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Degenerate quantum general linear groups

JIN CHENG, YAN WANG, AND RUIBIN ZHANG

Given any pair of positive integers m and n, we construct a new
Hopf algebra, which may be regarded as a degenerate version of
the quantum group of gl ,,,. We study its structure and develop a
highest weight representation theory. The finite dimensional simple
modules are classified in terms of highest weights, which are essen-
tially characterised by m + n — 2 nonnegative integers and two ar-
bitrary nonzero scalars. In the special case with m = 2 and n = 1,
an explicit basis is constructed for each finite dimensional sim-
ple module. For all m and n, the degenerate quantum group has a
natural irreducible representation acting on C(g)"™*". It admits an
R-matrix that satisfies the Yang-Baxter equation and intertwines
the co-multiplication and its opposite. This in particular gives rise
to isomorphisms between the two module structures of any ten-
sor power of C(q)™"™ defined relative to the co-multiplication
and its opposite respectively. A topological invariant of knots is
constructed from this R-matrix, which reproduces the celebrated
HOMFLY polynomial. Degenerate quantum groups of other clas-
sical types are briefly discussed.
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1. Introduction

Quantum groups [5, 6, 10, 1I] emerged from the theory of Yang-Baxter
type integrable models in statistical mechanics [I] some 30 years ago. Since
then the study of these remarkable algebraic structures has grown into a
vast research area [4], [16], with important applications in a number of areas
in mathematical physics and pure mathematics such as integrable models
[1], conformal field theory, low dimensional topology [12, [I8, 19, 28] and
representation theory [16].

The term quantum groups refers to a class of Hopf algebras and Hopf
superalgebras, which include Drinfeld-Jimbo quantum groups [5, [6], 10, [11],
quantum supergroups [2}, 3, [0 21, 29], quantum affine Kac-Moody Lie alge-
bras and superalgebras, and their dual Hopf (super)algebras [7, 27] which
are quantum analogues of algebraic (super) groups. Research in the area
largely focused on the structure and representation theory of these objects.
There were attempts to explore other quantum deformed algebras, such as
multi-parameter quantum algebras, but with very limited success so far.
Presumably the reason is that quantum groups are relatively rigid objects,
thus nontrivial tinkering of the definition would drastically change their
structures.

In this paper, we investigate a class of new Hopf algebras which may be
considered as degenerate versions of Drinfeld-Jimbo quantum groups of type
A. These Hopf algebras have interesting structures and a rich representation
theory with useful applications in solving the Yang-Baxter equation and in
constructing topological invariants of knots.

The idea goes back to some old work of Zachos which appeared in the
physics literature [22], where he studied symmetry properties of wave func-
tions of quantum mechanical systems under the action of quantum sly at
v/—1, which in fact is isomorphic to the Hopf algebra (defined over
C(q)). The degenerate quantum groups in the present paper are obtained
by letting one of the quantum sly subalgebras of a quantum group degen-
erate to the algebra and appropriately modifying the Serre relations
involving it, while keeping the other quantum sly subalgebras essentially
intact.

The immediate question is whether this leads to sensible Hopf algebras.
By being sensible we mean that they should have structural properties which
allow for a representation theory similar to that of universal enveloping alge-
bras of semi-simple or affine Kac-Moody Lie (super)algebras. In particular,
the degenerate quantum groups associated with finite root data should have
enough finite dimensional irreducible representations at generic g to make
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the representation theory interesting. As we will see, at least in the type
A case, this indeed leads to interesting Hopf algebras. Furthermore, Re-
mark indicates that the degenerate quantum groups obtained this way
are not “deformation quantisations” of universal enveloping algebras of Lie
algebras or Lie superalgebras.

We now briefly describe the main results of this paper.

We construct a degenerate quantum general linear group Ug(gl,, ) of
the general linear Lie algebra gl,,,, for each pair of positive integers m,n.
It is a Hopf algebra containing a Hopf subalgebra U, (sl,, ), which we call
the degenerate quantum special linear group.

We develop the structure of U,(gl,, ,) and apply results to study a high-
est weight representation theory. A classification of the finite dimensional
simple modules is obtained in terms of highest weights in Section Such
modules are essentially characterised by elements of Zi(m+n_2) x C(q)* x
C(q)* with C(q)* = C(q)\{0}, see Theorem In the special case m = 2
and n = 1, an explicit basis is constructed for each finite dimensional simple
module in Lemma [£.14] and Lemma .15

We endow V' = C(q)™"" with a module structure of the degenerate quan-
tum general linear group Ugy(gl,,,) for any m,n (see Section . Tensor
powers of V lead to an infinite family of finite dimensional representations.
An immediate question is whether the U, (gl,, ,)-modules with the same un-
derlying vector space V®" but defined relative to the co-multiplication and
its opposite are isomorphic. We answer this question in the affirmative in
Section 4.3 This is done by constructing an R-matrix, that is, a solution of
the Yang-Baxter equation, which intertwines the two co-multiplications.

We develop aspects of the invariant theory of Uy(gl,, ) in Section
and apply them to the R-matrix mentioned above to construct a topological
invariant of knots in Theorem [5.8 The knot invariant obtained coincides
with the celebrated HOMFLY polynomial [§]. This is an interesting and
important application of Uy(gl,,, ,,)-

It should be pointed out that the emergence of the solution of the Yang-
Baxter equation (see Section and construction of the HOMFLY polyno-
mial (see Section in the context of the representation theory of U,(gl,,, ,,)
clearly demonstrate that the degenerate quantum general group will have
an important role to play in soluble models and low dimensional topology.
This fact alone justifies a thorough investigation of the structure and repre-
sentations of Ug(gl,,, ,,)-

We also briefly discuss how to generalise the definition of degenerate
quantum general linear group to degenerate quantum groups of B, C' and D
types. This is done by introducing generalised Dynkin diagrams, and then
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defining a degenerate quantum group for each diagram, see Section In
a future work, we hope to develop a general framework for the degeneration
process, which will enable us to systematically study degenerate quantum
groups associated with finite dimensional simple Lie algebras and affine Kac-
Moody Lie algebras.

Despite the fact that the degenerate quantum group Ugy(gl,, ) is only
an ordinary Hopf algebra (i.e., does not have an odd subspace), we observe
in Section a number of similarities between it and the quantum general
linear supergroup Ug(gl,,,,) [25, 27], which is a Hopf superalgebra. It will
be very interesting to find a precise connection between the two, e.g., analo-
gous to the quantum correspondences between quantum affine superalgebras
studied in [20] 24], 26]. If such a correspondence exists, it will enable us to
study quantum supergroups from the new perspective of degenerate quan-
tum groups. This will be particularly welcome, as the theory of quantum
supergroups is still not very well understood.

Throughout the paper, we work over the field C(g) of rational functions
in the indeterminate gq.

2. A degeneration of the quantum group of sl3

We start by considering a degenerate quantum group of sl as an example.
This is one of the very few nontrivial cases where the structure and represen-
tations can be thoroughly understood (see Section for the representation
theory). It provides an ideal testing ground for the idea of “degenerating”
quantum groups to find out whether it is likely to be fruitful.

This degenerate quantum sls has most of the new properties of arbitrary
degenerate quantum groups, which are not shared by ordinary quantum
groups. One can easily isolate these new properties in this example to gain
a clear understanding of them. The analysis presented here will play an
essential role in later sections.

2.1. The degenerate quantum group Ug(sl2,1)

Recall that the Drinfeld-Jimbo quantum group U,(sl3) is generated by two
Uy(slp) subalgebras with the same g, which are linked together by certain
relations, in particular, Serre relations. The corresponding degenerate quan-
tum group is obtained by keeping one quantum sly subalgebra as it is at
generic ¢, while letting the other degenerate to the Hopf algebra used by
Zachos, which may be regarded, following an idea of [24], §4], as generated



Degenerate quantum general linear groups 1379

by the generators k, k!, X, X~ with relations

kk~'=1, kXTEl=_-X*%,
k— k1
q—qt’

2.1
21) XX - X" XT=

(X*)?2 =o.

Its Hopf algebraic structure is explained in op. cit.. We denote this Hopf
algebra by Uy(sli 1), and refer to it as the degenerate quantum group of sls.

Remark 2.1. Note that Ug(sl ;) (defined over C[g,¢!]) does not spe-
cialise at ¢ = 1 to the universal enveloping algebra of any Lie algebra or Lie
superalgebra. Hence it is not a “deformation quantisation” of any universal
enveloping algebra.

The degenerate quantum group of sls is defined as follows.

Definition 2.2. Let U,(slz1) be the unital associative algebra over C(q)
defined by the following presentation. The generators are e;, f;, ki, k; !
(1 =1,2) and the relations are given by

(2.2) kiky ' =1, kTR =ETESS Vi,
(2.3) kiejk; ' =q Ye;, kifik;t=aqfj, i#j,
(2.4) kreiki! = ¢er, kifikit =q 2 f,

(2.5) koeoky ' = —e2, kaofoky ' = —fo,

ki —k;

(2 6) eif] f]ez _5Z]m7

(2.7) etes — (q+q ereser + ezef =0,
(2.8) fifo—(a+a Ofifafi + fofi =0,
(2.9) e3=0, f5=0.

Call U, (slz1) a degenerate quantum group of sls.

Remark 2.3. The elements k:;cl,eg, fo generate a subalgebra isomorphic
to the algebra Ugy(sly 1) defined by (2.1

Remark 2.4. It is interesting to compare the definition of Uy(slp 1) with
that of the quantum special linear supergroup Ug(sly;) [2, 9, 21], 29]. Their
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differences lie in and . If one replaces (2.5) and ( in Defini-

tion [2.2] by the follovvlng relations respectively,

ki — k!
koeskyt = ea, kafokyt = fo, eif; — (1)l fie = %ﬁ,
where [e1] = [f1] =0 and [es] = [f2] =1 are the parity of these elements,

one obtains the quantum supergroup U,(sly;) as an associative algebra.
Now Uy(sly);) is a Hopf superalgebra; its Zs-grading enters the definition
of the co-multiplication in a nontrivial way. However, Ug(slz 1) is only an
ordinary (i.e., not super) Hopf algebra as we will see.

