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THE K-ENERGY ON HYPERSURFACES AND STABILITY

GANG TIAN

INTRODUCTION

The notion of stability for a polarized projective variety was introduced
by D. Mumford for the study of the moduli problem of projective varieties.
The stability has been verified by Mumford for smooth algebraic curves, D.
Gieseker for algebraic surfaces and Viehweg for algebraic manifolds, which
are polarized by m-pluri-canonical bundles for m sufficiently large ([Md], [Gi],
[Vi]). However, it still seems to be a challenging problem to check the stability
for a given polarized variety, even if the variety is a singular hypersurface in
some projective space. The purpose of this paper is to give a sufficient and
intrinsic condition for a hypersurface to be stable or semistable. The condition
is given in terms of the properness or lower buundedness of a generalized
K-energy, which was introduced by T. Mubachi for Kahler manifolds. In
particular, we will prove that any hypersurface is semistable if it has only
orbifold singularities of codimension at least two and admits a Kéhler-Einstein
orbifold metric.

We denote by R, 4 the space of all homogeneous polynomials on C"*? of
degree d, and B the projective space PR,, 4. Any point [f] in B determinates
a unique hypersurface ¥; in CP™*' of degree d. The special linear group
G = SL(n+2,C) induces an action on the vector space R, 4 by assigning f to
foo™! for any o in G. Then we say that X; is stable if the orbit G f is closed
and the stablier of f in G is finite; we say that X; is semistable if the zero
in R, 4 is not contained in the closure of the orbit Gf. It is well-known that

any smooth hypersurface ¥ is stable. However, if ¥; has only one isolated
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singularity, then it may not be semistable. The simplest examples are those
cubic surfaces in CP? with one singularity of type other than A; or A,.

The K-energy is a functional on the space of admissible Kahler metrics in
the Kahler class given by the polarization. It is in fact a Donaldson functional
on a “virtual” holomorphic bundle and is defined in terms of the Bott-Chern
class associated to the invariant polynomial Ch,,; defining the (n+1)-th Chern

Charactor (cf. section 3). Here is our first theorem,

Theorem 0.1. Let X be a hypersurface in CP™t!, then X is stable if the
K-energy is proper (see Definition 5.1), and X¢ is semistable if the K-energy

is bounded from below.

In fact, the proof here yields a stronger result which can be described as
follows: let gps be the Fubini-Study metric on CP**!, for any o in G, 0*grs
restricts to an admissible Kahler metric on ¥, we denote by Ggrs the set of
such admissible Kéhler metrics, then Xy is stable if the K-energy is proper on
Ggrs, and Xy is semistable if the K-energy is bounded from below on Ggps.

An easy corollary of Theorem 0.1 is the following

Theorem 0.2. Let %¢ be a normal hypersurface in CP™' of degree d. Then
(1) if 3 <d < n+1 and Xy has only orbifold singularities and admits a

Kahler-Einstein orbifold metric, then Xy is semistable;
(2) if d > n+ 2 and E; has only log-terminal singularities, then X; is
stable.

The definition of a log-terminal singularity will be given in section 5. After
some preparations, we give the proof for Theorem 0.1 in section 4 and for
Theorem 0.2 in section 5. In section 6, we will briefly discuss some gener-
alizations of above theorems without proof. In particular, Theorem 0.1, 0.2
will still be true for complete intersections in projective spaces. The details of
these generalizations will appear in a forthcoming paper [T1], where we will
deal with subvarieties in CP" with canonical or anti-canonical polarization
and higher codimensions.

It was S.T.Yau who brought the stability to my attention more than six
years ago. I would like to thank him for sharing his insight that there must be a
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connection between the existence of Kéhler-Einstein metrics and the stability,
analogous to the celebrated theorem that the existence of a Hermitian-Yang-
Mills metric is equivalent to the stability on an irreducible holomorphic vector
bundle (cf. [Do], [UY]).

1. SINGULAR HERMITIAN METRICS ON RELATIVE CANONICAL BUNDLES

As defined in last section, R, 4 is the space of all homogeneous polynomials
on C"*? of degree d, and B = PR,, 4. We put

X = B x Cp"t!
and

E={(lfl;x) e X | f(z) =0}

It is easy to show that ¥ is a smooth hypersurface in X. We also define a

subvariety
of .
Ys=1(f; x) € X|5Z—(m) =0,i=0,1,...,n+1
where zp, - - - 2,41 are homogeneous coordinates of CP**!. Clearly, £, C .
Lemma 1.1. ¥ is smooth and irreducible, dime X3 = dime X — (n + 1).

Proof. Let ([f]; z) C X;. The group G = SL(n + 2,C) acts on X as follows:
Vo eG,

o([fl ) = ([foo™]; o(2)) .

Clearly, G preserves both ¥; and ¥. Therefore, by a linear transformation,

we may assume that z = [1,0,...,0]. Let us write
f= Z a'io~~~in+1z(§0 T z:—;rll
iot+ing1=d
Since g—fj(x) =0for 0 <j<n+1, we have

adp...0 — Ad—-110.-.0 = "+ = ad—10-~i})0~~0 = =0a4-1...1 = 0.
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Suppose that Qigoit, # 0, so we may take {aio..,inﬂ}(io...i,,ﬂ)#(%,m,i;ﬂ) to be
local coordinates of X near ([f];z). Then

of

d(=L

( 821'

Therefore, X is smooth at ([f]; z). Moreover,

)(x) = da(l_1...1..,0 + P

dim¢ ¥, = dim¢ X — (n + 2)

The irreducibility of X, follows from H°(X,,C) = C, which can be easily
proved by using the Lefschetz theorem. O

Corollary 1.1. B, = m(X;) is irreducible, where m;: X — B or CP"*! is

the projection onto its i-th factor.

