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We give the choice of basic data for so(3) topological quantum the- 
ory and show that it satisfies the Moore-Seiberg-Walker equations. 

1. Introduction. 

The Alexander polynomial has a dual nature. Extrinsically, it can easily 
be computed from the placement of a knot in space using skein relations. 
Intrinsically, it can be computed in a cut and paste fashion via homology 
theory. The power of the Alexander polynomial as a tool for studying knots 
derives from this connection between the extrinsic and intrinsic structure 
of a knot. The current study of state sum invariants of three-manifolds 
was initiated with the discovery of the Jones polynomial [J]. Shortly after 
its introduction the need for a cut and paste theory to explain the Jones 
polynomial became understood. Witten [Wi] realized such a theory using 
ideas from quantum field theory. The cut and paste theory he developed is 
called topological quantum field theory. Witten's construction of topological 
quantum field theory rested on deep physical intuitions that had yet to be 
completely justified from a mathematical viewpoint. In addition to explain- 
ing the Jones polynomial Witten's theory produced a whole new realm of 
three-manifold invariants. 

Reshetikhin and Turaev [R-T] have given a rigorous construction of a 
topological quantum field theory based on the representation theory of an 
algebra Uq(sl2). The representation theory of the algebra Uq(sl2) was largely 
worked out by Kirilov and Reshetikhin [K-R]. Along another path Kohno 
[K-l], [K-2] worked out a construction using the holonomy of the Knizhnik- 
Zamoldchikov connection. Finally a skein theoretic approach based on the 
Kauffman bracket was worked out by Lickorish [L] and by Blanchet, Habbeg- 
ger, Masbaum and Vogel [B-H-M-V]. (See also Kauffman and Lins [K-L].) 

1 Authors thank Tomek Bartoszynski for drawing the pictures. 
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Many arguments in three-manifold topology proceed by cutting a three- 
manifold open along a surface with boundary. Walker, basing his work 
[Wa] on Moore and Seiberg [M-S], carefully described what is needed to 
construct a topological quantum field theory where you can glue together 
along surfaces with boundary. This paper is a worked example of his theory. 
By discarding half of the representations that are normally used we get 
examples of topological quantum field theories with corners. 

Basic data for a topological quantum field theory is a list of vector spaces, 
pairings, and linear mappings from which any other vector space, pairing or 
linear mapping in the topological quantum field theory can be derived. This 
collection must satisfy the Moore-Seiberg equations in order to actually be 
the basic data of some topological quantum field theory. A modular Hopf 
algebra is a Hopf algebra with a list of representations and some intertwin- 
ers that satisfy the axioms of [R-T]. Walker shows that, given a modular 
Hopf algebra, one can easily construct basic data for a modular topological 
quantum field theory. The goal of this paper is to work out the basic data 
of these theories to the point where, if interested, one could begin with the 
formulas and a reference to basic hypergeometric functions (e.g. [G-R] ) 
and start working examples. The half of the representations that we re- 
tain correspond to representations of 50(3), hence the title of the paper. 
The invariants for closed three-manifolds from this theory differ from the 
invariants of [R-T] by conjugation and by a product with a function of the 
signature of a four manifold that the three-manifold bounds. 

Section 2 of this paper reviews the definitions from [Wa]. In section 3 we 
give our choices of basic data, using the notation from [K-M] for dealing with 
Uq{sl2) when q is a root of unity . In section 4, using more common imagery 
in the manner of [K-R], [K-2], [R-T], we prove that our choice of basic data 
satisfies the Moore-Seiberg equations. This is in lieu of presenting our basic 
data in the different form as used by Walker and then quoting his theorem. 
Many maps in a topological quantum field theory constructed by the Hopf 
algebra approach are isomorphisms corresponding to duality pairings. Our 
proof that the Moore-Seiberg equations are satisfied translates them into 
statements about pairings, whereas Walker uses tangle descriptions of the 
maps. Finally, in section 5 we derive numerical values for the linear maps 
in our basic data. 

The computations in this section are based on the standard techniques 
for computing the Clebsch-Gordan coefficients and the 6,7-symbols. There 
are two pitfalls occuring in the literature that we avoid. Some formulas 
for Clebsch-Gordan coefficients turn out to involve division by zero when 
you substitute numbers for letters. In some derivations the adjoint of the 
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action of Uq(sl2) on the tensor product of representations is taken incorrectly. 
Since we are working at roots of unity, we are dealing with cases where the 
standard presentation of the techniques is not valid. This requires more 
care in defining the Clebsch-Gordan coefficients and more careful attention 
to the steps in the derivation. 

We also have an innovation resulting in more satisfying computations. 
In the classical example, the representations of U{sl2) are made into Hilbert 
spaces, so that the adjoint of operators on the representations induces an 
involution on (7(5/2) that is independent of the representation. Thus the 
representations form a category of star representations. In addition to al- 
lowing the answer to be normalized via the trace norm on intertwiners, it 
has the advantage that the adjoint of an intertwiner is an intertwiner. The 
algebras Uq{sl2) converge to (7(5/2) as q goes to 1. Hence it is traditional 
to make the representations of Uq(sl2) into Hilbert spaces so that as q goes 
to 1 the Hilbert spaces converge to the classical examples. When q is not 
real, the problem is that the representations of Uq(sl2) no longer form a cat- 
egory of star representations. This results from noncocommutativity of the 
comultiplication. One solution to this problem is given by Durhus [D]. If 
one decides to extend Hilbert pairings to tensor products in a nonstandard 
way, then one can still have the adjoint of an intertwiner be an intertwiner. 
However, in our resolution we define a nondegenerate sesquilinear pairing on 
our representations that is not positive definite. The adjoint of operators on 
any representation in our category induces the same involution on E/^s^)- 
Hence the adjoint of an intertwiner is an intertwiner. We are amazed that 
the trace norm induced by our pairing on intertwiners is positive definite! 
In fact, we obtain the same normalization as the one given by making the 
representations into Hilbert spaces, but the adjoint of an intertwiner is an 
intertwiner. Our answers differ from the answers of [K-R] only by signs 
since we use [K-M]'s choice of operators for the associated tangle functors 
rather than [K-R]'s choice. This gives us some convenient formulas in the 
associated tangle functors. For instance, we have a very simple derivation of 
a formula relating the S matrix to the F matrix that was originally derived 
with a great deal of effort in [L-Y]. 

The last section consists of a list of formulas that summarize our findings 
for the impatient who just want to work some examples. 
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2. What is Topological Quantum Field Theory?. 

Our treatment of topological quantum field theory is taken from Walker 
[Wa]. We repeat his definitions for completeness of exposition. 

A topological quantum field theory consists of 

• a modular functor V from the category of labeled extended surfaces 
to the category of vector spaces and morphisms; 

• a partition function Z from the set of extended 3-manifolds which 
assigns to a manifold M an element Z(M) of a vector space associated 
with its boundary, i.e. Z{M) G V(dM). 

These must satisfy some axioms that describe their behavior under gluing, 
taking disjoint sums and changing orientation, together with naturality and 
mapping cylinder axioms and several dimension axioms. 

All considered manifolds are assumed to be piecewise-linear, compact 
and oriented. 

Each boundary component of an extended surface has a fixed parameter- 
ization by a standard circle. In addition, an extended surface Y is equipped 
with maximal isotropic (Lagrangian) subspace L of H\(Y). A subspace is 
isotropic if the intersection form restricted to that subspace is zero. This 
subspace L corresponds to choosing a system of disjoint curves which cut Y 
into a collection of disks, annuli and pants. 

A labeled, extended surface has an element of a finite label set £ assigned 
to each boundary component. A morphism of labeled extended surfaces is 
an ordered pair consisting of a homeomorphism that preserves boundary pa- 
rameterizations and labels, and an integer. These morphisms are composed 
by composing the homeomorphisms and adding the integers along with a 
correction term coming from Wall's non-additivity function [Wall], and the 
Langrangian subspaces. More specifically, if 

(/,m):(y1,Li)->(y2,L2)   and  fon) : (Y2,L2) -> (Y3,L3) 

then 

(9,n) o (f,m) = (g o f,m + n + c(L3,$(£2), /(^(^i)))) 

where c is Wall's non-additivity function. For the precise definition of c see 
[Wall]. 

In general, the label set should be equipped with an involution a <-> a 
and a distinguished "trivial label", mapped to itself by this involution. In 
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our case the involution is trivial, so we will ignore it. Our notation differs 
from Walker's, since we use 0 for the "trivial label", which he denotes by 1. 

An extended 3-manifold consists of a triple (M, L,n), where M is a 3- 
manifold, L is a maximal isotropic subspace of Hi(dM) and n is an integer. 
There is a procedure for gluing two extended 3-manifolds together along 
subsurfaces of their boundary that involves the non-additivity function of 
Wall [Wa]. Since we will not be using the gluing procedure in this paper, 
we do not describe it. 

Let (y, I) denote an extended surface Y with labeling Z, where Z is a 
function from the set of boundary components of Y to £. 

The modular functor V and partition function Z have to satisfy the 
following axioms (taken from [Wa]). 

1. Disjoint Union Axiom for V 

¥{¥, u y2, h U h) = V{Yu h) ® V(Y2, h) 

These identifications have to be associative and compatible with the 
action of the mapping class groupoids. 

2. Gluing Axiom for V 

Let C and Cr be disjoint closed components of the boundary of Y, 
and let </> and $ denote their parameterizations. If g : C —> C is 
a homeomorphism such that {(j),)~lg(t> acts as complex conjugation, 
denote by Yg the surface Y glued by g. Then 

V{Yg,l) = ($V{Y,l,x,x), 

where I is a labeling of Y^, and x is a label assigned to both C and C". 

3. Duality Axiom 

V{-Y,l) = V{Y,iy 

Here V(Y, I)* denotes the space of complex linear maps V(Y, I) —> C. 

The identifications V(Y) = V(-Y)* and V(-Y) = V(Y)* are mu- 
tually adjoint. Furthermore there is a function 5 : C —> C so that 
if 

(§)ax€®V(Y,l,x,x)  and   QfaQvi-YJ^x) 
x xec x        xec 
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then the pairing on the glued surface is given by 

XXX 

It is traditional to call this pairing the Kronecker pairing. We will use 
the symbol (•, ')k^g,n ^0 denote this pairing on a surface of genus g 
with n boundary components. 

4. Empty Space Axiom 

V(fD) = C 

5. Disk Axiom 

_.,n    ,      / C,    a = 0 

D denotes an extended disk. 

6. Annulus Axiom 

"<*•.»>={£: = b 

A denotes an extended annulus. 

7. Naturality Axiom 

Let Mi and M2 be two extended 3-manifolds and let / : Mi —> M2 be 
an orientation preserving homeomorphism which maps the Lagrangian 
subspaces to each other. Furthermore assume that the integer part of 
the extended 3-manifolds is the same. The naturality axiom states: 

V(f I SAfi)Z(Mi) = Z(M2). 

8. Gluing Axiom for Z 

Let M be an extended 3-manifold, and Yi,!^ C dM disjoint extended 
surfaces of genus g with n boundary components. Let / : Yi —> Y2 be 
an extended morphism, and let Mf denote the extended 3-manifold in 
which Yi's are glued together by /. 
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l       3 

where a, fi and 7 are described below, and the pairing is defined by 
Axiom 3. 

By Axiom 2 

V(dM) = 0 V(Xi, h) ® V(Y2, fc) ® V(aAf\(Yi U ^2), (h, h)), 

where k 's are all possible labelings of dYi.   Thus Z(M) can be ex- 
pressed as 

with a] , Pi , 7/ z   from the respective factors of the tensor products in 
the sum above. By Axiom 2 

V(dMf) = © V(0M\(yi u ^2), (U)). 

9. Mapping Cylinder Axiom 

Let lid be the mapping cylinder of the identity on Y. 

Z(Iid) =   0  idi 
iec(Y) 

Note that by Axioms 2 and 3 we have 

V(dlid)=   0  V(Y,l)®V(Y,iy 
ieC(Y) 

By idi we mean the identity in V(Y, I) <g> y(y, /)*. 

A functor y satisfying Axioms 1-6 is called a modular functor, and Z is 
called a partition function. 

Notice that for a planar surface S the intersection form is trivial. Hence, 
the only Lagrangian subspace of Hi(S) is all of i?i(5). Hence we supress 
the Lagrangian subspace in the notation for the extended disk, annulus or 
pair of pants. 
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Every surface can be cut open into a disjoint union of disks, annuli and 
pairs of pants (thrice punctured spheres). Thus to describe a topological 
quantum theory it is enough to assign vector spaces to these simple surfaces. 
The axioms (in particular 2 and 1) will determine V for all other surfaces. 

The operators corresponding to the generators of the mapping class 
groups of the above surfaces also need to be defined. 

Since any given surface can be sliced up in several different ways, we 
need to identify the corresponding vector spaces. 

