneous Picard–Fuchs equation for the
real quintic was originally guessed in [19] based on very restrictive monodromy properties that its solution should possess. Combined with the
results of [22], our derivation puts open string mirror symmetry for the real
quintic at an equal level with the classical mirror theorems on rational curves
in Calabi–Yau three-folds.
Before doing the computation in Section 4 (some details having been
deferred to the appendix), we will describe in Section 2 how normal functions and the variation of mixed Hodge structure capture certain invariant
information of the open string sector. We will not attempt a detailed comparison with the local toric case [27, 28]. It would be very interesting to
understand better the relation between those works and ours, especially
with regard to open string moduli. We also note that the insights into the
relation between D-branes and normal functions have proven central in the
recent computation of loop amplitudes in the open topological string using
the extended holomorphic anomaly equation [34].
In Section 3, we review in a self-contained manner the geometry of the real
quintic and its mirror. This will help explain some of the original background
that led to the extended Picard–Fuchs equation. Alternatively, one can
view our results in this paper as further evidence for the conjectural relation
between the real quintic(s) and certain objects in the derived category of the
mirror quintic. This could be a starting point for establishing homological
mirror symmetry for the quintic. We present our conclusions in Section 5.

2

Normal functions and D-branes

The urge to understand the diﬀerential equation of [19] in Hodge theoretic
terms is very natural. In hindsight, it is not even surprising that the correct
framework is the theory of Poincaré normal functions, applied to Calabi–Yau
three-folds. That theory was developed by Griﬃths [32, 35] as an integral
part of Hodge theory in higher dimension. Picard–Fuchs equations play an
important role in the variation of Hodge structure and have been central to
mirror symmetry for closed strings. So one should naturally have wondered
about the use of normal functions in this context.
On the other hand, there are very good reasons to believe that normal
functions will not be the full story for open string mirror symmetry computations. As is now well accepted, D-branes on Calabi–Yau manifolds can
only be fully understood in some sophisticated categorical framework. The
D-brane superpotential, which is the physical observable governed by the
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diﬀerential equation, is realized mathematically in a fairly complicated way
in the framework of A∞ categories [36, 37]. From this point of view, the
relevance of classical Hodge theory is not immediate at all.
The purpose of this section is to compile the main deﬁnitions and theorems
pertaining to normal functions, as well as to explain, to the best of our
present understanding, the relation to the D-brane superpotential. We point
out that our main computation in Section 4 takes this general theory as
useful background, but does not, strictly speaking, depend on it.

2.1

Normal functions attached to algebraic cycles

For more details on normal functions, we recommend Griﬃths’ original
papers [32, 35], as well as the books [38, 39]. For an introduction to Hodge
theory, see [40].
Let (HZ2k−1 , F ∗ HC2k−1 ) be an integral Hodge structure of odd weight 2k − 1.
The Griﬃths intermediate Jacobian is the complex torus
J 2k−1 =

HC2k−1
F k HC2k−1 ⊕ HZ2k−1

.

(2.1)

As real torus, J 2k−1 is isomorphic to HR2k−1 /HZ2k−1 , and the complex structure on J 2k−1 arises from the identiﬁcation HC2k−1 /F k HC2k−1 ∼
= HR2k−1 as real
vector spaces. Now if (HZ2k−1 , F ∗ H2k−1 ) is an integral variation of Hodge
structure of weight 2k − 1 over some base M , we can consider a relative
version of (2.1),
H2k−1
.
(2.2)
J 2k−1 =
F k H2k−1 ⊕ HZ2k−1
J 2k−1 → M is known as the Griﬃths intermediate Jacobian ﬁbration of the
integral variation of Hodge structure.
A normal function of the variation of Hodge structure is a holomorphic
section ν of the intermediate Jacobian ﬁbration (2.2) satisfying Griﬃths
transversality for normal functions2
∇ν̃ ∈ F k−1 H2k−1 ⊗ Ω1M ,

(2.3)

2
We are here omitting the regularity conditions on normal functions that are required
when the variation of Hodge structure degenerates. Those will play only a minor role in
our application.
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where ν̃ is any lift of ν to H2k−1 . Also, ∇ is the Gauss–Manin connection
and Ω1M the sheaf of diﬀerentials on M . It is easy to see that the condition
(2.3) is independent of the lift. For if ν̃  is another lift, then
ν̃  = ν̃ + ηF + ηZ ,

(2.4)

where ηF is a section of F k H2k−1 and ηZ is a section of HZ2k−1 . The claim follows since ∇ηZ = 0 and ∇ηF ∈ F k−1 H2k−1 ⊗ Ω1M by Griﬃths transversality
applied to H2k−1 .
The variation of Hodge structure of interest in this paper arises from
the deformation of complex structure of a family Y → M of Calabi–Yau
three-folds with typical ﬁber Y . The interesting values of k in this case are
k = 1, 2, and 3. The intermediate Jacobians for k = 1, J 1 and for k = 3, J 5
are known as the Picard variety and the Albanese variety, respectively. But
when Y is simply connected, J 1 = J 5 = 0, and the only interesting value is
k = 2, 2k − 1 = 3.
In the geometric situation, let us say in dimension n, not necessarily
equal to 3, a useful source of normal functions are the homologically trivial
k (Y) be a relative algebraic cycle of codimension
algebraic cycles. Let C ∈ Z
k, ﬂat over M , i.e., C = ni C i is a ﬁnite integral linear combination of
algebraic subsets of Y. This cycle is “homologically trivial,” denoted C ∈
Z k (Y)hom if the image of Cm = C ∩ Ym in H 2k (Ym ; Z) is trivial for all m ∈
M . (Here, Ym is the ﬁber of Y → M over m ∈ M , and we are associating
codimension k cycles with (k, k)-forms via Poincaré duality.)
Before deﬁning the normal function, we note that in the geometric situation, we have the isomorphism (n := dim(Y ))

∗
J 2k−1 (Ym ) = F n−k+1 H 2n−2k+1 (Ym ) /H2n−2k−1 (Ym ; Z),

(2.5)

 n−k+1 2n−2k+1 ∗
F
H
,
which follows from the isomorphism H 2k−1 /F k H 2k−1 ∼
=
∗

and the equivalence from Poincaré duality, H 2k−1 (Y ; Z) ∼
= H2n−2k+1
(Y ; Z), given by integration.
Stepping on (2.5), to deﬁne the normal function associated with C, we
need to specify a map νC : F n−k+1 H2n−2k+1 → OM , deﬁned modulo periods
H2n−2k+1 (Y ; Z). To this end, for each m ∈ M , we pick a 2n − 2k + 1-chain
Γm such that
∂Γm = Cm in Ym ,
(2.6)
where Cm = C ∩ Ym as a codimension-k cycle. Such a chain exists because
Cm is homologically trivial, but is ambiguous by closed 2n − 2k + 1 cycles.
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If we require that Γm depend in a continuous fashion on m, the ambiguity
is reduced to H2n−2k+1 (Y ; Z).
Now given [ω] ∈ F n−k+1 H2n−2k+1 , we can locally on M representing it
by a relative 2n − 2k + 1-form ω ∈ F n−k+1 A2n−2k+1 that is closed in the
ﬁber direction and well deﬁned up to the image of dY : F n−k+1 A2n−2k →
F n−k+1 A2n−2k+1 (this last assertion follows from the Dolbeault theorem).
We then deﬁne

νC ([ω])m :=
ωm .
(2.7)
Γm

Let us check that this is well deﬁned. If we choose a diﬀerent representative ω  of [ω], the diﬀerence is



(ωm


− ωm ) =

Γm

αm ,

(2.8)

∂Γm

where α ∈ F n−k+1 A2n−2k . This vanishes by type considerations since ∂Γm =
Cm is holomorphic, so Poincaré dual to a (k, k)-form.
Finally, we check holomorphicity and transversality. Namely, we analyze
the variation of (2.7) as m varies to ﬁrst order in M . If v is a (not necessarily holomorphic) complexiﬁed tangent vector to M at m, Kodaira–Spencer
theory provides us with a lift, v  , of v to T Y. The diﬀerential of (2.7) in the
direction of v can be written as



˜ v ω)m ,
dv (νC ([ω]))m = −
(ωm , v ) +
(∇
(2.9)
Cm

Γm

˜ v ω represents ∇v [ω] and ∇ is the Gauss–Manin connection on
where ∇
2n−2k+1
.
H
To check holomorphicity, we let v be anti-holomorphic and [ω] be a
holomorphic section of F n−k+1 H2n−2k+1 . We then have that ∇v [ω] = 0 in
˜ v ω)m = dY (ωm , v  ) by Kodaira–Spencer. Thus, (2.9)
H2n−2k+1 . In fact, (∇
vanishes, and νC is a holomorphic section of J 2k−1 .
To show transversality, we take v to be holomorphic. Note that the statement
∇v ν̃C ∈ F k−1H2k−1 is under the isomorphism H 2k−1 /F k−1 H 2k−1 ∼
=
 n−k+2
∗
2n−2k+1
F
H
(see (2.5)) equivalent to the assertion that (∇v ν̃C )([ω])m
∗

= 0 for [ω] ∈ F n−k+2 H2n−2k+1 , where ν̃C is any lift of νC to H2n−2k+1 .
By the compatibility of the Gauss–Manin connection with Poincaré duality, dv (ν̃C ([ω]))m = (∇v ν̃C )([ω])m + ν̃C (∇v [ω])m , so this criterion becomes
dv (ν̃C ([ω]))m = ν̃C (∇v [ω])m , which is already independent of the lift. Now
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if [ω] ∈ F n−k+2 H2n−2k+1 , (ωm , v  ) ∈ F n−k+1 H2n−2k , the ﬁrst term in (2.9)
vanishes by type consideration. This implies transversality.
We close this subsection with one more deﬁnition: The association
AJ: Z k (Y)hom → J 2k−1 (Y),

C → νC

(2.10)

is known as the Abel–Jacobi map. It contains some useful information about
algebraic cycles and their algebraic equivalences. The theory is particularly rich for Calabi–Yau three-folds (as mentioned above, the interesting
value is then k = 2) and led to a lot of early results on questions related
to holomorphic curves [35, 41, 42]. That subject was later revolutionized by
mirror symmetry and Gromov–Witten theory. As we will try to convey in
this article, normal functions are returning to the enterprise as well, with
promising applications in the context of D-branes and mirror symmetry for
open strings.

