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Effective actions for Regge state-sum

models of quantum gravity

Aleksandar Miković

We study the semiclassical expansion of the effective action for a
Regge state-sum model and its dependence on the choice of the
path-integral measure and the spectrum of the edge lengths. If the
positivity of the edge lengths is imposed in the effective action
equation, we find that the semiclassical expansion is not possible
for the power-law measures, while the exponential measures al-
low the semiclassical expansion. Furthermore, the exponential mea-
sures can generate the cosmological constant term in the effective
action as a quantum correction, with a naturally small value of the
cosmological constant. We also find that in the case of a discrete-
length spectrum, the semiclassical expansion is allowed only if the
spectrum gap is much smaller than the Planck length.

1. Introduction

A natural way to define the path integral for General Relativity (GR) is to
discretize GR by using a spacetime triangulation and to use Regge calculus,
for a review and references see [1]. The main goal of quantum Regge calculus
(QRC) is to define the GR path integral

(1) Z0 =

∫
Dg exp

(
i

l2P

∫
M

√
|det g|R(g) d4x

)
,

where g is a metric on a 4-manifold M , R(g) is the scalar curvature and lP
is the Planck length, as an appropriate limit of a discrete path integral

(2) ZR =

∫
DE

E∏
ε=1

dLε μ(L) exp

(
i

l2P

F∑
Δ=1

AΔ(L) δΔ(L)

)
,
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where ε denotes an edge of a triangulation of M , Lε denotes an edge length
and

SR(L) =

F∑
Δ=1

AΔ(L) δΔ(L),

is the Regge action. Here F is the number of triangles in the triangulation,
AΔ is the area of a traingle Δ and δΔ is the corresponding deficit angle. The
integration region DE is a subset of RE

+ where the triangle inequalities for
the edge lengths hold and E is the number of edges.

The measure μ(L) is chosen in quantum Regge calculus as

(3) μ(L) =

E∏
ε=1

(Lε)
p

N∏
σ=1

(Vσ(L))
q e−λV4(L),

where σ denotes a 4-simplex of the triangulation, Vσ is the 4-volume of σ
and V4(L) is the triangulation 4-volume [1]. The parameters p, λ and q are
real numbers, and the convergence of ZR requires that p, q ≥ 0 and λ > 0.

In order to define a smooth-manifold limit of ZR, one can adopt the
Wilsonian approach, see [1, 2]. In this approach κ = i/l2P is allowed to vary
and it will play the same role as the temperature in critical phenomena. One
then looks for the critical points of ZR(κ), and if the right kind of critical
points exists, then in the vicinity of such a critical point the correlation
length diverges, and the discrete theory would be described by a quantum
field theory which should correspond to quantum GR on a smooth manifold.
Note that in the Wilsonian approach the number of the edges E can remain
finite, although it has to be a large number. Also κ is taken to be variable
because it is assumed that the Newton constant GN is a running coupling
constant, i.e. depends on a characteristic length scale.

The main problem of the Wilsonian approach is that the critical points
lay in the strong-coupling regime, so that reliable calculations can be done
only by using computers. This has been done in the framework of casual dy-
namical triangulation (CDT) models [2]. In CDT approach ZR is computed
by summing over a special class of folliated triangulations such that all the
spacelike Lε have the same length ls while the timelike Lε have a different
length lt.

Recently, an alternative approach to the problem of the continuum limit
of a discrete quantum gravity (QG) theory was proposed, in the form of the
effective action (EA) formalism [5–7]. The idea is to apply the EA formalism
from quantum field theory (QFT) to discrete path integrals which appear
in state-sum models of QG. The initial motivation was to investigate the
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semiclassical limit of spin foam models, but it turned out that one can also
address the issue of the continuum limit.

Spin foam (SF) models, for a review and references see [3], represent a
proposal to define Z0 by using a triangulation where the basic variables are
the areas AΔ which are determined by finite-dimensional SU(2) representa-
tions (spins). The motivation comes from loop quantum gravity (LQG) and
ZSF is given as a sum over spins and intertwiners of amplitudes constructed
from products of weights for triangles, tetrahedrons and 4-simplices. The
weights can be chosen such that ZSF is finite [4], and the corresponding ef-
fective action can be shown to be the area-Regge action plus small quantum
corrections if the spins, or equivalently the triangle areas, are large [5, 6].
For geometric configurations, the area-Regge action becomes the Regge ac-
tion, and as the triangulation is refined, the corresponding Regge action is
very well approximated by the Einstein-Hilbert action. Hence the diffeomor-
phism invariance appears as an approximate symmetry of the SF effective
action when the number of simplices in a triangulation is large [5]. The same
happens in the case of spin-cube models [7], which are generalization of SF
models such that the edge lengths are independent variables [8].