Summarizing, the basic data for a topological quantum field theory con- 
sists of 

• assignation of vector spaces to: 

— extended disk D, 

— extended annulus A , 

— extended pair of pants P; 

• choice of certain basis elements (denoted by /?o, Paa and /3^b) in these 
vector spaces; 

• definition of standard orientation reversing maps on D, A and P. We 
will denote each of these maps by ip. 

ij) induces identifications of the corresponding vector spaces with their 
duals and defines a pairing 

fay) = ^){y)' 

• description of operators corresponding to the maps T, i?, B described 
below (generators of mapping class groups of A and P); 

• description of isomorphisms F and S described further below (corre- 
sponding to some decompositions of an annulus, torus, once punctured 
torus and four times punctured sphere). 

This basic data will uniquely determine a topological quantum field the- 
ory if and only if it will satisfy the 14 relations stated at the end of this 
section (see Theorem 2.1). 

We will number the boundary components of the surfaces £>, A, and 
P. Recall that each boundary component has a fixed parameterization by 
a standard circle. Equip each surface with seams, i.e. disjoint, properly 
embedded arcs. A seam on a disk joins the point e~*e with the point el€, for 
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Figure 1: Disk, Annulus and Pair of Pants, with numbered boundary com- 
ponents and seams. 

D 

some fixed 0 < e < TT. Seams on an annulus or on a pair of pants join the 
point e~~le on the j'th boundary component with the point eie on the j + 1'st 
boundary component (see figure 1). 

Notice, that for any two pairs of pants with numbered boundary com- 
ponents and seams, there is a unique (up to isotopy) orientation preserv- 
ing homeomorphism between them which preserves the numberings of the 
boundary components and the seams; similarly for annuli or disks. 

Recall that the vector space assigned to the labeled, extended disk (D, 0) 
is denoted by V(D, 0) (see axiom 5), the vector space assigned to an annulus 
(A, a, a) is denoted by V(A, a, a) (see axiom 6). Similarly denote the vector 
space assigned to a pair of pants (P, a, 6, c) by V(P, a, 6, c). 

The standard orientation reversing maps I/J on JD, A, and P (see figure 
2) induce linear isomorphisms identifying vector spaces V(JD,0), V(A, a, a) 
and V(P,a,&,c) respectively, with their duals. 

The mapping class group of the extended disk is generated by the (iden- 
tity, 1). Recall that a morphism of an extended surface is an ordered pair 
consisting of a homeomorphism and an integer. The isomorphism of vector 
spaces induced by the morphism of the extended disk to itself consisting of 
the identity map and the integer 1 will be denoted by C. 

The mapping class group of an extended annulus is generated by the 
morphism consisting of the identity map and the integer 1 (the induced 
isomorphism of vector spaces is also denoted by C), and by maps T , and 
P, with integer parts equal to 0, where T and R are pictured in figure 3. 
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Figure 2: Maps I/J on D, A and P 

R 

Figure 3: T and R on an annulus 
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Figure 4: Ti, R and £23 

The mapping class group of an extended pair of pants is generated by 
the pair (id, 1) (denoted again by C) and by maps Ti, R and B23 pictured 
in figure 4, with integer parts equal to 0 . We will also use maps B12, £31, 
T2, and T3, defined by: 

(2.1) 
B12 = R    .623/2,   JB13 = RB23R    ,   T2 = RTiR    ,   T3 = R   TiR. 

The integer parts of the corresponding morphisms of extended surfaces 
are equal to 0. 

In order to identify vector spaces assigned to a surface via different ways 
of slicing it, it is enough to describe the isomorphisms 5, Sa and F. The 
integer parts of the morphisms are 0. 
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Let 

(2.2) S:Q)V(A,x,x)^®V(A,y,y) 

correspond to cutting an extended torus into an extended annulus in two 
different ways: 

Let 

(2.3) Sa:(Bv(P,a,x,x)-+®V(P,a,y,y) 
xeC yec 

be the analogous map corresponding to cutting open a punctured torus into 
a pair of pants in two different ways: 

Let 

(2.4) 

F : 0 V(P, x, a, b) ® V(P, x, c, d) 
xeC yec 
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be the map corresponding to cutting a four times punctured sphere into two 
pairs of pants in two different ways: 

Denote basis elements of V(D, 0), V(A, a, a) and V(P, a, 6, c) by /So, (3aa 

and /^f respectively. These have to be chosen in such a way that the fol- 
lowing conditions are satisfied. First, 

(2.5) <#>,#>> = 1, 

where pairing is defined by z^- 

Second, if we cut an annulus into two annuli then the morphism {id, 0) 
induces a map V(A, a, a) —» V(A, a, a) ® V(A, a, a). We require that 

(2.6) Paa *-> Paa ® Pa 

And finally, if we glue together a disk and a pair of pants, obtaining an 
annulus, then the map corresponding to the identity map should have the 
property that 

(2.7) pQ®ffia»Paa. 
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The following theorem is quoted from [Wa]. 

Theorem 2.1 (Moore, Seiberg, Walker).    Basic   data   determines   a 
modular functor if and only if for all a, b, c, d € £: 

(l)  p(13)^(2)^(12)^(2)^(23)^(2)^(12)^(2)^(23)^(2)^(12) = 1; 

Cn)F(B^y1F(BSy1F(B^y1TP = l; 

fiiij (rf)"1^^^^)"1^)"1^2))-1^^2)^1))-1^2) = 1; 

(ivj CB^TiSTsSTzS = 1 / CRTSTSTS = 1; 

M F (R-Hx) ® ffl =x®f5f for all x € Vahc; 

(vi) S = (t)~lSi<j), where <j): (3XX \-* (3$x; 

(vii) F2P = 1; 

(Viii; TsB^S2 = 1 ; RS2 = 1; 

(ix) R(Paa) = Paal 

(x) R = (f)'1 (T^Bn) <!), where </>: {3X. 

(xi) Fabcd = F^; 

(xii) Sa = Si; 

(xiii) ((3aa,Paa) = S(a)-1; 

(30
x
x; 
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(xiv) ((3™,ffi«) = S(0)-1S(a)-1. 

The superscripted numbers in parentheses refer to the factors of a tensor 
product that the operator is acting on. For instance p(13)(a! (g> /3 ® 7) = 
7 (8) P ® a. Similarly JR(

2)
 (a ® /3 ® 7) = a ® R(/3) ® 7). We will explicate the 

meaning of these equations more fully as we prove that our choice of basic 
data satisfies them. 

3. The basic data. 

In this section we recall the algebra Ar, r > 1, (see [K-M], [K-R] [R-T], 
[V-K]) and the associated tangle functor. We then give choices of the basic 
data we use to define so(3)-tqft. Finally, we work out some basic identities 
that we will use in section 4. 

Recall from [K-M]; if r > 1 is an integer, then 

(3.1) 9 = e— s = e r  and t = e^r. 

If n is an integer, let 

(3.2) [n] = 
s — s 

 r_ 
sin £ ' 

Clearly [1] = 1, [—n] = — [n] and [n — r] = — [n].   By [n]! we mean the 
function defined recursively by 

(3.3) [0]! = 1,   and  [n]! = [n] • [n - 1]!. 

Finally the quantized binomial coefficient is 

(3.4) n 
k 

[n}\ 

There is a a "Pascal triangle" for 

Gelca [G]. Specifically, for n > 1, 

[k]\[n-k]\' 

, which was explained to us by R. 

n 
k 

n-1 
k 

(3.5) 

As a corollary Gelca gets, for n > 1 

sk + 
n-1 
jfe-l 

nk—n 

(3.6) B-D' 
fc=0 

n 
k 

sfc(n-i) = 0- 
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To see this, note that 

sk(n-l) = J2(-l)k 
£(-i)' 
k=0 

n 
k 

n-1 
k 

nkn +£(-i)A 

£(-i)' 
k 

n-1 
k 

nkn +£(-i) 
k 

k+1 n-1 
k 

n-1 
Jfe-l 

,(k-l)n _ 

3^=0 

The algebra Ar is the associative algebra over C, with unit, generated 
by X, y, iiT and X, with relations 

(3.7) 
KK = KK = 1,   K*r = l,   Xr = Yr = 0,   KX = sXK,   KY = sYK, 

K2-K2 

XY-YX = 
s — s 

In fact, Ar is a Hopf algebra. The counit e : Ar —> C is the morphism 
satisfying 

(3.8) e(X) = e(y) = 0  and €(#) = 1. 

The antipode is the antimorphism defined by 

(3.9) S(X) = -sX,   S(Y) = -sY, and S(K) = K. 

The comultiplication is the morphism A : Ar —» A- ® ^r with 

(3.10) 
A(x) = X(8)^ + JFr(8)X, A(y) = y®ir + ir®y, A(#) = ;r(s>ii:. 

As in [K-M] we use 6, 5 and A to define the trivial representation, the 
dual representation and the tensor product of two representations. 

We will use the following representations of Ar-   Let m be an integer 
r — 1 

with 0 < m < —-—.   The vector space m has dimension 2m +1.   It is 

spanned by the vectors {ei}, where % runs from —m to m. The action of Ar 
on m is induced by 

(3.11) Xei = [m + i + 1] e^+i   for i < m  and Xem = 0 

Yei = [m — i + 1] e^-i when i > — m  and  Ye-m = 0 
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There is an ^4r-linear isomorphism from m* to m. Let {e1} be the basis for 
m* that is dual to {ej}. Define 

(3.12) D(ei) 
2m        1 

(sYe-i. 
m — i 

The morphism D allows us to define a nondegenerate sesquilinear form 

( , ) : m®m—» C. 

If v G m then v = Y^iL-maiei' ^^ complex conjugate of u is t; = 
Z)2=-mfite*- We define 

(3.13) {w,v) = {-l)mD-l{w){v). 

It is easy to see that (w,v) is the complex conjugate of (?;, w). We extend 
( , ) to tensor products of representations by 

(3.14) {Wl ® W2, vi ® V2) = (wi,vi)(w2, V2). 

This allows us to define the adjoint of any ^4r-linear morphism between 
tensor products of the representation m. Specifically, if a is a morphism, a* 
is the unique morphism satisfying 

(3.15) (a(v),w) = (v,a*(w))   for all v and w. 

We say that an Ap-linear morphism a is unitary if 

(3.16) (a(v),a(w)) = (v,w)   for all v and w. 

Notice that ( , ) is not hermitian. Hence the appellation "unitary" is not 
completely standard. 

Proposition 3.1.  The morphism R : m®m[ —► m!®m given by (see [K-M]) 

(3.17) £(ei®ej) = 

_     v-     (s - s)n [m + i + n]l K - j + n]! 4,7-_2nfi_^_yi(yi+lV 

-     ^ [n]! [m + i]!        [m^i]! ^"^ 

j—n>—m' 

^5 unitary. 

^i+n 
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PROOF      We need to check that 

(R(ei (8) ej), ^(e^ ® e^)) = fe ® e^, efc (2) e/). 

Since R(ei ® e^) is a linear combination of terms in ej-n ® ei_|_n, it suffices 
to check the formula for e^ (S)6^ with k + l = —i— j. Hence we may assume 
that ejc (8) e/ = e_£_2 (8) e-j+z. 

If 2: < 0 there is at most one nonzero term in the evaluation of the 
pairing. Hence the assertion is easy to check. 

Assume then that z > 0. In this case 

(R{ei (8) ej), R{e-i-z <8> e-j+z)) = 

(^ (s - s)n [m + i + n]! [rri -j + n}\ 4ii_2n(i_j)_n(n+1) 

[ko     [n]l        [m + i]l       [m,-j]l ' ei4-n 5 

E 
p>0 

(s-sF[m-i-z + p]l [m + j - z + p]!^4(_i_z)(_?-+z)_2p(_i+?-_2z)_p(??+1) 

[p]!        [m — z — z]!       [m + jf — z]! 

e—j+z—p ® e—i—24-p 

(_l)m+m'     (£>-l®£>-l) K] 
in>0 

(s - s)n [m + i + n]! [mf — j + n]\ 
[n]\        [m + i]!        [m'-j]! 

t4y-2n(i-i)-n(n+l)ej._n 0 g.^ ] 

E 
\J>>0 

(-l)p(s -s)p[m-i- z + p]\ [mf + j -z + p]\ 
\p]l [m — i — z]\       [m' + j — z]\ 

t-A{-i-z){-j+z)+2p{-i+j-2z)+p{j,+l)e_.+z_p 0 e_._a+p 

Since 

Z?  ^D  l(ej-n®ei+n) = 
2m! 

m! — j + n 
2m 

m — i — n 
{-s)i+jen-H 
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the only nonzero terms occur when p + n = z. This yields: 

(R(ei <g> ej), R(e-i-z ® e-j+z)) = 

^ N! [^ - nV' [m + iV- i™' - OV- [m-i- z]\ [mf + j - z]\ 

(-s)i+j(s - s)ztz2+2z{i-j)+z = 

,n(*-l) _ Q^ (-l)m+m/ [2m]! [2m'}\(-sy+J(s - s)ztz2+2z^-^z   * 
[m + i]\[m'-j]\[m-i-z]\[m' + j-z]l[z]l    ^     ' 

n 
z 

The last sum is equal to zero by our earlier discussion of quantized binomial 
coefficients ( equation 3.6). 