2.2

Abel–Jacobi map on the derived category

To explain the relevance of normal functions to D-branes, in general, we
take as starting point Witten’s holomorphic Chern–Simons functional. We
denote by Y a (compact) Calabi–Yau three-fold, E a holomorphic vector bundle over Y , with ∂¯ the Dolbeault operator coupled to E. If a ∈
A(0,1) (Y, End(E)) is a (0, 1)-form with values in the endomorphisms of E,
we deﬁne

1

¯ + 1 a ∧ a ∧ a ∧ Ω,
ShCS (a) =
Tr a ∧ ∂a
(2.11)
2
3
Y
where Ω is the (unique up to scale) holomorphic (3, 0)-form on Y . The
functional (2.11) was originally proposed in [43], as an expression for the
space-time superpotential in the context of the heterotic string. This proposal can be explained on the basis that the critical points of (2.11) are
precisely those a ∈ A(0,1) (Y, End(E)) for which the (0, 2)-part of the curvature vanishes,
¯ + a ∧ a = 0,
F (0,2) = ∂a

(2.12)

i.e., the deformed operator ∂¯a = ∂¯ + a is an alternative Dolbeault operator
on E, viewed as a diﬀerentiable vector bundle on Y . In general, ∂¯a will
deﬁne a diﬀerent complex structure on E.
Witten [10] showed that, in the context of the topological string, the
functional (2.11) is the target space or string ﬁeld theory action describing
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the tree-level dynamics of open strings on Y coupled to E (a topological
B-brane). This also led to the suggestion that holomorphic Chern–Simons
should make sense as a quantum theory, and to various puzzles related to
non-renormalizability of (2.11), appearance of closed strings as intermediate
states, etc. The classical theory has been analyzed in depth over the years
(see [44] for a review). The recent results on open–closed topological string
[34] can be viewed as giving partial answers to the problems related to the
quantum theory.
Connections of the holomorphic Chern–Simons functional with the theory
of normal functions have appeared in the mathematical literature in [45,
46] (see also [47]). In the physics literature, a relation to the Abel–Jacobi
map for curves on Calabi–Yau three-fold was established, e.g., in [23, 48–
50]. When our B-brane, instead of being speciﬁed by a holomorphic vector
bundle, is wrapping a holomorphic curve C, it was shown in [23, 49, 50]
that the dimensional reduction of the holomorphic Chern–Simons action is
nothing but the Abel–Jacobi integral

S(C) =
Ω with ∂Γ = C − C0
(2.13)
Γ

viewed as a functional on all possible curves homotopic to some given reference holomorphic curve C0 .
Neglecting the dynamics of open strings, the most direct physical interpretation of the formulas (2.11) and (2.13) is as the tension of BPS domainwalls
connecting the background vacuum (∂¯ or C0 ), on the D-brane worldvolume,
with some other vacuum, corresponding to a non-trivial critical point, a∗ or
C∗ , respectively.
T =

W(a∗ ) − W(0) = ShCS (a∗ ),
W(C∗ ) − W(C0 ) = S(C∗ ).

(2.14)

It should be clear that, even neglecting open string dynamics, those expressions cannot be fully satisfactory for describing the superpotential for an
arbitrary B-brane, which might be neither a holomorphic vector bundle nor
a holomorphic curve in general. The algebraic device needed to generalize
these formulas to an arbitrary object B in Db (Y ) (or some category equivalent to it) is the notion of the algebraic second Chern class, calg
2 (B) [51]. It
takes values in the Chow group CH2 (Y ) of algebraic cycles of codimension 2,
4
modulo rational equivalence. The image of calg
2 (B) in cohomology H (Y ; Z)
alg
is equal to the ordinary (topological) second Chern class ctop
2 (B), but c2 is
generally a more reﬁned invariant.
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The algebraic Chern class satisﬁes axioms very similar to its topological
counterpart. In particular, it splits exact triangles in the D-brane category. If
B
B :::

::

::


:

[1]
o
A
C

(2.15)


for three objects, A, B, and C, then the total Chern classes calg = 1 + calg
i
satisfy
calg (A) · calg (C) = calg (B),
(2.16)
which together with functoriality (and its behavior on holomorphic line bundles) is essentially enough to deﬁne calg .
Using the algebraic second Chern class puts us directly in the situation dis4
cussed in the previous subsection. When ctop
2 (B) = 0 ∈ H (Y ; Z), the alge2
braic cycle deﬁned by calg
2 (B) ∈ CH (Y ) is homologically trivial and yields,
for ﬁxed Y , an Abel–Jacobi class according to the above discussion. When
B suitably deforms with Y , we obtain a normal function νB = νcalg (B) . In
2
particular, the formula for the domainwall tension is
T = νB (Ω),

(2.17)

where Ω is the same holomorphic three-form as above. It is not hard to see
that this deﬁnition reduces to (2.11) and (2.13) when B is a holomorphic
vector bundle or a holomorphic curve, respectively.
We should emphasize that the second Chern class will certainly not capture all the intricacies of the superpotential for a general B-brane on a
Calabi–Yau. This will require a much more sophisticated analysis, partly
along the lines of the cited literature.

2.3

Comments on open problems

Before turning to the applications, we will collect a few more remarks from
the general theory of normal functions, some of which might prove valuable
for further developments.
Extension of Hodge structure
Let (HZ2k−1 , F ∗ H2k−1 ) be an integral variation of Hodge structure of weight
2k − 1 over a base M . Let ν be a normal function. In Exercises 1 and 2
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in Chapter 7 of [39], it is shown that this data can be used to deﬁne an
extension of Hodge structure to yield an integral variation of mixed Hodge
structure. At the integral level, this is a locally trivial extension
HZ2k−1 → (HZ = HZ2k−1 ⊕ Z) → Z.

(2.18)

The weight ﬁltration is given by W2k−2 HZ = 0, W2k−1 HZ = HZ2k−1 , W2k =
HZ , whereas the Hodge ﬁltration on H = (HZ2k−1 ⊕ Z) ⊗ OM is such that it
reduces to the given Hodge ﬁltration F ∗ H2k−1 on H2k−1 , and to F k+1 OM =
0, F k OM = OM on the quotient.
In the context of mirror symmetry, a diﬀerent mixed Hodge structure is
relevant. This mixed Hodge structure is associated with the degeneration
at a point of maximal unipotent monodromy in the moduli space [5, 52].
The monodromy calculations of [19], partially reviewed in Section 4, are
indicative of a very interesting interaction between this limiting mixed Hodge
structure and the one given by extension using the normal function (2.18).
It would be interesting to elucidate this further.
More extensions?
We have so far largely suppressed the existence of an A∞ -structure on the
category of B-branes, except to ask the natural question how much of that
structure is possibly captured by the normal function? In thinking about
this problem, we are led to the following speculations.
The A∞ -structure on a brane B in the category of B-branes is given by
a collection of “higher” products mn satisfying certain conditions of associativity. At the level of the string worldsheet, the mn with n ≥ 2 can be
determined by computing the (topological) disk amplitudes with n + 1 open
string insertions on the boundary. m1 is identiﬁed with the open string
BRST operator. Finally, m0 is related to the bulk-to-boundary obstruction
map by taking one derivative with respect to the closed string moduli [34].
From general considerations, as well as the identiﬁcation of the disk amplitude with two bulk insertions as the Griﬃths inﬁnitesimal invariant [34], it
appears natural that the normal function ν can ﬁt as an “m−1 ” into the
A∞ -structure. As emphasized in [34], the obstruction map can be interpreted Hodge theoretically as the dual of the inﬁnitesimal Abel–Jacobi map.
Those two observations suggest that one should try to understand whether
the higher A∞ products mn for n ≥ 1 can also be given a Hodge theoretic
interpretation.
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A-model version
All considerations in this paper are phrased in the language of the B-model.
On the other hand, we recall that much of the deeper understanding of classical (closed string) mirror symmetry involved the reconstruction of Hodge
theoretic structures in the A-model. In particular, the importance of quantum cohomology and the structure of the mirror map become especially clear
in the “A-model variation of Hodge structure” [53, 54].
It would be very interesting to extend these insights to the open string.
A general deﬁnition of a functional conjecturally mirror to the holomorphic
Chern–Simons functional/domainwall tension (see equation (2.14)) is given
in [22], extending [10]. This functional includes corrections from worldsheet instantons (holomorphic disks ending on Lagrangian submanifolds)
and should in principle be related to Floer theory and the Fukaya category,
as the open string analogues of quantum cohomology. This relation should
be similar to that between the holomorphic Chern–Simons functional and
the derived category. In the A-model, the precise relation is not currently
understood, but as an intermediate step, it would be interesting to check at
least the Hodge theoretic statements pertaining to normal functions, based
on, say, axioms for open Gromov–Witten invariants.

3

The real quintic and its mirror

Our interest now turns to the quintic Calabi–Yau X = {G = 0} ⊂ P4 , deﬁned
as the vanishing locus of a degree 5 polynomial G in ﬁve complex variables
x1 , . . . , x5 . We assume that X is deﬁned over the reals, which means that
all coeﬃcients of G are real (possibly up to some common phase). The real
locus {xi = x̄i } ⊂ X is then a Lagrangian submanifold, and after choosing a
ﬂat U (1) connection, will deﬁne an object in the (derived) Fukaya category
Fuk(X). In this section, we will ﬁrst review a proposal which identiﬁes a mirror object in the category of B-branes of the mirror quintic, in its Landau–
Ginzburg description. Via some detours, we will be able to derive from the
matrix factorization the corresponding normal function. In the next section,
we will then show by an explicit computation that this normal function satisﬁes precisely the inhomogeneous Picard–Fuchs equation proposed in [19].

3.1

Six hundred and twenty-ﬁve real quintics

Both the topological type and the homology class in H3 (X; Z) of the real
locus depend on the complex structure of X (the choice of (real) polynomial
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G). On the other hand, the Fukaya category is independent of the choice
of G (real or not). The object in Fuk(X) that we shall refer to as the
real quintic is deﬁned from the real locus L of X when G is the Fermat
quintic G = x51 + x52 + x53 + x54 + x55 . It is not hard to see that topologically
L∼
= RP3 . There are therefore two choices of ﬂat bundles on L, and we will
denote the corresponding objects of Fuk(X) by L+ and L− , respectively.
More precisely, since Fuk(X) depends on the choice of a complexiﬁed Kähler
structure on X, we deﬁne L± for some choice of Kähler parameter t close to
large volume Im(t) → ∞, and then continue it under Kähler deformations.
In fact, the rigorous deﬁnition of the Fukaya category is at present only
known inﬁnitesimally close to this large volume point [55]. However, Fuk(X)
does exist over the entire stringy Kähler moduli space of X, and at least
some of the structures vary holomorphically. Our interest here is in the
variation of the categorical structure associated with L± over the entire
stringy Kähler moduli space of X, identiﬁed via mirror symmetry with the
complex structure moduli space of the mirror quintic Y .
The Fermat quintic is invariant under more than one anti-holomorphic
involution. If Z5 denotes the multiplicative group of ﬁfth roots of unity, we
deﬁne for χ = (χ1 , . . . , χ5 ) ∈ (Z5 )5 an anti-holomorphic involution σχ of P4
by its action on homogeneous coordinates
σχ : xi → χi x̄i .

