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Let M and N be compact Riemannian manifolds and let F : M —> N be 
a map from one to the other. We can deform F by its intrinsic Laplacian 
to smooth the map out; the resulting equation 

is called the harmonic map heat flow. In their paper [3], Eells and Samp- 
son introduced this flow and proved that if the target N has non-positive 
sectional curvature, then the solution exists for all time; and a subsequence 
converges to a harmonic map F, one with AF = 0. When N has curvature 
of unrestricted sign, singularities may develop, and it is interesting to see 
what form they may take. Partial answers have been given by Struwe in 
the case [10] where dim M = 2 and in the case [11] where M = Rm is 
an Euclidean space. In the latter paper Struwe introduces an important 
monotonicity principle. In [4] we generalize Struwe's argument to the case 
of a curved domain. This involves some nontrivial estimates on the matrix 
of second derivatives of the heat kernel on a curved space, which are given 
in [5]. Using the monotonicity formula and local estimates on the higher 
derivatives DkF of the map derived in section 2 (following the line of Wan- 
Xiong Shi in [8] and [9]) we rederive Struwe's ^-regularity result in section 
3 and the following partial regularity result in section 4 (see [11] and [2]). 

Theorem 0.1. Let F be a solution of the harmonic map heat flow from 
M^toN71 on 0 < t < T with energy bounded by EQ. There exists a closed 
set S with finite m — 2 dimensional Hausdorff measure such that F(x, t) 
converges smoothly y to a limit F(x, T) as t —> T on compact sets in M — S. 
Moreover there exists a constant C depending only on M,N and EQ, such 
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that if U is any open set containing S then 

Hm-2(S)<C\immf f \DF\2. 
t-^T       Ju 

We then consider blow-ups of the solution at points X in the singular set S. 
The point X is singular if F(x, t) does not converge smoothly to a limit in 
a neighborhood of X as t —» T. If there are no singular points, the solution 
can be extended past T. Hence either the solution exists for all time, or 
there is some x and some T where the solution is singular. We prove the 
following result for rapidly forming singularities in section 5. 

Theorem Main Theorem. Let F be a smooth solution of the Harmonic 
Map heat flow on 0 < t < T with a singularity at some point X ast-^T. 
Suppose the singularity forms rapidly, so that 

{T-t)\DF\2 <C 

for some constant C < oo. Then the sequence of blow-ups at X by factor A 

FXfa T) = F(expx Xxy T + A2r) 

defined for tangent vectors xatX and rescaled time r < 0 has a subsequence 
Ai —> 0 for which the maps F^ converge in C00 on compact sets to a map 
F(X,T) defined on all ofTxM x (—oo,0) with values in N solving the har- 
monic map heat flow equation also. The limit map F is dilation-invariant, 
so that 

F(\X,\
2
T)=F(X,T). 

We call such a map a homothetically shrinking solition. Moreover if X is 
a singular point (i.e. if F does not extend smoothly to a neighborhood of X 
for t < T) then F is not constant; in particular there exists p > 0 and e > 0 
depending only on M, N, and the initial energy EQ SO that 

[      \DF{x,-\)\2e-W2lAdx>e. 
J\x\<p 

§l.We begin the paper with a computer study giving an example of a rapidly 
forming singularity for a map of Sz to S3, and show how it is asymptotic 
to a homothetically shrinking soliton mapping B? to a hemisphere of S3. 
Moreover, the computer continues the solution past the singularity, and as 
the singularity smooths out it is asymptotic to a homothetically expanding 
soliton. 
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We confine our attention to maps of S'n to Sn which are rotationally 
symmetric around a north and south pole. In the study we take n — 3, 
but n > 3 should look similar. We let r denote the distance along the first 
sphere from the north pole, and R the same distance on the second sphere. 
The Riemannian metrics on the spheres are 

ds2 = dr2 + sin2 rde2 and dS2 = dR2 + sin2 Rd92 

where dO is the metric on the equatorial sphere Sri~1.  Our map will have 
the form 

F(r>e,t) = (R(r,t)>0) 

and the evolution can be expressed in terms of the function R = i?(r, t). We 
will have the north pole go to the north pole and the south pole go to the 
south pole, so R = 0 at r = 0 and R = r at r = r, until the singularity 
forms. At the critical time T we get R — r/2 at r — 0, and immediately 
after we jump to R = r at r = 0. 