In fact, By is the hypersurface in B classifying all singular hypersurfaces in
(CPn+1 .

Define B, to be the subvariety of B, consisting of all polynomials [f] of the
form f2f, with deg(f1) positive. One can easily compute

n+d—1

dlchss= < d—29

)-i—n—l—l

Therefore, codim¢ B, > 2.

Let K be the relative canonical bundle Ky ® 7} K5' over £. We can define
a canonical metric || - || on IC]E\Zs as follows: at each point ([f]; z) € &\ £,
we choose a local coordinate system (y1,--- ,Yp; 21, , 2ny1) of X at ([f]; z)
such that y;,...,ys is a local coordinate system of B at [f] and 2z, -, 2,
are tangent to 77 *([f]) and {z,41 = 0} defines 77*([f]) locally, then K has a
trivialization at ([f]; =) given by

aldzy A+ ANdzy Ndys A+~ ANdy,) @i (dys A--- Ady,) ™ —aeC
we define
la(dzi A~ Adzy Adys A=+ Adys) @77 (dyn A~ - Adyy) [ = |af® (det(gi7)) ™

where {g;7}1<i,j<n is the metric tensor of the restriction of Fubini-Study metric
wps|7r1_1([f]) on CP™*! i.e.,
|

wFslﬂ_l_x([f]) = ?gﬁ dz; \ dz"j
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We need to check that it is well-defined. To see this, let (y1, -, yp; 21, - - 2541)
be another local coordinate system with the properties stated above, then we

have transition functions

vi=Fy), 1<i<b
zy = Ho(z1, y Zng13 Y1, %), 1<a<n+l1
satisfying:
2oy = Hop1(21, 20,050, -+ ,0) =0
therefore,

dy; A -+ ANdy, = det(DF) dyy A -+ Adys

) ) O0H,
dzy A--o A danr;l([f]) det({ 0zp }1<a b<n) dzy Ao A dz"lw;‘ﬂfl)

“—z

FS'TI']_I([f]) ot lgaﬂ dZ dzb
= 0H, BHg
g dz, N dZ
; 9z, O oy 1A 0%
ie.,
n+1 arr_
, OH, OHj
g’yé o a%;- gaﬂ 827 825
= aHﬂ . aHn+1
= Z [o Bz,, B2 (since _3;:_ =0 for vy <n)
it follows
0H, 5

det(g,5)1<y,6<n = det(ghz)1<ap<nl det(“éz—)lsansn
Y

Now K has a new trivialization at ([f]; ), i.e.
a'(dzy Ao Ndzl, Ndyp A=+ ANdyp) @i (dyy A~ Ady,) ™' —a' € C

The local section a in the first trivialization becomes

a’ = a’det( )1<1a <n
’Y

in the second trivialization, so

|al(2 det(glaﬁ);sla,ﬁgn |a‘|2det( )1<’y 6<n
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ie., || ||c is a well-defined hermitian norm on K |):\): . The group G acts on
the total space of K and the subgroup SU(n + 2) acts by isometries of || ||«

on K Iz\zs' Introduce a smooth function 9 on ¥\ £, by

n+l ) 9F |2
Y([f]; z) = log 2azo | oz,

d-1
Zd=i0+"~+in+1 |ai0"'in+1 ,2 : (ZZ:(I) lza|2)

where F' is the defining polynomial of 3. Clearly, 9 diverges to —oco as ([f]; z)
tends to X;.

We define a new hermitian metric || - || on IC|2\ZQ by

-1 = eIl - Ik

We will prove that this hermitian metric can be smoothly extended across 3
and compute its curvature form. Clearly, SU(n + 2) still acts on IC|E\2‘ by

isometries of || - ||.

Theorem 1.1. The hermitian metric || - || can be extended to be a smooth

metric on KC over ¥.. Moreover, the curvature form of this metric is
mwp + (d—n — 2)Tiwrs
where wp 1is the Kdhler form of the Fubini-Study metric on B = PR, 4.

Proof. Let ([f];z) be any point in ¥, and U be a neighborhood of ([f]; z) in
X. We want to extend || - || on KlUnz\zg to IClUnZ' By using the isometries

from SU(n + 2), we may assume that
z =[1,0,...,0]

Since ¥ is smooth and 75 ([f]) is singular at z, there is a local coordinate system

{yl) ceey Ybs 21yt ’Zn+1} of X at ([f],ll?) such that {yl’ oty Yb—13%1, 0 7Zn+1}
restricts to a local coordinate sytem of ¥ near ([f]; z), in particular,

or

0 in U,
3%?é
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then K has a local holomorphic section

dzl/\---/\dan/\dyl/\---/\dyb_l
Su = oF
Em

® i (dys A -+ A dys)
5

At any point ([f];y) € UNT\ E,, for some 4, 21, , %, , zpq1 give local
coordinates of 77! ([f]) at y, for simplicity, we assume i = n + 1. Since F =0

on X

oF
____dzl 4_.. .4_

F or
n oo —dyp = >
oz D7t dzp1 + + w=0 on

M

Multiplying both sides by dz; A - - - A dz,,, we obtain

dzy AN+ ANdz, ANdyy A -+ A d
Sy =+ 21 Z al Y1 yb®7rf(dy1/\---/\dyb)_l

Ozp 41

Let {g;;} be the corresponding hermitian metrics of wpg in local coordinates

Z1y eeey Bnt1y i.e.,
\/__1 n+1 ~
Wrg = ——2? ig;jl g,;dzl VAN de
Then
__1 n n+1 iiin
“hs = (7 2 (L detlgag)zg s
dzy A+ Ndzi A Ndzpgy NdZ A+ AdZ A~ A dzy
=1 i ,
=nl(5—=)" {det(9a5)1Sa,ﬂsn —2Re(Y_(—1)"""*! det(gap) 1sesnn
2r i=1 174
aZ,H_