(3.1)

The Fermat quintic is invariant under any σχ . The involution and the ﬁxedpoint locus only depend on the class of χ in (Z5 )5 /Z5 ∼
= (Z5 )4 , and we obtain
[χ]
in this way 54 = 625 (pairs of) objects L± in Fuk(X). We will return to
[χ=1]
those 625 real quintics below, and for the moment focus on L± = L± .
[χ]

We emphasize again that although we have deﬁned the Lagrangians L±
as ﬁxed-point sets of anti-holomorphic involutions of the Fermat quintic, we
can think of the corresponding objects of Fuk(X) without reference to the
complex structure.
3.2

The prediction

The image in K 0 (Fuk(X)) is the same for L+ and L− . This is the counterpart in the A-model of the triviality of topological Chern classes ctop (B+ −
B− ) for two objects B± in the category of B-branes. As mentioned above,
there should exist a deﬁnition of an Abel–Jacobi map to a normal function
of the A-model variation of Hodge structure constructed from the quantum
cohomology of X [53, 54]. As explained in [19], this normal function can be
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realized geometrically by wrapping a D-brane on a disk D whose boundary on L represents the non-trivial element of H1 (L; Z) ∼
= Z2 . Neglecting instanton corrections, the corresponding truncated normal function is
t
1
3 Instanton corrections deform this to
2 ± 4 mod tZ + Z.
TA (t) =

t 1
1
±
+ 2
2
4 2π


nd q d/2 ,

(3.2)

d odd

where q = e2πit , and nd are the open Gromov–Witten invariants of the real
quintic deﬁned in [56], predicted in [19], and fully computed in [22]. The
precise result for the nd is as follows.
Mirror symmetry for the quintic is governed by the diﬀerential operator
L = θ4 − 5z(5θ + 1)(5θ + 2)(5θ + 3)(5θ + 4),

(3.3)

where θ = zd/dz. As we will review further below, L is the Picard–Fuchs
operator of the mirror quintic. The equation L (z) = 0 has four linearly
independent solutions. Two of those solutions are given by the following
power-series expansion around z = 0:
∞
0 (z) =
m=0

(5m)! m
z ,
(m!)5
(3.4)

∞
1 (z)

=

0 (z) log z

+5
m=1

(5m)! m
z Ψ(1 + 5m) − Ψ(1 + m) ,
(m!)5

and determine the mirror map as
t = t(z) =

1
2πi

1 (z)
0 (z)

,

q(z) = exp(2πit(z)).

(3.5)

The result of [19, 22] is

L



0 (z)TA (z)

=

15 √
z.
16π 2

(3.6)

Combined with the boundary conditions (3.2), this is equivalent to
0 (z)TA (z)

=

1 (z)

4πi

+

0 (z)

4

+

15
τ (z),
π2

(3.7)

The sign depends on whether we consider L+ − L− or L− − L+ . For this to make
sense, note that 2t − 14 = −( 2t + 14 ) mod tZ + Z. For details, see [19].
3
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where
Γ(3/2)5
τ (z) =
Γ(7/2)

∞
m=0

5005 3/2
Γ(5m + 7/2) m+1/2 √
z + ···
z
= z+
5
Γ(m + 3/2)
9

(3.8)

gives a particular solution of the inhomogeneous Picard–Fuchs equation
(3.6).
3.3

Matrix factorization

For the rest of this work, W will denote the one-parameter family of quintic
polynomials
W =


1 5
x1 + x52 + x53 + x54 + x55 − ψx1 x2 x3 x4 x5 .
5

(3.9)

Geometrically, the mirror quintic, Y , is the quotient of this one-parameter
family of quintics by (Z5 )3 = (Z5 )4 /Z5 , where (Z5 )4 is the group of phase
symmetries of W (for ψ = 0). Alternatively, we can think of a Landau–
Ginzburg orbifold model with worldsheet superpotential W and orbifold
group (Z5 )4 .
We will also have occasion to work in the B-model on the one-parameter
family of quintic hypersurfaces given by W = 0 in P4 (without quotient).
In this context, we will denote this family by Xψ . When we work in the
context of the A-model, with an arbitrary complex structure represented
by a general quintic polynomial G, we will continue to denote the quintic
simply by X.
Recall that for a quintic X deﬁned by G = 0, the homological Calabi–
Yau/Landau–Ginzburg correspondence [57–60] states that the derived category of coherent sheaves of X is equivalent to the graded, equivariant
category of matrix factorizations of the corresponding Landau–Ginzburg
superpotential,
Db (X) = MF(G/Z5 ),
(3.10)
where Z5 is the diagonal group of phase symmetries. The analogous statement for the mirror quintic is
Db (Y ) ∼
= MF(W/Z45 )

(3.11)

with (Z5 )4 as above.
To describe an object mirror to the real quintic, we begin with ﬁnding
a matrix factorization of the one-parameter family of superpotentials (3.9).
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∼ C5 is a ﬁve-dimensional vector space, we can associate to its exteIf V =
rior algebra a C[x1 , . . . , x5 ]-module M = ∧∗ V ⊗ C[x1 , . . . , x5 ]. It naturally
comes with the decomposition
Ms = ∧s V ⊗ C[x1 , . . . , x5 ],
(3.12)
and the Z2 -grading (−1)i . Let ηi be a basis of V and η̄i the dual basis
of V ∗ , both embedded in End(M ). We then deﬁne two families of matrix
factorizations (M, Q± ) of W by
M = M0 + M 1 + M 2 + M 3 + M 4 + M 5 ,

1
Q± = √
5

5

(x2i ηi

+

x3i η̄i )

±

i=1

5

ψ (ηi − xi η̄i ).

(3.13)

i=1

To check that Q2± = W idM , one uses that ηi and η̄i satisfy the Cliﬀord
algebra
{ηi , η̄j } = δij ,

(3.14)

as well as the ensuing relations
{(x2i ηi + x3i η̄i ), (ηi − xi η̄i )} = 0

and

(ηi − xi η̄i )2 = −xi .

(3.15)

The matrix factorization (3.13) is quasi-homogeneous (C∗ -gradable). The
R-charges of the superpotential and the xi are 2 and 2/5, respectively. So
if we assign R-charge 1/5 and −1/5 to ηi and η̄i , respectively, Q will have
uniform R-charge 1. Since Q is irreducible, this determines the R-charge of
M uniquely up to an overall shift. As explained in [57], this ambiguity should
be ﬁxed by Tr R = 0 for studying the stability of the matrix factorizations.
But for the present purposes, we will use a diﬀerent convention (see below).
To specify objects in MF(W/Γ), where Γ = Z5 or (Z5 )4 for the quintic
and mirror quintic, respectively, we have to equip M with a representation
of Γ such that Q is equivariant with respect to the action of Γ on xi . Since Q
is irreducible, this representation of Γ on M is determined up to a character
of Γ by a representation on V , i.e., an action on the ηi . For γ ∈ Γ, we
have γ(xi ) = γi xi for some ﬁfth root of unity γi . We then set γ(ηi ) = γi−2 ηi ,
making Q equivariant. As noted, this representation is unique up to an
action on M0 , i.e., a character of Γ.
For the mirror quintic, Γ = Ker((Z5 )5 → Z5 ), so Γ∗ = (Z5 )5 /Z5 , and we
label its characters as [χ]. The corresponding objects of MF(W/Γ) con[χ]
structed out of Q± (3.13) are classiﬁed as Q± = (M, Q± , ρ[χ] ), where ρ[χ] is
the representation on M we just described.
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Conjecture: There is an equivalence of categories Fuk(X) ∼
= MF(W/
[χ]
4
(Z5 ) ) which identiﬁes the 625 pairs of objects L± with the 625 pairs of
[χ]
equivariant matrix factorizations Q± .
Note: One can formulate a similar conjecture for any hypersurface in
weighted projective space which has a Fermat point in its complex structure
moduli space.

3.4

Intersection index

The ﬁrst piece of evidence for the above conjecture comes from Ref. [61].
In that paper, the 625 Lagrangian submanifolds of X described above were
associated with the so-called L = (1, 1, 1, 1, 1) A-type Recknagel–Schomerus
states in the Gepner model. These A-type boundary states had been constructed in [62] as tensor products of Cardy states in the N = 2 minimal
model building blocks of the Gepner model. In turn, these Cardy states
of the minimal model were identiﬁed in [63] with the Lagrangian wedge
branes of opening angle 4π/5 in the Landau–Ginzburg description of the
N = 2 minimal models. Via mirror symmetry for the minimal models, those
wedges are equivalent to the matrix factorizations based on x5i = x2i x3i (see,
e.g., [64]). These are precisely the building blocks of the factorization (3.13),
specialized to ψ = 0. The above deformation away from ψ = 0, as well as
[χ]
[χ]
the identiﬁcation of the pairs Q± with the pairs of objects L± , was ﬁrst
noted in [65], following the suggestion of [61].
[χ]

[χ]

The initial step in the above identiﬁcation of L± with Q± was justiﬁed
[χ]
in [61] by a comparison of the intersection indices of the L± with the corresponding intersection indices of the Gepner model boundary states. We
will reproduce this here using the matrix factorizations. The match of the
domainwall tensions4 L+ − L− and Q+ − Q− computed in the A-model and
B-model, respectively, constitutes further evidence for the above conjecture.


Let us start with the geometric intersection index between5 L[χ] and L[χ ] .
Because of the projective equivalence, we have to look at the intersection
of the ﬁxed-point loci of σχ and σωχ from (3.1) where ω runs over the ﬁve
4

Note that because of the symmetries, these domainwall tensions do not depend on the
discrete group representation.
5
The intersection index, being topological, does not depend on the Wilson lines on the
A-branes. For the B-branes, it is correspondingly independent of the sign of the square
root in (3.13).
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ﬁfth roots of unity. It is not hard to see that topologically
Fix(σχ ) ∩ Fix(σωχ ) ∩ X ∼
= RPd−2 ,

d = #{χi = ωχi }.

(3.16)

After making the intersection transverse by a small deformation in the normal direction, we obtain a vanishing contribution for d = 0, 1, 3, 5, and ±1
for d = 2, 4, where the sign depends on the non-trivial phase diﬀerences
χ∗i ωχi . Explicitly, one ﬁnds


f1 (χ∗ ωχ),

L[χ] ∩ L[χ ] =

(3.17)

ω∈Z5

where

⎧ 5

⎪
⎨ sgnIm(χ ), if #{i, χ = 1} = 2, 4,
i
i
f1 (χ) = i=1
⎪
⎩
0
else.