In this paper we are going to study the effective action for the theory
defined by the path integral ZR and the measures of the QRC type (3). We
will assume that the spacetime is fundamentally discrete, so that it will not
be necessary to define the E → ∞ limit of ZR. However, we will need the
large-E asymptotics of ZR in order to describe the QG effects for smooth
spacetimes. The study of the effective action for ZR started in [7], but there
only the power-law measures, which behave as

μ(L) ≈
E∏
ε=1

(Lε)
p ,

for L large and p ∈ R, were considered. Also, the effective action was defined
in [7] by using an equation where the positivity of Lε was not imposed.
We will then study the effective action for power-law, exponential and QRC
measures and explore the implications of imposing the edge-length positivity
in the EA equation.

In Section 2 we define a Regge state-sum model and we study the corre-
sponding effective action equation in the one-dimensional case for power-law
and exponential measures when the positivity of the edge lengths is imposed.
In Section 3 we study the same problem in a higher-dimensional case, and
derive the conditions for the validity of the semiclassical approximation. In
Section 4 we show that the exponential measures of the QRC type (3) can
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generate the cosmological constant term in the effective action. In Section 5
we discuss the smooth-manifold approximation of the one-loop effective ac-
tion. In Section 6 we study the EA equation when the edge lengths take a
discrete set of values and in Section 7 we present our conclusions. We also
include two appendicies with relevant formulas for the error function and
Gaussian sums.

2. Regge state-sum models

We will define a Regge state-sum model by fixing a spacetime triangulation
T (M) of a compact 4-manifold M . T (M) will be a four-dimensional sim-
plicial complex, and we will label the edges ε of T (M) with non-negative
numbers Lε. These numbers will be called edge lengths, since we will require
that Lε for every triangle Δ of T (M) satisfy the triangle inequalities. In or-
der to completely specify a Regge state-sum model, we have to specify the
set of values of Lε. The simplest choice is the interval [0,∞), but one can
also consider [a,∞) and [a, b] intervals, where a, b > 0. We will also consider
the case of a discrete set of values, given by Lε = l0 n, n ∈ N and l0 > 0.

Let Lε ∈ [0,∞). The corresponding state sum can be defined by the
Regge path integral (2), which we write as

(4) ZR =

∫
DE

dELμ(L) exp
(
iSR(L)/l

2
P

)
,

where dEL =
∏E

ε=1 dLε. The reason that in (4) appears the Planck length
is that the GR action SGR is given by SR/GN , so that SGR/� = SR/l

2
P .

The measure μ has to be chosen such that ZR is convergent and that the
corresponding effective action allows a semiclassical expansion around the
classical limit given by SR. We will first study this problem for the measures
which behave for large Lε as

(5) μ(L) ≈
E∏
ε=1

(Lε/L1)
p e−(Lε/L0)α ,

where L0, p and α are parameters to be determined. L1 is an arbitrary
length, introduced only to make μ dimensionless. This class of measures is
a simplified version of the QRC class (3), and (5) will serve as a guide for
analyzing the QRC case. We will restrict α to be non-negative number, so
that when α > 0 we will have a finite Z. When α = 0, we will assume that
p is such that Z is finite, see [7].
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The effective action Γ(L) can be defined by using an integro-differential
equation from QFT, see [9, 10]. However, in the QG case the “field variable”
Lε does not take all the values from R, but Lε ≥ 0. In order to see the
difference it is sufficient to consider the case of a single variable L ∈ [a, b].
Let us start from the generating functional

Z(J) =

∫ b

a
dLμ(L) exp

(
i

�
S(L) + iJL

)
= e

i

�
W (J),

where S(L) is a C∞ function. We define the “classical field”, also known as
the background field, as

L̄ =
1

�
W ′(J) ,

where W (J) = logZ(J).
The corresponding Legandre transformation is given by

Γ(L̄) = W (J)− �JL̄ ,

so that we obtain

(6) eiΓ(L̄)/� =

∫ b−L̄

a−L̄
dl μ(L̄+ l) exp

(
i

�
[S(L̄+ l)− Γ′(L̄) l]

)
,

where l = L− L̄ is the “quantum fluctuation”. In the QFT case a = −∞
and b = ∞, which gives the equation

(7) eiΓ(L)/� =

∫ ∞

−∞
dl μ(L+ l) exp

(
i

�
[S(L+ l)− Γ′(L) l]

)
.

In the simplest QG case we have a = 0 and b = ∞, so that

(8) eiΓ(L)/� =

∫ ∞

−L
dl μ(L+ l) exp

(
i

�
[S(L+ l)− Γ′(L) l]

)
.