The energy map F is 

*-^^/f(f),+<"-«(s?)' dr 

and from this we can compute the harmonic map evolution of i?, which is 

dR ^sm2R 
"W = AR -in — l)-r-.— 
dt '2smr 

where we use the spherical Laplacian 

AD     
d2R , /       ..cosrOR AR = —Y + (n - 1)-——. 
orz smr or 

We start the evolution with a function R which is close to the identity map 
but shifted slightly toward the south pole. Since the identity is an unstable 
critical point of the harmonic map energy, the solution begins to drift south. 
As we approach the critical time T a very small neighborhood of the north 
pole in the domain maps to cover the entire northern hemisphere in the 
target. At the critical time T the map F is discontinuous at the north pole, 
and its image covers only the southern hemisphere. Subsequently the map 
closes up, so that it covers almost all of the southern hemisphere twice. As 
time evolves, the region covered twice shrinks toward the south pole, and 
no further pathology happens. 
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The physical reason for the flip is that it takes very little energy to map a 
small ball to a hemisphere in dimension n > 3. The solitons can best be seen 
by graphing R as a function of £ and £; as t increases to T the function R 
for r ^ 0, corresponding to log £ ~ +oo, looks like a wave traveling forward, 
while for t past T the function R looks like a wave traveling backwards. In 
the rest of this paper we only consider the formation of singularities; but 
the computer study suggests there are similar models for their dissipation. 
Here we exhibit the graphs coming from the computer. 

Very different behavior happens when the domain M has dimension 2. In 
this case there are no homothetically shrinking solitions, and all singularities 
form slowly, i.e. (T — t)\DF\2is unbounded. Nevertheless they do form in 
finite time, and they are asymptotic to a harmonic map of R2 into the 
target. (See Struwe [10] for a proof that the singularities are isolated points 
in space-time, and the recent work of Chang, Ding, and Ye [1] for an example 
of a singularity on a surface forming in finite time.) We can get similar 
phenomena in higher dimensions by crossing with a flat Rk in the domain, 
with no change in the map. Hence slowly forming singularities can form in 
any dimension m > 2. We would analyze them also. It seems reasonable 
to conjecture that for any slowly forming singularity there is a sequence of 
dilations of the solution which converges either to a harmonic map, or to a 
translating solition, i.e. a solution of the harmonic map heat flow 

F-.TxMx (-00,00) -> N 

such that there is some vector v such that 

F(x,t) = F(a: + ti;,0). 

Of course in case v = 0 the soliton is just a stationary harmonic map. It 
would be interesting to exhibit such a translating soliton with v / 0, and 
very interesting to show hoe it arises as a limit of dilations of solutions 
coming from a compact domain M. 
§2.Next we prove local bound on the higher derivatives of a solution to the 
harmonic map heat flow. In the sequel we will use parabolic cylinders 

Pr(X,T) = {(»,«) G M x R : d{X,x) < r and T - r2 < t < T} 

We start with a useful lemma on scalar functions. 

Lemma 2.1. Let M be a compact be a compact manifold. There exists a 
constant s > 0, and for every 7 < 1 a constant C7 such that if h is a smooth 
function satisfying 

at 
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when h > 0 in some parabolic cylinder Pr(X,T) around some X e M with 
r < s then 

0nP7r(X,T). 