(3.18)

To compute the intersection index between the matrix factorizations, we use
the index theorem of [57]. It says in general


χ Hom (M, Q, ρ), (M  , Q , ρ ) :=



(−1)i dim Homi (M, Q, ρ), (M  , Q , ρ )
i

=

1
|Γ|

1
StrM ρ(γ),
i=1 (1 − γi )
(3.19)

StrM  ρ (γ)∗ 5
γ∈Γ

where γi are the eigenvalues of γ ∈ Γ acting on xi , and ρ and ρ are the
representations of Γ on M . For M = M  , Q = Q , and ρ = ρ[χ] , and ρ = ρ[χ ]
described above, this evaluates to
1
− 4
5
where

5

χ(γ ) χ(γ) (γi + γi2 − γi3 − γi4 ) = −
 ∗

γ∈(Z5 )4

i=1

f2 (χ∗ ωχ), (3.20)
ω∈Z5

⎧ 5

⎪
⎨ sgnIm(χ ), if #{i, χ = 1} = 0
i
i
f2 (χ) = i=1
⎪
⎩
0
else.

(3.21)

We do not know any generally valid result from the representation theory
of ﬁnite cyclic group which shows that (3.17) and (3.20) coincide. It is,
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however, not hard to check by hand or computer that for all χ,
(f1 + f2 )(ωχ) = 0.

(3.22)

ω∈Z5

Hence





L[χ] ∩ L[χ ] = χ Hom(Q[χ] , Q[χ ] )

(3.23)

as claimed.

3.5

Bundles

We now proceed with the construction of the normal function from the
matrix factorization (3.13). To this end, we use the homological Calabi–
Yau/Landau–Ginzburg correspondence (3.10) for the quintic as described
in [60]. This will produce for us a set of ﬁve complexes of coherent sheaves
(bundles) on the one-parameter family of quintics Xψ . By making those
equivariant with respect to the geometric (Z5 )3 action (thus implementing
(3.11)) will yield the 625 objects in Db (Y ) mirror to the real quintics.
The technique underlying the algorithm of [60] is the gauged linear sigma
model of [66]. Thus, we ﬁrst construct a D-brane in the gauged linear sigma
model from the equivariant matrix factorization, and in the second step a
complex of (line) bundles on the quintic. We have to and can live with two
ambiguities in the construction. The ﬁrst ambiguity is the Landau–Ginzburg
monodromy (cyclic permutation of the characters of Γ = Z5 ), whereas the
second depends on a certain “band restriction rule” for assignment of the
gauge charges in the linear sigma model. The upshot of the construction is
the following. We can view the matrix factorization, namely the Z2 -graded
module M equipped with Q of Q2 = W as a 2-periodic inﬁnite complex over
the aﬃne singularity W = 0. We then truncate this inﬁnite complex to a
semi-inﬁnite complex in a way that depends on the charge and representation assignments in the gauged linear sigma model. The departure of this
construction from the traditional (Serre) correspondence between sheaves
on the hypersurface and graded modules on the aﬃne singularity is that the
cohomological grading of the complexes also depends on the linear sigma
model charges. We now implement this algorithm in our example, referring
to [60] for the complete details.
Given (M, Q, ρχ ), we ﬁrst assign R-charges (i.e., a C∗ -representation, generated by a rational Hermitian matrix, R on M ) in such a way that
eiπR = ρχ (γ)(−1)s ,

(3.24)
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where (−1)s is the Z2 -grading on M and γ ≡ e2πi/5 is the generator of Z5 .
In the decomposition (3.12), ρχ (γ) = e2πi(n−2s)/5 , where χ = e2πin/5 . We
choose the R-charge assignment of Ms in (3.12) as Rs = 5s + 2n
5 .
Following the algorithm of [60], we now select a “band” of ﬁve consecutive
integers Λ = {0, 1, 2, 3, 4} and ﬁnd for each s an integer R̃s = s mod 2 and
an integer qs ∈ Λ such that
Rs = R̃s −

2qs
.
5

(3.25)

R̃s and qs are uniquely determined by this equation. Depending on n, we
ﬁnd for the pairs (R̃s , qs ) the following table:
HH

n

HH
s
H
H

0
1
2
3
4
5

0

1

2

3

4

(0, 0)
(1, 2)
(2, 4)
(1, 1)
(2, 3)
(1, 0)

(2, 4)
(1, 1)
(2, 3)
(1, 0)
(2, 2)
(3, 4)

(2, 3)
(1, 0)
(2, 2)
(3, 4)
(2, 1)
(3, 3)

(2, 2)
(3, 4)
(2, 1)
(3, 3)
(2, 0)
(3, 2)

(2, 1)
(3, 3)
(2, 0)
(3, 2)
(4, 4)
(3, 1)

(3.26)

This data yields a graded, gauge-invariant matrix factorization, QGLSM of
the linear sigma model superpotential WGLSM = P W , where P is Witten’s
P-ﬁeld [66]. In reducing to the non-linear sigma model on the hypersurface,
the bulk modes of P are integrated out, while the quantization of the single
boundary degree of freedom yields the Fock space of a harmonic oscillator,
P , where each HP ∼ C. The resulting complex on the quintic
HP ∼
= ⊕N ≥0 HN
N =
P is
hypersurface is built from the tensor product M ⊗ HP , where Ms ⊗ HN
placed in homological degree d = R̃s + 2N and twisted by the line bundle
O(qs + 5N ). The original matrix factorization Q acts on this complex in a
way compatible with all gradings.
For the data above, we obtain explicitly the following ﬁve complexes
(here, V s ≡ ∧s V , and the integer in square brackets indicates the homological degree of the ﬁrst term in the complex):
n = 0 : [0]
O(0) ⊗ V 0

O(2) ⊗ V 1
O(5) ⊗ V 0
O(7) ⊗ V 1
→ O(1) ⊗ V 3 → O(4) ⊗ V 2 → O(6) ⊗ V 3 → · · · · · ·
O(0) ⊗ V 5
O(3) ⊗ V 4
O(5) ⊗ V 5
(3.27)
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n = 1 : [1]
O(4) ⊗ V 0
O(6) ⊗ V 1
O(9) ⊗ V 0
O(1) ⊗ V 1
O(0) ⊗ V 3 → O(3) ⊗ V 2 → O(5) ⊗ V 3 → O(8) ⊗ V 2 → · · · · · ·
O(2) ⊗ V 4
O(4) ⊗ V 5
O(7) ⊗ V 4
(3.28)
n = 2 : [1]
O(0) ⊗ V 1

O(3) ⊗ V 0
O(5) ⊗ V 1
O(8) ⊗ V 0
2
3
→ O(2) ⊗ V → O(4) ⊗ V → O(7) ⊗ V 2 → · · · · · ·
O(1) ⊗ V 4
O(3) ⊗ V 5
O(6) ⊗ V 4
(3.29)

n = 3 : [2]
O(4) ⊗ V 1
O(7) ⊗ V 0
O(9) ⊗ V 1
O(2) ⊗ V 0
2
3
2
O(1) ⊗ V → O(3) ⊗ V → O(6) ⊗ V → O(8) ⊗ V 3 → · · · · · ·
O(0) ⊗ V 4
O(2) ⊗ V 5
O(5) ⊗ V 4
O(7) ⊗ V 5
(3.30)
n = 4 : [2]
O(3) ⊗ V 1
O(6) ⊗ V 0
O(8) ⊗ V 1
O(1) ⊗ V 0
3
2
2
O(0) ⊗ V → O(2) ⊗ V → O(5) ⊗ V → O(7) ⊗ V 3 → · · · · · ·
O(1) ⊗ V 5
O(4) ⊗ V 4
O(6) ⊗ V 5
(3.31)
The diﬀerential on these complexes is Q from (3.13), whereas before ηi and
η̄i act on the exterior algebra ∧∗ V in the usual way. It would be interesting
to obtain a more intrinsic description of these ﬁve objects in Db (Xψ ), to
understand their deformations to a general quintic,6 to investigate stability at large volume, etc. It is not hard to compute the topological Chern
characters of these ﬁve objects and to check that they agree with those determined from [61]. For example, the virtual ranks of the objects are given by
(−3, 3, −7, 8, 7) for n = (0, 1, 2, 3, 4), respectively. The simplest and most
canonical object appears to be the one corresponding to n = 3, namely as
found in [67], it carries precisely the topological charges required for anomaly cancellation in a type I (or type IIB orientifold) string compactiﬁcation
on the quintic with non-trivial discrete B-ﬁeld. (This is mirror to a type IIA
orientifold compactiﬁcation on the mirror quintic.) It is natural therefore to
assume that this corresponds to a rank 8 bundle which moreover is stable
at large volume on the quintic.

6

We thank Tony Pantev and Ron Donagi for extensive discussions on possible such
descriptions.
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From matrix factorization to curve

The ﬁve complexes in the previous subsection deﬁne ﬁve objects in Db (Xψ ).
(Although semi-inﬁnite, they are quasi-isomorphic to ﬁnite complexes
because of the eventual periodicity.) As discussed before, to obtain the 625
objects in Db (Y ) mirror to the real quintics, we have to make these objects
(Z5 )3 equivariant. It would be interesting to understand this construction in
detail and, in particular, what happens under the resolution of the orbifold
singularities. For our purposes, however, we do not need this. In fact, to
compute the normal function by the Abel–Jacobi map, we do not even need
to distinguish between the ﬁve objects on the quintic. Note that the deﬁning
semi-inﬁnite complexes diﬀer only in low homological degree by extensions
by line bundles, which contribute only trivially to algebraic K-theory and the
Abel–Jacobi map. In other words, all the information about the normal function is contained in the 2-periodic part of the complexes, which is nothing but
the original matrix factorization! This fact would have allowed us to bypass
all the complications associated with the homological Calabi–Yau/Landau–
Ginzburg correspondence. We nevertheless presented the detailed results in
the previous subsection, because we feel that they might be of independent
interest, for instance, for questions of stability.
In this subsection, we proceed with the computation of the algebraic
[χ]
second Chern classes of Q , where  = ±1. Speciﬁcally, the domainwall
tension of our interest is given by the image under the Abel–Jacobi map
[χ]
[χ]
of Q+ − Q− . Note that this is well deﬁned since, as follows, e.g., from
the index theorem (3.19), the topological Chern classes only depend on χ,
and not on , which is the sign of the square root in (3.13). On the other
hand, the Abel–Jacobi map is independent of χ, as explained in the previous
paragraph.
It does, however, make a diﬀerence whether we work on the quintic or its
mirror. On the quintic, we can work with the explicit bundle representatives
from (3.30). Let


Q±
E± = Ker O(2) ⊕ O(1)10 ⊕ O(0)5 −→ O(4)5 ⊕ O(3)10 ⊕ O(2) .

