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On Singularities of the Heat Flow for Harmonic
maps from Surfaces into Spheres

JIE QING

In this paper we prove that there is no unaccounted energy loss for
blow-ups of solutions of the heat equation for harmonic maps from
surfaces into spheres. Any energy drop corresponds precisely to
the production of bubbles, that is, nontrivial harmonic maps from
2-sphere into the target

1. Introduction.

In this paper we shall study the local behavior of solutions of the heat
equation for harmonic maps from surfaces into spheres near singular points.
About ten years ago, Michael Struwe [17] proved that global solutions of
the heat equation for harmonic maps from surfaces exist and are regular ex-
cept possibly at finitely many isolated points. Recently K.C.Chang, W.Ding
and R.Ye [6] showed that these singular points indeed exist in some cases.
Naturally then, one would like to know what happens to the solutions near
these singular points. In fact, to get a complete description of the set of
harmonic maps by Morse theory it might be helpful to know the local be-
havior of the solutions near singular points, since the solutions of the heat
equation for harmonic maps can be naturally interpreted as the trajectories
of gradient-like vector fields with respect to the energy functional.

For simplicity, we assume that the domain is just R2. The heat equation
for harmonic maps is as follows:

{ O = Au+ A(u)(Vu,Vu) in R?
u(xa 0) = UO(Z))

(1.1)

where A(-)(+,-) is the second fundamental form of the target manifold N in
some R¥, and ug is a map in W'2(R2, N) with finite energy. By Struwe's re-
sults [17] we know, for any uo with finite energy, there exists a global solution

1Part of this paper was done when the author was supported by NSF grant DMS
9304580.
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for (1.1) which is regular except at finitely many points {(:z:j,Tj)};.:l =S.
Let T' be any one of {T} 3 j=1» and let u(z, T) be a weak limit of the solution
u(z,t) as ¢ & T. Then we have

Theorem 1.1. Suppose that N is a sphere and u(z,t) is a solution of (1).
Furthermore, assume that (zy,T) € S. Then there exist finitely many, non-
constant, harmonic maps {wy};_; from S? into N such that

P

(1.2) lim Vul?(-, t)dz =/ Vu(-, T)dz + )  E(wg),

fi [, 1VaPCthda = [ [9uCD)Pda+ 3
for any disk Bgr = Br(zo) with Bar(zo) {z # z0 : (z,T) € S} = ®. More-
over, for some sequence {t;} with lim; o t; = T there exist
(a) sequences {al},{a?},---{al} in R? with lim; ,co a;‘? =gxq forl <k <p,
and
(b) sequences {\}, {2} ,--- {AF}, A} positive for 1 < k < p and any i, and
lim; )\ =0forl<k<p, satJSfymg, for j # k,

M M laf —dP

(1.3) -+ Y 5 00, as i — 00,
A Y
and
E :n - ak
(1.4) u(z, t;) Z wi( L) — wi(o0)) = u(z,T)

k=1

strongly in W12(Bg, R*), where wy(0o) is the image of wy, at North pole of
S2

Remark 1. (1.2) implies there is no unaccounted energy loss. In other
words, the necks connecting bubbles hardly contribute any energy. In fact,
this point is one of the main difficulties in the proof. Jost, in the book [11],
has proved a similar result for certain min-max values.

Remark 2. (1.4) is only proved for certain sequence {¢;}, since we do not
know whether this configuration of bubbles is unique or not when the se-
quence varies: This is a very interesting and challenging open problem.

