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Moduli of extensions of holomorphic bundles on
Kahler manifolds

GEORGIOS DASKALOPOULOS!, KAREN UHLENBECK
AND RICHARD WENTWORTH?

We introduce in this paper a moduli space parametrizing exten-
sions of holomorphic bundles on K&hler manifolds. A notion of
stability for extensions is given generalizing the definition for bun-
dles, and an existence theorem for special metrics on stable exten-
sions giving solutions to an extended Hermitian-Einstein equation
is proven. We describe the construction of the moduli space of so-
lutions to these equations via gauge theory techniques and, in the
case of algebraic manifolds, we alternatively construct the moduli
via geometric invariant theory.

0. Introduction.

In this paper we introduce a moduli space parametrizing extensions of
holomorphic bundles on Kahler manifolds. The equations describing the
moduli space are closely related to the harmonic map equations from Kahler
manifolds to Grassmannians and flag varieties and were studied, in the case
of Riemann surfaces, by the second author in connection with harmonic
maps into Lie groups and coad_]omt orblts (cf. [U1-2], [Hi] for further details).

For holomorphic bundles E; DY E2 on a Kahler manifold X and a har-
monic (0,1) form ¢ with values in Hom(E», E1) we form the equations (see
§1.1 for details)

V=IA\Fpr g, —pA¢*) =nlh

(0.1)
V-IA(Fpy g, — " Np) =l

for hermitian metrics Hy, Hy on Fy, Fy. In the above, 11, 7 are real pa-
rameters. The purpose of this paper is to describe the space of equivalence
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classes of solutions to (0.1). By using ¢ as a second fundamental form for
the split holomorphic structure on £ = E; @ Es we obtain a holomorphic
structure D" — if Hy, Hy satisfy (0.1), then the induced hermitian metric H
on F satisfies

0.2) { V=1IAFpr g  =mnmg+ 7l —-7g)

(I-7yg)D"ry =0.

Here, 7y is the projection onto E; with respect to the metric H.

In §1 we prove that (0.1) and (0.2) are equivalent (see Proposition 1.5).
The advantage of (0.2) is that it can interpreted as a moment map for the
action of the full group of gauge transformations of E. In order to achieve
a direct moment map interpretation for (0.1) it is necessary to restrict to
a subgroup of the gauge group. This causes difficulty in the application of
the infinite dimensional version of the Kempf-Ness theorem due to a lack of
convexity. These problems are circumvented by reformulating the equations
as (0.2).

In §2 we describe the stability condition for holomorphic “extension”
pairs (E1, E) which is associated to solutions of (0.2). We formulate the
stability for a torsion-free sheaf E and a subsheaf E;. Equivalently, we de-
scribe the stability for quotients £ — F — 0 (see Proposition 2.8). An
important point is that for algebraic manifolds we have two notions of sta-
bility: Mumford-Takemoto or slope stability, and Gieseker stability. Both
depend on a choice of real parameter 7 which is linearly related to the 7;
and 7o parameters appearing in (0.2) (see (1.8) and (1.9)). It is interesting
that Mumford and Gieseker stability are different notions, even in the case
of Riemann surfaces.

In §3 we prove the Hitchin-Kobayashi correspondence between Mumford
stable extension pairs (E1, F) and solutions to the equations (0.2) (see The-
orem 3.1). Our proof is a combination of the arguments of Simpson [S1]
and standard properties of the Grassmannian. One interesting aspect is the
particular choice of Sobolev spaces which describe the “weak-subbundles”
of [UY]. This permits a proof of the correspondence theorem for arbitrary
saturated subsheaves F; rather than for only smooth subbundles.

In §4 we give a gauge-theoretic construction of the moduli space of ex-
tension pairs. We prove that generically it has the structure of a Kéhler
manifold (see Theorem 4.1). In §5 the moduli space is constructed via geo-
metric invariant theory (or “GIT”) for the case where X is algebraic. From
the point of view of algebraic geometry, it is more natural to work with
quotient pairs. We prove that the moduli space of Gieseker stable quotients
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E — F — 0 where FE is torsion-free is a quasi-projective variety with a com-
pactification given by adding in equivalence classes of Gieseker semistable
quotients. The method closely follows that of Simpson [S2].

To conclude this introduction we would like to mention some questions
related to our construction. One problem is to describe an analytic com-
pactification of the moduli space of extension pairs in the case of complex
dimension 1 and 2. Unfortunately, there is no natural candidate. One pos-
sibility is to relate such a compactification to the algebraic one in §5 in a
manner similar to [Li] and [BDW].

A second problem is to study the behavior of the moduli spaces with re-
‘spect to the parameter 7. The picture should be similar to that found in [Th];
however, there is an extra complication coming from the non-compactness of
the moduli spaces in the ¢ direction. One motivation for this is the following:
For certain values of 7 the moduli spaces correspond to compactifications of
the space of holomorphic maps from X to a Grassmannian, at least when X
is simply connected. A concrete description of these birational equivalences
may yield specific cohomological information about the space of holomor-
phic maps. Another application may be towards understanding the existence
and structure of harmonic maps to Grassmannians (cf. [U1-2], [Hi]). This
follows from the observation that the equations (0.1) make sense and are
elliptic on Riemannian (possibly non-complex) four manifolds. These issues
will be treated elsewhere.

After this paper was completed, we became aware of the article [T] where
equations (1.1) are written for the case 71 = 72 = p, and we received the
preprint [BrGP] where Theorem 3.1 is similarly proved.

Acknowledgment. We would like to thank T. Pantev for many useful
discussions during the preparation of this manuscript.

1. Formulation of the Equations.

1.1. Extended Hermitian-Einstein equations.

Throughout the paper X will be a compact Kahler manifold of complex
dimension n with Kahler form w. Let E; and F5 be smooth, hermitian
vector bundles on X of ranks R;, Ry, and w-degree dj, da, respectively. We
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recall that the w-degree of a complex vector bundle F is defined by

deg E =/ c(E) Aw™ L.
X

We also fix background hermitian metrics K, K on the bundles F1, E».
Given holomorphic structures DY, Dy on Ej, Es, and

p € Q¥ (Hom(E,, Ey)),

consider the equations

V=1A(Fpr g, —pAp*) =nl)

(1'1) v—1A FD’Z’,H2 —p*Np) =7l
A”(p — 0 ,

for hermitian metrics Hy, H» on E;, F3, and real parameters 71, 72. In the
above, FD;/’ g; denotes the curvature of the unique hermitian connection
compatible with DY and Hj; I; denotes the identity endomorphism of E;,
A contraction with w, * the adjoint with respect to the metrics H; (i.e.
(p*v,w) g, = (v,pw)g,), and A” the Laplacian on (0,1) forms with values in
Hom(E», E;). Notice that that * defines a complex anti-linear isomorphism:

Q0 (Hom(Ey, B1)) — QY0(Hom(E1, E2))
® — "

Hence, ¢ A ¢* and ¢* A ¢ are forms of type (1,1).

Here is the motivation for equations (1.1) : By using ¢ as the second
fundamental form, we get a hermitain metric and hermitian connection on
E = FE, ® E5 from

0 ¢
n —_ n "
L2 D" =D"®D!+ (0 0)
H =H ®H,.
If D" is Hermitian-Einstein, i.e. if

(1.3) v—lAFDH’H = ,uI )

with u constant, then the first two equations in (1.1) are satisfied for 7 =
T2 = M.

In this paper, we shall be mostly interested in the reformulation of (1.1)
in terms of the connection on E. Perturbing the parameters 71 and 7o
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away from p perturbs the Hermitian-Einstein equation (1.3). The result
is expressed in terms of projections. Thus, let 7y : E — E denote the
projection operator with respect to the metric H onto F;. Thus, 7y =
7% = %, and wy (E) = E1. Now consider the equations

{ \/—].AFDH’H =TTH + T27TIJ§

(14) g D"y =0.

where ﬂﬁ =1—mg.

Proposition 1.5. Equations (1.1) and (1.4) are equivalent; i.e.
(DY, Dy, Hy, Ha, )

satisfies (1.1) if and only if (D", H,wy) satisfies (1.4).

Proof. Let D; denote the hermitian connections associated to the D! and
H;, and let D = D; & D5. According to (1.2),

16) ronn=roen( % ) +[(2 9) (2 9)]

—pAp* 0 ) ( 0 D ® D1(<ﬂ)>
—F o)+ .
D+( 0 —¢*Ap * ® Da() 0

The harmonicity of ¢ implies the vanishing of the last term; hence,

(1.7) V=TAFpn g =

_ (\/—IA(FD';,H1 —pAyp) 0 ) _
0 V=1MFpy m, — ¢* N )

It follows that /—IAFpn g = Timg + Tomy;. By construction, we also have
nD"(mg) = 0. Therefore, (D", H, 7p) satisfy (1.4).

Conversely, assume (D", H, 7p) satisfy (1.4). Then we set E; = 7y (E),
E, = n(E). Let D{,Dj, Hy,H, denote the induced holomorphic and
hermitian structures from D”, H, and let ¢ € Q%!(Hom(E>, E;)) denote
the second fundamental form. From (1.6) and (1.7) we see that the equa-
tion /—1AFpn g = Tymy + Tomj; implies the first two equations in (1.1),
as well as D ® D1(p) = 0. The latter implies (D3)* ® D{(p) = 0 and
(D4)* @ Di(p) = 0, which are equivalent to the harmonicity of . Hence,
(DY, Dy, Hy, Hs, ) satisfies (1.1). a

We note the following relation between the parameters 7; and 75:
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Lemma 1.8. Suppose equation (1.4) has a solution. Then under the nor-
malization Vol(X) =2x/(n—1)!, nR1 + 72(R — Ry) = dy + da.