Let us look for a perturbative solution of (8) in the form

(9) Γ(L) = S(L) + �Γ1(L) + �
2Γ2(L) + · · ·

when L → ∞ and with a measure which satisfies (5). The appearence of a
semi-infinite interval of integration in the QG case may change the nature of
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the perturbative solution. Namely, the QFT perturbative expansion is based
on the Gaussian integration formula

(10)

∫ ∞

−∞
e−zx

2/�−wx dx =

√
π�

z
e�w

2/4z =
√
π� e−

1

2
log z+�w2/4z ,

where Re z > 0 or Rew ≥ 0 if Re z = 0. In the QG case it changes to

∫ ∞

−L
e−zx

2/�−wx dx =

√
π�

z
e�w

2/4z

[
1

2
+

1

2
erf

(
L

√
z

�
+

√
�w

2
√
z

)]
(11)

=
√
π� exp

[
− 1

2
log z +

�w2

4z

+

√
�e−zL̄2/�

2
√
πzL̄

(
1 +O

(
�

zL̄2

))]
,

where L̄ = L+ �w/2z, see the Appendix A.
The key diference between (10) and (11) is the appearence of the non-

analytic term in � in (11), which is given by
√
� e−zL̄2/�. Hence, if this non-

analytic term is not supressed for large L, we will not have a semiclassical
solution for large L. Therefore we need

lim
L→∞

Re (zL̄2/�) = +∞ ,

where

zL̄2/� = L2z + Lw + (w2/4z)� .

In the QG case we can replace � with l2P and

z/l2P = −iS′′(L)/2l2P + p/L2 + α(α− 1)(L0)
−αLα−2 ,

while

w = −i(Γ′1 + l2PΓ
′
2 + · · · ) .

Let us assume that α and p have such values that allow a perturbative
solution. In the next section we will show that in the perturbative case

(12) Γ1 = −ip ln(L/L1) + i(L/L0)
α +

i

2
logS′′(L) ,

and

Γn+1(L) = O(Ln(α−2)) .
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Hence

Re(z L̄2/l2P ) = α2(L/L0)
α +

LS′′′(L)
2S′′(L)

+O(Lα−2) +O(L2α−4) +O(L3α−6) + · · · .

If 0 < α < 2, then

Re(z L̄2/l2P ) ≈ α2(L/L0)
α ,

when L → ∞, since LS′′′(L)/S′′(L) = O(1) due to S(L) = O(L2) in the GR
case, so that the non-perturbative terms will be exponentially supressed. In
this case we can use the QFT equation (7) to obtain Γn(L) for large L.

If α ≥ 2, we cannot say what is the large L asymptotics of Re(z L̄2/l2P ).
However, in the next section we will see that it is possible to answer this
question by studying the structure of the perturbative series (9).

If α = 0, then

Re(z L̄2/l2P ) ≈
LS′′′(L)
2S′′(L)

,

which is a bounded oscilating function. This implies that the non-
perturbative terms will not be supressed for large L, so that the semiclassi-
cal solution does not exist for any value of p. This is quite surprising given
that the perturbative solution exists for any p in the QFT interval case.

3. Higher-dimensional case

Let us now try to generalize the analysis of the previous section to the case
E > 1. Let L = (L1, · · · , LE) ∈ DE , then we obtain the following integro-
differential equation
(13)

eiΓ(L)/l
2
P =

∫
DE(L)

dEl μ(L+ l) exp

(
iSR(L+ l)/l2P − i

∑
ε

∂Γ

∂Lε
lε/l

2
P

)
,

where the integration regionDE(L) is a subset ofR
E obtained by translating

DE by a vector −L.
The main problem with generalizing the E = 1 results is that we do not

know how to calculate exactly the integral

I0 =

∫
DE(L)

dEl exp
(−〈l, zl〉/l2P + 〈w, l〉) ,
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where z is an E × E symmetric complex matrix and 〈x, y〉 =∑E
k=1 xk yk. A

reasonable conjecture is that for large L

I0 ≈
∫
CE(L)

dEl exp
(−〈l, zl〉/l2P + 〈w, l〉) ,

where

CE(L) = [−L1,∞)× · · · × [−LE ,∞).

From this conjecture it follows that

I0 ≈
(
πl2P
4

)E/2

(detz)−1/2 el
2
P 〈w,z−1w〉/4∏

k

[
1 + erf

(
L̃k

√
λk

lP
+

lP w̃k

2
√
λk

)]
,

where λk are the eigenvalues of the matrix z and w̃ = Uw, where U is the
matrix which puts z in the diagonal form, i.e. z = U−1 diag (λ1, . . . , λE)U .

