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so(3)-Topological Quantum Field Theory

CHARLES FROHMAN AND JOANNA KANIA-BARTOSZYNSKA

We give the choice of basic data for so(3) topological quantum the-
ory and show that it satisfies the Moore-Seiberg-Walker equations.

1. Introduction.

The Alexander polynomial has a dual nature. Extrinsically, it can easily
be computed from the placement of a knot in space using skein relations.
Intrinsically, it can be computed in a cut and paste fashion via homology
theory. The power of the Alexander polynomial as a tool for studying knots
derives from this connection between the extrinsic and intrinsic structure
of a knot. The current study of state sum invariants of three-manifolds
was initiated with the discovery of the Jones polynomial [J]. Shortly after
its introduction the need for a cut and paste theory to explain the Jones
polynomial became understood. Witten [Wi] realized such a theory using
ideas from quantum field theory. The cut and paste theory he developed is
called topological quantum field theory. Witten’s construction of topological
quantum field theory rested on deep physical intuitions that had yet to be
completely justified from a mathematical viewpoint. In addition to explain-
ing the Jones polynomial Witten’s theory produced a whole new realm of
three-manifold invariants.

Reshetikhin and Turaev [R-T] have given a rigorous construction of a
topological quantum field theory based on the representation theory of an
algebra Uy(sl2). The representation theory of the algebra Uy (sl) was largely
worked out by Kirilov and Reshetikhin [K-R]. Along another path Kohno
[K-1], [K-2] worked out a construction using the holonomy of the Knizhnik-
Zamoldchikov connection. Finally a skein theoretic approach based on the
Kauffman bracket was worked out by Lickorish [L] and by Blanchet, Habbeg-
ger, Masbaum and Vogel [B-H-M-V]. (See also Kauffman and Lins [K-L].)

1 Authors thank Tomek Bartoszyriski for drawing the pictures.
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Many arguments in three-manifold topology proceed by cutting a three-
manifold open along a surface with boundary. Walker, basing his work
[Wa] on Moore and Seiberg [M-S], carefully described what is needed to
construct a topological quantum field theory where you can glue together
along surfaces with boundary. This paper is a worked example of his theory.
By discarding half of the representations that are normally used we get
examples of topological quantum field theories with corners.

Basic data for a topological quantum field theory is a list of vector spaces,
pairings, and linear mappings from which any other vector space, pairing or
linear mapping in the topological quantum field theory can be derived. This
collection must satisfy the Moore-Seiberg equations in order to actually be
the basic data of some topological quantum field theory. A modular Hopf
algebra is a Hopf algebra with a list of representations and some intertwin-
ers that satisfy the axioms of [R-T]. Walker shows that, given a modular
Hopf algebra, one can easily construct basic data for a modular topological
quantum field theory. The goal of this paper is to work out the basic data
of these theories to the point where, if interested, one could begin with the
formulas and a reference to basic hypergeometric functions (e.g. [G-R] )
and start working examples. The half of the representations that we re-
tain correspond to representations of SO(3), hence the title of the paper.
The invariants for closed three-manifolds from this theory differ from the
invariants of [R-T] by conjugation and by a product with a function of the
signature of a four manifold that the three-manifold bounds.

Section 2 of this paper reviews the definitions from [Wa). In section 3 we
give our choices of basic data, using the notation from [K-M] for dealing with
Uy (slz) when g is a root of unity . In section 4, using more common imagery
in the manner of [K-R], [K-2], [R-T], we prove that our choice of basic data
satisfies the Moore-Seiberg equations. This is in lieu of presenting our basic
data in the different form as used by Walker and then quoting his theorem.
Many maps in a topological quantum field theory constructed by the Hopf
algebra approach are isomorphisms corresponding to duality pairings. Our
proof that the Moore-Seiberg equations are satisfied translates them into
statements about pairings, whereas Walker uses tangle descriptions of the
maps. Finally, in section 5 we derive numerical values for the linear maps
in our basic data.

The computations in this section are based on the standard techniques
for computing the Clebsch-Gordan coefficients and the 6j-symbols. There
are two pitfalls occuring in the literature that we avoid. Some formulas
for Clebsch-Gordan coefficients turn out to involve division by zero when
you substitute numbers for letters. In some derivations the adjoint of the
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action of Uq(sl2) on the tensor product of representations is taken incorrectly.
Since we are working at roots of unity, we are dealing with cases where the
standard presentation of the techniques is not valid. This requires more
care in defining the Clebsch-Gordan coefficients and more careful attention
to the steps in the derivation.

We also have an innovation resulting in more satisfying computations.
In the classical example, the representations of U(slz) are made into Hilbert
spaces, so that the adjoint of operators on the representations induces an
involution on U(slz) that is independent of the representation. Thus the
representations form a category of star representations. In addition to al-
lowing the answer to be normalized via the trace norm on intertwiners, it
has the advantage that the adjoint of an intertwiner is an intertwiner. The
algebras Ug(sly) converge to U(sly) as g goes to 1. Hence it is traditional
to make the representations of Uy(sly) into Hilbert spaces so that as g goes
to 1 the Hilbert spaces converge to the classical examples. When ¢ is not
real, the problem is that the representations of Uy (sl2) no longer form a cat-
egory of star representations. This results from noncocommutativity of the
comultiplication. One solution to this problem is given by Durhus [D]. If
one decides to extend Hilbert pairings to tensor products in a nonstandard
way, then one can still have the adjoint of an intertwiner be an intertwiner.
However, in our resolution we define a nondegenerate sesquilinear pairing on
our representations that is not positive definite. The adjoint of operators on
any representation in our category induces the same involution on Ug(sls).
Hence the adjoint of an intertwiner is an intertwiner. We are amazed that
the trace norm induced by our pairing on intertwiners is positive definite!
In fact, we obtain the same normalization as the one given by making the
representations into Hilbert spaces, but the adjoint of an intertwiner is an
intertwiner. Our answers differ from the answers of [K-R| only by signs
since we use [K-M]’s choice of operators for the associated tangle functors
rather than [K-R|’s choice. This gives us some convenient formulas in the
associated tangle functors. For instance, we have a very simple derivation of
a formula relating the S matrix to the F' matrix that was originally derived
with a great deal of effort in [L-Y].

The last section consists of a list of formulas that summarize our findings
for the impatient who just want to work some examples.
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2. What is Topological Quantum Field Theory?.

Our treatment of topological quantum field theory is taken from Walker
[Wa]. We repeat his definitions for completeness of exposition.
A topological quantum field theory consists of

e a modular functor V from the category of labeled extended surfaces
to the category of vector spaces and morphisms;

e a partition function Z from the set of extended 3-manifolds which
assigns to a manifold M an element Z (M) of a vector space associated
with its boundary, i.e. Z(M) € V(0M).

These must satisfy some axioms that describe their behavior under gluing,
taking disjoint sums and changing orientation, together with naturality and
mapping cylinder axioms and several dimension axioms.

All considered manifolds are assumed to be piecewise-linear, compact
and oriented.

Each boundary component of an extended surface has a fixed parameter-
ization by a standard circle. In addition, an extended surface Y is equipped
with maximal isotropic (Lagrangian) subspace L of H;(Y). A subspace is
isotropic if the intersection form restricted to that subspace is zero. This
subspace L corresponds to choosing a system of disjoint curves which cut Y
into a collection of disks, annuli and pants.

A labeled, extended surface has an element of a finite label set £ assigned
to each boundary component. A morphism of labeled extended surfaces is
an ordered pair consisting of a homeomorphism that preserves boundary pa-
rameterizations and labels, and an integer. These morphisms are composed
by composing the homeomorphisms and adding the integers along with a
correction term coming from Wall’s non-additivity function [Wall], and the
Langrangian subspaces. More specifically, if

(f,m) : (Y1, L1) — (Y2, L2) and (g,n): (Y2, L2) — (Y3, L3)

then
(gan) ° (fa m) = (g ofm+n+ C(L3ag(L2)7 f(g(Ll))))

where c is Wall’s non-additivity function. For the precise definition of c see
[Wall].

In general, the label set should be equipped with an involution a < &
and a distinguished “trivial label”, mapped to itself by this involution. In.
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our case the involution is trivial, so we will ignore it. Our notation differs
from Walker’s, since we use 0 for the “trivial label”, which he denotes by 1.

An extended 3-manifold consists of a triple (M, L,n), where M is a 3-
manifold, L is a maximal isotropic subspace of H;(OM) and n is an integer.
There is a procedure for gluing two extended 3-manifolds together along
subsurfaces of their boundary that involves the non-additivity function of
Wall [Wa]. Since we will not be using the gluing procedure in this paper,
we do not describe it.

Let (Y,l) denote an extended surface Y with labeling I, where [ is a
function from the set of boundary components of Y to L.

The modular functor V and partition function Z have to satisfy the
following axioms (taken from [Wal).

1. Disjoint Union Axiom for V

V(Yl UYs, i U l2) = V(Y1, ll) ® V(Yz,lz)

These identifications have to be associative and compatible with the
action of the mapping class groupoids.

2. Gluing Axiom for V

Let C and C’ be disjoint closed components of the boundary of Y,
and let ¢ and ¢’ denote their parameterizations. If g : C — C' is
a homeomorphism such that (¢')"!g¢ acts as complex conjugation,
denote by Y, the surface Y glued by g. Then

V(Y )) = PVl e, o),
el
where [ is a labeling of Y, and z is a label assigned to both C and C'.

3. Duality Axiom

V(-Y,) =V, 1)*

Here V(Y,1)* denotes the space of complex linear maps V(Y,!) — C.

The identifications V(Y) = V(-Y)* and V(-Y) = V(Y)* are mu-
tually adjoint. Furthermore there is a function S : £ — C so that

if
P oz e@PV(Y,l,2,2) and P L@ V(-Y,1,3,2)
T

zEL T el
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then the pairing on the glued surface is given by

PP ex) = S@)Ba(e).

It is traditional to call this pairing the Kronecker pairing. We will use
the symbol (:,-)x5,, to denote this pairing on a surface of genus g
with n boundary components.

Empty Space Axiom

V(@) =C

. Disk Axiom

C, a=0
V(D,a):{ 0. a0

D denotes an extended disk.

. Annulus Axiom

C, a=b
V(A,a,b):{ 0. Z#b_

A denotes an extended annulus.

Naturality Axiom

Let M; and M; be two extended 3-manifolds and let f : My — My be
an orientation preserving homeomorphism which maps the Lagrangian
subspaces to each other. Furthermore assume that the integer part of
the extended 3-manifolds is the same. The naturality axiom states:

V(f | OM1)Z(M1) = Z(Ma).

. Gluing Axiom for Z

Let M be an extended 3-manifold, and Y7,Ys C OM disjoint extended
surfaces of genus g with n boundary components. Let f : Y7 — Y3 be
an extended morphism, and let My denote the extended 3-manifold in
which Y;’s are glued together by f.
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Z(Mg) =P V(o Bk sy
Il J

where «, 3 and v are described below, and the pairing is defined by
Axiom 3.

By Axiom 2
V(OM) = P V11, 1) ® V(Ya,lo) ® V(OM\(Y1 U Y2), (I1, 12)),
l11l2
where [; ’s are all possible labelings of 9Y;. Thus Z(M) can be ex-
pressed as . . ‘
Z(M) = @Z%ﬁ ®'Bljz ®’ylj1l2’
l17l2 .7

with a{l, ,3{2, *yljl 1, from the respective factors of the tensor products in
the sum above. By Axiom 2

V(0My) = PV (OM\(Y1 UYz), (i,1)).
l

9. Mapping Cylinder Axiom
Let I;4 be the mapping cylinder of the identity on Y.

Z(la) = P idi

leL(Y)

Note that by Axioms 2 and 3 we have

V(L) = @@ v, )e V()
leL(Y)

By id; we mean the identity in V(Y,1) ® V(Y,1)*.