Proof. First we show how to construct a function </? with support in the 
closed ball Br(X) of radius r around X such that we have the estimates 

<p(X) > cr 

0<(p<Cr 

\Dtp\ < d 

\D2ip\ < C2/r 

for some constants c > 0 and C, Ci,C2 < oo independent of r and X, 
depending only on M. For any point in M we can find a chart A on M 
defined on the open ball Bs of radius 3 in R™ mapping 0 to the point. We 
can find a finite number of such charts {Aa} such that the images of the 
open ball Bi of radius 1 cover all of M. We can find constants Ki, K^ and 
K such that for all a 

\D\a\ < KxtllPXal < i^andJ-DA"1! < K 

on the closed ball B2 of radius 2. 
Given any X e M we can find an a and a V G Bi with Xa(V) = X. 

Take s < Ki and r < s, and let p = r/Ki. If BpiV) is the closed ball of 
radius p around V then BP(V) C B2 since p < 1. Also Aa maps Bp(V) into 
Br(X) since \DXa\ < Ki. Choose any function u with support in Bi with 
u > 0 and u(0) > 0. Then we have 

v{0) > c 

O^o; <C 

\DUJ\ < Ci 

\D2u;\ < C2 

for some constants c > 0 and C, Ci, (^2 < 00. We translate and rescale a; to 
BP(V) by letting 

a;*(t;) = M[v-V]/p). 
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Then we have 
w*(V) > cp 

0 < u* < Cp 

0 < \Dw*\ < Ci 

0 < \D2u*\ < C2/p. 

Now define (/? by the pull back 

<p = w*o A"1. 

Then ^p has support in Br(X) and we can check that 

<p(X) > cr/Ki 

0<<p< Cr/Kx 

0 < \D<p\ < CiK 

0 < l-DVl < C2KlK2K2/r 

which proves our claim with slightly different constants. 
In particular we can find a constant A such that 

6\Dv\2 - 2(p A <p < A. 

Then we let 
,      A     1 
^=-2 + 7 

and compute 
A^ = = A[6|Zty|2 - 2<pA<p}/<p4 < A2/^p4 

Since 
(A     1\2     A2     1 

we have 

But 

when h>0 so if k = ip — hwe have for fc > 0 

^> Ak-(h + Tp)k. 
dt 
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Now A: is a smooth function in the interior of the support of <p for t > 0, 
and k —► +00 as t —> 0 or as we approach the boundary of the support of 
(p. Therefore the maximum principle shows k > 0 for alH > 0. This means 
h <ip. Since we chose <p with (p(X) > cr, we have 

h(X,t)<ip(X,t)<C[-z + 7 
!_     1 
r2 + t 

We now obtain the desired result by replacing X by any point in B^X) 
for 7 < 1 and adjusting the constant. Or equivalently we can make <p > cr 
in Bjr(X) by making co > c in JB7. 

We apply the lemma to derive local bounds on the higher derivatives of 
a solution of the harmonic map heat flow. 

□ 

Theorem 2.2. There exists a constant s > 0 depending only on M, and 
constants Ck for k — 2,3, • • • depending only on M and N, such that if 
F is any solution to the harmonic map heat flow with \DF\ < A in some 
parabolic cylinder Pr(X,T) for r < s for some constant A > 1/r, then with 
rh = r/2k~l we have 

\DkF\<CkA
konPrk(X,T). 

Proof. We start with the case k = 2. We have formulas of the form 

—DF = ADF + RM*DF + RN(F) * DFS 

where RM and RN are the curvature tensors on M and iV, and where * 
denotes some linear tensor contraction, possible including constants. Differ- 
entiating 

—D
2
F = AD

2
F + RM*D

2
F + RN(F)*DF

2
*D

2
F 

+ DRM *DF + DRN(F) * DF4. 

Using \DF\ < A we get estimates 

^-\DF\2 < A\DF\2 - 2\D2F\2 + CA4 

^-\D2F\2 < A\D2F\2 - 2\D3F\2 + CA2\D2F\2 + CA6 
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where in the latter case we use 

A4\D2F\<A2\D2F\2 + A6. 

