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One of the general strategies for realizing a wide class of interact-
ing QFTs is via junctions and intersections of higher-dimensional
bulk theories. In the context of string/M-theory, this includes many
D > 4 superconformal field theories (SCFTs) coupled to an IR free
bulk. Gauging the flavor symmetries of these theories and allowing
position dependent gauge couplings provides a general strategy for
realizing novel higher-dimensional junctions of theories coupled to
localized edge modes. Here, we show that M-theory on singular,
asymptotically conical G2-holonomy orbifolds provides a general
template for realizing strongly coupled 5D bulk theories with 4D
N = 1 edge modes. This geometric approach also shows how bulk
generalized symmetries are inherited in the boundary system.
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1. Introduction

A general theme in much recent work in high energy theory are bulk /
boundary correspondences. For example, the anomalies and the global struc-
tures of D-dimensional quantum field theory can be understood in terms of
D + 1-dimensional topological field theories, and in many cases this can be
used to obtained important information on both the symmetries as well
as degrees of freedom localized as “edge modes” of a system (see e.g.,
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] for a partial list of references). More
broadly, this has of course been an important theme in the study of a wide
variety of systems, ranging from condensed matter phenomena, to quantum
gravity / holography. It is also the template for engineering a wide vari-
ety of quantum field theories in string / M-theory, where the QFT degrees
of freedom are localized excitations in a higher-dimensional gravitational
theory.

In this latter context one usually considers special kinds of singularities,
which could be in the metric and/or field profiles of the bulk supergravity
theory, or via the presence of brane probes / solitonic objects. In many cases
of interest, the global symmetries of various QFT excitations are then real-
ized in the higher-dimensional bulk system either via pure geometry or via
additional higher-dimensional “flavor branes”. Giving a uniform character-
ization of such symmetries is an important question, especially in systems
that evade conventional Lagrangian descriptions, and there has recently been
much progress in understanding various generalized symmetries in this, and
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related settings.1 Especially in the context of QFTs which resist a conven-
tional weakly coupled Lagrangian description, the characterization of bulk
/ boundary correspondences, and the associated symmetries often relies on
structures which can be extracted from the extra-dimensional geometry of
a string compactification.

At this point it is worth noting that a large number of stringy real-
izations of QFTs can be reinterpreted as degrees of freedom coupled to a
higher-dimensional bulk QFT. The lower-dimensional system can arise from
intersections, i.e., the local geometry of each bulk QFT is supported on a
copy of Rn). It can also arise from junctions, i.e., the QFT is supported
on a manifold with a corner / edge which is locally of the form Rm × Rn

≥0,
which is then glued to other QFTs supported on manifolds with corners /
edges. To give a few examples, 6D conformal matter arises as an M5-brane
probe of 7D Super Yang-Mills (SYM) theory, but can also be realized as
the intersection of 7-branes in F-theory [149, 150], and the 5D TN theory
(see e.g., [151]) realized via M-theory on C3/ZN × ZN can be viewed as a
trivalent junction of three 7D Super Yang-Mills theories. Many other exam-
ples are known, but the general property they all share is a QFT realized
as a defect in a bulk system. This should not surprise our readers: it is in a
sense a generalization of the standard “intersecting branes” picture heavily
used in the string / M-theory realization of many quiver gauge theories. Of
course, branes and geometrical singularities are often dual to one another,
with the difference that geometrical singularities have access to a slightly
broader spectrum of degrees of freedom, including some which do not admit
perturbative descriptions.

In this regard, a natural starting point is to consider a bulk system
which is itself a D > 4 interacting conformal field theory (CFT). Higher-
dimensional supersymmetric conformal field theories (SCFTs) do not have
exactly marginal deformations [152, 153] and therefore we can think of them
as intrinsically strongly coupled (meaning that they cannot be reached by
perturbations of a Gaussian fixed point): these systems are known to pro-
vide a rich class of new phenomena in the study of supersymmetric QFTs

1For a partial list of recent work in this direction see e.g., [14, 15, 16, 17, 4, 18,
19, 20, 21, 22, 23, 24, 5, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40,
41, 42, 43, 44, 8, 45, 46, 47, 48, 49, 6, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61,
62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 9, 79, 80, 81, 82, 83,
84, 85, 86, 10, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 11, 100, 101, 102, 103,
104, 105, 106, 107, 108, 109, 110, 111, 112, 12, 113, 114, 115, 116, 13, 117, 118, 119,
120, 121, 122, 123, 7, 124, 125, 126, 127, 128, 129, 130, 131, 132, 133, 134, 135, 136,
137, 138, 139, 140, 141, 142, 143, 144, 145, 146, 147] and [148] for a recent review.
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(SQFTs). From this starting point, we can ask whether, when viewed as a
bulk theory, intersections as well as junctions will support localized degrees
of freedom along lower-dimensional spaces. Our main focus will be on 4D
N = 1 edge modes coupled to 5D interacting bulk theories, but clearly there
are many natural generalizations one might contemplate.

The study of this question from a bottom up perspective is quite chal-
lenging. First of all, even finding vacua which retain 4D N = 1 supersymme-
try is by no means guaranteed. Additionally, compared with the cases of an
IR free bulk, we can expect that there will be 4D/5D couplings which do not
permit a decoupling limit. In this sense, the 4D theories thus constructed
are better viewed as localized degrees of freedom inside a strongly coupled
bulk theory. Indeed, one expects on general grounds that the resulting 4D
theory generically supports interacting degrees of freedom deep in the IR,
and as such, is scale invariant. On the other hand, the presence of couplings
to the bulk means that it does not have a well-defined stress energy tensor,
and so is not quite a conformal field theory in its own right; it is better
viewed as providing localized defect modes. To emphasize these points, we
refer to these 4D systems as “quasi-SCFTs”.2

Our aim in this paper will be to provide a broad template for engineer-
ing such theories using the geometry of M-theory on singular G2-holonomy
spaces. We remind the reader that 7-dimensional G2-holonomy spaces are
models for the seven extra dimensions in M-theory and give rise to phys-
ical theories in four spacetime dimensions, see [154] for a review. In such
a framework, much of the interesting physics is localized near very special
kinds of singularities in the seven extra dimensions, e.g., codimension four
orbifold singularities give rise to non-Abelian gauge symmetries [155] and
particular codimension seven conical singularities support chiral fermions
[156]. We will utilize the fact that many known, complete, non-compact G2-
holonomy spaces have orbifold singularities and thus, given such a space
X it comes readily equipped with a configuration of intersecting codimen-
sion four, six and, sometimes, codimension seven singularities. X typically
contains a closed compact submanifold, M , whose volume can be varied
and in the limit where M shrinks to zero size, X develops a conical sin-
gularity and these QFT sectors are instead supported on manifolds with
corners, so are best viewed as specifying junctions of theories rather than
just intersections. As we will see from examples, the configurations that
can arise are quite rich and elaborate and would have been difficult to en-
vision without the foresight provided by M-theory. By instead considering

2To the best of our knowledge, this usage is compatible with related phenomena
encountered in purely field theoretic settings.
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Type IIA or IIB theory on such spaces one obtains three-dimensional theo-
ries.

Our main illustrative examples involve taking singular limits of geome-
tries obtained from discrete quotients of smooth G2-holonomy manifolds.
We mainly focus on the original examples of Bryant and Salamon [157]
where X is the bundle of anti-self-dual 2-forms over S4 or CP

2, namely
X = Λ2

ASD(S
4) or X = Λ2

ASD(CP
2). Taking a quotient X/Γ with Γ a finite

subgroup of the isometries of X will, in general, result in an orbifold with
various singularities localized on codimension four, six and seven subspaces.
In the limit where the S4 or the CP

2 4-cycle in the orbifold is of infinite
size, each of the codimension six singularities can be viewed as engineering
a 5D SCFT with flavor symmetries controlled by 7D SYM sectors localized
on codimension four orbifold loci. In the limit where the S4 or the CP

2 are
of finite size, we find 5D SCFTs localized at special points (e.g., the North
and South poles of the S4), with certain subgroups of their mutual flavor
symmetries diagonally gauged due to the finite volume of the 4-cycle. This
gauging procedure only preserves 4D N = 1 supersymmetry because the
coupling itself depends non-trivially on the position with the radial direc-
tion of the G2 cone. This procedure also lifts some of the directions of the 5D
moduli space: blowup moduli of the local Calabi-Yau (used to define each
5D SCFT) do not survive in the local G2 geometry. In the limit where the
4-cycle collapses to zero size, these 5D SCFT sectors form a configuration
of junctions supported on real half-lines R≥0.

In field theory terms, these geometries provide a general method for
engineering rather complicated bulk systems with localized defect modes.
Implicit in our considerations is the choice of specific boundary conditions
for the bulk modes near the defect. This implicit choice amounts to triv-
ial boundary conditions (i.e., no bulk field profiles switched on) as we ap-
proach the boundary. One could in principle consider introducing further
non-geometric decorations such as “T-brane data” (see e.g., [158, 159]), but
we defer this possibility to future investigations.

In this setting, then, we can use geometry to study some basic features
of the 4D localized defect modes. For example, since we have an explicit
group action, we can use this to identify the non-Abelian (zero-form) flavor
symmetry algebra from the singularities which extend out to the boundary
of our G2-holonomy space. In the S4 case, which we use as our main running
example in the paper, X is a metric cone over ∂X = CP

3 when the S4 is
contracted to a point, and the group action naturally extends to a quotient
space CP

3/Γ. Viewing the bulk 5D SCFTs as the junction of 7D theories,
the resulting 4D theories can also be viewed as a junction of 7D systems (see
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Figure 1: Example of a 4D N = 1 quasi-SCFT obtained at a junction of
four 7D theories, labeled A, B, C, and D above.

Figure 1). This helps to illustrate that there is a non-trivial bulk / boundary
coupling since a dynamical modulus field (associated with the size of the S4)
triggers a spontaneous breaking of the flavor symmetry which is present in
the collapsed limit.

The topology of the boundary geometry allows one to understand more
refined structures, such as the global form of the non-Abelian flavor symme-
try group (0-form symmetries), discrete higher-form symmetries, as well as
possible higher-group structures which entwine these structures. Compared
with other examples in the literature which have analyzed related phenom-
ena (see e.g., [18, 26, 31, 30, 160, 84, 85, 86]), the way in which defects get
screened is a bit more subtle because the 4-cycle at the tip of the cone is
not a genuine cycle in the boundary.

That being said, we find that the boundary topology still accurately
accounts for the higher-symmetries both of the bulk 5D SCFT sectors as
well as the 4D quasi-SCFT sector.

Asides from quotients of the form Λ2
ASD(S

4)/Γ, we also consider the 4D
theories that arise from complete Bryant-Salamon metrics on G2-holonomy
spaces of the formX = Λ2

ASD(M) whereM is a compact self-dual Einstein 4-
orbifold as in the case M = WCP

2 or the more general examples discussed
in [156]. We show the latter to give rise to a rather intricate generalized
polygonal quiver structure.
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The main new features of the resulting systems we obtain are the fol-
lowing:

• Position dependent couplings. Often the codimension 4 loci associated
to 7D gauge theories have the topology of S2 × R≥0, where S2 varies
along the R≥0 direction, corresponding to the G2 cone radial direc-
tion. We interpret these as a position dependent gauge coupling for
the various 5D SCFTs involved, effectively breaking 5D Lorentz in-
variance. This gives rise to novel types of generalized quivers, where
the conformal matter is 5D, but the gaugings involve position depen-
dent couplings.

• Quasi-SCFTs. For most of the 4D / 5D systems, we see that they arise
from junctions of 5D SCFTs along a common 4D subspace. The bulk
theories are strongly coupled, and so we expect the edge modes to also
support interacting degrees of freedom. As the edge modes do not fully
decouple from the bulk, we call them quasi-SCFTs;

• Symmetry inheritance.When extended charged bulk operators can end
on the edge, the interacting edge mode theory inherits the correspond-
ing higher-symmetry (with a corresponding shift in degree);

• Symmetry breaking. For the 4D / 5D systems corresponding to G2

cones, we can track spontaneous symmetry breaking by comparing the
symmetries of the singularity link, with the symmetries of the resolved
singularity.

The rest of this paper is organized as follows. In Section 2 we explain
how a number of known geometrically engineered SCFTs can be viewed as
localized modes of a higher-dimensional bulk system. After this, in Section 3
we turn to a detailed analysis of orbifolds of the form X/Γ where X =
Λ2
ASD(S

4). We then illustrate some of the theories obtained in this way
in Section 4. In Section 5 we study some of the generalized symmetries
of these quasi-SCFTs. In Section 6 we give examples of interfaces arising
from additional explicit examples of more general G2-holonomy cones. This
includes examples with a closed polygonal generalised quiver structure with
an arbitrary number of nodes. We present our conclusions in Section 7.
Some additional technical details on the higher-symmetry computations are
deferred to the Appendices. This includes a brief discussion of continuous
k-form symmetries, more general quotient spaces, as well as a number of
additional details on various homology group calculations.
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2. Geometric engineering of bulk / boundary systems

To frame the analysis of G2-holonomy orbifolds to follow, in this section
we reinterpret a number of well-known D ≥ 4 supersymmetric theories as
defects in a higher-dimensional system of bulk QFTs. There are two generic
cases we can expect to encounter. In the first case the localized degrees of
freedom decouple from the bulk, in this situation we reach an SCFT. In the
second case the bulk couples non-trivially to the interface, so that we really
have a quasi-SCFT, i.e., it cannot be defined without also referencing the
bulk.

2.1. Engineering SCFTs and quasi-SCFTs

Here we want to consider some general features of geometric engineering of
a given quantum field theory via a suitable background in string / M-theory.
We therefore introduce the notation S and DS where S is a shorthand for
IIA, IIB, M and DS is the corresponding spacetime dimension.

To geometrically engineer a quantum field theory, we specify a non-
compact d-dimensional background Xd with a localized singularity of codi-
mension d; it can also support non-isolated singularities, but the interacting
degrees of freedom will thus be located on a lower-dimensional subspace
of dimension DS − d. Working on Xd non-compact means that the lower-
dimensional system is decoupled from lower-dimensional gravity.3 This gives
a dictionary:

(2.1) S on R
1,D−1 ×Xd ←→ T (S )

Xd ∈ QFTD D = DS − d.

In particular, whenever the background Xd is such that it preserves some
supercharges, the theory T (S )

Xd is supersymmetric. This is the case for in-
stance when Xd is a local manifold with special holonomy. In this paper we
restrict our attention to the latter case, since our main focus are interfaces
that can be described exploiting G2-holonomy spaces.

We shall often be interested in backgrounds which have a singularity.
At this singularity, we can expect localized interacting degrees of freedom.4

3Here for ease of exposition we are assuming the background has a trivial global
structure: if this is not the case, S -theory would assign to Xd a Hilbert space of
theories having the same local dynamics, but distinct spectra of extended operators
[18, 161, 31].

4It could happen that in the deep IR we just have free fields, but this is typically
not the case.
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A broad class of examples admit a metric cone of the form:

(2.2) Xd = C(Y d−1) ds2Xd = dr2 + r2ds2Y d−1 .

Proceeding in this fashion, we encounter two possible situations:

• Xd is an isolated singularity: the singularity at the tip of the cone

is isolated of codimension d. In this case by geometric engineering we

obtain an actual SCFT;

• Xd is a non-isolated singularity: the singularity at the tip of the

cone arise at the intersection of singularities supported on loci of higher

codimension. In field theory terms, we can often view these singulari-

ties as supported on a manifold with corners / edges, and as such we

get a junction of theories. The localized degrees of freedom at the tip

of the cone may or may not decouple. We consider two possibilities

here:

◦ Localized SCFTs: If the bulk singularity is IR free, then the

localized modes decouple in the IR and we reach an SCFT;

◦ Localized Quasi-SCFTs: If the bulk singularity supports an

SCFT in the IR, then it can happen that the localized modes

do not completely decouple from the bulk, we refer to this as a

quasi-SCFT.

The localized degrees of freedom might be free or interacting: proper

criteria to distinguish a non-trivial dynamics depend on S and on Xd (i.e.,

on the kind of background considered for S -theory), and need to be studied

on a case by case basis. An example of a criterion that can be used to identify

a non-trivial fixed point is that mutually non-local BPS excitations become

simultaneously massless. For example, in all known 6D SCFTs (see e.g.,

[162, 163] for recent reviews), the tensor branch moduli space has dyonic

BPS strings which approach vanishing tension at the fixed point [164, 165,

166]. Similarly, Argyres-Douglas fixed points [167] in four dimensions are

characterized by the fact that mutually non-local BPS dyons simultaneously

become massless.

2.2. Some well-known examples

To illustrate the above considerations, we now turn to some explicit exam-

ples.
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Figure 2: 6D conformal matter as an example of an interface.

2.2.1. 6D examples. The geometric engineering of 6D SCFTs has been
the subject of a plethora of recent developments — see [162, 163] for recent
reviews.

Perhaps the simplest examples of isolated singularities giving rise to
non-trivial interacting 6D systems are the ADE singularities, C2/ΓADE for
ΓADE ⊂ SU(2) a finite subgroup of ADE type in Type IIB string theory.

F-theory allows for richer backgrounds and lower supersymmetry, giv-
ing rise to extensive lists of 6D N = (1, 0) theories. A classification of all
elliptically fibered Calabi-Yau threefolds which can support a 6D SCFT was
carried out in references [168, 169].5 The basic building blocks of such 6D
SCFTs are the conformal matter theories [150], which arise at the intersec-
tion of a pair of non-compact singularities in F-theory. More precisely, we
have a geometry in which the elliptic fibration degenerates over two non-
compact curves (giving rise to a pair of Kodaira singularities) intersecting
transversally at a point, where the conformal matter is located. By F-theory
/ M-theory duality [173] the conformal matter theories can be understood as
interfaces between two copies of the 7D SYM theory with Lie algebra gΓ. The
seven-dimensional gauge theory is realized in M-theory by T (M)

C2/Γ, whose locus

5All known 6D SCFTs can be realized in this fashion, though the interpretation
of a Calabi-Yau geometry can sometimes have ambiguities, as captured by possible
“frozen” singularities. See e.g., [170, 171, 172] for further discussion.



284 Bobby S. Acharya et al.

is a seven-dimensional plane. Six out of the seven directions of this plane are
occupied by M5-branes (which can fractionate because of the singularity).
The location of the M5-branes along the seventh direction parameterizes the
thickness of the interface, which in the 6D field theory is in turn interpreted
as a tensor branch (see Figure 2). In geometry, we can also find a similar
interpretation. It is sufficient to consider the phase in which the interface
has a thickness, obtained by blowing up the singularity in the base of the F-
theory model (see Figure 2 top left). There we can zoom to a neighborhood
of the locus where one of the non-compact curves is intersecting one of the
compact ones to recover the geometry which is engineering the bulk gauge
theory.

The 6D flavor symmetry of conformal matter theories [150] can also be
understood in terms of the fact that these models arise as interfaces between
two copies of the theory T (M)

C2/Γ. This is also the case for conformal matter of

(g, g′) type [150], which corresponds to interfaces of the schematic form

(2.3)
(
T (M)

X4
Γ

)
7D

∣∣∣∣∣∣ (g, g′)6d ∣∣∣∣∣∣ (
T (M)

X4
Γ′

)
7D

.

From this perspective, the fission and fusion of [174] (see also [175]) can be
interpreted as operations at the level of interfaces among higher-dimensional
gauge theories.

2.2.2. 5D examples. Another well-studied example is M-theory on X6 a
Calabi-Yau threefold with a canonical singularity6, in which case the theory
T (M)

X6 is a 5D N = 1 SCFT [181, 182, 183] (see also [184, 185]). Many well-
known examples of both kinds occur in this context. Here we will highlight
some that are relevant for the following sections.