A functor V satisfying Axioms 1-6 is called a modular functor, and Z is
called a partition function.

Notice that for a planar surface S the intersection form is trivial. Hence,
the only Lagrangian subspace of Hy(S) is all of H1(S). Hence we supress
the Lagrangian subspace in the notation for the extended disk, annulus or
pair of pants.
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Every surface can be cut open into a disjoint union of disks, annuli and
pairs of pants (thrice punctured spheres). Thus to describe a topological
quantum theory it is enough to assign vector spaces to these simple surfaces.
The axioms (in particular 2 and 1) will determine V for all other surfaces.

The operators corresponding to the generators of the mapping class
groups of the above surfaces also need to be defined.

Since any given surface can be sliced up in several different ways, we
need to identify the corresponding vector spaces.

Summarizing, the basic data for a topological quantum field theory con-
sists of

e assignation of vector spaces to:

— extended disk D,
— extended annulus A4 ,

— extended pair of pants P;

e choice of certain basis elements (denoted by Bo, Bue and B%) in these
vector spaces;

e definition of standard orientation reversing maps on D, A and P. We
will denote each of these maps by .

¥ induces identifications of the corresponding vector spaces with their
duals and defines a pairing

(z,y) = ¥(z)(y)-

e description of operators corresponding to the maps 7', R, B described
below (generators of mapping class groups of A and P);

e description of isomorphisms F' and S described further below (corre-
sponding to some decompositions of an annulus, torus, once punctured
torus and four times punctured sphere).

This basic data will uniquely determine a topological quantum field the-
ory if and only if it will satisfy the 14 relations stated at the end of this
section (see Theorem 2.1).

We will number the boundary components of the surfaces D, A, and
P. Recall that each boundary component has a fixed parameterization by
a standard circle. Equip each surface with seams, i.e. disjoint, properly
embedded arcs. A seam on a disk joins the point e~* with the point e, for
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Figure 1: Disk, Annulus and Pair of Pants, with numbered boundary com-
ponents and seams.

some fixed 0 < € < 7. Seams on an annulus or on a pair of pants join the
point e~ on the j’th boundary component with the point €€ on the j+ 1’st
boundary component (see figure 1).

Notice, that for any two pairs of pants with numbered boundary com-
ponents and seams, there is a unique (up to isotopy) orientation preserv-
ing homeomorphism between them which preserves the numberings of the
boundary components and the seams; similarly for annuli or disks.

Recall that the vector space assigned to the labeled, extended disk (D, 0)
is denoted by V (D, 0) (see axiom 5), the vector space assigned to an annulus
(A,a,a) is denoted by V (A4, a,a) (see axiom 6). Similarly denote the vector
space assigned to a pair of pants (P, a,b,c) by V(P,a,b,c).

The standard orientation reversing maps ¢ on D, A, and P (see figure
2) induce linear isomorphisms identifying vector spaces V(D,0), V(A4,a,a)
and V(P,a, b, c) respectively, with their duals.

The mapping class group of the extended disk is generated by the (iden-
tity, 1). Recall that a morphism of an extended surface is an ordered pair
consisting of a homeomorphism and an integer. The isomorphism of vector
spaces induced by the morphism of the extended disk to itself consisting of
the identity map and the integer 1 will be denoted by C.

The mapping class group of an extended annulus is generated by the
morphism consisting of the identity map and the integer 1 (the induced
isomorphism of vector spaces is also denoted by C), and by maps T , and
R, with integer parts equal to 0, where T" and R are pictured in figure 3.
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Figure 2: Maps 9 on D, A and P
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Figure 3: T and R on an annulus
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s

Figure 4: Tl, R and 323

The mapping class group of an extended pair of pants is generated by
the pair (id, 1) (denoted again by C) and by maps T, R and Bs3 pictured
in figure 4, with integer parts equal to 0 . We will also use maps Bis, B,
T5, and T3, defined by:

(2.1)
Bis = R™'By3sR, Big = RBy3R™', T» =RT\R™', T3=R'T}R.

The integer parts of the corresponding morphisms of extended surfaces
are equal to 0.

In order to identify vector spaces assigned to a surface via different ways
of slicing it, it is enough to describe the isomorphisms S, S, and F. The
integer parts of the morphisms are 0.
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Let

(2.2) S: @V(A, z,x) — @V(A, YY)

el yeL

correspond to cutting an extended torus into an extended annulus in two
different ways:

.“-----.....
L]

aEESNy
o*® ta.,

. *
L .
Tean ..:.--“

Let

(2.3) Se: PV(Pa,z,2) > PV(Payy)
zeLl yeL

be the analogous map corresponding to cutting open a punctured torus into
a pair of pants in two different ways:

suuEay
o* o,

Let

(2.4)

F:PV(Pz,a,b)@V(Pa,cd) —PV(Pybc)®V(Py,da)
zeL yeL
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be the map corresponding to cutting a four times punctured sphere into two
pairs of pants in two different ways:

Denote basis elements of V(D,0), V(4,a,a) and V (P, a,b, c) by Bo, Baa
and ,ng respectively. These have to be chosen in such a way that the fol-
lowing conditions are satisfied. First,

(2:5) {Bo, Bo) =1,

where pairing is defined by .
Second, if we cut an annulus into two annuli then the morphism (id,0)
induces a map V(4,a,a) — V(A a,a) ® V(4,a,a). We require that

(2.6) Baa > Baa ® Baa
LY @ wrm—— i s v W
: —) 1 : 1: 2
1 IIIIIIII..IIIIIII-"I-- 2 --Illlﬁ’:I II-II-"III

And finally, if we glue together a disk and a pair of pants, obtaining an
annulus, then the map corresponding to the identity map should have the
property that

(2'7) Bo ® ﬂ(()m — Baa.
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Y .
LTI LA

The following theorem is quoted from [Wa].

Theorem 2.1 (Moore, Seiberg, Walker). Basic data determines a
modular functor if and only if, for alla, b, ¢, d € L:

(i) P13 R F(12) R(2) p(23) R(2) p(12) R() F(23) RA) F(12) = 1,
-1 -1 -1
) (88) 7 P (88) 7 R (80) T =1,
-1 -1 -1
i) (187) 1PBRF (BY)  (BY)) F(S@)FRAO(RW)IFSO = 1;
(iv) CBy'T2ST38T3S =1 ; CRTSTSTS = 1;
(v) F(RYz) ® 8%) =2 ® B for all T € Vape;
(vi) S = ¢7151¢, where ¢ : oz — B
(vii) F?P = 1;
(viii) T3B5'S?=1; RS? =1;
(ix) R(,Baa) = ﬂaa;
(x) R= ¢! (T B12) ¢, where ¢ : foz — B;
(Xi) Fopea = F, chad;
(xii) S, = Si;
(Xiii) <,3aa,,3aa) = S(a)_l;
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(xiv) (B3, B5%) = S(0)~1S(a)~.

The superscripted numbers in parentheses refer to the factors of a tensor
product that the operator is acting on. For instance P13 (a ® B ® v) =
Y® B ® a. Similarly R¥(a® ®7) = a® R(B) ® ). We will explicate the
meaning of these equations more fully as we prove that our choice of basic
data satisfies them.

3. The basic data.

In this section we recall the algebra A,, r > 1, (see [K-M], [K-R] [R-T],
[V-K]) and the associated tangle functor. We then give choices of the basic
data we use to define so(3)-tqft. Finally, we work out some basic identities
that we will use in section 4.

Recall from [K-M]; if 7 > 1 is an integer, then

(3.1) q=elr“z, s=e¥ and t = ebr.
If n is an integer, let
s"—s™  sinIt
3.2 n| = =71
(3:2) ] s—35 sinZ

T

Clearly [1] = 1, [-n] = —[n] and [n — r] = —[n]. By [n]! we mean the
function defined recursively by

(3.3) 0!'=1, and [n)!=[n]-[n—1].

Finally the quantized binomial coefficient is

@ =

There is a a “Pascal triangle” for [ Z ], which was explained to us by R.
Gelca [G]. Specifically, for n > 1,

(3.5) [Z]=[n;1]sk+[z:i]sk‘”.

As a corollary Gelca gets, for n > 1,

n

(3.6) > (-1 [ Z ] skn=1) =

k=0
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To see this, note that

zn:(_l)k [ Z } Shln=1) _ Z(_l)k [ n; 1 } Skn+;(_1)k [ 'Z:i ] sk=D)n _

D3 [’“n -1 J 4 P { n=1 ] gn g

The algebra .A_, is the associative algebra over C, with unit, generated
by X, Y, K and K, with relations

(3.7)
KEK=KK=1, K¥=1, X"=Y"=0, KX =sXK, KY =3YK,
2 _ 2
xy-yx=EX K
S— S8

In fact, A, is a Hopf algebra. The counit € : A, — C is the morphism
satisfying

(3.8) e(X)=€(Y)=0 and ¢(K) =1.

The antipode is the antimorphism defined by
(3.9) S(X)=-sX, S(Y)=-5Y, and S(K)=K.
The comultiplication is the morphism A : A, — A, ® A, with

(3.10) _ _
AX)=X®K+EKE®X, AY)=Y®K+EK®Y, A(K)=K®K.

As in [K-M] we use €, S and A to define the trivial representation, the
dual representation and the tensor product of two representations.
We will use the following representations of A4,. Let m be an integer
T' —
with 0 < m <

spanned by the vectors {e;}, where i runs from —m to m. The action of A,
on m is induced by

. The vector space m has dimension 2m + 1. It is

(3.11) Xei=[m+i+1]ei41 fori<m and Xep, =0

Yei=[m—i+1)e;—1 wheni>—-m and Ye_,, =0

Kei = s’ei.
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There is an A,-linear isomorphism from m* to m. Let {e'} be the basis for
m* that is dual to {e;}. Define

% 2m i i
(3.12) De)=|, _.| (=8)e
The morphism D allows us to define a nondegenerate sesquilinear form
(,)m@®m—C.

If v € m then v = ) * _ aje;. The complex conjugate of v is 7 =

Yo aiei. We define

(3.13) (w,v) = (=1)"D~} (w)(3).

It is easy to see that (w,v) is the complex conjugate of (v, w). We extend
(, ) to tensor products of representations by

(3.14) (w1 ® wa,v1 @ vg) = (w1, v1) (w2, va).

This allows us to define the adjoint of any A,-linear morphism between
tensor products of the representation m. Specifically, if « is a morphism, o*
is the unique morphism satisfying

(3.15) (a(v),w) = (v,a*(w)) for all v and w.
We say that an A,-linear morphism « is unitary if
(3.16) (a(v), a(w)) = (v,w) for all v and w.

Notice that (, ) is not hermitian. Hence the appellation “unitary” is not
completely standard.

Proposition 3.1. The morphism R : m@m’ — m'®m given by (see [K-M])

(3.17) R(ei®ej) =

— Z (3 _ S)n [m +i+ T”]l [m —Jj+ n] t4z] 2n(z—])—n(n+1)e
= It m4dt w4
i+n<m
j—n>—m'

—n®€itn

18 unitary.
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PrROOF  We need to check that
(R(e, ® ej), R(ek ® el)) = (e; @ ej,ex D €).

Since R(e; ® e;) is a linear combination of terms in ej_, ® €;4n, it suffices
to check the formula for e ® ¢; with k 4+ [ = —¢ — j. Hence we may assume
that e, @ e =e_;—, ® €—jtz-

If z < 0 there is at most one nonzero term in the evaluation of the
pairing. Hence the assertion is easy to check.