(3.32)

In general, for a bundle of rank r with suﬃciently many sections, one can
determine the second Chern class by choosing r − 1 generic sections and
ﬁnding the codimension-2 locus where those sections fail to be linearly independent. Since twisting by O(1) will alter the image in the Chow group
only trivially, we can always arrange for suﬃciently many sections by twisting with O(n) for n large enough. For bundles such as E± (n), we can
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conveniently ﬁnd sections7 by using the 2-periodicity of the complex (3.30)
as the image of Q in the previous step. In the case at hand, we select seven
columns of the matrix representation of (3.30) and study the ideal generated
by the minors of the resulting 7 × 16-dimensional matrix.
After some algebra, we ﬁnd that the second Chern classes can be represented as
c2 (E+ ) − c2 (E− ) = [C+ − C− ] ∈ CH2 (Xψ ),

(3.33)

where C± stands for the algebraic curve
C± = {x1 + x2 = 0, x3 + x4 = 0, x25 ±

5ψx1 x3 = 0} ⊂ Xψ .

(3.34)

Of course, we are really interested in the matrix factorizations and corresponding bundles as objects in Db (Y ), where Y = Xψ /(Z5 )3 is the mirror
quintic. Their second Chern classes take values in CH2 (Y ) and can be
described by considering the image of C± under the (Z5 )3 orbifold group.
We will study this quotient procedure carefully in the following section.

4

Main computation

As before, we let Xψ be the one-parameter family of quintics given by (3.9).
The intersection of Xψ with the plane P = {x1 + x2 = x3 + x4 = 0} is a
plane curve of degree 5 which is reducible, with three components (see left
part of ﬁgure 1). One component is the line x5 = 0, the other two are conics
C± described by (3.34). Obviously, [C+ − C− ] = 0 ∈ H2 (Xψ ) for all ψ, and
thus the cycle C+ − C− deﬁnes a normal function ν for the one-parameter
family of quintics Xψ . Consequently, we also obtain a pair of curves and a
normal function for the mirror quintic Y , which we will denote by the same
symbols. Now pick a family of three-chains Γ ⊂ Y with ∂Γ = C+ − C− . The
domainwall tension or truncated normal function is given by

TB = TB (z) =

Ω̂,

(4.1)

Γ

where Ω̂ is a particular choice of holomorphic three-form on Y , further
speciﬁed below.
7

This was initially suggested to us by Nick Warner and anticipated also by Duco van
Straten.
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2
Figure 1: The curves C± on P = CP2 (quintic) and on S = CP
/Z5 (mirror
quintic).
The main result of our paper is that the Picard–Fuchs operator from (3.3),
L = θ4 − 5z(5θ + 1)(5θ + 2)(5θ + 3)(5θ + 4),

θ=

zd
dz

(4.2)

acting on TB (z) gives
LTB (z) =

15 √
z
16π 2

(4.3)

(as usual, z = (5ψ)−5 ), where the constant is precisely the one in (3.6). We
conclude that TB (z) coincides with 0 (z)TA (z), up to a solution of the homogeneous Picard–Fuchs equation. This is not unexpected since the choice of
Γ is ambiguous by H 3 (Y ; Z), so TB is ambiguous by an integral period. The
claim that TB (z) − 0 (z)TA (z) is indeed an integral period will follow from
the analytic continuation performed in [19] and the boundary conditions on
TB as we shall discuss below.
4.1

Sketch of computation

The strategy for proving (4.3) is to use the representation of the holomorphic
three-form on the hypersurface {W = 0} as the residue of a meromorphic
four-form Ω̃ on projective space (Griﬃths–Dwork method). The domainwall
tension, which is deﬁned by integrating the holomorphic three-form over a
three-chain Γ in Y with ∂Γ = C+ − C− can then be obtained by integrating
Ω̃ over a four-chain which is a tube in P4 \ {W = 0} around Γ.8 By following
the usual steps in the derivation of the Picard–Fuchs equation (see, e.g. [5]),
8
We are here temporarily confusing the mirror quintic with the family Xψ . The homogeneous Picard–Fuchs equation does not depend on this. The inhomogeneous term, however, does (see below).
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the action of L on the domainwall tension can be reduced to a boundary
term consisting of the integral of certain meromorphic three-forms over a
tube around the boundary curves C± . To be speciﬁc, let us consider the
contribution from C+ . The main observation that will make the computation
possible is the following.
The curve C+ lies in the plane P = {x1 + x2 = x3 + x4 = 0}. Therefore, if we could ﬁt the tube around C+ completely inside P , the integral
over it of any meromorphic three-form with poles on W = 0 would vanish. The reason we cannot restrict the computation to P is of course that
P ∩ {W = 0} contains not just C+ , but also C− , as well as the line x5 = 0,
so that a tube around C+ inside P will intersect one of the other components, hence Xψ . But then, we can ﬁt the tube around C+ into P except for
a small neighborhood of the points where the components of P ∩ {W = 0}
meet. There are two such points, p1 = {x1 = −x2 , x3 = x4 = x5 = 0} and
p2 = {x1 = x2 = x5 = 0, x3 = −x4 }, and the computation can be localized
to a small neighborhood of p1 and p2 , which ﬁt entirely inside an aﬃne
patch.
There is, however, an important subtlety in performing this computation
as we have just sketched.9 Namely, the intersection points p1 and p2 are
actually singular points of the mirror quintic, and these singularities must be
resolved ﬁrst in order to perform the computation. Recall that resolving the
singularities amounts to varying the Kähler class on the quintic mirror to
a generic value; since the inhomogeneous Picard–Fuchs equation should be
independent of the Kähler class, it will not matter how we do the resolution
of singularities.
4.2

Resolution of singularities

Since the plane P = {x1 + x2 = x3 + x4 = 0} itself plays an important role
in the computation, we also need to resolve singularities that appear on it
5!
after passing to the quotient. The symmetry group (Z5 )3 permutes 25 · 2!2!
=
750 similar planes, but a Z5 subgroup preserves our plane, with a generator
acting via
(x1 , −x1 , x3 , −x3 , x5 ) −→ (x1 , −x1 , e2πi/5 x3 , −e2πi/5 x3 , e−4πi/5 x5 ).
This group action has three ﬁxed points, at p1 , p2 , and (0, 0, 0, 0, 1), and the
ﬁrst two of these must be resolved.10
9

We can attest to the fact that if this subtlety is ignored, a wrong answer is obtained!
The third point does not lie on the quintic mirror for generic ψ and hence need not
be resolved.
10
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These singularities on S = P/Z5 are Hirzebruch–Jung singularities [68,69]

2
/Z .
and can be resolved by classical methods11 to obtain a surface S = CP
5

The result is that each singular point pi is replaced by two rational curves
(−2)
(−3)
Di
and Di , in the conﬁguration shown in ﬁgure 1. We denote the
(−3)
by pi,± .
intersections of (the transforms of) C± with the curve Di
Resolving the quintic mirror itself is more involved, and we defer the
explicit computation to an appendix. The result, however, is the existence
of two coordinate charts for the quintic mirror: the ﬁrst has coordinates
T = x−1
1 x2 ,
3 −2
X = x1 x−2
3 x4 x5 ,

(4.4)

5
Y = x−5
1 x5 ,
−2
Z = x1 x33 x−2
4 x5 ,

and the polynomial, locally deﬁning Yψ ,

1
1 + T 5 + X 2 Y 2 Z 3 + X 3 Y 2 Z 2 + Y − ψT XY Z.
5
The resolution S of the surface S is given by T = −1 and Z = −X, and the
restriction of the polynomial to S is
1
1
Y − ψX 2 Y = Y (1 +
5
5

5ψX)(1 −

5ψX).

The points p1,± are given by X = ± √15ψ and Y = 0. In the other coordinate
chart, we have coordinates
T  = t = x−1
3 x4 ,
−2
3
X  = (u )−2 (v  )3 (w )−2 = x−2
1 x2 x3 x5 ,
5
Y  = (w )5 = x−5
3 x5 ,

(4.5)

−2
Z  = (u )3 (v  )−2 (w )−2 = x31 x−2
2 x3 x5 ,

and polynomial

1  2  2  3
(X ) (Y ) (Z ) + (X  )3 (Y  )2 (Z  )2 1 + (T  )5 + +Y  − ψT XY Z.
5
11

See [70] for a recent discussion on the physics literature. In fact, the example in
ﬁgure 2 of [70] is exactly the case we must consider here.

580

DAVID R. MORRISON AND JOHANNES WALCHER

The resolution S of the surface S is given by T  = −1 and Z  = −X  , and
the restriction of the polynomial to S is
1
1 
Y − ψ(X  )2 Y  = Y  (1 +
5
5

5ψX  )(1 −

5ψX  ).

The points p2,± are given by X  = ± √15ψ and Y  = 0.

4.3

Inhomogeneous Picard–Fuchs via Griﬃths–Dwork

Let us recall our conventions. We have
W =


1 5
x1 + x52 + x53 + x54 + x55 − ψx1 x2 x3 x4 x5 ,
5

(4.6)

and z = (5ψ)−5 . To derive the Picard–Fuchs equations by the Griﬃths–
Dwork method, we introduce the four-form on P4 ,
i ∧ . . . ∧ dx5 ,
(−1)i−1 xi dx1 ∧ . . . ∧ dx

ω=

(4.7)

i

as well as the contraction of ω with the tangent vectors ∂i (i = 1, . . . , 5)
ωi = ω(∂i ).