Examples of isolated singularities include the series of 5D N = 1 EN

SCFTs where N = 0, . . . , 8 (see [186, 181, 182]). The latter is obtained in
M-theory via an isolated singularity that we denote X6

(N). The singularity

X6
(N) is obtained from the smooth local Calabi-Yau threefold K → dPN ,

where dPN denotes CP2 with N blowups at general position, and K refers

6One necessary criterion to produce a conformal fixed point is that we reach the
singularity at finite distance in Calabi-Yau moduli space. However, it is important
to discuss the M -theory space-time metric as some non-compact manifolds possess
an asymptotically conical Calabi-Yau metric, while others only admit an incomplete
metric. Canonical singularities for which the existence of complete metrics are ob-
structed are known [176, 177]. The orbifolds C3/Γ with finite Γ ⊂ SU(3) constitute
large class of examples with AC complete Calabi-Yau metrics [178, 179, 180].
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Figure 3: Toric diagram of the X6
p,q singularity.

to the canonical bundle. In the limit where we shrink the base dPN surface
to zero volume, we get a 5D SCFT. The case N = 0 is an example of a
model without a gauge theory phase. The cases with 1 ≤ N ≤ 8 correspond
to an SU(2) gauge theory with Nf = N − 1 fundamental flavors, in which
the gauge coupling is formally tuned to infinite strength. In the case N = 9
one obtains the 5D KK theory for the 6D E-string — see [187] for a recent
detailed review of the geometric engineering of 5D SCFTs.

A class of examples of non-isolated singularity is provided by the CY3
singularities

(2.4) X6
p,q ≡ C

3/(Zp × Zq),

where the two actions of the cyclic groups are given by

(2.5) Zp :

⎛⎝α
α−1

1

⎞⎠ Zq :

⎛⎝1
β

β−1

⎞⎠
and α = exp(2πi/p) and β = exp(2πi/q) are primite pth and qth roots of
unity. In this geometry, along the line �3 = {z1 = z2 = 0} we have a C2/Zp

singularity, along the line �1 = {z2 = z3 = 0} we have a C2/Zq singularity,
and along the line �2 = {z1 = z3 = 0} we have a C2/Zg singularity with
g = gcd(p, q). See Figure 3 for a depiction of the toric diagram.

The theory T (M)

C3/(Zp×Zq)
arises at the junction of three distinct seven-

dimensional gauge theories. In the covering space C3, each of the 7D SYM
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sectors is supported on a cone S1 ×R≥0, and these meet to form a trivalent
junction:

�3, z3

�1, z1

�2, z2

T (M)

X4
Zg

T (M)

X4
Zp

T (M)

X4
Zq

T (M)

X6
p,q

(2.6)

In our explicit examples involving orbifolds of G2 cones, we will often en-
counter the special case where p = q = N , and we refer to this as the TN
theory:

(2.7) TN ≡ T (M)

X6
N,N

.

It is interesting to remark that for all the models T (M)

X6
p,q

the higher-form

symmetry groups are trivial [30, 31]. Exploiting more general singularities,
systems with higher-symmetries can be obtained [55, 72, 84, 160, 85, 86], and
we will encounter examples of these cases as well. As a final comment, also
in 5D, the gauging of 5D flavor symmetries discussed e.g., in [188] (see also
[189]) can be interpreted in terms of the gauging of 5D flavor symmetries,
leading to a “fusion” of different theories (in the sense of [174]).

2.2.3. 4D examples. We can obtain similar structures in a four-dimen-
sional setting if we consider backgrounds for type II superstrings on the
same CY3 singularities. Here we just illustrate this in the context of the CY3
singularities of type X6

p,q.
Consider first type IIA backgrounds on X6

p,q. Since IIA is obtained as
the circle reduction of M-theory, we see that quite literally, we can just
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start from the previously discussed 5D theories, and descend to 4D. In an
appropriate decoupling limit, the bulk 6D theories are associated with three
6D N = (1, 1) super Yang-Mills theories. In particular, if we consider the
case p = q = N , the theory on the junction is the 4D N = 2 TN theory [190],
now realized as the theory supported at a junction of three 6D N = (1, 1)
su(N) SYMs.7

Consider next type IIB on the same geometry X6
p,q. In this context we

have:

(2.8) 6d (2, 0) ak−1 theory ←→ T (IIB)

X4
Zk

so we get families of 4D N = 2 “edge mode” theories at a junction of 6D
N = (2, 0) theories:

(2.9)

�3, z3

�1, z1

�2, z2

6d (2, 0) ag−1

6d (2, 0) ap−1

6d (2, 0) aq−1

T (IIB)

X6
p,q

Little is known about the theories T (IIB)

X6
p,q

so far, for some preliminary analysis

we refer the interested reader to [50, 77, 63].

7As pointed out recently in [50], upon further reduction on a circle one ends up
with 3D N = 4 theories that are mirror dual to each other. This hints at a possible
application of T-duality of junctions of LSTs to the topic of dualities of 3D N = 2
theories, a subject we leave for future work.
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3. 4D N = 1 edge modes via G2 cones

In the previous section we provided various examples illustrating how higher-
dimensional theories can realize interacting lower-dimensional degrees of
freedom. One of the general features of these examples is that the “bulk
modes” are often relatively simple in the sense that they are characterized
at long distances by a higher-dimensional Lagrangian field theory, and of-
ten do not realize interacting quantum field theories in the infrared. It is
natural to ask whether one can produce more general bulk / boundary cor-
respondences by considering bulk theories which also admit strong coupling
dynamics. One way to accomplish this is by taking intersections and junc-
tions of such strongly coupled theories.

As mentioned earlier, from a bottom up perspective, the construction
of such interfaces is rather challenging, if only because one is now consider-
ing bulk theories which are themselves strongly coupled. From a geometric
standpoint, however, there is not much difference, and can in fact provide a
general guide for how to build such theories. In this section we will demon-
strate that the framework of M-theory with the seven extra dimensions
modelled on a space X with a complete metric with holonomy group G2,
automatically generates the appropriate intersections and junctions of 5D
SCFTs with other 5D SCFTs and 7D flavor QFTs.

To construct the simplest such examples, our starting point will be to
consider Xa, a smooth, non-compact G2-holonomy manifold whose metric
ds2(Xa) is asymptotic to a metric cone. Xa contains a closed, compact four-
dimensional submanifold, M whose volume is set by a which is a parameter
of the background metric. When discussing topological features we often
simply write X for Xa with a 
= 0. In the limit a → 0, X0 has an isolated
conical singularity. In the simplest cases, ds2(Xa) will have a continuous
group of isometries, Isom(Xa) and we can consider M-theory on Xa/Γ with
Γ a finite subgroup of Isom(Xa). The quotient space Xa/Γ retains the same
set of supercharges as the parent, but it now has various orbifold singular-
ities. Some of these singularities will be localized on the collapsing cycle,
but others will stretch along non-compact subspaces of Xa. We interpret
these non-compact loci as higher-dimensional bulk theories with possibly
non-trivial dynamics of their own. The tip of the cone when a → 0 will
be interpreted as the 4D “edge mode” realized as the quotient of the G2

cone X0. Let us mention at the outset that singularities in non-compact G2-
holonomy spaces have been encountered before in many cases, but usually
to construct examples of Lagrangian field theories (e.g., gauge theories lo-
calized on codimension-4 singularities, vector-like matter on codimension-6
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singularities, and chiral matter on codimension-7 singularities [156]). Here,
our aim will be to consider a broader class of singularities, including their
further intersections.

To begin, then, we briefly review the geometry of the relevant G2 cones
prior to applying a quotient. Letting r denote the radial direction of the
cone, these geometries have an asymptotic profile for the metric of the form:

(3.1) ds2X = dr2 + r2ds2∂X as r → ∞.

The first examples of such AC G2-holonomy manifolds were discovered by
Bryant and Salamon [157], where the total space is of one of three types:

• X = S(S3), the spinor bundle of S3

• X = Λ2
ASD(S

4), the bundle of anti-self-dual 2-forms on S4

• X = Λ2
ASD(CP

2), the bundle of anti-self-dual 2-forms on CP
2

See, e.g., [191, 192, 193, 194, 195, 196, 197, 198] for further related
discussions and examples. Let us also mention that if one permits orbifold
singularities in the collapsing 4-cycle itself, one can also consider the bundle
of anti-self-dual 2-forms on any self-dual Einstein 4-orbifold [157] and we
will consider such examples in what follows (see e.g., [156] and references
therein).

For technical reasons, we mainly focus on cases where we can use the
classical geometry to reliably read off some features of the 4D interface the-
ories. In particular, this simplifying assumption means that we shall mostly
omit cases where we have compact 3-cycles, since Euclidean M2-branes are
expected to produce quantum corrections to the classical geometry as well
as the field theory dynamics.8

In what follows, we primarily focus on Xa = Λ2
ASD(S

4) since most of
the relevant physical phenomena already appear in singular quotients of this
space. For completeness, however, in Section 6 we treat some examples where
we construct quotients of Λ2

ASD(CP
2) and treat the case of Λ2

ASD(WCP
2)

together with some further generalizations.
The rest of this section is organized as follows. We begin by briefly

reviewing the geometry and physics of M-theory on Xa = Λ2
ASD(S

4) studied
by Atiyah andWitten in [200]. Then, we turn to the construction of quotients
of the form Xa/Γ. Depending on the choice of Γ, we find a plethora of
possibilities for the configurations of orbifold singularities in Xa/Γ, leading

8See e.g., [199] for a related discussion in the context of “conformal Yukawas” in
F-theory, where Euclidean D3-brane corrections modify the geometry of colliding
bulk theories realized from triple intersections of 7-branes.
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to physically quite distinct theories with edge modes. Our aim in this section

will be to give a general characterization, primarily illustrating this by way

of a particular example. In Section 4 we present additional examples which

exhibit a range of related phenomena.

3.1. Geometry and physics of Λ2
ASD(S4)

To frame the discussion to follow, let us briefly review the geometry and

physics of M-theory on Xa = Λ2
ASD(S

4), the bundle of anti-self-dual (ASD)

2-forms over S4. Our discussion closely follows the discussion in [200], see

there for additional details. As found in [157], this space admits a complete

G2-holonomy metric which is asymptotically conical (AC):

(3.2) ds(Xa)
2 =

dr2

1−
(
a
r

)4 +
r2

4

(
1−

(a
r

)4
)
|DAu|2 +

r2

2
ds2S4 ,

with ui the three coordinates on the fibres of ΛASD subject to Σiuiui = 1.

DAui = dui + εijkAjuk is the connection induced by the metric on S4

i.e., Aj is the SO(3) gauge connection associated with the positive chi-

rality spin connection on the S4. The round metric on S4 given by ds2S4

is fixed to have scalar curvature R = 12 and the radial coordinate runs

from a ≤ r < ∞. Note that replacing ds2S4 in the Bryant-Salamon metric

by any complete self-dual Einstein metric with R = 12, gives a complete

G2-holonomy metric. However, since CP
2 (with its standard Kähler metric)

is the only other smooth, oriented 4-manifold with such a metric, all other

examples of Bryant-Salamon AC cones of this type are based on Einstein

4-orbifolds. At the boundary of Xa, r → ∞ and the Bryant-Salamon metric

asymptotes to a metric cone. The cross-section of the cone is the space of

unit anti-self-dual 2-forms which is also known as the twistor space of S4,

i.e., we have: ∂Xa = Tw(S4) = CP
3. The parameter a in the metric clearly

fixes the size of the S4 at the center of Xa, which is naturally the zero section

of the bundle of ASD 2-forms. In the limit a → 0, the S4 shrinks to a point

and X0 itself becomes conically singular in this limit. Hence, the conical

singularity with cross section CP
3 is resolved or desingularized by gluing in

a finite size 4-sphere.

Consider next the 4D physics realized by this model. As found by [200],

an important feature of this metric is that the volume modulus parameter-

ized by a is an L2 normalizable zero-mode. As such, this mode descends to

the 4D theory as a massless, dynamical real scalar field. There is a related
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normalizable 3-form [201], and its harmonic representative describes the cor-
responding zero mode of the M-theory 3-form C. Combined, one obtains a
complex scalar, as required by 4D N = 1 supersymmetry. More precisely,
the complex scalar Φ takes the form:

(3.3) Φ = VS4 exp

⎛⎝i

∫
F

C

⎞⎠ ,

where VS4 denotes the volume of the S4 at r = a (the zero-section), and the
3-form potential is integrated over the fibers F of the bundle.

As explained in [200], Φ is charged under a global U(1) symmetry which
originates in C-field gauge transformations. A non-zero Φ vacuum expecta-
tion value (vev), which occurs when a 
= 0 and X is smooth, breaks this
symmetry and is consistent with the fact that the second Betti number
b2(∂X) = b2(X)+1. Reference [200] thus proposed that the 4D dynamics of
this G2 cone is simply that of a free chiral superfield. It is also interesting to
note that one can wrap an M5-brane over the S4 at the tip of the cone. This
results in a string-like excitation in the 4D theory which couples to a 2-form
potential associated with the reduction of the magnetic dual 6-form poten-
tial of M-theory reduced over the S4. This, however, does not result in any
new dynamics in the 4D theory; it is already accounted for by spontaneous
symmetry breaking of the U(1). Indeed, to get additional degrees of freedom
we would need to have electric and / or magnetic particles becoming light,
something which does not occur in this example.

3.2. Isometries

Having introduced the geometry Xa = Λ2
ASD(S

4), we now turn to its isome-
tries. We will use this to determine the singularities of the quotient space
Xa/Γ for Γ a finite subgroup of Isom(Xa). To begin, we note that in equa-
tion (3.2), the metric ds2S4 enjoys an SO(5) � Sp(2)/Z2 isometry group,
corresponding to rotations of the S4. For any finite Γ ⊂ SO(5), we observe
that, since Γ is an orientation preserving isometry, the associated 3-form
G2-structure is also invariant and hence, Xa/Γ is also a G2-holonomy space,
so M-theory on this background leads to a 4D N = 1 theory. To study the
resulting geometries and then extract information about the corresponding
effective field theories, we therefore now turn to a more detailed account
of the geometries generated by such finite quotients. We will then be in a
position to interpret the different physical theories constructed from this
starting point.
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To proceed further, we now describe the group action of SO(5) on both
the zero section S4 as well as the boundary CP

3 = ∂X and establish some
notation. We describe S4 as HP

1, the quaternionic projective line, where in
our conventions, the quaternionic generators will be labeled as i, j, k so a
general quaternion q ∈ H will be presented as:

(3.4) q = q0 + q1i+ q2j + q3k, with qi ∈ R.

Then both CP
3 and S4 arise as suitable quotients of C4\{0} � H2\{0} in

terms of identifications specified by the homogeneous coordinates:

CP
3 : [Z1, Z2, Z3, Z4] ∼ [λZ1, λZ2, λZ3, λZ4] (for λ ∈ C

∗)(3.5)

HP
1 : [Q1, Q2] ∼ [λQ1, λQ2] (for λ ∈ H

∗).(3.6)

The advantage of this presentation is that the twistor space fibration is
manifest. Indeed, in the fibration S2 ↪→ CP

3 → S4, the projection to the
base is accomplished by treating each complex Zr = ReZr + i ImZr as a
quaternion and performing the projection on homogeneous coordinates:

CP
3 → HP

1(3.7)

[Z1, Z2, Z3, Z4] → [Z1 + Z2j, Z3 + Z4j].(3.8)

By inspection, there is a manifest SU(4) group action on the homoge-
neous coordinates of CP3 (treated as a row vector, in our conventions). By a
similar token, we also observe that there is a U(2,H) = Sp(2) group action
on the quaternionic homogeneous coordinates of HP

1. Our convention for
this is right multiplication, in order to remain compatible with the complex
structure chosen for our CP3. Given an element of U(2,H) (i.e., a 2×2 matrix
whose elements are quaternions subject to the condition that its hermitian
conjugate is also its inverse) the explicit group action is:

(3.9) [Q1, Q2] → [Q1λ11 +Q2λ21, Q1λ12 +Q2λ22],

in the obvious notation. This naturally lifts to a group action on the homo-
geneous coordinates of CP3.9 Notice that only an SO(5) � Sp(2)/Z2 acts
faithfully on the geometry.

9To see this, observe that right multiplication on a quaternion (Z1 + Z2j) by a
general quaternion (Λ1 +Λ2j) with Zr and Λr complex numbers can be written as
(Z1 + Z2j) (Λ1 + Λ2j) = (Z1Λ1 − Z2Λ

∗
2) + (Z2Λ

∗
1 + Z1Λ2)j, namely it is a linear

map on the doublet Zr’s.
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There is also a natural Sp(1)(1) × Sp(1)(2) ⊂ Sp(2) subgroup generated
by right multiplication on the individual quaternionic coordinates:

(3.10) [Q1, Q2] → [Q1λ1, Q2λ2],

in the obvious notation. To fully specify the action on Xa, we also need
to indicate how SO(5) acts on the bundle of anti-self-dual 2-forms. For our
purposes, it will suffice to specify this in the two affine patches parameterized
by the local quaternionic coordinates qNorth = Q−1

2 Q1 and qSouth = Q−1
1 Q2

(for the patches where Q2 
= 0 and Q1 
= 0). Here, it is helpful to note that
on R4, the self-dual and anti-self-dual 2-forms respectively transform in the
(3,1) and (1,3) of Sp(1)(1)×Sp(1)(2) � Spin(4). With this in mind, observe
that in our local patches, the two quaternionic coordinates transform under
the group action of line (3.10) as:

qNorth → λ−1
2 qNorthλ1,(3.11)

qSouth → λ−1
1 qSouthλ2.(3.12)

As such, first observe that the 2-form dqNorth ∧ dq∗North is invariant under
Sp(1)(1), and dq∗North ∧ dqNorth is invariant under Sp(1)(2) (since the group
action is by unit norm quaternions). We can build up the full set of anti-
self-dual 2-forms by sweeping out the full orbit under the corresponding
Sp(1) group action. Note that the roles are reversed on the South pole, i.e.,
dqSouth ∧ dq∗South is instead invariant under Sp(1)(2). Locally, it will often
prove convenient to write the local R7 patch as C3 × R, but the complex
structure will be different in the North and South poles. We write:

(3.13) qNorth = v1 + v2j, qSouth = v′1 + v′2j,

with complex coordinates v1, v2, v
′
1, v

′
2 ∈ C. In each patch the anti-self-dual

2-forms can then be parameterized by the pairs v3, t and v′3, t
′ where v3, v′3 ∈

C and t, t′ ∈ R. The identification R7 = C3 × R is then manifest, and the
patches are parameterized by

(3.14)
North : (v1, v2, v3, t)

South : (v′1, v
′
2, v

′
3, t

′)

and Γ locally acts transverse to the lines parameterized by t, t′.
As already mentioned, we note that in each local patch, we have a 5D

orbifold SCFT, as specified by a quotient of the form C3/Γ, though the choice
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of complex structure and group action is different at the North and South
poles. In the purely 5D limit, we have a theory with eight real supercharges,
and a corresponding Coulomb branch of vacua. Geometrically, these are
associated with blowup moduli. It is important to note that in theG2 setting,
some of these blowups are now obstructed. At some level, this is to be
expected simply because we now only retain four real supercharges. It also
means that possible “gauge theory phases” of these 5D systems may end up
being inaccessible in the full system.

3.3. The view from the bulk

A common feature of many of the examples we will be considering is the
appearance of an interacting bulk which couples to an edge mode at the tip
of the G2 cone. To study this, we first consider the geometry with a finite
size tip (finite volume zero section), and then explain what happens in the
collapsed limit.

In the geometry with a finite size S4, the resulting quotient Xa/Γ will
result in singularities at both the North and the South pole of the S4, with
additional singularities possibly stretched between the two poles. For il-
lustrative purposes, we now focus on the fixed point loci of Abelian Γ ⊂
Sp(1)(1) × Sp(1)(2), given by multiplication by complex phases.10

For such group actions, we find the following types of fixed point loci
in Xa:

1. Codimension-6 loci of topology R: There are up to two disconnected
fixed point loci of this type. Running radially in Xa = Λ2

ASD(S
4) they

are contained in a single fiber projecting to either the North or South
pole of S4 and give bulk 5D SCFTs in Xa/Γ.