Assume then that z > 0. In this case

R (ei ®ej), Rle—i—; ® e_jyz)) =

z (3 — S)n m+i+ 77’]' [ —J+ n] t41_7 2n(i—j)—n(n+1)

[n]‘ m+l]. [m _j]' e n®ez+na

n>0
3 — s)p [m —i—2z +p]' [m +j—2+ p]‘t4(—1 z)(—j+2z)—2p(—i+j—22)—p(p+1)
Il m—i-Al e+

p>0

€—jtz—p ® e—i—z+p)

(5= 8)" [m + i+ nll fm’ = 5 + ]!
D TR o

t4ij—2n(i—j)—n(n+1)ej_n ® ei+n>>

— (_1)m+m’ ((D—l ® D—l)

(Z( DP(s=3P[m—i—z+p!'m +j—2z+p]!

= [p]! [m—i—2z]! [m/ + 7 — 2]

4~ 4(=i=2)(—j+2)+2p(—i+j—-22)+p(p+1) o itrp ®€_i_ z+p>

Since

2m’ 2 o
D_1®D_l(ej—n®ei+n) = |: m’ _7?+n :I I: m—T'L'n—n :I (—S)H'Jen JQe "
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the only nonzero terms occur when p + n = 2. This yields:

(R(ez ® ej) R(C—i -z® e—j+2)) =

(- 1)m+m Z [ ( 1)z D) [2m]! [2m]!

n]'[z—n]' m+dm —j]'m—i—2]'[m' +j — 2]!

(—s)H(s — 5)7t" 2t =

(—1)™*t™ [2m]! [2m/]!(—s) it (s — 5)7¢=" +22(i=D+z &
[m+ il m' —j'm —i—2]'[m' + 5 — 2]![2]! Z

e [ ] 0 <o

n=0

The last sum is equal to zero by our earlier discussion of quantized binomial
coefficients ( equation 3.6).

Of particular interest to us are the spaces of A,-linear maps o : m ®
n — p, which we denote by V™", and the spaces of the A,-linear maps
B : p — m ® n, which we denote by V.

Using (, ) (equation 3.13) to define the adjoint, we get the trace pairing
(, ) : V" @ V™ — C. We define

(3.18) (e, B)s - l,=ao0 5%,

where 1, is the identity map on p. Schur’s lemma assures us that the formula
for (, )+ makes sense.
Let

(3.19) X = /;[2m+ 1% = 2;/5%.

We define the Kronecker pairing {, )i : Vihn ® Vot — C by

(3.20) (@, Bl = X*Boa.
Notice that

(3.21) (@, B)k = X*(B, o)z

The Kronecker pairing identifies Vb, with (7460

The algebra A, is not semisimple, but in the eyes of the m, tensor
products of the m act as if they are semisimple.

We say that a representation V is bad if for every A,-linear map o : V —
V the operator K2 has trace 0. (i.e. quantum trace of o, trg(a) = 0.)
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It is shown in [R-T] that
(3.22) men = dq® B,

where
m —n| < g <min{m+n,r —2—m—n},

and B is bad. The summands are uniquely determined.
Let 7" : m ® n — ¢ be an A,-linear map with (6%, 7"): = 1. Then
the morphism
BF™) o :mOn—-mQ®n

is an idempotent and its image is the summand of m ® n that is isomorphic
to g. Notice that 0 is a summand of m ® n if and only if m = n.
We have

(3.23)
mn ~ | C iflm—n|<qg<min{m+n,r—m-—n-2},
| b= .
g 0 otherwise .

We use the tangle functor associated to A, as described in [K-M], [R-T]
and [Wa]. The discussion here is not sufficient to learn from. The reader
who has not seen this before is referred to [K-M]. Our goal is to recall what
we need in order to construct the basic data. We make the assignments
below.

C

1»—»Zej®ej 1!—»23_2jej®ej

A

z® f — f(K%z)

/

m m'

/

XD

g
=)
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R R

P g

D' D
p
If o € V™" then the morphism is represented by m}i\n .
If B € Vb, then it is represented by Yé . These coupons are rigid,
P

and there is a preferred side that must remain up in our tangles.

It should be remarked that we allow valence one vertices when the edge
containing the vertex is labeled with 0. This is because the representation
0 is isomorphic to the representation induced on C by € ( the counit). Let

Bo : 0 — C be the A,-linear map that takes Aeg to A\. Then Ol in a

diagram corresponds to 3; and OI corresponds to [g.
If we change a diagram either by an isotopy of the plane that does not

rotate our coupons, or by any of the moves below, then we do not change
the operator represented by a tangle via the tangle functor. (Add your own

arrows.)
) (>:= =:Q (i) \/\)\=\/\/\\
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AV 2Ry
RN
XX A

(vig)

-
G 2

Remark 1. There are analogues of the representations m where m is a half
integer. Relation (viii) does not hold for these.

In the language of [R-T] we are working with isotopy classes of oriented,
labeled, homogeneous, directed ribbon tangles with coupons in R? x I. Ori-
ented means that there are arrows, labeled means that each edge is labeled
with an m, ribbon means that the edges are actually embedded “strips”
I x I and S' x I. (The strip is the one that is parallel to the plane of the
paper.) Finally, homogeneous means that the coupons and the strips have a
preferred side which is up.

When a simple closed curve is labeled with a dot instead of a represen-
tation, this means: take the weighted sum of the morphisms obtained by
putting each label {0,1,2,...} on t?at com]ponent, where the weight assigned
2m+1

to the morphism with label m is X
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Example 1.

m,n m n

= X2.

[2m + 1]2[2n +172  Xx¢
= Z =5

Since the morphism corresponds to a tangle in a three manifold obtained
by doing surgery along the dotted components, we may also do handle slides
over dotted components and not change the value of the invariant.

Example 2. Om m ) @

We are now ready to present our choices of the basic data. We will
omit the subscripts X, in the notation for the Kronecker pairing when its
domain is unambiguous from the context.

Let 7 be an odd integer greater than 1. The set of labels £ is the set of
integers ¢ with

-1
(3.24) 0§i<T2

The involution “: £ — L required in [Wa] is trivial so we omit it from our
notation. The preferred “trivial label” is 0. (Walker calls this 1.)

To start with, C = ‘ Z >, that is C' is a multiplication by the

number associated to this tangle.
The vector space V(D,0) is the space of A,-linear maps from 0 to C,
where the action on C is given by the counit € : A, — C.
The vector space V(—D,0) is the space of A,-morphisms from C to 0.
The Kronecker pairing (, )¢ : V(-=D,0)® V(D,0) — C is

(3.25) (o, B = Boa(L).
Let By : 0 — C be the map

(3.26) Bo(Aeo) = A
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This is the same map we called y earlier.

The vector space V(A,a,a) will be the space of A,-linear maps from
a®a to C. Its dual V(—A,a,a) is the space of A,-linear maps from C to
a ® a. The Kronecker pairing ( , )¢ : V(—A4,a,a) ® V(4,a,a) — C is given
by

(3.27) (a,B)k = X - Boa(l).

Let
5 1 1
* V[2a + 1] a [2a + 1] . )

(3.28)
Any element of V (A, a,a) can be written as ABy, for some A € C.

Let
ﬂaa B 1 a _ 1 a
-~ VPRa+1] - VRa+1] '

Notice that B, is the adjoint of 3% with respect to the trace pairing.
Let R:V(A,a,a) —» V(A4,a,a) be the identity.
Let ¢ : V(4,a,a) = V(—A4,a,a) be:

1 a
(3.30) P )\ﬂ =/\[2—a:1—]U,
P! AU =)\[2a+1]ﬂ.

Define (, ) : V(A ,a,a) ® V(4,a,a) — C by

(3:31) (, B) = (P(a), Bk = X (B, () ")s-

(3.29)
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It is easy to check that ( , ) is symmetric. If @ = A , B =
a
7 then
a
A
(@8 = g X = (B,0).

It is worthy to note that each (3,4 has norm 1 with respect to the trace
pairing. In fact all our basis elements will have this property.
Finally, the Dehn twist T, : V(4, a,a) — V(4,a,a) is given by

SR Nt

Next we describe the basic data associated to the pair of pants. The vec-
tor space V (P, a,b,c) will be V&, while V(—P,a,b,c) = V4. The Kronecker
pairing is, for a € V2, 8 € V., defined by
(3.39) (@,B)e1a= X2 Booa.

So that

&

B

B 2
(,B)k - 1= X? : [3%—1] a@ = X%(B,a*):.
. ol

Let ¢ : V(P,a,b,c) — V(—P,a,c,b) be

V)
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(3.34)

a bc

v @ = 1 *
-~ VRa+12b+ 12 + 1]

c b a

Notice that ¢! : V(=P,a,b,c) — V(P,a,c,b) is given by:
(3.35)

Q

[¢ b

Pt \Y{ = /[2a + 1][2b + 1][2¢ + 1] B

a

b c
The associated pairing
(,):V2evE—C
is given by

(3.36)

X2

_ o — ¥2 Q)*); = . .
(a, B) = (P(a), Bk = X*(B,9()") [2a + 1]3/2,/[2b + 1][2c + 1]

The rotation R : V(P,a,b,c) — V(P,b,c,a) is given by

b
a
/BT
337 R X - o
c b
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In diagrams we will use & to denote R(a). The rotation in the other
direction is

(3.38)

_/[2c+1] o
L X ~ VRa+1]
c b b a

In diagrams we denote L(a) by ¢ .

There could be some notational confusion, because we have used R and
1 to denote several different maps. However, the maps with the same names
have different domains and ranges, so it is always possible to divine what
is meant from the context. We will also start repressing some of the boxes
corresponding to D and D71,

It is easy to see that:
(3.39) R3=1Id, RL=LR=1Id and R*=L.

The identities R® = Id and L® = Id will be most useful. Pictorially:

a
a
ops o
Proposition 3.2. X = ,

c b

c b
a
a
(04
c b

Next we develop two formulas for dealing with R and L in diagrams. |
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Proposition 3.3. i) m = Vi [[Z‘Z::: i]] X
AN - />\
i)
[2c+1]
c b a

20+ 1 o _ VRa+1]/26+1] [a
2b+ 1 - VR 1] V[2a +1]

Formula ii) follows from a similar computation.
Next the map Bas : V& — V¢ is given by

a a
w oml |e g
c b b N
and
(3.41) By o = g

7~



so(3)-Topological Quantum Field Theory 617

Also, it is easy to see from Proposition 3.1 that
(3.42) B}, = B3
Recall that By : Vad’ — V% is given by Bia = R™1By3R. it follows that:

a

Vb I]
ow | oo |-vE /qﬁ
b

C

Then there are the Dehn twists about the boundary components of P:
(344) T1 O = K y

() K
ol e =9k.

Next there are the basis elements ,ng . The adjoint of ,ng with respect to
the trace norm is 8% : a — ¢ ® b. The latter map is easier to describe. Let

(3.45)

e e+ —at[2a+ 1]

a = \/[2b]![2c]![a—b+c]![a+b—c]![a+b+c+1]!.
The map 3% is the unique intertwiner with
(3.46)

ﬁgb(ea) — (_l)a(a+b)tb(b+1)—a(a+1)—-c(c+1)Vg,b Z (_l)isi(a+1) [C+ ’L]'[b +j]!ei ®e;.
i+j=a
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We define (for i + j = a):

(3.47)
LAY alat1)e
,ng(ei ® ej) — (__1)a(a+b)+ [c £ Z]]'[[b_]j]'s ( +1)l/g’btb(b+1) (a+1) c(c+1)ea'

It will become evident from computations in section 5 that B¢ is unitary.
Specializing, we get:

(3.48) 5 (¢ @ e;) = \/—[2;—_+T]D’1(e¢)(e_i).
Also

(3.49) 0% (69 ® €g) = €q,

and

(3.50) 90 (e, ® €9) = eq.