Of particular interest to us are the spaces of v4.r-linear maps a : m ® 
n —> p, which we denote by V^mn, and the spaces of the ^-linear maps 
/? : p —> m ® n, which we denote by Vmn- 

Using ( , ) (equation 3.13) to define the adjoint, we get the trace pairing 
( , )t : V™n ® V™n -> C. We define 

(3.18) (<*,/?>*. 1£= a o/T, 

where lp is the identity map on p. Schur's lemma assures us that the formula 
for ( , )t  makes sense. 

Let 

(3.19) X=   lYJ[2rn + l}2 = 
y   m 2 sin? 

We define the Kronecker pairing { , }fc : Vmn ® ^mn —»• C by 

(3.20) (a,/9)felp = X2/3oa. 

Notice that 

(3.21) (a,0)k*=X2(P,a*)t. 

The Kronecker pairing identifies Vmn with (T^mn)*. 
The algebra Ar is not semisimple, but in the eyes of the m, tensor 

products of the m act as if they are semisimple. 
We say that a representation V is bad if for every *4r-linear map a : V —► 

V the operator if2a has trace 0. (i.e. quantum trace of a, trq(a) = 0.) 
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It is shown in [R-T] that 

(3.22) m®n = e9gejB, 

where 
|ra — n| < q < min{m + n, r — 2 — m — n}, 

and B is bad. The summands are uniquely determined. 
Let (3™n : m ® n -> £ be an A-lmear map with (^n, ^n)t = 1. Then 

the morphism 
{(3™nyo(3™n:m®n^rn®n 

is an idempotent and its image is the summand of m ® n that is isomorphic 
to ^. Notice that 0 is a summand of m ® n if and only if m = n. 

We have 

(3.23) 

*{ 
ymn g* J   C   if |ra - n| < q < min{m + n,r-m-n-2}, 

9 10    otherwise . 

We use the tangle functor associated to Ar as described in [K-M], [R-T] 
and [Wa]. The discussion here is not sufficient to learn from. The reader 
who has not seen this before is referred to [K-M]. Our goal is to recall what 
we need in order to construct the basic data. We make the assignments 
below. 

1 i-> ^2 ej ® e7' 1 ^ 5Z s 2Je^ ® ei 

n n 
x®f^f(K2x) f®x~f{x) 

X    X 
mm' mm' 
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R R- 

*  * 

D~l       D 

If a G V™n then the morphism is represented by 

p 

A 
m n 

If (3 G Vmn then it is represented by     ^r^   . These coupons are rigid, 
p 

and there is a preferred side that must remain up in our tangles. 
It should be remarked that we allow valence one vertices when the edge 

containing the vertex is labeled with 0. This is because the representation 
0 is isomorphic to the representation induced on C by e ( the counit). Let 

/So : 0 —» C be the ^4r-linear map that takes Aeo to A.   Then      Ol    in a i 
diagram corresponds to /3Q and     ol    corresponds to fo. i 

If we change a diagram either by an isotopy of the plane that does not 
rotate our coupons, or by any of the moves below, then we do not change 
the operator represented by a tangle via the tangle functor. (Add your own 
arrows.) 

(0  C J =     = C J  («) >3-)K 
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(in) (iv) ft\r?{ 

(v) (vi) 

\ 

)o-o( 

f\-r\ 
Remark 1. There are analogues of the representations m where m is a half 
integer. Relation (viii) does not hold for these. 

In the language of [R-T] we are working with isotopy classes of oriented, 
labeled, homogeneous, directed ribbon tangles with coupons in M2 x /. Ori- 
ented means that there are arrows, labeled means that each edge is labeled 
with an ra, ribbon means that the edges are actually embedded "strips" 
/ x / and Sl x /. (The strip is the one that is parallel to the plane of the 
paper.) Finally, homogeneous means that the coupons and the strips have a 
preferred side which is up. 

When a simple closed curve is labeled with a dot instead of a represen- 
tation, this means: take the weighted sum of the morphisms obtained by 
putting each label {0,1,2,...} on that component, where the weight assigned 

[2m +1] 

{vii) {viii) 

to the morphism with label ra is 
X 
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Example 1. 

v^y V..^ m.n m n 

_ ^ [2m + l]2[2n + l]2 _ X^        2 

ra,n 

Since the morphism corresponds to a tangle in a three manifold obtained 
by doing surgery along the dotted components, we may also do handle slides 
over dotted components and not change the value of the invariant. 

Example 2.   ^J \^\^J = (^ C_^Q) 
m m 

We are now ready to present our choices of the basic data. We will 
omit the subscripts S^?n in the notation for the Kronecker pairing when its 
domain is unambiguous from the context. 

Let r be an odd integer greater than 1. The set of labels £ is the set of 
integers i with 

(3.24) 0 < i < ^i. 

The involution ":£—>£ required in [Wa] is trivial so we omit it from our 
notation. The preferred "trivial label" is 0. (Walker calls this 1.) 

= oo To start with, C =   (    /    A , that is C is a multiplication by the 

number associated to this tangle. 
The vector space V(D, 0) is the space of ^-linear maps from 0 to C, 

where the action on C is given by the counit e : Ar —> C. 
The vector space V(—D,0) is the space of >Ar-morphisms from C to 0. 
The Kronecker pairing (., )k: V(-D, 0) (8) V(D, 0) -> C is 

(3.25) (a,l3)k = Poa(l). 

Let Po : 0 —> C be the map 

(3.26) /?o(Aeo) = A. 
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This is the same map we called /?o earlier. 
The vector space V(A, a, a) will be the space of >Ar-linear maps from 

a (8) a to C. Its dual V(—A, a, a) is the space of A-linear maps from C to 
a ® a. The Kronecker pairing ( , )& : V(—A, a, a) <g> ^(^4, a, a) —» C is given 
by 

(3.27) <a,/?)fc = X./?oa(l). 

Let 

(3.28) 

Any element of V(A, a, a) can be written as A/?aa for some A € C. 
Let 

(3.29) 

\/[2a+l]    \rj       y[2a+l]    b/ 

Notice that /?aa is the adjoint of f3aa with respect to the trace pairing. 
Let R : V(A, a, a) —»• ^(^4, a, a) be the identity. 
Let V : V(A, a, a) —»■ ^(-^4, a, a) be: 

(3.30) tp    A 

f ix{jYxi2a+i]C\- 
Define ( , ) : V(A, a, a) ® V(il, a, a) -^ C by 

(3.31) (a,/3) = ma),/3}k = X{(3,i;(ay}t. 



so(3)-Topological Quantum Field Theory 613 

It is easy to check that ( ,  ) is symmetric.   If a = A  >L \     /5 = A 
A /i >L \   then 

fca-p&j*'   i=<Aa>- 

It is worthy to note that each /3aa has norm 1 with respect to the trace 
pairing. In fact all our basis elements will have this property. 

Finally, the Dehn twist Ta : V{A, a, a) —> V(A, a, a) is given by 

(3.32) ni-^-ft 
Next we describe the basic data associated to the pair of pants. The vec- 

tor space V(P, a, 6, c) will be V^6, while V(-P, a, 6, c) = V&. The Kronecker 
pairing is, for a e V^ ft G V£b, defined by 

(3.33) (a,(3)k-la = X2.(3oa. 

So that 

(a,t3)k-la = X-2 0     ,   T^-rf    _(     A      =X2(/3,a*)t. 

Let V : V(P, a, b, c) -+ V(-P, a, c, 6) be 
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(3.34) 

^ 

\ 

a 

A 
c b / 

y/[2a + l][2b 

be 

Notice that tp 1 : V(—P, a, b, c) —» V'(P, a, c, 6) is given by: 

(3.35) 

/ .'  \ a 

V 

c b 

Y = V[2o + l][26+l][2c+l] 

b c 

The associated pairing 

(, ):Va
cb®Va

bc^C 

is given by 

(3.36) 

{a,0) = {fl>(a),flk = X2{Pt'il>(<xr)t 

_a 

X2 

[2a + l]3/V[2& + l][2c+l]' 

The rotation R : V(P, a, b, c) —>■ V(P, 6, c, a) is given by 

(3.37) i? 

a 

A V[2o+l] 
ft/ 
a c 
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In diagrams we will use a to denote R(a).  The rotation in the other 
direction is 

(3.38) 

A. x/f^+lj 
x/i^nj VA 

b   a 

In diagrams we denote L(a) by a . 
There could be some notational confusion, because we have used R and 

^ to denote several different maps. However, the maps with the same names 
have different domains and ranges, so it is always possible to divine what 
is meant from the context. We will also start repressing some of the boxes 
corresponding to D and D-1. 

It is easy to see that: 

(3.39) B? = Id,   RL = LR = Id and  R* = L. 

The identities R3 = Id and L3 = Id will be most useful. Pictorially: 

Proposition 3.2. 

a 

c b 
c      b 

a 

A c b 
c   b 

Next we develop two formulas for dealing with R and L in diagrams. 
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Proposition 3.3. i) (x «  = vg+2 
^/^2b+T] 

a     c      b a     c      b 

AA = \/[2a + l] 

c     b      a 
rx 
c      b     a 

PROOF 

y/\2b » + i]    f  \    \ 
y/[2a+l] y/[2b + l] 
y/[2b + l]y/[2a+l] 

a     c      b /n 
a      c     b 

Formula ii) follows from a similar computation. 
Next the map B23 : Vf -> V*0 is given by 

(3.40) B23 

and 

Ab " 1 

(3.41) r1 

V A)-A 
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Also, it is easy to see from Proposition 3.1 that 

(3.42) £2*3 = B^1. 

Recall that Bn : V^ -»• Vj** is given by B^ = i?-1^^. it follows that: 

(3.43) 5x2 

/ 

v 

a 

A 
\ 

/ 

^[26 

^a ̂ A* 
c        a 

Then there are the Dehn twists about the boundary components of P: 

(3.44) 

Ts 

V 

\ 

/ 

Next there are the basis elements (3^. The adjoint of /^ with respect to 
the trace norm is /?£& : a —> c ® b. The latter map is easier to describe. Let 

(3.45) 

K'b = 
[c+6-a]![2a + l]! 

[26]![2c]![o - b + c}\[a + b- c]![o + b + c + 1]!' 

The map /% is the unique intertwiner with 

(3.46) 
0«(ea) = (_l)a(a+6)t&(&+l)-a(a+l)-c(C+l)l£&   ^ (-l)V(a+1)[c + t]![6 + j]!^ ® 6^ 

i+j=a 
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We define (for i + j = a): 

(3.47) 

[c    i\.[b    j\. 

It will become evident from computations in section 5 that /3^b is unitary. 
Specializing, we get: 

(3.48) 

Alcin 

/T (e-i ® et) = ^===Z)-1(ei)(e ,). 

(3.49) PT (eo ® ea) = ea, 

and 

(3.50) Pf (^ ® eo) = ea. 

The map that gives the isomorphism between V(P, 0, a, a) 0 V(Z), 0) and 
V(A, a, a), corresponding to gluing a disk into the first boundary component 
of P, is defined by: 

(3.51) (Po1 ® fo) *-+Paa- 

Notice that 

(3.52) VW ® A)) = W1) ® V-^o), 

and 

(3.53) 

(/^ ® A), /?oa ® A)>M • ifi = Wo") ® ^(A)), ^0° ® A))*,^ • Ifl = 
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X 
[2a + lp 0" x 

[2a+ 1] — \Paat Paa/k^A- 

We use the subscripted A and P to indicate whether the pairing is taken on 
an annulus or on a pair of pants. 

Next we must consider the basic data corresponding to F.   Consider 
V?   , i.e. the space of A-linear maps from j_ (g> k <8> I to i. There is a trace 

pairing ( , )t : V?    <&¥?    —> C which is defined, as usual, by 

(3.54) {a,0)tk = <xol?. 

Notice that 0p V^p <8) V*1 and ®g F/ 0 VJ   are innerproduct spaces via 

the direct sum of the trace pairings on Vjp <8> Vpl and V^9 ® Vq  , that is 

(3.55) (a®l3,6®'y}t = (a,8}t(M}t. 

Let 6 : ©p V?p ® yp
w -> ^w be given by 

(3.56) e(a®/?) = a(lj®/?). 

rtf xx T/i* Let r?: 0. VJ" ® V^" -► ^^ be defined by ■jkl 

(3.57) 

LetiV 

(3.58) 

i    I 

J7(^®7) = 5 0(7® lj). 