2. Codimension-4 loci of topology C×R: There are up to two disconnected
fixed point loci of this type. They are contained in the full fiber of
Xa = Λ2

ASD(S
4) above either the North or South pole of S4. In Xa/Γ

they give singularities engineering 7D SYM bulk modes with A-type
gauge groups.

3. Codimension-4 loci C×R with codimension-6 enhancement at {0}×R:
This case is a combination of the previous two cases. In Λ2

ASD(S
4)/Γ

this geometry descends to a 5D SCFT with A-type flavor symme-
tries.

10We briefly discuss some additional phenomena, such as compact codimension-6
loci, associated with non-Abelian group actions in Appendix B.
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4. Codimension-4 loci S2 × R with codimension-6 enhancement at
({North} ∪ {South}) × R: Here S2 ⊂ S4 and {North}, {South} de-
note their common North and South poles. The codimension-6 loci
are as in case 1 along R. The codimension-4 loci at fixed radius are
compact, disjoint 2-spheres running between the codimension-6 loci.
In Xa/Γ these give A-type flavor symmetries branes which are gauged
in 5D.

We emphasize that the 5D bulk interpretation of codimension-4 singular
loci in Xa/Γ as 5D gauge or flavor depends on whether the fixed point com-
ponents normal to the 5D SCFT are compact or non-compact respectively.
They are (non)-compact when (vertical) horizontal in Xa → S4/Γ as SCFT
loci necessarily run radially/vertically in Abelian examples.

Since we have a preferred radial slicing for the geometry, we can visu-
alize all of these 5D theories as extending out in that direction. From the
perspective of the zero-section S4/Γ, these 5D theories are locally specified
by geometries of the form C3/Γ×R. In the limit where the zero section col-
lapses, however, it can happen that these 5D theories are “cut in two” along
the real line factor. As such, it is more appropriate to view the geometry as
building up a junction, the structure of which is smoothed out to various
intersections when the zero-section has non-zero size. In this picture, there
are 4D degrees of freedom—edge modes—localized at the tip of the conical
geometry.

Summarizing, then, we often expect to encounter individual 5D SCFTs
with their own flavor symmetries. In the case of Abelian group actions these
are concentrated at the North and South pole, so we shall denote them by
T North and T South. The compact S4 couples the two theories together. This
results in some of their common flavor symmetries being gauged since the
flavor locus of the local model now extends along a compact subspace in
the S4.

The strength of the 5D gauge coupling is specified by V (r), the volume
of the cycle wrapped by the 7D SYM theory:

(3.15)
1

g25D
∼ V (r),

in natural units ignoring factors of 2 and π. This volume depends on the
radial direction precisely because the volume of the cycle wrapped by the
SYM theory expands as we go to larger values of r. Observe that as r → ∞,
the 5D gauge symmetry turns back into a flavor symmetry since V → ∞.
The function has a minimum at r = a, hence the a → 0 limit is formally
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at strong 5D gauge coupling, a key hint that the physics at the conical
singularity supports non-trivial interactions.

We can thus regard the 5D gauge theory as being defined on a warped
space, with warping confined to just the radial direction of the metric. This
is reflected in the standard action:

(3.16) S5D ⊃ −1

4

∫
d4x

∫
dr

√
det g V (r) Tr(FμνF

μν),

with the understanding that the metric is non-trivial in the r direction.
So far, we have focused on the structure of the bulk 5D theory. Note,

however, that there is an end to our space at r = a, and (as we reviewed
above) that there is a complexified volume modulus which can be interpreted
as the vev of a 4D field Φ [200]. Returning to equation (3.16), this in turn
implies the existence of a coupling between the 5D bulk and the 4D edge
mode. We see a remnant of this by promoting V (r) to a non-trivial function
of the field Φ.

Let us now analyze in more detail the resulting 4D system coupling to
this 5D bulk. Following the general procedure outlined in [202, 203], we can
view 5D fields as a collection of 4D fields labelled by points of an extra
dimension with local coordinate r in the radial direction of the cone. From
this perspective, we view the 5D N = 1 vector multiplets as producing an
infinite tower of 4D N = 2 vector multiplets with a 4D marginal coupling τ .
What we are proposing to do is promote this marginal coupling to a 4D
N = 1 chiral superfield. Doing so, we get a minimal coupling between the
5D and 4D system:11

S4D / 5D ⊃
∫

d4x

∫
dr
√

det g

∫
d2θ δ(r − a)h

(
Φ(x, r)

f

)
Tr(W2) + h.c.,

(3.17)

or, written slightly differently:

(3.18) S4D / 5D ⊃
∫

d4x

∫
d2θ h

(
Φ

f

)
Tr(W2)|r=a + h.c.,

in the obvious notation. In the above, we have introduce a scale f , as required
by dimensional analysis. This background value is set by the background vev
we expand around, i.e., it is dictated by the minimal volume of the S4/Γ.

11There is a small subtlety here because the chiral superfield is localized at the
tip of the singular cone. Nevertheless, Goldstone’s theorem ensures that such a
massless mode persists and will couple to the bulk near r = a.
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As a point of clarification, we note that really, we should treat the fluc-
tuations localized at the end of the 5D system as distinct from the one which
sources the couplings of the 5D system. Note, however, that due to the mini-
mal coupling between the two, we are free to conflate the sources / boundary
terms, and in what follows we shall freely do so. In any event, it is clear that
we have a 5D system with a gauge coupling, and this system couples to a
localized fluctuation trapped on the boundary. As we have already noted, in
the singular limit where 〈Φ〉 → 0, the 5D gauge theory is being extrapolated
to infinite coupling. So, we can think of this as a 5D bulk which is becom-
ing progressively more strongly coupled near the localized codimension-one
defect.

3.4. 4D quasi-SCFTs

In the limit where the zero-section collapses to zero size, we have a 4D edge
mode localized at the tip of the G2 cone. Since this tip is singular, we expect
to encounter localized degrees of freedom. There is no guarantee that these
can be decoupled from the bulk modes, and so in general, we expect 5D/4D
couplings. Indeed, we already explained that the 4D modulus Φ couples to
the 5D gauge theory factors via a function of the form h(Φ/f) TrF 2.

Even though the interface supports gapless excitations, the coupling to
the 5D bulk means that the 4D theory may not have a well-defined stress
energy tensor defined independently of the bulk. One way to argue that this
occurs generically is to observe that insertions of O4D states will necessarily
create 5D stress-energy, which in turn prevents one from defining a conserved
4D stress tensor.

Additionally, because the bulk 5D SCFTs are always interacting (i.e.
their 3-point OPE coefficients are non-trivial) the 3-point coefficients of the
4D theory must also be non-trivial if the 4D boundary is not decoupled
from the bulk. This is because we can always bring a bulk operator on the
boundary giving us a bulk-boundary expansion as [204]

(3.19) lim
r→0

O5D(x, r) ∼
∑
i

〈O5DOi
4D〉Oi

4D(x)

where i labels all 4D local operators along the boundary, r is the distance
from the boundary in 5D and x is a point on the 4D boundary. Now if
the 5D OPE relations are non-trivial and the bulk-boundary 2-point func-
tions 〈O5DOi

4D〉 are non-zero then this entails the 4D OPE relations must
necessarily be non-trivial.
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A general comment here is that in many string constructions of SCFTs,
one often considers defects / edge modes of a higher-dimensional bulk theory.
The difference from the cases considered in those situations and the present
case is that the higher-dimensional bulk is often trivial in the IR, namely it
has trivial three-point functions.12 In the present case, the bulk is typically
an interacting gapless system. As such, it is unclear that there is a decoupling
limit which retains only the 4D modes of the system.

3.5. Symmetry enhancement

Let us provide some further evidence for the existence of non-trivial bulk /
boundary couplings by studying the symmetries of these systems, and how
they act on the edge modes. Consider the structure of the flavor sym-
metry factors of our 5D/4D system. A rather common feature of many
of these orbifold geometries is that the singularities in local patches of
Xa/Γ = Λ2

ASD(S
4)/Γ often comprise a subset of the singularities which

appear in X0/Γ, which is a cone over CP
3/Γ. Geometrically, this is an in-

dication of spontaneous symmetry breaking, with the breaking scale set by
〈Φ〉, the volume modulus of the S4/Γ. As we tune the volume modulus to
zero size, then, we should expect to see additional non-compact flavor loci
emerge. We will indeed repeatedly encounter this phenomenon, and we inter-
pret it as the distinction between the UV and IR flavor symmetries carried
by the singularities.

In the case at hand, there is a distinctive enhancement pattern in which
the 4D UV flavor symmetry consists of “two copies” of the 5D IR gauge
symmetry plus one copy of the 5D IR flavor symmetry. This happens because
our flavor symmetries are realized via 7D SYM theories which are supported
on non-compact 3-cycles of the form R≥0 × S2 and R× S2, where the S2 is
either concentrated in the ASD fiber direction of Xa/Γ, or instead resides
on a 2-cycle inside the S4/Γ base respectively. In the latter cases, observe
that the real line factor of R × S2 filled by the 7D SYM theory splits as
R = R+ ∪ R− and the S2 collapses when a → 0, splitting these loci in two.
When the zero-section has finite volume, this results in a single factor of
the flavor symmetry g(diag), but in the collapsed limit it breaks up into two
distinct copies, g(+)×g(−). No such doubling occurs for the 7D SYM factors.
We thus conclude that the IR flavor symmetry is of the general form:

(3.20) gIR = g7D × g
(diag)
5D ,

12For example, the E-string theory, as realized via probe M5-branes of an E8

9-brane, or the 5D TN theory as the junction of three 7D SYM theories.
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while the UV flavor symmetry is of the form:

(3.21) gUV = g7D × g
(+)
5D × g

(−)
5D ,

in the obvious notation.

At this point, it is worth remembering that in spontaneous symmetry
breaking of gUV → gIR there is a sense in which the UV symmetry is always
present, and is simply packaged in terms of appropriate WZ terms. One
can see this by moving out in the radial slicing of the G2 cone, where both

g
(+)
5D and g

(−)
5D are present, and extend to the boundary CP

3. This is also
an indication that the degree of freedom responsible for breaking the bulk
symmetries is a 4D mode localized near the tip of the cone. See Figure 7 for
a depiction of this symmetry breaking in a G2 cone geometry.

With these considerations in place, we can in principle turn to explicit
finite subgroups of SO(5) and construct the corresponding quotients Xa/Γ.
We carry this out for a number of different examples in Section 4, primarily
focusing on a rich class of Abelian group actions, though we do consider
more general possibilities in Section 6 and Appendix B. In the remainder of
this section we consider an illustrative example.

3.6. Illustrative example: coupled TN theories

We now present an illustrative example to exhibit some of the general con-
siderations presented above. Our starting point is the 5D TN theory as ob-
tained from M-theory on the orbifold C3/(ZN × ZN ), where the action on
C3 is generated by diagonal matrices diag(1, η−1, η) and diag(ω−1, 1, ω) with
ω, η being primitive Nth roots of unity. The action on the two patches of
Λ2
ASD(S

4) are:

(v1, v2, v3, t) → (ωv1, η
−1v2, ηω

−1v3, t)(3.22)

(v′1, v
′
2, v

′
3, t

′) → (ω−1v′1, η
−1v′2, ηωv

′
3, t

′).(3.23)

From this we see that the fixed points in Xa are as follows

(i.) a copy of S2 × R from elements of the form ηk,
(ii.) a copy of S2 × R from elements of the form ωk,
(iii.) two copies of R3 from elements of the form (ηω)k and (η−1ω)k,
(iv.) two copies of R from the other elements of the form (ηkωl) when

k 
= ±l. All of the components above intersect along these particular
two lines.
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When Xa degenerates to the cone X0, the components (i.) and (ii.) each
become two copies of R3 which meet at the origin, and each pair of lines in
(iv.) become two copies of R+ which also meet at the origin. We can thus
think of the theory on X0 as arising from four copies of the 5D TN theory
which meet at the origin. The structure of singular loci is illustrated in
Figure 1. Four copies of TN would normally have su(N)12 global symmetry,
but here we see that the 4D theory we obtain has su(N)6 flavor symmetry,
so the four theories must be coupled in such a way that they share su(N)
factors in common. When X0 is deformed to Xa this becomes two copies of
the TN theory on R but whose symmetry group is not su(N)6 but su(N)4

from components (i.), (ii.) and (iii.).
To characterize the physics of this specific example, it will prove helpful

to consider various limits for the parameter a. In particular, as a → ∞, the
5D theories have decoupled, when 0 ≤ a < ∞, the theories are now coupled
together, and when a → 0, we have a 5D bulk coupled to a 4D quasi-SCFT.
See Figure 4 for a depiction of the various theories in this case.

Let us consider the special case where the volume of the orbifold S4/Γ
has expanded to infinite size, i.e., the asymptotic limit a → ∞. In this limit,
the two fixed points have decoupled, and so it is fruitful to consider each
separately. In this asymptotic limit, the geometry in the vicinity of the North
pole fixed point takes the form:

(3.24) Decompactified Limit: C3/ZN × ZN × R,

which is the geometry of the 5D TN theory on the 5D spacetime R1,3 × R.
Since we have a North and a South pole, we get two such theories. Observe
that in the vicinity of the South pole, the orientation of the Calabi-Yau is
reversed relative to the North pole geometry, but that is compensated by
being on the opposite pole of the S4, so each system in this limit preserves
the same set of eight real supercharges. Summarizing, in this limit we have
arrived at two 5D theories:

(3.25) [su(N)]− (TN )−
[
su(N)2

]︸ ︷︷ ︸
North Patch

×
[
su(N)2

]
− (TN )− [su(N)]︸ ︷︷ ︸

South Patch

,

where here, the round brackets indicate the conformal fixed point and the
square brackets indicate global symmetries of the 5D system. We can view
these 5D flavor symmetries as 7D gauge theories on non-compact spaces.13

13In this discussion we neglect subtleties corresponding to the global form of the
flavor symmetry group.
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Figure 4: Three sketches of the 5D bulk theory for different sizes of the
zero section Vol(S4/Γ) ∼ a. Square (circle) nodes denote flavor (gauge)
symmetries in 5D. The cone over gauge nodes denotes a gauging which
breaks 5D Poincaré symmetry via a gauge coupling which depends on one 5D
direction (the radial direction in Xa). In the 4D transverse directions along
which the coupling does not vary 4D N = 1 supersymmetry is preserved.
a = ∞: two decoupled 5D TN theories, formally at the north/south pole of
an infinite volume S4/Γ. 0 < a < ∞: flavor loci are compactified transverse
to the 5D SCFT locus and the volume of such transverse slices depend on
the radial shell of Xa they are contained in. a = 0: the S4/Γ collapses and
the geometry is conical. The TN theories supported on R over the north and
south pole decompose into T ±

N supported on two half lines R±. 5D gauge
symmetry loci also contain R and decompose similarly. No such splitting
occurs for 7D SYM theory factors which appear as 5D flavor symmetries.
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When we have a finite size zero-section, the contributions to the global
symmetries from the 7D SYM factors are of the form:

(3.26) g7D = su(N)North × su(N)South,

while those from the gauged 5D SYM sectors are of the form:

(3.27) g5D = su(N)2diag,

so the IR non-Abelian flavor symmetry is:

(3.28) gIR = g7D × g5D = su(N)North × su(N)2diag × su(N)South.

In the limit where the zero-section collapses to zero size, we see an effective
“doubling” in the 5D SYM sectors, but no such doubling for the 7D SYM
sectors. Thus, the UV non-Abelian flavor symmetry is:

(3.29) gUV = g7D × g25D = su(N)North × su(N)4diag × su(N)South = su(N)6.

This is in accord with the singularities observed in the boundary CP
3/Γ. We

find that the group action Γ has six CP
1’s, each of which supports a local

AN−1 singularity locally of the form C2/ZN . In the G2 cone, two of these
CP

1’s can be viewed as the boundary S2 of an Λ2
ASD � R3 fiber and as such

it remains a flavor symmetry in the 5D theory. The other CP1’s supporting
an A-type singularity are instead supported on a compact 2-cycle which
extends from the North pole to the South pole of the S4/Γ. Tracking the
profile of these boundary CP

1’s into the interior of Xa, we see that they
join up pairwise at the zero-section. The position dependent volume of the
7D SYM theories supported on a compact 2-cycle of S4/Γ can be viewed as
being gauged to a diagonal subgroup of the flavor symmetries localized at
the North and South pole.

4. Examples of Abelian quotients

In the previous section we presented a general discussion of quotients of
Xa = Λ2

ASD(S
4) of the formXa/Γ. In this section, we treat in more detail the

case of Γ an Abelian group14 group which embeds in the Sp(2)/Z2 � SO(5)

14We also cover an example with non-Abelian group action in appendix B.1. In
contrast to Abelian group actions, non-Abelian group actions can produce compact
codimension-6 singularities.
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isometries via:

(4.1) Γ ↪→ (Sp(1)(1) × Sp(1)2)/Z2 ↪→ Sp(2)/Z2.

We focus on the case where the group action is always right multiplication via
complex phases on the homogeneous quaternionic coordinates of HP

1 = S4.
Our treatment is general in the sense that we cover all of the Abelian group
actions of the form Γ = ZK and Γ = ZK × ZL, though the structure of
the resulting singularities can depend in a sensitive way on the divisibility
properties of K,L as well as the specific weights of the group actions. For
this reason, we mainly focus on representative phenomena which arise in
this setting.15 We begin by analyzing the case where Γ is a cyclic group, and
then turn to the case where Γ is a product of two cyclic factors.

4.1. Single cyclic factor with generic Γ = ZK

With a single cyclic group factor, it suffices to set λ1 = ζa and λ2 = ζb for
ζ = exp(2πi/K) and some a, b both integer weights in (3.11). On the various
patches of Λ2

ASD(S
4), the group action on coordinates introduced in (3.13)

then takes the form:

(v1, v2, v3, t) → (ζa−bv1, ζ
−a−bv2, ζ

2bv3, t)(4.2)

(v′1, v
′
2, v

′
3, t

′) → (ζb−av′1, ζ
−a−bv′2, ζ

2av′3, t
′).(4.3)

In both the North and the South pole patch, we see a local singularity of the
form C3/Γ×R, albeit, with respect to different complex structures and group
actions. By itself, each 5D SCFT would preserve eight real supercharges, but
the combined system preserves only four real supercharges.

To analyze the resulting singularities, it is convenient to write c = a− b
and d = −a− b. For example, on the patches of Λ2

ASD(S
4), we have:

(v1, v2, v3, t) → (ζcv1, ζ
dv2, ζ

−c−dv3, t)(4.4)

(v′1, v
′
2, v

′
3, t

′) → (ζ−cv′1, ζ
dv′2, ζ

c−dv′3, t
′).(4.5)

By itself, M-theory on a C3/ZK singularity would lead to a 5D SCFT with
flavor symmetry. At the North and South pole the local models exhibit flavor
symmetries with non-Abelian Lie algebra factors

su((|c| ,K))North × su((|d| ,K))North × su((|c+ d| ,K))North(4.6)

15At some level, the question boils down to a systematic treatment of all possible
5D orbifold SCFTs, a topic which has been studied in [205, 160, 84].
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su((|c| ,K))South × su((|d| ,K))South × su((|c− d| ,K))South(4.7)

respectively, where we write (n,m) to denote the greatest common divisor of
integers n and m. Observe, however, that while the v3 (and v′3) directions are
always non-compact, v1 and v2 are coordinates inside the S4. In particular,
this means that the loci supporting the pairs

su((|c| ,K))North, su((|c| ,K))South → su((|c| ,K))(4.8)

su((|d| ,K))North, su((|d| ,K))South → su((|d| ,K))(4.9)

are identified in going between the two quaternionic patches and combine
into a single locus. This compactification into a common locus means that
the 5D symmetries are gauged into a diagonal subgroup. So, out of the
original six flavor symmetry factors observed in each local patch, we only
retain a su((|c+ d| ,K))North × su((|c− d| ,K))South flavor symmetry in 5D.