Now we let 
h = {8A2 + \DF\2)\D2F\2 

and compute 

^ < (8A2 + \DF\2)A\D2F\2 + \D2F\2A\DF\2 

- leA2!^3^2 - 2\D2F\4 + CA4\D2F\2 + CA8. 

Also we have 

Ah > (8A2 + IDFI^AI^FI2 + \D2F\2A\DF\2 - 8A\D2F\2\D3F\ 

and 
S^I^FI2!^3^! < 16A2|L>3F|2 + |D2F|4 

so we get 

^<Ah- \D2F\4 + CA4\D2F\2 + CA8. 
at 

Since h < %A2\D2F\2 we have 

for some constant C. Then let 

h = CA4h + CA6 

for the same constant C, and we get for h > 0 

— < Ah-h2. 
at 

We can now apply Lemma 2.1 to conclude 

h < C/r2 

on Pr/2(X,T). This makes 
h<CA& 

since A > 1/r, and we conclude that 

|I>2F| < CA2 
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onPr/2(X,T). 
To bound the third derivative we follow the same procedure. Now we 

have a formula 

(0.2) 

—D3F = AD3F + R + M* D3F + RN(F) * DF2 * DsF 
C/u 

+ DRM * D2F + DRN(F) * DF3 * D2F 

+ RN(F) *DF* D2F2 + D2
RM * DF 

+ D2RN(F) * DF5 

and hence with \D2F\ < CA2 on Pr/2(X,T) we have 

^-\D3F\2 < A\D3F\2 - 2|D4F|2 + CA2\DZF\2 + CA& 

and also 
^\D2F\2 < A\D2F\2 - 2\D3F\2 + CA6 

from our previous bound and the new bound on \D2F\2. Then letting B be 
a constant with A2 < B < CA2 and \D2F\ < B and 

^^(S^ + I^FI2)!^3^!2. 

We have 

£| < (8jB2 + \D2Ff)A\DZFf + |JD3F|2A|I>2F|2 

- 16B2\D4F\2 - 2\D3F\4 + CA6\DSF\2 + CA12. 

Also 

Ah > (8B2 + ID^I^AI^FI2 + \D3F\2A\D2F\2 - 8B\DSF\2\D4F\ 

and using 
8B\D3F\2\D4F\ < 16B2\D*F\2 + \D3F\4 

we conclude 

^<Ah- \D3F\4 + CA6\D3F\2 + CA12. 
dt 

Since h > S^2!^3^!2 and B > A2 we have 

dh ^ A .       h2       ^ ,10 
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for some constant C. Then let 

h = CA*h + CAlQ 

and we get 

— < Ah - h2 

dt 

and conclude that on Pr/4(X,T) we have h < C/r2 < CA2. This makes 

|I>3F| < CA3 

on Pr/4(X, T). The higher derivatives can be handled in the same way, by 
induction. 

□ 

§3.Now we prove an ^-regularity result similar to that in Struwe [11]. We 
start again with a lemma. For any X and T and any r > 0 we define as 
before the parabolic cylinder of radius R around (X, T) by 

Pr(XJT) = {(x,t) :d(x,X) <r,T-r2 <t<T} . 

and we let &(£, r)be the backwards solution of the heat equation on M which 
becomes a delta function at the point £ at time r. 

Lemma 3.1. There exist constants 6 > 0 and 7 in 0 < 7 < 1 depending 
only on the manifolds M and N, with the property that if F is any solution 
of the harmonic map heat flow in a parabolic cylinder Pr(£, r) of radius r < 1 
around a point £ e M and time r e R with values in N such that 

\DFte,T)\ = l/r 

and 
\DF(x,t)\ <2/r 

for all (x,t) e Pr(£, T) then for 9 = r - jr2 we have 

(T-0) I \DF{x,e)\2kur){x,e)dx>8. 
JM 

Proof. By the local estimate on higher derivatives given by Theorem 2.2 we 
can find constants depending only on M and N such that 

