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In this work we derive braid group representations and Stokes ma-
trices for Liouville conformal blocks with one irregular operator.
By employing the Coulomb gas formalism, the corresponding con-
formal blocks can be interpreted as wavefunctions of a Landau-
Ginzburg model specified by a superpotential W . Alternatively,
these can also be viewed as wavefunctions of a 3d TQFT on a 3-ball
with boundary a 2-sphere on which the operator insertions repre-
sent Anyons whose fusion rules describe novel topological phases
of matter.
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1. Introduction

Conformal field theory in two dimensions can be exactly solved due to an

infinite-dimensional group of conformal transformations [1]. The correlation

functions, being single-valued, are organized in terms of products of con-

formal blocks which are themselves not single-valued and transform non-

trivially upon braiding of operators [2]. Computation of such conformal

blocks was soon found to be facilitated through the so-called Coulomb gas

formalism of Dotsenko and Fateev [3]. Within this formalism, one views

the individual operator insertions as charged particles subject to a two-

dimensional Coulomb potential whose partition function gives rise to the

conformal blocks. This viewpoint had a major impact on numerous con-

structions in conformal field theory, and in particular led to the discovery

that degenerate Virasoro conformal blocks form braid group representations

associated to the Jones polynomial [4, 5]. In this context, we would like

to note that integration cycles used to compute conformal blocks in the

Coulomb gas formalism were usually compact and all constructions referred

to so far were using such compact cycles.

One major change of viewpoint arises by viewing the 2d CFT as a bound-

ary of a 3d TQFT [6]. In this context, the 2d conformal blocks are interpreted

as boundary wavefunctions of three-dimensional Chern-Simons theory. In

cases where the Chern-Simons theory has a compact gauge group, one can

recover a large class of rational CFTs including the WZW models and coset

models [6, 7]. In such cases, the number of conformal blocks is always finite

as the boundary Hilbert space is finite-dimensional. When the gauge group

of the bulk 3d theory is non-compact, the boundary Hilbert space becomes

infinite-dimensional. CFTs with an infinite number of conformal blocks are

non-rational and depend on a further complex parameter, denoted here by b.

Examples are Liouville and Toda theory corresponding to bulk 3d theories

with SL(2,C) and SL(N,C) (N > 2) gauge groups. Such Chern-Simons

theories admit novel and interesting phenomena including integration over

so-called Lefschetz Thimbles [8]. One can still obtain rational CFTs from

these by taking the parameter b to have certain discrete values. In partic-

ular, setting b2 = −m
n , with m, n co-prime positive integers, ensures that

the resulting theory is a minimal model [9]. An important consequence of

this is the interpretation of the corresponding conformal blocks as Fractional

Quantum Hall wavefunctions as advocated in [9, 10]. Taking a yet broader

viewpoint, one could ask about the entirety of topological phases which can

be obtained employing this formalism.
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In the current work, we would like to take the above viewpoint while fol-
lowing the approach of [11] (see also [12, 13]) to construct conformal blocks
which are interpreted as wavefunctions of a 2d Landau-Ginzburg theory
specified by a superpotential W . One novelty of this approach is that the
conformal blocks are constructed by integrating over non-compact cycles
and moreover irregular singularities are considered. Irregular singularities
lead to Stokes phenomena where asymptotic expansions are only valid in
certain wedges in the complex plane and have to be multiplied by Stokes
matrices upon crossing co-dimension one walls. This complicates the analysis
of monodromy and braiding phenomena but provides also a more interesting
and novel perspective towards braiding. From the point of view of confor-
mal field theory and Liouville theory, irregular operators have been studied
in [14] (see also [15] for a more recent treatment connected to our current
work) where it was argued that one can think of them as certain collisions
of two regular punctures. We will be studying 2-point and 3-point correla-
tors with irregular punctures and analyze their monodromy and braid group
representations. One important application we have in mind is with regard
to topological quantum computation and the question of universality [16]
for this new class of representations. Analogous to the case of Ising- and
Fibonacci-Anyons where an analysis of the monodromy of conformal blocks
leads to F - and R-matrices [17] and thus fixes the fusion category, we find
that a similar analysis including Stokes phenomena leads to braiding matri-
ces B12 and B23. However, the situation is more intricate here and it does
not seem that such matrices can be expressed in terms of F - and R-matrices
in the usual way. It appears that some of our Anyons, namely those corre-
sponding to irregular singularities, belong to nonsimple objects in the fusion
category [18] and the question arises as how to extend the standard notion
of a fusion category to accommodate them. We will not answer this ques-
tion in the current work, but hope to have made some progress towards this
direction.

The organization of the present paper is as follows. In Section 2 we review
basics of Liouville field theory and the fusion rules of degenerate primary
fields. In Section 3 we describe the Thimble representation of conformal
blocks using steepest descent paths corresponding to a superpotential W .
We then illustrate the occurrence of Stokes phenomena in this context which
can be seen as a jump of integration cycles when crossing co-dimension one
lines. In Section 4 we describe the monodromy of conformal blocks in terms
of formal monodromy and Stokes matrices. As an example we present the
case of the Modified Bessel functions which correspond to certain 2-point
correlators together with an irregular singularity at infinity. We then move
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on to our main example, namely that of 3-point functions of degenerate fields

with an irregular singularity at infinity. We solve for the formal monodromy

and the Stokes matrices and finally derive a representation of the braiding

matrices in Section 5. Finally, in Section 6 we present our conclusions.