. -1 vt det 3)1<a,p<n+1
72, )+ D (=1 det(gap) 1sapznt 9% 0z

~ ki, i
i,j=1

azn+1 3Zn+1 }

le/\dzl/\“'/\dZn/\dZn
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(since —J‘—ag’; az, E / 35:1 1)
\4 -1 n aF 2 - n+i
=nl(5—) det(gaﬁ)lsa,55n|azn+l| + 2Re ;(—1) 41 det(gqs) lf:"%:“
OF OF " OF OF
. 1)" det 10 psnit
oz, 8Zn+l) + . ._1( ) e (gaﬂ) st 02 07, }
1,j=
oF
| |72dzy AdZ A -+ Ndz, A dZ,
azn+1
v—-1,,, OF _ ", - OF OF _
= nl(?vr_) Ia_zn:_l 2det(gz])1<z]<n+l ”ZIQ oz, 8_7:] dzy ANdzZy A ---Ndz,

where {g¥/} is the inverse matrix of {g;;}. Therefore

3,j=1

-1
n+1
5 OF OF
“SU”}C - {det(gzj)l<z,1<n+1 Z g az 62 }
i j

Now we may assume that zj,...,2,4; are coordinates of C**1 c CP™+!.
Then

L 1 5. _ ZiZ;
TS A PIER A S A I
g7 = (1+|2*) (6 + Z;2:)

it follows
n+1 n+1 n+1
-OF 8F 8F  OF
i,jZ=1g 0z 8 +) ( 12—:1 %0z, 0z; )

but Zn+11 Zz + 32) = Z?+11 z, + gf =dF=0o0n X%, so

-OF OF _ ntl

n+1
¢;1g 0z; azj Zl

On the other hand,

1

det(gij)lfi,j5n+1 = (1 + ]Z|2)n+2
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Therefore,

(1 + |2]2)"*
ISull* = ==t 357
iy 13512

= ( Z |a,~0..‘in+1 |2) (1 -+ |Z|2)n+2_d

do-beeting1=d
This shows that the hermitian metric extends smoothly to a metric on K over
Y. The curvature form of this metric follows easily from the above formula
for ||Sy|*>. O

By the definition of the hermitian metric || - ||, one can easily deduce the

following from Theorem 1.1,

Corollary 1.2. The curvature form of the metric || - ||x is given by

v—1 -
R(|| - llx) = mjwp + (d = n — 2)mwps + o 0.

2. EXTENSION OF QUILLEN METRICS

In this section, we first introduce a hermitian metric on the tautological line
bundle Og(—1) over B. This metric will be related to the intrinsic structure
of the underlying variety through the K-energy in next section. We will also
show that this metric is actually the Quillen metric on the determinant line
bundle of certain holomorphic “virtual” bundle over ¥. This explains how we
arrived at this metric.

Define a current u as follows: for any smooth (2b — 2)-form ¢ on B, where
b is the complex dimension of B, we have

(2.1) [onu = [ meamupy
B b))

It is easy to see that w is positive, closed and smooth in B\ B,. To determine
the cohomology class [u] in H?(B,R), we simply plug w®~! into (2.1) and find

/ Wit Au = /ﬂwlgl A TwEE!

B b2

(2.2) = / WS P ATWEE A (Tiwp + d - Tiwrs)
x

- * b—1 * ntl * _
—/XTrIwB NTowps ATjwg = 1
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Therefore, the cohomology class [u] coincides with the Kahler class of the
Fubini-Study metric, which is just the first Chern class of Og(1) over B.

Proposition 2.1. There is a -Holder continuous hermitian metric || - ||, on
Op(—1) over B such that —u is its curvature form in the sense of distribution,

namely, for any smooth (2b — 2)-form ¢ on B, we have

/goAu
B

(2.3) = /B ©A (wg + %éﬁlog <w>>

-1l
where || - || denotes the standard metric on Og(—1) whose curvature form is

wpg.

This is a special case of Theorem 5.2 in [T1]. The readers can find the proof
there. We note that such a metric || - ||, is unique up to multiplications by
positive constants.

Since v has only logarithmic singularity along 3, the integral
|wmienmins

is finite for any smooth 2b-form ¢ on B. We can define a generalized function
Yp by

(24) [ s = [wmivamers
B b
where ¢ is a smooth 2b-form on B.

Lemma 2.1. The function g is smooth outside B, continuous outside By,

and bounded from above.

Proof. The smoothness of 1¥g outside B, follows from the fact that the fibration
m : %\ ¥s — B\ B, is smooth. Since v is bounded from above, so is 9p.

Moreover,

(25) voly) = [ wwhs
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for any point y in B\ B;. Given any point y in By \ B, using the fact that
the singular set of w7 *(y) is of complex dimension at most n — 1, it is easy to

show

lm wp(s) = [ | dwhs < o
w7 (y)

z—y,2EB\ B,
Clearly, it follows the continuity of 15 at y. In fact, the value of 1 is given
by the integral on the right in (2.5). The lemma is proved. 0O

By Proposition 2.1, the closed form (d — n — 2)u + d(n + 1)wp represents

the same cohomology class as (n + 2)(d — 1)wp does.