2.2. Hopf algebraic structure of Ug(slz,1)

We now consider the structure of the degenerate quantum group Ug(sl1).
Lemma 2.5. Let U q(sl2.1) be the unital algebm generated by e;, fi, kit

(i =1,2) subject to the relations (2.2)) to (2.6) only. Then U q¢(sl2.1) has the
structure of a Hopf algebra with
co-multiplication A : Ugy(sly1) — Uy(sla1) @ Ug(sly)

Ale)=e;@ki+1®¢e, A(fi)=fiol+k'®fi, Alk) =k ® k;
co-unit € : ﬁq(slz,l) — C(q)
e(ei) =e(fi) =0, e(ky) =1;
and antipode S : ﬁq(ﬁ[gyl) — ﬁq(s[m)
S(es) = —eiky ', S(fi) = —kifis  S(hs) =k

Proof. (1). The bulk of the proof is in showing that A is an algebra homo-
morphism from U q(sla,1) to Ug(sly1) @ Uy(sly 1), where the multiplication
of the latter is defined in the standard way: for all a,d’, b, in Uy(sla 1),

(a®b)(d @) =ad @0V.

[Note that no sign factors are required in contrast to the case of superalge-
bras.] We will prove this by showing that A preserves the relations ({2.2)—

(2.6)). This is clear for (2.2)). To consider (2.3)), we note that for i # j,
A(k)A(e))AETY) = kiejk; ' @ kj +1 @ kiejk;
=q e @k +1®q ey =g 'Aley),
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and similarly A(k;)A(f;)A(k; ) = gA(f;). The proofs for ([2-4) and (2-5)
are the same, thus are omitted.

For , we have
Ale)A(fj) = AUfNA(e) = (eifj — fier) @ ki + k51 @ (eifj — fiei)
+ 61'76;1 Qkifj — k;;lei ® fiki.

The last two terms on the right hand side cancel, and by (12.6)), the remaining
two terms can be rewritten as

ki — k! ki — kit

. i . Tl v -5
i o kit ke o =,

ki @k — kit @k !

)
qg—q!

Hence A(e)A(f;) — Af)A(e;) = 6 2=8E1,
(2). Since A is an algebra homomorphism, in order to show its co-
associativity, we only need to prove it on the generators. This can be done

by computation, e.g.,

(A AA(f)=fivlol+k'efiol+k ok !'ef
= (A ®id)A(fi).

(3). We can easily show that the map e is an algebra homomorphism. De-
note by o : Ugy(sly 1) ® Ug(sly 1) — Ug(sla,1) the multiplication of Uy(sla1).
It is clear that for = = e;, fi, ki, k; ! for all 4, the following relation holds.

p(id ® e)A(x) = ple ®id)A(x) = .

This then holds for all z € Uy(sly,1), since A is also an algebra homomor-
phism. Hence € defines a co-unit.

(4). It is easy to prove that S is an algebra anti-automorphism by show-
ing that it preserves the relations — but reversing the order of the
products. For example, for , we have

S(eif; — fiei) = S(f;)S(ei) — S(ei)S(f5)
= kjfieiki" — eiki ' k;f;
= kj(fjei —eifp)ki

ki — kit

A

S(ki) = S(k; ")

qa—q '

kot
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Now we show that S has the required properties of an antipode in re-
lation to the co-multiplication A and co-unit €. It is easy to show that for
T = €4, fia k’ia

(2.10) p(S ®id)A(z) = p(id @ S)A(z) = e(z).

Since S is an algebra anti-automorphism, and A, ¢ are algebra homomor-
phisms, the above relations hold for all elements of « € Uy(sly ). Hence S
is the required antipode.

This completes the proof. O

Introduce the following elements of ﬁq (sl21):
SS) = efes — (g + g erezer + exed,
St = fif = (a+ g fy + aff,
$0-d s = g

Lemma 2.6. The elements Sg) and Séi) satisfy the following relations

1)
i85 =8P fi=0, £:887) -8 fi =0,
e85 — 8 e =0, 857 -8 Ve, =0, i=1,2
2)
AST) =80 @ kky +10 8,
A(S;)) =85 @14 k2 @ 81,
Ay =85 k2 +10 557,
ASST) =85 @1+ k2@ 857,
3)

«(s1)) =0, St =0. (s =0, «s5)=o.
Proof. (1). For any elements z, y in Gq (sl2,1), we write [z, y] = zy — yz. Then

[f1,8557] = [f1,€3lea — (g + a V) f1, erlesen
— (g +q Herea[f1,e1] + ea[f1, €.
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k

Let [k]g := 4 ~2" The formula

q—q"
frgh—1 — 11—k
k k—1719 q
(2.11) [f1.€e1] = —[k]qe q— q‘ll
in the k = 2 case leads to [f1,e3] = —(q + qil)el%. Hence
1 kig—kytg? _ kig—kitqg™?
1851 = ~(a+a Her L= Loy — (g4 ¢ Heser 2L LT
q—q! —q!
ki — k! ki — Kyt
+(g+ q—1)ql_7q_11€261 + (¢ + q_l)elequ_iq_ll
Sy ki =k 1y kg —kitg!
=—(¢+qg )ﬁ@ﬁ_(Q"‘q )@ﬁﬁ
kig —kytq™! ki —

+ (g +q Hezer —— + (g+q Heres p

—q _qfl

=0.

We can also easily prove that [fa, Sg)] =0.
To prove [f;, S;r)] = 0 for all 7, we note that [f1, Séﬂ] = 0 by (2.6)). Now

ko — k5! ko — ky !
[f2,S57) = [fo, ealen + ealfo,e0] = —;_7(1_2162 - 6227—21'

Since koeaky 1 = —ey by (2.5), we immediately see that the right hand side
is zero. _
By using the following obvious automorphism of Ug(sl 1),

(212) w: Gq(.‘S[Q,l) — Gq(5[271), e; — fi7 fz = €5, kz — k‘i_l, Vi,
we obtain
e, 851 = w((£.8537) =0, [er, S5 ) = w((fi. 557 =0, vi.

This proves the first part of the lemma.
2). The second part is also proven by direct computation.
Yy
Consider A(Sg)). Let us write [e1, ea]g1 = ejea — g 'eser, and consider
its image under A. We have

Aleres) = erea ® kika + ea @ erha + ¢ te1 ® eaky + 1 ® eqey,
A(ezer) = ege; @ k1ka + €1 @ eaky + qileg ® erks +1 ® egey.
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Combining these two equations, we obtain

(2.13) A([el, eg]q—l) = (1 — q72)€2 Rerks +1® [61, 62](171
+ [61, 62]q—1 & k‘lk‘g.

Now we have

A(S1) = e1 @ kA (fer, ealg-1) — aA(ex, ealg-r)er @ by
+1®e1A([er, e2]g-1) — qA([er, e2]g-1)1 @ e
Write the first line on the right hand side as L1, and the second line as L2.
By using equation , we easily obtain
L1 = eiler, ea)y-1 @ kiha + *(1 — ¢ Heres ® erkike
+qe1 ® [eq, e2]g-1k1 — q([e1, ea]g-1e1 ® KTk
+ (1 — q_2)6261 ®erkiks +e1 ® [61, ez]q—lk‘l)
= SS) ® kiks + (¢° — 1)[e1, e2)y—1 ® erkiko,
L2 = e, eg]q—l ® erkike + (1 — q72)62 ® ererks
+1® 61[61, eg]q—l — q(q[el, 62](]71 ® e1ki1ks
+q¢ M1 — g Hea@etha + 1® [e1,ea]y-1€1)
=(1-¢*er, ey @erkika +1® Sg)7

which immediately lead to
ASIY=r1+12=50 @ K2k + 12 SJ.

This proves the first relation in part (2). The second relation can be proved
in exactly the same way.
For the third relation in part (2), we have

A(S§+)> =(e2 @ ko + 1 ® e2)?
=SS @ k2 + 10857 + €3 @ ke + €2 ® eko,

where the last two terms cancel upon using koeo = —esgko, leading to
ASSTY =55 o k3 + 10857,

The last relation in part (2) can be proved in the same way.
The third part of the lemma is clear. O
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Theorem 2.7. Let J be the two-sided ideal in Uy(slyy) generated by the
elements S’g), Sg), S§+) and 5’5_). Then J is a Hopf ideal, and Ugy(sly 1) =

Uy(sl21)/J is a Hopf algebra with the induced co-multiplication, co-unit and
antipode.

Proof. This immediately follows Lemma [2.6] . g

Remark 2.8. We can boost Ug(sly1) to a degenerate quantum general
linear group Uy(gly ;) in the obvious way.

The representation theory of Uy(sla 1) will be thoroughly treated in Sec-
tion 4.4l

3. Degenerate quantum general linear groups

In this section, we generalise the definition of the degenerate quantum special
linear group Ugy(slz 1) to arbitrary ranks. To do this, it is easier to construct
the corresponding degenerate quantum general linear group instead.

3.1. The degenerate quantum general linear group Uy(gl,, )
Given a pair of positive integers m, n, we introduce the sets I = {1,2,...,m +
n} and I’ = I\{m +n}. Let p= —¢~ !, and set ¢, = ¢ if a < m, and ¢, = p
if a > m.

Definition 3.1. Let Uy(gl,, ) be the unital associative algebra over C(q)
generated by the elements of {e,, f,, Kp, Kb_l |a €', be I} subject to the
following relations.