2. Aspects of Liouville field theory

Here we briefly review the basic facts about the Liouville field theory, which

would be useful in the computation of the conformal blocks. The general

references are [19, 20]. Liouville field theory is a 2d CFT, parametrized by

the “coupling constant” b. Classically, its action is

S =

∫
dtdσ

(
1

16π

(
(∂tϕ)

2 − (∂σϕ)
2
)
− μeϕ

)
.(2.1)

The corresponding quantum theory depends on the Planck constant � = b2.

The Liouville field φ correspond to ϕ by φ ∼
b→0

1
2bϕ.

The primaries in this theory are Vα = e2αφ labeled by α ∈ C. Sometimes

α is called the momentum of the primary. The central charge c of the theory

and the conformal dimension Δ(α) of primary operators Vα are determined

by

Q = b+
1

b
, c = 1 + 6Q2, Δα = α(Q− α).(2.2)

In a sense, we can regard Liouville field theory as a generalization of the

Coulomb gas representation of the unitary minimal models. To see this, we

need to introduce some notation which connects to minimal models. Note

that for real b, we have central charge c ≥ 25. So for the case related to

minimal models, b is some pure imaginary number.

Let’s define

β2 = −(Q− 2α)2.(2.3)

Then we can re-parameterize Δα in terms of β as

h0 =
1

24
(c− 1),

Δα(β) = α(Q− α) = h0 +
1

4
β2.

(2.4)
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We also use Φβ to denote the fields with conformal dimension h = Δα(β)

along with Vα.

There is a special set of fields Ψr,s, r, s ∈ N+ that have simple fusion

rules with other primary fields. They are called degenerate fields and they

have the following conformal dimension:

hr,s = h0 +
1

4
(ra+ + sa−)

2,

a± =

√
1− c±

√
25− c√

24
.

(2.5)

In Liouville theory these degenerate fields can be constructed using the

Liouville field φ by [9]:

Ψr,s = exp

([
(1− r)b+

1− s

b

]
φ

)
,(2.6)

with a+ = ib, a− = ib−1.

Ψr,s can realize the fusion rules of (p′, p) minimal models, as long as

we adjust the value of b to match the central charge of the corresponding

minimal model. Namely, we should set Q2 = (b+ 1
b )

2 = −(p−p′)2

pp′ . The fusion

algebra is closed among fields with 1 ≤ r < p′, 1 ≤ s < p [21]:

Ψr1,s1 ×Ψr2,s2 =

kmax∑
k=1+|r1−r2|

lmax∑
l=1+|s1−s2|

Ψk,l,(2.7)

wherein

kmax = min
(
r1 + r2 − 1, 2p′ − 1− r1 − r2

)
,

lmax = min(s1 + s2 − 1, 2p− 1− s1 − s2),
(2.8)

and the summations over k and l are incremented in steps of Δk = Δl = 2.

The simplest example is the Ising model M(4, 3). In our notation the

correspondence between fields is as follows:

Ψ1,1 or Ψ3,2 ⇔ 1,

Ψ2,1 or Ψ2,2 ⇔ σ,

Ψ1,2 or Ψ1,3 ⇔ ε,

(2.9)
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with fusion rules

σ × σ = 1+ ε,

σ × ε = σ,

ε× ε = 1.

(2.10)

3. Thimble representation of conformal blocks

Now we want to compute the conformal blocks of the product of degenerate
fields in Liouville theory: 〈∏

a

V−ka/2b(za)

〉
,(3.1)

where V−ka/2b = Ψ1,ka+1. For general values of b and ka, they have the
following fusion rules,

V−k1
2b

× V−k2
2b

=

k1+k2∑
l=|k1−k2|

V−l

2b
.(3.2)

This can be used to determine the dimension of the conformal block space.

Our method to compute the conformal block is the free field realization
also known as the Coulomb gas formalism [11]. Consider first a free field
correlation function F with extra insertions of V1/b(wi):

F
(∏

i

V1/b(wi)
∏
a

V−ka/2b(za)

)
(3.3)

=
∏
i<j

(wi − wj)
−2

b2

∏
i,a

(wi − za)
ka
b2

∏
a<b

(za − zb)
−kakb

2b2

= exp

(
1

b2
W(w, z)

)
,

where W is known as the Yang-Yang superpotential due to its relation to 2d
N = (2, 2) Landau-Ginzburg models and integrable systems [22, 23]. Then
the integrations

〈∏
V−ka/2b(za)

〉
Γ
=

∫
Γ
F
(∏

i

V1/b(wi)
∏
a

V−ka/2b(za)

)∏
i

dwi,(3.4)
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are the conformal blocks of the corresponding correlation functions. We
may have more than one integration variable, denoted by wi, and the in-
tegration cycle Γ can be rather freely chosen as long as the integral con-
verges.

A particular choice of Γ is given in terms of Lefschetz thimbles. Lefschetz
thimbles are unions of the points on steepest descent paths flowing out from
the critical points of W(w, z). More precisely, given a critical point σ of
W(w, z), the associated Lefschetz thimble is the union of all the endpoints
w(0) of paths w(t), t ∈ (−∞, 0] which solve the equation:

dw̄

dt
= −∂W

∂w
,
dw

dt
= −∂W̄

∂w̄
,

w(−∞) = σ.