Schematically, we represent the 5D setup as in Figure 5. In addition to
this basic structure we should keep in mind that the 5D gauge couplings
associated with su((|c| ,K))× su((|d| ,K)) are fibered over the radial direc-
tion as determined by the volume of the flavor locus on a given radial shell.
Furthermore, since S4/Γ has non-trivial torsional 2-cycles (see Appendix C)
we obtain additional massive modes by wrapping an M2-brane on these.
Tuning the vev 〈Φ〉 → 0, these states become light and lead to additional
dynamics compared to the smooth case considered in [200].

4.2. Single cyclic factor with specialized Γ = ZK

We now cover some of the quite varied landscape of theories by making
various choices of the integers K, a, and b which specify a ZK quotient of
the G2 cone X. We do not carry out an exhaustive analysis, but simply
illustrate that different choices lead to modifications in the number of flavor
symmetry factors, as well as various sub-diagrams of the diagram in Figure 5.

Example: quadrion theories. For this class of examples we specialize to
Γ = ZK and group action as parameterized in lines (4.4) and (4.5), with
non-vanishing weights satisfying

(4.10) (|c| ,K) = (|d| ,K) = (|c+ d| ,K) = (|c− d| ,K) = 1.

With these constraints the local models C3/Γ are isolated singularities and
the associated 5D SCFTs have no apparent non-Abelian flavor symmetries.
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su((|c| ,K))

su((|d| ,K))

T (M)

C3/ΓN
T (M)

C3/ΓS
su((|c+ d| ,K)) su((|c− d| ,K))

Figure 5: General 5D theory with Γ = ZK . Two pairs of flavor symmetry loci
between two 5D SCFT sectors are gauged, circular nodes, with one pair of
flavor symmetries remaining, square nodes. Clearly, Γ = ΓN = ΓS with the
subscripts distinguish the group actions at the North and South pole. The
dashed line denotes a massive mode resulting from an M2-brane wrapped
on a possible 2-cycle of S4/Γ. The cones of the gauge nodes denote a 5D
gauging with gauge coupling depending on the radial coordinate r of the
G2-holonomy space such that 4D N = 1 supersymmetry is preserved.

Within the G2-holonomy space we find two lines of codimension-6 singulari-

ties parameterized by the local coordinates t, t′ in fibers over the North and

South pole. The base S4/Γ contains torsional 2-cycles H2(S
4/Γ) ∼= ZK and

we obtain additional massive states from wrapped branes.

In the conical limit Vol(S4/Γ) → 0, the pair of singular lines is de-

formed into a collection of four codimension-6 singularities, each with radial

worldvolume R+ and transverse geometry C3/ZK . The four lines intersect

in codimension-7 at the tip of the G2 cone, see Figure 6 (left). In this limit

the torsional 2-cycle H2(S
4/Γ) is contracted and we obtain additional light

degrees of freedom.

We refer to such 4D N = 1 theories as Quadrion theories. They are

quasi-SCFTs in the sense that they couple to the bulk 5D theories T (M)

C3/ZK
.

The fact that we have a four-valent junction (see Figure 1) means that there

can be localized edge modes.
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Figure 6: Breaking the Quadrion. left: The singularity corresponding to a
Quadrion theory, a fourvalent junction of 5d SCFTs. right: Resolving the
tip of the cone triggers a breaking pattern to a pair of 5D SCFTs.

When Vol(S4/Γ) = 〈Φ〉 
= 0, the S4/Γ and the geometry becomes the one
in Figure 6 (right), namely, we are left with just two 5D SCFTs. We interpret
this effect as a flow from the Quadrion theory to a different recombined
interface in which some of the flavor symmetries have been broken to a
diagonal subgroup, and in which the 5D SCFTs decouple in the deep IR.

Example: pure flavor / bifundamental matter. While the Quadrion orbifold
geometry only contains codimension-6 singularities, here we consider the
other extreme where the orbifold only contains codimension-4 singularities
in the geometry. These were previously considered in [156, 200] and are dual
to the Type IIA background given by two stacks, each containing K D6-
branes. The low energy theory then consists of a chiral multiplet O in the
bifundamental representation (K,K). Giving a vev to this operator triggers
a breaking pattern which also resolves the tip of the cone. This is packaged
in terms of a flavor neutral combination of operators.

Explicitly, this ZK action is given by

(4.11) [Z1, Z2, Z3, Z4] → [λZ1, λZ2, λ
−1Z3, λ

−1Z4]

where λ is a Kth root of unity if K is odd and 2K if K is even.16 There are
two fixed S2’s, one located at Z1 = Z2 = 0 and the other at Z3 = Z4 = 0
which project to a common S2 in the S4 base. This means that the flavor

16In which case Z2K/Z2 � ZK is what acts effectively on the geometry.
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locus topology is S2×R in the resolved phase and R3∪R3 in the unresolved
phase. The 4D flavor algebra therefore changes from su(K)×su(K) to su(K).

Example: quadrions coupled to bifundamental matter. For this class of ex-
amples we specialize to Γ = ZK with group action as in lines (4.4) and (4.5),
which we reproduce here:

(v1, v2, v3, t) → (ζcv1, ζ
dv2, ζ

−c−dv3, t)(4.12)

(v′1, v
′
2, v

′
3, t

′) → (ζ−cv′1, ζ
dv′2, ζ

c−dv′3, t
′).(4.13)

We relax the Quadrion constraints (4.10) with non-vanishing weights to

(4.14) (|c| ,K) = (|c+ d| ,K) = (|c− d| ,K) = 1, K = md,

for some integers m, d > 1. Within the G2-holonomy orbifold we again
have codimension-6 singularities supporting 5D SCFTs as in the case of the
Quadrion (see Figure 6), but now with local 5D SCFT sectors exhibiting a
simple, non-Abelian flavor symmetry algebra su(d) along v1, v

′
1, v3, v

′
3 = 0

parameterized by local coordinates v2, v
′
2, t, t

′. The base S4/Γ again contains
torsional 2-cycles H2(S

4/Γ) ∼= Zm and one has massive states from wrapped
branes.

So, in both the North and South pole patches we have a 5D SCFT
with an su(d) flavor symmetry. In the compact S4/Γ, this is supported on a
compact two-dimensional subspace. To establish this, it is helpful to consider
the group action on the boundary geometry CP

3. Let ρ ∈ ZK be a generating
element. The action of ρm on the homogeneous coordinates is:

(4.15) ρm : [Z1, Z2, Z3, Z4] → [ζamZ1, ζ
−amZ2, ζ

bmZ3, ζ
−bmZ4],

where c + d = −2b and c − d = 2a. By assumption, K = md = −m(a + b)
so ζam = ζ−bm and the action becomes, with ξ = ζa,

(4.16) ρm : [Z1, Z2, Z3, Z4] → [ξmZ1, ξ
−mZ2, ξ

mZ3, ξ
−mZ4].

Therefore, we have two codimension-4 loci that intersect the boundary

(4.17) Order d fixed point loci in CP
3 : (Z1 = Z4 = 0), (Z2 = Z3 = 0),

and CP
3/Zd with Zd

∼= 〈xm〉 has two spheres worth of su(d) singularities
which are further quotiented in CP

3/ZK .
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Figure 7: Geometry of Quadrion coupled to bifundamental matter. The black
locus denotes an Ad−1 singularity and the red/blue lines indicate the 5D
SCFTs T North and T South respectively. Turning on a vev for a bifundamental
operator O breaks the flavor symmetry algebra from su(d)× su(d) to su(d).

The fixed point loci project to the same S2 in the S4 base, as there
is only one Ad−1 singularity in each of the North and South pole patches.
This means that in the resolved phase, Vol(S4) 
= 0, the fixed point locus is
connected with topology R×S2, and intersects the boundary at {±∞}×S2.
In the 4D theory, this means we have an su(d) flavor symmetry.

Much as in the other examples, there is a further enhancement once we
collapse the zero-section. Indeed, in the boundary CP

3/Γ we observe that
there are two CP

1’s, each of which locally supports a C2/Zd singularity. So,
we conclude that there is a 4D flavor symmetry enhancement to su(d)×su(d).
The physical interpretation is that there is 4D bifundamental operator O4D

which picks up a vev, triggering the breaking pattern to the diagonal su(d).
One can view this as a generalization of the previous example with a free
bifundamental Φ, again with a flat direction associated to giving a finite
volume to the S4.

Example: 5D SCFT intersecting a flavor stack. It is also of interest to
consider the special case where one of the Sp(1) factors acts trivially on the
geometry. It suffices to set λ2 = 1 and set λ1 = ζ = exp(2πi/K), a primitive
Kth root of unity. On the various patches of Λ2

ASD(S
4), the group action

takes the form:

(v1, v2, v3, t) → (ζv1, ζ
−1v2, v3, t)(4.18)

(v′1, v
′
2, v

′
3, t

′) → (ζ−1v′1, ζ
−1v′2, ζ

2v′3, t
′)(4.19)
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Figure 8: On the left, we have the geometry of a 5D SCFT localized at a
C3/ZK singularity which intersects a su(K) flavor locus in the unresolved
phase, 〈O〉 = 0. On the right, we have the resolved phase 〈O〉 
= 0.

while on the asymptotic CP
3 we have the action

(4.20) [Z1, Z2, Z3, Z4] → [ζZ1, ζ
−1Z2, Z3, Z4].

So in this case, we observe a 7D Super Yang-Mills theory at the North
pole with gauge algebra su(K) (i.e., it fills the v3 and t directions). At the
South pole, we still have a singularity which would be characterized by a
5D SCFT. In this case, the flavor symmetry at the South pole depends on
whetherK is even or odd. WhenK is even, the flavor symmetry is su(2)South,
supported along v′1 = v′2 = 0. As such, it remains a flavor symmetry (not
gauged in 5D) in the full geometry. When K is odd, there is no flavor
symmetry factor.

We can argue similarly from the boundary geometry (4.20). Here we
have a sphere of AK−1 singularities at Z1 = Z2 = 0. On the other hand
when Z3 = Z4 = 0 we find a trivially acting Z2 ⊂ ZK for even K which
indicates the A1 flavor locus described before. In addition Z2 = Z3 = Z4 = 0
and Z1 = Z3 = Z4 = 0 are acted on trivially by the full ZK and mark the
intersection of the codimension-6 loci with the boundary. See Figure 8 for
the case of K odd. As a final comment, in this case we have H2(S

4/Γ) = 0,
so there are no additional supersymmetric states available from wrapped
M2-branes.
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4.3. Two cyclic factors with generic Γ = ZK × ZL

Consider in complete generality Γ = ZK×ZL and denote by η, ω a primitive
Kth, Lth root of unity, respectively. We take λ1 = ηaωb and λ2 = ηcωd with
a, b, c, d integers. Then, the group action on the various patches of Λ2

ASD(S
4),

takes the form:

(v1, v2, v3, t) → (ηa−cωb−dv1, η
−a−cω−b−dv2, η

2cω2dv3, t)(4.21)

(v′1, v
′
2, v

′
3, t

′) → (ηc−aωd−bv′1, η
−a−cω−b−dv′2, η

2aω2bv′3, t
′).(4.22)

In both the North and South pole patch, we recall that the geometry takes
the general form C3/Γ × R, although the specific theory so obtained de-
pends sensitively on the specific divisibility properties for both K, L as well
as the exponents a, b, c, d which, although not uniquely, determine the em-
bedding (4.1). The general point, however, is that much as in the case of a
single cyclic group factor, we get some flavor symmetries which are gauged,
i.e., when they do not sit at v1 = v2 = 0.

Example: N = 1 trinion-like pairs. As an illustrative case study, let us
restrict to a = c and b = −d. Then, the general action specializes to:

(v1, v2, v3, t) → (ω2bv1, η
−2av2, η

2aω−2bv3, t)(4.23)

(v′1, v
′
2, v

′
3, t

′) → (ω−2bv′1, η
−2av′2, η

2aω2bv′3, t
′).(4.24)

In the base four-sphere S4 we find planes of fixed points given by vi = 0, with
i = 1, 2, which are compactified to two-spheres by the corresponding plane
v′i = 0 upon transitioning between patches. Extending these loci patchwise
along t with v3, v

′
3 = 0 we find overall two 4D flavor loci which are gauged

from a 5D perspective. Finally setting v1 = v2 = 0 and v′1 = v′2 = 0 we find
two more 4D flavor loci which are also flavor loci from a 5D perspective.

Let us now specialize further to a = b = 1 for which the action takes the
form:

(v1, v2, v3, t) → (ω2v1, η
−2v2, η

2ω−2v3, t)(4.25)

(v′1, v
′
2, v

′
3, t

′) → (ω−2v′1, η
−2v′2, η

2ω2v′3, t
′).(4.26)

If K,L is odd (resp. even) we define N ≡ K (resp. K/2) and M = L (resp.
L/2). The group acting effectively on the geometry is now Γ = ZN ×ZM . At
the North and South pole we now have two singularities of the type C3/(ZN×
ZM ). These locally engineer copies of T (M)

X6
N,M

, discussed in Section 2.2.2, and,
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whenever N = M , the well-known 5D trinion theory TN . The quotient space
X/Γ now couples the two T (M)

X6
N,M

theories, preserving four real supercharges.

The case of general a, b is quite similar. First, notice that requiring an
effective group action implies (2a,K) = (2b, L) = 1. If, however, this is not
the case, the effectively acting subgroup is given by

(4.27) Γ′ = ZK′ × ZL′ , K ′ = K/(2a,K), L′ = L/(2b, L).

The local model C3/(ZK′ × ZL′) is now realized at the North and South
pole. The 5D SCFT engineered by one such singularity has flavor symmetry
algebra:

su(K ′)× su(L′)× su((K ′, L′)).(4.28)

In passing to the compact zero-section, the flavor symmetries

(su(K ′)× su(L′))North × (su(K ′)× su(L′))South → (su(K ′)× su(L′))diag

(4.29)

at the North and South pole are gauged to the diagonal. The su((K ′, L′))North

× su((K ′, L′))South factors remain flavor symmetries in 5D.
From the perspective of the 4D theory, we observe a flavor symmetry

(4.30) su((K ′, L′))North × (su(K ′)× su(L′))diag × su((K ′, L′))South.

In the limit where the zero-section collapses, there is a further enhancement
to

(4.31) su((K ′, L′))North × su(K ′)2 × su(L′)2 × su((K ′, L′))South,

in the obvious notation. Finally note that in this class of examples we have
H2(S

4/Γ) = 0 and we have no additional massless modes from branes on 2-
cycles in the singular limit where the zero-section collapses. One can consider
more general situations by relaxing the conditions a = c and b = −d, and
for the most part the geometry of these models is similar.

5. Generalized symmetries

In the previous section we introduced a number of 4D N = 1 edge mode
theories via orbifolds of G2 cones. In this section we turn to the higher-
symmetries of these theories. Compared with cases previously treated in the
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literature, there are a number of important subtleties / distinctions. For one,
the bulk is already an interacting system. By tracking the spectrum of heavy
defects in the higher-dimensional theory, we can ask about their fate in the
4D theory. We refer to this as “symmetry inheritance”. Some structures such
as higher-form symmetries descend in a natural way to the 4D system. One
immediate application is that we can use this to read off the global form
of the non-Abelian flavor symmetry. On the other hand, some structures
such as 2-groups of 5D SCFTs (which involve an entwinement of a 0-form
and 1-form symmetry in the 5D theory) do not automatically descend to
higher-group structures in the edge mode theory. We leave a more complete
treatment of this to future work.

The rest of this section is organized as follows. We begin by giving a
brief review of how defects are realized in geometrically engineered SQFTs,
and in particular how this can be used to read off various generalized sym-
metries. Since 5D and 7D theories constitute bulk degrees of freedom for our
various edge mode theories, we then briefly review some of the generalized
symmetries encountered in these settings. We then turn to the computation
of various higher-form symmetries for the theories realized in the previous
section. We find both discrete and continuous higher-symmetries are gener-
ically present in these theories, for the latter see Appendix A. Finally we
present a number of examples illustrating these features. Here we mainly
focus on 0-form symmetries which determine the global structure of flavor
symmetries.

5.1. Review of symmetries from wrapped branes

Global symmetries17 of field theories engineered via purely geometric back-
grounds X in string theory are specified by topological symmetry opera-
tors and their representations, i.e., defect operators. Both are engineered
by wrapped branes and in many cases global symmetry data of the system
can be extracted from the study of either defect or symmetry operators
[18, 30, 31, 107, 106, 108]. We briefly review these two perspectives.

The first perspective focuses on constructing defect operators as branes
wrapped on non-compact, relative cycles E∗(X, ∂X). Here E is some gen-
eralized18 homology theory [18, 31, 30]. For most purposes, the relevant
homology theory in the context of M-theory is singular homology E∗ = H∗

17We restrict to internal symmetries of the SQFTs which derive from the topol-
ogy of X and do not descend from metric data such as isometries.

18See also [200] where this was pointed out from a background field perspective.
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and with this, defect operators are organized into the so-called defect group
[18, 26, 31, 30]:

(5.1) D = ⊕kD
(k), D

(k) = D
(k)
M2 ⊕ D

(k)
M5.

The defect group contains electric and magnetic defect operators constructed
via M2- and M5-branes wrapped on non-compact cycles

(5.2)

D
(k)
M2

∼= H3−k(X, ∂X)

H3−k(X)
∼= H3−k−1(∂X)

∣∣
trivial

D
(k)
M5

∼= H6−k(X, ∂X)

H6−k(X)
∼= H6−k−1(∂X)

∣∣
trivial

.

Here, the subgroups D(k) collect k-dimensional defects acted on by k-form
symmetries and |trivial denotes the restriction to the kernel of the inclusion
∂X ↪→ X lifted to homology.

Strictly speaking, working on such a local geometry X results in a rela-
tive field theory, in the sense of [4, 206, 207, 2]. In order to more fully specify
the SQFT defined by a given geometric background, one must also provide
boundary conditions for the various background fields / fluxes “at infinity”.
Roughly speaking, one views the radial direction of the conical geometry X
as a “timelike” direction of a topological field theory, and then treats the
boundary as a state of this TFT. Specifying a maximally commuting collec-
tion of operators in that system amounts to a choice of “polarization”.19

Absolute theories only follow upon a choice of boundary condition or
polarization

(5.3) Λ = ⊕kΛ(k), Λ(k) ⊂ D
(k), E(k) = Λ∨

(k) ≡ Hom(Λ(k),R/Z)

which fixes a maximally mutually local subgroup of defect operators. The
k-form symmetries E(k) are then inferred by Pontryagin duality, denoted us-
ing ∨. The symmetries of all relative theories, deriving from a given absolute

19Due to flux non-commutativity between G4 and G7 [208, 26], it is necessary
to pick a maximal isotropic sublattice of commuting flux operators as geometrized
by the linking form between cycles wrapped by electromagnetically dual branes.
This specifies a maximal set of mutually local defects and consequently an absolute
QFT starting from a relative QFT. Purely electric or magnetic sublattices are
automatically mutually local. An important subtlety with this procedure is that the
11D Chern-Simons term for the 3-form potential leads to additional complications
in the braiding relations for the magnetic variables specified by G7 fluxes. This is an
additional reason why it is typically simpler to work with the electric polarization.
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theory engineered with geometryX, are therefore subgroups ⊕k E(k) ⊂ D∨ of
the Pontryagin dual of the defect group. In the following section we restrict
to purely electric polarizations, and all defect operators are constructed from
wrapped M2-branes.