Then a semiclassical solution of (13) will exist for the measures sat-
isfying (5) when L 
 lP and 0 < α < 2. As in the E = 1 case, we cannot
determine what happens for α ≥ 2, so that we have to use a different method.
Let us assume that α and p are such that the perturbative expansion

(14) Γ(L) = SR(L) + l2PΓ1(L) + l4PΓ2(L) + · · ·

is valid. We will try to derive some restrictions on α and p from the require-
ment that

(15)
l2P |Γn+1(L)|
|Γn(L)| � 1

for L/lP 
 1 and all n.
The requirement (15) defines the semiclassical expansion, since it implies

that the quantum corrections are much smaller than the classical value. A
weaker version of (15) is

(16)
l2P |Γn+1(L)|
|Γn(L)| < 1

for L/lP > 1 and all n, and in this case we will consider the solution (14) to
be perturbative. Note that the series (14) is an asymptotic series, so that it
does not have to converge, and therefore (16) is a way to estimate the region
where the perturbative expansion is valid.
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Let α > 0 and if the perturbative expansion (14) is valid we can use the
approximation DE(L) ≈ RE to solve the equation (13). We obtain

(17) Γ1(L) = i

E∑
ε=1

[(Lε/L0)
α − p ln(Lε/L1)] +

i

2
Tr logS′′R(L) ,

which is of O(Lα)1. The higher-order corrections Γn can be determined
by using the diagramatic technique from QFT, see [11]. These corrections
can be evaluated by using the effective action diagrams (EAD), whose k-

valent vertices (k ≥ 3) carry the weights Sk = iS
(k)
R (L)/k! and the edges

carry the propagator G(L) = i(S′′R)
−1. The contributions from a non-trivial

path-integral measure can be taken into account if in the formulas for the
vertex weights and the propagator we replace SR by

S̄R = SR + i l2P

E∑
ε=1

[(Lε/L0)
α − p ln(Lε/L1)] .

This follows from the EA equation (13), since it can be rewritten as the
EA equation with a trivial measure term and the action S̄. The perturbative
solution will take the form

Γ = S̄R + l2P Γ̄1 + l4P Γ̄2 + · · · ,

where Γ̄n will be given by the EAD with Ḡ propagator and S̄k verticies.
Since

Γ̄n = Γn,0 + l2P Γ̄n,1 + l4P Γ̄n,2 + · · · ,

we obtain

Γ = SR + l2P (−i logμ+ Γ1,0)(18)

+ l4P (Γ2,0 + Γ̄1,1) + l6P (Γ3,0 + Γ̄1,2 + Γ̄2,1) + · · · .

1We define f(x1, x2, · · · , xn) = O(xα) if

f(λx1, λx2, · · · , λxn) ≈ λαg(x1, x2, · · · , xn) for λ → ∞.
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For example

Γ2 = 〈(S3)
2G3〉+ 〈S4G

2〉+Res
[
l−4P Tr log Ḡ

]
Γ3 = 〈(S3)

4G6〉+ 〈S3S4G
4〉+ 〈S6G

3〉
+Res

[
l−6P

(
Tr log Ḡ+ 〈(S̄3)

2Ḡ3〉+ 〈S̄4Ḡ
2〉)]

and so on. Here 〈XY · · · 〉 denotes the sum of all possible contractions of the
tensors X,Y, . . . , which is given by the corresponding EAD, see [11]. The
residum terms are determined by the formula

Res (z−nf(z)) =
f (n−1)(0)
(n− 1)!

,

where z = l2P .
By using that Sn = O(L2−n) and S̄n = O(L2−n) +O(Lα−n), we obtain

Γn+1,0 = O(L−2n) , Γ̄n+1−k,k = O(Lkα−2n) ,

where k = 1, 2, . . . , n. Consequently

l2nP Γn+1,0 = O((lP /L)
2n) , l2nP Γ̄n+1−k,k = O((L/L0)

kα(lP /L)
2n) .

Hence

l2nP Γn+1(L) = O
(
(lP /L)

2n
)
+O

(
(lP /L)

2n (L/L0)
nα
)

= O
(
(lP /L)

2n
)
+O

(
(L/Ls)

n(α−2)
)
,

where

(19) Ls =
(
Lα
0 /l

2
P

) 1

α−2 ,

is a new length scale which together with lP will determine the validity of
the semiclassical expansion.

By using the criterion (15) we obtain that the perturbative expan-
sion (18) will be semiclassical if

(20) l2P /L
2 � 1 , (L/Ls)

α−2 � 1 .

The condition (20) will be satisfied if L 
 lP and L 
 Ls for α < 2, while
for α > 2 we need that lP � L � Ls.
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When α = 2, we have

l2nP Γn+1(L) = O
(
(lP /L)

2n
)
+O

(
(lP /L0)

2n
)
,

so that the series (18) will be semiclassical for L0 
 lP and L 
 lP .
Note that the Γ1 takes imaginary number values, and the higher-order

quantum corrections Γn will in general take complex number values. The
same happens in QFT, and since we want to have a real effective action, we
have to restrict our complex solution to real values. In QFT this is done by
using the Wick rotation. However, the Wick rotation requires a flat back-
ground metric, and introducing a background metric in QG at the funda-
mental level is contrary to the purpose of QG. Fortunatelly, it was observed
in [5] that in QFT the Wick rotation is equvalent to the transformation

(21) Γ → ReΓ(L)± ImΓ(L) .