The proof of Theorem 1.1 is indirect. Our strategy is to grab all bubbles in
one time. Then by appropriate scaling, turn the problem into that of blow-
ups of a Palais-Smale sequence. For this purpose we prove the following
proposition, which may be considered as an improvement of Proposition .1
in [17].
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Proposition 1.2. Suppose that u, € W12(R?,SV) with E(u,) < C, and
that E'(us) — 0 in L} _(R?, RX+1). Then there may exist

(a) sequences {al},{a2},---{ah} in R? withlim; ,c ak = z* for1 <k < p,
and ‘

(b) sequences {A\L},{A2},---{A\h} with Ak positive for 1 < k < p any n,
and lim,,_,0o \¥ = 0 for any 1 < k < p, satisfying, for j # k,

Ak )\J ak _ aj 2

(1.5) —’?+—E+u——.—"|—>oo,asn—>oo,
XA AEN,

and

(c) a harmonic map wy from S? into S and a sequence of non-constant

harmonic maps {wk}z=1 from S? into SN with the properties

P T — ak
(1.6) tn(2) = 3w (<) — wk(%0)) = wo(a),

k=1 n
strongly in W,>*(R?, RX+1) therefore
(1.7)
p
lim |Vu,|2dz = / |Vwo|?dz + ZE(wk) for any K < oo.
By Bg

n—00
k=1

Remark 3. Possible bubbles drifting to infinity indeed could happen here
as noticed by a referee. But Theorem 1.1 only concerns the local behavior
of the solution of heat equation near a given singular point.

Note. In this paper, to simplify the exposition, we make no effort to distin-
guish sequences and subsequences: that is, we will often replace sequences
with their subsequences and use the same indices.

Our proof of Proposition 1.2 is based on energy estimates over the necks
connecting bubbles, together with a procedure for analyzing blow-ups which
is similar to one used by Brezis and Coron in [4].

The author would like to thank professors Alice Chang and S.Y. Cheng
for their constant encouragement and help. Moreover, the author is very
grateful to Professors Michael Struwe and Paul Yang for many interesting
conversations and their interests in this work. Also the author would like
to thank Professor Itai Shafrir for pointing out some mistake in a previous
version of this paper. And the author would like to thank Dr. Kevin Oden
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for his help in improving the writing of this paper. At last, but certainly not
least, the author would like to express his heartful thanks to referees. With-
out their helpful suggestions we would not have this paper in the present
form.

2. Solutions of Heat Equations.

In this section we shall study the local behavior of solutions of the heat
equation for harmonic maps from surfaces near their singular points. First
we will use the local energy comparison lemma from Struwe’s paper [17] to
prove the following:

Proposition 2.1. Suppose that u is a solution of (1.1), and that (zo,T)
and Bp are given as in the statement of Theorem 1.1.
Then lim; 7 [5_ |Vu|?(-, t)dz exists.

Proof. Suppose that
(2.1)

imeup [ 1VuP(,0) = Jim [ (V) =+ [ [Val),
t—T Bpr t:—-T Bgr Bpg

and

(2.2)
liminf/ |Vul?(-,t) = lim / |Vul?(-,s;) = m +/ |Vul?(-, T).
t—>T Br $i—T Br Br
Then to prove this proposition we only need to prove m = M. Take \; = iR

Since u(z,t) = u(z,T) strongly in C*® on any compact subset of Bgr\ {z¢})
as t = T (see Struwe's [17]), for each j there exist i; such that

(2.3)
1
/ ”VU‘() tij)|2 - IVU‘(’T)Pldx < _/ IVU(',T)|2d$,
Bg\B); (z0) 2 By, (z0)
and by (2.1),
@0 [ Ivut)tde- [ [vul 1P
Bpg Br
>M — % |Vu(-, T)|*dz.

Bj; (z0)
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Therefore we have
(2.5) / |Vu(-,t;)|?dz > M,
By; (o)

where ¢; =t;;. Assume that,
8 <tj < sjr1 < tjt1,

by taking subsequences from {¢;} and {s;} if necessary. For any 6 > 0, by
Lemma 3.6 in [17], we get

(2.6)
Vu(-,s;)|?dz > / |Vu(-, t;)|2dz — —_—E(u )-
\/1‘35(1:0) I J I . (a:o) v I (5 _ A])z 0

J

This implies

. 20 o) —
@0 Jim [ V()

= lim / IVU(',Sj)|2+/ IVau(-, s;)[?
s;—T Br\Bj;(zo) Bs(zo)
> M+ / V-, T)2dz.
Br\Bjs(zo)

Taking 6 — 0, we can conclude that m = M, which completes the proof.
To prove Theorem 1.1, we will choose the scaling as A; defined in the above
proof, and an appropriate time sequences to convert the problem into that
of blow-ups of a Palais-Smale sequence. We then apply Proposition 1.2.