Proof. Take the trace of the first equation in (1.4) and integrate. O

Notation 1.9. Set R = Ry + Ry, d =dy +dy, p =d/R, and 7 = (—p +
Tz)R/Rl.

With the conventions above and in view of Lemma 1.8, equations (1.4)
can be rewritten as

(1 10) \/"'IAFD”,H = (%17--!—;4)1—1'%[{
' D"y =0.

Notice that when 7 = 0, the first of these equations is just (1.3). Henceforth,
we shall omit the notation H when the metric is understood.

1.2. Review of Kempf-Ness for Grassmannians.

Given integers R > R; > 0, let

R

+: G(R1, R) =+1P</\CR) ~pla)-1 —p

denote the Pliicker embedding of the Grassmannian of R; dimensional
subspaces of CR into projective space (cf. [GH],p. 193). This endows
G(R:1,R) with the structure of a K&hler manifold. The image of the
Grassmannian is invariant with respect to the action of SL(R) on P. Let
p: SL(R) = PGL(( 11%21 )) denote the induced representation.

Let «y be the pullback of the anti-tautological line bundle on projective
space via the Pliicker embedding. The action of SL(R) via p lifts to -y, and
we may assume that v has an invariant hermitian metric and connection.
Since everything is pulled back from PP, the curvature of y is the Kahler form
on G(R;, R). It follows that the unique Ad-equivariant moment map u for
the action of SU(R) on G(R;, R) is given by the composition

G(Ri,R) > P

N
su(R)* (d<L)I 5u*((}}§1))

where [ is the moment map for the action of PGL(( 1?1 )) on P.
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Lemma 1.11. Given V € G(Ry,R), let 77 : CE — CE denote the projec-
tion onto V, i.e. 7V (CEY =V, 7V = (zV)* = (z¥)2. Then for ¢ € su(R),
—/=T1tr(rV

Proof. Fix an orthonormal basis ey, . .. ,eg for CE. Since 79V = gr¥g~! for
g € SU(R), the map

G(R1,R) — su(R) : V = /—1x"
is Ad-equivariant. Then since SU(R) acts transitively on G(R;, R), it suf-
fices to check the result when V = span{ey,... ,egr, }. Let
T={(1,... ,iR,) : %5 € {1,...,R}yi1 <---<ipg}

Then {wy = e;, A---Aeip : I € I} forms a basis for AFLCE. With respect
to this basis,

Ry
dp1(&)1s = Z Z ‘5i1]'a(1) '”éilja(l) T Jilea(Rl) ’
=1 o
for &;; the matrix entries of £ € su(R) with respect to {e;}, and where the
second sum is over all permutations . The moment map for the action
on projective space may be found in [Ki]: Up to a normalization of the
Fubini-Study metric, we have

A6V (dpr(€)) = Z( () (V)1(V).s

e V||2

where the tilde denotes any lift from the projective space to /\R1 CE. For
our choice of V' we may take

—~ 1 fI=I)={1,... ,R};
(ZV)[z{ 1 0 {7 ) 1}7

0 otherwise.

Hence,
Ry
BV (dpr(€) = —V=Tdpr() 11, = —V-1 Y _éu=—vV-Ttx(x" -£) O
=1

Let || - ||, denote the hermitian metric on y. Given g € SL(R) and
V € G(R1,R), let
lgV1I3

v(V,g) = log —
vz

)
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where V is any non-zero lift of V' to the fiber of y over V. By the Kempf-Ness
theorem, if s € /=1su(R), and g; = e’*, then

& =- -V = (gtV) .
(1.12) 4 Arp(geV)(—v/=1s) = 4m tr(r(9V) - 5)
5z =0.

(See [KN]; also, regarding the normalizations in the first equation of (1.12),
we refer to [GS, 5.5]). The next result will be used in §3:

Lemma 1.13. With the notation as in Lemma 1.11, and for s €

v—1su(R),

v(V,e®) > drtr(sn¥) .

Proof. Set A(t) = v(V, ) + 4n(1 — t) trsw¢*V. By (1.11) and (1.12),

N(t) =dntrsne™V —drtrsne™V 4+ 4n(l —t) tr s%we”v

=1-9)%¥>0, 0<t<1.
Thus, v(V,e*) = A(1) > A\(0) = 4n tr(s7"). O

We end this subsection with the following:

Lemma 1.14. Let 7r}€ denote the projection operator onto V' with respect
to the metric K, and let s € v/—=1su(R). Then e™*n%Ve® = mlh, .

Proof. Both e’sﬂféves and WZZS x Project CE onto V and are idempotent;
hence it suffices to check that

—_ S * - S
(e7*ngVef) ™K = e 5ng Vel .
Indeed,
— S * — — S *
(e sﬂ.;{Ves) e2SK e 25 (6 sﬂ.?{Ves) K eZs
— e-—23 (es,n.clz;\/e—s) 823

— S
=e % Ves .

1.3. Moment map interpretation.

Using Lemma 1.11, we reinterpret equations (1.10) in the setting of infi-
nite dimensional sympectic geometry. Let E be a vector of rank R = R;+ Ry
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with a fixed background hermitian metric K, P the frame bundle associated
to E, and G(R1, R) the Grassmannian as in the previous section. Let

G(R1, E) = P xy(r) G(R1, R)

be the Grassmann bundle associated to P, and let Q0(G(Ry, E)) be the space
of global smooth sections. It is well-known (cf. [DU]) that Q°(G(Ry, E)) is
a smooth manifold with tangent space T;Q°(G(R;1, E)) = Q°(Hom(x, 71)).
Furthermore, the inclusion Q°(Hom(w,71)) in Q°(End E) with the L2-
metric endows Q°(G(R1, E)) with the structure of a Kahler manifold. Let
wq denote its Kihler form. Clearly, for £, € Q°(G(R;, E)),

n

on(6m = 7= [ (Emx = (0.6)x) ™

The real gauge group & of E acts on G(R;, E) preserving the symplectic
form. According to Lemma 1.11, an associated Ad-equivariant moment map
Lq is given by

(1.15) pa(m) - € = —V/=1 /X br(n )

Next, recall that the space A of hermitian connections (or equivalently, 0-
operators) on E is an affine space modelled on Q!(ad E). The identification
Q'(ad E) ~ Q%! (End E) endows A with the structure of a Kihler manifold.
The symplectic form is given by (cf. [Ko], VII, §6)

WA((I, IB) = 21ﬁ ((a’ IB)LZ - (:Ba a)Lz)
=2 [ytraABAWT, a,f € Q(adE),

and a moment map for the action of & on A is given by
1
(1.16) pa(D) - = 5 [ (AFpe).

Now consider the product A x Q°(G(Ry, E)) with Kihler form
(1.17) wr =2wg +nlTwg .
It follows from (1.15) and (1.16) that

Proposition 1.18. The moment map for the action of & on A X
Q%(G(Ry, E)) with respect to w, is given by

(1.19) pr(D,m) - &€ = /X tr { (AFp — T\/——lw) £}w™.
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Definition 1.20. Let % C A x Q°(G(R;1, E)) denote the subspace consist-
ing of pairs (D, ) such that (D")2 = 0 and 71 D"(x) = 0.

In general, # will have singularities, a situation which will be analyzed in
§4. For the purpose of this section, we state the following evident

Proposition 1.21. Let a = —v/—1(TRy/R + p)I. Then the solutions to
(1.10) correspond to p;'(a) NH.

2. Stable Extensions.

2.1. Mumford and Gieseker stability.

Definition 2.1. An eztension pair (E1, E) consists of a coherent analytic
sheaf E and a subsheaf Fy. A subpair (Ef,E') of (E1,E) is an extension
pair such that E’ is a subsheaf of E, and Ej is the subsheaf of E' induced
from E;. A subpair is proper if E' is neither zero nor E. A pair is called
torsion-free (resp. locally-free ) if E is a torsion-free (resp. locally-free)
sheaf. It is called saturated if the subsheaf F; is saturated, i.e. the quotient
sheaf E/E; is torsion-free, and it is called smooth if E is locally-free and E,
is a subbundle.

Recall that given a coherent analytic sheaf F, we can define the w-
degree as for bundles. In case rk F' # 0, we also define the w-slope u(F) =
deg(F)/rk(F).

Definition 2.2. Let (Ej, E) be an extension pair withrtk E # 0 and 7 € R.

We define
rk E1

kE
A torsion-free extension pair (E1, FE) is called 7-slope stable (resp. T-slope
semistable) if for any proper subpair (Ef, E') of (E1, E) we have

p3 (Ey, E) = p(B) + 7

ps (B, E') < pi(Ey,E)  (resp. <).
A pair is called 7-slope polystable if we have a holomorphic splitting
m
(B, B) = P&, BY),
k=1

where (E), E®) is 7-slope stable for k = 1,... ,m.
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From the point of view of algebraic geometry, it is more natural to con-
sider the dual situation. Thus

Definition 2.3. A quotient pair q : E — F — 0 consists of a coherent sheaf
E and a quotient F. A subquotient q : E' — F' is a subsheaf E’ and its
image F' C F by q. A subquotient is proper if E’ is neither zero nor E. We
shall call a quotient forsion-free if E is a torsion-free sheaf.