: ©P ^P ® KW -» ©<, ^ ® ^   be given by 

N 
j   k 
i    I 

rf o e. 

By AT, vq 
j   k 
i    I 

we mean the projection onto the summand V? (g) Vq 

of the restriction of N 

(3.59) 

j   k 
i    I 

to the summand V™ (8) Vpl. In symbols: 

AT, pq 
j    k 
i    I (a®/3),6®7)  =<a(lj®/3),«(7®li)> 
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In pictures 

(3.60) 

JV, pq 
j   k 
i    I 

(a!<g>/?),<5<g>7\  'li = 

or 

(3.61) 

N, PQ 
j   k 
i    I (a0/3)'^7>t 

= l27TIJ 

Now we describe the pentagon identity for iV (see [D-J-N], [K-R], [V-K]). 
For arbitrary i, j, fc, Z, p7 q, m, n, r G C we define 

M (1,2) 
pq 

j   k 
i    I : V?p ® Vlw ® Vr

mn -» VJ*' ® F/* ® VT"* by 

(3.62) 1 pq 
j   k 
i    I = N, pq 

j    k 
i    I 

1. 

Let P^23) : ^ Vi ® Wi ® t/* -» ^ V^ ® £/* ® Wi be given by 

(3.63) P(23) (a ® /? ® 7) = a ® 7 ® /?, 

and P(12) : ©f ^ ® W* ® C/i -» ©< W* ® Fi ® Ui by 

(3.64) P(12) (a ® /? ® 7) = /? ® a ® 7, 

then 

(3.65) jVt1-3) j   k 
i    I 

= p(23)iV(i)2) j   k 
i    I 

p(23)) 
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JV(2'3) 
j   k 
i    I 

_ p(12)p(23)iv(l,2) j   k 
i    I 

p(23)p(l2) = l0iv j   k 
i    I 

Then by [D-J-N], [K-R] or [V-K] 

(3.66)   iV(2'3) 
n   ] 
r   k 

, AT^1'2) 
n   q 
u   I 

o JV(2>3) 

= p(23)iv(l>3) 

j    k 
i    I 

m   k 
n    I 

AK1'2) n   j 
u   p 

The map F 
j   k 
i    I 

: ®pV;j <g> V™ -» ©9V^M ® Vq
jk is obtained by 

precomposing and postcomposing N with L <g> Jd. Specifically, 

(3.67) 
j   k 
i    I 

(L ®Id)oN 
j   k 
i    I 

o(L®Id). 

It can be described most simply in terms of the trace pairing: 

(3.68) 

or 

(3.69) 

j   k 
i    I 

(a ®/3), 6 (817)  -1 

(a<g>/3),5<g>7)  = 
j   k 
i    I 

Finally, we introduce Sa : ®p Vg" -+ ©^ K" by 

(3.70) 

5a 

' a » a|a 
^ V[2p + l][2g + l]       p^B 

a 

A 
\ / 
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Also, 

(3.71) 

This completes our presentation of the basic data. We will now discuss 
some identities satisfied by this basic data. These will be useful in proving 
that our choice of basic data satisfies the Moore-Seiberg-Walker equations 
(theorem 2.1). 

2     __ rp-lr Proposition 3.4. Bfa = T^^T^ . 

PROOF 

The statement is true if for every a, /? G V£h we have 

(3.72) (BUa),{3)t = (T{lT2Ts{a),(3)t. 

We will prove this by proceeding from the left hand side of the equation to 
the right hand side. In diagrams the equation (3.72) says 

But 

(3.73) 
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Recall from Proposition 3.2 that 

Hence the last term in the equation (3.73) above is equal to 

This proves the desired result. 

Proposition 3.5.  The pairing ( , ) is symmetric. 

PROOF 

We are to show that if a 6 Vf and /? € V£c then 

(3.74) 

In pictures 

(3.75) 

<a,/3) = </?,<*). 

X2 

[2a + l]3/V[2& + l][2c + l] 
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X2 

[2a + l]3/V[2&+l][2c+l]' 

Once again, we start on the left hand side and work to the right hand 
side. 

By Proposition 3.4 this reduces to: 
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Suppose V is a vector space and ( , ) is a hermitian pairing on V. Let £, 
be an orthonormal basis for V. Let v, w € V and suppose that w = ^ X^ 
. Then 

(v, w) = (v, ]r Xiti) = J^ A* (i;, 6). 

If L : U —* V and M : V —* W, and all the spaces are hermitian then 

(3.76) (MoL{u),w) = (L(u),M*(w)). 

Since 

(3.77) M*(iiO = ][;<Af*(t3Ui>&, 

we have 

(3.78)    (L(u),M*(w)) = ^(^(M^Ui) = 
i 

Suppose now that £9 is an element of Vqb so that when Vqb ^ {0} then 
^ o ^* = 1^ and let (q e V^ so that when Vq ^ {0}, Cg 0 Q = lg. Then 

notice that ^ = ='Pqq0(^q®Cq) : a®&®c®d —> C hats the property 
V [2q + 1] 

that ^</>g : C —» C is the identity. Hence (f>qO(j)q : a®6®c®d —> a(8)b(8)c(8)d 
is an idempotent. Further J^ </>* o </)9 is an idempotent, and its image is the 
trivial part of a (8) b (8) c ® d. That is any morphism C—>a(g>6(g)C(g)d has its 

abed 

image in im f 5^ <^* o <^ J. Prom this we conclude that if     T TTT IS any 

morphism from C toa<g)b(&c<g)d and 
C 

TTTT 
abed 

is any morphism from 
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a(g)&(g)c(g)<itoC then 

E^ ?Yr- ■ 3P [2«+l] k ̂
 

(3.79) 

Similarly 

(3.80) 

has 
ipgoip* = lc 

and 23 V* oipg is an idempotent ona<2)6(8>c®d whose image is the trivial 
part of a <S> b <g> c ® cJ. Hence 

^9 = 
V[2a + 1] 

Aw 0 (C? 0 (lb ® ^)) 

(3.81) E 2q ,     W r~c~i 
[29 + 1] Qk.  co 

We record these facts in the following proposition. 

Proposition 3.6. Let all the quantities be as in the above discussion. 

a) 
(MoL(v),w) = ^2(L(v),$i)(M(Zi),w) 

i 

b) Equation 3.79 is satisfied. 

c) Equation 3.81 is satisfied. 

The following proposition can be found in [Wa] and in [T-We]. 
If/ :a(g)&—►a^fcis ^Ir-linear, fo will mean the restriction of / to the 

good part of a ® b. 
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Proposition 3.7. Let 

tab = s 
Then 

[  0 a^b 
[table =   { X Trl r, h 

To—r~n * IdG   a = b 
{   [2a+1] 

where Id : a (g) a* —> a ® a*. 

The following formulas are quoted from [K-M]. 

Proposition 3.8. [K-M] 

a. 

o k    =[2k +1] 

\ 

/? 
= ^O'+i) 
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c. 

|j [(2j + l)(2k + l)] 

cbk     =   w+i] 

Finally a little discussion of how to pictorially represent the adjoint of 
an operator with respect to the trace norm. Recall that the adjoint reverses 

the order of composition of operators.   Further, the adjoint of T     Jr is 

A , and the adjoint of     >/     is    N.     . Hence to take the adjoint of 

the diagram turn it upside down, change the crossings and take the adjoints 
of all the coupons. 

Example 3. 
^ 

4. The Moore-Seiberg-Walker Equations. 

In this section we use the properties of tangle functors to show that our 
choice of basic data satisfies the Moore-Seiberg-Walker Equations (theorem 
2.1). We confirm the equations in the order (ix), (x), (xi), (xii), (xiii), 
(xiv), (vii)j (i), (u), (m), (iv), (v), (m), and (viii). 

Equation (ix) 

Equation (ix) states that 

(4.1) R(l3aa) - Paa- 

This is obvious, since we defined R on the annulus to be the identity. 

Equation (x) 
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Equation (x) says: 

(4.2) R = r1 {T^Bu) <t>, 

where </> : V(A, a, a) —> V(P, a, a, 0) is the map that takes (3aa to /?2a. Since 
R on the annulus is the identity, we need to check that 

(4.3) iSaa = t'1 {T^B12) M m- 

Let's see: 

0aa = 
1 

>/[2a-f 
^ 

1 

0       a 

0 a o 

vl^TTI^       |-A 

Equation (xi) 

We use a superscripted f to represent the adjoint with respect to pairings 
on tensor products of V(P, a, 6, c^s induced by ( , ). Equation (xi) states 

(4.4) F = Fl 

In terms of pairings it says 

(4.5) (F(a ® /?),« ® 7) = (a ® /3, F(S ® 7)) 
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where a <g> (3 € V£b ® V^, 8 ® 7 G ^ ® V^6.  By the symmetry of ( , ) 
(proposition 3.5 ) this is the same as 

{6 ® 7, F(a ® ^)) = (a®(3, F(6 ® 7)). 

By the definition of ( , ) this equation becomes 

(4.6) 

(</> (8) V(<5 ® 7)1 ^(a ® /?))^o,4 = (^ ® ^(a ® /?), ^(5 ® 7)>*,Eof4- 

The Kronecker pairing on a surface, that is obtained by identifying two 
pairs of pants along boundary components, is the sum, over each label on the 
identified components, of the extension of the Kronecker pairing to tensor 

[2a + 1] 
products, multiplied by 

X 
Hence, by the relation of the Kronecker 

(4.7) 
X2 ■ [2q + 1] 

pairing to the trace pairing, formula (4.6) becomes 

x    (F(a ® /?), m* ® #yn« = x2-[^+l] 

Expanding these as diagrams and using the defining formula for F we get 

(4.8) 

<F(<5 ® 7), ^*(a)(g) </>*(/?)>. 

¥(a) 

In order to affirm the verity of this formula we expand the coupons on 
the left hand side followed by the right hand side.   The hardest coupons 

to expand are the ones corresponding to ip(6)*   and ip(a)* .  We use the 
identity 

(4.9) n*   = n. 
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The two sides of equation (4.8) can be expressed as the multiples of 

the following diagrams: for the left hand side,  and 

for the right hand side.  The coefficient is in both cases 

equal to 

V[2a + 1][26 + 1][2c + 1] [2d + 1] [2p + 1] [2q + 1]' 

Since the coefficients are the same we just need to check that the dia- 
grams represent the same morphism under the tangle functor. The first step 
is to replace the arc joining 6 to a in the last diagram by an arc running 
around the other side of the diagram. This move can be achieved by sliding 
the arc across the top and canceling two nugatory crossings with opposite 
signs. So the right hand side becomes 

(4.10) 
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Now using the identities from proposition 3.2 on 6 and 7, and performing 
an isotopy we get 

(4.11) 

This is the left hand side. 

Equation (xii) 

Equation (xii) states 

(4.12) S = Si 

By the definition of S^ the equation says that for all a E VaP and (3 G Vaq, 

(4-13) (S(a),f3) = {a,S({3)). 

By the symmetry of ( , ) this means 

(4.14) (S(a),(3) = (S(p),a). 

By the definition of ( , ) the last equation is equivalent to 

(4.15) W),S(a))fc(Elil = <^(a),S(/?))fc,SM. 

Recall that the subscript (fc, Ei^) indicates that we are considering Kro- 
necker pairing on a surface E^i of genus one with one boundary component. 

Remembering that Si^ is obtained by gluing two boundary components 
of a pair of pants P together, and using the relation between ( , }jc and 
( , )t, (equation 3.21) we get 

(4.16) 
[2q + 1] W), S(a))kj, = Ma), Smk,P ■ 1^1. 

X 

Hence 

(4.17) X[2q + i\(S(a)M0r)t = X{2p+ 1](S(/?), i,(a)*)t. 
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Expanding as diagrams, on the left hand side we get 

^piF» 
and the right hand side is 

y/[2p + l][2q + l] 
(4.19) 

[2a +1]2/3 

The same sequence of moves as used to show the symmetry of ( , ) in 
proposition 3.5 applies to show that the left hand side equals the right hand 
side. 

Equation (xiii) 

Equation xiii says 

X 
(4-20) (/U/W 

[2a + 1]' 

Expanding the left hand side, 

(4.21) 

(Paa, Paa) = W«a), Paa)k = X ■ /3aa O </-(/?aa) = X X cD [2a + I]2 {yj [2a + 1]' 
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Equation (xiv) 

Similarly, equation xiv states 

(4.22) (ft?, ft?) ^ [2a +1]" 

Expanding we get 

(4.23)   oas», /3H ■ lo = WPS!'). «•)* • h = x2®"»</• W)lo = 

fJ€-^wS^ [2a+ 1}    Q^-^y [2a +1]2 (J^        "     [2o + l]     -' 

Equation (vii) 

Equation vii is the statement that 

(4.24) F2 = P. 

Let PiVrtQirat^Vf1® V°b be the map 

(4.25) P(a®f3)=P® a. 