Proof of Theorem 1.1. By Proposition 2.1, we know there exists a number
L such that

(2.8) lim / |Vul?(-,t) = L+ / [Vul%(-, T),
t—T Br Bgr

for Bg given as in the statement of Theorem 1.1. Moreover, in the light of
(2.5) there are sequences A; — 0,t; = T' such that

(2.9) / |Vu(-, t;)|>dz > L.
By; (zo
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Now we do the scaling procedure by setting

vj(z,t) = u(Xjz + zo, —)\?t + ;).
First of all,
(2.10) E(v; () = E(u(, =Aft + 1)) < E(uo),

for any ¢t < ::% Secondly,
J

s ’ t;
(2.11) / / 10y Pdwdt = / ’ \8,uldzdt — 0,
0 Q tj—A?S Q;

as j — oo for any given positive number S, where {2 is any bounded domain
in R? and Q; = X;jQ + x9. Because one has

ff I, 1Bl $?dzdt + ff 2 [5, |Vulp?dzdt

2.12
12 < C [;2 [5, |Vulldwl|V ¢l pdzdt,

using G;u¢? as a testing function for equation (1.1), where ¢ € C§°(Br), ¢ =
1 in Br (see the proof of Lemma 3.6 in Struwe’s paper [17]). Therefore
2

t2
(2.13) / |Oyu|>dzdt
t1 Bp
to — 11

< / IVul(-, t1)dz — / [Vul?(,t2)dz + C 2
Bp Br

[t1,t2]

<C sup/ |Vu|2(-,t)d:z:+/ |Vul?(-, t1)dz
Br\Bg Bp

ta—1
R?

- / Vul2(-, ta)da + C
Bp
Thus (2.11) is proved. Then for some number 7; € (0,S) we have
(2.14) E(vj) < C, and / |0¢v;|2dz — 0, as j — oo,
Q

where v;(z) = vj(z,7;). Now on one hand, for any positive number K,

(2.15) / Vo, dz = / IVu(, —A2r; + &;)?da.
Bk B)\jK
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Applying Lemma 3.6 in [17] again, we have,

(2.16) / [Vu(., —)\?Tj +t;)|%dz
By k

CTj

> Vu(-,t;)2dz — ——L—E(up).
/BAJ.| () s — s Ewo)
Therefore,

cS
2.17 / Vv;|2dz > L — ——— E(up).
(2.17) 19 "B )
On the other hand, for any positive small number 4,

(2.18) / |V,|2dz = / |Vu(-, —A?Tj +t;)|%dz.
B Bs
i

By the Proposition 2.1 we have,

(2.19)
lim |Vu(., —A?Tj +t;)]Pdz = L+ / |Vu(-, T)|?dz.
J]—00 Bs Bs
Thus
(2.20) lim lim |V;|%dz = L
K—o00j—o0 Bxk

By the homogeneity of the scaling and (2.12), we can conclude that {v;(z)}
is a Palais-Smale sequence to which we can apply Proposition 1.2. The only
thing left is the convergence (1.4). In view of Proposition 1.2 we define

(2.21) fi(@ +z(wk ® %) — (o)),

which has the property: v;(z) — f;(z) strongly converges to zero in Wl *(R?,

RX+1), So we have, for any given K large enough,

(2.22)

2
~ T — T
fog Vi) - 91 (52 o = Jy g [0 V5
—fBR\BK |Vv; — Vf,|2d'1:+fB IV'UJ Vfil2dz

= fB{L\BK |Vv; — Vf;Pdz + o(1),
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where
(2.23) / Vo; — Vfj[2do
B}‘B}\BK
= / |Vv;|2dz + / |V f;|dz — 2 / Vo; - Vfidz
BR.\BK BR\BK B%\BK