DEFINITION 2.1. Fix d > 1, we define a singular hermitian metric on Og(—1)
by
d(n4-1)

m+2)(d—1)
B

d—n—
(26) [ llo = emsitbmye ) FEET).

where || - ||, and || - || g are given as in Proposition 2.1.

Later on we will see how this metric is related to the K-energy.
In the following we will show that this metric is nothing but the Quillen
metric on certain determinant line bundle over B\ B;.

Consider a “virtual” holomorphic bundle £ over X,
27 E=M+D)K'-K)@L-L Y —n(n+2—d)(L—LHH!
where
(2.8) L = 75Ocpr+1(1)

We denote by det(&£, ;) the determinant line bundle over B through the fi-
bration m; : ¥ — B. It is defined to be

5)

n

P(
29 ]I <det(l€*1 ® L™ m) ®det(K® LV, 7r1)_1>

j=0
n+1l ) il
®© [ det(£r+-%,m) 2",
j=0

where p = n+ 1 and ¢ = n(n 4+ 2 — d). For any coherent sheaf F over X,
the determinant line bundle det(F, ;) is defined as follows (cf. [KH]): we
first define a presheaf by assigning any open subset V' C B to the cohomolgy
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Hi(n Y(V),F |7r_1(v)), then the direct image R‘m;,F is simply the sheaf gen-
erated by this presheaf, and define det(F,m;) to be the double dual of the
sheaf

(2.10) &) det(Rimy, F) D"

i=0
By the Grothendick-Riemann-Roch Theorem, one can compute the first Chern

class
(2.11) Ci(det(&,m)) = =2 (n+2)(d — 1)wp,

therefore, the determinant line bundle det(&, ;) coincides with Op(—(n +
2)(d—1)).

Let us recall definition of the Quillen metric on det(€, 7;). Let h be the her-
mitian metric on £ = 75Ocpr+1(1) with curvature form mjwrg. Fix a smooth
hypersurface X in CP™*!, the Fubini-Study metric restricts to a Kahler metric
wx on X and consequently induces a hermitian metric hx on K|x. Let F be
one of bundles K* ® £"~% or L"*1~%. Then the fiber of the determinant line

bundle det(F,m;) over X can be naturally identified with the space

(2.12) é) det(HY(X, Fl, )V

=1
The metrics h and hx yield a hermitian metric hr on F. Together with the
Kéhler metric wy, this hz defines an inner product (-, -) on H*(X, F|, ), which
is identified with the space of harmonic F-valued (0,i)-forms,

(2.13)  (s1,80) = /X (s1(z), 2(2) )rwh , 1,80 € HY(X, F)

where (-, ) denotes the inner product on the space of F-valued (0, 7)-forms
on X induced by hr and wy. In a local coordinate system {zj,--- ,2z,} of X

and a local holomorphic frame e of F, we can express

(2.14) ! 81 = Z‘pal"'&idzal /\ M /\ diai
(2.15) S2= Y Yaq,dZay A+ A dZg,
then

(2.16) (s1,82)F = a g™/ e g%Pips . a,
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where a is a local positive function representing h in the frame e and {g*’}
is the inverse of the metric wx in the local coordinates. The inner product
induces a L?-metric on det H*(X, F|, ). Unfortunately, this L*-metric does not
vary continuously as X varies in B. A discontinuous point in B is where the
dimension of H*(X,F|,) jumps for some i. The Quillen metric is introduced
to eliminate this discontinuity. A Quillen metric is defined in terms of the
L?-metric and the Ray-Singer analytic torsion.

Let Pr be the harmonic projection from the space I''(X, F| ) of F-valued
(0,i)-forms onto H*(X, F| ). We define an Zeta function

(2.17)

Cﬂﬂ=—§;£ MAZJJWt%€“%—Pﬂdu,%d@>n
where
(2.18) I(s) = /Oo u' e " du

and (0% denotes the Laplacian on I'(X, .7-|X) induced by hr and wy, i.e., if
9* denotes the adjoint operator of  on I''(X, F [ X) with respect to h and w,
then

(2.19) 0. =89+00"

It is now well-known that (x(s) extends to be a meromorphic function on

C and the extension, still denoted by (r, is holomorphic at the origin.

DEFINITION 2.2. (Ray and Singer [RS]). The analytic torsion 7(F|,) is de-
fined to be —(%(0).

DEFINITION 2.3. The Quillen metric || - ||g,» on the determinant line bundle

det(F,m)x is the metric obtained by multiplying the L2-metric by e™ lx).

It can be proved that this Quillen metric depends on X smoothly. Using
(2.12) and || - ||, for F being either K* ® L™~ or L"+!~%7, we can construct
a Quillen metric || - ||g,e on det(&, ).

Theorem 2.2. There is a positive constant ¢ such that the Quillen metric

Il - llg,e is the same as c| - ||2Qn+l("+2)(d_1).
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This theorem can be proved by the same arguments as in the proof of
Theorem 4.1 and using two transgression formulas of Bismut, Gillet and Soule
in [BGS] (see also [BF]). We omit the proof, since it is not used in the proof
of our theorems.

Corollary 2.1. The Quillen metric || - ||g.e over B\ Bs extends to be a con-

tinuous metric over B\ Bys.

Clearly, it follows from Theorem 2.1 and Lemma 2.1.