Since the transformation (21) is metric-independent, it can be used in QG
to define a real effective action. The sign ambiguity can be fixed by an
experimental input, see the next section.

4. Cosmological constant measures

When α > 2 the expansion (18) will be semiclassical if lP � L � Ls, so that
we need that Ls 
 lP , which is satisfied if L0 
 lP . The interesting case is
α = 4, because the quantum Regge calculus measures (3) are of this type.
More generally, one can consider the measures which satisfy

(22) log μ = O(L4) ,

and log μ < 0 for L large .
Let us consider the following PI mesure

(23) μc(L) = exp

(
−

N∑
σ=1

Vσ(L)/L
4
0

)
= exp

(−V4(L)/L
4
0

)
.

This measure is a special case of the measure (3), and we have taken p = 0
and q = 0 for the sake of simplicity. Given that Vσ(L) = O(L4) for large L,
we have

logμc(L) = O((L/L0)
4) ,

so that we can apply the same reasoning when calculating the perturbative
effective action as in the case of the α = 4 measure (5) with p = 0.
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Namely, if we substitute DE(L) in (13) by RE we obtain

(24) Γ1(L) = i
V4(L)

L4
0

+
i

2
Tr logS′′R(L) ,

so that Γ1(L) = O((L/L0)
4) and

S̄R = SR + i l2PV (L)/L4
0 .

Hence the formulas from the previous section give

Γ = S̄R + l2P Γ̄1 + l4P Γ̄2 + · · · = SR + l2PΓ1 + l4PΓ2 + · · · ,

where

l2nP Γn+1(L) = O
(
(lP /L)

2n
)
+O

(
(L/Ls)

2n
)
,

and

(25) Ls =
L2
0

lP
.

Therefore the effective action will have a semiclassical expansion if

(26) lP � Lε � L2
0

lP
,

which is satisfied for L0 
 lP .
If we define the physical effective action as

Seff =
1

GN
(ReΓ± ImΓ) ,

where the ± sign corresponds to a negative/positive cosmological constant,
we then obtain from (24)

(27) Seff =
SR

GN
± l2P

GN L4
0

V4 ± l2P
2GN

Tr logS′′R +O(l4P ) .

Hence the second term in (27) can be interpreted as the cosmological con-
stant term with the value of the cosmological constant given by

(28) Λ = ∓ l2P
2L4

0

= ∓ 1

2L2
s

.
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Note that the value (28) will be very small in units of l−2P , since

l2P |Λ| =
1

2

(
lP
L0

)4

and (26) gives lP /L0 � 1. Therefore we have a mechanism to generate a
small cosmological constant from the PI measure (23), as a first-order quan-
tum correction. If we define LΛ = 1/

√
Λ, then the observed value for Λ gives

LΛ ≈ 1026m. Since Ls = LΛ/
√
2, we get L0 ≈ 1mm so that lP /L0 ≈ 10−32.

Observe that Γ3(L) = O(L4), so that one can have an O(l6P /L
8
0) correc-

tion to the CC value (28). Hence the exact value of the cosmological constant
will be given by

(29) Λ = ∓ l2P
2L4

0

(
1 + c3

l4P
L4
0

)
,

where c3 is a numerical constant of O(1). Since lP /L0 ≈ 10−32 for the ob-
served value of the cosmological constant, this correction can be neglected.

In the case of a QRC measure with p 
= 0 or q 
= 0 we will obtain the same
formulas for the cosmological constant. This is because the corresponding
terms in the log μ term are of subleading order in L with respect to the
V4(L) term.

5. Smooth-manifold approximation

When the number of the edges E is large, one can obtain a smooth-manifold
approximation of Γn(L) terms. Here we will only discuss the the leading
quantum corrections, which are given by Γ1(L). We will then look for a
smooth-manifold approximation of

Γ(L) ≈ SR(L)± l2PΓ1(L) ,

where

(30) Γ1(L) = − logμ(L) +
1

2
Tr logS′′R(L) .

For the Regge action it is known that

(31) SR(L) ≈
∫
M

d4x
√

|g|R(g) ,

when E → ∞ and |g| = |det g|. Therefore the Einsten-Hilbert action is a
good approximation for the Regge action when E 
 1.
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In the case of an exponential measure (5), the terms in log μ give

E∑
ε=1

(Lε/L0)
α ≈

∫
M

d4x
√

|g| Fα[g(x)] ,

and
E∑
ε=1

log(Lε/L1) ≈
∫
M

d4x
√

|g| G[g(x)] ,

for E large. However, we do not know whether diffeomorphism-invariant
functionals Fα and G exist and what is their form.