(4.8)

A convenient choice of gauge for the holomorphic three-form is
Ω(z) = ResW =0 Ω̃(z),

Ω̃(z) :=

ω
.
W (z)

(4.9)

Traditionally, one derives the Picard–Fuchs equation by working with the
expression (4.9), thought of as living on the quintic Xψ . The holomorphic
three-form on the mirror quintic Y can be obtained by pulling back (4.9)
in local patches via blowup maps such as described in the appendix. For
ordinary periods, the net eﬀect of the quotient by (Z5 )3 is then simply an
additional normalization factor of 5−3 [4]. Such a simple relation is not
expected to hold for generic normal functions, so we need to evaluate things
more carefully.
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Following the reduction of pole algorithm of Griﬃths and keeping track
of exact pieces, we ﬁnd with the above deﬁnitions,


L̃Ω̃ := (1 − ψ 5 )∂ψ4 − 10ψ 4 ∂ψ3 − 25ψ 3 ∂ψ2 − 15ψ 2 ∂ψ − 1 Ω̃ = −dβ̃, (4.10)
where the exact piece is
β̃ =

3!  4 4 4 4
x x x x ω1 + ψx2 x53 x54 x55 ω2 + ψ 2 x1 x2 x23 x64 x65 ω3
W4 2 3 4 5

+ ψ 3 x21 x22 x23 x34 x75 ω4 + ψ 4 x31 x32 x33 x34 x45 ω5

2 
+ 3 ψx3 x54 x55 ω3 + 3ψ 2 x1 x2 x3 x24 x65 ω4 + 6ψ 3 x21 x22 x23 x24 x35 ω5
W

1 
+ 2 ψx4 x55 ω4 + 7ψ 2 x1 x2 x3 x4 x25 ω5
W

1 
ψx5 ω5 .
+
W

(4.11)

Now the standard Picard–Fuchs operator L from (3.3) is related to L̃ from
(4.10) by
1 1
(4.12)
L = − 4 L̃ .
5 ψ
On the other hand, the normalization of the holomorphic three-form in
which the solutions (3.4) correspond to primitive integral periods of the
mirror quintic is [4]
Ω̂ =

 5 3
 5 3
ω
ψΩ =
ψ ResW =0 .
2πi
2πi
W

The domainwall tension for which we claim (4.3) is deﬁned by

TB (z) =
Ω̂(z),

(4.13)

(4.14)

Γ

where Γ is any three-chain in Y with ∂Γ = C+ − C− . Let T (Γ) be a small
tube around Γ of size  > 0. Then by (4.9),


1
Ω=
Ω̃.
(4.15)
2πi T (Γ)
Γ
By combining this with (4.12) and (4.13), the claim (4.3) takes the form

3π 2
(4.16)
Ω̃ = − 1/2 5/2 ,
L̃
5 ψ
T (Γ)
which we now proceed to show.
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There are two types of contributions to the RHS of (4.16), depending on
whether the derivatives in L̃ act on the chain or on Ω̃. When L̃ acts entirely
on Ω̃, we use (4.10) and obtain the boundary term

−
β̃.
(4.17)
T (C+ −C− )

We will see below that this in fact gives the entire contribution claimed
in (4.16). To show that the contributions from derivatives acting on T (Γ)
vanish, we use the fact that as ψ varies, the three-chain Γ changes to ﬁrst
order only at its boundary, in a way dictated by the dependence of C± on
ψ. Namely, the ﬁrst-order variation of C± is a section n ∈ NC± /Y of the
normal bundle of C± in Y . This normal vector lifts to the tube T (C± ) and
we shall show below that for l = 0, 1, 2, 3,

(x1 x2 x3 x4 x5 )l ω(n)
= 0,
(4.18)
W l+1
T (C+ −C− )
where ω(n) is the contraction of ω with the normal vector n. Establishing
this claim together with the fact that (4.17) evaluates to the RHS of (4.16)
will complete the proof.
As described in Section 4.1, we can evaluate integrals of meromorphic
three-forms over T (C± ) as in (4.17) and (4.18), by laying the tube into
 outside a small neighborhood of
the plane P (or rather its resolution S)
the points pi,± . In those neighborhoods, we can use the coordinates of
Section 4.2. Consider p1,+√
, with coordinates (4.4). The curve C+ is given
by T = −1, X = −Z = 1/ 5ψ, and locally parametrized by
Y = r eiϕ

(4.19)

varying in a neighborhood of r = 0. Our tube T (C+ ) is deﬁned by picking
a C ∞ normal vector v which satisﬁes dv W = 0 on C+ and points inside of
P outside of a small neighborhood of Y = 0. To this end, let f (r) be a
non-negative C ∞ function with f (0) = 1 and f (r) = 0 for r ≥ r∗ > 0. We
then choose
f (r)
v=
∂T − e−iϕ ∂X + e−iϕ ∂Z .
(4.20)
1 + (Y /5)
Clearly, v points inside of P for r > r∗ and one easily checks

dv W |C+ = f (r) + 2 ψ5 r > 0 for 0 ≤ r ≤ 2r∗ .

(4.21)

(We are here assuming that ψ > 0. This is no restriction as long as ψ = 0.)
So the part of the tube T (C+ ; p1,+ ) around C+ which is close to p1,+ is
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parametrized as
1
f (r)
,
X = −Z = √
− eiχ e−iϕ ,
Y
5ψ
1+ 5
0 ≤ χ < 2π,
0 ≤ ϕ < 2π,
0 ≤ r < 2r∗ .

T = −1 + eiχ

(4.22)
(4.23)

(In all of this, we should really be taking the limit  → 0, but the result will
turn out to be independent of .) There is then a corresponding piece of the
tube around p2,+ . The part of the tube in between does not matter as it lies
entirely within P , so any meromorphic three-form vanishes
√ there.
√ Finally,
the contribution from C− will come from substituting ψ → − ψ in the
ﬁnal answer.
We now apply the coordinate transformation (4.4) to evaluate the threeforms ωi on the tube (4.22). Choosing x1 = 1, we have
ω1
ω2
ω3
ω4
ω5

= −x2 dx3 dx4 dx5 + x3 dx2 dx4 dx5 − x4 dx2 dx3 dx5 + x3 dx2 dx3 dx4 ,
= dx3 dx4 dx5 ,
= − dx2 dx4 dx5 ,
= dx2 dx3 dx5 ,
= − dx2 dx3 dx4 ,
(4.24)

and
dT
dx2
,
=
x2
T
dx3
3 dZ
2 dX
2 dY
=
+
+
,
x3
5 Z
5 X
5 Y
2 dZ
2 dY
3 dX
dx4
+
+
,
=
x4
5 X
5 Z
5 Y

(4.25)

dx5
1 dY
.
=
x5
5 Y
After restricting to X = −Z, this yields ω1 = ω2 = ω5 = 0 and
ω3 = ω4 = dx2 dx3 dx5 =

x2 x3 x5
dT dX dY.
5T XY

(4.26)

Substituting (4.22), we obtain
dT dX dY = 2 e2iχ

 rf 

f
− 1 dχ dϕ dr,
1 + (Y /5) f

(4.27)
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where f  = df /dr. The procedure to compute integrals of the forms p dx2 dx3
dx5 /W l+1 , where p is some monomial in xi ’s, over the tube T (C+ ; p1,+ ) is
to ﬁrst write a Laurent series in powers of eiχ and eiϕ . Integration over χ
and ϕ will then retain only terms of order e0iχ and e0iϕ , respectively. Finally,
we will do the integral over r.
To begin with, on the tube we have the expansion



 
ψ
ψ ˜
2
2
−iϕ
˜
W = ˜ f + 2 5 r − ˜ 2f + 2 5 f r + ψre


4 ),
+ ˜3 2f˜3 + ψ f˜re−iϕ + O(˜


(4.28)

where ˜ = eiχ and f˜ = f /(1 + (Y /5)). In (4.28), we have truncated to order
3 since ω3 ∝ 2 , and the highest power of W of interest corresponds to l = 3.
Let us consider the computation of a sample term in β̃ from (4.11).
Expanding in ˜, we have
 


 −2
rf  − f
ψ iϕ
ψ
f +2 5r
− 5e r
+ O(˜
) dχ dϕ dr.
1 + (Y /5)
(4.29)
The integration over ϕ clearly kills this term. In fact, it turns out that all
the terms in β̃ which do not already vanish after restricting to T (C+ ; p1 )
give zero after integration over χ and ϕ.
ψx4 x55 ω4
=
W2

Going to p2,+ , where the local coordinates of (4.5) can be accomplished
in the above formulas by exchanging x3 with x1 and x4 with x2 . There are
then only two terms to consider.
• The term 6x42 x43 x44 x45 ω1 /W 4 gives, after integration over χ and ϕ,

(2π)2 12(rf  − f )r2


√
ψr2 + 4 5ψrf + 15f 2
6 .

125ψ f + 2 (ψ/5)r

(4.30)

Integration over r then gives
3π 2
√
.
2 5ψ 5/2

(4.31)

• The term 6ψx2 x53 x54 x55 ω2 /W 4 gives some complicated expression after
integration over the angles, but the integral over r vanishes.

D-BRANES AND NORMAL FUNCTIONS

585

Taking into account the contribution from C− , the ﬁnal result for
(4.17) is

3π 2
,
(4.32)
β̃ = − √
−
5ψ 5/2
T (C+ −C− )
precisely as claimed.
To show (4.18), we note that the normal vector implementing ﬁrst-order
deformation of C+ is given by
x2 1
x2 1
∂3 + √ 5
∂4 .
n = −√ 5
5ψ 2ψ
5ψ 2ψ

(4.33)

Thus, we ﬁnd
∂ψl Ω̃(n) = l!



x25
(x1 x2 x3 x4 x5 )l
√
ω
.
−
ω
3
4
W l+1
2 5ψ 3/2

(4.34)

The expression (4.34) vanishes after restriction to the tube, on which ω3 = ω4
holds.

4.4

Boundary conditions and monodromy

We have just derived that the domainwall tension of the normal function
associated with C+ − C− satisﬁes the same inhomogeneous Picard–Fuchs
equation (4.3) as the generating function for open Gromov–Witten invariants
of the real quintic (3.6). This shows that
TB (z) =

0 (z)TA (t(z))

(4.35)

up to a solution of the homogeneous Picard–Fuchs equation, i.e., up to
a C-linear combination of periods. Identiﬁcation of the normal function
requires equality modulo integral periods, which is a stronger statement. To
establish it, we need to determine a suﬃcient number of boundary conditions
on TB (z). (The boundary conditions on TA are given by (3.7).)
To ﬁx this result, we make an explicit choice of three-chain connecting C+
and C− . This is most easily done at ψ = 0, since C+ and C− degenerate there
(see (3.34)). The Landau–Ginzburg monodromy ψ → e2πi/5 ψ interchanges
C+ with C− . The natural choice of three-chain is therefore one that vanishes
at ψ = 0 and changes orientation under the monodromy.
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Now note that in our choice of gauge (4.13), the solutions of the Picard–
Fuchs equation L = 0 actually all vanish as ψ k ∼ z −k/5 for some k =
1, 2, 3, 4 as ψ → 0. More precisely, the integral periods, known from [4],
vanish as ψ 1 ∼ z −1/5 and are cyclically permuted by the Landau–Ginzburg
monodromy ψ → e2πi/5 ψ. We also know, however, that the manifold itself
is not singular at ψ = 0; so none of these vanishing periods corresponds to
a vanishing cycle. The integral over the three-chain should therefore vanish
faster than any period and just change sign under the monodromy. The
unique solution of (4.3) with these properties is given by
TB (z) = τ orb (z) = −

4
3

∞
m=0

Γ(−3/2 − 5m) Γ(1/2)5
z −(m+1/2) . (4.36)
Γ(−3/2)
Γ(1/2 − m)5

The explicit analytic continuation done in [19] now shows that τ orb (z) represents the same solution as ω0 (z)TA (t(z)), up to an integral period that
depends on the path chosen to connect ψ = 0 with ψ = ∞.