For a quotient g : E — F — 0, where rk E # 0, we define the 7-slope:

Q — (B) -+ XF
/‘I’T(E?F) /’l’(E) TrkE'
Definition 2.4. We say a torsion-free quotient ¢ : E — F — 0 is 7-slope
semistable (resp. 7-slope stable) if for all proper subsheaves 0 # E' C E
with image F' C F under g, we have

p2(E,F') < p2(E,F)  (resp. <)
The following is clear from the definitions:

Proposition 2.5. Ifq: E — F — 0 is a 7-(semi)stable quotient pair, then
(E1, E), where Ey = kerq is a 7-(semi)stable extension pair. Conversely,
if (E1,E) is a 7-(semi)stable extension pair, then ¢ : E — F — 0, where
F = E/E; and q is the projection, is a T-(semi)stable quotient pair.

We also introduce the notion of Gieseker stability in case the K&hler manifold
X 1is actually projective. This is a refinement of slope semistability, even in
the case of Riemann surfaces. So suppose X is now a projective algebraic
manifold with an ample line bundle A. We shall assume the Kahler form w
represents c¢;(A). Recall that the Hilbert polynomial of a coherent sheaf E
on X with respect to the ample line bundle A is given by x(E ® A¥), which
is h9(E ® AF) for k large. When 1k E # 0, we shall often use the normalized
polynomial p(E, k) = x(E ® A*)/ 1k E.

Definition 2.6. Let ¢ : E — F — 0 be a torsion-free quotient pair. If
rk F' = 0, then we shall call the pair 7-Gieseker semistable (resp. stable) if
E is Gieseker semistable (resp. stable) in the usual sense. If rk F' # 0, then
the pair is 7-Gieseker semistable (resp. stable) if for all proper subsheaves
E' C E the following conditions hold:

(i) p?(E', F') < u?(E,F) ;
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(i) If u2(E', F') = u@(E, F), then p(E', k) < p(E, k) for k >> 0;

(ili) If (B, F') = p%(E,F), and p(E',k) = p(E,k) for all k, then
p(F' k) > p(F,k) (resp. >) for & >> 0.

The following is straightforward:

Lemma 2.7. In Definitions 2.2, 2.4, and 2.6, it suffices to consider only
those E' with torsion-free quotients E/E'.

We also note that as in the case of semistability for sheaves, we have

T-slope stable = 7-Gieseker stable —>

7-Gieseker semistable = 7-slope semistable .

To make contact with the existence of special metrics, we would like to
associate to an arbitrary quotient pair ¥ — F — 0, where E is locally-
free, a locally free, saturated extension pair (E;, E). However, we shall see
that the stability condition alone may not ensure that F' be torsion-free.
Nevertheless, we do have the following:

Proposition 2.8. Suppose E — F — 0 is a torsion-free quotient pair,
and let T denote the torsion subsheaf of F. Then E — F — 0 is 7-
Gieseker semistable (resp. stable) if and only if the quotient E — F/T —
0 s 7-Gieseker semistable (resp. stable). The same is true for slope
(semi)stability.

Proof. Consider conditions (i) and (ii) in Definition 2.6. These hold for
E — F — 0 if and only if they hold for E — F/T — 0, since only the ranks
of F and F/T are involved, and they are equal. This proves the last remark.
For the other conditions, we need the following

Lemma 2.9. Suppose E — F — 0 is a quotient for which conditions (i)
and (i) of Definition 2.6 hold, and suppose that E' C E is a proper subsheaf
giving equality in (ii). Then the torsion T of F is contained in the image
F' of E'.

Proof. Let T(F/F') denote the torsion subsheaf of F/F'. Let F' C F be the

kernel of
F — (F/F")/T(F/F') — 0,
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and let E” C E be the kernel of E — F/F' — 0. Then E' C E", and the
quotient E"/E' is isomorphic to the torsion sheaf F /F'. But by assumption,
we must have p(E"”,n) = p(E,n) for all n, so the Hilbert polynomial of F /F
is zero. Hence, F' = F’, and T(F/F'") = 0. This proves the claim. O

Continuing with the proof of Proposition 2.8, by the previous remark we
may assume E — F — 0 is as in Lemma 2.9. If E' C E is a subsheaf
for which equality holds in Definition 2.6 (i) and (ii), then by the lemma,
p(F,k) < p(F',k) (resp. <) for large k if and only if p(F/T,k) < p(F'/T\, k)
(resp. <) for large k. This completes the proof. O

2.2. Simplicity.

A homomorphism of quotient pairs¢g: E -+ F - 0and ¢ : E' - F' -0
is a pair of sheaf homomorphisms ¢ : E — E' and v : F — F' making the
following diagram commute:

We say q is isomorphic to ¢’ if both ¢ and 7 are isomorphisms. Clearly, the
condition on a homomorphism ¢ : E — E’ to give rise to a quotient homo-
morphism is ¢(ker g) C ker ¢’. Notice that 1) is then completely determined
by ¢.

Similarly, for extension pairs (Ei, E) and (Ej, E'), a homomorphism of
pairs is a homomorphism ¢ : E — E' satisfying ¢(E;) C Ef.

Definition 2.10. An extension pair (Fi, E) or a quotient pair E — F — 0
is called simple if the only endomorphisms are scalar multiples of the identity.

Proposition 2.11. For any 7 > 0, any 7-Gieseker stable quotient pair is
simple.

Proof. Let q: E — F — 0 be 7-Gieseker stable suppose that ¢ : E — E is
an endomorphism with ¢(ker g) C ker q. As in the case of semistable sheaves
(cf. [Nw]) we may assume without loss of generality that E' = ker ¢ is a
proper subsheaf of E. If E” denotes the image of ¢, we have the induced
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sequence:
0O — F — E — E'" — 0

[l

0O — FF — F — F' — 0

|1

0 0 0
k E' rk E"
QE F) = 4UE F' r Qi
lu’T( I ) “T(E,F)rkE+“T(E,F)rkE.
For k large, we also have
rk E’ tk E”
E k) =p(FEk E" k
p( Y ) p( I’ )rli{FE’l +p( ) )Ii{kFEI
_ A A

p(Fk) =p(F' k)7 +p(F" k)= .

But stability contradicts at least one of the three equalities above. O

By Proposition 2.5, or a similar direct argument, we also have

Proposition 2.12. Every 7-slope stable extension pair is simple.

2.3. Jordan-Holder filtrations.

For the purpose of constructing a Hausdorff moduli space, we shall have
to deal with Seshadri equivalence.

Proposition 2.13. Let E — F — 0 be a 7-Gieseker semistable torsion-free
quotient pair. Then there is a filtration

0 = Ek C By, C BEb C .-+ C E, = E
| | ]
0 = Fp Cc , ¢ Fb C --- C F = F
| ] |
0 0 0 0

such that E;_q is saturated in E;, and the induced quotients

Ei/Ei 1 — F;/F;_1 —0
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are T-Gieseker stable. Moreover, the sum of quotients
gr(E,F) = (B, 1) @ ® (Ei/Ei-1, F;[Fi 1) © - ® (E[E—1, F/Fi 1)

is unique up to isomorphism.

Proof. By induction on the rank of E. Suppose E — F — 0 is as in the
statement of the proposition. By definition, there exists a saturated E' C E
and induced quotient E' — F’ — 0 such that

(i) u? (B, F') = u? (B, F);
(ii) p(E' k) = p(E,k) for all k;

(iii) p(F', k) = p(F, k) for all k, and E’ is maximal with respect to all such
subsheaves of E.

Clearly, E' — F' — 0 is itself 7-semistable. Consider E"” — F" — 0, where
E" = E/E' and F" = F/F'. Then a simple computation shows (i), (ii),
and (iii) above hold with E’ and F' replaced by E” and F". By induction,
we need only show that E” — F"” — 0 is 7-Gieseker semistable. Suppose
to the contrary. Thus, let £ C E” be a proper subsheaf with torsion-free
quotient, and let E — F — 0 be the induced quotient pair. We first assume
pl(E,F) > u?(E",F") = p@(E, F). Let E' be the preimage of E, i.e. the
kernel of the induced map E — E"/E — 0. Then
tk B/

w3 (B, F) = ud(B', F) 1 + 2 (B /B, '/ )

BB
tkE

u2(E"/E,F"|F) < u3(E",F) = u$ (B, F) .

But then R )

u (B, ) (REIE) < (B, P RS

= u?(B,F) < ul(E,F),
contradicting semistability. The other conditions in the definition of 7-
Gieseker semistability are easy to check. O

3. The Hitchin-Kobayashi Correspondence.

The main goal of this section is to prove the correspondence between
locally-free, saturated 7-stable extension pairs (1, E) and solutions to equa-
tions (1.10). To fix notation, let p > 2n, n = dim¢ X and let Meth denote
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the space of hermitian metrics on E of class L5. Given x a smooth hermi-

tian metric on A® E = det E, we let M eth (x) denote the space of hermitian
metrics in Met}, of determinant . We now formulate our main theorem:

Theorem 3.1. Suppose that (E1, E) is a locally-free, saturated, T-stable ex-
tension pair with respect to the holomorphic structure D" on E. Then there
is a unique hermitian metric H € Meth such that equations (1.10) are sat-
isfied. Conversely, if (D",H, ) is a solution to equations (1.10), then
(Ehn = mu(E), E) is a T-polystable pair.

3.1. Necessary conditions.
We begin with the easy direction:

Proposition 3.2. (Necessary conditions) Suppose that (D", H, ) is a so-
lution to equations (1.10) with H € Meth. Then (E; = ng(E),E) is a
polystable pair.