The second perspective focuses on constructing the topological symme-
try operators, acting on defect operators, by wrapping branes at the asymp-
totic boundary of spacetime [108, 107, 106] (see also [109]). These operators
are topological as they are at infinite distance from the dynamical degrees of
freedom of the engineered SQFT and arise from branes wrapped on cycles
of formally infinite volume. Their action on charged operators is determined
from topological linking with the defect operators that make up the defect
group D. An important feature of this perspective is that it automatically
points to additional structures such as topological field theories attached to
each such symmetry operator. For the purposes of the present work, how-
ever, we shall mainly content ourselves with identifying the spectrum of
defects and the associated higher-symmetries.

Now, whenever the asymptotic boundary ∂X is singular, both perspec-
tives become significantly more intricate.20 For the G2-holonomy orbifolds
collected in Section 4, the asymptotic boundary contains codimension-4
and/or -6 singular loci. In such situations, as demonstrated in [85, 86], one
must also consider M2- and M5-branes that wrap not only H∗(∂X)|trivial,
but also homology groups that arise in the Mayer-Vietoris sequence associ-
ated to cutting out/gluing-in the singular loci into ∂X. If we define Σ ⊂ ∂X
to be the singular locus, and T (Σ) to be a tubular neighborhood thereof,
then we interpret21 M2-branes wrapped on

(5.4) H3−k(T (Σ), ∂T (Σ)) ∼= H3−k−1(∂T (Σ))|trivial

as the defect operators charged under the electric k-form symmetries of
the SCFT localized along the non-compact singular loci intersecting the
boundary in Σ. The boundary ∂T (Σ) is smooth, therefore M5-branes on

(5.5) H∗(∂T (Σ))

engineer the symmetry operators of the edge mode theory Σ [108].

20One could in principle consider a full resolution of all singularities, including
those at the boundary, but this in general obscures the non-Abelian flavor symme-
tries of the system.

21We will leave implicit the |trivial qualification in what follows. Note that this
condition is automatically satisfed when the 4D theory is at the SCFT point in its
moduli space.
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As a final comment, in the defect group, the torsional contributions
to the 0-form symmetry track the centers of non-Abelian flavor symmetry
factors, while the free parts track additional U(1) symmetry factors.

5.2. Symmetry inheritance

Since we have localized modes sitting in a bulk theory, we can expect that
some of the symmetries of the bulk will act on these edge modes, through a
process we refer to as “inheritance”. We stress that this is a rather general
notion, and works whenever we have a bulk / boundary system.

Starting from a background X, the theory TX has a defect group D(X)
which encodes the higher-symmetries of this theory. In the context of theories
realized via intersections of and junctions of bulk theories with an edge mode,
it is helpful to speak of the individual singular loci Vi ⊂ X which, in isolation,
define building blocks TVi

of the full system TX . Each of these TVi
has its

own defect group D(Vi), and with it, a set of corresponding higher-form
symmetries. In the process of building up TX , some of these symmetries
will be gauged / broken, but there is a clear question as to the fate of
the defects / symmetry operators of TVi

and how they embed in the full
theory TX . Comparing the two, and keeping track of the jumps that arise
by pushing symmetry defects on the boundary (a bulk p-form symmetry
becomes a (p − 1)-form symmetry for the boundary), one can determine
which collection of the charged operators of the bulk theories TVi

can act on
the edge modes of TX .

Symmetries from the bulk. Precisely because we expect some of the bulk
generalized symmetries to descend to our edge modes, we now provide a
brief review of the sorts of structures we can expect to encounter. Higher-
symmetries of 5D and 7D theories have been studied for example in [31, 30,
55, 160, 84, 85, 86]. Our treatment will follow that given in [85, 86].

To begin, the 7D theories under consideration arise from local geometries
of the type C2/Γ where Γ ⊂ SU(2) are finite groups with ADE classification.
If we denote by GΓ the simply connected Lie group associated to Γ we
then find the defect group of lines to be isomorphic to the center ZGΓ

.
These lines are constructed from M2-branes wrapped on cones over 1-cycles
H1(S

3/Γ) ∼= ZGΓ
of the asymptotic boundary. This gives the complete set

of electric defect operators acted on by 1-form symmetries.
The 5D theories under consideration arise from local geometries of the

type C3/Γ where Γ ⊂ SU(3) are finite groups (as classified in [209, 210,
211]). Here, electric defects arise from M2-branes wrapped on non-compact
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3-cycles and 2-cycles. These give local/line operators in the 5D theory and
are acted on by 0-form and 1-form symmetry groups. The relevant cycles are
in fact torsional and are cones over elements of H2(S

5/Γ) and H1(S
5/Γ),

respectively.
These 0-form and 1-form symmetries can combine to a 2-group. Denote

by (S5/Γ)◦ the quotient S5/Γ with singularities Σ removed. Then the Mayer-
Vietoris sequence with respect to a covering given by (S5/Γ)◦ and the tube
T (Σ) contains the exact subsequence

0 → H2(S
5/Γ) → H1(∂T (Σ)) → H1((S

5/Γ)◦) → H1(S
5/Γ) → 0

(5.6)

and detects operators in projective representations of the flavor symmetry
group and therefore the extension of the 0-form symmetry group by a 1-
form symmetry group to a 2-group [69, 66]. Non-trivial 2-groups are then
characterized by this sequence not splitting at the third entry.

We now reinterpret this result about 2-groups in 5D theories, in terms
of symmetry inheritance. Let us consider for simplicity a concrete exam-
ple, the SU(p)p SYM theories, corresponding to the singularities C3/Z2p.

In the electric frame, we have a 2-group mixing the Z
(1)
p form symmetry of

the 5d theory with the SO(3)(0) 0-form symmetry of the model. The latter
arises from a bulk 7D SYM theory, corresponding to a non-compact A1 locus

in the C3/Z2p orbifold. The 7D theory has a Z
(1)
2 center symmetry, which

induces a Z
(0)
2 0-form symmetry on the 5D boundary. The latter is param-

eterizing the charges of the line operators in 5D that cannot be screened,
and thus transform in projective representations. This leads to the exact
sequence

(5.7) 0 → Z2 → Z2p → Zp → 0

where Z2p correspond to the charges of line operators screened by operators
transforming in definite representations of the global symmetry group [69].
This is encoded in the Mayer-Vietoris sequence on the boundary S5/Z2p

where the C2/Z2 fixed locus is excised. This is an example of symmetry in-
heritance: the compatible boundary conditions for the operators on the edge
are parameterized by line (5.7). Indeed, for the Mayer-Vietoris argument of
[85, 86], it is crucial to have extended singularities which reach the bound-
ary, giving rise to a singular locus. The latter now have an interpretation
in terms of higher-dimensional bulk theories. This discussion extends to the
4D edge theories arising from orbifolds of G2 cones.
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Symmetry inheritance for 4D edge modes. We expect that in our systems
with 4D edge modes that the symmetries of the building blocks of the bulk
system may also act in a natural way in the full theory. In this context,
symmetry inheritance relates the symmetries of the SCFT localized along
Σ to those of the lower-dimensional modes at the tip of the asymptotically
conical geometry X. In physical terms, one simply considers the topological
symmetry operators of the bulk theory, and pushes them fully into the edge.
Geometrically, symmetry inheritance is quantified by the boundary maps

(5.8) ∂n : Hn(∂X) → Hn−1(∂T (Σ))

which are taken from the Mayer-Vietoris long exact sequence with respect to
the covering ∂X = (∂X\Σ)∪ T (Σ). Since the k-form symmetries take values
in the Pontryagin duals of these groups and the map (∂n)

∨ (induced from
the contravariant functor specified by Pontryagin duality) is in the reverse
direction of (5.8), this tells us how symmetries of the 5D/7D theories map
onto symmetries of the 4D theory. In general this map can have a non-trivial
kernel and cokernel, so our study of symmetry inheritance will take note of
which symmetries of the 5D/7D theory do not become symmetries in 4D,
and which 4D symmetries do not originate from the higher-dimensional bulk.

To illustrate how this works in more detail, let us specialize further to
the electric polarization, and consider the inheritance of 5D/7D lines to 4D
local operators. For this we need to consider the geometric realizations of
the 5D/7D theories as subsets of the orbifolded G2-holonomy space. The
radial direction of the G2 cone is part of the 5D/7D world volume and a
line can therefore be oriented radially stretching from the tip of the cone
to infinity. In the G2-holonomy space, the cycles associated to the line in
the local model of the 5D/7D theory no longer make sense globally. Rather,
the relevant cones over 1-cycles (in a given radial shell) must be restrictions
of 2-cycles. Such 2-cycles can be stretched between different 5D/7D loci.
An M2-brane wrapped on such a 2-cycle gives a local operator in 4D which
looks like a collection of line operators in the 5D/7D systems. Such local
operators are inherited from the higher-dimensional lines by “restriction” to
the tip of the G2 cone. Modding out all 4D local operators by the inherited
local operators gives the intrinsic local operators of the 4D system.

All of this is quantified by the boundary map

(5.9) ∂2 : H2(∂X0) → H1(∂T (Σ))

of the Mayer-Vietoris sequence. HereX0 denotes the G2 cone (with collapsed
zero section), and T (Σ) the tubular neighborhood of its singularities in the
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asymptotic boundary ∂X0. The map ∂2 sends a 2-cycle, at a given radius,
to (the cone over) a 1-cycle. The image Im ∂2 is therefore isomorphic to the
inherited symmetries, while the kernel Ker ∂2 is isomorphic to the intrinsic
symmetries. The former is extended by the latter

(5.10) 0 → Ker ∂2 → H2(∂X0) → Im ∂2 → 0.

In the examples below we find this short exact sequence splits.
By a similar token, we can consider 0-form symmetries of the 5D theory,

which are often associated with 7D SYM sectors (viewed as another “bulk
theory”). As we already saw in Section 4, these symmetries directly descend,
along with some 5D gauge symmetries, to flavor symmetries of the 4D theory.
An interesting feature of inheritance is that in some cases, the contributions
from the defect group end up trivializing. This happens because once we
perform a consistent 5D gauging, additional states are often included which
end up changing the global form of the flavor group / flavor symmetry in
the 4D edge mode theory compared with the isolated 5D theories used to
construct the bulk.

In some of our 5D theories, there can also be more intricate structures
such as an entwinement between 0-form and 1-form symmetries via a 2-
group structure (see e.g., [55, 85, 86]). Precisely because the structure of
the bulk 0-form symmetry is often modified by 5D gauging effects, this also
impacts the structure of such higher-group structures as well. That being
said, we leave a full treatment of such phenomena for future work.

5.3. Spontaneous symmetry breaking

One of the important features of our orbifolds of G2 cones is that resolving
the tip of the cone often ends up breaking some of the symmetries of the
system. We already explained in Section 4 that this phenomenon is generic
when we have non-Abelian flavor symmetries, and indicates that there are
localized degrees of freedom at the tip of the cone charged under these
symmetries.

It is natural to ask whether we can perform a similar analysis for the
various generalized symmetries of our system. One way to approach this
question is to calculate the defect group both before and after resolution of
the tip of the cone. At this point it is worth remarking that in many pre-
vious studies of the defect group, a special class of k-form symmetries was
considered in which the process of resolution does not alter this structure
(as in [18, 31, 30]). For example, in 5D SCFTs realized via orbifolds of the



Junctions, edge modes, and G2-holonomy orbifolds 319

form C3/ΓSU(3), one method for extracting the defect group is to explicitly
resolve the geometry [160], but one can alternatively work directly in terms
of singular homology of the bulk Calabi-Yau and its boundary S5/ΓSU(3).
The issue we face in some of the cases considered here is that in general,
blowups and smoothing deformations of a space can have different Betti
numbers, and this in turn means that the structure of the defect group is in
principle sensitive to such changes. So, a priori, we can expect the structure
of the defect group to be different depending on whether we have resolved
our G2 cone or not. To emphasize this point, we shall sometimes write D(X0)
and D(X) to indicate the defect group of the singular and resolved cases,
respectively. Similarly we denote by E(X0) and E(X) the electric subgroups
of the defects group for the geometries X0 and X, respectively. For techni-
cal reasons outlined earlier, we mainly confine our attention to the electric
polarization. In all the examples we consider, the part of the defect group
which is broken is indeed just the contribution to the 0-form symmetry.
For additional discussion of the various continuous k-form symmetries, see
Appendix A.

From the perspective of the boundary, however, the topology of ∂X is
unchanged by such localized deformations (be they blowups or smoothings).
Consequently, the analysis if [108] implies that wrapping branes “at infinity”
will be insensitive to such operations, and as such, the topological symmetry
operators will remain the same in both the singular and resolved phase.
This is all compatible with spontaneous symmetry breaking: The theory
still retains the original symmetry, but the spectrum of localized degrees of
freedom which are charged under the symmetry can indeed change.22

5.4. Examples

Having specified some general features of higher-symmetries, we now turn
to an analysis in some explicit examples. The core mathematical tool we use
to read off the various higher-form symmetries and how they are inherited
in the edge mode system is a calculation of the relevant homology groups. In
the special case of the homology groups of ∂X◦

0 , namely the boundary geom-
etry with singularities excised, there is an additional subtlety because this
geometry sometimes deformation retracts to a lower-dimensional space. To
implicitly indicate this feature, when we present the generators of H∗(∂X◦

0 ),
we shall therefore only list the highest degree term contribution which is
non-trivial, i.e., we do not go “all the way to 6” in all cases.

22For example, consider the vev of a scalar bifundamental of (SU(N) ×
SU(N))/ZN .
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5.4.1. Quadrion theories. As a first example, consider again the quad-
rion theories. The quotient on the North and South pole patches are, with
Γ = ZK and ζ = exp(2πi/K),

(v1, v2, v3, t) ∼ (ζcv1, ζ
dv2, ζ

−c−dv3, t)(5.11)

(v′1, v
′
2, v

′
3, t

′) ∼ (ζ−cv′1, ζ
dv′2, ζ

c−dv′3, t
′)(5.12)

and with constraints on exponents as

(5.13) (|c| ,K) = (|d| ,K) = (|c+ d| ,K) = (|c− d| ,K) = 1.

The geometry X0 is characterized by the homology groups

(5.14)

H∗(X0, ∂X0)/H∗(X0) ∼= {0, 0, 0,Z⊕ Z
2
K , 0,Z⊕ ZK , 0,Z}

H∗(∂X0) ∼= {Z, 0,Z⊕ Z
2
K , 0,Z⊕ ZK , 0,Z}

H∗(∂X
◦
0 )

∼= {Z,ZK ,Z,Z2
K ,Z,Z3}

H∗(X, ∂X)/H∗(X) ∼= {0, 0, 0,Z⊕ ZK , 0,ZK , 0,Z}

and the Pontryagin dual of the defect group, interpreted as the possible
higher-form symmetry group E = D∨

M2 (in an electric polarization). We
therefore find that in the limit where we have a collapsed zero section (via
H∗(X0, ∂X0)/H∗(X0))

(5.15) E(X0) = U(1)(0) × (Z
(0)
K )2.

With this, the 4D 0-form symmetry contributed from the defect group
is U(1)× Z2

K . We interpret the torsional elements as the center of the non-
Abelian flavor symmetry group. We can determine which contributions are
inherited from 5D by studying the boundary map

(5.16) ∂2 : H2(∂X0) = Z× Z
2
K → H1(∂T (Σ)) = Z

4
K

of the Mayer-Vietoris sequence for the covering ∂X0 = ∂X◦
0 ∪ T (Σ). This

boundary map specifies how the internal support of 5D defects given in (5.4)
glue together to 4D defects, which are therefore inherited from 5D. The 5D
theories from which the symmetries are inherited are four copies of T (M)

C3/Γ

and we have

Ker(∂2) =

{
4D 0-form symmetries that do not come from

5D bulk 1-form symmetries

}
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S2
− S2

+

S2 = KS2
±

S4/ZKy = −1 y = +1

T (M),1

C3/ZK

T (M),2

C3/ZK

T (M),3

C3/ZK

T (M),4

C3/ZK

σ

γ1

γ2

γ3

γ4

Figure 9: Sketch of the twistor space associated with the Quadrion theory.
The fibration over B = S4/ZK exhibits two exceptional fibers projecting to
y = ±1 and running between pairs of codimension-6 singularities Σ mod-
eled on C3/ZK . Σ consists of the four red dots. The horizontal 2-cycle σ
projects to the generator of H2(S

4/Γ). The fractional fibers S2
± intersect

the boundaries of the tubular neighborhoods of each singularity along a tor-
sional 1-cycle γi (blue). The 2-cycle σ has a similar intersection pattern (not
depicted).

Coker(∂2) =

{
5D 1-form symmetries that are transparent

to the 4D edge modes

}

Im(∂2) =

{
5D 1-form symmetries that are faithful 0-form

symmetries acting on the 4D edge modes

}
.

In order to describe these groups, we consider the cycles generating

(5.17) H2(∂X0) ∼= Z× Z
2
K

∼= ((Z× Z)/KZ)× ZK .

For this, let us introduce a coordinate y as a height coordinate on the S4

with North and South pole at y = +1 and y = −1 respectively. Then, the

factor Z× Z in (5.17) is generated by vertical cycles, they are the two fiber

classes S2
± projecting to the North and South pole of the base S4/Γ with

coordinates y = ±1 respectively. These fibers are rigid, however, the multiple

KS2
± is homologous to the generic 2-sphere fiber S2 of the twistor space ∂X0

and therefore KS2
± are homologous. Accounting for this equivalence we find

a contribution of (Z×Z)/KZ toH2(∂X0) whereKZ is embedded diagonally.

The generator σ of the remaining ZK factor is horizontal, it is the lift of the

torsional generator of H2(S
4/Γ) to the total space, see Figure 9.
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In order to describe the image of ∂2 we pick the natural basis of Z4
K

where each factor is associated to the torsional 1-cycle γi in the S5/ZK

linking each codimension-6 singularity. With these conventions in place we
have

(5.18)
∂2 : ((Z× Z)/KZ)× ZK → Z

4
K

(n,m, h) �→ (n+ h, n,m+ h,m)

and we readily compute

Ker(∂2) = KZ(5.19)

Coker(∂2) = ZK(5.20)

Im(∂2) = Z
3
K .(5.21)

Let us now discuss the inherited symmetries at the level of defect op-
erators. Consider an M2-brane wrapped on the cone over S2

±. The fibers
S2
± run between pairs of singularities modeled on C3/ZK as shown in Fig-

ure 9. Restricting to the local models T (Σ) of the 5D theory we find that
S2
± decompose into four cones over the torsional 1-cycles γi generating

H1(∂T (Σ)) ∼= Z4
K . These are the relative 2-cycles in T (K) wrapped by

M2-branes to engineer line defects in the 5D theory. Similarly, we find the
horizontal 2-cycle σ to restrict to two cones. Overall, therefore we have ∂∨

2

pushing forward the 1-form symmetry subgroup Z3
K of the 5D theory, em-

bedding these into the 4D 0-form symmetry group U(1)× Z2
K .

Upon giving a finite volume to S4/ZK , the symmetry breaks as follows:23

E(X0) → E(X)(5.22)

U(1)(0) × Z
(0)
K × Z

(0)
K → U(1)(0) × Z

(0)
K .(5.23)

5.4.2. Quadrions coupled to bifundamental matter. Consider next
our example of quadrions coupled to bifundamental matter. The quotient on
the North and South pole patches are, with Γ = ZK and ζ = exp(2πi/K),

(v1, v2, v3, t) → (ζcv1, ζ
dv2, ζ

−c−dv3, t)(5.24)

(v′1, v
′
2, v

′
3, t

′) → (ζ−cv′1, ζ
dv′2, ζ

c−dv′3, t
′).(5.25)

and with constraints on exponents as

(5.26) (|c| ,K) = (|c+ d| ,K) = (|c− d| ,K) = 1, K = md,

23We read this off from the relative homology groups H∗(X, ∂X)/H∗(X).
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for some integers m, d > 1. The relevant homology groups are:

(5.27)

H∗(X0, ∂X0)/H∗(X0) ∼= {0, 0, 0,Z⊕ Z
2
m, 0,Z⊕ ZK , 0,Z}

H∗(∂X0) ∼= {Z, 0,Z⊕ Z
2
m, 0,Z⊕ ZK , 0,Z}

H∗(∂X
◦
0 )

∼= {Z,ZK ,Z,Z2 ⊕ Z
2
m,Z,Z}

H∗(X, ∂X)/H∗(X) ∼= {0, 0, 0,Z⊕ Zm, 0,ZK , 0,Z}

and the electric polarization of the defect group is therefore

(5.28) E(X0) = U(1)(0) × (Z(0)
m )2.