J J J

_ / Vul2(, —X27; + £;)dz
Br\By k

“

By the definition of A; in (16), it is easily seen that

o5 |ij|2d:v—2/B " Vo; - Vf;dz.
L K %_ K

J J

(2.24)

[ PR )z = o)+ [ Vul( Tz,
Br\Bi;x Br
also,

fB%\Bx [Vfl?dz = o(1) as K — o0

(2.25) Ji 5\, V07 - Vfida = o(1), as K = oo
£

since f; is a combination of the standard bubbles centered at given points
{:1:"’}. Therefore

(2.26)

lim
J—00 BR

2
Vu(z, —A_?Tj +1t;) - Vf; (w a:o) dz = / [Vul|?(-, T)dz.
Bpr

Aj

On the other hand, again by the special form of f;, we have

T —T

(227) u(z,t;) — (fj ( » ) —wo(oo)) = u(z,T)

as j = oo in WH2(Bg, RE*1).

Therefore we have the convergence (1.4). This finishes the proof of Theorem
1.1.
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3. Proof of Proposition 1.2.

In this section we shall discuss the behavior of Palais-Smale sequences
and prove Proposition 1.2. We all know that the deep regularity theory
of minimizing harmonic maps due to Rick Schoen and Karen Uhlenbeck
[14, 15] has had profound influences not only in the field of geometric analy-
sis but also in the field of nonlinear partial differential equations. It also has
been noticed that the recent works of Frederic Helein [10], Fabric Bethuel [1]
and C.L.Evans [9] on the regularity of stationary harmonic maps captured
important features of certain nonlinear differential equations by introduc-
ing Hardy space and Fefferman-Stein’s duality theorem of BMO spaces and
Hardy spaces to the nonlinear analysis. Helein first observed the special
form of the equation for harmonic maps into spheres, though Yunmei Chen
[8] and J. Shatah [16] seem to have been the first to deduce useful analytic
consequences from this observation for weakly harmonic maps. We shall
use the special form of the equation for harmonic maps into spheres in the
proof of our key lemma in this section. Now let us state a lemma about
e-compactness for a special kind of Palais-Smale sequences, whose proof is
very standard in the light of Helein [10] and Qing [12].

Lemma 3.1. Suppose that N is a compact manifold. And suppose that
u, € WH2(R2, N) with

(3.1) —Auy, = A(un)(Vun, Vuy) + by

where h, goes to zero in L? (R%, RF), and that u, — u in W'2(R2, RF),
E(u,) < C. Then u is a harmonic map. And, there exists an €y, u, strongly
converges to u in W12(Bg, R¥) for any r < R provided that [ Ba |Vu,|2dz <

€0-

Remark 4. About the harmonicity of the weak limit, in [2] Bethuel recently
proved that a weak limit of any Palais-Smale sequence is still harmonic when
the target is a general compact manifold.

Proof. First let us assume that N has a global orthonormal frame on it
without loss of any generality. Otherwise we extend the metric of N to
the tubular neighborhood N of N in RX so that N is a totally geodesic
submanifold of N (see [10]), and we replace N by N if it is necessary. Note
that the equation (3.1) stays the same since the image of u, lies in N. Then
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using the same notation in [12] (see Lemma 3 in [12]), there exists an ¢
such that
(3.2) 5(Mii<@-—\/—_10—“ e>) = (h,e;) in Q C R?

' Oz oy’ I ’
where {e;} is a global orthonormal frame on N (we ignore the index n here
for a moment without confusion), and, as stated in Lemma 3 in [12], the
norms of the metrix (M;;) and its inverse are bounded in Q by a universal
constant (independent on n) provided that [, |Vu|%dz < €. So by standard
elliptic estimates and Sobolev Embedding Theorem we have e-compactness
since ||[(h,e;)|lz2 < ||hllz. Then, this lemma follows from the standard
argument due to Sacks and Uhlenbeck [13]. So the proof is complete.