3. THE GENERALIZED K-ENERGY

In this section, we define the K-energy on singular varieties in CP", and
compute its complex Hessian. The K-energy was first introduced by T. Mabuchi
[Ma] on compact Kahler manifolds. Our K-energy here is nothing else but the
limit of the K-energy of T. Mabuchi, in case the singular variety is a limit of
smooth Ké&hler manifolds.

Let X be an irreducible subvariety in CPY. We denote by S(X) the sub-
variety of all singular points in X. We assume that the complex codimension
of S(X) is at least two, or equivalently, X is normal. Let L be the restriction
to X of the hyperplane line bundle over CPY. A hermitian metric h on L is
admissible if it extends to be a smooth metric over CPY with positive curva-
ture, in particular, for any o in G = SL(N + 1,C), the restriction of 0*hpg
to X is an admissible metric on L, where hpg is the standard metric on the
hyperplane bundle whose curvature gives the Fubini-Study metric. We denote
by M% the set of all admissible metrics. Note that any metric h in M¥ is of

the form e~?hpg for some function ¢.

Lemma 3.1. Let {h:}o<i<1 be a loop in M%. Then

(3.1) /0 1 /X Gu(s(wr) — WP Adt = 0

where {h, = e™¥*ho}, w; is the curvature R(h;) of hy, s(w;) denotes the scalar

curvature of the Kahler metric w, on X and c is any constant.

Proof. First we note that ¢, |Vi| and Ay are bounded for ¢ = ¢, or %”ti,

where |V| is the pointwise norm of the gradient of ) with respect to the
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metric induced by w;. Let 7 : X +— X be a smooth resolution. Fix a Kihler
form @ on X. If Ric(w) denotes the Ricci curvature of the metric induced by
a Kéhler form w, then

(3.2) Ric(®) — 7 Ric(w,) = 00log (”&)‘:t)

Using the assumption that S(X) is of at least codimension two and integrating

by parts, one can easily prove

(3.3)

/1/ Di(s(wy) — c)wy Adt
—/ / 7T<pt< naalog(
/ / (nlog( )867r or — @y (nRic(®) — cw*wt)> ATl A dE
_/0 /X (108; (Wf:t ) 5t (m*wy) — 7@y (nRic(@) — em*wy) A mrwp™ 1) A dt
- 50)

+//7r<pt Ric(®) — em*w,) A Tl A dt

> A T* WP 4 nRic(@) A T ™! — cw*wl‘) Adt

= / /- W*(/bt (n R,IC((:)) — Cﬂ'*wt) A 77*(4)?—1 A dt
0 JX
Deﬁne ht,s = e 9 (P/,ho and
1
(3.4) D(S) = / [ S’]]'*gbt (n Ric(d’)) _ Cﬂ_*wt) A ﬂ_*w,tn_l A dt
0 JX

where w; s = wp + s00¢,. It suffices to show that D’ = 0. Write Drs = S Pty
and we compute

’ ! 8290t,s : 1
D'(s) = // ETER (n Ric(®) — cmwys) A w7t Adt

+n//8%saa<a%3>/\((n—l)mc( ) = emwy) Awpt A dE
(990t,s * * n—1

The lemma is proved. [
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By this lemma, we can define the generalized K-energy D(hg, hy) by

(3.5) D(ho, h1) = //got (we) — p)wit A dt

where hg, by € M%, {h;} is any path from hg to h;, and p is defined to be the
ratio

f x Wi
It is known that u is independent of t and any choice of admissible metrics in
M. Obviously, by Lemma, 3.1, we have

D(hO) hl) = _D(hla hO)
D(hg, h2) = D(hg, h1) + D(hy, hs)

The following proposition can be proved by the same arguments in the proof

of Lemma 3.1.
Proposition 3.1. Assume that there is smooth function fo on X\S(X) sat-
1sfying:
(3.7) Ric(wo) — %wo =00fy  on X\S(X)
Then we have
(3.8)
wn
Dito, ) = [ (108 () = o)t + [ fog = £ (0, ) = T0ho, )
X Wy X n
where I(hg, hy) and J(ho, h1) are defined as follows: write hy = e ®hy, then
wy = wy + 00y, and
(39 I(ho, ) = [ o =)
1 —tp
(3.10) J(ho, h1) = / 5@9’—‘2—"‘))&
0

In case X is a complete intersection in CPY, the assumption (3.7) is auto-
matically true.

Next, we will compute the complex Hessian of the K-energy. Let Y be a
complex manifold of dimension m and h : Y — M% be a smooth map. Fix a
hermitian metric hy in M¥, the pull-back h*D(hy, -) is a real function on Y.
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We want to compute its complex Hessian. We define a hermitian metric hy y
on the bundle 7L over Y x X, where 7; is the projection from Y x X onto

its j-th factor,

(3.11) heylgyex = hW)x

Note that each h(y) is a metric on L with positive curvature. We denote by
R(hyy) the curvature form of hry on Y x X. It is easy to see that as a
2-form, R(hy y) restricts to R(h,) on {y} x X. The Kéhler metrics defined by
R(h,), where y € Y, induce a hermitian metric ky on the relative canonical
bundle 75 K x over Y x X. We denote by Ricx|y the curvature of this hermitian
metric. Then

(3.12) Ricx)y = 7} Ric(wg) — 091log <%9;>

0

where w, = R(h,) and wy = R(hy). It follows from admissibility of h, that
the second form in (3.12) is bounded. Moreover, Ricx|y restricts to Ric(w,)
on {y} x X.