\D2F{x)t) < C/r2 and \D*D(x,t)\ < C/r3 
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for all (Xjt) G Pr/2(€,T)' Then since 

d o 
—DF = ADF + RM * DF + RN * DF* 
at 

we have 
d 

mDFM <C/rs 

for all (x,t) G Pr/2(^T) also- These bounds on the space and time deriva- 
tives of DF show that 

\DF(x,t)\ >l/2r 

for all (x,t) G P7r(£,T) for some 7 > 0. On the other hand, by Corollary 
2.3 of [H2] we have 

%r)(M)>c/r™ 

for some constant c> 0 depending only on M for all x in the ball of radius 
77* around £, with 0 — r — 7r2. Then 

(T-0) [ \DF(x,9)\2k^T)(x,e)dx > 6 
JM 

for some <5 > 0 as claimed, as we see from integrating just over the ball.   □ 

Theorem 3.2. Given M, N and EQ, there exist constants e > 0 and f3 > 0 
swc/i i/iat /or any X G M; any T > 0 and any a > 0 m T — (3 < a <T we 
can find p > 0 and B < 00 so that if F is any solution to the harmonic map 
heat flow from MtoNonO<t<T with energy bounded by EQ and 

(T-a) /   |i^F(a;,a)|2fc(x,T)(^^)drr <e 
JM 

then \DF(x,t)\ < B for all points (x,t) G PP(X,T). 

Proof. By Theorem 3.1 of [5], for any 7/ > 0 and any constant C > 1 and 
any X G M and any T with 0 < f < 1 we can find a p > 0 such that any 
positive solution / of the scalar forward heat equation with / / = 1 satisfies 

f/(^f)<Cf/(-X:,r)+r//2£b 

for all (£,f) G PP{X, f). For any # let /^ be the fundamental solution 
approaching a ^-function at x as i —► 0. Then with f = r — a and T = T — a 
we have 

k(t,T)faa) = fx&f) and ft(x>r)(a;,a) = fx(X,f) 
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by the symmetry of the heat kernel. Therefore 

(r - a)%T)0M) < C(T - a)k{XiT)(x,t) + r,/2Eo 

and we conclude that 

(r - a) /   \DF(x,a)\2k(^T)(x,a)dx < r] 
JM 

for all (£, r) G PpiX, T) provided that we choose e > 0 with Ce < r//2. 
Using this p we define 

pOM) = min {p - d(X,x), y/p2 - (T - t) j 

and consider the function 

ip{x,t)\DF{x,t)\ 

on Pp(X,T). It will attain its maximum at some point (£,T) with ip^r) > 
0. Let a = </?(£, r) and let 

A = a|I>F(^r)|. 

It is easy to check that 
Pa(^r)CPp(X,T) 

and that 
<pM><r/2foT(x,t)ePa/2(S,T). 

Consequently if r — a/A 

\DF(S,T)\<2A/<T = l/r 

and 
\DF(x}t)\<2A/a = 2/r 

when (a;,t) G Pr(^,r), as long as r < a/2. Now if r > a/2, then A = a/r < 
2, and since y?(a;, t) > p/2 for (a?, t) G Pp/2{X, T) we get a bound |.DF(a;, t)| < 
B with JB = 2A/p, finishing the theorem. Otherwise we continue by applying 
Lemma 3.1 to conclude that for some 6 > 0 and 7 with 0 < 7 < 1 we have 

(T-0) / \DF{x,e)\2k^T)(x,e)dx > 6 
JM 
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with 9 = r - 77\ Since r < G/2, 6 >T — a/2. Now the expression 

Z(t) = (T-t) [ \DF{x,t)\\tT)(x,t)dx 
JM 

satisfies the monotonicity principle of Corollary 1.4; we can find a constant 
C such that 

Z{9) <CZ(a) + CEo(6-a). 