The map that gives the isomorphism between V(P,0,a,a)®V (D, 0) and
V' (4, a, a), corresponding to gluing a disk into the first boundary component
of P, is defined by:

(3-51) (66" ® fo) — Baa-
Notice that

(3.52) P(65* ® Bo) = %(B5*) ® ¥ (o),

and

(3.53)

(66" ® Po, B5" ® Bo)k,a - Lo = (¥(B5%) © ¥(Bo), 65" ® Bok,a - 1o =

1 aa aa _ 1 X2 _
= X("/}(IBO )7:30 )k,P : 1g— 3(—[_2a_-I—T] . 19_—
0
X a a X a
T Rat1] B; ‘% et 1P 1o,
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X a X
T2—aT1]—2 = m = (ﬂaaaﬁaa)kz,A

We use the subscripted A and P to indicate whether the pairing is taken on
an annulus or on a pair of pants.
Next we must consider the basic data corresponding to F. Consider

Vijkl, i.e. the space of A,-linear maps from j ® k ® [ to i. There is a trace

pairing (, )¢: Vij ) Vijkl — C which is defined, as usual, by
(3.54) (e, B)el; = a0 ",

Notice that €D, V* @V and @ . V& ®VJ* are innerproduct spaces via
the direct sum of the trace pairings on V/* ® V! and Viql ® VI*, that is

(355) (O[® :Ba6®7>t = <a76>t<:3> 7):‘,
Let ©: D, Vijp ® V;,kl — Vijkl be given by
(3.56) O(a® f) = a(l; ® ).

Let n: @, Ve ® V¥ — V7% be defined by

(3.57) N6®y)=6o(y®1y).
Let N [ Z ’l“ ] @, VPP @V — @, V! ® V§* be given by
(3.58) N[z ’;]:U*o@.

By Ny, [ Z llc } we mean the projection onto the summand Viql ® I/;Ij'c

of the restriction of N | 7 k } to the summand V7 ® V¥. In symbols:
il ¢ P

(3.59)

<Npq [Z l - (a®ﬂ),6®7>t= (a(l;@B),6(v® 1)),
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In pictures

(3.60)
. ia B
<Npq[ I ](a®ﬂ)75®’}’>t L= 11
T3 .5*
(3.61)

o
p
T
)

Now we describe the pentagon identity for N (see [D-J-N], [K-R], [V-K]).
For arbitrary 4, j, k, [, p, ¢, m, n, v € L we define

Ni? [Z z ] VP @ VH @V - VI @ ViF @ Vi by
j ok j ok
(3.62) N,S;’Q)[i l]:Npq[i l]®1.

Let P . D, V,@ W; ® U; —» @, V; ® U; ® W; be given by
(3.63) PP (a@p0y)=a0y0 0,
and P12 : @, V;@W; @ U; » @, W; ® V; ® U; by
(3.64) P (aBRY)=Ra®7,

then

(3.65) N | T k| peyya2 [ I K| pe
1 1 1 1 ’
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w1 5] masonon 1 8o -ron 5]

Then by [D-J-N], [K-R] or [V-K]

@3 | n J a2 | ™ 9 eyl J k|_
(3.66) N [Tk]oN [ul]oN |:z l]_

_p@yad) | m ke n J
n 1 u p |’

The map F [Z ]; ] : @I,V})ij ® Vpkl — @qVqli ® VIIjk is obtained by
precomposing and postcomposing N with L ® Id. Specifically,
(3.67) F[Z ];}=(L®Id)oN[Z ’;]O(L@om).

It can be described most simply in terms of the trace pairing:

(3.68) <F[Z ?](a@ﬂ),6®7> 1=

or

(3.69)

([2 Fleomson) g ( ()

Finally, we introduce S, : @, V¥ — @, Vi by
(3.70)

s, A =Z\/[2p+)1(][2q+1] p(b
q

N Wy
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Also,
(3.71)

1 N T E A |
f“‘[@ﬂ]ﬂ ‘>;~ X q/h'

This completes our presentation of the basic data. We will now discuss
some identities satisfied by this basic data. These will be useful in proving
that our choice of basic data satisfies the Moore-Seiberg-Walker equations
(theorem 2.1).

Proposition 3.4. B, = T{ 'TyT; .

PROOF
The statement is true if for every a, 8 € V. we have
(3.72) (B3s(), B)e = (T{ 'ToTs(e), B

We will prove this by proceeding from the left hand side of the equation to
the right hand side. In diagrams the equation (3.72) says
But

o
o
1 1
[2a + 1] T [2a+1] '
p P
(3.73)
o
o
= o = B* .
B*
B*
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Recall from Proposition 3.2 that

@ v

Hence the last term in the equation (3.73) above is equal to

This proves the desired result.

Proposition 3.5. The pairing ( , ) is symmetric.

PROOF
We are to show that if @ € V® and 8 € V¢ then

(3.74) (, B) = (B, ).
In pictures

(3.75)

X2

[2a + 1]3/24/[2b + 1][2¢ + 1]

623
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B o X?

b b 20+ 13220+ 12c+1]

Once again, we start on the left hand side and work to the right hand

By Proposition 3.4 this reduces to:
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Suppose V is a vector space and ( , ) is a hermitian pairing on V. Let &;
be an orthonormal basis for V. Let U, & € V and suppose that @ = ) \;§;

. Then
(@,7) = <U,ZA§,> =3 N

IfL:U—-Vand M:V — W, and all the spaces are hermitian then

(3.76) (M o L(#@), @) = (L(&), M* ().
Since

(3.77) M*(@) = ) (M*(@), &),
we have

(3.78) <L(ﬁ),M*(w)>—2< (@), &) (M*(@), &) =
—2 @), &) (&, M*(@)) = > (L(@), &) (M (&), D).

i

Suppose now that &; is an element of anb so that when anb # {0} then
§g0&" =1y, and let (4 € V;fd so that when V; # {0}, ;0 (; = 14. Then

1
notice that ¢; = ———=-0644°({,®(y) : a®DbRcRd — C has the propert;
bq Rq+ 1] Baq© (£q®Cq) property

that ¢q¢y : C — C is the identity. Hence ¢j0¢,:a®b®c®d — a®b®c®d

is an idempotent. Further > q ¢3 © ¢¢ is an idempotent, and its image is the

trivial part of a ® b® c® d. That is any morphism C — a®b® c® d has its
abcd

image in im (Eq ¢ o ¢q). From this we conclude that if ‘llt is any

C

CI
morphism from C to a ® b ® ¢ ® d and + + + ; is any morphism from
abcd
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C C
(3.79) Z[z 11] 4 S S — aJo[<]a
s L
Similarly
(3.80) zpq:——[\/%T_l]-ﬁaao(gqo(lb@gq))

has

Pq0 ")b; =1c
and Zq g © ¥, is an idempotent on a ® b® c® d whose image is the trivial
part of a® b ® ¢ ® d. Hence

i
O Ce
1 S
(3.81) ;_[2(1—4-1] gq =

(DY, [

We record these facts in the following proposition.

Proposition 3.6. Let all the quantities be as in the above discussion.

a)

(M o L(#), @) = ) _(L(7),&)(M(&), )
b) Equation 3.79 is satisfied.
¢) Equation 3.81 is satisfied.

The following proposition can be found in [Wa] and in [T-We].
Iff:a®b— a®bis A-linear, fg will mean the restriction of f to the
good part of a ® b.
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Proposition 3.7. Let

Then

0 a#b
[talc = X _
Ba+1] 146 a=?b

where Id : a ® a* — a ® a*.

The following formulas are quoted from [K-M].

Proposition 3.8. [K-M]

j| Ok =[2k+1]
j

a.

\P = giU+D)
i j

627
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] 25+ 1)@k +1)]
B 25 +1]

Finally a little discussion of how to pictorially represent the adjoint of
an operator with respect to the trace norm. Recall that the adjoint reverses

the order of composition of operators. Further, the adjoint of U is

m, and the adjoint of \/\ is /\/ Hence to take the adjoint of

the diagram turn it upside down, change the crossings and take the adjoints
of all the coupons.

a Cd
Example 3. é = ? *
o
~

4. The Moore-Seiberg-Walker Equations.
In this section we use the properties of tangle functors to show that our

choice of basic data satisfies the Moore-Seiberg-Walker Equations (theorem
2.1). We confirm the equations in the order (iz), (z), (zi), (xii), (xiii),

(ziv), (vii), (4), (i1), (iéd), (i), (v), (vi), and (viii).
Equation (ix)

Equation (iz) states that

(4'1) R(ﬂaa) = ﬁaa-

This is obvious, since we defined R on the annulus to be the identity.

Equation (x)
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Equation (z) says:
(4.2) R=¢ (T{'B12) 4,

where ¢ : V(4,a,a) — V(P,a,a,0) is the map that takes 8,4 to 8%¢. Since
R on the annulus is the identity, we need to check that

(4‘3) Baa = ¢—1 (T1_1B12) ?Baa-
Let’s see:
a
Bog = oL Be P
T V2a+ 1] Va+ 1]
a
0 a

| a
1B I 1 B Q}
V[2a +1] V[2a+1] -
0 a 0 a
97! ! / _ =3
Vi2a+1] 9 VRat1 ¥ -

Equation (xi)

‘We use a superscripted t to represent the adjoint with respect to pairings
on tensor products of V(P,a,b,c)’s induced by (, ). Equation (zi) states

(4.4) F=F"
In terms of pairings it says

(4.5) (Fla®B),6®7) = (a®B,F(6®7))
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where a ® B € V;;‘b ® V;,"d, b®~y € V;“d ® V;fb. By the symmetry of ( , )
(proposition 3.5 ) this is the same as

(6@, F(a®p))=(a®p,F(§®7).
By the definition of ( , ) this equation becomes

(4.6)
<¢ ® ":b(& ® 7)7 F(a ® ﬁ))k,20,4 = (Q/) & ¢(a ® ﬁ)a F(‘S ® '7)>k,20,4'

The Kronecker pairing on a surface, that is obtained by identifying two
pairs of pants along boundary components, is the sum, over each label on the

identified components, of the extension of the Kronecker pairing to tensor
2a+1]

products, multiplied by . Hence, by the relation of the Kronecker

pairing to the trace pairing, formula (4.6) becomes

(4.7)
X?.[2g+1]
X

2 .
(F(a® 8),9(6)* & p(7)*). = 1221l

Expanding these as diagrams and using the defining formula for F' we get

(4.8)

1R

[2¢ +1] B _ [2p+1] Y
[2a + 1] 4 " [2a+1] 4

In order to affirm the verity of this formula we expand the coupons on
the left hand side followed by the right hand side. The hardest coupons

—~—% —~— X

to expand are the ones corresponding to ¥(6)* and ¥(a)* . We use the
identity

(4.9) n* =n.

5 (F(6®7),97(a) ®97(B))-
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The two sides of equation (4.8) can be expressed as the multiples of

the following diagrams: for the left hand side, and

for the right hand side. The coefficient is in both cases

equal to

1
VR2a+ 126+ 1]2c+ 1]2d + 1]2p + 1][2¢ + 1]

Since the coefficients are the same we just need to check that the dia-
grams represent the same morphism under the tangle functor. The first step
is to replace the arc joining é§ to « in the last diagram by an arc running
around the other side of the diagram. This move can be achieved by sliding
the arc across the top and canceling two nugatory crossings with opposite
signs. So the right hand side becomes

(4.10)
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Now using the identities from proposition 3.2 on § and ~y, and performing
an isotopy we get

(4.11)

This is the left hand side.

Equation (xii)

Equation (zii) states
(4.12) S ="
By the definition of S*, the equation says that for all & € V? and 8 € V&,

(4.13) (5(a), B) = (2, 5(8))-
By the symmetry of (, ) this means

(4.14) (S(a), B) = (S(B), @)
By the definition of { , ) the last equation is equivalent to

(4'15) <1/)(:3)7 S(a»k,ElJ = <¢(a)7 S(ﬁ))k,zl,l‘

Recall that the subscript (k,3;1,1) indicates that we are considering Kro-
necker pairing on a surface ¥ 1 of genus one with one boundary component.