The same problem appears for a QRC measure (3) with p 
= 0. Also when
q 
= 0, the log μ term contains

N∑
σ=1

log Vσ(L) ≈
∫
M

d4x
√

|g|H[g(x)] ,

and it is not known wheather a diffeomorphism-invariant functionalH exists.
Only in the case when p = q = 0, which corresponds to a CC measure, we
know what is the smooth-manifold approximation of the logμ term. It is
proportional to the 4-volume of M , since

(32) V4(L) ≈
∫
M

d4x
√

|g| .

Note that there is a conjecture that p = 1 QRC measures are diffeo-
morphism invariant measures, see [1]. If true, this conjecture implies that
diffeomorphism-invariant functionals G and H exist. Also note that a CC
measure (23), which has p = 0, can be considered as a diffeomorphism in-
variant measure.

As far as the trace-log term is concerned, its continuum approximation
can be obtained by using the effective field theory approach, see [12–14]. If
we introduce a cutoff scale Lc such that

(33) Lε ≥ Lc 
 lP ,

then for E 
 1 we will have

(34) Tr(logS′′R(L)) ≈
∫
M

d4x
√

|g| [a(Lc)R
2 + b(Lc)RμνR

μν
]
,
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where the dimensionless functions a(Lc) and b(Lc) can be determined by
using the one-loop EA diagrams from QFT which have the momentum ultra-
violet cutoff �/Lc. Note that Lc can be chosen to be the minimal distance
for which we know that perturbative QFT is applicable. From the LHC
experiments we know that Lc ≤ 10−20m.

In the case of a CC measure, by combining (31),(32) and (34) we obtain

(35) Γ(L) ≈
∫
M

d4x
√

|g| [R− Λ + a(Lc) l
2
P R2 + b(Lc) l

2
P RμνR

μν
]
,

where L satisfies (33), E 
 1 and Λ is given by (28).

6. Discrete-length Regge models

Let us now analyze the effective action for discrete-length Regge state sum
models. In this case we can write Lε = γnεlP where n ∈ N and γ > 0. Then

ZR =
∑

n∈Nγ,E

μ(L(n)) exp
(
iSR(L(n))/l

2
P

)
,

where Nγ,E is a subset of NE such that γnlP ∈ DE .
The effective action equation is given by

eiΓ(L)/l
2
P =

∑
n∈Nγ,E

μ(L+ l(n))(36)

× exp

(
iSR(L+ l(n))/l2P − i

∑
ε

∂Γ

∂Lε
lε(n)/l

2
P

)
,

where lε(n) = γlPnε − Lε. Note that the variable L in (36) is actually a
quantum expectation value of L, which we have denoted as L̄, see (6). We
will refere to this L as the background L, and it can take any value in RE .
However, for the sake of simplicity we will consider the backgrounds such
that L/γlP ∈ ZE , so that l/γlP ∈ ZE . Otherwise lε/γlP = mε + xε where
mε ∈ Z and xε ∈ (0, 1).

One expects to obtain the same results for the semiclassical solution
of (36) as in the continious case. However, there is an obstruction, due to
the fact that

∞∑
m=−k

f(m) 
=
∫ ∞

−k
f(l) dl .
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In our case this problem appears when computing the one-loop correction,
which is given by the logarithm of

∑
m∈ZE

exp

(
i

2
〈γm , S′′R(L)γm〉

)
.

Since ∑
m∈Z

exp(iam2) 
=
√

iπ

a
,

we cannot use the Gaussian integral approximation. However, one can show
that ∑

m∈Z

exp(iam2) ≈
√

iπ

a
,

for a → 0 (see the Appendix B). Hence

(37)
∑

m∈ZE

exp

(
i

2
〈m, γ2S′′R(L)m〉

)
≈ (2iπ)E/2 (det(γ2S′′R(L))

−1/2 ,

only if the entries of the Hessian matrix S′′R(L) satisfy

(38) γ2|S′′R(L)| � 1 .

Since S′′R(L) = O(1), we need γ2 � 1 which implies γ � 1.
Therefore the semiclassical approximation will be valid only if the spec-

trum gap is much smaller than lP . This is a surprising result, since it implies
that in the natural case when the spectrum gap is of order lP , which cor-
responds to γ ≈ 1, one cannot solve the EA equation (36) perturbatively.
Even if we abandon the positivity of L+ l, and replace DE(L) with RE , the
result (38) holds.

The requirement (38) can be also applied to the semiclassical approxi-
mation of the effective action for spin foam models. In the spin foam case,
instead of the edge lengths, we have the triangle area variables j l2P , such
that j ∈ (N/2)F and SR(L)/l

2
P → S(j) where

S(j) ≈
F∑

f=1

jf θf (j) ,

for jf 
 1 and θ(j) = O(1), see [5]. Hence γ = 1/2 in the spin foam case.
However, there is no problem for the semiclassical approximation, since the
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Hessian satisfies S′′(j) = O(1/j). Therefore |S′′(j)| � 1 so that

∑
m∈ZF

exp

(
i

8
〈m,S′′(j)m〉

)
≈ (8iπ)F/2 (det(S′′(j))−1/2 .