Proposition 3.2. Let X be an irreducible, normal projective variety, and Y,
h, etc. be as above. Then the complex Hessian D(hg, h(-)) is given weakly as

follows: for any smooth (2m — 2)-form ¢ with compact support in Y,

(3.13)
- /y D(ho,h(y)) ay5y¢ = /YXX (RiCX|y —n:f

Proof. We may assume that Y is an open ball in C™. Then for any y in
Y, {h(ty)}o<i<1 is a path from h(0) to h(y). We define p, = —h(y)h(y)?,
w, = R(h,) as above, and p to be as in (3.6). Then by the definition, we have

(3.14)
D(ho, h(y)) = D(ho, h(0)) + D(h(0), h(y))

1
= Dl(ho, ) = [ [ (0 Ric(wn) = pwny) Ay A

1 wL,y> /\w,'f’y N 7TI¢)

1
= D(ho, h(0)) + / / $ry (n Ricx)y —pwry) Awiyt Adt
0 J{y}xXx

where wry = R(hry). Let n: R! — R! be a smooth map satisfying: 0 <
n<1,nt)=0fort <1andn(t)=1fort > 2. We denote by p the distance
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function from the singular set S(X). Define dilation maps 7; : ¥Yx — Y x X
by putting 7,(y,z) = (ty,z). Then for any (2m — 2)-form ¢ with compact
support in Y, using (3.14) and (3.12), we have

(3.15)
~ [ Dita, h(w)) 9Ty 6

= lim (/ (/ / Qoty n RlCle —Uwr, y) /\wL y) A 6}/5)/(1)/\ dt)
e—0+ ty}xX

= lim (// 7rf¢/\85<( ) Yu, 7y (n Ricxpy /LwLy)/\TtwLy>/\dt>
0 JYxX

e—0+

1
= / / T N OOPyy N T, ((n Ricx)y —pwr,y) A wZ‘yl) A dt
0o Jyxx

1 —
i [ wien (90,000(2) + 2Re(on(2) ATp) ) A

e—0+ Jo

A1y (n Ricxy —pwry) AT, wiy Adt

It follows from (3.12) and the remark after it that the integrand in last in-
tegral is bounded by C p~2 for some constant C. Since the singular set is of

codimension at least two, the last limit is zero. Therefore,

(3.16)
~ [ Dk hiw) 0556

1
_ / / Tid A OD — Pry AT (n Ricx)y —pwpy) A T7wl3 A dt
0 YxX
t 7] p 0
= to AT (RI A =T W} *"“)/\dt
fo /yXx e (T‘( foxiy) A gy WEy — S g WLy
* . ,u, n+1
= mid A | Ric ATy — ——— )
/},Xx 1¢ < XY LY n+1 LY
1 0
_ / / 736 A o (7 (Ricxyy)) ATy A dt
0 Jyxx t

It remains to show that the last integral in (3.16) vanishes. By (3.12),

o ) —
v Tt*(R'ICX|Y)) = —00 (Aypy)

(3.17) =
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where Ay, is the laplacian of the metric with Kéhler form w,,. Therefore,

1 0
/ / TiH A 5 (7 (Ricxpy)) A T, Wiy Adt
0 Jyxx i

1
=_/ayay¢-//Atygoyw;;/\dt=o
Y 0 JX

Then (3.13) follows. O

Corollary 3.1. Let X be in CPYN and G be the linear group SL(N + 1,C)

acting naturally on CPY. Define GX to be the variety {(o,z) |z € o(X)} in

G x CPYN. Then for any smooth (2dim¢ G — 2)-form ¢ with compact support

n G,

(3.18)

—/ D(th,U*th)acEG¢=/ (RiClec—
G GX

where wpg 1s the curvature form of hps, and Ricgx|c is the curvature of

n:j/_ 10'*0)}7*5) N (O'*CUFS)n A W;(ﬁ
the metric on the relative canonical bundle Kgx )¢ induced by Kdhler metrics

o*Wrs.

Proof. Note that GX is biholomorphic to G x X by identifying (¢, z) with
(6,071(z)). Therefore, (3.18) follows from Proposition 3.2. 0O

Remark 3.1. Proposition 3.2 is a special case of a general theorem which can
be roughly described as follows: Let E be a hqlomorphic “virtual” bundle
over X and Mg denotes the space of all hermitian metrics on E. To avoid the
complexity caused by singularity, we assume that X is smooth. Let ® be any
symmetric G L¢-invariant multi-linear function of n+ 1 variables, such as, the
function Ch,4; defining the (n+1)-th Chern charactor. Then it follows from
[BC] that, modulo Im(8) and Im(8), the (n,n)-form

(3.19) BC(®; ho, h1) = /1 ®(R(hy), - , R(hy); hohy ) dt

is independent of the path {h:} from ho to h;. This is the Bott-Chern class
associated to the invariant function ®. Integrating this Bott-Chern class over

X, we obtain the Donaldson functional

(3.20) D(®; ho, hy) = / BC(®; ho, 1)
X
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The K-energy coincides, up to multiplication by constants, the Donaldson

functional D(Ch,,;, ") restricted to M%, which is a subset in Mg, in case
E = (n+1)(Ky'—Kx)®(L— L") —p(L — L")

Let Y be a complex manifold and A : Y +— Mg be a map as in Proposition
3.2. Then for any (2m — 2)-form ¥ on Y with compact support,

~ | D(@;ho, k0B = | SR, R(w)) A3

YxX
4. THE PROOF OF THEOREM 0.1

We will adopt the notations in sections 1 and 2. Let X = 3¢ be a hypersur-
face of degree d in CP™*!| and G be the linear group SL(n + 2, C). As before,
hrs denotes the standard metric on the hyperplane bundle over CP**!. Its

curvature wgpg is the Kdhler form of the Fubini-Study metric.