Next, we will state and prove a lemma which will be used to estimate

the energy over the necks connecting bubbles. Let = Bgr\B, with 0 <
r<R<I1.

Lemma 3.2. Suppose thatu € W1(Bg, S¥) with [, |Vu|?dz < € satisfies
(3.3) Au = u|Vu|? + h in Bg,

where ||h||2(p,) < €. Assume that v is given as follows

(3.4) {Av=0inﬂ

v|an = ulan

Then there exists an £g such that
(3.5) / Vul?dz < C / Vof2dz + C 1Al 28,
Q Q

provided that € < €y, where C and ¢y are constants independent on 2.

Proof. By the assumptions we have

—A(u—v)k = Yl {(ubul, — w'ub)ul} + B*
5) S (2 SN | T
+Xla {(ukuix - ulu’g)vﬁx} + hk.

Using the special algebraic structure we let A¥ = (uFul —utuf, uFub —u'uk).

Then divA* = ulh¥ — u*h!. Suppose we have ¢* satisfying

{ —AP* = ukh! — ulh* in Bp

(3.7) 5, = 0.
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Then we have div(4A* — V¢*) = 0 in Bg. Next we rewrite the equation
(3.6) into

(3.8)
—A@u-v)f = TR - VIV (u - o)
+ div (Y, Vor(u —v)) = 3, Ag* (u — v)!
+ X, AR vl + Bk,

Now let w; satisfy

(3.9) { —Awf =3 (AM - V) V(u—v) in Q

wllclaﬂ = Oa
and let wy satisfy

—Awk =div (3, Vet (u —v)!) in Q
wh|aq = 0.

(3.10) {

To estimate w;, we notice that div(A* — V#*) = 0 in Bg. By Theorem 1.2
in [3] (see also [7] of S.Chanillo and Yanyan Li) we have

(3.11)

[V [l 20y < C Y AR = V| 20V (1w = )1 120y,
Kl

where C is independent of Q2. The key point here is that, by the fact that
Bp is simply connected, we can rewrite the equation into a form to which
Theorem 1.2 in [3] can be applied. And to estimate wq, we simply multiply
two sides of the equation (3.10) by we and integrate over €2

IVwllp2@) < Yk 13 Vo (u — v)tll 2
IVoliLe(Br)llu — vlize@)
Cllhllz(BR) IV (u — v)l| L2 ()

(3.12)

INIA
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where again C is independent of 2. Now we multiply the equation (3.8) by
u — v and integrate over 2. We get

(3.13) |
/Q |V (u —v)|%dz = Z {/Q(—Aw{‘)(u - v)kda:/n(—Awg)(u - 'v)kda;‘}

k

kpl _ Ik DY Y ) kb, (., _ \k
+%{/ﬂ(uh wh®)(u —v)"(u 'u)d:z:+/QA Vo' (u v)d:z;}

+ Z/ h*(u — v)*dz.
& Q
< Ce / IV (u—v)[2ds + C / IVl |[Voldz + Cllhll2(a,.
Q Q

Since all C’s here are independent of 2, when ¢ is small enough we have the
energy control for u — v as follows:

(3.14) /Q V(- v)|2ds < ¢ /Q IVl [ Voldz + ¢ bl 2(z,)-

This implies this lemma in view of the following Schwarz inequality

(3.15) / |Vul|?dz < 2 / |V (u — v)|%dz + 2 / |Vo|2dz.
Q Q Q
Thus the proof is completed. '

Remark 5. In the proof of the above lemma, the use of Theorem 1.2 in [3]
seems very crucial. The independence of C on the domain is understood as
a special feature of the equations studied in [2] and [7].