(3.1) KK, ' =1, KK = KK,
(3.2) KaebKa_l = qg“b_‘savb“eb,
(3.3) Kofy K, ' = g 0t fy,
ka - kctl . —1
(3.4) eafo — frea = 5ab7,17 with k, = KaKa—l—l?
Ga — qa
(3'5) €a€h = €p€a, fafb = fbfan ’a - b‘ > 17
(36) egeail - (Qa + q(;l)eaeailea + eaileg =0, a 7£ m,
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(3.7) f2far1 — (Ga+ a3 D fafatifa+ farrf2 =0,  a#m,
(3.8) em = fm =0,

(3.9) emEm—1,m+2 — Em—1,m+2em =0,

(3.10) ImEm+2.m—1 — Emi2m-1fm =0,

where Ep,_1m42 and Ey, 19,1 are defined by

A —1
Emfl,erQ = Emfl,m+16m+1 - qm+16m+1Em71,m+1a
Eni2m-1 = fmt1EBm+1,m—1 — @m+1Em+1,m—1fm+1,
- —1
Emfl,m+l = €m—16m — 4, EmEm—1,

Em+1,m—1 = fmfm—l - mem—lfm-

We will call Uy(gl,,,) a degenerate quantum general linear group. Denote
by Uy(sln.n) the subalgebra generated by the set {eq, fa,ka, k' | a € I'},
and call it a degenerate quantum special linear group.

Remark 3.2. If m =1 or n =1, the relations (3.9) and (3.10) become

vacuous.
Remark 3.3. Note from the definition that
kmemk' = Gm@mi16m = —€m,  Fmfukyn' = 6 Goi1 fm = = fme

In the case m = 2 and n = 1, these are the relations ([2.5]).
3.2. Hopf algebraic structure of Uy(gl,, ;)

Now we examine the structure of the degenerate quantum general linear
group Uq(g[m,n)

Lemma 3.4. Let INJq(g[mm) be the unital algebra over C(q) generated by the
set of elements {eq, fa, Kp Kb_1 |a €', be I} subject to the relations from

(3.1) to (3.8]) only. Then ﬁq(g[mm) has the structure of a Hopf algebra with
co-multiplication A : Ugy(gl,, ) — Ug(gl,.,) @ Ug(gly, )

Alea) =ea @ ka+1@ea, Alfa)=fa@ 14k ® fa, A(K) = Ky @ Kb,
co-unit € : ﬁq(g[m’n) — C(q)

E(ea) = e(fa) =0, 6(Kvb) =1,
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and antipode S : I~Jq(g[m’n) — [NJq(gImyn)
S(ea) = —eaky ', S(fa) = —kafa, S(Ky) =K,
forallaelI andbe I.

Proof. Observe that the following facts readily imply the lemma.

e the subalgebra generated by { Kj, Kb_l, easfall<a<m,1<b<m}
is isomorphic to the quantum group U,(gl,,) with the standard Hopf
algebra structure;

e the subalgebra generated by {Kb,Kb_l,ea, fall<a—m<n, 1<b-—
m < n} is isomorphic to the quantum group U)(gl,,) with the standard
Hopf algebra structure;

e the subalgebra generated by {kg,eq, fo | @ = m — 1, m} is isomorphic
to Uy(slz,1) with the Hopf algebra structure as given in Theorem
and

e the subalgebra generated by {kq,eq, fo | @ = m,m + 1} is isomorphic
to Up(slz 1) with the Hopf algebra structure as given in Theorem

The new features not present in the context of ordinary Drinfeld-Jimbo
quantum groups are in the third and fourth dot points, which have already
been dealt with in Section [2 O

Let us define the following elements of ﬁq(g[m,n).

QJF = emEm—l,m-i—Q - Em—l,m—l—Zemy
Q= meerQ,mfl - Em+2,mflfm-

Lemma 3.5. The elements Q*F satisfy the following relations in ﬁq(g[mm).
(B11) L@ Q7 =0, Q@ ~Qea=0, Yael

(3.12) AQN) =QT @ kp1k2kmi1 +12QT,

(3.13) AQ7)=Q @1+ (km-1kpkmi1) '@ Q.

Proof. The proof of requires some technical results which are listed
in Appendix Note that the two relations in imply each other by
noting the analogue of the automorphism . Thus we only need to prove
one of them, and we will consider the first.

It is clear by that [f,, Q"] =0 for all a # m,m + 1.
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For [fm,Q"], we use (A.3) to obtain

(314) [fm: QJr] = [fmy em]Em—l,m+2 - Em—l,m—l—?[fmy em}
ki — k! o — k7L
= _miinl m—1,m+2 + Em—l,m—&-Qmiinl
dm — dm dm — dm
=0,
where in the last step, we used the fact that
o Erm—1.m12k, = —q;qu;LilEm—Lerz = FEpm—1,m+2-
Consider [f,—1,Q7]. Using (A.4), we have
(315) _[fm—la Q+] = _em[fm—la Em—l,m+2] + [fm—l’ Em—l,m+2]em

-1 —1
= _emEm,m—i-ka_l + Em,m+2km_1em

—1 —1 —1
= Gpi16mem+1emb,” 1+ emk, 1€mi1em

= (Q;L}‘,—l + mel)emem#»lemk;ll_l = 0;

where the last step follows from q;irl +gm1=(—¢ ) +qg=0.
Finally, we consider [f,+1,Q"]. We have

(316) _[fm+17 Q+] = emEmfl,erlk‘erlqn_»Li_l - Emfl,erlkarlq;L}Hem

-1 -1
= qm+1(emEmfl,m+1 - qm+1Em71,m+1em)km+1
=0.

The proof of (3.12]) and (3.13)) is straightforward but lengthy. To avoid in-
terrupting the main line of thoughts, we relegate the details to Appendix[A.2]
O

The following result is an immediate corollary of the above lemma.

Theorem 3.6. Let J be the two-sided ideal generated by Q" and Q™ in
Uqy(8ly, ). Then J is a Hopf ideal, and

UQ(g[m,n) = Uq(g[m,n)/‘L

which is a Hopf algebra with co-multiplication, co-unit and antipode induced
by the corresponding structure maps of Ug(gl,, ) given in Lemma .

Proof. By (3.11)), J is a proper two-sided ideal in ﬁq(g[m,n). It is a Hopf
ideal by ([3.12) and (3.13)), and the fact that ¢(Q*) = 0. Hence Ug(alyn)/J
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is a Hopf algebra with the structure maps induced by those of ﬁq(g[m,n). It

is obvious that Ug(gl,, ) = Ug(gly,.)/J. 0

3.3. More on the structure of Uy(gl,, )

We now return to the Hopf algebra Uy(gl,, ). By examining the defining
relations, we can easily see that each of the subsets of generators below
generates a subalgebra (with identity).

(a).  Afeala€l}, {falacl'}, {K;'|bel},
®). Afew,Ki'lael,bel}, {ewKi' felacl, bel, m#cel}

We denote the subalgebras generated by the subsets in (a) by Ut, U~ and U°
respectively, and those by the subsets in (b) by U,(b) and U, (p) respectively.
Note that Uy(b) and U,(p) are Hopf subalgebras of Ugy(gl,,, ,,)-

We have the following easy observation.

Lemma 3.7. The algebra Ugy(gl,,,,) admits the following triangular de-
composition Ug(gl,, ,) = UTUUT, that is, every element of Ug(gl,, ) can
be expressed as a linear combination of elements of the form u_uguy with
u_ € U™, ug € U° and uy € Ut. Furthermore, Uy(b) = U°UT.

Proof. Given any product of the generators, we can always use the defining
relations to move e;’s to the right of f,’s and K;El’s, and move Kbﬂ’s to
the right of f,’s, thus to express the product as a linear combination of
elements of the form described in the lemma. The statements in the lemma
easily follow from this observation. ]

To further analyse the structure of Ugy(gl,,,), we need some notation.
We adopt the standard notation of the z-commutator

[A,B], = AB — 2BA

for any A, B € Uy(gl,, ,) and x € C(q). The usual commutator is recovered
from [A, B] = [A, B];. We will also use the quantum adjoint action defined
by

ad : UQ(g[m,n) ® Uq(g[m,n) - Uq(g[m,n)v

3.17
( ) TRy ad$(y) = Z(x) x(l)yS(m(g))

Note that if A € Ug(gl,, ) satisfies K, AK_; ! = g A for all ¢ € I, where .
are some integers, then ady, (A) = fcA — qc_)‘cqi‘jrﬁlAfc = [fe, A]q_xcqxcﬂ.
c 41
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Now for any 1 <17 < j < m + n, we define inductively the elements E;;,
Ej; of Uy(gly,) by Eiiv1 = ei, Eip1; = fi, and

(318) Eij = Ei,j—lEj—l,j — QleEj—l,jEi,j—la for j >+ 1,
(3.19) Eji = Ej,j—lEj—l,i — Qj—lEj—l,iEj,j—ly for j > i+ 1.

We will concentrate on the Ej; belonging to U™. By using the fact that f,
and f commute if |a — b| > 1, one can easily show that for any k satisfying
J>k>uq,

(3.20) Ej; = EjxExi — b EriEji = [Ejk, Ekilq, -
We further observe that

[fis fimaly, = fifier — aifier fi = —qiady,_, (fi),

j—1

Eji = (—1)j_i_1 H qr - adfiadfwl .. adfj,z(fj—l)v j > ’i,
k=i+1

where we used to obtain the second relation.

Lemma 3.8. Assume that i < j. If {i,j} # {k,k + 1}, then

(3.21) [Eji, Ext1%) = 0.

Proof. There are three possibilities with ¢ < j <k, k+1<i < j, and i <
k < k+ 1 < j respectively. Equation obviously holds in the first two

cases since f, and f, commute if |a — b > 1. In the last case, we can express
Ejz‘ as

Eji = [Ej gy, [Erto,k—15 Er—1lge 1 grss-

[If j =k+2ori=Fk— 1, we only need one g-commutator.| By the two cases
already proved, we immediately see that

(Ejis Ext1.k] = [Ejkt2s [ Err2,k—15 Ert k], Er—1,i)qr 1) grio-
Thus (3.21)) holds if
(3.22) [Ert2k-1, f] = 0.