Remembering that ¥ ; is obtained by gluing two boundary components
of a pair of pants P together, and using the relation between ( , ) and
(', )t, (equation 3.21) we get

(4.16)

21 (0), (@ = (@), SEp - EE,

Hence

(4.17) X[2q + 1{S(a), ¥(8)*): = X[2p + 1|(S(B), ¥()")e.
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Expanding as diagrams, on the left hand side we get

(4.18) V[2p + 1][2q + 1]
' [2a + 1]3/2 ( ;; >

and the right hand side is

(4.19) VEp+ 12¢ + 1] @B
[2a + 1)2/3

The same sequence of moves as used to show the symmetry of ( , ) in
proposition 3.5 applies to show that the left hand side equals the right hand
side.

Equation (xiii)
Equation ziii says

X

4.20 S
( ) (ﬂaa, ,Baa> [2a + 1]
Expanding the left hand side,

(4.21)

X X
<:8aa,ﬂaa> = ("p(ﬂaa)’ﬂaa)k =X- Baa o "p(:@aa) = m @a = m
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Equation (xiv)

Similarly, equation xiv states

X2

(4.22) {Bs",B5") = Dot 1]’

Expanding we get

(4.23) (8% B3%) - Lo = (¥(B5*), B5")x - Lo = X3 0 p(B5*) 1o =

_ X gy At X . X
[2a + 1] [2a + 1]2 27 Ra+1] ¥

Equation (vii)

Equation wvit is the stateﬁlent that
(4.24) ' F?=P.
Let P: V;,“b ® Vpc‘i — Vpc‘i ® Vp"b be the map
(4.25) Pla®B)=pF® .
In order to show (4.24) we will convert it to a statement about the trace

) b d b cd : 2 _
pairing. Let a®f € VP @ V;* and §® v € V* ® V* be arbitrary. F* = P
is equivalent to:

(4.26) (F*(a®B),7® 6)t = 8pg(a, 8)(B, 7)s-

Let ¢ ® & € V9 ® V% be orthonormal in the sense that ¢ o ¢} = 1, and
&o& =1,. Then Y, ®& € VI" @ V. Further 3, ¢ o (1. ® &) :
a® b® ¢ — d has the property that

(4.27)

r

Z((_,;r°(1a®§1"))*°zgr°(1a®§r) :a®b®c—a®b®c
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is an idempotent whose image contains all copies of d in a ® b® ¢ . Hence it
acts as the identity on that subspace. Expanding (F?(a® ), ® §); we get

(4.28) (FYa®f),7®8): = (F(a®B), F(y®6)): =
D (F(a®B), (-®&)i(G®Er, F*(v86)): = Y _(F(a®B), (- ®&)e(F (@), 7®6): =

o S
A ki
a B a
=2 2a+1]1[2d+1 4 ' ’ d =
mll| ] ~d 5
- ¥

1

(4.29) [2a + 1][2d + 1]

Expanding the coupons yields:

(4.30)
“ B
1
(2p +1][2¢ + 1] d = bpgla, 6)¢(B, 7)e-
5* - 'Y*
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Equation (i)
Equation i says:
(4.31)
pP.3) p(2) p(1.2) p(2) p(2.3) R(2) p(1,2) R(2) F(2,3) R(2) F(1,2) — 1.

This occurs on a tensor product of three vector spaces. P(13) is the permu-
tation of the first and third factors, F(12 and F(23) are F acting in the first
and second, and second and third factors respectively. Recall from previous
section (formula 3.66) that

(4_32) N(2)3)N(172)N(2a3) — P(2a3)N(173)N(1:2)
Recalling (see formula 3.67)
(4.33) F=LWoNoLW

we turn all our N’s into F's.

(4.34)
R p(23) p2) p(1) (1,2) (1) R?) P(23) R(?) — p(23) (1) p(1.3) (12 R(1,2) (1)

Since R acts in the first factor only, we can commute the two R())’s on
the left hand side to the front and back. Further we can bring the first R(1)
on the right to the front. We can then cancel to get

(4.35)
R (23 g2 p(1,2) @) p(23) () — p23) p(1.3) RAOZ p(1,2).

Recalling that F2 = P ( formula 4.24) we get
(4.36)
R p(23) p2) p(1,2) @) F(23) p(2) — p(23) p(L,3) p(13) " (12 p12) p(1,2) 7L

Now commute the P(12) on the right hand side forward using
(4.37)

RO P12 — pl2ARA@ R~ pL2) — p2) p3) 7!
to get

(4.38)
RO F23) g p(1.2) g p23) g2 — p23) p(13) p(12) p23) " p@2p1,2) 1
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Now
(4.39) p23) p(1.3) p(1,.2) — p(13)

S0O:

(4.40)
R p23) g2 p(1.2) g2 p23) g — p(1,3) I R@2p12) T

Putting everything on the right hand side and using R® = 1 yields:

(4.41)
R®@ p(23) p(2) p(1,2) R(2) p(23) R(2) {(1,2) R(2) F(2.3) p(1.3) — 1.

We can now commute P(13) to the front. One consequence of F?2 = P is
that FF = PFP, so

(4.42)
P13 R p(12) F(23) g F(12) @) I R p12) _ 1

which is equation 1.
Equation (ii)

This says
3
-1
(4.43) (F o BY ) T? =1.

Let a® B € V;,b“ ® V¥, §® v € VP ® V& be arbitrary. Equation (4.43) is
equivalent to

(4.44)

_ 3
<(FoB§§) 1) T2(2)(a®ﬁ),6®7> = (o, 6)¢(8,7)t6ps-

t

Choose ¢q ® ¥y € VR @ V2, ( @ & € V4% ® V¥ 5o that when the vector
q q q q T T
spaces are nonzero,

(4.45)
¢q°¢z =1, "/’qo"/’z =1y Golr=1; and &o& =1,.
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Using proposition 3.6 to expand the left hand side we get:

(4.46)
— 3 —_—
<<FoB§§’ 1) T2(2)(a®ﬁ),6®7> =Z<F°Bé§) loTéz’(a®ﬁ),¢q®¢q>
t

t q,7

(2)_1 (2)—-1
’ <F°B23 (¢Q®¢q),§‘®§r> : <F°Bzg (Cr®§r),6®')’> .
t

t

We now display the three factors in the sum as diagrams. We suppress the

arrows and |:] in the diagrams, as their locations can easily be deduced.

(4.47)

o
~ DB

oB@D ' 0T (,08). _ 1 b )
<F Bss T, (a~®ﬁ)a¢q®¢q>t | d
~k

q)q

By proposition 3.3 this is equal to

1

V2b +11][2d +1]

(4.48)
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Next,
(4.49)
*
%
<FoB§§)“1(¢q®¢q),cr®ér> i b
. [2d+1] A
*
_ I~
&
Finally,
(4.50)
&
<F BO7 (6 9&),60 > S X
0 B3 T gr)’ Y t—m ’YS a
5%
which by proposition 3.3 is
S
1 'Y*

(4.51) VI2a +1][2d + 1]

S’*

Isotoping the strand joining v* and C;, and canceling the nugatory crossings
yields:

Cal'a

1
VRa+1]2d + 1]

(4.52)



640 Charles Frohman and Joanna Kania-Bartoszynska

Two applications of proposition 3.6 allow us to join these diagrams and lose
the sums, so:

(4.53)

(FoB(z)_1>3T(2)(a®ﬂ) §®v) = !
2 2 0T . VRb+1R2a+1]

XY
T /bt 1Ra+ 1] I '

Using proposition 3.3 to slide 6* and a past a local minimum and a local
maximum respectively, we get the left hand side to be equal to:

(4.54)

! ) S ) N
VRp+12s + 1] B 2p+1] P '

Four applications of proposition 3.3 and some isotopies yield that formula
(4.54) is equal to

(455) 5ps<a7 6>t(137 7>t
Equation (iii)

We are now ready to begin our assault on equation %::
(4.56)

_ _ -1 _ _
(T3‘2> ‘@B Fpd ™ g F) (s PRARV T PS®) 1.
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Moving half of it to the right hand side yields
(4.57)

T(2) T(2)B(2)FB(1) B%)—lF — @ p-1pW g@ T p-15(2)
Using F~! = FP = PF we get:

(4.58)
-1 — —
7@ TP P FBY T BR T F = §@ T FPRORD T pRg©@),

Using PRORD™ = RAORW™'P and P2 =1 we finally have:
(4.59)
O @ pAFpM T R F = §@ T FRORM T pg®,
We will expand the left and right hand sides of equation (4.59) to see

that they are the same. Once again we suppress arrows and boxes. First
lets trace the domains, left hand side first.

(4.60)
b F be B BE F
a®ﬁ€v;)a ®V;)CC~—>@V:1CG®V;]C—-———>@‘/;'C®‘/(ICI)—*
q q

1
o~

(2) p(2)

;"B

@ VreVe = (Pvireove
[

Let 6®v € V2 ® V" and let G°® Cgb eVie® qu’ be orthonormal. Notice
that if LHS denotes the left hand side of (4.59) then it is clear that

(4.61) (LHS(a® 6),6 ®y) =0 unless v € V.
Now the right hand side:
(4.62)
(2 @pw~!
a®p e Vpab®Vpcc S @%ab(g%dd _F_)@%da@)v;]bd RYR
d dyq
aq gp F ba s~ ba T
Drirove £ Provm 2 Bue oy
d,q €,q e,r

Denote by RHS the right hand side of equation (4.59). One of the things
we will need to see is that

(4.63) (RHS(a® (),6 ®~) =0 unless v € V.
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We choose ¢3! ® ¢Zb eveie ij to be unitary.
We begin by expanding (LHS(a® £),6 ® ).

—1 -1 -1
(4.64) <T§2) 1B FBY " B F(a,ﬂ),5®7>=

Z <F(a ® B, B2z ((3°) ® Bas ( ;”)><F (c.‘;c ®€§b) ,6® 32_3,1T1—1T3(’)’)> =

q,d

ac
Cq
cb
€q
_ cb ¥ -1,:1
_§ By3(Eq) BTy LW
— a
term 2

We need to expand some coupons:

Lo vEED P\ el NP yRarT " ¢
T VR +1] \ 2 2g+1] )

c ™S c

b\~ ¢
sa(@) = Qur o ormor- “32
q §Cb ) 23 1 'Y )
q q
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c b
Bas (Ca°) = vI2at+1] a FroVat]] .
2\ VR ¢ ’ Ve + 1] 8
€

Expanding the coupons in term 1 yields:

ap o B
(4.65) [2a + 1]
vV [2p +1][2¢ + 1]
qF
Closing we get
(4.66) !
2p + 1][2¢ + 1]
Now we slide ¢* over &*.
1

(4.67)
(2p + 1][2¢ + 1]
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Next we slide strand labeled with a over.

==

tr g,
"
'

(4.68) VI2p+1][2¢+1] -

Notice that the part of the tangle enclosed inside the dotted line is:

+1 ﬂ/ /
= (BTBL(C)" = (TTT1BL(C)”

(4.69)

and since T2T3T1B§3 =1 this is further equal to

¢/

*

(470) @GOY = Yt

Substituting we get

1

() NTTTEE
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Now we unfold the second term:

[2a + 1]

(4.72) V2 +1][2e + 1]

Closing it up we get

(4.73) VRa+ 1][2e +1] ‘

We are now ready to splice together (4.71) and (4.73).
——[7—_‘_—1] in term (4.71) gets used to turn the minimum on g into a unitary
q
1
projection. The factor \/_2——T in (4.73) gets used to turn the maximum

The factor

2g +1]
on ¢ into a unitary projection. We get:

dterm 1

(4.74) V2o + 1][2e + 1]

rterm 2
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Drawing the Dehn twist closer to y and pulling the right strand from 8
over the left yields:

1

Vp+1]2e + 1]

(4.75)

The part enclosed by the dotted line is (Bg32T1" Ty (fy))* =~*. So the
left hand side is equal to:

1

V2p + 1]2e + 1]

(4.76)

We now expand the right hand side of (4.59).