Proof. Let (Ey, E') be a subpair of (E1,FE). Let 7}y denote the weak pro-
jection corresponding to E’ (and H). We may assume that 7'; defines a
subbundle of F outside a set ¥ of complex codimension > 2. Let

9 A
0= (—A* m)
denote a local frame in X \ ¥ of the hermitian connection on E corresponding

to (D", H). In the above notation, 9 is the connection form on E’ and 9+
that on (E')L. By the assumption that (D”, H, ) satisfies (1.10) we have

V=TIAF' + /=TA(A A A¥) * )
( x V=IAFL +/=TA(4* A A)

= . T|7TH + + -1 7|7k
hence,

V=11 AFny = V/—1AF +V—-1A(A A A%)
H H

R—R R
= (M -5 17') TyTETY + (,u + EIT) Ty
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V()L AF ()t = VZIAFL + VZIA(A* A A)

= (= T ) (o + (o b ) rh) )

R R

Since AF € LP and 7y € L™, we may integrate the first equation over X
(recall the normalization Vol(X) = 27/(n — 1)!) to obtain

degE' +Caq = <M— k = 17) rk(my N 7g)

+ (H + %T) (tk 7y — rk(7y N7m))

where

0<Cy= —;_1 trA(AA A )" |

™ Jx

By setting R' = rk E', R| = rk Ef, we obtain

degE' < (u— R;%RIT) R + (,u+%7’> (R'—R}) ,

which is equivalent to ud(E!, E') < u2(Ei, E). If we have equality, then
C4 = 0. Hence, A =0, and by an argument as in [Br, 2.6], E' is locally-free
and there is a splitting E = E' @ E*. But then the equations (1.10) also
split, so by induction on the rank, (E1, E) is polystable. O

Before going on to prove the converse statement, it will be useful to
reformulate our equations after we fix the determinant of E. More precisely,
given A an endomorphism of E, let

A 1

A=A- E tr A ,
denote its traceless part. Moreover, observe that the second equation in
(1.10) is invariant under changes H — Hh, where h is a central gauge
transformation. Therefore, by standard Hodge theory, it suffices to solve
only for the traceless part of the first equation. With this understood, we
state

Proposition 3.3. (Sufficient Conditions) Suppose that (E1, E) is a locally-
free, saturated, T-stable extension pair with respect to the holomorphic struc-
ture D" on E. Let K be a hermitian metric on E of determinant x. Then
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there is a unique H € Meth(x) such that

{AFDHH \/ T7I'H+\/ TI'—

L D" Ty = 0
where wg 1s the projection operator onto Ey corresponding to H.

The proof of Proposition 3.3 will occupy the next two subsections.
3.2. The modified Donaldson Lagrangian.

Let Ey, E be as before, and let G(R;, E) be the associated Grassmann
bundle on X as in §1.3. Over G(R;, E) there is the relative anti-tautological
line bundle v — G(R;,E). A hermitian metric on F endows vy with a
hermitian metric as well.

Definition 3.4. Given (E, K), a hermitian bundle as above, let
S=SK)={s€EndE:s=s"¥},

and

A

S=8K)={seS:trs(x)=0forallz € X} .

Definition 3.5. Let H € Met)(x). Let s € L5(S) be the unique gauge
transformation such that H = Ke®. Let f : X — G(R;, E) be the section
corresponding to the weak subbundle E;, and let

les@/2f(z)|2,
17 @2,

be the relative version of v defined in §1.2. Set

N(K, H) = /X v (f (), & @/2)dVol(z)

vy(f (@), e @/?) = log

Lemma 3.6. N(K, H) converges.

Proof. By Lemma 1.12, vy(f(z),e5®)/2) > 27 tr(s(x) - /@), Since both
s(z), @) e L®, vy(f(z),e*®/?) is bounded from below by and L* func-
tion. On the other hand, if p, are as in §1.2,

”e x>/2f(:1:)||2 . llo(e s(m)/Q)’f(x)“z( )
A (¢

< C(s(2))
17 ()12, ) leF @I
(C(Rl)
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where C' depends continuously on s(z). Since s € L) C L®, v, (f(x),e5(®)/?)
is bounded above by an L* function as well, and the lemma follows.
Let Mp(K, H) be the usual Donaldson functional (cf. [Do] or [S1]). Set

M, (K, H) = Mp(K, H) + %N(K, H).

Then M, (K, H) is our modified Donaldson Lagrangian. The following lists
the important properties of M;:

Proposition 3.7. Set

mT(H) = ﬁD”,H —V-=lrmg + \/—1%7‘1 .

Then the following hold:

(1) %MT(K, Ke¥) = 2\/—_1/X tr(sm, (Ke¥)) ;

2

d M, (K,Ke*)>0;

()For7'>0,d2

2

(iii) If (E1,E) is simple, then 52

(iv) M, (K, H)+ M, (H,J) = M.(K,J) .

M, (K,Ke") =0 if and only is s = 0;

Proof. (i) We have

4M, (K, Ket*) =% {Mp(K,Ke*)+ Ilx vz (f (z), e*@)/2)dVol(z) }
=2v/—1 [y tr sAFgees + 27 [y tr smges
=2v/-1 [y trsm.(Ke®) .

The second equality follows from [S1, proof of 5.2.1], (1.12), and Lemma
1.14. The third equality follows because s is traceless. (ii) Immediate from
[S1, proof of 5.2.1] and (1.12). (iii) Assume the equality. By (i), (ii),
Proposition 1.18, and the fact that s is traceless, we obtain % pr(D",m)-s =
0. Note that p, given in (1.19) is still the moment map for the action of L5(g)
on L¥(A) x LY(G(R1, E)). Then by general arguments concerning moment
maps (cf. [Ki, 3.7]), (D", nk) is fixed by the one-parameter subgroup e*.
Since (D", 7K) is simple, this implies s = 0. (iv) Let H = Ke®, J = He®,
where s; € L5(S(K)), sz € LE(S(H)). It suffices to show that pointwise:

e @272
1712

||€sz(m)/2v||§(g) ~ ||e51(“”)+32(””)/217||§/(1{)

G _
V12, R

7(K) 1(K)
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But

||esz($)/2f/“3(H) = (esz(x)/2f/, 631(2)632(’”)/217)7(1() — ||681($)+82($)/2V||2(K)

and similarly, ||Vll?,( oy =l @/ 2V||?,(K)- By taking the logarithm and
integrating over X, we have N(K,H) + N(H,J) = N(K,J). The rest
follows as in [Do, Proposition 6]. O

3.3. Proof of the theorem.

Given B > 0, we set
Met} 5(x) = {H € Meth(x) : |mr(H)|[}5 ;y < B} .

Proposition 3.8. If (Ey, E) is simple (see Definition 2.10) and H mini-
mizes M (K,-) in Met} g(x), then m,(H) = 0.

Proof. (cf. [S1, 5.3.1] and [Br, 3.4.2]) By [S1, 5.1.2.1], if s € L5(S*) and

H; = He®*, then
d
—|  m.(H) = L(s),

where

L(s) = AD"Dy(s) — V-1t % TH, -
Now assume m,(H) # 0 and that we can find s # 0 so that L(s) = —m,(H).
Then as in [Br, 3.4.2] we obtain

d

dt ”mT(Ht)”I[),p,Ht “mT(H)“LP g <0.

t=0

Moreover, since (E1, E) is simple, by Proposition 3.7 we obtain

0 < | _ MK H) = &, [ trsme ()
—thrs L(s) = — [y trsm,(H) = — dtlt _oM:(K,Hy),

hence,
d

= MK H) <0,

t=0
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This contradicts the assumption that H minimizes M, (-, K) and the propo-

sition will follow provided we can solve L(s) = —m,(H). But
, d
V=1L(s) = Ay(s)+7 —| 7m,,

which is an elliptic, self-adjoint operator. Ellipticity is clear, and self-
adjointness follows since %|,_, 7H, is self-adjoint. The latter holds because
for Hy = He®, (mg,)*Ht = e ¥ ((my,)* €' = 7pg,, hence

d
- *H, *H
dt =0 (ﬂHt) t dt _— (WHt)
Now
d *H _ d _— d g, _
(E =0 WHt) - E =0 (WHt) = % =0 (WHt) t= dt o TH; -

Now since v/—1L(s) is self-adjoint and elliptic, it suffices to show that L has
no kernel. But

L(s)=0 = LtrsL(s)=O =

4
dt

d?
tzo/XtrsmT(Ht) =0 > Frel

M, (K,H;) =0.
t=0

Hence, again by the simplicity of (E1, E), s = 0. O

Proposition 3.9 (Main estimate). There are constants C1,Co > 0 such
that for all H = Ke® € Met}, 5(x),

sup |s| < C1 M, (K,Ke®) + Cy ,

or else (Ey, E) is not stable.