If kK = m, this is nothing else but the quartic Serre relation (3.10)).
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If k # m, one way to prove (3.22) is by simply expanding [Exy2 51, fx]
in terms of fry; and fi, then applying the cubic Serre relation (3.7). A
conceptually clearer way is to use the quantum adjoint action. We have

Eitok—1 = qrqrrrady, ady, (frs1),
[Ery2.k—1, fr] = —@reqrsrady,ady,_ ady, (fri1)
= _qqu+la’dfkfk—lfk (karl)'

Using the cubic Serre relation (3.7)), we obtain

1

adkk—lkfklzi_ad(",l ,12fk1
Futos fr (Fot1) P I 2 (fe+1)

1
= 7qk n qfl (adfgadf]%l + adfkfladfs) (fk+1).
k

By (3.5)) and (3.7), we have
(3.23) adg, ,(fry1) =0, adg(fri1) = 0.

Hence ady, ¢, ,f.(fi+1) = 0, which immediately leads to [Eji2%—1, fx] = 0.
This completes the proof. ]

Lemma 3.9. The elements Ej; (1 <i<j < m+n) satisfy the following
relations.

(3.24) E}L =0, i<m<k,

(3.25) [Eji, Ege]) =0, i<j<k<lork<i<j<l{,
(3.26) EyiEyj = quEyiEri, 1 <j <k,

(3.27) BB, = q; ' ExEj, k<i<j,

(3.28) [Eji, Ew) = (¢ — ¢ DVEuEj, i<k<j<Cl

Remark 3.10. Given any monomial in the elements Ej; (i < j), Lemma
B:9] enables us to express it as a linear combination of ordered monomials
for any chosen linear order of the elements.

Proof of Lemma[3.9. First we consider equation (3.25)). From (3.19) we can

see that Fj; can be expressed as a linear combination of products of the form
faifas - fa,_, with the a, distinct elements of {i,4 +1,...,j — 1}. Hence
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[Eji, Eg;] can be expressed as a linear combination of the elements

(3.29) [farfar -+ fay o Bur] = Zfal. Sar[fars Bordfar s - fay.

Note that we have {a,,a, + 1} N {k, £} = 0 for all . Hence all terms on the

right side of (3.29)) vanish by (3.21)). This proves (3.25)).
Next we prove ([3.26]).

Consider the special case with j = k — 1 and ¢ = k — 2. We have

2
Erk—2Bkk—1 = Exk—1Ek—1k—2Ek k-1 — @e—1Ek—1k—2E] 1,
2
Exk-1Ekk—2=Ej p_1EBk-1k—2 — @k—1Ek k-1 Ek—1 k—2Fk k-1

If kK # m + 1, by using (3.7)), we obtain

Epp 1Epp—2 = Eg,k_1Ek—1,k—2 — Q1 Ep 1B 1 p—2Fk g1
= qk__llEk,kflEkfl,kaEk,kfl - Elcfl,k72E]37k_1
=g, (Brp-1Bx—15—2Ek k-1 — Qk—1Ek—1,k—2Eg7k_1)
=g, ' Erk—2Ek g1

Note that in this case, g = qx_1, and we arrive at . Ifk=m+1, we
have

EygpoFErr—1=Erp 1By 1 k2B k1,

Exp1Fpr—2=—q 1Bk p1Fr1 k2B k1,

and qx_1 = —qk_l. Hence follows ([3.26)) in this case. Therefore for any k,
(3.30) Epp—2Fk k-1 = qpErp—1Ek k—2.

Now we consider the general case of (3.26]) with k —1>j >i <k —2.
We have

EyiByj = Eyi(Eg p—1Ek-1; — @h—1Er—1,jEr k—1)
= EriBpp1BEp1j— qe—1Ek—1jEkiBrr—1-

As i < k — 2, we have

(3.32) EpiEpp—1 = (Epp—2Fr—2; — qh—2Lk—2:Ek k—2)Ep p—1
(3:25)
= EppoEpp 1By 2; — qu—oEr_2iFEgp—oFk k1.
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Using (3.30) to the right hand side of (3.32)), we obtain

(3.33)  EpiEgpr—1 = qu(Erp—1Err—2FEr—2; — @e—2Fr—2iFk r—1Ek —2)
= @ Erip—1(Erp—2Ek—2; — qh—2Fk—2,iF k—2)
= qpEg k-1 Ep;.

Using (3.33)) in (3.31)), we obtain

EriBrj = qu(Exp—1EriEr—15 — qe—1Er—1, Er p—1Ek:)
= @u(Erp—1Er—1j — Qe—1Ex—1, L j—1) Eri
= qp Bk By

This completes the proof of (3.26]). Equation (3.27)) can be proved similarly.
We then consider the equation (3.28]). We have

[Eji, Bu) = Eji(EiyEj — qiEjeEry) — (BB — ¢ EjEig) Eji

(3.26) _

= (EjiE Bk — q; ' EyEjiB) — ¢i(EBji B By — BBy Eji)
B28)

=" —q; 'EuEji. + q; Eji By
B25)

= (¢j — q; ") EuEji.

This proves ([3.28)).
Finally, we prove (3.24). We have, for k > m > i,

E}; = (ExmEmi — GmEmiEjm) Eri
= ¢iq; ' ExiBkmEmi — ¢y, 0 Exi EmiBrm
= qiq; ' Ef = "B},
This immediately leads to E,%Z = 0. g

Denote by U, (u—) the subalgebra of Uy(gl,, ,) generated by the elements
Emijiwithi=1,2,...,mand j =1,2,...n. For 0;,---0;1 € {0,1}, we let

0; 0 n 0in—1 E 0i1
| E ) = (Em—&-n,z) - (Em+n_17i) o o ( m-i-l,i) ’
01 62 Om

Then it follows from Lemma @ and Remark that the T®) with 0
{0,1}*™" span Ug(u_).
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Consider the subalgebra U, (go) = Ug(gl,,) ® U,(gl,,) in Uy(gl,, ,). Write
U = U NUg(go). Then Lemma enables us to express U™ as U™ =
UQ(u*)Ur_rL,n' By Lemmam Uq(g[m,n) = Uq(u*)Ur_n,nUOU-i_ = Uq(uf)Uq(p)

To summarise, we have the following result.

Proposition 3.11. The degenerate quantum general linear group has the
parabolic decomposition Uy(gl,, ,,) = Ug(u—)Uq(p), where Uy(u_) is spanned
by the elements T©) with 6 € {0,1}*™,

4. Finite dimensional representations of U,(gl,, )

4.1. Classification of finite dimensional simple modules

The triangular decomposition (Lemma and parabolic decomposition
(see Proposition of Ugy(gl,, ) enable us to adapt the usual construc-
tion of highest weight modules in Lie theory to the present context. We
develop the construction here, obtaining a systematic method for studying
the representation theory of the degenerate quantum general linear group.

Consider representations of the subalgebra Uy (go) of Ugy(gl,, ,,). A high-
est weight Uy(go)-module is one generated by a highest weight vector v such
that

eiv =0, Kjv=XNv, 1<i<m-1,1<j5<m,
em—l—uU:Ov Kppov=Apv, 1<pu<n-1,1<v<n,

where 0 # A\, € C(q) for all a. Write A = (A1, A2, ..., Apmtp) and call it the
highest weight of the module. It is known that every finite dimensional simple
weight module for Uy(go) is a highest weight module; a simple highest weight
module is finite dimensional if and only if

A
(4.1) 3 L= waqﬁa, where ¢, € Z, w, = *1, for all a # m.
a+1

Given any simple U,(go)-module LO( ) with highest weight A, we boost
it to a Uy(p)-module by requiring e, L°(A) = {0}. We can then construct
the generalised Verma module V(A) := Ug(gl,, ) ®u, (p) L°(A), which as a
vector space is given by

V(A) = Uy(u_) ® LO(A).
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The generalised Verma module contains a unique maximal submodule
M(A), which is the sum of all the submodules having zero intersection with
1 ® L°(A). Thus V(A) has a unique simple quotient L(A) := V(A)/M(A).

We have the following result.

Theorem 4.1. The simple Uy(gl,, ,,)-module L(A) is finite dimensional if
and only if its highest weight A satisfies the condition (4.1)).

Proof. 1t is clear that (4.1]) is a necessary condition for L(A) to be finite
dimensional. It is also sufficient since Ug(u_) is finite dimensional. O

Remark 4.2. The parametrisation of the finite dimensional simple
Ug(gl,, n)-modules is essentially the same as that for the quantum general
linear supergroup Uy(gl,,),), see [25] 27].

4.2. Tensor representations

The quantum general linear group U,(gl,,,) admits a class of finite di-
mensional representations analogous to the tensor representations of the
Drinfeld-Jimbo quantum general linear group. We study these representa-
tions here.

Let V = C(q)™*", and fix the standard basis

1 0 0

0 1 0

0 0 0
V1 = . N Vo = . s ey Um+n =

0 0 0

0 0 1

Let eqp (a,b € I) be the matrix units of size (m + n) x (m + n) defined rel-
ative to this basis. Then ey pv. = v, for all a,b,c € I. Denote by V* the
dual space of V', and let
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which form a basis of V* dual to the standard basis of V' in the sense
that v,(vp) = dap for all a,b € I. We can endow V' with a U,(gl,,, ,)-module
structure as follows.

Lemma 4.3. There is a Uy(gl,, ,,)-action on V' defined, for alla € I', b, c €
I, by

(4.2) €qVc = da+1,cVas  faVe = OacVat1s thlvc = qgc‘sbcvc.
The corresponding representation v : Ug(gl,, ,) — Endg(q) (V) is given by

(4.3) vieq) = €eqat1s V(fa) = €atia, V(EKp) =14 (g — 1)ep.

Proof. The second part of the lemma is a simple consequence of the first,
thus we only need to prove that defines a U,(gl,, ,,)-module.

It is clear that respects the relation , and also the relations
f since €2 and f2 for all @ € I’ act on V by zero. Thus we only
need to check the relations , and .