Next, recall that the flavor symmetry algebra is g = su(d)×su(d)×u(1).
The flavor symmetry group is determined by the boundary map

∂2 : H2(∂X0) ∼= Z⊕ Z
2
m → H1(∂T (Σ)) ∼= ((ZK ⊕ ZK)/Zd)

2 ∼= (ZK ⊕ Zm)2
(5.29)

with domain generated by the fibers S2
±, the two fiber classes projecting to

the North and South pole of the base, and σ and codomain generated by four
Hopf circles (see Figure 10). Similar to the case of Quadrions we can associate
four 1-cycles γi to the four codimension-6 singularities contained inK. These
generate the Z4

K and the quotient by Z2
d identifies linear multiples in pairs

according to the flavor branes stretching between these. We find

Ker(∂2) = KZ(5.30)

Coker(∂2) = ZK(5.31)

Im(∂2) = ZK ⊕ Z
2
m.(5.32)

In this example the 0-form symmetry is inherited from the 1-form symme-
tries of two 5D/7D systems, each with electric line defect group isomorphic
to ZK × Zm. A 5D/7D system is given by two 5D SCFTs engineered via
C3/Zmd glued together such that the two su(d) loci compactify resulting in
a diagonal gauging of the flavor symmetries. Via symmetry inheritance, we
find the 4D flavor symmetry group in the X0 phase (i.e., the quasi-SCFT
phase) is:

(5.33) GF =
SU(d)× SU(d)× U(1)

ZK(m, 0, 1)× ZK(0,m, 1)
× Z

2
m

with the ZK × Z2
m subgroup inherited from the two 5D/7D systems.
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S2/Zmy = −1 y = +1

S3/Zd = m(S3/ZK) (S3/ZK)+(S3/ZK)−

γ− γ+γd = mγ±

Figure 10: Geometry of Hopf fibration in the case of quadrions coupled to
bifundamental matter. The boundary ∂T (Σ) has two connected components,
the picture shows one. The boundary component is fibered over the tear
drop S2/Zm with generic lens space fibers S3/Zd and two exceptional fibers
S3/ZK projecting to its North and South pole at y = ±1. The Hopf circles
γ± are rigid, however mγ± is homolgous to the Hopf circle of the generic
lens space fiber, and therefore γ± generate a (ZK ⊕ ZK)/Zd

∼= ZK ⊕ Zm

contribution to the first homology group.

Upon giving a finite volume to S4/ZK , some of the zero-form symmetries
break:

E(X0) → E(X)(5.34)

U(1)(0) × Z
(0)
m × Z

(0)
m → U(1)(0) × Z

(0)
m .(5.35)

5.4.3. 5D SCFT intersecting a flavor stack. Consider next the system
given by a 5D SCFT intersecting a flavor stack. The quotient on the North
and South pole patches are, with Γ = ZK and ζ = exp(2πi/K),

(v1, v2, v3, t) → (ζv1, ζ
−1v2, v3, t)(5.36)

(v′1, v
′
2, v

′
3, t

′) → (ζ−1v′1, ζ
−1v′2, ζ

2v′3, t
′).(5.37)

The relevant homology groups are:

(5.38)

H∗(X0, ∂X0)/H∗(X0) ∼= {0, 0, 0,Z⊕ ZK , 0,Z⊕ ZK , 0,Z}
H∗(∂X0) ∼= {Z, 0,Z⊕ ZK , 0,Z⊕ ZK , 0,Z}

H∗(∂X
◦
0 )

∼=
{
{Z,ZK ,Z,Z⊕ ZK ,Z,Z2} K odd

{Z,ZK ,Z,Z⊕ ZK , 0,Z} K even

H∗(X, ∂X)/H∗(X) ∼= {0, 0, 0,Z, 0,ZK , 0,Z}
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and the Pontryagin dual of the electric polarization of the defect group

is therefore

(5.39) E(X0) = U(1)(0) × Z
(0)
K .

Returning to Section 4, the flavor symmetry algebra g = su(K)×su(2)×
u(1) and g = su(K)× u(1) when K is even and odd respectively. The flavor

symmetry group in the quasi-SCFT phase is thus given by:

(5.40)

GF =
SU(K)× SU(2)

Z2(K/2, 1)
× U(1) (K even)

GF =
SU(K)× U(1)

ZK(1, 1)
(K odd)

Upon giving a finite volume to S4/ZK , the Pontryagin dual of the electric

polarization of the defect group breaks to

(5.41) E(X) = U(1)(0)

5.4.4. Trinion-like pairs. As a final example, we consider the trinion-

like pairs, where we quotient Λ2
ASD(S

4) by Γ = ZK × ZL. Letting ω =

exp(2πi/K) and η = exp(2πi/L), the group action on the North and South

poles is:

(v1, v2, v3, t) → (ω2bv1, η
−2av2, η

2aω−2bv3, t)(5.42)

(v′1, v
′
2, v

′
3, t

′) → (ω−2bv′1, η
−2av′2, η

2aω2bv′3, t
′).(5.43)

Define K ′ = gcd(K, 2a) and L′ = gcd(L, 2b). The relevant homology groups

are:

(5.44)

H∗(X0, ∂X0)/H∗(X0) ∼= {0, 0, 0,Z,Zgcd(K′,L′),Z⊕ ZK′ ⊕ ZL′0,Z}
H∗(∂X0) ∼= {Z, 0,Z,Zgcd(K′,L′),Z⊕ ZK′ ⊕ ZL′ , 0,Z}
H∗(∂X

◦
0 )

∼= {Z,ZK′ ⊕ ZL′ ,Z⊕ Zgcd(K′,L′),Z
5,Z3}

H∗(X, ∂X)/H∗(X) ∼= {0, 0, 0,Z,Zgcd(K′,L′),Z⊕ ZK′ ⊕ ZL′0,Z},

and the electric symmetry read off from the defect group is simply

(5.45) ESCFT = U(1)(0).
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The flavor symmetry algebra is g = u(1)×su(K ′)×su(L′)×su(gcd(K ′, L′)).
We can again determine the global structure of the flavor group studying
the map

(5.46) ∂2 : H2(∂X) ∼= Z → H1(∂T (Σ)).

The group H2(∂X) is generated by the fibers projecting to either y, y′ = 1
which are fixed by Γ and we denote these respectively by S2

±. They are an
lcm(K ′, L′)-folding of the generic twistor space fiber. The two choices are
homologous. Whenever gcd(K ′, L′) 
= 1 we find these to be contained in the
singular locus Σ and, in particular, they do not intersect ∂T (Σ). Therefore
∂2 = 0. In other words, the flavor symmetry group is:

GF = PSU((K ′, L′))× PSU(K ′)2 × PSU(L′)2 × PSU((K ′, L′))× U(1).

(5.47)

6. Further examples

In the previous sections we primarily focused on the space Λ2
ASD(S

4) and its
quotients by a finite subgroup of isometries. Many of the structures encoun-
tered in this class of geometries naturally generalize to other G2-holonomy
spaces with complete AC metrics. In this regard, a natural class of exam-
ples are obtained from Bryant-Salamon metrics on Λ2

ASD(M), the bundle of
anti-self-dual 2-forms over a self-dual Einstein 4-orbifold M and quotients
thereof. We will first discuss M = CP

2 and discrete quotients thereof and
we also briefly revisit the case of the bundle of anti-self-dual 2-forms of a
weighted projective space Λ2

ASD(WCP
2) considered in in [156] and how it fits

with the considerations of the present work. We also show that starting from
an ambient eight-dimensional geometry, all of these different cases involving
orbifold singularities generated by Abelian group actions can be unified in
a single construction.

6.1. Physics and geometry of Λ2
ASD(CP2)

To set the stage for our analysis, we begin by briefly reviewing the physics
and geometry of X = Λ2

ASD(CP
2) with its complete AC Bryant-Salamon

metric. In this case, ∂X is the six-manifold F, the twistor space of CP2.
This is also referred to as a flag manifold and can be realized as the quotient
SU(3)/U(1)× U(1).

Since we will be interested in taking finite quotients of Λ2
ASD(CP

2), it
will be helpful to give a more uniform characterization of the boundary
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geometry ∂X = F. This space is obtained as a quadric in CP
2 × CP

2.
Consider two copies of CP

2, which we denote as CP
2
V and CP

2
W , with

respective homogeneous coordinates Vi and Wi for i = 1, 2, 3. The flag
manifold is parameterized by the hypersurface swept out by the zero set
V ·W = V1W1 + V2W2 + V3W3 = 0 (see e.g., [212] for a helpful exposition):

(6.1) F = {([V1 : V2 : V3], [W1 : W2 : W3]) ∈ CP
2
V × CP

2
W

∣∣V ·W = 0}.

The flag manifold F admits the twistor fibration π : F → CP
2
U given by the

cross product:

π([V1, V2, V3], [W1,W2,W3])(6.2)

= [V ∗
2 W3 − V ∗

3 W2, V
∗
3 W1 − V ∗

1 W3, V
∗
1 W2 − V ∗

2 W1]

≡ [U1, U2, U3].

Note that this map is non-holomorphic. So, all told, we actually have three
different CP2’s, CP2

U , CP
2
V and CP

2
W . As explained in [200], the role of these

three CP2’s can be permuted in the limit where the zero-section collapses to
zero size, and this is interpreted as a Z3 symmetry which is broken once we
resolve the tip of the cone X0 to finite size. Indeed, the minimal field content
describing this would be three 4D N = 1 chiral superfields Φi which are cou-
pled by a cubic superpotential Φ1Φ2Φ3, and the vev of one Φi parameterizes
the volume modulus of the CP

2 for a given geometry.24

Symmetries of Λ2
ASD(CP

2). Let us now turn to the symmetries of X =
Λ2
ASD(CP

2), including the limit X0 where the zero-section has collapsed to
zero size. To begin, we observe that because F = SU(3)/U(1) × U(1) is
a coset space, it clearly admits an SU(3) group action. In terms of the
parameterization as a hypersurface in CP

2
V ×CP

2
W , we have, for A ∈ SU(3):

(6.3) A · (V,W ) = (A∗V,AW ),

where here, A acts as left-multiplication on a column vector of Wi’s, and
A∗ denotes the complex conjugate (but not transpose) matrix acting by
left-multiplication on a column vector of the Vi’s. The center of SU(3) acts

24One might ask whether this is already evidence for an interacting fixed point
in 4D. For example, if we were to consider IIA on the same singular geometry the
so-called “XYZ model” would lead to a non-trivial fixed point. The order of limits
is somewhat different here, in particular the same cubic coupling in 4D is marginal
irrelevant.
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trivially and therefore we are actually describing a PSU(3) automorphism on
F. The G2-metric on Λ2

ASD(CP
2) exhibits these symmetries asymptotically

as isometries [200]. In addition to these continuous symmetries, there are
also some discrete groups. These act on the flag manifold coordinates as
follows:

Z2 ⊂ S3 : σ2 · (V,W ) = (W ∗, V ∗)(6.4)

Z3 ⊂ S3 : σ3 · (U, V,W ) = (W,V,U),(6.5)

where in the second line we have also included a permutation involving the
base CP

2
U of the twistor space. The full isometry symmetry group for F is

therefore PSU(3) × S3. This is retained as a symmetry for X0, but the Z3

subgroup of S3 is broken in the resolved phase with geometry X.

6.1.1. Abelian group actions. We now specialize further, restricting
attention to Abelian group actions. The maximal torus of PSU(3) is the
quotient U(1)1×U(1)2/Z3. Let α and β denote elements in U(1)1 and U(1)2
respectively. Then, we have the action on the flag manifold F:25

(6.6) ([V1, V2, V3], [W1,W2,W3]) �→ ([αV1, βV2, V3], [α
−1W1, β

−1W2,W3]).

To get a handle on the fixed loci, consider the fibration F → CP
2
V .

This favors one of the three branches of the geometric moduli space but
we will make clear how the fixed loci is modified after the flop transitions.
Codimension-6 fixed points can potentially occur at three locations at in
the base: {V1 = V2 = 0}, {V2 = V3 = 0}, and/or {V3 = V1 = 0}. Note
that the condition V1 = V2 = 0 implies W3 = 0 from the condition V ·W =
V1W1+V2W2+V3W3 = 0 used in the defining equation for F in CP

2
V ×CP

2
W .

We can now cover CP2
V by three distinct patches and in each the group

actions read

(6.7)

[V1/V3, V2/V3, 1] �→ [αV1/V3, βV2/V3, 1]

[V1/Y2, 1, V3/V2] �→ [αβ−1V1/V2, 1, β
−1V3/V2]

[1, V2/V1, V3/V1] �→ [1, α−1βV2/V1, α
−1V3/V1].

Focusing on the (V3 
= 0) patch, this can be locally extended in the fiber
direction via the coordinate W1/W2 or W2/W1 depending on whether we
are at the North pole, W2 = 0, or South pole, W1 = 0, of the fibral CP1.

25Here we have used the homogeneity of the coordinates to pick a convenient
presentation of the PSU(3) group action.
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This doubling is familiar from the Λ2
ASD(S

4)/Γ geometries where two sin-
gular loci can project to the same locus in the base S4 which signifies a
connected singular locus (codimension-6 or 4) starting from asymptotic in-
finity, passing through the zero-section to another loci of asymptotic infinity.
From flop transitions, which “out-going” singularities are matched with each
“in-coming” singularities can be permuted, so we now list the maximal torus
action on six C3 patches of SU(3)/U(1)2:

(6.8)

(x1, x2, x3) �→ (αx1, β
−1x2, α

−1βx3)

(x′1, x
′
2, x

′
3) �→ (α−1x′1, βx

′
2, αβ

−1x′3)

(y1, y2, y3) �→ (α−1βy1, β
−1y2, αy3)

(y′1, y
′
2, y

′
3) �→ (αβ−1y′1, βy

′
2, α

−1y′3)

(z1, z2, z3) �→ (α−1βz1, αz2, β
−1z3)

(z′1, z
′
2, z

′
3) �→ (αβ−1z′1, α

−1z′2, βz
′
3).

The xi and x′i coordinates parameterize the C3 patch centered at the North
and South poles in the P1 fiber above V1 = V2 = 0. They are given by:

x1 = V1/V3, x2 = (V2/V3)
∗, x3 = W1/W2(6.9)

x′1 = (V1/V3)
∗, x′2 = V2/V3, x′3 = W2/W1(6.10)

where we see that the complex structure of the C3 patch does not necessarily
align with that of the CP

2
V base. The coordinates yi and y′i are similarly

associated with V3 = V1 = 0, and zi and z′i with V2 = V3 = 0 where their
definitions follow from suitable cyclic permutations.

6.2. Examples of Λ2
ASD(CP2)/Γ

Let us now turn to some explicit examples of quotients X = Λ2
ASD(CP

2)/Γ
with Γ a finite Abelian group. Our aim here is not to give an exhaustive
treatment, but rather, to illustrate some of the qualitative features. As a
first general comment, we remark that quotients by finite Abelian groups do
not generate an electric 1-form symmetry. Indeed, this is because all of the
singularities we generate stretch to infinity, so we find that every element of
Γ has fixed points on the boundary of Λ2

ASD(CP
2). By Armstrong’s theorem

[213] we therefore have π1(∂X/Γ) = 0 and these models do not have discrete
1-form symmetries as in the examples based on quotients of S4. Their main
difference to those examples therefore lies in the structure of their singular
loci, which is the main focus of our analysis.
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T (M)

C3/Γu

T (M)

C3/Γv
T (M)

C3/Γw

suN3

suN1suN2

suN2

suN3

suN1

Figure 11: 5D theory associated to Λ2
ASD(CP

2)/Γ with group action Γ = ZK .
The cones of the gauge nodes denote a 5D gauging with gauge coupling
depending on the radial coordinate r of the G2-holonomy space such that
4D N = 1 supersymmetry is preserved.

6.2.1. Single cyclic factor with generic Γ = ZK . When considering
Γ = ZK we need to specify how its generator embeds within U(1)1 ×U(1)2.
This embedding is parameterized by integers a, b and setting α = ζa and
β = ζb with ζ = exp(2πi/K). With this we find the group action on various
(unprimed) patches to take the form

(6.11)

(x1, x2, x3, tx) �→ (ζax1, ζ
−bx2, ζ

−a+bx3, tx)

(y1, y2, y3, ty) �→ (ζ−a+by1, ζ
−by2, ζ

ay3, ty)

(z1, z2, z3, tz) �→ (ζ−a+bz1, ζ
az2, ζ

−bz3, tz)

where in each patch of the cone, we have specified the action on C3 × R

with group action purely on C3. Each patch behaves much as in the case of
quotients of Λ2

ASD(S
4). Let us define

(6.12) N1 = gcd(K, |a|), N2 = gcd(K, |b|), N3 = gcd(K, |a− b|).

We can then present the resulting network of 5D theories as shown in Fig-
ure 11. All of these factors are interpreted as flavor symmetries in the 4D
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edge mode theory.
Observe that in the 5D theory, the volumes of the compact S2’s sup-

porting the 5D gaugings are related. At a fixed radial slice, we can compare
the volume of each S2 before and after the group action. This is reduced by
a factor of Ni/K for each S2, and results in the following relation between
the three gauge couplings:

(6.13)
1

N1

1

g5D1 (r)2
=

1

N2

1

g5D2 (r)2
=

1

N3

1

g5D3 (r)2

where g5Di (r) is the gauge coupling of su(Ni) at radius r in the G2 cone.

Example: sexion theories. These are characterized by Ni = 1 which have
no codimension-4 loci, and thus is the analog of the Quadrion orbifolds we
considered previously. In this case there are only codimension-6 loci modelled
on C3/Γ × R. An explicit example is K = 7 and a = 1 and b = 2. When
the CP

2 is collapsed we obtain a codimension-7 singularity at the location
where three copies of C3/Γ× R+ and C3/Γ× R− meet. See Figure 12.

Example: pure flavor / coupled bifundamentals. At the other extreme, we
can consider orbifold geometries that only contain codimension-4 singular-
ities. These are given by taking either a = 0, b = 0, or a = b, which each
imply26 ZK ⊂ SU(2). These ZK quotients are identical in form to the U(1)
quotient of Λ2

ASD(CP
2) to IIA given in [200], which corresponds to three

D6-branes in R6 intersecting at a point. The 4D theory generated from this
example involves 4D N = 1 chiral multiplets in bifundamental representa-
tions, with a flavor invariant superpotential coupling generated by a closed
loop which passes through each symmetry factor once (see Figure 13).

As in the discussion of the cases with base S4/Γ we can now impose
different constraints on the Ni realizing different ranks and connectedness
properties of the quiver 11. However, the discussion parallels the already
analyzed cases and we leave it for the enthusiastic reader.