5

Summary and conclusions

In this paper, we have explained why the superpotential/domainwall tension for D-branes wrapped on compact Calabi–Yau manifolds will in general
satisfy a diﬀerential equation which is an extension of the ordinary Picard–
Fuchs equation. This relationship follows from the insight that certain
invariant holomorphic information about the topological D-brane boundary state, as a function of closed string moduli, is contained in the image of
the algebraic second Chern class under the Abel–Jacobi map to the intermediate Jacobian, known as Hodge theoretically as a normal function. We
have applied this formalism to the B-brane mirror to the real quintic and
thereby re-derived the extended Picard–Fuchs equation proposed in [19].
In combination with the proof of the enumerative predictions in the
A-model [22], our results put open string mirror symmetry for the real quintic [19] at the same level as the classical mirror theorems of Kontsevich,
Givental, Lian–Liu–Yau and others. What is more, we have seen at several
places very close connections to ideas from homological mirror symmetry.
We have listed in Section 2 several open problems that would make these
connections more concrete.
A somewhat unsatisfactory aspect of our derivation is that the nature of
the computation in Section 4 was severely analytic. For many reasons, it
would be desirable to develop a more algebraic understanding of extended
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Picard–Fuchs equations. The Griﬃths inﬁnitesimal invariant is likely to play
an important role in such a development. Among other things, this might
allow an easier generalization to other situations, especially if the expected
connections with the categorical framework can be realized.
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Appendix
In this section, we describe the resolution of singularities of the quintic
mirror, deriving the coordinate charts which are used in making our key
computation (see Section 4.3).
The starting point is the singular model of the quintic mirror as a hypersurface inside the singular ambient space CP4 /(Z5 )3 . Because the points p1
and p2 at which we wish to perform our computation are singular points
of this quotient, we need to carefully resolve the singularities. We will also
explicitly resolve the singularities on the surface S = CP2 /Z5 deﬁned by
x1 + x2 = 0 and x3 + x4 = 0.
A consistent strategy for resolving singularities of the quintic mirror was
described in Appendix B of [5]. This strategy involves a choice of blowup,
and we will use the choice described in [71] rather than that described in [5].
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What makes the resolution tricky is that the ambient space CP4 /(Z5 )3
does not have a crepant resolution: the coordinate vertices (1, 0, 0, 0, 0)
(and cyclic permutations) cannot be resolved without introducing extraneous extra zeros into the holomorphic form of top degree. However, the
quintic mirror does not pass through those points, so this fact does not
prevent us from resolving the quintic mirror itself.
Each of the points p1 and p2 lies in the ﬁxed locus of a particular (Z5 )2
subgroup of (Z5 )3 . Thus, we will describe a coordinate chart on the blowup
for each by describing the blowup of the quotient by the (Z5 )2 subgroup,
and indicating how the quotient by the remaining Z5 is to be performed.
The point p1 = (1, −1, 0, 0, 0) is contained in the aﬃne chart x1 = 1, and
its stabilizer is the (Z5 )2 subgroup of (Z5 )3 which ﬁxes the aﬃne coordinate
x2 /x1 .
That is, we begin with aﬃne coordinates t = x2 /x1 , u = x3 /x1 , v = x4 /x1 ,
and w = x5 /x1 and the (Z5 )2 action on (u, v, w) which preserves the product
uvw. The rational function invariants under this action are generated by t,
u5 , v 5 , and uvw; the remaining Z5 in our full (Z5 )3 symmetry group then
preserves u5 and v 5 while acting oppositely on t and on uvw, so that the
invariants under the full group would include t5 and tuvw. The polynomial
deﬁning the quintic mirror in this aﬃne coordinate chart is

1
1 + t5 + u5 + v 5 + w5 − ψtuvw,
5
and our surface S is deﬁned by t = −1 and v = −u.
The group action on the surface S is generated by
(u, w) → (e2πi/5 u, e−4πi/5 w),
and the invariant rational monomials for this action are generated by w5
and uw−2 . To describe the corresponding toric geometry, we represent an
arbitrary invariant rational monomial in the form
(w5 )a (uw−2 )b = ub w5a−2b ,
and note that the condition for this monomial to be regular, i.e., to have
no pole at the origin, b ≥ 0, 5a − 2b ≥ 0. These inequalities determine the
toric data: the dual vectors (0, 1) and (5, −2) generate a cone consisting of
all inequalities satisﬁed by regular monomials, as depicted in ﬁgure 2 (which
was borrowed from [70]).

D-BRANES AND NORMAL FUNCTIONS

589

Figure 2: Toric data for the resolution of the C2 /Z5 quotient (from [70]).
To resolve the singularity, we subdivide this cone using cones whose edges
form a basis for the lattice Z2 . This can always be done by using lattice
elements which are close to the origin: in our example, the three subcones
are generated by (i) (0, 1) and (1, 0), (ii) (1, 0) and (3, −1), and (iii) (3, −1)
and (5, −2).
The coordinates on these three charts have the property that the inequalities deﬁning which monomials are regular within the chart are precisely
spanned by the generators of the cone. In our example, the ﬁrst chart has
coordinates
u(i) = uw−2 ,
w(i) = w5 ,
so that
ub w5a−2b = (u(i) )b (w(i) )a ,
the second chart has coordinates
u(ii) = u3 w−1 ,

w(ii) = w2 u−1

so that

ub w5a−2b = (u(ii) )a (w(ii) )3a−b ,
and the third chart has coordinates
u(iii) = u5 ,
so that

w(iii) = wu−3 ,

ub w5a−2b = (u(iii) )3a−b (w(iii) )5a−2b .
(−3)

The exceptional curve D1
is represented by w(i) = u(ii) = 0 and has
self-intersection −3 due to the change of coordinate maps
u(ii) = u3(i) w(i) ,

w(ii) = u−1
(i) .
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(−2)

The exceptional curve D1
is represented by w(ii) = u(iii) = 0 and has
self-intersection −2 due to the change of coordinate maps
u(iii) = u2(ii) w(ii) ,

w(iii) = u−1
(ii) .

The deﬁning polynomial for the quintic mirror, when restricted to S, takes
the following form in these coordinate charts:
1
1
w(i) − ψu2(i) w(i) = w(i) (1 − 5ψu(i) )(1 + 5ψu(i) ),
5
5
1
1
3
u(ii) w(ii)
− ψu(ii) w(ii) = u(ii) w(ii) (w(ii) − 5ψ)(w(ii) + 5ψ),
5
5
1 3
1
5
2
2
u(iii) w(iii) − ψu(iii) w(iii) = u(iii) w(iii) (u(iii) w(iii)
− 5ψ)(u(iii) w(iii)
+
5
5

5ψ).

(−3)

Thus, the intersection points p1,± of C± with D1
can be found in either
chart (i) at (±(5ψ)−1/2 , 0) or chart (ii) at (0, ±(5ψ)1/2 ). All of these agree
with the illustration in ﬁgure 1.
We now turn to the resolution of the quintic mirror itself. In order to
describe the C3 /(Z5 )2 quotient singularity in terms of toric geometry, we
represent an arbitrary invariant rational monomial in the form
(u5 )a (v 5 )b (uvw)c = u5a+c v 5b+c wc ,
and note that the condition for this monomial to be regular is 5a + c ≥ 0,
5b + c ≥ 0, and c ≥ 0. Those three inequalities determine the toric data:
one takes the dual vectors (5, 0, 1), (0, 5, 1), (0, 0, 1) to these inequalities and
notes that all inequalities satisﬁed on the regular functions are non-negative
linear combinations of these vectors.
The resolutions of toric geometry are obtained by subdividing the cone
generated by those vectors into cones whose generating vectors give a basis
for the lattice Z3 . There are a number of ways of doing this, but we use
the symmetric one illustrated in ﬁgure 3 (which is borrowed from [71]). The
three dual vectors (5, 0, 1), (0, 5, 1), (0, 0, 1) are the vertices of the large
triangle, and the resolution has coordinate charts determined by the small
triangles in the diagram.
There are two kinds of coordinate charts. The ﬁrst type of chart Uαβ ,
labeled by α and β with α ≥ 0, β ≥ 0, and α + β ≤ 4, corresponds to the
upward-pointing triangle in ﬁgure 3 with vertices (α, β + 1, 1), (α, β, 1), and
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Figure 3: Toric data for the resolution of the C3 /(Z5 )2 quotient (from [71]).
(α + 1, β, 1). This chart will have coordinates Xαβ , Yαβ , Zαβ , and T = t
satisfying
(Xαβ )aα+b(β+1)+c (Yαβ )aα+bβ+c (Zαβ )a(α+1)+bβ+c = (u5 )a (v 5 )b (uvw)c .
This can be solved for the coordinates, giving
T = t,
Xαβ = u−β v 5−β w−β ,
Yαβ = uα+β−4 v α+β−4 wα+β+1 ,
Zαβ = u5−α v −α w−α .
The deﬁning polynomial of the quintic mirror in this chart is

1
β+1 β
β
4−α−β 5−α−β 4−α−β
α
α α+1
1 + T 5 + Xαβ
Yαβ
Zαβ + Xαβ
Yαβ Zαβ
+ Xαβ
Yαβ
Zαβ
5
− ψT Xαβ Yαβ Zαβ .
αβ , labeled by α and β with α ≥ 0, β ≥ 0, and
The second type of chart U
α + β ≤ 3, corresponds to the downward-pointing triangles in ﬁgure 3 with
vertices (α, β + 1, 1), (α + 1, β + 1, 1), and (α + 1, β, 1). This chart will have
αβ , Yαβ , Z
αβ , and T = t satisfying
coordinates X
αβ )a(α+1)+bβ+c = (u5 )a (v 5 )b (uvw)c .
αβ )aα+b(β+1)+c (Yαβ )a(α+1)+b(β+1)+c (Z
(X
This can be solved for the coordinates, giving
T = t,
αβ = uα−4 v α+1 wα+1 ,
X
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Yαβ = u4−α−β v 4−α−β w−1−α−β ,
αβ = uβ+1 v β−4 wβ+1 .
Z