We know that 9 — a < T — a < (3 and (3 can be chosen so small that 
CEQP < 6/2. We can also choose rj so small that cq < 8/2. Then since 
Z(a) < 77 we get Z(9) < <5, which is a contradiction. This completes the 
proof. □ 

Corollary 3.3. Given M, JV and EQ, there exist and e > 0 and a (3 > 0 
such that if F is any solution to the harmonic map heat flow from M to N 
on 0 < t < T and if 

(T-t)       \DF(x,t)\2k{x,T)(%,t)dx<e 
JM 

for some t inT — (3 <t <T then F(x, t) extends smoothly on 0 < t < T in 
some neighborhood of X. 

Proof We apply the above estimate to the translates F(x, t) = F(x, t — () 
for ( > 0 and let ( —► 0. This gives uniform estimates on \DF(x, t)\ in some 
parabolic cylinder Pr(X, T) uniform for t < T. The estimates on the higher 
derivatives then follow from the bound in Theorem 2.2. □ 

§4. We recall the definition of fc-dimensional Hausdorff measure. Let M be 
a compact Riemannian manifold of dimension m. For any k with 0 < k < m 
let /ik be the volume of the unit ball in Rk and define the fc-dimensional 
measure of a set S C M by 

HkiS) = lim inf { 
r—>0xj,rj Vk 5Z rf : S - U Brd (XJ) and ri - r 

where Br(x) is the geodesic ball of radius r around x. We shall need the 
following lemma, which says that any set S can be approximated by a good 
subset S. 
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Lemma 4.1. For any rj > 0 and any set S with 0 < Ttk(S) < oo,we can 

find a subset S C S such that 
(1) Hk(S) > (1 - 2r})Hk{S); and 
(2) 3ro > 0 such that for any r <ro and any x e M 

1 
Hk(Br(x) n S) < ( 1 + - ) tikr*. 

Proof. Pick ro so small that if S C (J. Brj{xj) with r^ < ro then 

as we can do from the definition. Now if possible we pick n = ro and pick 
xi € M so that 

If not, we take n = ro/(l + 77)^ and try again. We continue to diminish 
riuntil we succeed;but if nor — 1 works we stop the process. Otherwise we 
pick r2 = ri and try to pick ^2 € M so that 

Hk(Br2(x2) n[S- Sri(a;i)]) > ^/v- 

If we cannot, we try r2 = n/(l + 7?)1///C) and continue to diminish r2 until 
we succeed, but if no r2 works we terminate the process. Continuing in- 
ductively, having chosen ri, • • • ,r?-i and xi, • • • ,Xj-i we try rj = Vj-i or 
rj = rj_i/(l + rj)1^ or whatever so that 

Hk (Br.fa) n[S- Br^xx) ^.^(^.i)]) > torf/ri 

and we continue the process as long as we can. Either it stops, or rj —► 0 as 
j —> 00 since Hk(S) < 00. Now we let 

E = s n (jBr^Xj) and S = S - J2 • 

The sets 
Br^ay) n [5 - BnCaJi) Br^ixj-i)] 

form a finite or countable disjoint exhaustion of X)> so 

^(D^/** E^f /^ 
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Moreover we can find balls BSe(yi) with $£ < ro which cover 5 so that 

by the definition. Since the balls Brj (XJ) cover ]>], both sets of balls together 
cover S = S U X), so 

Mfc EJ+Et >{l-rj)Hk{S). 

Combining these estimates gives 

(1 - ri)Hk{S) < r,Hk(J2) + t1 + ^^k{S). 

Now since Wfc(E) = ^k{S) - Hk{S) we get 

nk{S)>{l-2r,)nk{S). 

Finally it follows from the choice of the rj and Xj that for any r < ro and 
any x e M we have 

nk{BT{x)nS)< U+-\^kr
k. 