Proof. Since the proof closely parallels [S1], we shall only give a sketch:
First, as in [S1, 6.2] we have an equivalence between C° and L! bounds.
Suppose that the main estimate does not hold. Then as in [S1, 6.3] we can
choose a sequence of constants C; — oo, s; € §, such that ||s;||;1 — oo and
lsillzr > C:M,(Ke%). Set & = ||sillz1, ui = £; s, so that ||ju;||z1 = 1, and
sup |u;| < C. We have the following:



500 Georgios Daskalopoulos, Karen Uhlenbeck and Richard Wentworth

Lemma 3.10. After passing to a subsequence, u; — uoo weakly in L?( A)
Moreover, if F : RXR — R is a positive, smooth function such that F(z,y) <
1/(z —y) whenever z >y, then with the notation as in [S1, 6.3.3],

/ (F(too) D" oo, D"uoo) K + \/-—1/ trugo AFg + T/ true - T < 0.
X X X

Proof. We first claim that
/ (F(u;)D"u;, D"u3) ¢ + \/—1/ tru;AFg + T/ tru; - T < %Ci_l )
X X X

Indeed, by combining the inequalities in [S1, 6.3.3] with Lemma 1.13,

é’i; 2> MT(Ka Keeiui) > 2¢; {fX(F(Ui)D”Ui,D”Ui)K ++v-1 fX tI"U,iAFK}
+20;T fX tru;mg ,

which proves the claim. The rest is as in [S1, 6.3.3]. O

Now we conclude the proof of Proposition 3.9 by showing that (E1, E)
is not stable. First, as in [S1, Lemma 6.3.4], the eigenvalues of u., are
constant. Let A1,...,A, denote the distinct eigenvalues of ueo, listed in
ascending order, and as in [S1, 6.42] let p; : R =+ R, j =1,...,r -1
be smooth, positive functions with p;(z) = 1 if 2 < A; and p;(z) = 0 if
T > Ajt1. Set mj = pj(uco) be the Li-subbundle of E. By the Uhlenbeck-
Yau regularity result (cf. [UY]), m; represents a saturated subsheaf of E.
Set a; = A\j — Aj_1, and write

T
U = A1 — E ;.
j=1

Since truc = 0, \rR — Y ajrk(w;) = 0. If (Ey, E) were T-stable, then we
would have (B B
tk(Ey N my) <p+T—

and hence,

k .
)\TR<,u+'r—) Zajrk ;) ( ;) + ——(W{{—O—E—}—l—)->>0
5
= Mci(E) + A\7TRy — Zaycl ;) Zajrk ;N E) >0
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Therefore,
Q= )\TC1(E) _ Zajcl(ﬂ'j) + T ()\TRl — Zajrk(wj ﬂEl)) >0.

But then,
0<2mQ = \/—1/ trusoAFK
X
+/ (Z(ajpf)(uoo)D"uoo,D"uoo)K+T/ T UoTK -
X

X

This contradicts Lemma 3.10, and concludes the proof of Proposition 3.3
(the uniqueness of H follows as in [S1] by the convexity of M;). This also
concludes the proof of Theorem 3.1. O

3.4. Bogomolov inequality.

As an application of Theorem 3.1 we have the following version of the
Bogomolov inequality for stable vector bundles:

Theorem 3.11. Suppose that (Ey, E) is a locally-free, saturated, T-stable
ezxtension pair on Kdahler manifold with Kdhler form w. Then

R (R—R)
241 1/ n
T‘———zR w .

c2(E) AW 2 > E—1

2 n—2 _
Z 3R C1(E) Nw

Proof. By Theorem 3.1 there is a hermitian metric H on E such that the com-
patible connection gives a solution to equations (1.10). Since the curvature
is in L? and the connection is gauge equivalent to a smooth connection, we
may use the Chern-Weil theory to compute c; and cs. Almost everywhere,
we can choose a local orthonormal trivialization {e1,... ,er,,€r;+1,--- ,€R}
for E compatible with wg. Then from (1.10),

| \ _1AFD”,H|2 = Zi,j (\/:TAFD“,H)ij

=R (Br+u) -7+ R-R1) (Br+p)’
= RN2 + 72%(R_ Rl) )

‘2

or,

R |\/ —-1AFDH,H|2 =tr (\/—].AFDH,H)2 + Tz%(R —Ry) .
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The result then follows as in [Ko, p. 114].
4. Moduli Space Construction.

The purpose of this section is prove the following

Theorem 4.1. The moduli space of T-stable smooth extension pairs (Ei, E)
satisfying the condition H*(X, EndyE) = 0, where EndoE denotes the sheaf
of traceless endomorphisms of E, has the structure of a Kahler manifold.

In §4.1 we will discuss the deformation theory. In §4.2 we will put the com-
plex structure on the moduli space, and in §4.3 we will define a compatible
symplectic structure. For the rest of this section, let E denote a smooth
vector bundle on X and E; a subbundle of E. By 7-stable, in this section,
we shall mean 7-slope stable. Also, while we will deal with spaces of smooth
sections of bundles, to justify the use of the inverse and implicit function
theorems used repeatedly in §4.2 and §4.3, one must consider appropriate
Sobolev completions. Since this is fairly standard (see [Ko], for example) we
will suppress this point and leave the reader to fill in the analytic details.

4.1. The deformation complex.

Fix a smooth pair (E1, E). Let D" denote the holomorphic structure on
E and 7 the projection operator onto E; with respect to the background
hermitian metric K. In other words, 7 = 7* = 72, 7t D"x = 0, n(E) = E;.
Set 71 (E) = E;. Consider the following complex:

Cp

(o) 0—Q°(End E)-2,0%! (End E) @ Q°(Hom(Ey, Ey))-
—Q%2(End E) @ Q% (Hom(Ey, E2))-2»
—Q03(End E) @ Q°2(Hom(E;, E»))-2»
... 3% (End E) ® Q%" (Hom(E, E))-2
— Q0" (Hom(E;, E2))—0 .

The differentials above are defined as follows:

do(u) = (~D"u,mtun)

(42) di(a,n) = (-—D”a, (DY)* ® Dyn + 7rJ-a7r) , i>0,

where DY, D} are the induced holomorphic structures on Ep, E;. Equiva-
lently, if we denote also by 7 the extension of 7 by 0 as an endomorphism of
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E, then

(4.3) di(a, ) = (—D"a, (D" + a)'n') . i>0.
Finally, a third description of d; will be useful later:

(4.4) di(a,n) = (—D"a, —nD"n + 7tD"n + 7rla7r) .

The verification of the equivalence of (4.3) and (4.4) is a direct calculation.
We now prove the following

Proposition 4.5. (i) Cpr , is an elliptic complez.
(i) if (D", 7) is simple, then H® (Cpn ) ~ C.

Proof. (i) We first check that it is a complex.

didy = di (—D"u,ntur) = ((D")?u, 7t (D"(rtur) — D"u)r)
= (((D’;)zu, —nt(D"m)ur + 7H(D"u)w + wtu(D"n)w — nt(D"u)n)
=(0,0),
since (D")? =0, 7+ D"7 = 0, and (D"7)7 = 0.
dit1di(a,n) = dip1 (—D"a,mH(D"n + a)n)
= ((D")2a, n+(D"(r(D"n + a)m)m — n-D"an)
— ((D")Za, —7rJ‘D"7r(D”77 + a),]r + 7I'J‘((D")217 4 D"a)1r

+(=1)xt (D" + o)D" 7w — 7rJ-D”a7r)
=(0,0),
for the same reasons as above. Thus, Cpr . is a complex. Ellipticity follows

directly from the ellipticity of the Dolbeault complex. (ii) is clear from
Definition 2.10. O

4.2. Complex analytic structure.

We use the deformation complex described in the previous subsection
to put a complex structure on the moduli space of simple, smooth pairs.
Let A'! be the space of integrable complex structures in A. Under the
assumption H2(X,EndgEP") = 0, an argument as in [Ko, Theorem 3.2.3]
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shows that A'! is smooth at D”. Indeed, the Kuranishi map (cf. [Ko,
VII, 3.10]) defines a biholomorphism of a neighborhood of D" in A!! and a
neighborhood of 0 in the vector space

{a € Q*(EndE) : D"a =0} .
Let # C Ab! x QO(G(Ry, E)) be the subspace defined in (1.19). Thus, %
consists of pairs (D", ) such that (D")? = 0 and 7+ D"n = 0.

Notation 4.6. Let 7{* be the space of simple extension pairs, and H° the
subspace of H* consisting of pairs (D", ) such that H?(X,EndgEP") = 0.

Lemma 4.7. (i) H* is open in H and H° is open in H*.
(ii) H° is a smooth manifold.

Proof. (i) Follows by semicontinuity of cohomology (cf. [Kod, Corollary of
Theorem 7.8]). (ii) Let £ — Q°(G(Ry, E)) be the vector bundle defined in
[DU, §2] whose fiber over 7 € Q%(G(Ry, E)) is Q°(Hom(n(E), 71 (E))).
Let Aj" be the subspace of Ab! consisting of those D" such that
H?(X,EndoEP") = 0, and let
D: Ay' x Q°(G(Ry, E)) — £

be the map defined by D(D”,n) = ntD"x. Then D is a fiber bundle over
Q(G(Ry, E)), and by (4.3) and (4.4), D is transversal to the zero section

0g of £. It follows (but see the warning at the beginning of this section)
that D~1(0¢) is a smooth manifold, and thus D~1(0g) N H* = HC is also a

smooth manifold. O

Now fix (D", 7) € H*. Set Ey = n(E), E; = m+(E). Let
exp, : Q°(Hom(E1, Ez)) — G(Ry, E)

be the exponential map defined in a neighborhood of 0 € Q°(Hom(E1, E»))
generalizing the pointwise exponential map for G(R;, R). Let

f: Q% (End E) x Q°(Hom(E1, E;)) — Q%?(End E) x Q%! (Hom(E,, E»))
fle,n) = (D"a+aAa,D(D" +a,exp,n)) ,

and define

(4.8) Spin= {(a, n) € Q¥Y(End E) x Q°(Hom(E1, Es)) :

fla,n) = 0,d5(a,m) = o} .
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Lemma 4.9. If (D", n) € HO, then Spn 5 is a smooth manifold in a neigh-
borhood of (0,0), and T(g0)Sp»x ~ HY(Cpn z).

Proof. Define Spn » = {(a,7) : f(a,n) = 0}. The map
h:Sprx— H: (a,n) = (D" + a,exp, 1)

defines a biholomorphism of a neighborhood of (0,0) € Spr . onto a neigh-
borhood of (D",7) € H°, and therefore Spu,,, is smooth in a neighbor-
hood of (D", 7) by Lemma 4.7. Let P be the complement in Q°(End E) of
HO(C pr ) =~ C with respect to the L?-inner product, and consider the map

H:Sprgz— P:(a,n) = dy(a,n) .