In order to show (4.24) we will convert it to a statement about the trace 
pairing. Let a ® /? € Fpa6 ® FpCrf and 5 ® 7 € V^6 ® V^ be arbitrary. F2 = P 
is equivalent to: 

(4.26) <F2(a ® /?), 7 ® 5)4 = ^(a, <5)t(/?, 7)*. 

Let Cr ® ^r € V^a ® Vfc be orthonormal in the sense that Cr 0 C* = lr and 
^ o er* = lr. Then Er Cr ® ^r e Vf ® yr

6c. Further £r Cr o (10 ® ^r) : 
a ® b ® c —>■ d has the property that 

(4.27) 
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is an idempotent whose image contains all copies of d in a <g> b ® c . Hence it 
acts as the identity on that subspace. Expanding (F2(a ® ^), 7 ® 5)t we get 

(4.28)    (F2(a ® /?),7 ® fi>t = (F(a ® ^J, F*(7 ® 6))t = 

^(F(a®i3),Cr®er)t(Cr®er,i71*(7®($))t = 52(F(a®/3), Cr®£rM^(Cr<S>£r), 7®5) t — 

= E [2a + l][2d+l] 

= E y[2a + l][2d + l]3/2 

By proposition 3.6 we can splice these together and lose the sum to get: 

a 

(4.29) 
V[2o+l][2d+l]       *' 

o 

Expanding the coupons yields: 

(4.30) 

y/[2p+l][2q + l] 
= 6pq{a;6}t(P,'y}t 
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Equation (i) 

Equation i says: 

(4.31) 
p(l,3) ^(2)^(1,2)^(2)^(2,3)^(2)^(1,2) ^(2)^(2,3)^(2)^(1,2) = 1 

This occurs on a tensor product of three vector spaces. P^1'3) is the permu- 
tation of the first and third factors, i^1'2) and i^2'3) are F acting in the first 
and second, and second and third factors respectively. Recall from previous 
section (formula 3.66) that 

(4.32) ^(2,3)^(1,2)^(2,3) = p(2,3)iV(l,3)Ar(l,2) 

Recalling (see formula 3.67) 

(4.33) F = L(1) oNo L^ 

we turn all our JV's into F's. 

(4.34) 
R(2)F(2,3) R{2) ^(1)^(1.2)^(1)^(2)^(2,3)^(2) = p(2,3)jR(l)jF(l,3)jR(l)2jp(l,2)jR(l)> 

Since ii^1) acts in the first factor only, we can commute the two ijW's on 
the left hand side to the front and back. Further we can bring the first R^ 
on the right to the front. We can then cancel to get 

(4.35) 
^(2)^(2,3)£(2)^(1,2)£(2)^(2,3)^(2) _ p(2,3)F(l,3)R(l)2F(l,2)_ 

Recalling that F2 = P ( formula 4.24) we get 

(4.36) 
^(2)^(2,3)^(2)^(1,2)£(2)^(2,3)^(2) _ p(2,3)p(l)3)jp(l,3)-1£(l)2p(l,2)i?(l)2)-

1 

Now commute the P^1'2) on the right hand side forward using 

(4.37) 
p(l)p(l,2) _ p(l,2)i?(2))      p(l13)-

1p(l12) _ p(l)2)p(2,3)-1 

to get 

(4.38) 
R(2)F(2,3)R(2)F(1,2)R(2)F(2,3)R(2) _ p(2,3)p(l,3)p(l,2)p(2,3)-1p(2)2p(l,2)-1 
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Now 

(4.39) p(2,3)p(l,3)p(l,2) = p(l,3) 

so: 

(4.40) 
p(2)p(2)3) ^(2)^(1,2) R(2)F(2,S)R(2) = pCl^pC^S)-1^)2^!^)"^ 

Putting everything on the right hand side and using i?3 = 1 yields: 

(4.41) 
^(2)^(2,3) ^(2)^(1,2) ^(2)^(2,3) ^(2)^(1,2) ^(2) F(2,3)p(l,3) = L 

We can now commute p(l>3) to the front.  One consequence of F2 = P is 
that F = PFP, so 

(4.42) 
p(l-3) ^(2)^1,2)^(2,3) ^(2)^1,2) ^(2)^(2,3)^(2)^(1,2) = 1) 

which is equation i. 

Equation (ii) 

This says 

(4.43) \FoB%    j   ^ = 1. 

Let a ® P € V£a ® V*c, Sgi'yeV**1® Vs
dc be arbitrary. Equation (4.43) is 

equivalent to 

(4.44) 

FoB™  ')  r2
(2)(a®/3),6(8>7)  = Mt</?,7>t<V 

Choose (t)q®tpqe V*b ® V™, Cr <8> ^r € Vr
ad O V?c so that when the vector 

spaces 

(4.45) 

>q    ^ "q 
spaces are nonzero, 

(f)qO<f)* = lq,    lpq O ip* = lg,    Cr 0 C = T-r,    and   tr°C = ^r- 
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Using proposition 3.6 to expand the left hand side we get: 

(4.46) 

FoB^ ^  r2
(2)(c*®/?),5®7\ =J2(FoB23   ^T2

(2)(a®/3),0g®^ 
t        W 

FoB$   \<l>q®1pq),<;r®Zr)   -(FOB^   ^Cr®^),^®? 

We now display the three factors in the sum as diagrams. We suppress the 

arrows and  □ in the diagrams, as their locations can easily be deduced. 

(4.47) 

^FoBif  'orfW^)^®^  =J2bTT] 

By proposition 3.3 this is equal to 

(4.48) 
Vl2&-fKt][2a+l] 
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Next, 

(4.49) 

Finally, 

(4.50) 

F°Bgr\Cr®Zr),6®>y) =j^TlJ    Y* 

which by proposition 3.3 is 

(4.51) 
y/[2a + l][2d + l] 

Isotoping the strand joining 7* and £r, and canceling the nugatory crossings 
yields: 

(4.52) 
y/[2a + l][2d + i\ 
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Two applications of proposition 3.6 allow us to join these diagrams and lose 
the sums, so: 

(4.53) 

FoB?rlyr<?) 
'23 2 7t      V[26+l][2a + l] 

y/[2b + l][2a+i\ 

Using proposition 3.3 to slide 8* and g past a local minimum and a local 
maximum respectively, we get the left hand side to be equal to: 

(4.54) 

I^TTJ^'^ y/[2p+l][2s + l] 

Four applications of proposition 3.3 and some isotopies yield that formula 
(4.54) is equal to 

(4.55) SpsMtfai)* 

Equation (iii) 

We are now ready to begin our assault on equation iii: 

(4.56) 
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Moving half of it to the right hand side yields 

(4.57) 

T^T^B^FB^B^F = S^1 F'1 R^ R^'1 F-1 S^. 

Using F-1 = FP = PF we get: 

(4.58) 

if )~^2)Bg)FJBg)~1BgrlF = SW-'FPRURM-'PFSW. 

Using PRMRW
1
 = RWRM^P and P2 = 1 we finally have: 

(4.59) 

T^T^B^FB^B^F = S^'FR^RW^FS^. 

We will expand the left and right hand sides of equation (4.59) to see 
that they are the same. Once again we suppress arrows and boxes. First 
lets trace the domains, left hand side first. 

(4.60) 
(1) — *     (2) — * 

a 0/3 e V£b®Vp
cc ^QV^^V^ B23    B23    >($Vq

ac®Vq
cb -£ 

Q Q 

T(2)-l    (2)R(2) 

@ve
ba®ve

cc-—^-^^ve
ba®ve 

CC 
e 

Let 6 ® 7 e K6a ® K^ and let Cqc ® Q6 € V^0 ® Fg
c6 be orthonormal. Notice 

that if LHS denotes the left hand side of (4.59) then it is clear that 

(4.61) {LHS(a ®(3),6®i)=0 unless 7 e V*. 

Now the right hand side: 

(4.62) 

rab ^ rrcc   S(2\ /T\ jrab ^ jrdd   ^v /TN T/da K> T/M   ^(2)^(1)~\ a ® iS G y/6 ® yp
cc -^ 0 Vp

ab (8) ^ -^ 0 Vq
da ® V2 9 

0 ^ 0 Vf 1+ 0 ^a 0 yW   S^ 0 ^a ^ yrr _ 

d,q e,q e,r 

Denote by RHS the right hand side of equation (4.59). One of the things 
we will need to see is that 

(4.63) (RHS(a®f3),6®7)=0 unless 7 e Ve 
CC 

e   ' 
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We choose ^9 <g> V? € V%q <g> Vf to be unitary. 
We begin by expanding (LHS(a ® /?), 6 ® 7). 

1^-1 
(4.64) (rf" TfB^F^' B^' F(a,f3),6®7 

J2 (F(a ® /3,523 (O ® ^3 (^f))-^ (C ® ^f) , ^ ® B^Tf ^3(7)) 

term 1 

8 

,cb 

term 2 

We need to expand some coupons: 

a = 
V[2a + 1] 
V\2p + T] U\' Aac  y/[2a + l] U\' 

bV. /c 

^ (gy= cb*      ,^-3^-^3(7)* = 

q 
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#23 (cr) = 
V[2a + 1] a       -5*= V

/
[
2Q

 + 
1

] VA' 
Expanding the coupons in term 1 yields: 

(4.65) 
[2a + 1] 

y/[2p+l][2q + l] 

Closing we get 

(4.66) 
y/[2p + l][2q + l] 

Now we slide C* over £* 

(4.67) 
^[2p+l][2q+l] 
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Next we slide strand labeled with a over. 

(4.68) 
y/[2p+l][2q+l] 

Notice that the part of the tangle enclosed inside the dotted line is: 

(4.69) 

+1 y = (TaTxi&CO)* = {TinnT^iOY 

and since T2T3T1B23 — 1 this is further equal to 

(4.70) (Ta(or =   Yc* 

Substituting we get 

(4.71) 
y/[2p + l][2q + l] 
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Now we unfold the second term: 

(4.72) 
[2a +1] 

y/[2q + l][2e + l] 

Closing it up we get 

(4.73) 
V[2g + l][2e + l] 

We are now ready to splice together (4.71) and (4.73).    The factor 

in term (4.71) gets used to turn the minimum on q into a unitary 

projection. The factor 
ypg+T] 

on q into a unitary projection. We get: 

in (4.73) gets used to turn the maximum 

(4.74) 
y/[2p+l][2e + l] 

term 1 

term 2 
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Drawing the Dehn twist closer to 7 and pulling the right strand from f3 
over the left yields: 

(4.75) 
V[2p+l][2c + l] 

The part enclosed by the dotted line is (.B^Tf^Tsft))* = 7*. So the 
left hand side is equal to: 

(4.76) 
y/[2p + \\[2e + \] 

We now expand the right hand side of (4.59). 

S^FRMRM^FSM^ ®I3),6®1) = 

q,d 
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(4.77) 

Term 1 

We need to expand coupons in (4.77). 

a = 
y/[2a + l] u\ ,^)-Ev[2c+r+-/^c' 

t gb* ^ ^[2q + 1] 

y/[2d+l] PU- *\ 
aq* V[2a + 1] 

>/[2d + l] /^7 
0: 

ag V[2o+l] 
y/[2d+l] 

<5* = 
y/[2a + 1] 
V[2e + 1] 
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Expanding term 1 in (4.77): 

(4.78) 
[2a + l]V[2c + l][2g + l] 

Xy/[2d+l][2p+l} 

Closing up: 

a 

(4.79) 
y/[2c+l][2q + i\ 

Xy/[2d + l][2p + l] 

Finally we thread ip* through the ring: 

(4.80) 
y/[2c+l][2q+l] 

Xy/[2d + l][2p + l] 

Expanding term 2 in (4.77): 

(4.81) 
[2a+ 1]^^ + !] [29 + 1] 

Xy/[2d + l][2e+l] 
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Closing up we get: 

(4.82) 
V[2r + l][2g + l] 

X^[2d + l][2e + i\ 

We now splice (4.80) and (4.82) together. Turning the local minimum 
and maximum on the two strands labeled with d into projections eats up 

the factor ■=——-r. The splice is just over d, with a fixed. 
[2<2+l] K J *■ 

(4.83) 

E [2q + i\y/[2c+l][2r + l] 

X2y/[2e + l][2p + l] 

term 1 

term 2 

Now ——— and ^   turn the simple closed curve labeled with q into 
surgery curve. 

(4.84) 
V[2c+l][2r + l] 

Xy/[2e + l][2p+l] 
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X 
The surgery curve acts as 0 when r ^ c. When r = c it acts as . &   J ^ [2c +1] 

followed by hooking two loops together. So the right hand side of (4.59) is 
finally equal to 

(4.85) 
y/[2e + l][2p+l] 

A comparison of the diagrams (4.76) and (4.85) completes the proof. 