The reason is that otherwise we would have chosen this ball instead. For if 

Hk{Br{x)nS)> (l+-\iikrk 

then when rj < r < rj/(l + 77)^ we have 

nk (Brj(x) n S) > nk(Br(x) n S) > (l + -} fikr
k > ^kr

k/r, 

and therefore this ball would have been chosen before reducing rj. 
Recall that ky(x, t) is the solution to the heat equation from a <5-function 

at y when t = 0. For any set S of finite fc-dimensional measure we let 

ks(x,t) = /     ky(x,t)dnk(y) 

be the solution to the heat equation emanating from the source S. a 
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Theorem 4.2. There exists a constant C such that for any set S of finite 
k-dimensional measure we can find a subset S of S with Tik(S) > ^Hk{S) 
and ato>0 such that for all t < to and all x G M 

ksix^^C/t^-V'2. 

Proof. We take 77 = 1/4 in the previous lemma. Then for any S we can find 
an S with Hk{S) > ^Hk(S) and an ro > 0 such that for any x and any 
r < ro 

nk{Br(x)nS)<5iikr
k. 

Now we need an upper bound on the heat kernel, such as is given in Corollary 
3.1 of the paper by Li and Yau [7]; this shows that for any a < 1 there is a 
constant C such that for 0 < t < 1 

Since t\og(l/t) —► 0 as t —> 0, we can find to > 0 such that if t < to then 

tlognk(S) + -tlog(l/t) < ar0
2/4 

which is equivalent to 

n^ * -^/2e~ar2o/4t ^ l/t{m-k)/2- 

This shows that for t < to 

J       ky{x,t)dHk{y)<C/t^-k^2 

yeS-Br0(x) 

with a constant C independent of S. 
To estimate the rest of the integral, let rj = ro/2j for j > 0 and let 

Sj = {yeS: rj < d{x,y) < 7V_i} . 

Then for y e Sj we have 

kyix.t) <     /2e -arj/4t 

tn    " 
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and since 

we get 

/ 
ky{x,t)dnk{y)<^2'rUe~^/A^ 

If we use Tj-i = 2rj and let Uj = rj/y/t then we get 

/„ oo 

ky{x1t)dHk{v)<-Uz=m
,Euk

je-™t'A 

> yes, 

where Uj+i = Uj/2. Now the latter sum is bounded independently of Uo < 
oo. This will prove the result. 

To see the sum is bounded, we divide it into two parts. Suppose Uj > 1 
for j < £ and uj < 1 for j > £. Then 

3>£ j>e 

For the other terms we use 

u1 

for some constant C. Then 

/c+le-a^/4 < C 

YJu
k

je-^VA<CYJu-l<2C 

since uj\ < ^uj1 and u^1 < 1. This completes the proof. □ 

Theorem 4.3. Let F be a solution of the harmonic map heat flow from 
Mm to Nn on 0 < t < T with energy bounded by EQ. There exists a closed 
set S with finite m — 2 dimensional measure such that F(x, t) converges 
smoothly to a limit F(x,T) ast-^Ton compact sets in M — S. Moreover 
there exists a constant C depending only on M, N and EQ such that if U is 
any open set containing S then 

nm-2{S) ^Climinf / I^FI2. 
*"*■ T Ju 
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Proof. We have already seen by Corollary 3.3 that there exists an e > 0 and 
a p > 0 such that F extends smoothly to a neighborhood of X unless 

(T-t) [ \DF(x,t)\2k{x,T)(x,t)dx > s 
JM 

for all t in T - p < t < T. The sets S of all such X is clearly closed. If S 
has finite m — 2 dimensional measure, we can estimate it as follows. Pick S 
by Theorem 4.2 with Hm-2{S) > %Hm-2{S) and with 

k(S,T)\X'> t) = JS\X) T — t) 

the backward solution to the heat equation satisfying 

kCs;r){x,t)<C/{T-t) 

for all t in some interval T — 7 < t < T for some 7 > 0. In integrating the 
previous bound over X € S gives 

{T-t) f iDFlx^k^T^x^^dx > eHm-2{S) 

for alii in T - /? < t < T. This gives 

eHm-d(&)<C f \DF(x,t)\2dx<CEo 
JM 

which makes 
Mm-2(,S) < 2CEo/e. 

If S has infinite m — 2 (dimensional measure, we get a contradiction by 
repeating the previous argument starting with Sf C S with large but finite 
measure. 