Then under the identification TZ"(O’U)S‘DH’W =~ kerd;, the map dH ) is d;.
Since HY(Cpr ) = C, it follows that dj is onto, and the inverse function
theorem for the map H completes the proof. O
Now fix (D", ) as before and define the Kuranishi map
k: Q%1(End E) x Q°(Hom(Ey, E;)) — Q%(End E) @ Q°(Hom(E,, E»))
(@,n) = () +d1G (fey7) = di(em))

where G is the Green’s function for Cpr . By the Hodge decomposition for
Cpr 5 it follows that

dik(e,n) =0

(4.10) dik(a,n) =dj(a,n)

We claim
Lemma 4.11. Assume (D",n) € H*. Then the map
p:Spn g — H* ST : (a,n) = [D" + o, exp, 7]
is a local homeomorphism of a neighborhood of (0,0) € Spr » onto a neigh-

borhood of [D", 7] € H*/&C.

Proof. (cf. [Ko, VII, Theorem 3.17]) We prove surjectivity first. It suffices
to show that given

(D" + B,exp, v) € H*, (B,v) € Qo’l(End E) x QO(Hom(El, E»))
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sufficiently close to (0,0), there is a g € &* such that (D" + a,exp, 1) =
g9(D" + B,exp, v) satisfies df(a,n) =0 and f(a,n) = 0. The second equa-
tion is automatically satisfied because H* is gauge invariant. For the first
equation, let P be as in the proof of Lemma 4.9 and consider the map

P:P x Q%(End E) x Q°(Hom(E, Ey)) — P
(w, (B,v)) = dj (¢*(D" + B) — D", exp;* (e*(exp(v)))) -

The map P is well-defined in a neighborhood of (0,0, 0), and

oP .

a—u(O, 0,0) = dodo : P — P
is invertible. Hence, by the implicit function theorem (again, note
the warning) there is a function (w,(8,v)) — u = u(w,(B,v)) de-

fined in a neighborhood of (0,0) € QO}(EndE) x Q°(Hom(Ei, E»))
such that P (u(w,(B,v)),(B,v)) = w. By setting g = €% (a,n) =
(9(D") — D", exp; ' (gexp, v)) satisfies df(e,7) = 0. To show that p is
injective around (0,0) it suffices to prove that if g(D" + ay,exp,m) =
(D" + ag,exp, n2) with (a1,m1), (a2,m2) € Spr  sufficiently close to (0,0),
then (a1,m) = (a2,7m2). But we can ignore the second factors and apply
[Ko, Theorem VII, 3.17] to D” 4+ o and D" + a3 to show g is close to the
identity. The rest then follows by the implicit function theorem for the map
P. O

We are ready to prove

Proposition 4.12. The moduli space H* /&€ of simple pairs is a (possibly
non-Hausdorff and non-reduced) complez analytic space. Moreover, H°/ ®C
is a smooth complex manifold with

TD",W’HO/ﬁc =~ HI(CDH,.,,) .

Proof. (cf. [Ko, VII, 3.23, 3.31, and 3.32]) Since the derivative of the
Kuranishi map k at (0,0) is the identity map, k defines according to (4.10)
an injective, holomorphic map

(4.13) k: SDII’W — HI(CD//’W)

defined in a neighborhood of (0,0). The first statement in the proposition
follows as in [Ko, VII, 3.32]. The second part follows by Lemmas 4.9 and
4.11, and the fact that (4.13) is an injective local immersion. O
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4.3. Kahler structure.

We now turn to the issue of describing a Kéhler structure on the moduli
space of extension pairs and providing a proof of Theorem 4.1.

Notation 4.14. Let #, C H* denote the subspace of 7-stable extension
pairs (D", 7) in H*. Let H2 = H, NnHO.

Lemma 4.15. H, is open in H* and HO is open in H,. Moreover, HO is
a smooth manifold.

Proof. In view of Lemma 4.7, it suffices to show that H, is open in H*.
By Theorem 3.1 we must show that if (D", ) satisfies equations (1.10)
and (D", 7) is sufficiently close to (D", ), then there isa g € &C such that
g(D" | 7) satisfies (1.10) as well. This is a standard application of the implicit
function theorem (cf. [Ko, VII, Theorem 4.21]). Let S be as in Definition
3.4, and define the map

Q:W®) xH* — 8§

Q(u, D", %) = AFp, . — V117 + \/—1%71 .
By the calculation in Proposition 3.8,

9Q

(s) = L(2s) ,
ou (1,D" )

where L is an elliptic, self-adjoint operator with trivial kernel. By the im-
plicit function theorem, we can solve the equation @ (u(D" , %), D", 7?) =0

for (D", ) near (D", ). Hence, e”Lﬁ” ,7) satisfies (1.10), and by Theorem
3.1 and standard Hodge theory, (D", 7) is also 7-stable. This proves the
openness of H.. O

We now consider 2 as a & = &/U(1)-space. Let
fir : H? — (Lie®)”
R
pr=pr+vV-1 (flT‘f',U')I,

where p, is the moment map defined in (1.18).



508 Georgios Daskalopoulos, Karen Uhlenbeck and Richard Wentworth

Lemma 4.16. (i) i, is an Ad-equivariant moment map for the &-action.
(i3) Zero is a regular value of fir. (i) Given (D", 7) € i, 1(0), there is a
submanifold Fpn . of p71(0) such that

TD//’ﬂ.,uT—l(O) ~ TD”,W(}-D”,W) @ Tpr (—@(D”, 71‘)) .

Proof. (i) Since [ fi (D", m) = 0, the result follows from (1.18). (ii) This
follows from general considerations about moment maps (cf. [GS, §2]) and
the fact that & acts freely on #2. (iii) Fix (D", ) € i;7!(0) and consider
the complex

Cpi x . j
(o) 0—0°(ad E)-20%1(End E) @ Q°(Hom(E,, By)) -2+
—0°(ad E) ® Q% (End E) @ Q%! (Hom(Ey, Ez)) -2
—Q%(End E) ® Q°*(Hom(Ey, Bp))-%

.. B30 (Bnd B) @ Q0" (Hom(By, By))-2»

— Q%" (Hom(Ey, E3))—0 .
In the above, E; = n(E), E; = n1(E), and

do(u) = (D"u, 7tur), dy (o, m) = ((dpr) pr w2, m), di ()
d2(§, o, m) = da(aym) di(a,n) = di(a,m),  1>2.

It is easily checked (cf. proof of Proposition 4.5) that 51):/,,, is an elliptic
complex. Let

Forx = {(e,n) € 2% (End E) x Q°(Hom(E1, Ey)) : f(a,n) =0,
dﬂ'r‘(aa "7) = Oa J(’;(aa 77) = 0} :

Tt follows as in Lemma 4.9 that F D" x is a smooth manifold in a neighbor-
hood of (0,0), and

TpaFpm e = H (5D”,7r) .
Let Fpr » C py1(0) be defined by
Fpi g = {(D” + a,exp,n) : (a,n) € fD"ﬂf} :
Clearly, Fp» » is a smooth submanifold of z;*(0) around (D", ), and

Tpn fD//,r'L’Hl CD//,‘, .
D » T 3 )
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The Lemma follows since Tpr ru;'(0) = kerd;, and Tpu - (&(D", 7)) =
Im Jo. O

We are now ready to prove Theorem 4.1.

Proposition 4.17. The symplectic form w, define in (1.17) descends to a
symplectic form &, on p=1(0)/® ~ HO/&C. With respect to the complex
structure, @, is Kahler.

Proof. The first part of the proposition follows by Lemma 4.16 and the
infinite dimensional version of Marsden-Weinstein reduction (cf. [Ko, VII,
5.8]). In order to show that @, is a Kahler form, fix X,Y € T},’,?’,r (H2/8%).
Under the identification

TE"('),W (H2/®C) >~ Hl(CDII’ﬂ.) =~ Hl (51)//’7,.) ad TDII’ﬂ- (]:D”,ﬂ') ,

write X = (o, 1), Y = (6,€). Then &, (X,Y) = w; ((a,n),(8,€)) = 0, since
(,m), (B,€) € THYOHY, and w, is a Kihler form. O

5. Geometric Invariant Theory.

We shall now present a construction of a moduli space parametrizing
equivalence classes of 7-Gieseker semistable torsion-free quotient pairs on
an algebraic manifold X. Since the method used will be geometric invariant
theory applied to the action of a reductive algebraic group on a projective
scheme, the moduli space will inherit a projective scheme structure. In
particular, this gives a compactification of the moduli of smooth extension
pairs constructed in the previous section.

The arguments that follow very closely parallel those of Simpson, and
we refer the reader to [S2] for more details. Throughout this section, X will
denote a smooth projective variety of complex dimension n.

5.1. Embedding into the Quot scheme.

Notation 5.1. Let hg and hr be polynomials of degree n. We denote by
pr(hg,hp) the set of all T-slope-semistable quotients E — F — 0, where E
is a torsion-free sheaf with Hilbert polynomial hg and F is a coherent sheaf
with Hilbert polynomial hr. Similarly, we denote by S;(hg,hr) the set of
7-Gieseker semistable quotients.
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The first step in the GIT construction is a boundedness result:

Proposition 5.2. The set p,(hg,hr) (and hence also S;(hg,hr)) is
bounded, i.e. parametrized by a scheme of finite type over C.