Theorem 4.1. Let B = PR, 4 be the space of all hypersurfaces of degree d,
and || - |lq be the hermitian metric on Og(—1) defined in (2.6). Then for any

o in G, we have

(41) D(hps,a*hps) =

(24200 (1 lalT o))

g
n+1 I lle(f)

Proof. Let us denote by D the function on G defined by the right side of (4.1).

It is obviously continuous on G. By using the definition of || - |o in (2.6)

and Corollary 1.2, we have that for any smooth (2dim¢ G — 2)-form ¢ with

compact support in G,
(4.2)
— / [) . 8(;5@(]5
fe.
n+2-—-d _ >
= ———mwps — T 0 Tiwg — 0V | A Tiwhe N 5
sz( 1 Tewrs —moTiws ( 2Wrs N Ty

nn+2—-d) ,

= [ (- i@y -le) — MR D nirs ) Amiwps A wig

where T; : G — B is defined by T;(0) = [f o o7!]. Notice that (Tf x
id)*R(]| - |lx) restricts to Ricgxjc on G in (3.18). Therefore, the differ-

ence D(hps,0*hps) — D(a) is a pluriharmonic function on G. Since G is
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simply-connected, we can write
D(hrs,0"hrs) — D(o) = (log|w|*) (o)

for some holomorphic function w on G. On the other hand, using the defini-
tions of D(+,-) and |- ||g, it is not hard to prove that w has at most polynomial
growth at the infinity of G, so w extends to be a meromorphic function on
any compactification of G. However, G has a normal compactification G in
CP™+2" with irreducible divisor at infinity. Therefore, w has to be a nonzero

constant. Then the theorem follows. [

The tautological line bundle Og(—1) over B can be written
(4.3) Op(-1) = {(z,v)|z € B,v €z}

The hermitian metric || - || on Op(—1) over B is defined as follows: Let (-, ")

be the standard inner product on R, 4, then for any (z,v) in Op(—1),

(44) H (IL‘,’U) HB = <’U,’U>
Let us recall a simple fact.

Lemma 4.1. Let ¥; be a hypersurface in CP™! defined by f. We define a
function Fy on G by

Fo(o) =log||([foo™],foa Nz, o€G
Then
i) X is stable if and only if Fy is proper on G;

ii) X is semistable if and only if Fy is bounded from below on G.

Proof. Let us just show (i) here. The proof for (ii) is identical and omitted.
First we assume that f is stable. If the function Fp is not proper on the orbit
G, then there is a sequence {o;} in G which has no limit point in G, such
that Fy(o;) are uniformly bounded. By the definition of Fy and || - ||, the
square norms (o;(f), 0;(f)) are uniformly bounded, i.e., all points o;(f) lie in
a compact subset of R, ;. Without loss of generality, we may assume that
llm o;(f) exists in R, 4. By the definition of the stability, the orbit G - f is
élooged, so we may assume that 111210 o:(f) = o(f) for some o in G. Therefore,

the stablizer of f in G is not finite, which contradicts to the assumption that f
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is stable. Conversely, if Fy is proper on G, it is clear that the stablizer of f in
G is finite. Take any sequence o; in G such that o;(f) has a limit in R, 4, then
Fy(0;) is uniformly bounded independent of 7. By the properness, it implies
that o; has a limit ¢ in G. This shows that the orbit is closed, consequently,
f is stable. O

Let || - |lo be the Quillen metric defined in (2.6). Then

n+2—d
(4.5) ” . ”B _ e‘m%%)—‘ﬂ‘/’ﬂ ” . ”B n¥2)(d—1)
I lle Il Il

where || - ||,, is defined in Proposition 2.1. Then by Proposition 2.1 and Lemma

2.1, there is a positive constant ¢ such that || - || > ¢|| - ||o, therefore, we have

Lemma 4.2. Let Z; be a hypersurface in CP™*! defined by f. Define a func-
tion Fy on G by

Fy(o) = log(|l[foo"le)
Then
i) f is stable if the function Fy is proper on G in the following sense:
for any C > 0, there is a constant § = §(C) > 0, so that Fy(o) > C
whenever inf ¢yx, %‘Tﬂ <.
ii) f is semistable if the function F; is bounded from below.

Now Theorem 0.1 follows easily from Lemma 4.2 and Theorem 4.1.

5. THE LOWER BOUNDEDNESS OF THE K-ENERGY

In this section, we give some sufficient conditions for the K-energy to be
bounded from below or proper on the space of admissible K&hler metrics.
We assume that X is a normal, irreducible variety satisfying (3.7). Then

by (3.8), we can have
(5.1)
D(hg,hy) = / log( 1 ) w{‘—l—/xfowg —% (I(hg, h1) — J(ho, b))
X

efowp

Lemma 5.1. For any hg, hy in M%,

7
n+1

1
> — > — .
I(ho, h1) > I(ho, h1) J(ho, h1) > n+1I(h0,h1)
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It follows from a straightforward computation (cf. [T2]). We omitted the

proof.

DEFINITION 5.1. We say the K-energy D(-, -) proper if for any fixed hy and ¢ >
0, there is a constant C' = C/(ho, ) such that D(hg, h) < cimplies I(hg, h) < C.