(3.5)

We will use J to denote the thimble hereafter. Note that, the position of
the critical point σ and the thimble J depend on the value of z. By employ-
ing such Lefschetz thimbles, the corresponding conformal blocks admit an
interpretation as Landau-Ginzburg wavefunctions corresponding to a state
α specified by the thimble [9, 10]:

ψα ≡
∫
Γα

exp

(
1

b2
W(w, z)

)∏
i

dwi =
〈∏

V−ka/2b(za)
〉
Γα

.(3.6)

In order to understand these thimbles and their properties better, let us
separate the real and complex parts of the variable w as w = Rew+ i Imw.
Then the flow equations (3.5) become

dRew

dt
= −Re

(
∂W
∂w

)
,

dImw

dt
= Im

(
∂W
∂w

)
.(3.7)

If there is only one variable w then for each σ there are 2 paths which
satisfies w(−∞) = σ and the thimble is the joining of these 2 paths. From
simple complex analysis, we know that ImW is conserved along the thimble,
and is hence independent of the parameter t. Also, the integration over thim-
bles are guaranteed to converge becauseReW → −∞ when approaching the
asymptotic regions.

Now we would like to prove a property of critical points and thimbles
for later use. Given an integral of w∫

W(w, z)dw,(3.8)



380 Xia Gu and Babak Haghighat

we can change the integration variable to y:

(3.8) =

∫
V(y, z)dy,(3.9)

where

V(y, z) = W
(
w(y), z

)dw
dy

.(3.10)

Taking the derivative of V with respect to y gives

∂V
∂y

=
∂W
∂w

·
(
dw

dy

)2

+W
(
w(y)

)
· d

2w

dy2
.(3.11)

If w → y(w) is a linear transformation, then for a critical point σ of W we
have (

d2w

dy2
= 0,

∂W
∂w

∣∣∣∣
σ

= 0

)
→ ∂V

∂y

∣∣∣∣
y(σ)

= 0.(3.12)

This means, y(σ) is a critical point of V. Further, let dw/dy = p, then
∂V
∂y = p2 ∂W∂w . If w(t) is a thimble parametrized by t, let y(w(t)) be the
image of this thimble after the coordinate transformation. On this image,
we have

dȳ

dt
=

dȳ

dw̄

dw̄

dt

= − 1

p∗
∂W
∂w

= − 1

p∗p2
∂V
∂y

.

(3.13)

And this implies

dȳ

d(t/p2p∗)
= −∂V

∂y
.(3.14)

The complex conjugated equation can be derived similarly. So y(w(t′)) with
t′ = t/(p2p∗) is a steepest descent flow for V(y). We can conclude that under
a linear coordinate transformation, the thimbles are preserved.
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In (3.3), W may be modified:

W(w, z) → W(w, z) + Λ

(∑
i

wi −
1

2

∑
a

za

)
,(3.15)

where Λ is a constant independent of w and z. This corresponds to in-

serting an irregular vertex operator at infinity. The added term is called

the symmetry breaking term. The conformal blocks with irregular operators

satisfy modified null vector identities and bear an irregular singularity at

infinity themselves [14]. In this case we can simply regard the vacuum at

infinity as the vector 〈0| which is then changed into an irregular vector 〈I|.
The fusion rule is not changed essentially as compared to the regular case

without the irregular singularities, and we will say more on this in specific

examples.

Finally, we summarize the count of conformal blocks as deduced in [11].

Consider a d point degenerate field insertion. In the presence of the sym-

metry breaking term, there will be
(
d
q

)
thimbles if the integration is q-fold

(q < d).

3.1. The Stokes phenomena

We would like to examine the integration,

∫
J (z)

exp

(
1

b2
W(w, z)

)
dw,(3.16)

in detail. Along the way, we will explain the so-called “Stokes phenomena”

where for a more general and illustrative account we refer to [24]. In the

current exposition we will be following reference [8] which is closer to the

relevant physical setup.

Given a function W(w, z), we can solve (3.7) to get the corresponding

thimbles. This can be done numerically once we fix a particular complex

number z, and the resulting critical points and thimbles can be drawn on

the w plane. When we slowly vary the value of z, the critical points always

move accordingly in a smooth way on the w plane. So it makes sense to

denote them as σi(z) with i running from 1 to the total number of critical

points. For generic values of z, the corresponding thimble Ji(z) also deforms

smoothly and we can get an analytical function in a small region using this

variation.



382 Xia Gu and Babak Haghighat

Figure 1: Stokes line, in z plane.

But it happens that, when z crosses some “curves” on the complex plane,

Ji(z) jumps drastically although σi(z) only moves by a small amount. These

“curves” are called Stokes lines.

To further explain what happens, we first assign a direction (represented

by arrows in following figures) to each thimble suggesting the direction of

line integrals. For generic values of z, thimbles always start or end at singular

points of W or at infinity, and different thimbles may have the same starting

or ending point. In cases we will explore in the following, crossing z over a

Stokes line will only change the end point of one of the thimbles, in a way

such that the new thimble after all the jumps is the combined flow of 2 old

thimbles along arrows.

The joining of the integral contours amounts to adding up two integrals.

So we can easily see that when Stokes phenomena happen, the two sets of

functions defined by thimble integration before and after the jumps differ

by a linear transformation, namely the new set of homology classes of thim-

bles are linear combinations of the old set. And this linear combination is

represented by the Stokes matrices.

For brevity, below we will use “thimble” to refer to both the integration

contour and the values of the integral (functions) over them.

We now turn to Figs. 1 and 2. There is a Stokes line L lying on the z

plane. When z = z1 which sits on downside of L, the thimbles are as in the

leftmost one of Fig. 2. We use R and B to denote 2 different critical points

in the w plane. And we label corresponding two thimbles as JR and JB.