Proof. Slope-semistability implies that for every subsheaf E' C E we have

k F’ k F
WE) < ) 7 (S - E) <ulB) 4

rtk £/
so by [Ma] we have that the set of such E is bounded. Then for fixed E, the
set of all quotients F' with Hilbert polynomial hr is bounded by [Gr]. The
result follows. O

We now wish to embed all the quotients ¢ € S, (hg, hr) into a product
of Quot schemes. Recall that we have fixed an ample line bundle A on X.
By the boundedness result above, there exists an integer Ky such that for
all k > Ky and g € S;(hg, hFr), we can write

o% Z Eg4*, — 0

(5.3) o £ FeA* — 0
0

Let Quot(O?Ql,hE,k) and Quot(@?él,hp,k) denote the Grothendieck Quot
schemes parametrizing quotients of (9?2’ with Hilbert polynomials hg x(j) =
hg(k + j) and hpk(j) = hr(k + j), respectively. Furthermore, we let Qr
denote the closed subscheme of

(5.4) Quot(0F, hu) x Quot(OF, hry)

defined by the condition kerq; C kerge. Let Qr C @k be the subscheme
where E is torsion-free, and denote its closure by Q, C Q. Let 7g, 7F
denote the projections onto the first and second factors of (5.4). We have
universal quotients:

ol
— —0
OX X Quot(O?}l hE k) Ue
ol

X xQuot(O%! hp ) »Up — 0
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on X X Quot((?eal,hg’k) and X x Quot(@?}l,hp,k). It follows that for the
quotients

&l d1,_« ®l G2, _«
~ T — ~
OXka_) =UE 0, (’)Xka——MrFUF—)O,

we have ker §; C ker go; hence, on X x @k we have a universal quotient
(5.5) U — mpUp — 0.

We have shown that to every point E — F — 0 in S;(hg, hr) there corre-
sponds a closed point § € Qx C Q) C @k such that the universal quotient
(5.5) restricted to X x {g} is isomorphic to E ® A* — F ® AF — 0.

By tensoring with a further high power of A we can embed @, into a
product of Grassmannians

(5.6) G(VRW,hg(k+7) xG(V W, hp(k+ 7))

of hg(k + 7) and hp(k + j) dimensional quotients of V ~ C' =~ HO(O??)
tensor W ~ HC(A7). Now there is the diagonal action of SL(V) on (5.6),
and the image of Q. is invariant under this action. We linearize the action
by the SL(V) equivariant Pliicker embedding into a product of projective
spaces. Let O(r, s) denote the line bundle on (5.6) obtained by pulling back
appropriate powers of hyperplanes. Then SL(V) acts on O(r,s). Also, let

(5.7) ka==-A--A.

Since GIT semistability is invariant upon taking powers, it makes sense to
consider linearizations of the action of SL(V) on rational line bundles. So
for rational values of 7, we choose the linearization

(5.8) O(kka + M,T) .

Here, M is an integer which we shall fix presently.

Our goal then is to show that the GIT-semistable points in Q) with
respect to the linearization (5.8) correspond to 7-Gieseker semistable quo-
tients. The main result is Theorem 5.18 below. Before carrying this out, we
consider two preliminary details:

First, the choice of M. Among the quotients E — F — 0 in S, (hg, hF)
consider those for which there exists a subsheaf E' C E with p% (E',F') =
u?(E, F). We may assume that E’ has torsion-free quotient. Then the set of
such E' is bounded. In particular, the set of Hilbert polynomials of such E’
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is finite. Let C be the maximum over the absolute values of the coefficients
of k"~2/(n — 2)! in the polynomials p(E', k) — p(E,k) as E' runs over the
family described above. We then choose the integer M such that

(5.9) (Mwﬁz—g—uw)) @TE—V —kan—-1)C>1.

Notice that M depends only on hg, hr, T, and of course A.
Second, we need a criterion for semistability in Grassmannians:

Lemma 5.10. Consider the action of SL(V) on the product

(5.11) G(V®W,R;) x G(V @ W, Ry)

of R1 and Ry dimensional quotients of V ® W, and linearize the action on
O(r,s) with respect to the Plicker embedding. Then a point ¢ = (q1,42)

is semistable (resp. stable) if and only if for all non-zero linear subspaces
H CV we have

(rR; + sRy)dim H < (r dimm (H Q W)
+ sdimmy(H ® W)> dimV (resp. <)

where w1 and T2 denote the projections onto the first and second factors of
(5.11).

Proof. See [GIT] or [KgNw]. O

5.2. Comparison of stability conditions.

We now prove a sequence of lemmas necessary to establish the correspon-
dence between 7-Gieseker semistable quotients and GIT semistable points.

Lemma 5.12. For fized k, there exists a J such that for all j > J the
following holds: If § = (q1,q2,q) € Qy (see (5.8)) is such that the induced
map

V~C ~H(0F) — HYE® 4F)
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is an isomorphism, and for all H C C' where the induced subsheaf Ep is
non-zero we have

[(kkA + M)x(E ® A¥9) + 7x(F ® Akﬂ] W (Egx ® A¥)

< [(kkA + M)x(Ex ® A% 4 7x(Fy ® Ak+f] WE®A)  (resp. <)

then the point § is semistable with respect to the linearization O(kks+M,T)
on Q.

Proof. Notice first that dim H < h®(Eg ® A¥). Let H vary in V and § vary
in Q). Then by boundedness, the families of kernels

0—Kg,—H® Ox—qL)EH ® AF—0
0—Kp, —H ® Ox2sFyg ® AF—0

are bounded. Therefore, we may choose J such that for j > J,

hY(Kg, ® A7) =hl'(KFr, ® A7) =0 .
hW(Eg ® A¥) < hY(Eg ® AFH) = x(Eg ® AFH)
RO(Fy ® A¥) < hO(Fy @ A¥H9) = x(Fy @ AF*Y)

We get
H®H(A)) — HY(En ® AF7) — 0
H® HY(AY) — HY(Fy ® AFt) — 0,
o)
dim7l’1(H®W) = hO(EH ®Ak+j)
dimﬂ'2(H®W) = hO(FH ®Ak+j) .

Since Eg # 0, the first of these is non-zero for large j. Hence,

[(kka + M)hg(k + j) + Thp(k + j)] dim H

(kka + M)x(E ® A¥) + rx(F ® Ak+f] dim H

—~

Il
| o |

< [(kka + M)x(E ® AF9) 4 ry(F @ Ak+j] hO(Ex @ AF)

[ |

< |(kka + M)x(Br ® A5H) + 7x(Fir © A*+] h(E © 4¥)
[(kka + M)dimm(HQ W) + 7dimme(H ® W)]dimV

so the result follows from Lemma 5.10. O

—
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Lemma 5.13. There is a J such that for all j > J the following holds: If
d € Qy, is GIT semistable with respect to the linearization O(kka + M, 1),
then the homomorphism

V ~ H(0%) — H(E ® A)
18 injective, and for any non-zero linear subspace H C V, we have
((kka + M)tk E + 71k F) dim H < ((kka + M)tk Eg + 71k Fr) dimV .
Moreover, if E ® A¥ is the sheaf associated to §, then for every quotient
EoA* - E'"@ A% —0
we have

((kka + M)tk E + 71k F) h(E" ® A%)
> ((kka + M)tk E" + 71k F") dim V ,

where F" is defined so as to make the following diagram commute:

0 — E — E — E'" — 0

Ll

0 — F —— F — F'" — 0

[

0 0 0

Proof. Let § € @, be semistable. Then Lemma 5.10 implies that for non-zero

HCV,
dimm(H @ W) +dimm(HQW) #0,

where 7; and 7y are the projections

Ve H'(4A) HHO(E® AFH)—0
V@ H (A7) BHO(F @ AF)—o0.

Both maps factor through HY(E® A*) ® H°(A7) and HY(F ® A¥) ® H°(47),
respectively. Moreover, the map 7 factors through H°(E ® A¥t7), because
the point is in Q. In particular, dimm;(H ® W) # 0. Since H is arbitrary,
we obtain the desired injectivity. Now suppose to the contrary that

((kka+ M)tk E+ 71k F)dim H > ((kka + M)tk Eyg + 7tk Fg)dimV .
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Then for n large,

((kkA + M)x(E ® AFH) + rx(F @ AF )) dim H

< ((kkA + M)x(Eg ® A¥) + 7x(Fy ® Ak+f)) dimV .

Since H runs over a bounded family, we can choose J such that for all j > J
the above inequality holds, and moreover such that

W(Eg @ AF) = x(Eg ® A¥H) = dimm(H @ W)
RO(Fg ® AF)) = x(Fg ® AFY) =dimm(HQ W) .

But this contradicts Lemma 5.10. O

Lemma 5.14. There is a K such that for all k > K the following is true: If
E — F — 0 is a 7-Gieseker semistable quotient, then for all subquotients
E' — F' — 0 we have:

((kka + M)tk E + 7tk F) hO(E'® A¥) < ((kka + M)tk E' + 71k F') h (k) .
Moreover, if equality holds, we have

i) hO(E' ® AF) = x(E' ® A%);

(

(ii) tk F'/1k E' = 1k F/ 1k E;
(iil) For all j, p(E',5) = p(E, j);
(

iv) For j >> 0, p(F", ) > p(F, 7).

Proof. Since the set of E is bounded, fix one. If E’ is a subsheaf of E, let
R' =tk E'| and let Q; (R; = tkQ;, p; = p(Q;)) denote the terms in its
A-Harder-Narasimhan filtration. We have
RO(E' @ AF) <Y, h%(Q; ® AF)
i <p+T (by semistability)
>,Ri =R.