Note that the spin foam analog of the DE(L) integration region is

DF (j) = [−j1,∞)× · · · × [−jF ,∞) .

In order to have a perturbative expansion of the SF effective action for large
jf we need to modify the standard SF measure

μ(j) =

F∏
f=1

dimjf =

F∏
f=1

(2jf + 1) ,

by including an exponentially damping term. For example, the measure

μ̃(j) =

F∏
f=1

(2jf + 1) e−(jf )
α

,

where α > 0, will allow a semiclassical solution. In order to have an explicit
LQG interpretation of the modified measure, one can replace (jf )

α with
(jf (jf + 1))α/2, where jf (jf + 1) is an SU(2) Casimir operator eigenvalue.

7. Conclusions

Our analysis implies that the power-law measures which satisfy (5) for α = 0,
do not allow a semiclassical solution of the EA equation when the integra-
tion region is consistent with positivity of the edge lengths. However, the
exponential measures which satisfy (5), or more generally (22), allow the
semiclassical solution provided that L satisfies the conditions (20). In this
case the semiclassical solution can be obtained by replacing the integration
region DE(L) with RE .

The case α = 4 includes the quantum Regge calculus measure (3) and the
CC measure (23). The condition for validity of the semi-classical expansion
(20) implies that the edge lengths cannot be too small nor too large. The
upper bound is given by L2

0/lP , and since this length must be much larger
than the Planck length, one obtains that L0 
 lP . This is the reason why
the the corresponding cosmological constant, given by (29), is very small in
l−2P units.
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Note that the effective action used for spin-foam and spin-cube models
in [5–7] was defined by using the EA equation where the integration region
was chosen to be RE

+. This integration region gives the same one-loop result
as the DE(L) region for large L. Our results imply that at higher loops a
better approximation would be to use the QFT integration region RE , since
DE(L) ≈ RE for large L. Also, an exponantial measure should be used in
order to have a perturbative solution when the positivity of areas and lengths
is imposed.

An exciting developement is that the measures (3) and (23) can gen-
erate the cosmological constant term. We have obtained an exact formula
(29) for the value of cosmological constant, which is practically the same
as the first-order approximation (28), since the semiclassical approximation
requires that L0 
 lP . This also insures that the corresponding cosmologi-
cal constant will take a very small value in the units of l−2P . Hence we have
a mechanism to generate a very small cosmological constant as a quantum
gravity effect. It remains to be seen what is the contribution of the matter
sector to the cosmological constant value. If the matter contribution is for
some reason small or zero, one would have a theory with a naturally small
cosmological constant. The matter contribution to the cosmological constant
will also resolve the sign ambiguity in (21), since we know that the observed
cosmological constant value is positive.

Another surprising result of our approach is that the validity of the semi-
classical approximation in the case of discrete L requires that the spectrum
gap is much smaller than lP , since the entries of the Hessian matrix satisfy
S′′R(L) = O(1). Hence the natural case where Lε is an integer multiple of lP
requires a nonperturbative solution of the EA equation. In the case of spin
foam models, the triangle area is similarly an integer multiple of l2P for large
spins, but there is no problem with the semiclassical approximation since
the Hessian satisfies S′′(j) = O(1/j) for large spins j, so that the Gaussian
sums can be approximated with Gaussian integrals.

It will be interesting to see how our analysis will change for GR with
a classical cosmological constant term. The perturbative analysis will be
similar to the one performed here, with a difference being in the shift in the
order of l2P where the O(L4) perturbation terms contribute.

The effective action equation can be solved perturbatively for Lε 
 lP ,
which is the semiclassical regime. An important problem is how to solve the
EA equation for Lε ≈ lP , which is the deep quantum regime. In this region
the perturbation theory fails, and one has to find an alternative method. A
promissing approach is to use the fact that the effective action is also the gen-
erating functional for the one-particle-irreducible (1PI) Green’s functions, so
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that

(39) Γ(L) =
∑
ε,ε′

Γ̃2(ε, ε
′)LεLε′ +

∑
ε,ε′,ε′′

Γ̃3(ε, ε
′, ε′′)LεLε′Lε′′ + · · · ,

where Γ̃n(ε) is the 1PI part of the n-point Green’s function

G(ε1, . . . , εn) =
1

ZR

∫
DE

dELμ(L)Lε1 · · ·Lεn e
iSR(L)/l2P .

This integral can be calculated numerically, which can be used to obtain the
expansion (39). One can also study the non-perturbative effects by using the
mini-superspace approximation L1 = · · · = LE = L and the corresponding
EA equation.