When z is varied to z0 which sits exactly on L, JR ends at B. This also

means there exists a downward flow from R to B. When z is further varied

to z2 which sits on the upper side of L, the thimbles will become as in the

rightmost one of Fig. 2.
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Figure 2: From left to right are thimbles at z = z1, z0, z2 respectively, in w
plane.

JR after the jump(z = z2) is clearly the addition of JB and JR before
the jump(z = z1). So the Stokes matrix S associated with the Stokes line L
can be written in this thimble basis as follows,

S

(
JR

JB

)
=

(
1 1
0 1

)(
JR

JB

)
.(3.17)

Sometimes, the unchanged thimble JB has an opposite direction. In this
case the Stokes matrix takes −1 in the upper-right corner.

There is a convenient way to determine the Stokes lines on the z plane.
When z sits exactly on a Stokes line, like z = z0 in Fig. 1, this will be a
downward flow from one of the critical point i to the other j (in Fig. 2, the
flow is from R to B). So the equation

ImWi = ImWj ,(3.18)

for two of the critical values Wi = W(σi, z) and Wj = W(σj , z), is satisfied,
since W is conserved along the flow. The general strategy is to list and solve
all equations of the form (3.18), and draw the solution sets on the z-plane,
which are indeed codimensional-1 lines. But one should keep in mind that for
general W (3.18) is only a necessary condition for the existence of downward
flows between σi and σj . There may be values of z satisfying (3.18) while
not supporting any downward flow between critical points. We should pick
up lines among solution sets the genuine Stokes lines.

Lines of the solution sets may intersect each other and form junctions.
However, genuine Stokes lines cannot end on a point which is not junctions.
Assume there is such a point, then varying z through different paths would
change thimbles in different ways, which is a contradiction. See Fig. 3. So we
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Figure 3: Varying z in 2 different paths denoted by solid lines causes an
inconsistency.

can discard such lines from the solution sets. After this, the surviving lines
can unambiguously divide the plane into sectors. The last step is to check
whether there is indeed a jump of thimbles when crossing these lines. If no,
we simply eliminate this line as well. If there is, we can go a step further to
compute the corresponding Stokes matrix.

We will refer to the sectors divided by Stokes lines as Stokes sectors.
Each Stokes sector corresponds to a set of analytical functions that forms a
basis for the space of conformal blocks.

3.2. Summary

Now we have integral representations Ii of conformal blocks

Ii(z) =
∫
Ji(z)

exp

(
1

b2
W(w, z)

)
dw,(3.19)

where the i’s label the critical points ofW . As we have seen, this integral rep-
resentation is only valid in certain Stokes sectors. Beyond the corresponding
sectors, the conformal block can be described by the analytic continuation
and we will keep using the notation Ii(z) in the extended region.

Suppose there are two adjacent Stokes sectors, labeled by A and B. As-
sociated to A there is a conformal block basis {IA

i (z)} and to B there is
{IB

i (z)} associated. In other words, each set consists of different analyti-
cal functions in different Stokes sectors but associated to the “same” set of
critical points. They are all dominated by contributions around that critical
point, since they are steepest descent paths and the integrand is of expo-
nential form. The leading contribution is proportional to the value of the
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integrand at the critical point wi:∫
Ji(z)

exp

(
1

b2
W(w, z)

)
dw ∼ C exp

(
1

b2
W(wi, z)

)
,(3.20)

where C is a proportional coefficient. This is valid regardless of which sector
z belongs to, so

IA
i (z) ∼ C exp

(
1

b2
W(wi, z)

)
, z ∈ A,

IB
i (z) ∼ C exp

(
1

b2
W(wi, z)

)
, z ∈ B,

(3.21)

with the same C. This property of thimbles is useful in the computation
of their monodromy. We assume σi is isolated and non-degenerate when we
use (3.20). For W in the form of (3.3), the critical points are always isolated.
There are cases when critical points coincide with each other and become
degenerate. But this requires z to take some special values and does not
affect the computation of monodromies.

4. The monodromy of conformal blocks

We are interested in the behavior of conformal blocks around their sin-
gularities. In particular, we want to compute the monodromy, which is an
essential property of multivalued functions. We would like to emphasize here
that from this section we will show something new, whereas materials in the
previous sections are known in the literature.

If we analytically continue z around a singular point, the Ii(z) become
linear combinations of other Ij ’s. This change is encapsulated in the mon-
odromy matrices M :

Ii
(
e2πiz

)
= (M)ijIj(z).(4.1)

For I(z) in integral form representation, there is a straightforward
method to compute the analytical continuation. The essence is to deform
the integration contour. We will elaborate on this method in the next section
using concrete examples.

Apart from the contour deformation method, there is another way to
represent the monodromy once we know the Stokes matrices. Recalling
eq. (3.20), one can further expand exp( 1

b2W(wi, z)) around the singular point
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Figure 4: Branches z = a. The black solid lines represent Stokes lines.

a to get a series Pi(z − a) with leading term (z − a)ρi . The singularities al-

ways have Stokes lines passing through them and this expansion is valid in

all Stokes sectors surrounding a. When ρi is not an integer, it happens that

then the function is not single valued around z = a, and we must bear in

mind a multi-sheet Riemann surface with Stokes lines on each sheet. The

patterns of the Stokes lines on different branches are isomorphic, see Fig. 4.