Let us consider first. The case a # b is clear. In the case a = b, we
note that

at1,c

—50,+1,c —0ac 1)
qa+1

ko — k7' qaeq — g
e

4o —da Ga—Ga'
Using the first one of the following relations

c-

(4.4) qét‘s‘lb =1+ (qcjEl — 1)0qp, qét‘s“b = q;téab, Va,b,ce I,

1

and the fact that p — p~! = ¢ — ¢!, we can rewrite the scalar factor in front

of v, on the right hand side as

Gc — 4.
((5ac - 5a+1,c)07i1 = (5ac - 5a+1,c-

da — qa

We can easily work out the action of e, f, — fseq on v, for any ¢, and we

obtain )
ko — Kk,
(eafa - faea)vc = (5ac - 5a+1,c)vc = —— V.

da — Ga !
For (3.2)) and (3.3), we have

-1, _ —actOaby, _ Oap—0a
Kuep K, ve = 0py1,cq, Pup = q* " ey,

-1, _ —G6actda _ —0ap+da
KafbKa Ve = 5bcqa ’Hlvb—i-l = {q, b ’Hlfbvc-

This completes the proof. O
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Since Ug(gl,, ) is a Hopf algebra, the dual space M* of any finite di-
mensional Ugy(gl,, ,)-module M is naturally a U,(gl,,,)-module. For any
x € Uy(gl,,,) and v € M*, we define xv by

(z0)(w) = v(S(z)w), Ywe M.
In particular, the dual space V* of V' is a Uy(gl,, ,)-module with

(4.5) Kyv, = q;ébcﬁm €aVe = —Oacqa+1Va+1, Jalec = _5a+1,cq;ilva
for all a € I’ and b,c € I.

Remark 4.4. The highest weight vector of V' is v; with weight (¢, 1,...,1),
and the highest weight vector of V* is T4, with weight (1,...,1,p71),
where we recall that p = —¢~".

By using the Hopf algebraic structure of Uy(gl,,,), we can turn the
tensor product of any Uy(gl,, ,)-modules into a Ugy(gl,, ,,)-module. In par-
ticular, we have the Uy (gl,,, ,)-modules V" @ (V*)®* for r,s = 1,2,.... We
will call them tensor modules. Note that Ug(gl,,,) acts on these modules
through the iterated co-multiplication

(4.6) AU+ — (A @id®T T~ 2)(A @ id®0T573)) (A ®id)A.

Example 4.5. The tensor square V ® V of the natural U,(gl,, ,)-module
V decomposes into the direct sum of two simple modules Ly = L(¢?,1,...,1)
and L, = L(q,q,1,...,1), which are respectively generated by the highest
weight vectors v; ® v; and v ® vg — g vy ® vy

A basis for Lg:

{v; ® vy, 'Uj®'Uk;+q_1'Uk;®'Uj|i,j,k:1,...,m, Jj <k}

U{Ui®vm+u_pvm+u®vi’1§i§m7 ]'S/’LSn}
U{Um+u®vm+u_pvm+u®vm+u [ 1<p<v<nk

A basis for L,:

{viov—qglvyyeu|1<i<j<m}
U {0i @ Uy + PO @0 [ 1 <0 <my 1< p<nj

U {Vmtu @ Umtp, Umtp @ Umtr + PUmgy @ Uy | v =1,...,m, p < v},
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Remark 4.6. The degenerate quantum general linear group Uy(gl,, ) is
also a Hopf algebra with the opposite co-multiplication given by

A" Ug(olnn) — Uglalnn) @ Uglal,n),
Alleq) = ea @14 ko © e,

A/(fa) = fa®kc71 +1® fa,

A(Ky) = Ky ® K,

(4.7)

Given any two U,(gl,,, ,,)-modules, we may then endow their tensor prod-
uct with a module structure by using the opposite co-multiplication A’. An
immediate question is whether the module structures with respect to the
co-multiplication and the opposite co-multiplication are isomorphic.

4.3. A solution of the Yang-Baxter equation

We answer the above question in the affirmative for the modules V®" for all
r. This requires the construction of an R-matrix.
Introduce the element R € Endg(g)(V ® V') such that

(4.8) R = R0,
where Ry and © are respectively defined by

Ry:=1®1 +Z(Qa - 1)6aa®€aa7 0:=1®1+ (q_q_l)zeab®6ba-
acl a<b

We can easily see that
Vg & Vp, if a < b,

R(Ua ® Ub) = { QaVq Vg, ifa = b7
Ve @+ (¢ — ¢ Ny ®v,, ifa>b.

Remark 4.7. Note that this R-matrix differs quite significantly from the
R-matrix in the natural representation of the usual quantum general linear
group (see (4.11))) and that of the quantum general linear supergroup (see
[27, p533]).

We have the following result.

Lemma 4.8. The matriz R defined by (4.8) has the following properties.
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1) R is invertible and satisfies the Yang-Baxter equation
(4.9) Ri2R13R23 = RogRi3Ra2.
2) For all x € Uy(gl,, ),
(4.10) R(v@v)A(z) = (v @ v)A'(z)R.

Proof. (1). It is clear that

RO —1®1+Z )eaa®eaa7
acl
O ' =101-(g—¢")D_ € ® eha-
a<b

Hence R~ = @_1Ral.

To prove that R satisfies the Yang-Baxter equation, it is useful to re-
call the standard R-matrix in the natural representation of Uy(gl,,,). We
denote it by 7', which can be expressed as

T = Ty=,

T0:1®1+(q_1)zeaa®eaaa
(4.11) ae]

E=1014(q—q0 ") ea® eo

a<b

It is well known that T satisfies the Yang-Baxter equation
Ti9Th3T23 = TogT13Th2.
We prove (4.9)) by showing that it holds when acting on the basis vectors
Vg @Up @ Ve (a,b,c€l) of VeV V. Clearly R(v, ® vp) = T'(ve ® vp) for

all a # b. Thus for all a, b, ¢ which are pair-wise distinct,

Ri2R13R23(v, @ vy @ ve) = T12T13T3(va ® vp @ V)
Ro3R13R12(ve @ vy ® ve) = To3T13T12(ve ® vp @ V).

Hence (4.9) holds when acting on the vectors v, ® vp ® v, such that a, b, c
are pair-wise distinct.
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Now we need to consider the actions of (4.9)) on vectors v, ® vy ® v, with
two or all three of vy, vy, v being the same. If a = b = ¢, we have

Ri3R13Ra3(va ® Vg ® 1) = qovg @ Vg ® g
= RogR13R12(vq ® V4 & vg).
If a = ¢ # b, we have the three basis vectors v, ® v, ® Vp, Vg ® Vp ® Vg,

vp ® Vg ® Vg, in each of the cases with a < b or a > b. Consider for example
the vector v, ® v, ® v, with a < b. Then we have

RisRi3Ra3(0p ® Vg ® V) = qah ® Vg @ Vo + qa(q — ¢ )V @ vp ® Vg
+qo(q— ¢ )va ® v ® vy,

Ro3Ri3R12(0p ® Vg ® V) = oV ® Vg ® Vo + qa(q — ¢ )0 @ vp ® Vg
+(talg—q¢ ") +1)(q— ¢ ")va ® va @ vy

The right hand sides of the above equations are equal since
2 —1 o
Ga—dalg—q ) —1=0, Vael

We can similarly show that (4.9) holds when acting on the other basis vec-
tors.
This proves that R satisfies (4.9)).

(2). To prove the second part of the lemma, we only need to show that
(4.10) holds for the generators of Ugy(gl,,, ,,)-
For x = Ky, b € I, (4.10) is implied by

(v(Kp) @ v(Kp)) O =0 (v(Kp) @ v(Ky)),
as Ry clearly commutes with
(v @ V)A(Ky) = v(Kyp) @ v(Kp) = (v @ v)A(Kp).
The above relation can be proved by the following computation.

(v(EKp) @ v(K3)) © (v(K, ) @ (K, )
=101+ (q—q ")) v(E)eav(K, ) @ v(Ky)ear (K, )
c<d

=101+ (q—q ")) g et ™ ® g ieqq, ™ = ©.
c<d
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For x = e, we note that

Ry (v(ea) ® 1)Ro = v(eq) @ v(k, ),
Ry (v(ka) @ v(ea))Ro = 1@ v(ey).

Hence (4.10) for x = e, is equivalent to
O(v(eq) @v(ky) + 1@ 1v(eq)) = (V(eq) ® I/(k?;l) +1®v(e,))O.

Write Q = 3. eaqp @ epa; then © = 1® 1+ (¢ — ¢ 1)Q. The above equation
a<b
can be re-written as

ko — k1
q—q!

(4.12) v(eg) @ v ( > =—-Q(eq) dviks) + 1@ 1v(ey))

+ (v(ea) ® vk ") + 1@ v(ea)Q.
By using , we can easily show that
LHS of = €gat+1 @ (€aa — €at+1,a+1)-
To consider the right hand side, we note that

Q(v(eq) @ v(ky)) = Z €c,a+1 D €qc,

c;c<a
QU eved) = 3 car®eaarn,
d;d>a
(1®v(e))Q = Z a1 @ €qc,
c;c<a+1
(v(ea) @ vk 1))Q = Z €ad ® €d,a+1-
d;d>a+1

Using these on the right hand side of (4.12]), we obtain

RHS of " = €a,a+1 ® (eaa - ea—i-l,a—i—l)-

This proves (4.12]) in this case.
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To prove (4.10) for z = f,, we use

( (fa) (; ))R0:V<fa)®lv
RO ( v(fa))Ro = v(ka) ® v(fa),

to re-write it as

OW(fa) ® 1+ v(ky) @ v(fa)) = (W(fa) @ 1+ v(ke) @ v(fa))©

This is equivalent to

-1
(1.13) V<M>®V(fa) Qufa) @ 1+ (k) @ v(f))
) ® 1+ (k) @ ().

Similar calculations like those in the case of e, can show that both side of
the above express are equal to (€44 — €a41,a+1) @ €a+1,a- LThis completes the
proof. O

Let P: VRV —=VRV,v®v — v ®u for all v,v" € V, be the per-
mutation map, which can be expressed in terms of the matrix units as

P =5 eu ® epy. Define
a,b

(4.14) R:= PR.
The following result immediately follows from Lemma [£.8] and Example

Corollary 4.9. The matriz R is an invertible element of Endy, (g y(V®
V). It satisfies the Yang-Baxter equation

(4.15) (Ro1D(1@R)(R®1)=(19R)(R21)(1® R),
and the quadratic relation
(4.16) (R—q)(R+q¢ Y =0.