Equation (iv) 

Equation (iv) is really two equations. However, the second one follows 
from the first and from equation (x) which we already established. The first 
one says: 

(4.86) CB^TgSTsSTsS = 1. 

Let a G V£p, then suppressing arrows and boxes: 

(4.87) 

f i \ 
CB^T$STZSTZS k ly V 

^ X 

aJLp 

A® 
CO OU® 

44 
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Sliding handle 1 over handle 2 yields: 

(4.88) 

® 
vV[2p+l][2a + l]  i^X-N 

ooD 

Sliding the strand labeled with s over handle 2 results in: 

(4.89) 

A" 
E^^CQI } CO 

^ V[2p + l][2s + l] 
A" 

F\ 
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By proposition 3.7 this is equal to 

A (4.90) 

P P 

Equation (v) 

Equation (v) says that for all x € V^, 

(4.91) F {R-^x) ® (30
c
c) = x ® pf. 

R-^x) e K6a so F {RT^x) ® /5°c) e ©p yp
c6 ® F/0, and equation (4.91) 

is equivalent to the statement that for all 6 <g> 7 € V^f6 <g> V^a0 

(4.92) <F (R-^x)®^) ,«®7) = *oP<^*>t • (/3a0,7)t- 

Expanding the left hand side as a diagram we get: 

(4.93) 
[2b+1] 

We may as well assume that 7 = k ■ /?£0, since T^,00 = 0 unless a = p. We 
then use the fact that /3£0 is just the deletion of an edge labeled with 0 to 
see (4.93) as: 

(4-94) ^_i_jMap[b    [a  c]     =Sap{x,6)f((3f,7)t. 
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Equation (vi) 

Equation (vi) is obvious from our choice of diagrams. 

Equation (viii) 

Equation (viii) consists of two equations.  Once again, the second one 
follows from the first. The first equation states 

(4.95) T3B^S2 = 1. 

We need to show that for any a € V^ we have TsB^S2^) = a.   As a 
diagram 

(4.96) T,^(a) = £^±iM 

9 
) 

= ^y/[2p+l][28 + l] 
^ X 

which by proposition 3.7 equals a. 

5. Numerical description of the basic data. 

The goal of this section is to give a matrix description of the basic data. 
We begin with some facts about the basic hypergeometric functions. Next we 
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prove that the trace norm is positive definite, and on the way give a method 
for computing it. We then choose /?m,n and compute its coefficients in terms 
of ea ® eft ® ea+h. These coefficients are commonly referred to as Clebsch- 
Gordan coefficients. Then we derive a formula for the 6jf-symbols from the 
Clebsch-Gordan coefficients. We work with this to produce a formula for 
the 6.7-symbols in terms of 4^3. We proceed to produce values of ,623, i?, 
F and Sa in terms of this basis.The formulas for S12, L and ijj are easily 
derivable from these. 

Basic Hypergeometric Functions 

For the complete treatment of basic hypergeometric functions we refer 
the reader to [V-K] or [G-R]. We state here some definitions and needed 
formulas. The results we cite are well known to the experts in the field. 

Let 

(51) fe^^nua-^-1) if MO 
(&;0)o = i. 

Notice the following identities involving (qa; q). 
Fact 10. 

i 

(i)  (g»; q), = (s - *) V+T l[[a + k-l] 
k=l 

(ii) (^ = (-1)^+^ (9-a-i+1;9)i 

(iii)  (qa-u;q)u = (-l^M^^ (q-a+1
]q)u 

rtvx (na-u.„,    _ (qa;Q)b(Qa-u;q)u_-bu(q-a+1;q)u(qa;q)b 
{lY){q      '9)b-      (qa+b-«;q)u      -q (q-a-M;q)u 

(vi) 
n 
k 

(qn-k+1;q) 
k 

(q;q)k 

Basic hypergeometric functions are defined by the following equality (see 
[G-R] or [V-K]). If r = s + 1 then: 

(5-2) 

>3 r<Pa(ai, a2,..., ar; &i,..., bs; q; z) = > —r^ . ^ r^. ^ 
p£ {biiq)j...{bs]q)j{q',q)j 

zJ. 
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If one of ak is equal to g-m, where m is a positive integer, then the series 
is finite and defines a polynomial in z. In our case all a^ and all b^ are 
powers of q, and we evaluate at z = qn, where n is an integer. We adopt the 
following notation from [V-K]: 

(5.3) 

r$s(c*i,...,ar;/5i,...,ps]q,z) =r ^{(f1,...,gar;qPl,...,gA\q\z). 

We will be using 

and also 3^2 and 4^3. We will need the following ^-analogue of Chu- 
Vandermonde convolution. 

Proposition 5.1 ([G-R]).    If — r < c < b < 0 and a > G then 

2*lMciq,q)={^*Uq-* 
{<ic;q)-b 

and 

2^i(a, b.c.q.q ) -  . 
{qc;q)-b 

Computing the Trace Pairing 

Recall that V™n is the space of w4r-linear maps TT : m (8) n —> p. On the 
way to coordinatizing V™n we say that if V is any representation oi'Ar then 

(5.5) Inv(V) = {veV \Xv = 0,Yv = 0,Kv = v}. 

There is a natural identification of Inv(p<g)n* ® m*) with V™n. If 

(5.6) a = ^ a^'efc ® eJ' 0 6*6 /nv(p ® n* ® ra*), 

then 
a(v® ly) = /^ez(?;)eJ(tf;)Q:^,7efc. 

Since a G Inv(p (8) n* ® m*) we have that ifa = a. This implies that if 

i-\- j z£ k then ajf = 0. Hence we can write 

(5.7) a = ^2 ai,jei+j ® eJ ® ei- 
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Similarly there is an identification between Inv(m ® n ® p*) and Vmn = 
Hom^r (p, rn®n). We write 

(5.8) p = ^2 PhJ6* ® ei ® ei+J € Inv(m ® n ® p*) 
*,j 

and if v G p then 

/3(t;) = 5]ei+^(i;)ei®eJ-. 
*j 

Our next goal is to prove the following : 

Theorem 5.2.  The trace pairing 

(', •>* : V™ ® yp
mn -> C 

defined by equation ^3.18^ is positive definite. 

We will get a formula for (a, a)^, given that a*(ep) = X) Ajei ® ej5 and 
use it to prove that the trace pairing is positive definite. 

The first step is to find formulas for the adjoints of a G V™n and (3 G V^n- 

Proposition 5.3. // 

= JV^ a= >   a^ei+j ® eJ ® ez 

then 

a* = (-iy-m-nY^ 

2p 
p-i-j 

v   li   3  Pi 

hJ 
2m 

m — i 
2n 

n-j 

—a   ' ^ ei ® ej ® e .*+j 

where a l> i denotes the complex conjugate of a h K Also if 

t,j 

then 

3* = (—i)m+n~^y^ 

2m In 
m — i n-j 

[       2p      1 
.P- i -3 . 

P-i-j ei+j ®e0' ®el. 
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PROOF 

Analyze the consequences of 

(5.9) (a(ei <g> ej), e_i_j) = (e; ® ej, a*(e_i_j)) 

and 

(5.10) (jflfe+j)* e-i ® e-j) = (ci+j) Z3* (e-i ® e-j)) • 

A direct effect of the formulas from Proposition 5.3 is that if a* = (3 G 
V^n then 

(5.11)    (a, a)tep = a o a*(ep) = ^9*0 /?(ep) = 

= (-i)fii+n-p E M-v 2m 
m — i 

2n 
n-j 

Cp. 

To get a formula for (a,a)t'in terms of /3(ep) we need to establish a 
functional relationship between /?(ep) and (3(e-p). 

Let P < m ® n, with P isomorphic to p. The vector space P is spanned 
by the translates under Y of the kernel of X on {ea ®e&)a+6=p (where the 
brackets denote the span of the list of vectors). Similarly, P is spanned by 
the translates under X of the kernel of the action of Y on (e_a (g) e_6)a+&=p. 
Recall that 

(5.12) X(ei ®ej) = (X®K + K® X)(ei ® ej) = 

[m + i + i\sjei+i (g) ej + [n + j + l]s~lei ® ej+i. 

Using (5.12) we find that if ]Ca+&=p7aea ® e6 is in ^^ kernel of X then 

p+i   [m + a] 

Hence the kernel of X on (ea <8) e6)a+()=p is spanned by 

(5.13) ^(-l)asa(p+1V + a]![n + b}\ea ® eb. 

Similarly the kernel of Y on (e_a ® e_6)a_l_6=p is spanned by 

(5.14) ^(-l)a5-a(p+1)[m + a]![n + 6]!e_a(8)e_6. 
a,6 
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Hence if a* = /? 6 Vmn has 

(5.15) f3(ep) = ]r(-l)a^+1)[m + a}\[n + b]\ea ® eb 

a,b 

then, for some //, 

(5.16) 

/3(e_p) = /x^(-l)-^-"^1)^ + a]\[n + 6]!e_a ® e_6. 

In order to compute (a, a)* we need to calculate //. Since /? is an intertwiner, 
we have 

(5.17) 

To find /x we only need to compare the coefficients of e-m®en on the extreme 
left and right hand sides of the equation (5.17). We find that 

(5.18) 
„ __ /    j\m—n+P5(p-n+m)(p+l)+(m—n)(m+n—p) __ /    2\7n-n+p5p(p+l)+m(7n+l)-n(n+l) 

Equipped with fi we compute the trace norm of a = /?*, by plugging the 
appropriate quantities into our formula for (a, a)*, recognizing the sum as 
containing 2^i(^ + P, —n + l,p — m — n; —2n;g,g), and evaluating using 
proposition 5.1. We get 

(5.19) 
_ [2m]![2n]![m + p - n]\[n - m + p]l[m + n + p + 1]! 

(a'a)t " [m + n-p]![2p+l]! 

Let us define 

(5.20) 

_   / [m + n-p]l[2p+l]l ~ 
^n p y [2m]![2n]![m + p - n]![n - m + p]\[m + n + p + 1]! 

and let 

(5.21) BP    = (_i)p(p+^)z/
m^n(n+1)-rn('ri+1)-p(p+1)/5 
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and 

(5.22) /3m'n = (—i)p(p+ri)Zym)ritP(p+1)+rn(m+1)-n(n+1)/3*# 

These coincide with (3.46) and (3.47). 
Define the Clebsch-Gordan coefficients C^n,p by 

(5.23) ^,n = EC'™ea®e^ea+6- 
a,b 

With our choice of /3m,n it is easy to see that 

(5.24) C™ = (-1)™-"+^™, 

where the bar means the complex conjugate. 
Since m, n, p < ^^ and p + m + n + 2 < r, and |m — n| < p < m + n, 

all the quantities appearing in z/^'n are positive. Thus the trace norm is 
positive definite and we proved Theorem 5.2. 

Computing the Clebsch-Gordan Coefficients 

Our next goal is to derive a complete formula for f3m,n> We follow the 
technique given in [V-K]. We start from 

(5.25) P^n(ep) = (_i)P(p+^)^r(n+1)-m(m+1)-^+1) 

Y, (-l)a^+1)[m + a]![n + b]!ea®e6. 
a-\-b=p 

Since /3m,n • P —> Uk ® Ik is an intertwiner we can use the action of Y to 

Compute /?m,n(ec) = /?m,n (p^pj = ^Tc)\ *PmAep) for any "P < c < P- 
After simplifying we obtain 

(5.26) C™ = (-IJPtP+nJ^njnCn+lJ-mCm+lJ-pCp+l)^ + ^j^ + ^j 

P-f-9 
y^   f^.l\P-9-3sJ(9-P+J)+(p-f-9-3)(9+3)HP-9-3)(P+^) 

3=0 

mZJ'^im + f + x} lEl?-«-V - / - x + 1] nLi[n + g + x] nUln - g - x + 1] 
[j]!b-/-g-i]! 

Notice that we can replace m in (5.26) by any real number JJ, near m, and 
the formula still makes sense.  Furthermore, the limit of the values of this 
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formula as // approaches m is equal to the value with m substituted in. This 
allows us to rewrite (5.26) as: 

(5.27) Cj^iij) = ^'nr(n+1)-m(m+1)-^+1)[m + /]![n + ^]! 

(   i\v(p+n)+v-a„(p-f-a)<i+(p-(i)(v+l) rKUl"3^ + / + g] YlVx=i~g[l*> - / - X + 1] 
( l) \p-f-g\\ 

z$2\n + g + l,g-n>f + g-p\-p-p + g,n-p + g + \;q,q-p~f-9) . 

Next we apply the following Sear's identity (see [G-R]) 

(5.28) 3*2 (-n, a, 6; d, e; q, qd+e+n-a-b^ = 

fQe-a .q\ 
=   / P \     -3 $2 (-n, a, d - 6; d, a + 1 - n - e; g, q). 

We make the following assignations in 5.28: 

(5.29) -n:=f + g-p,    a ~ g - n,    b:=n + g + l, 

e := fi-p + g + l,     d:= -fi-p + g. 