The sector I ′ is exactly the lift of I, and thus z−a in I ′ differs from that in I

by multiplication by a factor e2πi. From the argument above we have a rela-

tion between the conformal blocks {Li} associated to I and those associated

to I ′, denoted by {L′
i}:

I ′
i

(
e2πi(z − a)

)
= e2ρiπiIi(z − a).(4.2)

The phase e2ρiπi is called the formal monodromy. This is very much like

eq. (4.1) except that the functions are from different bases. To proceed, we

first rewrite eq. (4.2) in matrix form:

⎛
⎜⎝
I ′
1(e

2πiz)
I ′
2(e

2πiz)
...

⎞
⎟⎠ = M̂

⎛
⎜⎝
I1(z)
I2(z)
...

⎞
⎟⎠ ,(4.3)

where M̂ is the diagonal formal monodromy matrix. Now we are ready to use

Stokes matrices to transfer the left hand side of (4.2) back to the Ii basis.
Let us denote the Stokes matrices we encounter, when performing analytic

continuation, by S1, S2, . . . , Sp, see Fig. 4. Plugging these successive basis
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Figure 5: Fusion of 2 point function with an irregular singularity of rank 1
2 .

transformations into eq. (4.3), we get

SP . . . S2S1

⎛
⎝I1(e2πiz)
I2(e2πiz)

. . .

⎞
⎠ = M̂

⎛
⎝I1(z)
I2(z)
. . .

⎞
⎠ .(4.4)

Or equivalently,⎛
⎝I1(e2πiz)
I2(e2πiz)

. . .

⎞
⎠ =

(
SP . . . S2S1

)−1
M̂

⎛
⎝I1(z)
I2(z)
. . .

⎞
⎠ .(4.5)

Thus the actual monodromy matrix is

M =
(
SP . . . S2S1

)−1
M̂.(4.6)

4.1. Example: modified Bessel functions

We now consider a simple case of (3.4) and (3.3): the 2 point correlators
with both ka = 1 and symmetry breaking. The relevant fusion rule reads

V− 1

2b
× V− 1

2b
= V0 + V− 1

b
.(4.7)

The irregular vector at infinity is created by colliding 2 degenerate fields, see
Fig. 5 where we are following the conventions of reference [15]. In our case
the singularity is of rank 1

2 , denoted by the wavy line. We have two choices



388 Xia Gu and Babak Haghighat

of Ψ as shown in eq. (4.7). This means that our conformal block space is
two-dimensional. The relevant integral is

I =

∫
J
(w − z1)

1/b2(w − z2)
1/b2(z1 − z2)

−1/2b2e
Λ

b2
(
z1
2
+

z2
2
−w)dw.(4.8)

After a coordinate transformation W = Λ(w − z2) and Z = Λ(z1 − z2), we
get

I =

(
1

Λ

)1+3/2b2( 1

Z

)1/2b2 ∫
(W − Z)

1

b2 W
1

b2
(
e

Z

2
−W

) 1

b2 dW.(4.9)

The integration part can be rewritten in the following way:∫
(W − Z)1/b

2

W 1/b2
(
eZ/2−W

)1/b2
dW(4.10)

=

∫ [
(W − Z/2)2 − Z2

4

]1/b2(
eZ/2−W

)1/b2
dW

=

∫ (
Y 2 − Z2

4

)1/b2

e−
Y

b2 dY

=

(
Z

2

) 2

b2
+1 ∫

J ′

(
t2 − 1

)1/b2
e−

Z

2b2
tdt,

where we have performed coordinate transformations Y = W − Z
2 and t =

2
ZY . We eventually change the integral variable from w to t, which is a linear
transformation. So the integral contour J ′ in (4.10) is still a thimble.

One of the integral representations of the modified Bessel function Kν(x)
is [25]

Kν(x) =

√
π(12x)

ν

Γ(ν + 1
2)

∫ ∞

1

(
t2 − 1

)ν− 1

2 e−2xtdt, | arg x| < π

2
.(4.11)

We note that one of the thimbles J ′ in (4.10) is (1,∞) which can be seen
from setting x ∈ R+, and numerically solving (3.7). Comparing now (4.9)
with (4.11), we see that (4.9) can be written as

I1 = Cx
1

2b2
+ 1

2K 1

b2
+ 1

2
(x),(4.12)

with x = Z
4b2 and constant C =

√
2Γ(1+ 1

b2
)

√
πc

1+ 3
2b2

b1+
3

b2 .
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Figure 6: Downward flow by the integrand in eq. (4.11) when x = 3.
Note this is in t-plane.

Let the integrand in (4.11) be f(t) = (t2 − 1)ν−
1

2 e−2xt. Here and below
we will assume b to take an imaginary value, so that 1/b2 is negative. Then
let x = 3, and draw the downward flows determined by f(t) in the t-plane.
The result is shown in Fig. 6. The curves(lines) with arrows denote down-
ward flows. +1 and −1 are two singularities of f(t), while σ1 and σ2 are
two critical points. The first thimble J1 is simply the line (1,+∞), passing
through σ1. Also we can see another thimble, which flows from +1 to −1,
passing through σ2. This is related to another modified Bessel function:

Iν(x) =
(12x)

ν

√
πΓ(ν + 1

2)

∫ 1

−1

(
1− t2

)ν− 1

2 e−2xtdt, Re ν > −1

2
.(4.13)

In other words

I2 = (−1)
1

b2 πCx
1

2b2
+ 1

2 I 1

b2
+ 1

2
(x),(4.14)

with x and C the same as (4.12).
We managed to identify our conformal blocks (4.8) with Bessel-like func-

tions. In fact, the monodromy itself can be directly read off from the an-
alytic continuation properties of these special functions. The formulae we
need are [25]

Kν

(
xemπi

)
= e−mνπiKν(x)− πi sin(mνπ) csc(νπ)Iν(x),

Iν
(
xemπi

)
= emνπiIν(x).