For k large we have (see [S2]):

PO(Qi ® A4%) < A ((uifha) + k4 BY"
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for some B. Let v = min ;. Then

RO(E' @ AF)
< ____’“A(Iz!‘ D (u(B)/ka) + k + B) + 7/ka)" + i—’,‘ ((v/ka) +k+B)" .

For any (3 there exists a C' > 3 such that if v < u(E) — C the sum above is
< (kaR/n!)(k — B)™. We can also choose 3 such that for large k,

%(k — B)* < p(E, k) (1 - EIEATJF—M) .
Then for the appropriate C and v < u(E) — C, we have
(B © A¥) < (ck B')p(E, k) (1 — gtz )
< (k BYp(E, k) (1+ gt i) (1+ m—%)—l
which implies
((kka + M)tk E + 71k F) hY(E'® A%) < ((kky + M)tk E' + 71k F') hyg(k) .

On the other hand, the set of saturations E' of E' with v > u(E) — C is
bounded, and the set of Hilbert polynomials of such is therefore finite. For
each of them, we have

(5.15) p@(E' F') < u@ (B, F) .
We may choose K such that for £ > K,
K(E' ® A*) < BO(E' @ AF) = x(E' ® AF).

If we have strict inequality in (5.15), then by looking at the order k term we
see that for K chosen sufficiently large,

rk F'
rk B/

).

(kkA + M+ T;ll:—g) p(E' k) < (kkA +M+7

So we assume (5.15) holds with equality. If tk F'/rk E' = rk F// 1k E, then
by semistability, we choose K such that p(E’,k) < p(E,k). Note that if
equality holds in the latter, then semistability guarantees condition (iv).
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Finally, consider the case where tk F'/rk E' # rk F/rk E. Since (5.15) is
assumed to hold with equality, we can write

~ _ rk F' _ _tkF Ent
P(E',F) _p(E’k)+(TrkE’ "XE) 1)
.

R 2
OB gy + O™ ),

(5.16)

for some constant C (E’ ). Then we have:

~ F’
(kkA + M + T%—;—) p(E' k) = (kk,q + M + 7‘&) p(E, k)

rk B’
rk F rk F'
(TrkE _TrkE')p(E’k)
rk F rk F’ tk F\ k»1
+ (kk“ M TrkE) (TrkE’ - TrkE) =1
~ kn—l
+ka(n —1)C(E") -+ O(k"?).

(n—1)

The order k™ terms in the second two terms cancel. The coefficient of
k"=1/(n —1)! is:

kF
(5.17) _ {(M ' Tik?r; F(E))rk 7

- T;@) —ka(n - 1)0(15')} :

Since Ttk F/rtk E — 7tk F'/tk E’' # 0, semistability implies this difference
is positive. Therefore, it is bigger than or equal to 7/(rk E)2. Thus (5.17) is

< —{(M—i—'r% —ME)) @—TE—)Q —ka(n - l)C(E')} -

Now by the choice of M in (5.9), this last expression is < —1. Since there
are only finitely many possibilities for the coefficients in the O(k"2) term,
we can choose K such for £ > K we again have

rk F ~, rk F’

This completes the proof of Lemma 5.14. O
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Theorem 5.18. Fiz polynomials hg and hr of degree n, and the parameter
7 > 0. Choose M as in (5.9). Then there exist K,J such that for all
j = J the following holds: A point § € @K is semistable (resp. stable)
with respect to the action of SL(V') and the linearization determined by the
Pliicker embedding induced from A’ and the line bundle O(Kka + M,7) if
and only if the quotient E — F — 0 associated to § has torsion-free E, is
7-Gieseker semistable (resp. stable), and the map V — H(E ® AK) is an
isomorphism.

Proof. (<) We first assume that K has been chosen such that the conclusion
of Lemma 5.14 holds. By Lemma 5.12, it suffices to find a J such that for
all j > J, and any subsheaf E' C E generated by sections of E @ AKX, we
have

[(Kka + M)x(E ® AXH) + 7x(F @ AX+)] hO(E' @ AK)

(519) < [(KkA+M)X(EI®AK+j) +TX(F’®AK+j)] hO(E®AK)

The set of such E’ is bounded, so the set of polynomials x(E' ® AK*7) and
x(F' ® AK+3) (in j) is finite. Comparing terms of order ", we see that if
[(Kka + M)tk E + 71k F)] hO(E' ® A¥)
< [(Kka+ M)tk E' + 71k F')] i°(E ® A¥),

then (5.19) holds as well, if j is sufficiently large. On the other hand, if
equality holds in Lemma 5.14, then (5.19) holds if and only if

X(FRAKY) - x(F'@AKHT)
’

KI:)!('E = ,rkEK_’_,
s X(FQAT) ik F ~ x(F'®A™T!) rk F
rk F rkE — rk F' 'rkE’
= p(F,K+j) <p(F',K+j),

which is condition (iv) in Lemma 5.14.

Now consider the (=) direction. First, a slight modification of the ar-
gument in [S2] shows that, with K taken sufficiently large, F is torsion-free
and V — H°(E ® AK) is an isomorphism. We now show that E — F — 0
is T-Gieseker semistable. Suppose not. There are several cases to consider,
and we shall choose J accordingly:

Case 1. Suppose E — F — 0 is 7-slope-semistable, but that there exists a
subsheaf E' C E with p(E',j) = p(FE,j) for all j, and p(F',j) < p(F,j) for
j sufficiently large. The set of all such F is bounded by Proposition 5.2, as
well as the set of E’. Hence, we may assume K and J have been chosen such
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that for all such E, E', j > J, we have h?(E'® AK) = x(E'® AX), p(F',j) <
p(F,j), and if H = HO(E' ® AK), then h®(F' ® AXH) = dimmo(H @ W).
Notice that the hypotheses imply rk F'/rk E' = rk F//tk E. Thus we have
(Kka + M)x(E ® AK) + 7x(F ® A¥*7)) dim H

dim H

rk B’
kF dimV
F' K
wp P K )) kE

= ((Kka+ M)dimm(HQ W) + 7dimmy(H Q W))dimV

=1k Etk E' ((KkA+M)p(E K+j)+7—& it P K+ ))

>k Etk E' ((KkA + M)p(E', K +3§)+7

which by Lemma 5.10 contradicts semistability.

Case 2. Suppose E — F — 0 is 7-slope-semistable, but that there exists a
quotient E” with rk F”/rk E” = tk F/tk E, p®(E",F") = u%(E, F), and
p(E",7) < p(E,j) for large j. The set of all such quotients may be taken
to be bounded, so we may assume K has been chosen such that p(E”, K) <
p(E, K) and h%(E" @ AX) = x(E" ® AX). But this now contradicts Lemma
5.13.

Case 3. Suppose E — F — 0 is 7-slope-semistable, but that there exists a
quotient E” with p@(E", F") = p@(E, F), tk F"/1k E" # 1k F/ 1k E, and
p(E",j) < p(E,7) for j large. Then as in (5.16) we can write

rk F" rk F k1
Tk B _TrkE> (n—1)!
rk B/ kn—2

p(E", k) =p(E,k)+ (7‘

—— ! n—3
rk B" ( )(n 2)! +O("™) -
Then we have:
kFII
( ) (B" k) = (kkA + M+ E,,) p(E, k)

"
+< kE illig")p(E’k)
rk F rk F" tk F\ k1
kE) (TrkE” —TrkE) (n—1)!
kE k!
k" (n—1)!

The coefficient of k" ~!/(n — 1)! in the last three terms is:

rk F rkF  tkF” Tk E'
_{(M+TrkE _”(E)) (TrkE kE”) T kan = 1)C(E)rkE”} '

+<kkA+M+T

— (n=1)ksC(E")—— + 0™ ?).
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By assumption, tk F/tk E —rk F"/rk E"” > 0, so in particular,
tkE" [ tkF  rkF" rk F’ tk F T
T - T =T -7 > .
rk E' rk B rk E" rk E' tkE ~— (tk E)?
By the choice (5.9) of M, the coefficient of k»~1/(n—1)!is < —rk E'/rk E" <
0. Thus for K large, we again have a contradiction to Lemma 5.13.
Case 4. Suppose there exists a quotient E” of E with u& (E",F") <
4% (E, F). We may assume that the E" vary in a bounded family. Then we
also assume K has been chosen such that h®(E” ® AK) = x(E" ® AX). By
noting the coefficient of K"~! and choosing K larger if necessary, we may
further assume that
(Kka+ M)1k E + 71k F) x(E" ® AK)
< ((Kka+ M)tk E" + 71k F") x(E ® A¥) .

But this now contradicts Lemma 5.13. This completes the statement about
semistability. The statement about stability follows as in Case 1 above. []J

5.3. Moduli space construction.

Corollary 5.20. Let M, = M, (hg, hr) denote the GIT quotient of Q.
Then 9. is a projective scheme. The closed points of 9. represent equiv-
alence classes of T-Gieseker semistable quotients, where (E, F) ~ (E', F') if
gr(E,F) ~ gr(E', F").

Proof. Since Qg is projective, the first result follows from [GIT]. For the
second result, note that given a semistable quotient £ — F — 0, then by
scaling the extensions in the Jordan-Holder filtration Proposition 2.12, one
finds as in [S2] that the orbit of gr(E, F) is contained in the closure of the
orbit of E — F — 0. Hence, if gr(E,F) = gr(E', F') the closures of the
orbits of (E, F) and (E', F') intersect. Conversely, the orbit of gr(E, F) is
closed. This follows from simplicity Proposition 2.11. O
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