Proof. All the statements are clear from Lemma except the spectral
decomposition (4.16]).

By Example there are two simple submodules L; and L, in V ® V.
They are eigenspaces of R € Endy, g, )(V®V). We can determine the
eigenvalues by considering the action of R on the respective highest weight
vectors.
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Recall that the highest weight vector of L is v1 ® v1. It is immediate to
calculate R(v; @ v1) = qui ® v1.

The highest weight vector of L, is w = v; ® vg — ¢ lvg ® v1. We have
Ow = ¢ 2w, where w' = v ® v3 — qua @ v1. Now Row’ =w’ and Puw' =
—qw. Hence R(w) = —g~'w. This proves (4.16). O

Finally we return to the problem raised in the last section about iso-
morphisms of tensor product modules defined relative to A and A’. Recall
the definition of A"~V given in . We can similarly define AT The
following result is an easy corollary of Lemma [4.8

Corollary 4.10. Let (Ve , AT=D) (resp. (V& A'"DY) be the Ug(aln)-
module VO defined relative to AT~V (resp. A’(T_l)). Then (V& AU=1)
is isomorphic to (V& A’(T_l)) for any r > 2.

Proof. For r = 2, it is obvious from part (2) of Lemma |4.§| that the isomor-
phism is provided by the R-matrix. For r > 2, an isomorphism is given by
Ry Roy ... Ro1,. O

Remark 4.11. An interesting problem is the decomposition of V& for all

r. A first step in studying this problem is to understand the endomorphism

algebras Enqu(g[m‘n)(V@’r); see Remark for further discussions.

4.4. An example - representation theory of Ug,(sl2,1)
We treat the representation theory of Ug(sl2 1) in more depth here; in partic-

ular, an explicit basis will be constructed for each finite dimensional simple
module. The following result will be needed later.

Lemma 4.12. Let F := f1fo — qfafi. Then the following relations hold

(4.17) fF =q'Ffi, foF =—q 'Ff;, F*=0;

(4.18) 61F — F€1 = fgk‘l_l, €2F — F€2 = —qfle,

(4.19) fifr = KgF 71+ g fafF

Proof. The proof is straightforward; we omit the details. O

Now given any pair A := (A1, A2) of scalars \; € C(q) which are both
nonzero, let L(\) be the simple Uy(slp 1)-module with the highest weight
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vector vy such that
€U\ = O, ki’l))\ = /\i’l},\, 1= 1, 2.
It follows from Theorem [4.1] that

Lemma 4.13. The simple Uy(sly 1) module L(\) with highest weight A =
(A1, A2) is finite dimensional if and only if \y = £q¢° for some nonnegative
integer L.

Lemma 4.14. Let A = (A1, o) with A\; = £q° for some nonnegative integer
L. Then the simple Uy(sla 1)-module L(\) has dimension 4(£ + 1) if and only

if
(4.20) (e = q AN e = AgT) £ 0.
In this case, the following set of vectors forms a basis of L(\).

(4.21) ffos, faffos, Fffos, Ffaffoy, k=0,1,...,0

Proof. Note that dim L(\) < 4(¢ + 1) if and only if the vectors given in (4.21))
are linearly dependent. In this case, taking any nontrivial linear combination
of these vectors which vanishes, we may apply fs, F' or both to it to obtain

Ffaffouy =0

for some nonnegative integer ko < ¢, by using the facts that f7 =0 (see
[2.9)), foF = —¢"'Ff> and F? = 0 (see (£.17)).

By using the first relation in and also f2 = 0 again, we obtain
elngff"v)\ = ngelffov)\, and hence e’f“ngff"vA = ng(i’f“ {%U)\. By re-
peatedly applying the well known formula

1—k _ 3—1 k-1 ko —k
@22)  len = WA i (1= L
we obtain
kO
elfof{“’m = CkoUx, Chy = H[k]q[ﬁ +1—k|, #0.
k=1

Hence eIfOngffO'U)\ = ¢, F favy =0, i.e.,

(4.23) Ffyvy = 0.
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This is the necessary and sufficient condition for dim L(\) < 4(¢ + 1).

The vector F fov) is clearly not the highest weight vector. Thus it van-
ishes if and only if es F' fovy = e1 F fovy, = 0. The second condition is trivial
in view of the first relation in and the fact that f7 = 0. From the first

one, we obtain

Ao — Ayt
vi= (;q_QIF + q)\2f1f2> vy = 0.

Again this holds if and only if e;v = esv = 0. The second condition is always
true. The first leads to

(gA1 A2 — q_l)\flAgl)fgvA =0.
This holds if and only if
(gAiA2 — ¢ IATIAT Deafavn = (gAiAe — ¢ IATIATH (M2 — Aoy = 0.

Thus we conclude that in order for dim L(\) < 4(¢ + 1), the necessary and
sufficient condition is

(4.24) (gAiA2 — ¢ AT H (e = A =0.

This completes the proof of the first statement of the lemma. The second
statement easily follows. O
Call (4.24) the atypicality condition by adopting the terminology from the
representation theory of Lie superalgebras.

Lemma 4.15. Continue to assume that A\ = +q° for some nonnegative
integer £, and assume that the atypicality condition (4.24) holds. Then A
belongs to one of the following mutually exclusive cases: (a) Ao = £1, or (b)
Ao = +q AL

If X\ belongs to case (a), L(\) is 20 + 1 dimensional with a basis
(4.25) {flon, Fffoa|0<j <0 0<k <01},

If X\ belongs to case (b), L(X) is 2(€ + 1) + 1 dimensional with a basis
(4.26) {ffvx, faffox, Ffioa |0 <k < €},

Proof. The first statement is clear.
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To describe the structure of L(\), we recall from the proof of Lemma
that ngffv,\ = 0 for all £ > 0. What we need to sort out is the linear
dependence of the vectors F' f{“v,\ and fo f{“v,\. We consider the two cases
separately.

In case (a), we have fov) = 0. This leads to fi fouyx = Fuy + qfaefivn =0,
that is,

Foyx = —qfafiva.
More generally, we have the following relation for all k > 0,

k+1

(4.27) Ffluy, = _hfgff“w, k>0,

which we prove by induction on k. Note that the first relation in (4.17]) and
the definition of F' respectively lead to lef{l“*1 =q¢ 'Ff; and flfgff =
FfE 4 quffﬂ. Assuming (4.27)) holds for k — 1, we have

k

g ' Fffoy = —L(F+ afof1) ffoa.
[k]q

Moving the term —%F fFvy on the right hand side to the left and using

q 'k + ¢* = [k + 1], we obtain ([4.27).

The relation (4.27)) shows that the vectors in (4.25)) span L(\).

If we also have £ =0, then fivy =0 and hence Fuvy =0. If £ >0, we
have

ko — Kyt
eaFvy = _qulfﬂ’)\ = —qfivx # 0,

e1Fvy = —qfaer fion = —qll]gfovy = 0.

Furthermore, ki Fvy = ¢/~ 'Fvy. Hence Fuy is a highest weight vector of
the Uy (slz) subalgebra with highest weight +¢‘~!, which generates the (-
dimensional simple Uy,(sly)-submodule with basis vectors FfFvy for k =
0,1,....6—1.

This in particular shows that the set B! := {Fffvy |0 <k </ —1} is
linearly independent. It is clear that B? := {ffvy | 0 < k < £} is also linearly
independent. The ko eigenvalues of the vectors in B! are the negatives of
those in B%\{v,}, hence the two sets are linearly independent. This proves
that is a basis of L(A).

Now we consider case (b).

If £ =0, it is easy to see that L(\) has a basis {vy, favx, Fuy = f1favr}.
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Assume ¢ > 0. Then ex F fovy, = 0leads to [(],Fuy = q ! fafivs. A similar
inductive proof as that for (4.27) shows that

(4.28) [0 — k| F ffoy = ¢ fafiloy, k=0,1,...,0—1,

where the vector on the right hand side is clearly nonzero. In particular, for
k=4{¢—1, we have Fffflm\ = q_lfgffm\. This leads to Fffw\ = flfgffm.
The right hand side is nonzero, as
erfifafios = £([0 = o fof{ + (o fiof{)vr
= ([t = o fofi + [AF i7" + [lgafofor
= ([ = g + (¢ + ¢ )[lg) fafivr # 0.

We have now proved that the vectors in (4.26]) are all nonzero and span
L(X). They are linearly independent by similar weight considerations as in
case (a).

This completes the proof of the lemma. O

5. Invariants of the degenerate quantum general linear group
5.1. Some invariant theory

Recall that the antipode S of Uy(gl,, ) is an algebraic anti-automorphism,
thus its square is an automorphism. It satisfies

S%(Ky) = Ky,  S%(eq) = kaeaky 'y S*(fa) = kafak,, VYaecl, bel.

Lemma 5.1. The square of the antipode of Uy(gl,,,,) is an inner auto-
morphism, namely, there exists an invertible element Ka, € Uy(gl,,, ) such
that

(5.1) S*(z) = Kypz Ky, Vo € Uy(gl,, ).