6.3. Generalizations with WCP
2 base

In the previous sections we first considered smooth G2-holonomy spaces and
then constructed large classes of orbifolds from these taking quotients by dis-
crete isometries. In this section, we skip straight to the singular geometry

26We also assume ZK acts effectively on the geometry so, for instance, if a = 0,
we assume gcd(K, |b|) = 1.
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Vol(CP2/Γ) = 0 Vol(CP2/Γ) 
= 0

C
3/ZK C

3/ZKC
3/ZK

C
3/ZK C

3/ZKC
3/ZK C

3/ZK C
3/ZKC

3/ZK

Figure 12: Breaking the Sexion. left: Singularity corresponding to a Sexion
theory, a sixvalent junction of 5D SCFTs. right: Resolving the tip of the
cone triggers a breaking pattern to a triple of 5D SCFTs. Note that this is
one of three branches of the geometric moduli space, when flopping to the
other two, the 5D SCFT loci will consist of pairing different combinations
of top line segments with bottom line segments on the left figure.

suK

suK suK

Figure 13: Quiver diagram of low energy 4D N = 1 matter associated to the
pure flavor orbifold geometry. Here the lines denote bifundamental chiral
multiplets, and the loop signifies a cubic superpotential.

by considering the bundle of anti-self-dual 2-forms over weighted projec-

tive space WCP
2
q1,q2,q3 first analyzed in [156]. The isometry groups of such
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spaces is U(1)2 and in principle we could take further quotients by discrete
subgroups thereof. However, even without such quotients, we already find
singular structures similar to the ones already discussed here, so we elect to
focus on these.

To frame the discussion to follow, let us denote the projective coordinates
of the weighted projective space by Zi and introduce the integers

n1 = gcd(q2, q3), n2 = gcd(q3, q1), n3 = gcd(q1, q2),
(6.14)

r1 = gcd(q1, |q2 − q3|), r2 = gcd(q2, |q3 − q1|), r3 = gcd(q3, |q1 − q2|).
(6.15)

These are such that there are Ani−1 ADE singularities supported at 3 two-
spheres Zi = 0 and Ark−1 ADE singularities filling the fibers projecting to
the point with Zk = 1 with all other coordinates vanishing.

Overall the singular loci are of similar structure as those in Λ2
ASD(CP

2)/Γ
and we can again represent the 5D setup as shown in Figure 12, with iden-
tifications Ni = ni and N ′

i = ri.
The homology groups of weighted projective space were determined by

Kawasaki in [214] to be isomorphic to those of unweighted projective space,
in particular we have

(6.16) H2(WCP
2
q1,q2,q3) = Z

which is torsion free. In comparison to the case with base S4 discussed at
length in earlier sections we therefore find no additional massive modes from
branes wrapped on torsional 2-cycles. However, there are additional modes
from wrapping the sphere which generates this homology group. When the
volume of the projective space goes to zero both electric particles and mag-
netic strings become light in the semi-classical limit so we again expect
interesting physics at the conical singularity.

6.4. Unification and further generalizations

Having presented a number of different examples, it is also helpful to provide
a unifying perspective on the various spaces considered in this paper. We
largely follow the discussion given in [156].

The relevant construction relies on the hyperkähler quotient construction
applied to the flat space Hn+2 which is acted on by SU(2)×Sp(n+2) where
Sp(n+2) acts from the right preserving the three complex structures while
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SU(2) acts from the left rotating the complex structures. Let H ⊂ Sp(n+2)
denote a subgroup of dimension n. The hyperkähler quotient X = Hn+2//H
is of dimension 8 and inherits an SU(2) action with torus U(1). The quotient
space X0 = X /U(1) is a G2 cone and admits a deformation to X which is
the bundle of anti-self-dual 2-forms over the link of the quotient X /SU(2),
which in general is a compact 4-orbifold with self-dual Einstein metric.

Let us consider the example H = U(1)n ⊂ Sp(n + 2) in closer detail.
We have quaternionic coordinates Qm = am+ bmj for the mth quaternionic
plane in Hm+2 and consider an action with hyperkähler moment maps

(6.17)

μα
R(p) =

n+2∑
m=1

pαm(|am|2 − |bm|2)

μα
C(p) =

n+2∑
m=1

pαmamb∗m.

Here α = 1, . . . , k and p abbreviates the n(n + 2) integers pαi which are
organized into n U(1) charge vectors pα of length n+ 2. We then have

(6.18) X =

(
k⋂

α=1

(μα
R)

−1(0) ∩ (μα
C)

−1(0)

)
/U(1)n

which we quotient by an additional U(1) acting as (ai, bi) �→ (λai, λbi) where
λ = exp(iφ), this gives the cone X0 = X /U(1). The bolt M resolving X0

to X is

(6.19) M =

[
S4n+7 ∩

(
k⋂

α=1

(μα
R)

−1(0) ∩ (μα
C)

−1(0)

)]
/U(1)n × SU(2).

For example, when n = 0 we have M = S7/SU(2) = S4 and when n = 1
with charge vector (p1, p2, p3) one findsM = WCP with weights (p2+p3, p1+
p3, p1 + p2) or half of that, when all pi are even [156]. Taking further finite
quotients from here covers all of the previous examples.

For this example the base M can be visualized by noting that U(1)2 ⊂
Sp(n + 2) acts on the base and consequently we have a toric fibration
T 2 ↪→ B → P with real 2-dimensional base P . By the hyperkähler quotient
construction P must be simply connected and therefore takes the general
form of a polygon with boundary edges and vertices. At the edges of P
the T 2 fiber degenerates to a circle, while at the vertices the fiber collapses
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T (M)

C3/Γ2

T (M)

C3/Γ1

T (M)

C3/Γm+1
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T (M)

C3/Γm−1

T (M)

C3/Γ3

su
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Figure 14: The quiver associated to the n-zene geometry (a generalization
of benzene). We leave the ranks of the 5D gauge and flavor symmetries
implicit. The 5D gaugings preserve 4D N = 1 supersymmetry, but break
5D Lorentz symmetry due to a radially dependent gauge coupling. There
could be further massive modes from M2-branes wrapped on torsional cycles
of the zero-section. Generically Γi 
= Γj . The respective codimension-4 and
-6 singular loci are non-compact. The dashed lines indicate a necklace. The
cones of the gauge nodes denote a 5D gauging with gauge coupling depending
on the radial coordinate r of the G2-holonomy space such that 4D N = 1
supersymmetry is preserved.

completely. Fibers therefore trace out a necklace of 2-spheres over the edges

which meet at the vertices. With this, when n ≥ 2, we find the natural gen-

eralization of Figures 5 and 11 as schematically depicted in Figure 14. More
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precisely, we have n + 2 5D SCFTs T (M)

C3/Γm
, each of which comes with up

to three local flavor loci. In the G2-holonomy orbifold, some of these flavor
loci now reside on compact subspaces, and this generically results in two of
the three local flavor symmetries being gauged in 5D (with a position de-
pendent gauge coupling). This gauging involves pairing up neighboring 5D
SCFTs and gauging a common diagonal subgroup, and so each 5D theory
is generically left with a single “ungauged” flavor symmetry (7D SYM on
a non-compact 2-cycle). Indeed, the third remains a flavor symmetry in 5D
and fills a full fiber of the bundle of ASD 2-forms. With this we generically
expect to have n + 2 singular loci of topology S2 × R and n + 2 loci of
topology R3. In 4D we therefore find a flavor symmetry with 2n+ 4 simple
Lie algebra flavor factors.

When we collapse the boltX → X0 the 5D gauge loci deform as S2×R →
R3 ∪R3 while the topology of the 5D flavor loci is unaltered. The breathing
mode therefore spontaneously breaks n+2 pairs of 5D su gauge symmetries
to their diagonal.

Clearly it would be extremely interesting to consider the above construc-
tion for non-Abelian groups H, to quotient X further by discrete isometries
introducing additional singularities or to make contact with the construc-
tions presented in [215]. We leave such questions for future work.

7. Conclusions

Junctions and intersections of SQFTs provide a general method for engi-
neering couplings between bulk degrees of freedom and modes localized on
lower-dimensional defects. In this paper we have shown how to engineer ex-
amples of this sort where the bulk itself is a strongly coupled system. The
key geometric ingredient in our construction is the asymptotically conical
G2-holonomy orbifold. When the zero-section of this space is of finite size,
we can interpret the geometry as 5D SCFTs which are coupled via a di-
agonal gauging of flavor symmetries. In the limit where the zero-section
collapses to zero size, this results in a 4D quasi-SCFT edge mode with
non-trivial coupling to the 5D bulk modes. We have used this geometric
perspective to extract the non-Abelian flavor symmetries, as well as various
discrete higher-form symmetries of the 5D theories and their descent to the
4D system. In the rest of this section we discuss some natural avenues for
generalization.

With the structure of the bulk theories in place, it would be quite natural
to study the anomaly inflow to the quasi-SCFT degrees of freedom. One
approach to extracting this data would be to determine the topological terms
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of the 5D/7D bulk theories, and to use this to extract quantities such as
various continuous and discrete anomalies.

For the most part, our analysis has centered on a special class of quo-
tients X/Γ where Γ is an Abelian group with a particularly simple group
action on X. It would be interesting to study the resulting geometries gen-
erated by more general Abelian group actions, as well as genuinely non-
Abelian group actions. These will lead to additional novel structures and
non-trivial bulk / boundary couplings. A first glance at these is given in
Appendix B.

It is also natural to consider IIA string theory on the same quotient
space X/Γ to engineer 3D N = 2 quasi-SCFTs. An interesting feature of
such examples is that compared with their 4D counterparts, the IR dynamics
of 3D N = 2 theories can already exhibit new strong coupling phenomena.
A related comment is that type IIB string theory on such backgrounds will
likely exhibit different strong coupling dynamics, simply because IIA and
IIB on an ADE singularity can result in rather different IR behavior.

While we have primarily focused on G2-holonomy spaces, one could
contemplate carrying out a related analysis for M-theory and IIA/IIB on
Spin(7)-holonomy spaces. This would lead to examples of quasi-SCFTs in
3D N = 1 backgrounds (in the M-theory case) and quasi-SCFTs in 2D
with N = (1, 1) and N = (0, 2) supersymmetry for IIA and IIB, respec-
tively.

The condition that we have a complete G2-holonomy space imposes non-
trivial restrictions on the ways in which 5D bulk theories can combine to
couple to 4D edge modes. For example, in the G2 space, 5D gauging of the
flavor symmetries of the 5D SCFTs is also often accompanied by a gauge
coupling which depends on the radial position in the AC G2-holonomy met-
ric. This suggests constraints on self-consistent junctions of D > 4 theories
which can support edge modes. It is tempting to speculate that just as the
Swampland program (see [216]) imposes non-trivial constraints on when an
effective field theory can consistently couple to quantum gravity, there may
be “hard to spot” bottom up consistency conditions which are straight-
forward to identify from a top down perspective.27 To carry this out in the
present context would require a general classification of possible singularities
in non-compact special holonomy spaces, a challenging topic which would
no doubt be interesting for many reasons.

27One precise version of such a conjecture is that any consistent d-dimensional
QFT must admit a consistent coupling to a D ≥ d-dimensional theory of gravity
[162], for some choice of D. Observe that any string realization of a QFT automat-
ically satisfies this requirement.
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Appendix A. Continuous k-form symmetries

In this Appendix we focus on the collection of continuous higher form
symmetries of the form U(1)(k) that appear in all of our quotients of the
G2-holonomy manifold Λ2

ASD(S
4).28 Specifically, we analyze what are the

charged objects under these symmetries, determine whether these symme-
tries spontaneously break in the resolved phase Vol(S4) 
= 0, and the fate of
these charged objects in the resolved phase.

Recall that we denote by X0 = Cone(CP3) the unresolved G2 cone, and
X = X = Λ2

ASD(S
4) the resolved phase of the geometry. We emphasize that

while this unquotiented geometry engineers a free chiral multiplet Φ [200],
the remarks in this subsection generalize to quotients of X0 because the
(co)homology classes of CP3 survive these quotients.

Let M4 be the 4D spacetime transverse to the G2-holonomy geometry,
then we can KK expand the 11D supergravity forms C3 and C6 along M4 ×
CP

3 as:29

C3 = a1 ∧ ω2(A.1)

C6 = b4 ∧ ω2 + b2 ∧ ω4 + b0 ∧VolCP3(A.2)

where ω2 ∈ H2(CP2,Z) is the hyperplane class, ω4 = ω2
2, and VolCP3 = ω3

2.
We see that the fields ai and bi are background fields for the higher

form-symmetries

(A.3) U(1)
(−1)
b0

× U(1)(0)a1
× U(1)

(1)
b2

× U(1)
(3)
b4

of the 4D SQFT on M4 where here we denote the background fields by the
subscripts. Generalizing the argument from [200] to higher-form symmetries,
the symmetries that are spontaneously broken in X0 or X are those associ-
ated to CP

3 cohomology classes that cannot be extended into the bulk. In
other words, the symmetry is spontaneously broken if the pullback of the
embedding map

ι∗ : H i(X) → H i(CP3)(A.4)

is trivial. To understand why, let us specialize to U(1)(0), then H2(X) = 0
since Λ2

ASD(S
4) retracts to S4, and we see that we can only extend C3 =

28There may be additional continuous non-Abelian 0-form symmetries after the
quotient, but we restrict ourselves to Abelian symmetries in this section.

29We ignore the expansion component C3 ⊃ a3 because the would-be defect
operator is just an M2-brane which would not wrap the radial direction.
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a1 ∧ ω2 from (A.1) into X as C3 = a1 ∧ ω̃2 where dω̃2 
= 0. The U(1)(0)

gauge transformations, a1 → a1 + dλ0 are no longer symmetries because,
dC3 = da1∧ω̃−a1∧dω̃, is no longer invariant. One subtlety that arises forX0

is that while Hj(X0) = 0 for j > 0, we can only extend the expansions (A.1)
into a dense subset of X0 by extending ω2 (and its powers) to a closed form
on X◦

0 � CP
3 × Rr>ε by demanding that ω2 be constant along r so as to

satisfy (dCP3 +dr)ω2 = 0. This allows us to conclude that all the symmetries
in (A.3) are indeed symmetries of the unresolved phase.

Now having a criteria for when one of the U(1)(k) symmetries are bro-
ken (A.4), we claim that the spontaneously broken symmetries upon resolv-
ing to X are

(A.5) Broken Symmetries: U(1)(0).

This follows from observing that

(A.6) H∗(X) = {Z, 0, 0, 0,Z, 0, 0, 0}

which immediately tells us that the pullback of the embedding map (A.4)
is trivial, in particular, for i = 2 and i = 6. Additionally, the fact that
ι∗ : H4(X) → H4(∂X) is a bijection tells us that the U(1)(1) symmetry is
unbroken. This latter claim follows from considering the long exact sequence
in relative cohomology

(A.7) · · · → H4(X, ∂X) → H4(X)
ι∗−→ H4(∂X) → H5(X, ∂X) → · · ·

and observing that from Poincaré-Lefchetz dualityH4(X, ∂X) = H3(X) = 0
andH5(X, ∂X) = H2(X) = 0. Notice, importantly, that we excluded U(1)(3)

from the list (A.5) despite the fact that b4 ∧ ω2 ⊂ C6 and ω2 could not be
expanded into to bulk allowing us to conclude that U(1)(0) is broken. The
reason is that the putative NG-boson is a massless 3-form field which does
not have a consistent kinetic term in 4D. This is consistent with a higher-
form generalization of the Coleman-Mermin-Wagner (CMW) theorem [217].

Briefly commenting on the Nambu-Goldstone (NG) bosons associated
to (A.5), first note that U(1)(−1) will not have NG bosons since this would
be a (−1)-form field and the NG boson of U(1)(3) is non-propagating since
there is no kinetic term one can write down for a 3-form in 4D.30 So we are
left with the NG boson for U(1)(0) which was already addressed in [200].

30This may induce some topological effects on the theory whose precise effects
we leave to future work.
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Unsurprisingly, it is the phase of the scalar Φ (or O for the case of 4D
(Quasi)-SCFTs). This arises because a gauge transformation of C3 that is
constant alongM4 (and setting a3 = 0) acts as δC3 = d(a1∧ω̃2) = −a1∧dω̃2,
which then transforms the phase of Φ as

(A.8) δ(ei
∫
R3 C3) = ei

∫
R3 dω̃2 = ei

∫
S2 ω̃2 
= 0.

We now move on to discuss the charged objects of the U(1)(k) symme-
tries. We restrict ourselves to k = 0 and k = 1 in order to avoid the subtlety
with the CMW theorem, and by the fact that (−1)-form symmetries do not
have charged defect operators. For the unresolved geometry, X0, the charged
objects associated with the unbroken symmetries are then

U(1)(0) : M2(Cone(γ2)) U(1)(1) : M5(Cone(γ4))(A.9)

where γ2 and γ4 are generators of H2(CP
3,Z) and H4(CP

3,Z) respectively.
Meanwhile in the resolved geometry, X, there are dynamical objects charged
under the unbroken 1-form symmetry:

U(1)(1) : M5(S4).(A.10)

Notice that because the M5 brane wraps a finite size S4, this creates a finite
tension string-like excitation in the 4D theory proportional to 〈Φ〉 (or 〈O〉
for 4D quasi-SCFTs). We can see that this M5 induces a monodromy in the
phase of Φ similar to the Nielsen-Olesen vortex for Abelian Higgs theory31

by the fact that
∫
N4

G4 = NM5 = 1 for any four-manifold N4 that links the

worldvolume in the M5 in question. We see that N4 = S1 × R3 where S1

links the M5 worldvolume inside the 4D spacetime (see Figure 15) and the
R3 is a fiber of Λ2

ASD(S
4), (which intersects the zero-section once) is one

such example and thus causes the monodromy.

Appendix B. Further quotients

In the main text we focussed on isometric quotients of asymptotically conical
G2-holonomy manifolds, with no compact 3-cycles, by finite Abelian groups.
In this Appendix we consider more general types of quotients. We given an
example of a finite non-Abelian quotient of Λ2

ASD(S
4) together with exam-

ples of Abelian quotients of asymptotically conical G2-holonomy manifolds
with compact 3-cycles, more precisely finite Abelian quotients of the spinor
bundle S(S3).

31Of course, the key difference here is that the free chiral multiplet is still gapless
after Φ gains a vev.
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Figure 15: Illustration of transverse directions of string defect in the 4D the-
ory that arises from an M5 wrapped on the zero-section of Λ2

ASD(S
4)/Γ. This

object has tension T ∼ 〈O〉, is charged under U(1)(1) symmetry, and induces
a monodromy in the phase of 〈O〉 in the plane transverse to the string.

B.1. Non-Abelian quotients of Λ2
ASD(S4)

In Sections 3 and 4 we considered the case of finite, Abelian group actions
Γ ⊂ Sp(2)/Z2 � SO(5) on the G2-holonomy space Λ2

ASD(S
4). One com-

mon feature of these constructions, and also in those considered in previous
subsection of this section, were non-compact codimension-6 fixed point loci.
These run radially, as in the Quadrion and Sexion, and were fundamen-
tally what enabled an interpretation of these geometries as 4D edge modes
coupled to a 5D bulk.

When considering finite, non-Abelian groups Γ ⊂ SO(5) codimension-6
fixed point loci are not necessarily non-compact. In this case we first con-
sider the fixed point loci of individual elements Γ separately, generating a
finite Abelian subgroup of Γ and therefore the previously considered charac-
terization of fixed point loci applies. In particular, the codimension-4 fixed
point loci are topologically either R3 or S2×R. Compact codimension-6 loci
now arise at intersections of the latter.

Locally, the compact codimension-6 loci therefore take the form S1 ×
C3/Γ′ for some finite Γ′ ⊂ SU(3). The circle S1 is contained in the base S4

and therefore collapses in the conical limit. The interface theory is therefore
some 5D N = 1 theory compactified on a circle with some configuration of
twisted background profiles such that the resulting theory preserves half of
the supersymmetry, yielding a 4D N = 1 theory.

It would be very interesting to exhaust the finite subgroups of SO(5)
and map out the full list of physical systems which can be constructed in
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this way. However, we leave a more complete treatment for future work and
concentrate on an example with many of the salient features of non-Abelian
quotients.