The above lemma, together with (5.1), implies that if p < 0, the K-energy is
bounded from below or proper if the first integral in (5.1) is so. We recall that
a variety X has only log-terminal (resp. canonical) singularities if it satisfies
the following two conditions: (i) for some integer 7 > 1, the Weil divisor rKx is
Cartier; (i) if 7 : X + X is a resolution and {F;} the family of all exceptional
prime divisors of 7, then r K3 = n*(r Kx) + r ) a; E; with o; > —1 (resp.
a; > 0)(cf. [Re]). Suppose that X is a normal variety satisfying (3.7). Then
it is clear from (i) and (ii) that X has only log-terminal singularities if and

only if

(5.2) Ky = %‘w*(ocpw(—n) +Y wE;

for some a; > —1. Let S; be a section of [E;] defining E;, and || - ||; be a fixed
hermitian metric on [E;], then (3.7) and (5.2) imply that there is a smooth

volume form dV on X such that
v
(5.3) ™ fo = log (ZJ?) = a;log |1S:|1?
0 .

consequently, we have

(5.4) /X eloup = /X (TT1S:17) ¥ < oo

Theorem 5.2. If p < 0 and X is a normal variety with only log-terminal
singularities and satisfying (3.7), the K-energy is proper in the sense of Def-

inition 5.1.

Proof. Using the assumption that all singular points are log-terminal, one can
show (cf. [T2]) that there are C, € > 0, such that for any h = e %hg in M%,

fo—e(p—supx @), n __ —e(p—supy @) || =20 Y
(5.5) /Xe O = /j(e (TTIS:l7) av < ©
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By the concavity of logarithmic function, we deduce from this

(5.6) /X log <M‘0)—n> > eI(ho,h) — C'

efowd

where C' is a constant independent of h. Therefore, if u < 0, the K-energy in
(3.8) is proper. O

Remark 5.1. In case p < 0, there should be a much weaker condition for the

K-energy to be proper in the sense of Definition 5.1.

The following theorem is taken from [DT], whose proof follows an idea in
(BM].

Theorem 5.3. If X is a Kahler-Finstein orbifold, then the K-energy is bounded

from below.

Remark 5.2. It is natural to ask when the K-energy is proper. Let a(X) be the
holomorphic invariant defined in [T2]. It can be proved that the K-energy is
proper if this invariant is greater than 27, where n is the complex dimension
of X. Using the fact that any smooth hypersurface of degree greater than 2 is
stable, one can easily show that the K-energy is proper on the subset of Kahler
metrics of the form o*wpg|x, where X = X, deg(f) > 3, 0 € SL(n +2,C)
and wrs denotes the Fubini-Study metric. We conjecture that the K-energy

is proper if X has a Kéhler-Einstein metric and no holomorphic vector fields.

It is obvious that Theorem 0.2 follows from Theorem 5.1, 5.2 and the fact
that 4 = n + 2 — d in case of hypersurfaces.

6. SOME GENERALIZATIONS

In this section, we give some generalizations of Theorem 0.1 and 0.2. They
can be proved by the same method with some modifications. The details of
the proof will appear in a forthcoming paper [T1].

Let m : X — H be a holomorphic fibration between projective varieties
satisfying:

(1) X is a subvariety in H x CP", and 7 coincides with the projection m;

onto the first factor;
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(2) There is an Zariski open subset H, in H such that 7—!(h) is a smooth
n-fold for each h in Hy;

(3) the linear group G = SL(N +1,C) acts on both H, and 7~ (H,), and
the action commutes with 7y, my;

(4) either the hyperplane bundle on CP¥ restricts to rK* on each m~1(h)
for some nonzero rational number 7, or the first Chern class of 7~1(h)

vanishes, where h is in H,.

The typical example of such a fibration is a universal family of subvarieties
in CP" over a Hilbert scheme.

Theorem 6.1. Let 7 : X — H be as above. We denote by L the pull-back of
the hyperplane bundle over CPN by my. Put

(6.1) E=(n+ 1)(IC,_CI) ®(L—L)" —nu(L — L)+

where K = Kx ® K3;' be the relative canonical bundle and K= -1y =
pLlr-1(ny for some h in Hy. Assume that the inverse of the determinant line

bundle Ly = det(E,m) is ample on H. Then for any h in Hy, we have
(i) X = 7~ 1(h) is stable with respect to G and Ly, if the K-energy on X

1S proper;
(il) X is semistable with respect to G and Ly if the K-energy on X is

bounded from below.

In particular, such an X is semistable if it admits a Kdhler-Einstein metric.

An example of such a fibration in Theorem 6.1 is provided by complete in-
tersections in CP™*. Let R, 1.4 be the space of all homogeneous polynomials
on C"*k+1 of degree d. Put

(6.2) B=DB; X% By, B;=PRoisa

where d; are integers greater than one. Then B classifies all complete inter-
sections in CP"** defined by k homogeneous polynomials of degree dy, . .., dj.
Some of these intersections may be of dimension higher than n. Let X be the

universal family of those intersections, and H = B. Then one can show that
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the determinant line bundle Lg in Theorem 6.1 is isomorphic to

k E+1-SF 4.
2"ty - dy, (R) O, (n+ LT —(n+1)>
i=1

d;

Since each d; > 2, (n + 1)d; is greater than n + k+1 — Z;“:l d;. This follows
that Lz' is ample on B. Therefore, we have

Theorem 6.2. Let X be a normal complete intersection in CP™*. Then
X s stable if the K-energy is proper, and X s semistable if the K-energy
is bounded from below. In particular, X is semistable if it admits a Kahler-

Einstein orbifold metric.

There are more applications of Theorem 6.1 in addition to Theorem 6.2 on

complete intersections.
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