Such a K, can be constructed as follows:

Kl if m+n is even,
(5.2) )y = { 20 U

KépK’, otherwise,
with

m n

m n

o | | m—n+1—2a m+n+1-2u ’_ -1

Ky = Kq H Ko f , K= ] [ Ka H Kot
a=1 pn=1 a=1 pn=1
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Proof. Since S? is an algebra automorphism, we only need to prove that with
the Ky, constructed, equation holds for all the generators of Ugy(gl,, ,,)-
It is obvious that holds for all K. We can also easily prove that
holds for all e, and f, with a # m by noting that

Kb yeaK's) = kaeaky ', Kb faK's) = kafaky ",

KeK' ' =eq, Kf.K ' '=Ff, atm.
To consider e, and f,,, we note that

KépemK’Z—pl = fl-m-ne p-ltmen _ (_qymently
Képme/;pl = krl,;mfnfmkrlem*" - (_1)m+n+1fm’
K'emK' ™" = kmemk ' = —em,
K f K™ =k fnkin! = = fm.
Hence szemK§1 = —e, = k‘memk;zl, and Kgpme;; -, = k‘mfmk;ll.
This completes the proof of the lemma. 0

Let M be a finite dimensional U,(gl,,, ,,)-module, and denote the associ-
ated representation by 7 : Uy(gl,, ,) — Endc(q)(M). We have the following
quantum adjoint action of Ug(gl,, ,,) on Endg) (M)

Uq(aly,,) ® Endeg) (M) — Endg(g) (M),

2 ® A ady(A) =Y w(z))An(S(z)),
(z)

where we have used Sweedler’s notation A(z) =3,y (1) ® S(z(z)) for the
co-multiplication. The endomorphism algebra of M over Uy(gl,, ) is

{A € Endgg)(M) | m(z)A — An(x) = 0, Vo € Uy(gl,,n)}

which we denote by Endy, (g1, (M).
Define the quantum trace on End¢ (g (M) by

(5.3) 7y : Ende) (M) — C(q), A tr(n(Kzp)A),

where tr is the trace over M.
The following lemma follows from simple facts in the theory of Hopf
algebras.

Lemma 5.2. Keep notation above.
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1) An element A of Endg ) (M) belongs to Enqu(g[m)n)(M) if and ony if
ad;(A) = e(x)A, Vz € Uy(gl,,,)-
2) The quantum trace Ty is ad-invariant in the sense that
Tm(adz(A)) = e(x)Tam(A), Vo € Uy(gly,,), A€ Endgg)(M).

Proof. The proof of the lemma is simple but worth knowing.
Consider the first statement. If A € Endy, (g (M), we have

ady(A) =Y () An(S(ze) = Y m(zn)m(S(z@))A = e(2)A,
(x) (z)

for all x € Uy(gl,, ). To prove the opposite direction, we note that for any
A € Endg(g) (M), the defining properties of the antipode leads to

z)A = Zadmm m(x(9), V€ Uglgly,)-

If ad;(A) = e(x)A for x € Uy(gl,,, ,,), then

Hence m(z)A — Am(z) =0, and A € Endy, (g, )(M). This proves the first
statement.
To prove the second statement, we note that

Ztr m(Kop)m(2 (1)) AT(S(2(2))))

—Ztr 2(20)))7(Kap) An(S(z ). (by (1))
(z)

Using the cyclic property of the trace, we can rewrite the right hand side as

Ztr T(Ka2p) Am(S(2(2))T(S*(2(1))))-

Since S is an anti-automorphism, this can be rewritten as

Ztr m(K2p) A(S(S (2(1))2(2)))),
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which is equal to e(x)tr(m(Kap)A) = e(x)Tar(A) by the defining property
(2.10) of S. This completes the proof. O

Denote by idys the identity map on the Uy(gl,, ,)-module M. Let
dimg (M) = mar(idar),

and call it the quantum dimension of M. It is always well defined for finite
dimensional Uy(gl,,, ,)-modules.

Example 5.3. The quantum dimension of V = C(q)"™*™" is given by

[m —mnlg, if m+nis even,

dimy (V) = {

qlm —nlq, otherwise.

Let Vi and V5 be Ugy(gl,, ,,)-modules, and denote by 7; : Uy(gl,, ,) —
End(c(q)(Vi) with ¢ =1,2 the corresponding representations respectively.
Then Vi ® Va forms a Uy(gl,, ,,)-module with the associated representation
given by (m1 ® m2)A : Ug(gl,, ,,) — Endg(g) (Vi @ Va).

The following result can be deduced from [28, Propositionl].

Theorem 5.4. Keep notation above. Define the linear map
P . End(c(q)(Vl ® VQ) — EndC(q)(Vl), I'— (ld ® 7—\/2)(1—‘)’

where id is the identity map on Endg(g)(V1). If T' € Endy, (g (VI @ V2),
then ®(I') € Endy, (g1, (V1) '

Proof. Note that I' € Endg(g) (Vi ® V2) belongs to Endy, g, (Vi ® V2) if
and only if for all € Ugy(gl,, ),

(5.4) Z(m & 7T2)A(:L‘(1))F(7T1 & WQ)A(S(SL‘(Q))) = E(IL‘)F.
(2)

The left hand side can be rewritten as

> mi(za)) @ mo(ze)Tm (S () ® m2(S(2e)).
(z)

Applying @ to it and using Lemma we obtain
D miza))e(@e@)@M)m(S(zm)) = > mi(zm)T)m(S(z @)
() (z)

— ad, (®(T).
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Hence ® maps (j5.4)) to
ady(®(T)) = e(x)®(T'), Va € Uy(gl,n)-

This implies that ®(I') € Endy, g1, (V1) O
Remark 5.5. Lemma [5.3] and Theorem [5.4] are true for any Hopf algebra
with the square of the antipode being an inner automorphism.

5.2. Relationship to the Hecke algebra

It is well-known that any R-matrix satisfying the Yang-Baxter equation
leads to a representation of the braid group, and under favourable condi-
tions, a topological invariant of link invariant can be constructed from the
representation. We now construct a link invariant from the R-matrix given
by .

Recall that the braid group B, on r strings is generated by b1, b, ..., b._1
subject to the relations

bibj = bjbi, if ’Z —]| > 1,
bibi+1bi = bi+1bibi+1, fori<r—1.

It has the chain of subgroups By < B3 < -+ < B,_1 < B,, where Bj_q is
the subgroup of By generated by b; with 1 <7 <k — 2.

A closely related algebra which will be relevant here is the Hecke algebra
H,(q) of type A, which is generated by T; with i = 1,2,...,7 — 1 subject to
the relations

LT =TyT, iffi—j| > 1,

TTinTi =Tima TiTiva,

(Ti—a)(Ti+q") =0.
It is isomorphic to the quotient of the group algebra C(q)B, of B, by the
two-sided ideal generated by (b; — q)(b; + ¢~ 1) for all i. We denote by . :
C(q)B, — H,(q) the canonical surjection.

Write E,. := Endy, (g (V). Recall that the R-matrix given by (4.14)
belongs to Fa. The proof of the following result is routine.

Proposition 5.6. The following map defines a representation of the group
algebra of the braid group B,

v : C(q)By — Er, vp(by) =id2 Y @ R a7,



1412 J. Cheng, Y. Wang, and R. B. Zhang

It factors through the Hecke algebra H,(q), that is, we have the following
commutative diagram.

Proof. Since R € Fy, we have v,.(b;) € E, for all i. The R-matrix satisfies the
Yang-Baxter equation (4.15]), hence it immediately follows that v, defines a
representation of the braid group. By equation (4.16|),

(5.5) (v (b)) — @) (v (b)) +q7 1) =0, Vi.

Thus this braid group representation factors through the Hecke algebra
H,(q). O

Remark 5.7. A natural question is whether E, = v,.(C(q)B,). The anal-
ogous question has an affirmative answer for the ordinary quantum gen-
eral linear group (see, e.g., [I1], 13]) and quantum general linear supergroup
[14, 27, [30], and we expect the same answer in the present case.

5.3. An application — the HOMFLY polynomial

Hereafter we assume that m # n, thus dimy (V') # 0. For each r, we define a
map

" (v ()

(5.6) ¢r: B — C(q), b dimy (V)

For any b in the subgroup B,_1 of B, generated by b; for 1 <i <r —1, we
have

¢r(b) = ¢r—1 (b)

The following result is an analogue of [28, Proposition 3] (see also [15)],
18, 23]).
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Theorem 5.8. The maps ¢, have the following Markov properties
I. ¢ (b)) = ¢.(b'D), vb,b' € B,,

II. ¢p(bb—1) = m%(b)’

(ﬁr(bb;—ll) = d

m@(b), be B,_1 < B,.

Thus they give rise to topological invariant of framed links, which is the
HOMFLY polynomial.

Proof. If we can prove that maps ¢, have the Markov properties, then they
give rise to a link invariant. Now leads to a skein relation which is
the same as that defining the HOMFLY polynomial of framed links [§] with
m — n as the additional parameter.

The proof of the Markov properties of ¢, is rather standard [28], Propo-
sition 3] (except the computation of the scalar factors in part (2)), thus we
will only give an outline of it here.

Since R € Endy, (g, )(V @ V), we have v,(b) € Endy, g, (V") for
any b € B,. This in particular implies that v,(b) commutes with v(Ks,)%".
Hence the cyclic property of ¢, (i.e., property I) follows.

It follows from Theorem that (idy @ 7v)(R*) = y4idy for some
scalars v4. Hence property II follows but for the scalars ﬁ. Now we
need to show that

o q:l:(m—n)

dim (V) ~ [m —n]’
Note that 4+ can be computed as follows. Foreachd € I = {1,2,...,m +

n}, introduce the projection operator p; : V- — C(q)vg, and consider

(pc ® pdV(KQp)) Ril(vc & Ud) = ,Bcid’l)c & vg,

where ﬁfd are scalars. Then v+ =),/ Bcj;, which are independent of c.
Direct calculations using the explicit formula for R yield

gt — " 41, if m + n is even,
1d g™ "4, if m 4 n is odd.

m—n

Hence in both cases, we have din?Jr(V) = [q — Similar computation leads
q q
to

8- "0 et if m + n is even,
m+n,d q—m+n+15d7m+m if m + n is odd.
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,\/_ - —m+n
Hence T, (V) = [m=nl.”
This completes the proof of the theorem. O

Remark 5.9. The above construction of link invariants can be generalised
to the m = n case by using methods developed for quantum supergroups in
[15] 23].

6. Comments

In this final section of the paper, we comment upon a possible generalisation
of the results to other classical Lie algebras, and point out some similarities
between degenerate quantum groups and quantum supergroups.