(4.15)
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From this we obtain the monodromy around x = 0:

M0

(
I1
I2

)
=

(
e

−πi

b2 e
−πi

b2 − e
3πi

b2

0 e
3πi

b2

)(
I1
I2

)
.(4.16)

If we let q = exp(−2πi
b2 ), then

M0 =

(
q1/2 q1/2 − q−3/2

0 q−3/2

)
,(4.17)

with eigenvalues q−3/2 and q1/2. This serves as a benchmark for our following
method of computing monodromies.

4.2. Stokes phenomena of modified Bessel functions

We have proved that, under linear coordinate transformations, the critical
points and thimbles are preserved. So we can choose instead (4.9) as the
integral representation. This is equivalent to taking the superpotential W
to be (here we use w and z back instead of W and Z for simplicity)

W = −1

2
log z + log(w − z) + logw +

z

2
− w.(4.18)

This superpotential has two critical points,

σ1 =
1

2

(
2 + z +

√
4 + z2

)
, σ2 =

1

2

(
2 + z −

√
4 + z2

)
.(4.19)

The critical values of the integrand are

exp(W1) = exp

(
−1−

√
4 + z2

2

)
2 +

√
4 + z2√
z

∼ z−1/2,

exp(W2) = exp

(
−1 +

√
4 + z2

2

)
2−

√
4 + z2√
z

∼ z3/2,

(4.20)

where ∼ denotes the leading exponent of the series expansion around z = 0.
This is the saddle point approximation of the original integration Ii, and
the corresponding formal monodromy matrix is

M̂0 =

(
q1/2 0

0 q−3/2

)
.(4.21)
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Figure 7: The Stokes lines corresponding to the integrand. This is in the
z-plane.

The next thing to do is to divide the z-plane into Stokes sectors us-
ing (3.18), see Fig. 7. Note that the modified Bessel functions are multi-
valued around the branch point z = 0, so this figure is only the projection
onto one of its branches. Also note that, there are two points z = 2i,−2i
where 3 Stokes lines meet. At these points σ1 = σ2 and the saddle point
approximation fails. But as long as we work in the right sector, this will do
no harm to the argument.

Below we will work in the right-middle sector 1 in Fig. 7. This is equiv-
alent to picking a basis of analytic functions for representing monodromy
matrices. With z in this region, the thimbles are the flows J1 = z → σ1 → ∞
and J2 = 0 → σ2 → z, respectively,1 see Fig. 8. The actual thimbles may
not be straight lines, but here we represent them using straight lines for
simplicity.

1We have chosen the labels such that they are consistent with eq. (4.19).
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Figure 8: Thimbles in region 1.

Figure 9: J ′
2 (the solid line) and J2 (the dashed line).

Now we would like to do the analytic continuation around z = 0. Recall

that, the relevant integrand is

exp
[
W/b2

]
= z−1/2b2w1/b2(w − z)1/b

2

ez/2b
2−w/b2 .(4.22)

After the continuation, z−1/2b2 would pick up a phase: z−1/2b2 → (z′)−1/2b2 =

q1/2z−1/2b2 . The contour J2 rotate counter-clockwisely around 0 as a whole

by 2π angle, ending on a different branch due to the multivaluedness of

W around 0. So on J2 the value of w1/b2 and (w − z)1/b
2

also changes by

w1/b2 → q−1w1/b2 and (w − z)1/b
2 → q−1(w − z)1/b

2

. Now the total effect of

the monodromy on J2 is

J2 → J ′
2 = q−3/2J2,(4.23)

see Fig. 9.

J1 deforms in a more complicated way. The end point ∞ is fixed, while

the starting point z moves onto a different branch. From Fig. 10 we can see
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Figure 10: J ′
1 (the solid line) and J ′

2 (the dashed line).

that the contour is stretched into three pieces −J ′
2, J2, and J1. So

J ′
1 =

(
q1/2 − q−3/2

)
J2 + q1/2J1.(4.24)

The above results can be recapped in the following monodromy matrix:

M0 =

(
q1/2 q1/2 − q−3/2

0 q−3/2

)
.(4.25)

We may also show the validity of eq. (4.6), which provides another per-
spective on the monodromy. A small circle around z = 0 would cross two
Stokes lines, as in Fig. 7, and we label the corresponding Stokes matrices
as S0 and S1

0 , respectively. To determine these matrices, one may apply
the method in Section 3.1. But there we ignored the multivaluedness of W .
Reconsidering it, we obtain the correct Stokes matrices:

S1
0 =

(
1 1
0 1

)
, S2

0 =

(
1 −q2

0 1

)
.(4.26)

In order for the basis after two jumps to have the correct leading behaviour
eq. (3.21), the integration contour of that basis must have contributions from
two different sheets. This explains the appearance of q2 in S2

0 . Now we have

M0 =
(
S2
0S

1
0

)−1
M̂0 =

(
1 −1
0 1

)(
1 q2

0 1

)(
q1/2 0

0 q−3/2

)
(4.27)

=

(
q1/2 q1/2 − q−3/2

0 q−3/2

)
,

consistent with eq. (4.25).
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Figure 11: Fusion of the 3 point function with an irregular singularity.