After simplifying we take the limit as /i —> m. The final answer is: 

Proposition 5.4. 

(5.30) cmin,p = f—i)Pn-9u
m^nfl(n+1)-m(m+1)-p(p+1)s(p-f-9)^+(p-9)(p+^) 

# [m + p- g]\[m + n - / - g]![n + g]! 
\p-f-9Y-[™> + n-p]\ 

3*2 (/ + 9 - p, 9 - n, -m - p - n - 1; -m - p + g, / + g - m - n; q, q) 
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Computing the 6j-symbols 

The next piece of basic data we wish to describe is the map F.  Once 
again we follow the technique given in [V-K]. Recall the map 

(5.31) N 3   k 
i    I 

:0^u®v;w^®^®yf 

defined by requiring 

(5.32)    (N 
j   k 
i    I 

= (t1 o (li ® ft1) {Plk ® li) fan = Nu,v 
j   k 
i    I u 

(see equations (3.58) and (3.59)) 
j    k 

The map N 
I 

is closely related to F and yet it is easier to com- 

in terms of pute. We will derive a formula for the coefficients iV^ 

the Clebsch-Gordan coefficients. 
Let 

j   k 
i    I 

(5.33) 
(tK - tK)2 

(s - s)2 + YX. 

Notice that C is central in Ar and therefore acts as an intertwiner of any 
representation with itself. If the representation is irreducible, the intertwiner 
must be a scalar multiplication. Indeed, C acts on i as multiplication by 
[i + ^]2. In a tensor product j<g)fe®Z, the eigenspace of C : j<8>fc<g)Z —> j^fc®/ 
corresponding to the eigenvalue [i + ^]2 is the unique maximal subspace of 
j ® fe ® I that is isomorphic to a direct sum of copies of i. Notice that 
if v G j ® k ® / lives in a summand isomorphic to i then v lives in the 
eigenspace of [i + i]2. Call that eigenspace /. We have two different bases 

for I: (#W\      and ($"*)     , where 

(5.34) 

and 

(5.35) 

«A' = (^k®ll)«>^(e.) 

^=(1^^)0/5^(6^. 
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Notice that 

(5.36)    (£A«, C^ = ^ ^k Q k) ^(ea)> (i. 0 ^ ^(c-a)) 

= (^ P (li ® /^) o (^ ® li) (^''(ea)) , e_a)i = Nu,v 

So 

*    I 
(ea, e_o)t. 

(5.37) fV,l,i  _  V^   AT j    k 
i     I Sa 

Consider now the following maps. 

(5.38) 

E(1i®^)0^.«0^,tto(1i®^«i):^®4®1~'^®&®i 

and 

(5.39) 

E (^ ® ^ 0^ 0/?r'' 0 (^ ® li) ■i®k®l-*j_®k®l. 
V 

Both maps are self adjoint idempotents with the same image /. Since 
the two maps are self adjoint, they have the same kernel J-1. This implies 
that they are equal. We call this map 

(5.40) 717 * j ® k ® l —► j ® fc ® I. 

We compute TT/ (ea ® e^ ® ec) using both formulas (5.38) and (5.39). Since 
TTJ is an orthogonal projection, we have 

(5.41)    7ri(ea®eb®ec) = J2±-r—. .   .     x   ^CXc 

^(ea®eb®ec,e-la-b-c)      ,. 

v \$a+b+c^-a-b-c/t 

Since 

(5.42) 

y>a+b+c'£-a,'-b-c/t ~ \ea+b+c^a-b-c)t — \^a+b+c^-a-b-c/1 
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we can cancel these to get 

(5.43) 

£ (ea ® eb ® ec, <;*&_,) C^c = £ («■ ® * ® Cc, fji'ib_c)t ^+c- 
U V 

Next we use equation (5.37) to get 

(5.44)    £ (^ ® e6 ® e,, C^^^ <£&c = 

£(ea®e6®eC)Ci'i6_c)tiVu), 
i;,it 

j    k 
i    I 

Finally, isolating the coefficients of Ca+b+c> we ':iave 

(5.45) 

(ca ® 66 ® eC5 ea-6-c)t = E (^ ® ^ ® e^ ^-aVc)t ^^ 
v 

From the definition of the Clebsch-Gordan coefficients 

(5.46) eiVc= £ Ci^C;ilfe9®eh®ef. 
g+h+f=-a-b-c 

So 

i    I 

(5.47)    (ea®e6®ec,Ci'i6-c)t = 

2j 2fc 
fc-6 

2Z 

l-c 
= (—iy+k+l 

Similarly 

(5.48)   er6-c = (li ® fly) ^.t,(e-«-6-c) = 

d+f+g=-a-b-c 

SO 

(5.49)    (ea®e6®ec,e^6_c)t = 

2j 2fc 
Jfe-6 

2Z 
l-c 

(_s\a+b+c^;:l'u'^     C" 
\      ) —a,—b—c   —b, 
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Hence equation (5.45) becomes 

(5.50) 

^-a-b-c^-b-c - Z^ ^-a-b^-a-b-c^u^v 
v 

Multiplying both sides of (5.50) by 

j   k 
i    I 

2J   1 2k 

.i-a. k-b _ 

2h 
h- a -b 

and summing over a + b— constant we get 

(5.51) ^     (-!)>■+*- 
a+b=const 

v 1 2k 

.j-a. k-b _ 

r    2h   i 
h- a -b 

2.?' 1 2k 
J-a k-b 

r    2h    i 
h- a -b 

= E (-iy+k~h 
a+b=const 

But since /3ft   and ffl   have norm 1, 

(5.52) 

and we proved the following proposition. 

Proposition 5.5. 

(5.53)        ]r    (-i)J+*-t;! 
a+6=con5t 

0a,6    0-a-60-a-6,-ciV^ i     I 

2i   1 2k 

.j-a. k-b _ 

\       M       1 
/i- a -6 

= <!>M 

. i 
2j 
— a 

2k 

. k- b ni'k'Vnivt     r<k,i,u  _ 
[   2t;   1 "0a,6 0-a1-6-c

0-6>-c " 

v — a — b 

- o_a_6i_civUiV 

* l . 
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Recall (equation 5.24) that 

^m,n,p __ /_-* \m—n+psyrn; n,p 

Hence (5.53) becomes 

(5.54)    (-ly-^ClilN^ 
j   k 
i    I 

a+b=const 

2J    1 2k 

[j-a. k-b J 
2v 

v — a -b 

We specialize this formula by assuming that a + b = v and c = i — v. 

Proposition 5.6. 

i>,M (5.55)   C^iV 'j   k' 
_ t   I 

E 
a+b=v 

2j  1 
. 3 - a J 

r 2^ 
L k-b. 

We expand the right hand side (call it RHS) of (5.55) using equation (5.27 
) for Cb ^. We isolate terms to recognize 2$i and simplify the answer using 
the identity from proposition 5.1. Then we use the identities from fact 10 
to recognize a formula involving4$3. 

(5.56)    RHS = (-l)^+™+^'M'M^ 

[fc + u - i + v]l[l + i - v}\[2j}\[u + i - j}\ (g-*-"-*"1; q)^^ 

[k + i-u-v]l[u-i + j]\ {q-Viq^+u-i 

g(u_i+t;)(u+i)+i(i;+i+2)+o-+u-i)(i-t;) ^s^ + i_v + 1^_i_v^ + j_u + ^ 

i — u — j] i — v — k — u, k + i — u — v + 1,2i + 2; #, q). 

Note that in case when k + i — u — v  <  Owe interpret   tk+i_u_vu as 

Hail  *    [(« - fc) - a]* where « G i? is close to k. 
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Now apply the following version of Sear's identity (see [G-R], equation 
3.21): 

$3 (—n, a,d — b,d — c\d,d + e — b — c,a + l — n — e;q,q), 

(5.57)   4$3 (—n, a, 6, c; d, e, a + b + c — n + 1 — d — e; 5, g) = 

(ge-a;g)n(9d+e-6-c;9)n 

(9e;9)n(9d+e-a-6-c;<7)n4= 

where we let: 

(5.58) 
— n:=i — j — u,    a := i — v — l,    b:=l + i — v + l,    c := i + j — u+1, 

d := i — v — k — u,    e := 2i + 1. 

The final answer is: 

Proposition 5.7. 

_. j k  k l 
3    k (    -i \tj(t;+fc)+f(tt+i)+t(M+l) ^' ^ (5.59)   iVU), 

[2fc]![2» + 1]![A; + u + v- i\\\j + k + l- i]\[u + v + I + j + 1]! 
[2«]![2i;]![7 + « + % + l]![fc +1 - u}\\j + Jfe - «]![» + Z + v + 1]! 

4$3 (i — I — v,i — u — j, —k — I — u — \, —k — j — v — l;i — v — k — u, 

-u - v - I - j - l,i - j - I - k;q,q). 

Recall that R : Fp
mn -> VlT is given by 

/ 

(5.60) R 

\ 

A 
m 

\ 

/ 
ft/" 
p m 

We wish to compute the matrix coefficient of R with respect to the 
bases /J^1'71 and ffitm. To do this we need to know some values of /3™'n and 
/?£'m. Let ga>b be the coefficient of ea+6 in f3™'n (ca ® e6), and let /ia'6 be 
the coefficient of ea+6 in (3%™ (eo ® 65). We need to compute g-m^m-P and 
ftP-m^ rp^ grst follows directly from the formula for /?m,n (see (5.25 )) , the 

fact that /3™'n = 0rn,n and from proposition 5.3. In fact 

(5.61) 

n—m.,m—p _ /    1*)"—p+p(p+n),.m,n    p^J4^wJ'      —m(p4-l)^m(rre+l)—n(n+l)+p(p+l) 
y .       ; p    [m + n-p]! 
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To compute /ip,~Tn first we note that 

(5.62) 
L7n-n,-77i _ /    ■y\p+n(n+m) vv,m    L^PJ4^y77'J-      (m-n)(n+l)^Ti(n+l)-m(m+l)+p(p4-l) 

n    \p + m — n]! 

Then observe that 

(5.63) 
■   \p + n- m]!s-^(P^-m)^m-n,-m = ^p,m (yP+n-m^ 0 e_m)))_n = 

p+n-m r     ^ 

= (y^"-/3r (ep ® e_m))_n =    n   [n-p+m+x]^'- = ^-LBL^ftP.-™, 

where subscripted — n denotes taking a coefficient of e_n. Thus 

fn KA\    hP-m _ [m + n-plllp + n-mll    m{p+n-m), m_n   m _ (5.b4j    ft - ^ s ft 

_ (   ^p+nfa+mh.p.m   [2p]l[2m]l   [m + n -p]![p + n - m]! 
^    ; n    [p + m-n]! [2n]! 

..TnCm+l)— n(n+l)—mpin(n+l)— m(m+l)+p(p+l) 

Next we compute i? (/3™'n) (ep 18) e_m). 

(5.65) 

ep®e_m ^^^ (_s)Pe-P0e_rn i®^ 2(-S)pe-^ 
fe 

E(-S)P5"m,fce~P ® e-m+fc ® efe -^ (_s)P^-m,m-Pem-P 

k 

n — m + p 
(-s)Pg-rn,rn-p 2n    r* (_sr-Pep_ iM, 

-ra 

r_cxm  /[2n + 1] [n - m + p]![n - p + m]\ ^_m,w_p„ 
1   8)   VPP+I] [2n]! 5 p-m_ 

= (-s)"1  /[2« + l][«-^ + 
[2p+l] 

p]![n-p + m]!      .n_p+p(p+n) „„   [2m]![2n]! 
[2n]! ^    ; p    [m + n-p]! 

0-m(p+l)j.m(m+l)-n(n+l)+p(p+l)_ _ o v tzp—fri — 

= (_1)m+n-p+p(p+n)s-mptm(m+l)-n(n+l)+p(p+l)jn+p_m^2mu   /pL+ilIym,nep_ 
y  [2p + IJ 
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To find the matrix coefficient of R we divide the coefficient of ep-m above 
by hp'~m. This proves the following proposition. 

Proposition 5.8. J2(/5£,,n) - (-l)(m+p)(n+i) . pP,™ 

Prom this we can derive the formula for L. 

Corollary 5.9. L(P™'n) = (-l)^")^1)/^. 

We defined the map F 

3.67) 

j   k 
i    I 

■ 0p V? <g> Vp
kl -» 0, Vj* ® Vq

jk as (see 

(5.66) 
j   k 
i    I 

= (L®Id)oN 
j   k 
i    I 

o(L®Id). 

Erom Corollary 5.9 we immediately see that 

(5.67) 

3   k 
i    I 

^l)(i+3)(u+l)+(v+l)(i+l)Nu 
j     k 
i     I 

The matrix coefficient of £23 * T^m'n —> Vp'm with respect to the bases 
/3™,n, f3p'm is a straightforward computation. Recall 

* 

(5.68) B23 (7) = 

So 

(5.69) 

#23 (/r") (^m-p® e_m) = (-Ijn&H-Dtff.n    M'[2n]»      -m(n^p)a-mOH.l) 
[777/ ~1~ 77/      J)J. 