Also note that for the exponential mesures with α > 2 there will be a
maximal length Ls for which the semiclassical approximation is valid, so
that in this case there may be non-perturbative quantum effects at large
distances L ≈ Ls.

The fact that there is a minimal (lP ) and a maximal (Ls) length for which
the semiclassical approximation is valid, raises the question of the relation
of lP and Ls to the minimal and the maximal length in the spectrum of Lε.
Formally, one can choose any interval [a, b] for Lε of the state-sum model,
where 0 ≤ a < b. In the case a > lP and b < Ls one will have a QG theory
with purely perturbative QG effects. However, a more interesting case is
a ≤ lP and b ≥ Ls, since in such a theory one can have non-perturbative
QG effects for small and large distances.

Note that the knowledge of the effective action is not sufficient for a
complete QG theory. The concept of an effective action only makes sense for
spacetimes whose topology is Σ× [0, 1], where Σ is a 3-manifold. We also
need a wavefunction which can be associated to a cup-manifold C(Σ), where
C(Σ) is a compact 4-manifold whose boundary is Σ. This is essentially the
Hartle-Hawking wavefunction [15], and it would be interesting to develop a
state-sum quantum cosmology theory based on these concepts.
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Appendix A.

Consider the following integro-differential equation

eiΓ(L)/ε =

∫ ∞

−L
dl ei[S(L+l)−Γ′(L)l]/ε,

where S(L) is a C∞ function, L > 0 and ε is a small parameter. We want
to solve it perturbatively in ε as

Γ(L) = S(L) +
∑
n>0

εnΓn(L) ,

up to an additive constant.
Since

S(L+ l) = S(L) +
∑
n>0

Sn(L) l
n,

were Sn(L) = S(n)(L)/n!, we obtain

Γ1 + εΓ2 + ε2Γ3 + · · ·(A.1)

= (−i) log

∫ ∞

−L
dl exp

[
i

ε
S2l

2 − iΓ̄′1l +
i

ε

∑
n>2

Snl
n

]
,

where Γ̄1 = Γ1 + εΓ2 + ε2Γ3 + · · · .
The integral in (A.1) is of the type

I =

∫ ∞

−L
dl e−zl

2+wl exp

(∑
n>2

sn l
n

)
,

which we rewrite as

I =

∫ ∞

−L
dl e−zl

2+wl

(
1 +

∑
n>2

ŝn l
n

)
.

Hence we will need the integrals

In =

∫ ∞

−L
dl e−zl

2+wl ln,

which can be calculated by differentiating I0 wrt w. It is easy to show that

I0 =

√
π

4z
e

w2

4z

[
1 + erf

(
L
√
z +

w

2
√
z

)]
,
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where

erf(x) =
2√
π

∫ x

0
e−t

2

dt .

The domain of the error function can be extended to any complex number
z by using the Taylor expansion

erf(x) =
2√
π

∞∑
n=0

(−1)nx2n+1

(2n+ 1)n!
.

For large x we can use

(A.2) erf(x) = 1 +
e−x2

x
√
π

(
1 +

N−1∑
n=1

(−1)n(2n− 1)!!

2nx2n
+RN (x)

)
,

where RN (x) = O(x−2N ). If x takes complex values, we can use (A.2) for
large |x| and |arg(x)| < 3π/4 [17]. For |arg(x)| < π/2

RN (x) =
(−1)N (2N − 1)!!

2Nx2N
θ ,

where

θ =

∫ ∞

0
e−t(1 + t/x2)−N−1/2 dt .

For |arg(x)| < π/4 one has |θ| < 1, see [17].

Appendix B.

Let

S(a) =

∞∑
n=0

e−an
2

,

where a > 0. It was shown in [16] that as a → 0

S(a) =

√
π

4a
+
1

2
e−a/4

[
sinh

√
a√

a
−

N∑
n=0

cn a
n+1/2H2n+1(

√
a/2)

]
+O(aN+3/2),

where

cn =
(22n+1 − 1)B2n+2

22n(2n+ 2)!
,

Bn are Bernoulli numbers and Hn(x) are Hermite polynomials.
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If a < 1, then in the limit N → ∞ we obtain

S(a) =

√
π

4a
+

1

2
e−a/4

[
sinh

√
a√

a
−

∞∑
n=0

cn a
n+1/2H2n+1(

√
a/2)

]
.

Let R(a) = S(a)−√ π
4a , then

R(a) =

∞∑
n=0

rn a
n/2 ,

for a < 1. We can now define a complex function

R(z) =

∞∑
n=0

rn z
n/2 ,

for |z| < 1. Consequently we can define

S(z) =

√
π

4z
+R(z) ,

for 0 < |z| < 1, so that

S(−ia) ≈
√

iπ

4a

as a → 0.
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