4.3. Three point function with symmetry breaking term

Now we move to 3-point functions with all charges ka = 1. The relevant
fusion rule is the same as in eq. (4.7), and the process of fusion is represented
in Fig. 11. The momentum of (Ψ1,Ψ2) may be (0, −1

2b ), (
−1
b , −1

2b ), (
−1
b , −3

2b ).
Thus we expect a conformal block space of dimension 3. In this case there
are no known special functions to compare with, and we will omit many of
the details of computation since they are analogous to the case of Bessel
functions considered before. We will list some of the intermediate results in
the appendix. The integral we want to study is

I =

∮
dw

[
(z1 − z2)(z2 − z3)(z1 − z3)

]−1/(2b2)[
(w − z1)(w−z2)(w−z3)

]1/b2
× exp

[
Λ

b2
(z1/2 + z2/2 + z3/2− w)

]

=

∮
dw exp

[
W/b2

]
.

(4.28)

Sending z1 → 0, z2 → 1, z3 → z,

I = e
Λ

2b2
(1+z)

[
z(1− z)

]−1/(2b2)
∮

dw
[
w(w − 1)(w − z)

]1/b2
exp

[
−Λ

b2
w

]
.

(4.29)

In other words,

W = −1

2
log z − 1

2
log(z−1) + log(w − z) + logw+log(w − 1)+Λ

(
z

2
− w

)
.

(4.30)

For simplicity we can take Λ = 1. This function has 3 critical points, so we
have 3 corresponding thimbles. We can also infer from the expression that I



Liouville conformal blocks and Stokes phenomena 395

Figure 12: The Stokes lines on the z plane.

has three singular points, namely 0, 1,∞. The formal monodromy matrices
of 0, 1 can be obtained by series expansion:

M̂0 =

⎛
⎝q−3/2 0 0

0 q1/2 0

0 0 q1/2

⎞
⎠ , M̂1 =

⎛
⎝q1/2 0 0

0 q−3/2 0

0 0 q1/2

⎞
⎠ .(4.31)

The pattern of Stokes lines is shown in Fig. 12. The position of z = 0 and
z = 1 can be read from the scale. We will first work in the small bounded
Stokes sector between these two points. In this sector, the thimbles are
J1 = 0 → z, J2 = z → 1 and J3 = 1 → ∞. Then the monodromy matrices
can be written in this basis as

M0 =

⎛
⎝ q−3/2 0 0

q1/2 − q−3/2 q1/2 0

0 0 q1/2

⎞
⎠ , M1 =

⎛
⎝q1/2 q1/2 − q−3/2 0

0 q−3/2 0

0 0 q1/2

⎞
⎠ .

(4.32)
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The paths of the analytic continuation is marked by lines with an arrow in
Fig. 12 in the corresponding color. To get the monodromy around infinity,
we move to the region just below the center one for convenience. In this
region, the thimble basis are 0 → 1, z → 1, and z → ∞. In this basis, the
monodromy around ∞ is

M ′
∞ =

⎛
⎝ q−1 0 0
q−1 − q q3 0

0 0 q−1

⎞
⎠ ,(4.33)

marked by the big blue path. We can use the Stokes matrices to change the
basis back to the center region (see the appendix for the notations);

M∞ =
(
S1
1

)−1
M ′

∞S1
1 =

⎛
⎝ q q − q3 0
q−1 − q q−1 − q + q3 0

0 0 q−1

⎞
⎠ .(4.34)

From this we can verify that

M∞M1M0 = I.(4.35)

This can be readily seen from the pattern of the paths and the relations
of generators in the homotopy group. Note that by diagonalizing equa-
tion (4.34), we can extract the “F”-matrix corresponding to attaching the
operator at position z to the irregular line α. However, due to the non-
simple nature of α, there is no well-defined fusion rule between these two
different operator types. Still our procedure shows, that this “attaching”
procedure works and that one can perform a basis change and a subsequent
local braiding move in this situation.

5. Braid group representations

The conformal blocks form also representations of the braid group. We would
like to first consider the braid group with two generators B = {σ1, σ2}. Our
starting point is the integration (4.28). Contrary to the monodromy, here we
cannot fix any of the points. We must allow all the 3 points to move. Assume
that we are in a region where thimbles are J1 = z1 → z2, J2 = z2 → z3,
J3 = z3 → ∞. Let us first compute the action of σ1 where we braid z1
and z2. To do this, we again need to draw the thimbles.

The exchange of z1 and z2 will give the integration an overall phase q1/4.
There are two ways to “exchange” 2 points. One way is to rotate them
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around their mid point, and the other is to fix one point while moving
another point around the fixed one by π angle. We will do both of them in
the following.

In the first “rotating around the midpoint” approach, a single action of
σ1 can be represented as⎛

⎝J ′
1

J ′
2

J ′
3

⎞
⎠ =

⎛
⎝−q1/4 0 0

q1/4 q1/4 0

0 0 q1/4

⎞
⎠

⎛
⎝J1

J2

J3

⎞
⎠ .(5.1)

This can be seen from the left upper part of Fig. 13. Note that J1 have
changed its direction, and [(w − z1)(w − z2)(w − z3)]

1/b2 doesn’t change its
value if we swap any two of zis. Fig. 13 is a pictorial proof to the braiding
relation σ1σ2σ1 = σ2σ1σ2. The net effect of both two successive operations
can be written as the following matrix:⎛

⎝ 0 −q3/4 0

−q3/4 0 0

q3/4 q3/4 q3/4

⎞
⎠ .(5.2)

5.1. The second approach

We would like to write down the action of single σ1 as an example, see
Fig. 14: ⎛