<S(2)‘IFR@)R(l)"lFs(Z)(a ®6),697) =

> (Fle@s®).6 oul) (F (¢ evl).607) =
q,d
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(4.77)

A

o V[2a + 1] \m 2:,/[2c+ 1][2d + 1]
) V[2p+1] b ’ d

d
" V[29 +1] \ / ¢aq*_\/[2a+1] 1
T JRdrd [ v VR [0 ’
q a

w VBT \ [0 VR e \ /
¢q = , ST =2
q

9
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Expanding term 1 in (4.77):

(4.78) [2a + 1]4/[2¢ + 1][2g + 1]
' X+/[2d+1]2p+1]

Closing up:

(479) VRc+12g+1] B
' X/[2d+1][2p + 1]

Finally we thread 1* through the ring:

(4.80) V[2¢+1][2¢ + 1]
' X+/2d+1]2p + 1]
¢*

Expanding term 2 in (4.77):

(4.81) [2a + 1]/[2r + 1][2¢ + 1]
' X\/[2d + 1][2e + 1]
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Closing up we get:

(4.82) VI2r +1][2q + 1]

Xy/Rd+12e+1]

We now splice (4.80) and (4.82) together. Turning the local minimum
and maximum on the two strands labeled with d into projections eats up

1
the factor [2_d+—1] The splice is just over d, with ¢ fixed.

(4.83)

Z [2q + 1]4/[2¢ + 1][2r + 1]
X2\/[2e +1]12p + 1]

Fterm 2

2 1
Now q)—(l— and Zq turn the simple closed curve labeled with ¢ into
surgery curve.

(4.84) Vi[2e+1]2r+1]
’ X+/[2e +1]2p + 1]
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The surgery curve acts as 0 when 7 # c¢. When r = c it acts as

[2¢c+ 1]
followed by hooking two loops together. So the right hand side of (4.59) is
finally equal to

1

V[2e +1][2p + 1]

(4.85)

A comparison of the diagrams (4.76) and (4.85) completes the proof.
Equation (iv)

Equation (iv) is really two equations. However, the second one follows
from the first and from equation (z) which we already established. The first
one says:

(4.86) CBy ' TST3STS = 1.
Let o € VPP, then suppressing arrows and boxes:

(4.87)

@ L p
s
N | C\fj
CBR T3 STsSTsS ¢ =X pt G+ ] CQO 0/\ @
AN
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Sliding handle 1 over handle 2 yields:

(4.88)

g

®
S VBB O |
= CQ f} i

A

Sliding the strand labeled with s over handle 2 results in:

(4.89)

.

Z

o

Z\/[2p+1][2s+1] }
% .

19\s

651
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By proposition 3.7 this is equal to

(4.90)

Equation (v)
Equation (v) says that for all z € V.,
(4.91) F (R (z) ® BY) =z ® BX.

R Yz) e VP s0o F (R Y(z) ® B%) € P, VL@V, and equation (4.91)
c PP p
is equivalent to the statement that for all § ® v € VpCb ® Vpao

(4'92) <F (R_l(x) ® ﬂgc) 75 ® 7) = 5ap(x76>t : ( go?7>t-

Expanding the left hand side as a diagram we get:
X

Oc
1 c
(4.93) [2b+1] ’C

S*

We may as well assume that v = k- 330, since V;,“O =0 unless a = p. We
then use the fact that B0 is just the deletion of an edge labeled with 0 to
see (4.93) as:

1

ka‘sap = 5ap<$7 6)¢ - 30, Yt

(4.94)
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Equation (vi)
Equation (vi) is obvious from our choice of diagrams.
Equation (viii)

Equation (viii) consists of two equations. Once again, the second one
follows from the first. The first equation states

(4.95) T3B5,'S% = 1.

We need to show that for any a € VP we have T3B2_3152(a) =a. Asa
diagram

60(
(4.96) T3Bz_3152(a) — Z [2p +)1(][2s +1] O
q ) S
() /

(0

:Z VI[2p +1][2s + 1] (
. X
[\

which by proposition 3.7 equals a.

5. Numerical description of the basic data.

The goal of this section is to give a matrix description of the basic data.
We begin with some facts about the basic hypergeometric functions. Next we
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prove that the trace norm is positive definite, and on the way give a method
for computing it. We then choose 85, » and compute its coefficients in terms
of e, ® ey ® 4. These coefficients are commonly referred to as Clebsch-
Gordan coefficients. Then we derive a formula for the 6j-symbols from the
Clebsch-Gordan coefficients. We work with this to produce a formula for
the 6j-symbols in terms of 4®3. We proceed to produce values of Bss, R,
F and S, in terms of this basis.The formulas for Bj2, L and % are easily
derivable from these.

Basic Hypergeometric Functions

For the complete treatment of basic hypergeometric functions we refer
the reader to [V-K] or [G-R]. We state here some definitions and needed
formulas. The results we cite are well known to the experts in the field.

Let

(5.1) (b5 9)i = ITimr (1 — bg"~1) if 5 #0
(b;q)0 = 1.
Notice the following identities involving (¢%;g).
Fact 10.

o

() (¢%9); = (35— s)is® 7 [Jla+k—1]
k=1

.o . . (i—l!i P

(i) (¢%q); = (-1)¢" = (¢ **hq),

o o g =l

(iii) (¢% % q), = (-1)*q@™"+ =2 (¢7*iq),

bl

(@%@ %D 0 (@ 0)u(g% )

W @S0 = Tgnag, ~ 1 @,
a. _ (qa;‘I)b
(V) (q aq)b—:t - (qa+b—m.’q)x
[n]_ (@),
) [ k ] T

Basic hypergeometric functions are defined by the following equality (see
[G-R] or [V-K]). If r = s+ 1 then:
(5.2)
a1;9)j--(ar;9)j 5
q)j--(bs;0);(2; 9);

(o o]
rds(a1, a9, ..., ar; b1, .., b3 g5 2) = Z (b1§
j=0 * 1
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If one of ay, is equal to g™, where m is a positive integer, then the series
is finite and defines a polynomial in 2. In our case all a; and all b are
powers of g, and we evaluate at z = ¢", where n is an integer. We adopt the
following notation from [V-K]:
(5.3)

rq)s(aly ey O3 By -y P53 @5 2) =1 d’s(qala ey @775 qﬁla qﬁs,q, z).

We will be using

(5.4) 2®1(a, b;¢;q,q") = Z %Fq))%;))fqm,

and also 3®; and 4®3. We will need the following g-analogue of Chu-
Vandermonde convolution.

Proposition 5.1 ([G-R]). If-r<c<b<0 anda >0 then

(qc_a; Q) -b —ab

2‘1)1(@, b,C,q,Q) = (ch) b

?

and
e-a=by — @9

Computing the Trace Pairing

Recall that V™ is the space of A,-linear maps 7 : m ® n — p. On the
way to coordmatlzmg V,'" we say that if V' is any representation of'.A, then

(5.5) Inv(V)={v eV | Xv=0,Yv=0,Kv =v}.

There is a natural identification of Inv(p ® n* ® m*) with V;*". If

(5.6) a=2a2’jek®ej®eiEInv(Q®ﬂ*®m*),

then . . N

alv@w) = Z e'(v)e? (w)ay ey
Since a € I n'v(p ® n* ® m*) we have that Ko = a. This implies that if
i+ j # k then o’ = 0. Hence we can write

(5.7) o= Z able i ®@el @€
1,j
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Similarly there is an identification between Inv(m ® n ® p*) and Vihn =
Hom 4, (p,m ® n). We write

(5.8) B = Z Bijei®e; ® et ¢ Inv(m®n® p*)
1,J
and if v € p then
B) =) eV (v)ei®e;.
1,5
Our next goal is to prove the following :

Theorem 5.2. The trace pairing
(_, '>t . V;)mn ® V;)m’n — (C
defined by equation (3.18) is positive definite.

We will get a formula for (o, )y, given that a*(ep) = Y G; jei ® e, and
use it to prove that the trace pairing is positive definite.
The first step is to find formulas for the adjoints of o € V"™ and 8 € Vibn.

Proposition 5.3. If

a= E e ®el @ e
i,j

L]

of = (_l)p—m—nz [ o ] [ 5 ]a e ®ej@et,

i, ) .
m—1 n—j

then

where @ %7 denotes the complex conjugate of a~»7. Also if
b= Zﬂm‘ei Qe ® ettd
1,j

then

[ 2m ] [ 2n ]
B* = (—1)mtnP Z mr nJ ,B._i,_j €i+j ® e ® e
1,

L]
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PROOF
Analyze the consequences of

(5.9) (ale; ® €j5), e—i—j) = (ei ® €5, 0™ (e—i;))
and
(5.10) (B(ei+j) e—i ® e—j) = (ei+j, B* (e—i ® e—j)) -

A direct effect of the formulas from Proposition 5.3 is that if o* = ( €
V2. then

(5.11) (e, a)tep = a0 a’(ep) =70 B(ep) =
= (-1)mnr Y- ﬁi,jg—i,—j[ am. ] [ 2n Jep.

m—1 n—7j
i+j=p J

To get a formula for (o, a); in terms of B(ep) we need to establish a
functional relationship between B(ep) and B(e_p).

Let P < m ®n, with P isomorphic to p. The vector space P is spanned
by the translates under Y of the kernel of X on (ea @ ep)a+b=p (Where the
brackets denote the span of the list of vectors). Similarly, P is spanned by
the translates under X of the kernel of the action of Y on (e_, ® €_p)a-+b=p-
Recall that

(5.12) X(ei®e))=(X®K+K®X)(e;®e;) =
[m+i+1)s’ej ® ej+[n+j+ l]s_iei Q ej1-
Using (5.12) we find that if 3, 7Vaes ® €p is in the kernel of X then

_ _ g+l _[m+a]
=T rbrq et

Hence the kernel of X on (eq ® €p)a+b=p is spanned by

(5.13) > (=)@ [m + a]![n + blle, ® ep.

a,b

Similarly the kernel of Y on (e_, ® e_p)a+b=p is spanned by

(5.14) > (=1)%s79 D [m + q]![n + ble_q ® ey,

a,b
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Hence if o* = 3 € V&, has

(5.15) Blep) =D (—1)*s* P [m + a)l[n + b]le, ® e
a,b

then, for some u,

(5.16)

Ble-p) = 1Y (1)~ ®m 1 al[n + blle_o @ ey,
a,b

In order to compute (o, &) we need to calculate . Since 3 is an intertwiner,
we have

(5.17)
1 m=n 1 m—n
myp+ ﬂ(ep) =0 (myp+ ep) = B(e—m+n)
i e e e e

To find i we only need to compare the coefficients of e_,, ® e, on the extreme
left and right hand sides of the equation (5.17). We find that

(5.18)
p = (1) e gpmntm)(pt)+(mon)(min=p) — (_1)m-ntpgp(p+l)+m(m+l)-nin+l)

Equipped with ¢ we compute the trace norm of a = 8*, by plugging the
appropriate quantities into our formula for (e, a):, recognizing the sum as
containing o®1(m + p,—n + 1,p — m — n; —2n;q,q), and evaluating using
proposition 5.1. We get

(5.19)
2m]!2n)!m +p—n]lln —m +pll[m +n+p+ 1]!
[m +n —p]![2p+ 1]!