6.1. Degenerate quantum groups of other types

Recall that the definition of a Drinfeld-Jimbo quantum group can be simply
encoded in the Dynkin diagram of the corresponding Lie algebra. We can
also mimic this for the degenerate quantum group Ug(sly, ). This will then
suggest a possible generalisation of Uy(sl,, ») to degenerate quantum groups
of other classical types.

Draw ¢ nodes ordered from left to right, and colour all nodes white
except for the m-th one, which is grey. If we connect the neighbouring nodes
by one line, we obtain a generalised Dynkin diagram of A type in Figure
We can similarly draw generalised Dynkin diagrams of B, C' and D types,
as shown in Figure [2] Figure [3] and Figure [ respectively.

Consider the generalised Dynkin diagram of type X, which has ¢ nodes
with the m-th one coloured grey. The following three subdiagrams are par-
ticularly relevant for our discussion below: the subdiagram on the left side
of the grey node, which is a Dynkin diagram of type X,,_1; the subdiagram
on the right side of the grey node, which is a Dynkin diagram of type Ay_.,;
and the subdiagram consisting of the grey node and its two neighbours.

For the purpose of illustrating the general ideas, we assume that m > 3
if X=B,C, and m >4 if X = D. Then the degenerate quantum group
associated with the generalised Dynkin diagram X is generated by ¢ sets of
generators e;, f;, kiﬂ, each set corresponding to a node in the diagram, such
that

(a) the generators e;, f;, k:iil commute with ej, f;, kj.tl if the i-th and j-th
nodes are not directly connected;

(b) {ei, fi, k:iil | 1 <1i < m} generates the quantum group Uy (X,,—1);



Degenerate quantum general linear groups 1415

m — 1 m + 1 Y4

O O—O—@—O——0

Figure 1: Degenerate quantum group of type A.

Figure 2: Degenerate quantum group of type B.

Figure 3: Degenerate quantum group of type C.

1
> e c kol :
2

Figure 4: Degenerate quantum group of type D.

(c) {e, fi, k;ﬂ | m+1 <1i< ¢} generates the quantum group U,(As_p,)

with p = —¢71;
(d) {es, fi,kgﬂ | i =m,m £ 1} generates the degenerate quantum group
Uy (slz,2);

where, if £ = m, we replace (d) by

(d) {ei, fi,kii1 | i=m —1,m} generates the degenerate quantum group
Uq(ﬁ[g,l).

Slight modifications of the above are needed for small m, which we will
discuss in a future work, where we will develop a systematic theory of de-
generate quantum groups of all finite and affine Kac-Moody types.

Remark 6.1. Even though the generalised Dynkin diagrams given here
formally look the same as the Dynkin diagrams of the classical series of Lie
superalgebras, they have totally different meanings from the latter.
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6.2. Similarities with quantum supergroups

It is clear that the degenerate quantum general linear group Ugy(gl,,,) is
very different from the usual quantum general linear group Uy(gl,,1,,) [11]
as Hopf algebras. It is also quite different from the quantum general linear su-
pergroup Uq(g[m|n), as the latter is a Hopf superalgebra. In fact, Remark
implies that Ug(gl,, ,,) is not the “deformation quantisation” of any univer-
sal enveloping algebra. Nevertheless, there are many similarities between
Uq(gly, ) and Ug(gl,,),). For example, their definitions both require quartic
Serre relations, which differ only in details; the parabolic decomposition of
Uq(gl,, ) given in Proposition resembles that of Ug(gl,,),,) given in [25];
and the parametrisations of their finite dimensional simple modules are also
similar (see Remark [4.2)).

It will be very interesting to determine whether there is a precise connec-
tion between the Hopf algebra Uy(gl,, ,) and Hopf superalgebra U,(gl,,,,)-
We hope to investigate this in a future work. This may require a change of
the foundation to study Hopf algebras over braided tensor categories [17],
so that Hopf algebras and Hopf superalgebras are put on equal footing. If
any connection exists between Ug(gl,, ) and Ug(gly,p,), it is likely to be in
the form of the quantum correspondences studied in [20, 24}, 26].
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Appendix A. Proof of Lemma [3.5
We consider the Hopf algebra ﬁq(g[myn) defined in Lemma H Here
Em_17m+2, Em+2,m_1, Em_17m+1 and Em+1,m—1 are all elements in Uq(g[mm),

which are defined immediately before the statement of Lemma The re-
sults obtained in this appendix are used in the proof of Lemma [3.5

A.1. Some commutation relations

We have the following result.
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Lemma A.1. The following relations hold in ﬁq(g[mm).

(A.1) [frns Em—tmt1] = —em—1kmdy '

(A.2) 1y Bm—1ms1] = emky, by,

(A.3) [fms Em—1,m+2] =0,

(A.4) [fm—1, Bm—tmr2] = Brmy2knt 1,

(A.5) i1 Bmtmt2] = =Bm-tmi1kmi10,4 1,

—1
where Emm+t2 = €m€m+1 — Gy 1€m+1€m-

Proof. The following computation proves all the relations except the fourth
one.

kp — kit k= k!
_[fmaEm—l,m+1] = 6m—lmiTl - qm 7_1€m 1
dm — dm dm — dm
= em—lkm%;la
km—l - k_l 1 km—l - k;ll,l
[fm 1, Em— 1m+1] = —1 4y e 1
m—1 — Gm_q dm—1 — Gm_q
= _emkml 1

—1
_[fmaEmfl,m+2] = 611’L71kmqm Em+1 — qm+1em+16m lkmqm

km—i—l — k!
m—+1
_[fm-l—la Em—l,m+2] = Em—l,m—l—l—,l

-1 km—i—l k;ﬂ_lE
— qm+1—

—1,m+1

= m—l,m+lkm+lqm+1-
To prove the fourth relation in the lemma, we note that
-1
Em—l,m+2 = em—lEm,m+2 — 4 Em,m+2em—la

which immediately follows from the definition of E,,_1 2. Thus

Fm—1 — k! _ 1 — kb
—[fm—1, Em—1,m42] = m—mlEm m42 — qmlEm,erzm—Tll
Qm 1 — C]m 1 qul — qul

= _Em7m+2km— 1

This completes the proof. O
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A.2. Proof of (3.12) and (3.13)

Proof. Let us prove (3.12)). This is done by straightforward calculations,
which, however, are very lengthy, thus are separated into smaller parts.
(a). Calculation of A(Ep,—1,m+1)-

A(Em—l,m—i-l) = Em—l,m+1 & km—lkm +1® Em—l,m+1
+(1- q_2)em ® em—1km.

(b). Calculation of A(Ep,—1m+2).
We have

A(Ep—1mt2) = A Em-1m+1)A(ems1) = p Alems1) A(Em—1,m+1)-
The two terms will be calculated separately by using the result of part (a).
A(Em-1,m+1)A(em+1)

= Em-1m+16m+1 ® km—1kmkmi1 +1® Em_1mi1€ma1
+ emt1® Em—1mi1kms1 + 0 " Eme1mi1 @ ems1km—1km
+ (1= g ?ememi1 @ em—1kmkmi1
+p M1 =g Hem @ em_16ms1km;
Alem+1)A(Em—1,m+1)
= em+1Em—1,m+1 @ km—1kmkmi1 + 1 ® emy1 Em—1m+1
+ 0 temt1 ® Em—1mi1kmt1 + Em—1mt+1 ® ems1km—1km
+ (1= ¢ Demsirem @ em_1kmkmet
+ (1 =g Hem ® em_16ms1km.

Combining these results, we obtain

A(Em-1m+2) = Em—1,m+2 @ km—1kmkmi1 + 1@ En_1,my2
+ (1= ¢emt1 ® En—1mi1kmi1
+(1- qiz)Em,m+2 ® em—1kmkmi1.
(c). Calculation of A(QT).

We have A(QT) = A(em)A(Em—1,m+2) — A(Em—1,m+2)A(em). Let us
denote

M .= Em—l,m+2 X km—lkmkm—i-l +1® Em—l,m+2,
W:=(1- q2)6m+1 ® Em—1,m+1km+1
+ (1 - q72)Em,m+2 X em—lkmkm-l—l-
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Then A(Ep—1m+2) = M + W by part (b), and hence
(A.6) AQ) = Alem)(M + W) — (M + W)A(en).

Observe that k,, commutes with Fy,_1 42, and ky,—1kmkm1 with eg,.
Thus

(A.7) Aem)M — MA(en) = [em, Em—1m+2) @ km—1k2 kmi1
+1® [ema Em—l,m+2]
= QT @ kmrkykmy +10 Q7.

It is straightforward to obtain

Alem)W = q_l(l - q_2)emEm,m+2 ® €m71k%1k'm+1
+(1- q*Q)Emerg ® emem—1kmkm+1
+ (g = g "ememi1 ® Em—1ms1kmkmit
+(1- q2)em+1 ® emEm—1,m+1km+1,

WA(en) =(1— q2)em+16m ® Em—1,m+1kmkms1
+q(q* = )emt1 @ Em—1m+1€mkmi1
+ (g — qil)Em,m_A'_Q ® em—1mkmkma1
+(1- q_Q)Em,mHem ® em,lk‘znk:mﬂ.

These results lead to

Ale )W — W A(enm)
=(1- q_2)(q_lemEm,m+2 - Em,m+2em) ® emflk"?nk’erl
+(1- q2)em+1 ® (emEm—1,m+1 + ¢Em—1,m+1€m)km+1
+ (=0 ) Emme2 ® (¢ emem—1 — em—16m)kmkmi1
+ (¢ —q ") (ememi1 + gemi16m) © Em—1mi1kmkmi
Since q_lemEm,erg — Epmy2em =0 and e, By 1 mi1 + ¢Em—1,my16m =
0, the first two terms on the right side vanish independently; by the defi-

nitions of Ey, ;12 and Fy,—1 my1, the last two terms cancel out. We arrive
at

(A.8) Alem)W —WA(en) = 0.
Now using (A.7)) and (A.8]) in equation (A.6]), we immediately obtain
AQY) = QT @ kmrkikmi +10 Q.
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This completes the proof of equation (3.12)).
Equation (3.13]) can be proved similarly; we omit the details. O
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