By Lemma, 3.1, which is the so-called e-compactness lemma, through a stan-
dard argument we know that for u, and u as given in Lemma 3.1, there
exist at most finitely many points !, z2,--- , 2! such that u,, converges to u
strongly in I’Vli’cz(Rz\ {z',2%--- ,2'},S%). So what we are really concerned
with is the local behavior of u,, around each of these special points. For sim-

plicity, we will focus our attention on a single blow-up point Z € {mk}izl.
Let

l
_ k -\
Bs@)(({a*} _\D=¢.
Now we employ the quantity Qy(¢) used by Brezis and Coron in [4] to detect
bubbles. Namely,

(3.16) Qu®)= sup / Vunde,
z€Bs(Z) Jz+tD
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where D is the unit disk in R2. Then for ¢¢ given in Lemma 3.1 and Lemma,
3.2 we can find )\, and a, such that

(3.17) / Vundz = Qu(hn) = 2.
an+AnD

2
It is clear that inf,, ,oo Ay, = 0 and lim,_,« a, = Z, otherwise T would not
~ be a blow-up point by Lemma 3.1.

Proof of Proposition 1.2. It is quite easy to take out the first bubble by
scaling with )\, and a,, namely let U, (z) = up(Anz + a,). Then U satisfies

(3.18) Aty = At )(Viig, Vi) + A2hy(Anz + ay).

It is easy to see that A2h, (A, + a,) — 0 in L2. Therefore by Lemma 3.1
we know U, — w strongly in W'lt’cz(Rz,RK +1)] where w is a non-constant
harmonic map from S? into S¥ since || b |Vw|?dz = % > 0. Moreover, if we

let

(3.19) wo=1u, AL =X\, al = ap and w; = w,
we have
T — al 2
(3.20) V| un(z) — w1 L dz
Bgs A‘}L
= |V, |2dz — / |Vw |2dz + o(1),
B; R?
and
T —al
(3.21) un(z) — [wl ( 53 n) _wl(oo)] — wo(z),
n

in W—12(R?, REK+!). Now we are going to detect the second bubble. As we
said in Note 1, we may assume that lim,_,q [ B; |Vun|?dz exists. By (3.21)
we know that

(3.22) / Veo[2dz < lim / Vun|2dz — / Veor [2dz,
Bs n—00 J s R?

and equality holds if and only if

(3:23) un(a) = o1 (2572 —e1()] = wnl@)
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strongly in W'l})f(R2,RK +1). If this happens, we can stop searching for
bubbles, and Proposition 1.2 holds. Otherwise, we have

(3.24)
z —al 2
/ |Vwo|*dz < lim / v (un —w ( - ")> dz,
Bs n—o /g, )‘n
which implies
(3.25)
z —al 2
limsuplimsup/ V(un—wl( . ")) dr =r >0,
t—=0 n—oo JBy(z) )\n

since T is an isolated blow-up point. Now let v,(z) = u,(z) — (wl(%‘ﬁll) —
w1(00)) and redefine @, (¢) as follows:

(3.26) Qn(t) = sup/ Vv, |2dz.
z€Bs Jz+tD

By (3.25) again we can find A, and a, such that

(3.27) / [Venlde = @n(An) = min (5, 2) >0,
an+AnD 2
and
(3.28) lim a, =Z, lim A\, =0.
n—o00 n—oo

Next we are going to prove that

e —o00asn—r o0
1 1
An A7":

(3.29)

by contradiction. In fact, if %{L < M and Ji"iif-'ll-l < M for some big number
M, then " "

(3.30) / IVon[2ds
an+AnD

< / |V, |*dz = / |V (@ — w1)|?dz = o(1),
al+3MALD 3MD
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because Uy, — w strongly in W,22(R2, RK+1). This is obviously contradicts
the definition of a, and A\,. Now we do the scaling procedure again for v,
with a, and A, which yields

(3.31)
(o) = Oz + ) = [ (32 + 2228 — o) = ),

an—al

for some w. By (3.29) it is not hard to see that wl( ta+ —Tﬂ)—wl( ) = 0.

Therefore w is a harmonic map from S? into S by Lemma 3.1. What we
need now is to prove that ¥, — w strongly in W,o2(R?, RK*1), which will
imply that w is not a constant map by (3.27). To do so, we consider two
different cases.