(av a)t =

Let us define
(5.20

)
mn [m +n — p]'2p + 1]!
W= [2m]![2n]![m +p—n)l[n —m + p]lfm + n + p + 1]!

and let

(5.21) P n = (—1PEEm mngnnt ) —mmi -pp+1) g
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and
(Rl — y 1 1)- 1 ¥
(5.22) B = (_1)p(p+n)l,;n ngp(E+1)+m(m+1)-nn+1) gr

These coincide with (3.46) and (3.47).
Define the Clebsch-Gordan coefficients Cgy™* by

(5.23) Z TMPe, ® ey ® 1P

With our choice of 8, it is easy to see that

(5:20) Omy, = (1RO,

—a,—

where the bar means the complex conjugate.

Since m, n, p < %, andp+m+n+2<r,and |m—n|<p<m+n,
all the quantities appearing in v;"" are positive. Thus the trace norm is
positive definite and we proved Theorem 5.2.

Computing the Clebsch-Gordan Coefficients

Our next goal is to derive a complete formula for 85, ,. We follow the
technique given in [V-K]. We start from

(5.25) PP, ,.(ep) = (_.1)p(p+n)ng,ntn(nﬂ)—m(m+1)—p(p+1)

Z (=1)2s%®+Dm 4 a]![n + blle, ® ep.
a+b=p

Since B : :p — m®n is an intertwiner we can use the action of ¥ to

compute ﬁm n(ec) = mn (Y‘i‘ci ep) = é[%,:')c%_i gz,n(ep) for any —p < c < p.

After simplifying we obtain

(5.26) Cmn,p (=1)P (p+n) mntn(n+1) m(m+1)—P(P+1)[m+f],[n+g],

p—f-9
Z (—1)P~977 g3(g=P+i)+(p—F=9=5)(g+5)+(P~9—3)(p+1)
3=0
[ m+ f+ 2 [~ f — 2+ W[l + g+ 2 [Thglr —g—z+1]

bl'p - f —g-4)

Notice that we can replace m in (5.26) by any real number y near m, and
the formula still makes sense. Furthermore, the limit of the values of this
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formula as p approaches m is equal to the value with m substituted in. This
allows us to rewrite (5.26) as:

(527) CTuMP(u) =yt =mmF D=2+ [m 4 f]i[n + g]!

(—1)PP+n)+P=g 5 (p—f—9)g+(p—0) (P+1) [+ £+ o T e~ f — 2 +1]
p—f—-gl
3®2 (n+g+1,g —nftg-pi—p-ptgn—p+tg+ l;q,q"’"f‘g) :

Next we apply the following Sear’s identity (see [G-R])

(5:28) 3%, (—n,a,b; d,e;q, qd+€+n—a—b) _

(€% 9),

= ———" 3®(—n,a,d—b;d,a+1—-—n—e;q,q).
@, 2P ( ,9)

We make the following assignations in 5.28:

(5.29) —n:=f+g—p, a:=g—n, b:=n+g+1,
e=p—p+g+1, d:=—-p—p+g

After simplifying we take the limit as 4 — m. The final answer is:

Proposition 5.4.

(5.30) O}TZ"’P = (_1)pn—gygt,ntn(n+1)—m(m+1)—p(p+1) (P F—g)n+(p—9)(p+1)
m+p—gllm+n—f—gln+g]
[p—f—gllm+n—p!
32 (f+g9-pg—n,—m—p-—n—1L,—m—p+g,f+g—m—n;q,q)
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Computing the 6j-symbols

The next piece of basic data we wish to describe is the map F. Once
again we follow the technique given in [V-K]. Recall the map

(5.31) N[z H Pvitevi - Prte vt
u v
defined by requiring

(5.32) <N[Z H(ﬁf’“@ﬂﬁ”),ﬂf’l®ﬂi”“> 1=

4

— o (18 5) (B o1 e = s | 1§ |1

(see equations (3.58) and (3.59)).

The map N Z I; is closely related to F' and yet it is easier to com-

pute. We will derive a formula for the coefficients Ny , [ ‘Z l; } in terms of

the Clebsch-Gordan coefficients.
Let
(tK — tK)?
Notice that C is central in A, and therefore acts as an intertwiner of any
representation with itself. If the representation is irreducible, the intertwiner
must be a scalar multiplication. Indeed, C acts on i as multiplication by
['i+%]2. In a tensor product j®k®I, the eigenspace of C : jRk®L — jRL®I
corresponding to the eigenvalue [i + %]2 is the unique maximal subspace of
j ® k ® L that is isomorphic to a direct sum of copies of i. Notice that
ifve J ® k®] lives in a summand isomorphic to i then v lives in the
eigenspace of [i + %-]2 Call that eigenspace I. We have two different bases

for I: < 3””’>U . and <<2’“*"> , where

) u,a

(5.34) 2 = (B3 ®11) 0 By y(ea)

and

(5.35) G = (1;® Bty) © Biulea).
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Notice that
(5:36) (&*%,¢20") = (B @) Bilea), (13 © B Bule—a)),
= <'Bg’u ° (11®'35’l) ° ( ;},k ® IL) (ﬁ;}’l(ea» ,e—a>t = Nu,v [ Z I;: } <€a, 6—a>t-

So

ET1 .

(5.37) v,li ZNuv [ ] ] ¢,

Consider now the following maps.
(5.38)
Z (1l-®ﬁ}:,l) 0B, 0B"o (11®ﬁ ) JOERL—jRkRI
u
and
(5.39)

S Bre1)ofioft o (BiF01)  jokel—jokol
v
Both maps are self adjoint idempotents with the same image I. Since

the two maps are self adjoint, they have the same kernel I+. This implies
that they are equal. We call this map

(5.40) T j®k®L—-jRkRL

We compute 77 (e, ® ey ® e.) using both formulas (5.38) and (5.39). Since
7y is an orthogonal projection, we have

<ea ®er® ee, Uy, > o
(5.41) 7r(ea®ep ®€c) = Z Gyui Jyu,i ‘ gitl”l"'c
u < a+b+c’C—a—b—c>t

v,l,i
<€a ® ey ® e §—a—b—c> v,l,i
bhe]

v,l,i v,l,i a+b+c
v £a+b+c’ 6—a b—c

Since
(5.42)

,U,T u, _ v,l,1 v,l,i
< g+b+c’ CJ a— 1b—c> <6a+b+c, ea‘b—c>t - <§a+b+c’ g—a—b—c>t
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we can cancel these to get
(5.43)
L i L L
S (ca®ar®en ity ) At =" (ca®er®en ity ) oty
u v

Next we use equation (5.37) to get

(544) Z <ea ® ep D e, C:Zfb—c>t zjz’—’ll-tl,):-c =
u
S (e@ersenttl, ) Nu| 1 ¥ ] it
VU

JUyT

hyer We have

Finally, isolating the coefficients of CZ
(5.45)

<ea ® ey ® e, Cf;‘fb_c>t = Xv: <ea ®ep® ec,éﬁ’fz’ib_c>t Ny [ Z l; ] :

From the definition of the Clebsch-Gordan coefficients

v, _ 3k ALt
(5.46) —a—b—c — Z Cg,h g+h,feg ® €p ® ef.
g+h+f=—a—b—c

So
(5.47) <ea ® ey ® e, §’i’f;ib_c>t =

; 27 2k 21 =7 ~v,l,i
= (—1)J+k+l [ ; _Ja ] [ P ] [ 1, ] (_s)a+b+c0£§:tibcz,(l;ib,_c_

Similarly
(5.48) (P, = (11 ® ﬁ}:,z) B u(eca—bc) =

RIX) k,lu
= Y CliCifte®@esdey,
d+f+g=—a—b—c

SO
(5-49) <ea ® eb ® ec, Cﬁzib_c>t =

i 27 2k 2l - ~
_1\jt+k+l J _g)atbteAdui k,lu
= [j—a] [k_b] [z_c]( 8T e L e



664 Charles Frohman and Joanna Kania-Bartoszynska

Hence equation (5.45) becomes

(5.50)

—a,—b—c —a—b,—c

~dwi  AkLu o _ kv vl Jj k
C C—b,—c - Z C—a,—bC Nuﬂ’ [ i :
v

Multiplying both sides of (5.50) by

[ 2 ] [ i ]

. | — kE—b .

_q)j+k-rL I T gkl

( ) 2h Ca’b
h—a—b

and summing over a + b = constant we get

[ i H . ]
. ] — kE—b . L _
(551 3 (—pitkrllZ2 cikhgiui gkl

a+b=const 2h v —a,—b—c“~=b,—c
h—a-—»>
{ 2j H % J
e nlJ—a ) bh ik AL ik
_ ; t(—1)3+k h . cikhgiko cvbi, N, [1 .
a+b=cons e ab

But since ,B;Z’k and B5* have norm 1,

(5.52)

P
i+k—h kheiky LI—0 [l E=b]
(_1)J+ Z Cg,b Cia,zb 2h - 6}1’1)
a+b=d
h—a-b
and we proved the following proposition.

Proposition 5.5.

[ 2j H . ]

; | — E—b o

(553) Y (~rteii = Crp Ol O =
a+b=const [ v ] ' ’ '

v—a—2>b
s ik
= ﬁfb,—cN“”’[z l]
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Recall (equation 5.24) that

CTMh = (1) PGP,

Hence (5.53) becomes

—y—i i |k
650 (e, b -

e
— (_1)l—k—j—i Z (_1)j+k—v -7 —a k—b Cj,k,vcéc’,é,ucj,u,i

% a,b a,b+c’
a+b=const
v—a—2>b

We specialize this formula by assuming that a + b=v and c =17 —v.

Proposition 5.6.
(5.55) Cpy? va[g H:

v,i—v
2j 2k o bl
N Z |: -7 —a ] [ k—-b ] Cg’b Uciz“'i—vcb,i—uv
a+b=v

We expand the right hand side (call it RHS) of (5.55) using equation (5.27
) for C’{: ’il’_uv. We isolate terms to recognize o®; and simplify the answer using
the identity from proposition 5.1. Then we use the identities from fact 10

to recognize a formula involvings ®3.

(5.56) RHS = (_1)vk+ui+ulV{)‘,kyg,uyzlj,ltl(l+l)—v(v+1)—i(i+1)—2j(j+1) [2j]![2k]!

—j—u—i—1.

[k +u—i+ o]l +4— v)[25]fu+i— 4] (g 19y
[kt i—u—o]lfu—i+ ] (€530 s
g(u—i4v) (u+1)+j (v+i+2)+(j+u—i)(i—v) W@s(l+i—v+1li—l—vi+j—u+]l,

i—u—jii—v—k—uk+i—u—v+1,2+2;qq).

Note that in case when k£ 4+ i — u — v < 0 we interpret

utv—i—k
=1

1
k+i—u—v|! as

[(k — k) — z], where k € R is close to k.
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Now apply the following version of Sear’s identity (see [G-R], equation

3.21):
(5.57) 4®3(—n,a,b,c;d,e,a+b+c—n+1—d—eq,q) =
(@ %9), (¢**7"%q)
(4% 9),, (g%~ q),, 4

where we let:
(5.58)

—n:=it—j—u, a:=1—v—1I, bi=l+i—v+1l, c:=i+j—u+1,

di=i—v—k—u, e:=2i+1.

% B3 (—n,a,d—bd—c;d,d+e—b—c,a+1—n—e;q,q),

The final answer is:

Proposition 5.7.

Jj k k)+ Lyt

(5'59) Nu,v[i l] ( 1)v(v+ St il )Vvly
MR+ Yk +uro— k= fut o+ I+ + 1]t
Ru)l2v]/[j+u+i+ 1 k+l—u]lj + k-] + 14+ v+ 1]!