Example. Consider the finite group ΓDK+2
⊂ Sp(1) � SU(2), where ΓDK+2

is the binary dihedral group of order 4K generated by the matrices

(B.1) λ =

(
exp

(
iπ
K

)
0

0 exp
(
− iπ

K

) )
, μ =

(
0 i
i 0

)
,

acting on the column vector with entries (z1, z2) via left multiplication. In
terms of the quaternion Q = z1+z2j, this action is obtained via quaternionic
right multiplication by setting λ = exp(iπ/K) and μ = ij = k.

We take a diagonal embedding of ΓDK+2
in Sp(1)(1) × Sp(1)(2) ⊂ Sp(2).

With this, the action on the base coordinates of the North pole patch as

λ : Q−1
2 Q1 = v1 + v2j → λ−1Q−1

2 Q1λ = λ2v1 + v2j

μ : Q−1
2 Q1 = v1 + v2j → μ−1Q−1

2 Q1μ = v̄1 + v̄2j
(B.2)

The group action on the boundary CP
3 is:

(B.3)
λ : [Z1, Z2, Z3, Z4] → [λZ1, λ

−1Z2, λZ3, λ
−1Z4]

μ : [Z1, Z2, Z3, Z4] → [iZ2, iZ1, iZ4, iZ3].

Here we should note that since λK = μ2 = −1 does not act, the geometry
is only acted on by the quotient group Γ ≡ ΓDk+2

/Z2. We also see that the
generators satisfy μλ = λ−1μ and therefore every element can be represented
as μnλm which thus fully parameterize the action. On the North and South
pole patch of Λ2

ASD(S
4) the full action is

λ : (v1, v2, v3, t) → (λ2v1, v2, λ
−2v3, t)(B.4)

μ : (v1, v2, v3, t) → (v̄1, v̄2, v̄3,−t)(B.5)

λ : (v′1, v
′
2, v

′
3, t

′) → (λ−2v′1, v
′
2, λ

2v′3, t
′)(B.6)

μ : (v′1, v
′
2, v

′
3, t

′) → (v̄′1, v̄
′
2, v̄

′
3,−t′).(B.7)

To extract the fixed point loci, we focus on the loci fixed by individual
elements of the group action:

• λm: The Abelian subgroup generated by this element is of order
K/gcd(K,m). For different values of m these elements commute and
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their fixed point loci therefore coincide. The fixed point locus on the
North patch of the base S4 is v1 = 0. Within the G2-holonomy orbifold
the fixed point locus is extended radially to a copy of S2 × R.

• μλm: The Abelian subgroup generated by this element is of order 2.
The fixed point locus on the North patch of the base S4 is Im v2 = 0
and v1 = c × λ−m with real constant c. Within the G2-holonomy
orbifold the fixed point locus is extended radially to a copy of S2 ×R.

• μ: The Abelian subgroup generated by this element is of order 2. The
fixed point locus on the North patch of the base S4 is Im v1 = Im v2 =
0. Within the G2-holonomy orbifold the fixed point locus is extended
radially to a copy of S2 × R.

These fixed point loci give the following singularities:

• su(n) locus on R≥0 × S2/Γ: Note that all order 2 elements act as
(v2, t) → (v2,−t) and therefore the fixed point locus is folded in half
to an su(n) locus in the G2-holonomy orbifold with a single asymptotic
boundary.

• su(2) locus on R × S2/Γ: Note that Γ groups all fixed point loci of
order 2 into an orbit. In the G2-holonomy orbifold there is a single
su(2) locus.

Here S2/Γ ⊂ S4/Γ. As written above the action is not manifestly holomor-
phic. However, if one defines new coordinates as

(w1, w2, w3) ≡
(
Re(v1) + iRe(v3), Im(v1) + i Im(v3), Im(v2) + it

)
(B.8)

(w′
1, w

′
2, w

′
3) ≡

(
Re(v′1) + iRe(v′3), Im(v′1) + i Im(v′3), Im(v′2) + it′

)
(B.9)

then the group acts holomorphically, with θ = 2πi/K,

(B.10) λ =

⎛⎝ cos θ sin θ 0
− sin θ cos θ 0

0 0 1

⎞⎠ , μ =

⎛⎝1 0 0
0 −1 0
0 0 −1

⎞⎠ .

Let us discuss the physics of the setup. For this purpose first note that
the fixed points intersect along the circle

(B.11) S1 = {v1, v′1 = 0 ; Im v2, Im v′2 = 0}.

As such, Λ2
ASD(S

4)/Γ contains a compact locus of codimension-6 singulari-
ties modelled on S1×C3/Γ′ with Γ′ as in (B.10). We now consider the Betti
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numbers of the crepant resolution of C3/Γ′. All elements of Γ′ are junior,
they have age 1, and therefore b4 = 0. In this example we therefore do not
find mutually non-local massless degrees of freedom localized along S1.

Let us now consider symmetry enhancement / breaking as we go from
the conical limit X0 to the resolved geometry X. In going from the singular
cone to the resolved phase, we find the breaking pattern:

(B.12) su(2)× su(2)× su(n) → su(2)diag × su(n),

the su(n) factor is unbroken due to the boundary containing only a single
S2/Γ worth of su(n) singularities, or equivalently, due to the singular locus
extending along the half line R≥0.

B.2. Quotients of the spinor bundle S(S3)

We now give an example of a quotient space with a compact 3-cycle. The
spinor bundle X = S(S3) over the three-sphere has isometries Isom(X) =
SU(2)3. The boundary ∂X = S3 × S3 can be parameterized by to quater-
nions (x, y) individually of unit norm. In this parameterization the isometries
act as

(B.13) (x, y) �→ (pxr, qyr)

where p, q, r are unit quaternions parameterizing Isom(X) = SU(2)p ×
SU(2)q × SU(2)r. We take x to parameterize the S3 in the fibers of the
spinor bundles, such three-spheres are topologically trivial in X. We let y
parameterize the base S3 of the spinor bundle.

In general finite Abelian subgroups take the form

(B.14) Γ ∼= ZK1
× ZK2

× ZK3

and are further specified by the embedding

(B.15) Γ ↪→ SU(2)p × SU(2)q × SU(2)r

in which the generator of ZKi
is mapped onto the triple (ωli , ωmi , ωni) where

ω generates a finite Abelian subgroup of SU(2) of order Ki and li,mi, ni ∈ Z

and i = 1, 2, 3.
Let us specialize to the subclass of finite Abelian quotients with Γ ∼=

ZP×ZQ×ZR of order PQR where ZP ⊂ SU(2)p and ZQ ⊂ SU(2)q and ZR ⊂
SU(2)r. Let us further assume that R = gcd(P,Q) and denote the generators
respectively by γp, γq, γr in obvious notation. We have the following fixed
point loci:
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• (1, γ
Q/R
q , γr) has fixed points along a circle S1

1 of the zero section, the
corresponding subgroup of order R gives a fixed points of order R and
codimension-6.

• (γ
P/R
p , γ

Q/R
q , γr) fixes a circle S1

1 in the base of the spinor bundle and
above every point on that circle a plane F1 in the fiber direction, the
subgroup of order R generated by this element gives fixed points of
order R and codimension-4.

• (−γ
P/R
p , γ

Q/R
q , γr) fixes a circle S1

1 in the base of the spinor bundle and
above every point on that circle a plane F2 in the fiber direction, the
subgroup of order R generated by this element gives fixed points of
order R and codimension-4.

• (1,−γ
Q/R
q , γr) has fixed points along a circle S1

2 of the zero section,
the corresponding subgroup of order R gives a fixed points of order R
and codimension-6.

• (γ
P/R
p ,−γ

Q/R
q , γr) fixes a circle S1

2 in the base of the spinor bundle and
above every point on that circle a plane F2 in the fiber direction, the
subgroup of order R generated by this element gives fixed points of
order R and codimension-4.

• (−γ
P/R
p ,−γ

Q/R
q , γr) fixes a circle S1

2 in the base of the spinor bundle
and above every point on that circle a plane F1 in the fiber direction,
the subgroup of order R generated by this element gives fixed points
of order R and codimension-4.

• γp ∈ SU(2)p fixes the zero section of the spinor bundle, the subgroup
ZP gives a fixed points of order P and codimension-4 along the zero
section.

• γq ∈ SU(2)q acts fixed point free.
• γr ∈ SU(2)r acts fixed point free.

It therefore follows that we have the singularities

• Codimension-6 modelled on C3/ZP × ZR along two linking, disjoint
circles in the zero section mod Γ.

• Codimension-4 modelled on C2/ZP along the zero section mod Γ, this
locus intersects both the codimension-6 circles.

• Codimension-4 modelled on C2/ZR with one compact circular direc-
tion and two non-compact direction. In total there are four of these
loci, pairs of these intersect in the codimension-6 circles, when they do
not intersect at the zero section they are otherwise disjoint.

Crucially, the locus of AP−1 singularities is compact and we therefore
have a gauge symmetry in 4D (not 5D, as in previous examples). Further,
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suPDS1T (M)
1 DS1T (M)

2

suR

suR

suR

suR

Figure 16: 4D Quiver for S(S3)/Γ with Γ ∼= ZP×ZQ×ZR and R = gcd(P,Q),

here DS1 denotes circle reduction. The 5D SCFTs T (M)
1,2 are modelled on

C3/Γ′
1,2 where Γ′

1,2
∼= ZP × ZR are isomorphic but realize distinct sub-

groups of Γ. The circular (rectangular) node indicates a (non-)compact
codimension-4 singular locus in the geometry.

the codimension-6 loci supporting 5D SCFTs are compact! However, we now
have a compact 3-cycle which can be wrapped by Euclidean M2-branes,
so there are quantum corrections to the classical geometry. Clearly, these
examples exhibit much interesting physics, we leave a detailed analysis to
future work.

To close this section we give a 4D (not 5D) quiver picture of the ge-
ometry, Figure 16. Note that the gauging, as described by how the compact
codimension-4 locus stretches between the codimension-6 loci only preserves
4D N = 1 supersymmetry.

Appendix C. Homology group computations

In this Appendix we collect the various homology group computations used
to calculate the generalized symmetries in an electric polarization. Addi-
tional care is needed in interpreting the magnetic polarization, a topic we
defer to future work.

To frame the analysis to follow, we recall the various geometric objects
whose topological properties are under consideration in this Appendix. We
consider in detail the bundle of anti-self-dual 2-forms

(C.1) X = Λ2
ASD(M)/Γ, M = S4,

with asymptotic boundary ∂X = CP
3/Γ which has generic 2-sphere fiber.

The boundary is singular with singular locus

(C.2) Sing(∂X) = Σ.
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The singularities Σ consist of codimension-4 and -6 singularities supported
along wedge sums of 2-spheres and at points respectively. The complement

(C.3) ∂X◦ = ∂X \ Σ

is the smooth boundary. In this Appendix we compute the homology groups

H∗(X) ∼= H∗(M/Γ), H∗(X, ∂X)/H∗(X), H∗(∂X), H∗(∂X
◦).

(C.4)

All homology groups have integer coefficients.
Ultimately all homology groups will be computed via an application of

the Mayer-Vietoris sequence with covering given by the North and South
pole patch with coordinates:

North Patch WN : (v1, v2, v3, t)(C.5)

South Patch WS : (v′1, v
′
2, v

′
3, t

′)(C.6)

The zero section v3 = v′3 = t = t′ = 0 is parameterized by coordinates v1, v2
and v′1, v

′
2. Let us introduce the coordinate 1−y2 = |v1|2+|v2|2 and similarly

y′ which parameterize the radius of the unit ball in each copy of C2. Then
the coordinates on the zero section are related as

(C.7) v′1 =
v̄1

1− y2
, v′2 = − v2

1− y2
,

along the 3-spheres y, y′ = 0. Alternatively, (v1+v2j)
−1 ≡ v′1+v′2j in quater-

nionic formulation. The total space is then glued together at y = y′ = 0 from
two halves which consist of the fibers of the bundle Λ−

ASD(S
4) projecting to

the two unit balls above. The transition function on the fiber coordinates
follows form considering anti-self-dual 2-forms. The gluing region are the
fibers projecting to y = y′ = 0 and from (C.7) it follows that the gluing is
such that it realizes a degree −1 map on the radial S2 shells of the identified
C× R fibers.

Let us recall the Abelian quotients, with Γ = ZK and ζ = exp(2πi/K),

WN : (v1, v2, v3, t) → (ζcv1, ζ
dv2, ζ

−c−dv3, t)(C.8)

WS : (v′1, v
′
2, v

′
3, t

′) → (ζ−cv′1, ζ
dv′2, ζ

c−dv′3, t
′).(C.9)

for which we considered three cases in the main text,

(C.10)

Case 1 : (c,K) = (d,K) = (c+ d,K) = (c− d,K) = 1

Case 2 : (c,K) = (c+ d,K) = (c− d,K) = 1, K = md

Case 3 : c = −d = 1,
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and the Abelian quotients, with Γ = ZK × ZL and ω = exp(2πi/K), η =

exp(2πi/L),

(v1, v2, v3, t) → (ηa−cωb−dv1, η
−a−cω−b−dv2, η

2cω2dv3, t)(C.11)

(v′1, v
′
2, v

′
3, t

′) → (ηc−aωd−bv′1, η
−a−cω−b−dv′2, η

2aω2bv′3, t
′).(C.12)

for which we considered one example in the main text,

(C.13) Case 4 : a = c, b = −d.

Let us compute the homology groups of the folded zero section S4/Γ

first. By noting that S4/Γ is a suspension of S3/Γ along the coordinates

y, y′ we find

(C.14)

Case 1 : H∗(S
4/Γ) ∼= {Z, 0,ZK , 0,Z}

Case 2 : H∗(S
4/Γ) ∼= {Z, 0,Zm, 0,Z}

Case 3 : H∗(S
4/Γ) ∼= {Z, 0,ZK , 0,Z}

Case 4 : H∗(S
4/Γ) ∼= {Z, 0, 0, 0,Z}

and therefore in all but the last case we find massive modes from M2-branes

wrapped on torsional 2-cycles which become massless when the S4/Γ is

contracted to a point.

We now compute the homology groups Hn(∂X) via the Mayer-Vietoris

long exact sequence

· · · → Hn(WN ∩WS)
ιn−−→ Hn(WN )⊕Hn(WS) → Hn(∂X)

∂n−−→ · · ·
(C.15)

where we choose the North and South pole patches WN,S such that their

intersection is Y/Γ ≡ YΓ. Here Y is the collection of all fiberes with base

coordinate y, y′ = 0, topologically Y = S3 × S2. We therefore begin by

computing the homology groups Hn(YΓ) via the Mayer-Vietoris long exact

sequence

(C.16) · · · → Hn(V1∩V2)
ιn−−→ Hn(V1)⊕Hn(V2) → Hn(YΓ)

∂n−−→ · · · .

Here, the covering YΓ = V1 ∪ V2 descends from a covering Y = U1 ∪U2, and

Ui are topologically solid tori, from the canonical decomposition of S3 as two
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S3/Γ

S4/Γ :

y′ = 1 y = 1

WS

WNV1

V2

S2

T 2/Γ

Figure 17: Sketch of the decomposition used for various Mayer-Vietoris
exact sequences. We show ∂X fibered by YΓ over the interval parameterized
by y, y′.

solid tori, times the fiber S2. See Figure 17 for a sketch of the decompositions.

With this we compute:

(C.17)

Case 1 : H∗(YΓ) = {Z,ZK ,Z,Z⊕ ZK , 0,Z}
Case 2 : H∗(YΓ) = {Z,Zm,Z,Z⊕ ZK , 0,Z}
Case 3 : H∗(YΓ) = {Z,ZK ,Z,Z⊕ ZK , 0,Z}
Case 4 : H∗(YΓ) = {Z, 0,Z⊕ Zgcd(K′,L′),Z⊕ ZK′ ⊕ ZL′ , 0,Z}

where K ′ = gcd(K, 2a) and L′ = gcd(L, 2b). Feeding these results into the

next Mayer-Vietoris we find

(C.18)

Case 1 : H∗(∂X) = {Z, 0,Z⊕ Z
2
K , 0,Z⊕ ZK , 0,Z}

Case 2 : H∗(∂X) = {Z, 0,Z⊕ Z
2
m, 0,Z⊕ ZK , 0,Z}

Case 3 : H∗(∂X) = {Z, 0,Z⊕ ZK , 0,Z⊕ ZK , 0,Z}
Case 4 : H∗(∂X) = {Z, 0,Z,Zgcd(K′,L′),Z⊕ ZK′ ⊕ ZL′ , 0,Z}.

Next we compute the homology groups Hn(∂X
◦). The computation runs
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Figure 18: Fixed point loci for Case 4 in the asymptotic CP
3, presented

as wedge sums. Lines represents 2-spheres. Left: gcd(K ′, L′) = 1. Right:
gcd(K ′, L′) 
= 1.

via Lefschetz-duality and deformation equivalence which give

(C.19) Hn(∂X
◦) ∼= H6−n(∂X◦, ∂(∂X◦)) ∼= H6−n(∂X,Σ)

allowing us to employ the long exact sequence in relative cohomology of
the pair (∂X,Σ). These isomorphisms allow us to make use of the simple
topology of the comparably singular loci Σ which are:

(C.20)

Case 1 : Σ = ∗1 ∪̇ ∗2 ∪̇ ∗3 ∪̇∗4
Case 2 : Σ = S2 ∪̇S2

Case 3 : Σ =

{
S2 ∪̇S2, K even

S2 ∪̇ ∗1 ∪̇ ∗2, K odd

Case 4 : Σ =

{
∨4
i=1S

2
i , gcd(K ′, L′) = 1

∨6
i=1S

2
i , gcd(K ′, L′) 
= 1

where ∪̇ denotes disjoint union, ∗i indicates a point, and in the final line the
wedge sums are as shown in Figure 18. With this we compute

(C.21)

Case 1 : H∗(∂X
◦) = {Z,ZK ,Z,Z2

K ,Z,Z3}
Case 2 : H∗(∂X

◦) = {Z,ZK ,Z,Z2 ⊕ Z
2
m,Z,Z}

Case 3 : H∗(∂X
◦) =

{
{Z,ZK ,Z,Z⊕ ZK ,Z,Z2} K odd

{Z,ZK ,Z,Z⊕ ZK , 0,Z} K even

Case 4 : H∗(∂X
◦) = {Z,ZK′ ⊕ ZL′ ,Z⊕ Zgcd(K′,L′),Z

5,Z3}

where for case 4 we have only given the result for the generic case with
gcd(K ′, L′) 
= 1. Here the universal coefficient theorem can be used to check
the ranks of the homology groups in lower degrees by consideringHn(∂X,Σ).
In higher degrees the full groups follow by exactness as Σ is low-dimensional.
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Finally we compute the homology quotients Hn(X, ∂X)/Hn(X) from
the long exact sequence in relative homology for the pair (X, ∂X). Here the
only non-trivial computation lies in degree n = 4 where the free cycles in ∂X
are quotients of the hyperplane class in CP

2 while in X they are quotients
of S4. Here we have H4(Z, ∂Z) ∼= H3(Z) ∼= H3(S4) = 0 with the smooth
space Z = Λ2

ASD(S
4), and similarly H5(Z, ∂Z) = 0. We see that CP

2 does
not trivialize upon inclusion into the bulk, rather [CP2] �→ [S4] in homology.
We find this to be preserved in the quotient and overall compute:

Case 1 : H∗(X, ∂X)/H∗(X) = {0, 0, 0,Z⊕ ZK , 0,ZK , 0,Z}
Case 2 : H∗(X, ∂X)/H∗(X) = {0, 0, 0,Z⊕ Zm, 0,ZK , 0,Z}
Case 3 : H∗(X, ∂X)/H∗(X) = {0, 0, 0,Z, 0,ZK , 0,Z}
Case 4 : H∗(X, ∂X)/H∗(X) = {0, 0, 0,Z,Zgcd(K′,L′),ZK′ ⊕ ZL′ , 0,Z}.

(C.22)
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