Case 1

(3.32)
—al| An
— 00; OT — — 00

An |an
< M, A o

)\1 /\1
In fact this is the case of joint bubbles (see Figure 1), since they are essen-
tially separated. In other words, given any big number L we have

(3.33) (an + LAnD) [ )(an + LALD) = 4,

for n large enough. Therefore wl(—%x-i- a—”qﬂﬂ) — wi(c0) in W2 (R2, RE+1).

Then by Lemma 3.1 with (3.27) (apply Lemma 3.1 to un()\na:-i-an)) and some

covering lemma we can conclude that v, — w strongly in VVloc (R2 RE+L),
Before we go to the second case, we need to prove a key lemma derived

from Lemma 3.2 as follows:

Lemma 3.3. Suppose that u and 2 are given as in Lemma 3.2, and that

(3.34)

|lu — P| <élu—-Q <9,

W$:2(9Bg,RE+1) Wb 208 rrn)

for some points P,Q € SX. Then
Q|

’I‘

2
(3.35) / |Vu|?dz < C 6+ C—F- P = + C ||hllL2(Br)»

where C's are independent on ).
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Figure 1.

Proof. Since we can explicitly solve the equations:

Aw=0
3.36
( ) { wlBBR = P,w|aBR = Q’

_and compute the energy as in the paper [12]. Namely,

2
(3.37) / |Vw|?dz = 2m ' Q'
It is easy to get the result from Lemma 3.2 since
(3.38) / Vo2 < Co + / Va2,

Q Q
Now we proceed to the second case.
Case 2
(3.39) A — o0 and lan — a| < M.
AL An

This is the case of bubbles over bubbles (see Figure 2). We need to control
the energy over the necks connecting bubbles. Using Lemma 3.1 as in the
first case we notlce that, first, u,(Anz + an) converges to w(z) strongly in

W'l ?(R2\B, (a _a")) for any small given ¢; second, un (AL + al) converges
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Figure 2.

to w; strongly in W12(Bg, RK+1) for any given large K. Therefore, for any
large number L

fBL(O) V(@ — w)|?dz

e 2
(3.40) < U, (theen) V@, — w)[?dz + o(1)

S fB2e,\n (a}‘)\BK)\l (a}t) |V'un‘2d$ + 0(1).

Now we need to estimate the energy over the circular annulus By, (al)\
Bk (ap)- Tt is not hard to see that

ln =Pl 32005, (a1y,mxcrry < O):
where P is the limit of /\l—n(an —al) and
[un — w1 (c0)] <o(1).

1
w2 ’2(6BKA,1, (a}n)vRK.H')

This follows from the strong W'2-convergence away from this circular an-
nulus. Moreover by (3.27)

(3.41) |V, |?dz < e,

kay; (a} )\B}()wl1 (a})
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when € is small enough and K is large enough. So using Lemma 3 3 and
the fact that —% — oo we can conclude that v, — w strongly in Wlac To

finish the proof of Proposition 1.2 we only need to do the above procedure
of searching for bubbles over and over until

(3.42)

p
Vwo|?dz = lim / Vuy,|?dz — / Vwi|%dz.
[, 1veoltas = tim [ 9l > [ v

This implies

(3.43) Un — Y (wk (x ;kaﬁ) - wk(oo)) — wo,

strongly in Wllo’f (R?, RK+1), Thus the proof is complete.

Remark 6. From the works of Sacks and Uhlenbeck, Schoen and Uhlenbeck
[13, 14, 15], it is not difficult to see that Proposition 1.2 holds if the domain is
any compact surface equipped with a given metric with or without boundary.
Let us be reminded that Theorem 1.2 in [3] (Theorem 0.2 in [7]) is valid
not only for the laplacian of R? but also for a much larger class of elliptic
operators including the laplacians of any surfaces with a given metric. For
the case when the domain has a boundary we recall the argument in Chang's
paper [5], which essentially says that all blow-ups occur in the interior in
the following sense,

0
(3.44) dist(e}, 00) | o = 0.

J
Ak
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