# ^m(7n4-l)-n(n+l)+p(p+l)6 

and 

(5.70) 

/?n'm TP 6b P      ^ - (    pn+vte+m)   n,m   [2m]![2n]! (m-p)(p+l)^n(n+l)-m(m+l)4-p(p+l)e_ 

Taking the quotient of the coefficients and using the fact that v™'n = 
Up,m we see the following proposition. 
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Proposition 5.10. B23 (^'n)    =    (-l)P("l+"+J')sP(P+1)-m("l+1)-"("+1)  . 

Pp 

Recall the map Sa : ®u V*u -* (&v V™ defined by equation (3.70): 

(5.71) 

Sa 
j _vx/[2^-lJP + l]      u^D 

We need to compute the coefficient 

(5.72) Suv(a) = 
y/[2u + l][2v + i\'   a 

X[2a + i\ 

To achieve this we will perform the sequence of changes on the tangle on the 
right hand side, and express it in terms ofL the coefficients of map N. We 
will use the following lemma in our computations^ 

Lemma 5.11. 

(i) If 

u 1 U I u 1 

(n) If J\ - # X then * = (-1)('+")<"+1)\l^l 
I V 
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PROOF      TO find r we compare images of ev^i <g> ej. On the left hand 
side: 

(5.73)   ev_(®e;-^-^ 
2u 

u — v + l (-sy-lel-v®ei IQPL 

[2«]  ^± f_l\»('+«)f_s^-^«(tH-l)-tt(u+l)-J(i+l)   «,«  V^ (_i)iJ(l+l) 
[u-v + i]\[u + v-i}r   '      v   ; i    z^y   > 

[u+{\\[v+j)\ el-v®ei®ej -^ ^H' (_i)*('-H;)^s('-«)«it,(«+1)-«(«+i)-i(J+i) 
^ [^ +v — ZJ! 

And on the right hand side 

(5.74) 

Pul{ev-i ® ei) = JM!ML(_i)«-'+^+0I/^s(^-0(^+i)^('+i)-"(«+i)-"(«+i)- 
[u-w + i]! 

So 

(5.75) r«,' _ [2i +1] 
v    ]l[2v + iy 

Taking adjoints we find the formula for f = r: 

(5.76) u ' [2/ +1] 
[2v + 1] 

u 1 

Y 
To compute a notice that 

(5.77) fx) -rt-A 
Thus 

V[2i; + 1] 
i? A =STi'"A' 

I      u 
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so 

(5-78) 

0 = 0=  Vt2* + ^ <_i\{u+l){v+l)   l    _  \/[2/ + 1] /^u-m/Wu+Qfr+l) yl^TTlI 

Equation (5.72) is equivalent to: 

(5.79) 

buvifl) 
V[2« + l][2t; + l]     a 

X[2a + 1] 

u v 

Since our /3's have norm 1 we can replace 

closed diagram. We obtain: 

by£< m any 

U V 

(5.80) 
V[2ti + l][2v + l] 

X[2a +1] E 

Since B^{p?v) = s2U(«+i)+2r,(t,+i)-2KJ+i)/3^ (by proposition 5.10) we 
get: 
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(5.81) 

y/[2u + i\[2v + i\ ^   2u(u+l)+2v(v+l)-2l(l+l) 
X[2a + 1]       4" 

By lemma 5.11 this is 

(5.82) 

\/[2tt+l] [2^ + 1] ^ c2u(u+l)+2v(v+l)-2l(l^l)Lv-uJl        | 
vro^-m       2^s auTv      a X[2a+1] 

V [2^+ 1][2^+ 1] V^ e2ti(tA+l)+2i;(t;+l)-2i(l+l)„l,v-u,lAT 

I 

U     I 
a   v 

__  y/[2u+i\[2v+i\ ^ Q2u(u+l)+2v(v+l)-2l(l+l) VW±^_ 
X £ y/[2u + 1] 

. v^2* + 1](.i)(t+u)(t>+i)Aru 
x/P^+l]' a   v 

We proved the following: 

Proposition 5.12. 

(5.83)    Suv(a) = (-l)^+1)l^+1)+^+1) 

^(_l)^+i)^(m)[2Z + 1]iVw 
a   v 
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Lemma 5.11 is also useful in computing map ip : V™n —> Vnm defined by 
equation (3.34): 

(5.84) 

n    m 

m    j      V[2p+l][2m n + l][2n + l]    jj ^J[ 
P 

Decomposing ^ in terms of R and using lemma 5.11 we get: 

(5.85) 

n m 

w, (3m'n) = i ^[2p+1]      \ R (P) 
Vp    ^      VVP + 1] [2m + 1] [2n + 1] X/[2^TTI     A 

P 

-n,m^_1^(m+p)(n+i) 

[2n + l]A/i2^Tir'/?",m = 

('_l)(»n+P)(n+l)+(»+P)("i+l) 1 V [2n + 1] -p      _ 
[2n + 1]V[2m + 1] yPp+TJ    '" 

/•    ^\(Tn+n)(p+l) 1 _ , op 

^ V[2m + l][2n + l][2p+l]   ^n,m' 

Finally recall the map 5 : @xeC V(A, x, x) -> (By€C V(A, y, y) given by 
the equation (3.71) 

Prom proposition 3.8 we immediately obtain: 

(S.87) 5(ft>)-E'(a' + 1j«P+1)W 

6. Formulas. 

We conclude with the list of formulas. 
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• Constant X: 

Morphism C: 

X = 
2 sin I r 

c = 

Map S (equation 5.87): 

• Basis flmn (equations 5.25, 5.23 and 5.4): 

^,n(eP) = (_1)P(P+")^-"^("+
1
)-'"("

1
+

1
)-P(P+

1
)   Yl (-l)asa(p+1)[m+a]![n+6]!ea(8)e6 

a+b=p 

where vm>n = t / [m + n-p]l[2p+l]l  
p y [2n]![2m]![p-n + m]![p + n-m]![p + n + m + l]!' 

If /&,n = Yl Ca,bn'Pea ® e6 ® ea+6 then: 
a,6 

£,ra,n,p _ ^m)n^n(n+i)_m(m-j-i)_p(p-f-i)/_^xpn_ps(p_/_p)n-|-(p_p)(p4-i) 

[m + p - g]![m + n- f - g]l[n + g]! 

b-/"-»]![m + n-p]! 

3®2(f + g-p,g-n,-rn-p-n-l]-rn-p + gJ + g-rn-n]q,q). 

Map T (see proposition 3.8): 

AD        = ^j(J+1) 

/j 

• Map R (proposition 5.8): 

R(ff^'n) = (-l)(m+P)("+1) .pP'™. 
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• Map L (corollary 5.9): 

L (/3™'n) = (-i)(wi+n)((p+1)ia^p 

• Map ^ (equation 5.85): 

V[2m + l][2n + l][2p+l] 

• Map B23 (proposition 5.10): 

g    (/?m'n) = (—i)P(m+n+p)5P(p+1)-m(m+1)-n(n+1) .^ 

• Map iV (proposition 5.7): 

■LiU.V 
3   k 

i    I 

j k   k I 
_-| \v(v+k)+l{u+i)+i{u+l) Vv   uu 

= (-i) 

[2fe]![2i + l]l[fe + ^x + v - i]\[j + k + l- i]\[u + v + l + j + 1]! 
' [2IA]![2V]![J + u + i + l]![fc + Z - w]![j + k - v]l[i + I + v + 1]! 

4$3 {i — l — v,i — u — j, —k — l — u — l^—k — j — v — l^i — v — k — u^ 

-u-v-l- 3 -l,i- 3 -l-k',q,q). 

Map F (equation 5.67): 

J    k 
i    I 

= (-lj{i+j)(u+i)+{v+l)(i+l) Nu 
j    k 
i    I 

Map Sa (proposition 5.12): 

Suv(a) = (-i)«lg«(~+i)+«(ti+i) 

j2(_1.)(tt+j)(«+i)g-j(j+i)[2Z+1]iVu ix    Z 
a   v 

Various tangle identities. 

= £ 
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f   0    a^O 
~\ X   a = 0 

Proposition 3.8: 

j (~)k    =[24+1] 
j [(2j + l)(2k + l)} 

[2j + l] 

Proj wsition 3.2: 

a 

A. c b 
c     b 

a 

c b 
c   b 

Proposition 3.3: 

rk ^26+11 
a     c      b a     c      b 

A\ 

AA V[2a+1] 
V[2c + 1] 

c     b      a c      b     a 
rx 
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Lemma 5.11: 

n 
u 1 

[21 + 1] 
[2v + 1] 

v 

A 

■t\ - (-.l)(l+u)(v+l), [21 + 1] 
[2u+l} 

u 

A 
I V 

Proposition 3.4: 

V  V 



678 Charles Prohman and Joanna Kania-Bartoszynska 

References. 

[B-H-M-V] C. Blanchet, N. Habegger, G. Masbaum, P. Vogel: Topological 
Quantum Field Theories derived from the Kauffman bracket, 
Topology 31, 685-699 (1992). 

[D] B. Durhus:   A discrete approach to topological quantum field 
theories, J. Geom. and Phys. 11, 155-180 (1993). 

[D-J-N] B. Durhus, H. P.Jakobsen, R. Nest: Topological quantum field 
theories from generalized 6j-symbols, Rev. Math. Phys. 5 (1993). 

[G-R] G. Gasper, M. Rahman: Basic Hypergeometric Functions, Cam- 
bridge University Press (1990). 

[G] R. Gelca: private communication. 

[J] V. Jones: A polynomial invariant for links via von Neuman al- 
gebras, Bull. Amer. Math. Soc. 12, 103-111 (1985). 

[K-L] L. Kauffman, S. Lins: Temperley-Lieb Recoupling Theory and 
Invariants of 3-Manifolds , Ann. of Math. Studies 134, Princeton 
Univ. Press, 1994. 

[K-M] R. C. Kirby, P. Melvin:   The 3-manifold invariants of Witten 
and Reshetikhin-Turaev for 5/(2, C), Invent. Math. 105, 473-545 
(1991). 

[K-R] A. N. Kirillov, N. Yu. Reshetikhin:  Representations of the al- 
gebra Uq(sl2), g-orthogonal polynomials and invariants of links, 
in Infinite dimensional Lie algebras and groups, World Scientific, 
Singapore, 285-339 (1989). 

[K-l] T. Kohno: Topological Invariants for 3-manifolds using represen- 
tations of mapping class groups. Topology 31, 203-230 (1992). 

[K-2] T. Kohno:   Three-manifold invariants derived from conformal 
field theory and projective representations of modular groups, 
Int. J. Modern Phys. 6, 1795-1805 (1992). 

[L-Y] M. Li, M. Yu: Braiding matrices, modular transformations and 
topological field theories in 2+1 dimensions, Comm. Math. Phys. 
127, 195-224 (1990). 



so(3)-Topological Quantum Field Theory 679 

[L] W. B. R. Lickerish: The Temperley-Lieb algebra and 3-Manifold 
invariants,  J. Knot Theory and its Ramifications 2,  171-194 
(1993). 

[M-S] G. Moore, N. Seiberg:   Classical and quantum conformal field 
theory, Comm. Math. Phys.   123 177-254 (1989). 

[R-T] N. Yu. Reshetikhin, V. G. Turaev: Invariants of 3-manifolds via 
Link Polynomials and Quantum Groups, Invent. Math. 103, 547- 
597 (1991). 

[S] G. Segal: The definition of conformal field theory. Preprint 1989. 

[T-We] V. G. Turaev, H. Wenzl: Quantum Invariants of 3-manifolds 
associated with classical simple Lie algebras, Int. J. Math. 4, 
323-358 (1993). 

[V-K] N. Ja. Vilenkin, A. U. Klimyk:   Representation of Lie Groups 
and Special Functions, Kluwer Academic Publishers (1991). 

[Wa] K. Walker: On Witten's 3-manifold invariants. Preprint 1991. 

[Wall] C. T. C. Wall: Non-additivity of the signature, Invent. Math. 7, 
269-274 (1969). 

[Wi] E. Witten:   Quantum field theory and the Jones polynomial, 
Comm. Math. Phys. 121, 351-399 (1989). 

RECEIVED MAY 23, 1995. 

DEPARTMENT OF MATHEMATICS 
THE UNIVERSITY OF IOWA 
IOWA CITY, IO 52242 
E-MAIL:   FROHMAN@MATH.UIOWA.EDU 

DEPARTMENT OF MATHEMATICS 
BOISE STATE UNIVERSITY 
BOISE, ID 83725 
E-MAIL:   KANIA@MATH.IDBSU.EDU 