4P3(i—1l—vji—u—j,~k—-Il—-u—-1,-k—j—v—-1i—v—k—u,

1.7

—u_v_l_j_11i_j_l—'k;Q)Q)‘
Recall that R : V™ — V™ is given by

p
(5.60) R A vizn+1 W
VRp+1]

We wish to compute the matrix coefficient of R with respect to the
bases Bp"" and B5'™. To do this we need to know some values of Bp"" and
B5™. Let g% be the coefficient of eqyp in Bp~" (ea ® €5), and let h%® be
the coefficient of eg1p in ™ (es ® €5). We need to compute g~™™P and
hP»—™. The first follows directly from the formula for 85, . (see (5.25)) , the

fact that 85" = A%, and from proposition 5.3. In fact

(5.61)

g-mm—p = (—qyr-prpin)ma PPIRRL ) m(me ) - 1) p(41)
P fmtn—pl
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To compute h»~™ first we note that

(5.62)
men—m _ (_qyp+n(ntm) pm_[2ZPI2MI (mm)(nt1) in(nt1)-mim1)+p(+)
h (-1) 174 t .
[p+m-— n]'
Then observe that
(5.63)
[p + n — m]ls~mEn-m)pm-n,—m _ (gpm (YPr (e, @ eom))) _, =
= (YPI=™BP™ (e, @ e—m)) _ ﬁﬁm[n— +m+z)hP™ = ﬂh”"m
- =1 P [m +n— p]' ’

where subscripted —n denotes taking a coeflicient of e_,. Thus

(5.64) P ™ = [m tn= p]'[p +n-— m] s~ m(p+n—m)pm-n,—m
[2n]!
— (—1)ptn(ntm) pm 2p]!2m]! [m +n—p|!p+n — m]!
" [p+m—n] [2n]!
sm(m+1)—n(n+1)—mpyn(n+1)—m(m+1)+p(p+1)

Next we compute R (") (ep ® e—m)-

(5.65)

D-l®Id

ep®e_m —— (—s)Pe PRe_p — 1o

185" ®1
Z( s)Pe PRe_m@erRe® —2——

k

S (=8)Pg ke P @ ey @ ¢k ZEL (—g)pgmmmpemr D,

k
-1 2n+1
_ — 2n — \/ 2p+1
o[ 2T e LB

m [Rnt+l]l[n—m+plln—p+m]! _
“”\H@+u [2n]! g ep—m =

= (—s)™ [2n +1] [n —m + p]![n — p + m]! (_l)n—p+p(p+n)ym,n [2m]![2n]!
[2]9 + 1] [2n]‘ P [m +n— p]!

s~ gm(m+l)-—n(ntD+plp+l)e

— (_1\m+n—p+p(p+n) —mptm(m+1)—n(n+1)+p(p+1) s 1] 1 [2n+1 m,n
(-1) s [n+p—m]![2m]! [2p+1]z/p €p—m
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To find the matrix coefficient of R we divide the coefficient of e,_, above
by AP~™. This proves the following proposition.

Proposition 5.8. R(G"") = (—1)(m+p)n+1) . ghm,

From this we can derive the formula for L.

Corollary 5.9. L (8") = (—1)(m+m)e+1)gnp,

We defined the map F' [ Z ]; ] D, /< QVH - ], V;Z“'@quk as (see
3.67)
ik ik
(5.66) FI? 7| =@emon|? Tlorera).

From Corollary 5.9 we immediately see that
(5.67)

F, [ Z llc ] = (=1)FD@+D+HEHGE+) { Z ]; ] .

The matrix coefficient of Bas : V" — V"™ with respect to the bases

Bp-", Bp’™ is a straightforward computation. Recall

(5.68) Bas (v) = 5
~

So
(5.69)
B3 (ﬂ;" n) (em_p ®e_m) = (_1)n(17+ )V;n nm m(m—p) g—m(p+1)
. gm(m+1)—n(nt+1)+p(p+1)
—-p
and
(5.70)

2m]![2n]! _ -
ﬂg,m (em_p ® e—m) = (_1)n+P(p+m) V;)L,m[?[l-’_]_n[_]?]!s(m p)(p+1)4n(n+1) m(m+1)+p(p+1)e_p.

Taking the quotient of the coefficients and using the fact that 15" =
vp"™ we see the following proposition.
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Proposition 5.10. Bgs (3"") = (f1)P(m+n+P)3P(P+1)—m(m+1)—n(n+1) .
n,m
p -

Recall the map S, : @, Vi* — @, V¥ defined by equation (3.70):

(5.71)

S k = Eq: v [2“@+-}1g‘[?2v +1] | “/;5\5 |

We need to compute the coefficient

Vi2u+12v+1] a

(5.72) Suv(a) = X[2a + 1]

To achieve this we will perform the sequence of changes on the tangle on the
right hand side, and express it in terms of. the coefficients of map N. We
will use the following lemma in our computations:.

Lemma 5.11.

(i) If f\( =t t then i = [
u 1 u |
. u ' 2l+1
(i) If ﬂ =oi’ i then 03" = (=1)¢+0)E+D) —[[2u n 1]].

| v
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ProorF  To find 7 we compare images of e,_; ® €;. On the left hand
side:

2u
u—v+1

D11

)
(5.73) ey Ve —— [ ] (_S)v—lel—v ® e —%

[2u]!
u—v+u+v-1]!

(_1)l(l+v) (_s)v—ltv('u+1)—u(u+1)—l(l+1)V;L,‘U Z (_l)z’si(l+1)
i+j=l

. o deve . o Eel  [2u]![20]! 1(i4+) | v (1—v)lgo(v+1) —u(u+1)—1(+1)
[uti]![v+5]! e ®e;®e; [u+v—l]!(_1) yls TN ey

And on the right hand side
(5.74)
[2u]![21]!

,Bgl(e'u—l ®e) = [

=" l]' (__1)v—l+v(v+l)ygls(v—l)(v+1)tl(l+1)—v(v+1)—u(u+1) .
u— !

So

e [RUF1]
(5.75) T = B il

Taking adjoints we find the formula for 7 = 7:

u 1

1
[+
(5:76) {\_A “ A\ 2o+1] Y '

A4

To compute o notice that

(5.77) =0 f\( =0T l .
1 u | u

Thus



so(3)-Topological Quantum Field Theory 671

SO
(5.78)
5o YA 20 + 1] RS 1)(u+l)(v+1)_1_ _ V2I+1] (—1)uo(— 1) @D +) V[2v + 1].
V2o +1] " Ru+1] NS
Equation (5.72) is equivalent to:
(5.79)

[

V[2u+ 1][2v + 1]

Sul(®) = —3a 1]

Since our (B’s have norm 1 we can replace

l by >, X in any

u v

closed diagram. We obtain:

(5.80) V[zi?;;]fzﬁ ! >,

Since B32(B) = s2ulu+D)+2(v+)=2(+1) guv (hy proposition 5.10) we
get:
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(5.81)

V[2u+ 1][2v + 1] Z G2u(ut1)+20(v+1)-21(1+1)
X[2a +1] ;

By lemma 5.11 this is
(5.82)

\/[2’(/, + 1] [2U + 1] 2u(u+1)+2v(v+1)—2(1+1) v =u,l
X[2a + 1] XI:S Tu Tv

2u+1]2v+1 _ _ u
— \/[ X'][ ] ;s2u(u+l)+2v(v+1) 21(l+1)0}liv7';t’lNuv |: o ]

V/[2u +1][20 + 1] 7 s (o)A V[l +1]
X
l

V[2u + 1]
.—\/[[jl‘_'l:ll]](_l)(l+u)(u+1)Nuv [ Z f} ] .

We proved the following:

Proposition 5.12.
1
(5.83) Suy(a) = (__1)u(v+1)Yqu(u+1)+v(v+1)

Z(—l)l(v+1)q—l(l+l)[2l + 1]Nuv [ Z f} ] )
l
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Lemma 5.11 is also useful in computing map 9 : V" — Vo defined by
equation (3.34):

(5.84)

mn\ _ 1 B
b (B )_\/[2p+1][2m+1][2n+1]

p

Decomposing v in terms of R and using lemma 5.11 we get:

(5.85)

P (Br) = . veptl  \gep _
P VEp+122m + 12n + 1] /[2n + 1]
|y

ap™(—1)(mp)(n+1) .

[2n + 1]/2m + 1] Prm =

(—1)m+B) D)+ ntp) (mt1) 1 V[2n+1] P
2n+1]y/[2m+1] /[2p+1]
(=1)m+m)(p+1) 1 P

V2m + 1][2n + 1][2p + 1] *Prm:

Finally recall the map S : @, ..V (4,z,z) — Dyec V(A,y,y) given by
the equation (3.71)

1 _ V29 + 1] (Y
(5.86) S (——_[zp+ y ﬂ) = ;————X Vas

From proposition 3.8 we immediately obtain:

(5.87) 5 (g = 3 XV E Dl
q

6. Formulas.

We conclude with the list of formulas.
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e Constant X:

e Morphism C:
-3 .
C= ‘ z } = t——e%.
2
e Map S (equation 5.87):

S (Byy) = Z [(2¢ + 1;((—2;) +1)] Beo
q

e Basis fh, (equations 5.25, 5.23 and 5.4):

Bhn(ep) = (—1)P ® +n)V;;n mgn(nt1)=mim+1)-p(p+1) Z (—=1)2s*P D) [mta]l[n+b]lea®ep
a+b=p

where 1" = [m+n —pl'2p + 1]!
P\ Ralm]lp—n+mllp+n—mllp+n+m+ 1]

If ﬂ'r’;z,n = Z CZén’p e Vep® e®t® then:
a,b

C}nén,p = V;n,ntn(n+1)-Tn(m+1)—p(p+1)(_1)zm—g s(P—f—g)n+(p—9g)(p+1)
[m+p—g)llm+n—f—glln+g]
[p—f—glllm+n-p
3@2(f+9-pg—n,—m—p-—n—L-m—p+g, f+g-m-n;g,q).

e Map T (see proposition 3.8):

\3 = q—j(j+1)

l; j

e Map R (proposition 5.8):
R(By™) = (—1)(mtp)(nt1) . goim,
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Map L (corollary 5.9):
L (ﬁ;n,n) = (—1)m+n)(p+1) gnp,

Map v (equation 5.85):

mn\ _ (_1)(m+n)(p+1) 1 LGP .
v(5") = (1) Vem+12n+1]R2p+1 V"

Map Bs3 (proposition 5.10):

Bas (ﬁ;n,n) = (_1)p(m+n+p) PP+ —m(m+1)—n(n+1) | ﬁ,’,"m-

Map N (proposition 5.7):
) ik k|l
N. [ Jj k ] — (_l)v(v+k)+l(u+i)+i(u+1)V1]J Vy
LSl I A vl u,j
R+ Mk +utv— itk +l=ilutv+i+g+ 1)
Rull2o]!j +u+ i+ 1k +l—u)'f+ k=]l + 1+ v +1]!

W3(i—l—vi—u—j,—k—l-u—1-k—j—v—lii—v—k—u,

—u—v—Il—-j—1i—j—1—k;q,q).
Map F' (equation 5.67):
F, [ z ]lc ] = (—1) D@D+ [Z ilc } '
Map S, (proposition 5.12):

Suv ((1,) = (— 1)” 3];'—(1“(“"' 1)4v(v+1)

Z(—l)(U+U(v+1)q—l(l+1) 120 + 1] Voo [ Z 1l] ] '
1

Various tangle identities.

O ——
& —
I
-

-
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Proposition 3.8:

. B ] @i +1)(2k +1)]
[ O ma| oy e

Proposition 3.2:

/@/a a
a a

oL, o
X - ’K@
b b

¢ c b ¢ c b

Proposition 3.3:

_yEer N8
VRbF] ’
[2a + 1
[2c +1
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v \4
o [[2t+1]
TV 2v+1] ’
u 1 u |
u
! = (<)o [+
[2u + 1]
1 v
|

Proposition 3.4:

Lemma 5.11:

\

Y
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