The deﬁning polynomial of the quintic mirror in this chart is

1
 α Y α+1 Z
 β+1 Y β+1 Z
 4−α−β Y 3−α−β Z
α+1 + X
β + X
4−α−β
1 + T5 + X
αβ αβ
αβ
αβ
αβ
αβ
αβ
αβ
αβ
5
αβ Yαβ Z
αβ .
− ψ TX
To determine which chart we should use, we restrict the coordinates on
αβ to the blowup of S and express them as functions of the
Uαβ and U
coordinates u(i) and w(i) in the ﬁrst coordinate chart of that blowup. In
Uαβ we ﬁnd
T = 1,
2−β
Xαβ = (−1)5−β u5−2β
(i) w(i) ,
α+β−3
w(i)
,
Yαβ = (−1)α+β−4 u2α+2β−8
(i)
2−α
w(i)
,
Zαβ = (−1)α u5−2α
(i)

and from this we conclude that U22 restricts to this coordinate chart on S,
αβ we ﬁnd
and contains the points p1,± . In U
T = 1,
αβ = (−1)α+1 u2α−3 wα−1 ,
X
(i)
(i)
3−α−β
w(i)
,
Yαβ = (−1)4−α−β u8−2α−2β
(i)

αβ = (−1)β−4 u2β−3 wβ−1 ,
Z
(i)
(i)
αβ is a neighborhood of p1,± .
and so none of the coordinate charts U
Thus, the ﬁrst coordinate chart we use will have coordinates
T = T22 = t = x−1
1 x2 ,
3 −2
X = X22 = u−2 v 3 w−2 = x1 x−2
3 x4 x5 ,
5
Y = Y22 = w5 = x−5
1 x5 ,
−2
Z = Z22 = u3 v −2 w−2 = x1 x33 x−2
4 x5 ,
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and polynomial

1
1 + T 5 + X 2 Y 2 Z 3 + X 3 Y 2 Z 2 + Y − ψT XY Z.
5
The resolution S of the surface S is given by T = −1 and Z = −X, and the
restriction of the polynomial to S is
1
1
Y − ψX 2 Y = Y (1 +
5
5

5ψX)(1 −

5ψX).

√
The points p1,± are given by X = ±1/ 5ψ and Y = 0.
To ﬁnd a neighborhood of the points p2,± , we use the aﬃne chart x3 = 1
and label the coordinates on this chart as u = x1 /x3 , v  = x2 /x3 , t = x4 /x3 ,
and w = x5 /x3 . The deﬁning polynomial becomes

1  5
(u ) + (v  )5 + 1 + (t )5 + (w )5 − ψt u v  w ,
5
and the surface S is deﬁned by t = −1 and v  = −u . We have chosen the
notation so that the (Z5 )2 subgroup of (Z5 )3 which stabilizes p2 acts exactly
as in the previous case: acting on (u , v  , w ) and preserving the product
u v  w  .
Since the combinatorics are identical, the computation produces the same
result as in the ﬁrst part of this appendix. We ﬁnd a neighborhood of p2,±
with coordinates
T  = t = x−1
3 x4 ,
−2
3
X  = (u )−2 (v  )3 (w )−2 = x−2
1 x2 x3 x5 ,
5
Y  = (w )5 = x−5
3 x5 ,
−2
Z  = (u )3 (v  )−2 (w )−2 = x31 x−2
2 x3 x5 ,

and polynomial

1  2  2  3
(X ) (Y ) (Z ) + (X  )3 (Y  )2 (Z  )2 1 + (T  )5 + +Y  − ψT XY Z.
5
The resolution S of the surface S is given by T  = −1 and Z  = −X  , and
the restriction of the polynomial to S is
1 
1
Y − ψ(X  )2 Y  = Y  (1 + 5ψX  )(1 − 5ψX  ).
5
5
√
The points p2,± are given by X  = ±1/ 5ψ and Y  = 0.
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Just for completeness, we include the change of coordinates between these
two charts.

5 X

T =
,
Z
√
5
X  = T 3 X 2Z 3,
1
,
Y =
(X 2 Y Z 3 )
√
5
Z  = T −2 X 2 Z 3 .
These formulas illustrate the important point that the additional Z5 quotient
must be considered in each case.
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arXiv:alg-geom/9411018.

D-BRANES AND NORMAL FUNCTIONS

595

[12] A. Strominger, S.-T. Yau and E. Zaslow, Mirror symmetry is T-duality,
Nucl. Phys. B 479 (1996), 243–259, arXiv:hep-th/9606040.
[13] R. Gopakumar and C. Vafa, M-theory and topological strings I and II,
arXiv:hep-th/9809187, arXiv:hep-th/9812127.
[14] M.R. Douglas, D-branes, categories and N = 1 supersymmetry, J. Math.
Phys. 42 (2001), 2818–2843, arXiv:hep-th/0011017.
[15] P.S. Aspinwall and A.E. Lawrence, Derived categories and zero-brane
stability, JHEP 08 (2001), 004, arXiv:hep-th/0104147.
[16] A. Kapustin and L. Rozansky, On the relation between open and
closed topological strings, Commun. Math. Phys. 252 (2004), 393–414,
arXiv:hep-th/0405232.
[17] K. Costello, Topological conformal ﬁeld theories and Calabi–Yau categories, Adv. Math. 210 (2007), 165–214, arXiv:math.QA/0412149.
[18] A. Caldararu and S. Willerton, The Mukai pairing I, A categorical
approach, arXiv:0707.2052 [math.AG].
[19] J. Walcher, Opening mirror symmetry on the quintic, Commun. Math.
Phys., 276 (2007), 671–689 arXiv:hep-th/0605162.
[20] G. Almkvist, private communication.
[21] V. Shende, private communication.
[22] R. Pandharipande, J. Solomon and J. Walcher, Disk enumeration on
the quintic 3-fold, arXiv:math.SG/0610901.
[23] M. Aganagic and C. Vafa, Mirror symmetry, D-branes and counting
holomorphic discs, arXiv:hep-th/0012041.
[24] M. Aganagic, A. Klemm and C. Vafa, Disk instantons, mirror symmetry and the duality web, Z. Naturforsch. A 57 (2002), 1–28,
arXiv:hep-th/0105045.
[25] T. Graber and E. Zaslow, Open-string Gromov–Witten invariants:
calculations and a mirror “theorem”, Orbifolds in mathematics and
physics, Contemp. Math., Vol. 310, American Mathematical Society,
2002, pp. 107–121, arXiv:hep-th/0109075.
[26] P. Mayr, Summing up open string instantons and N = 1 string amplitudes, arXiv:hep-th/0203237.
[27] W. Lerche, P. Mayr and N. Warner, Holomorphic N = 1 special geometry of open–closed type II strings, arXiv:hep-th/0207259.
, N = 1 special geometry, mixed Hodge variations and toric
[28]
geometry, arXiv:hep-th/0208039.
[29] S. Govindarajan, T. Jayaraman and T. Sarkar, Disc instantons
in linear sigma models, Nucl. Phys. B 646 (2002), 498–523,
arXiv:hep-th/0108234.

596

DAVID R. MORRISON AND JOHANNES WALCHER

[30] B. Forbes, Open string mirror maps from Picard–Fuchs equations, Mirror symmetry, V, AMS/IP Stud. Adv. Math., Vol. 38, American Mathematical Society, 2006, pp. 561–570, arXiv:hep-th/0307167.
[31] E. Witten, Branes and the dynamics of QCD, Nucl. Phys. B 507 (1997),
658–690, arXiv:hep-th/9706109.
[32] P.A. Griﬃths, A theorem concerning the diﬀerential equations satisﬁed
by normal functions associated to algebraic cycles, Am. J. Math. 101
(1979), 94–131.
[33] P.L. del Angel and S. Müller-Stach, Diﬀerential systems associated to
families of algebraic cycles, arXiv:math.AG/0305288.
[34] J. Walcher, Extended holomorphic anomaly and loop amplitudes in open
topological string, arXiv:hep-th/0705.4098.
[35] P.A. Griﬃths, On the periods of certain rational integrals I and II, Ann.
Math. 90 (2), (1969), 460–495; ibid. 90 (2), (1969), 496–541.
[36] C.I. Lazaroiu, String ﬁeld theory and brane superpotentials, JHEP 10
(2001), 018, arXiv:hep-th/0107162.
[37] A. Tomasiello, A-inﬁnity structure and superpotentials, JHEP 09
(2001), 030, arXiv:hep-th/0107195.
[38] M.L. Green, Inﬁnitesimal methods in Hodge theory, Algebraic cycles
and Hodge theory, Lecture Notes in Mathematics, Vol. 1594, Springer,
1994, pp. 1–92.
[39] C. Voisin, Hodge theory and complex algebraic geometry II, Cambridge Studies in Advanced Mathematics, Vol. 77, Cambridge University Press, 2003.
[40] ———, Hodge theory and complex algebraic geometry I, Cambridge
Studies in Advanced Mathematics, Vol. 76, Cambridge University
Press, 2002.
[41] H. Clemens, Homological equivalence, modulo algebraic equivalence, is
not ﬁnitely generated, Publ. Math. IHES 58 (1983), 19–38.
[42] C. Voisin, The Griﬃths group of a general Calabi–Yau threefold is not
ﬁnitely generated, Duke Math. J. 102 (2000), 151–186.
[43] E. Witten, New issues in manifolds of SU(3) holonomy, Nucl. Phys. B
268 (1986), 79–112.
[44] C.I. Lazaroiu, D-brane categories, Int. J. Mod. Phys. A 18 (2003), 5299–
5335, arXiv:hep-th/0305095.
[45] S.K. Donaldson and R.P. Thomas, Gauge theory in higher dimensions,
The geometric universe, Oxford University Press, 1998, pp. 31–47.
[46] H. Clemens, Cohomology and Obstructions II: Curves on K-trivial
Threefolds, arXiv:math.AG/0206219.

D-BRANES AND NORMAL FUNCTIONS

597

[47] A.N. Tyurin, Nonabelian analogues of Abel’s theorem, Izv. Ross.
Akad. Nauk Ser. Mat. 65 (2001), 133–196; Izvestija Math. 65 (2001),
123–180.
[48] C. Vafa, Extending mirror conjecture to Calabi–Yau with bundles,
arXiv:hep-th/9804131.
[49] S. Kachru, S. Katz, A.E. Lawrence and J. McGreevy, Open string
instantons and superpotentials, Phys. Rev. D 62 (2000), 026001,
arXiv:hep-th/9912151.
[50] R. Dijkgraaf and C. Vafa, Matrix models, topological strings, and
supersymmetric gauge theories, Nucl. Phys. B 644 (2002), 3–20,
arXiv:hep-th/0206255.
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