⎝J ′
1

J ′
2

J ′
3

⎞
⎠ =

⎛
⎝ q−3/4 0 0

q1/4 − q−3/4 q1/4 0

0 0 q1/4

⎞
⎠

⎛
⎝J1

J2

J3

⎞
⎠ .(5.3)

We can do a similar analysis to more complicated braiding moves. The
pictorial representations are essentially the same as in approach one, so we
omit them. Instead, we write down the net effect of σ1σ2σ1 to verify the
braiding relation. This amounts to a succession of 3 matrices:⎛

⎝q1/4 0 0

0 q−3/4 0

0 q1/4 − q−3/4 q1/4

⎞
⎠

⎛
⎝ q1/4 0 0

q−3/4 − q1/4 q−3/4 0

q1/4 − q−3/4 q1/4 − q−3/4 q1/4

⎞
⎠(5.4)

×

⎛
⎝ q−3/4 0 0

q1/4 − q−3/4 q1/4 0

0 0 q1/4

⎞
⎠ .
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Figure 13: The braiding of conformal blocks. Note that σ1σ2σ1 = σ2σ1σ2.

The action of σ2σ1σ2 amounts to

⎛
⎝ q−3/4 0 0

q1/4 − q−3/4 q1/4 0

0 0 q1/4

⎞
⎠

⎛
⎝ q1/4 0 0

q−3/4 − q1/4 q−3/4 0

q1/4 − q−3/4 q1/4 − q−3/4 q1/4

⎞
⎠(5.5)
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Figure 14: The action of σ1.

×

⎛
⎝q1/4 0 0

0 q−3/4 0

0 q1/4 − q−3/4 q1/4

⎞
⎠ .

They both multiply to⎛
⎝ q−1/4 0 0

0 q−5/4 0

q3/4 − q−1/4 q3/4 − q−5/4 q3/4

⎞
⎠ .(5.6)

Thus we can see that the braiding relation σ1σ2σ1 − σ2σ1σ2 = 0 holds.

6. Conclusion

In this paper we have studied the monodromy and braid group representa-
tions of conformal blocks with irregular operators in 2d Liouville theory us-
ing the Stokes phenomenon. The method can be generalized to braid group
Bn of arbitrary rank n. One of the applications we have in mind is the
description of modular tensor categories arising from taking the Liouville
parameter b2 to be rational as outlined in the introduction. We find that
taking irregular operators into account leads to nonsimple objects in the
tensor category which makes their braiding and fusion rules more interest-
ing for future studies.
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As is well known, the study of CFT conformal blocks with primary and
degenerate operators leads to Fuchsian differential equations whose solutions
are often described in terms of Hypergeometric functions [1]. The corre-
sponding higher order differential equations can be recast in terms of vecto-
rial first order ODE’s of which the Knizhnik-Zamolodchikov (KZ) equations
are the most well-known example [26]. Similarly, it is expected that taking
irregular operators into account leads to modifications of KZ-equations along
the lines of [27, 28, 29, 30]. For future purposes, it would be interesting to
derive similar differential equations satisfied by the conformal blocks studied
in the current paper. One interesting application of such equations would
be the explicit solution of conformal blocks as a series expansion in different
Stokes sectors. As such series expansions would be asymptotic, there is the
immediate question of their relation to quantum periods, resurgence and
difference equations [31].

Yet from another perspective, the regular and irregular operators ex-
tend, via their braiding relations, to line defects in the corresponding 3d
TQFTs. Here the irregular operators will give rise to new types of one-form
symmetries whose study is expected to be fruitful. Moreover, pushing such
3d line defects to the boundary of spacetime gives rise to line defects in the
corresponding boundary CFT where many questions concerning their quan-
tum dimension and many other properties relevant for fusion categories can
be asked [32].

Appendix A. Stokes matrices in 3 point conformal blocks

In Fig. 12, the orange path circling around z = 0 intersects Stokes lines
twice. Each intersection corresponds to a Stokes matrix. We label them in
order as:

S1
0 =

⎛
⎝1 0 0
1 1 0
0 0 1

⎞
⎠ , S2

0 =

⎛
⎝ 1 0 0
−q2 1 0
0 0 1

⎞
⎠ .(A.1)

Similarly, along the green path circling z = 1 there are four Stokes matrices:

S1
1 =

⎛
⎝1 1 0
0 1 0
0 0 1

⎞
⎠ , S2

1 =

⎛
⎝1 0 0
0 1 0
0 1 1

⎞
⎠ ,

S3
1 =

⎛
⎝1 0 0
0 1 0
0 −1 1

⎞
⎠ , S4

1 =

⎛
⎝1 −q2 0
0 1 0
0 0 1

⎞
⎠ .

(A.2)
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If we analytically continue along the long blue path, z will pass 8 Stokes
lines. But the first one and the last one correspond to S1

1 . We label the left
6 Stokes matrices as

S1
∞ =

⎛
⎝ 1 0 0
−1 1 0
0 0 1

⎞
⎠ , S2

∞ =

⎛
⎝ 1 0 0
q2 1 0
0 0 1

⎞
⎠ , S3

∞ =

⎛
⎝1 0 0
0 1 1
0 0 1

⎞
⎠ ,

S4
∞ =

⎛
⎝1 0 0
0 1 0
0 −1 1

⎞
⎠ , S5

∞ =

⎛
⎝1 0 0
0 1 0
0 1 1

⎞
⎠ , S6

∞ =

⎛
⎝1 0 0
0 1 −1
0 0 1

⎞
⎠ .

(A.3)
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