Finally, if U is an ^pen tmt containing S we have 

eHm-2(S)<<i(!r-t) f \DF{x,t)2k{sT){x,t)dx 

+ (?-;£)   I   \DF{x,t)\2k{§T){x,t)doL 
■M-U 

We use k,gTAx,t) < G/!{Trt)on U and note that krgTAx^t) —► 0 uniformly 
on M - U as t -> T. This.^hows that 

mm^S) < Climinf / \DFf t-^ T Ju 
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which completes the proof. □ 

§5. Now we examine the singularities in greater detail by blowing them up. 
We suppose that F has a singularity at X e M at time T, and satisfies the 
estimate 

\DF\2<C/{T-t) 

for some constant C. This is typical dilation-invariant growth estimate like 
that assumed by Huisken in [6]. The estimates in Theorem 2.2 give dilation- 
invariant bounds 

\DkF\2<C/{T-t)k. 

We then proceed to blow up the solution F{x)t) by expanding in space and 
time. We dilate M only, but not N. Then a subsequence will converge to a 
map 

F : IT x [-oo, 0) -> N 

where we identify i?m with the tangent space to M at X and let 

F{u, v) - lim F(expx \u, T + \2v). 
x—►() 

We see that F is smooth and also satisfies the harmonic map heat flow 

and the dilation-invariant estimates 

\DkF\ < Ckl\t\k. 

Moreover it turns out that F is itself dilation invariant. 

Theorem 5.1.  The map F satisfies 

F{\u,\2v) = F{u,v) 

and so is dilation invariant. 

Proof. From the monotonicity result in Corollary 1.4 we have 

rT 
f    (T-t)f 
JT-I JM f+?-2 k < C < oo 
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where k is the solution of the backwards heat kernel on M starting from a 
<5-function at X at time T. Then for any e > 0 we can find 6 > 0 such that 

fT (T -t) f 
JT-S JM dt       k 

k<e. 

Now these estimates are dilation invariant. Moreover a subsequence of the 
dilations of k will converge to a solution k of the backwards heat equation 
on Rm. Then we get 

J-oo       JR" dt       k 
-0 

which shows that 

£♦?•"-* 
Now in fact Dk/k = x/2t, so we get that F is dilation invariant. Indeed at 
time t = -1 we see F : Rm —> N satisfies 

AF = -x- DF 
2 

which is an elliptic equation. 
We call a solution F of the harmonic map heat flow satisfying the 

dilation-invariant condition 

F{x,t) = F(Xx, \h) 

a homothetic solition, since it moves without changing its shape except 
by dilation. This proves that if F satisfies the dilation-invariant growth 
condition \DF\2 < C/{T — t) then every singularity is asymptotic to a 
homothetic solition. Moreover if X is a singular point, then from Corollary 
3.3 we know that for all t in T — 0 < t < T we have 

(T-t) [ \DF(x9t)\2k{xtT)Mdx>e 
JM 

for a fixed e > 0, and this estimate is dilation invariant. We have assumed 

(T-t)\DF(x,t)\2<C 

and if we take p large enough then 

k(x,T){x^)dx < e/2C I 
d(x,x)>py/T^i 
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since in the limit of the blow-up the heat kernels on the manifold approach 
that of Euclidean space. Then 

(T-t) / IDFix.t^k^r^.^dx > e/2 

d(x,x)<py/T^t 

and now the same will hold in the limit; so 

|t|       J       \DF(x,t)\2kiXjo)(x,t)dx>e/2 

\*-*\<Py/\t\ 

which shows the soliton F is not constant. In part 1 we gave an example 
of such a soliton forming for maps of S3 to S3 which have a rotational 
symmetry. This example has a singular set of codimension 3. Can we find 
an example of rapidly forming singularity where the singular set actually 
has codimension 2? The singularities which form on a surface in finite time 
are slowly forming, in the sense that (T — t)\DF\2 is unbounded. □ 
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