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Equivariant Seiberg-Witten Floer Homology
MATILDE MARCOLLI AND BAI-LING WANG

In this paper we construct, for all compact oriented three—
manifolds, a U(1)—equivariant version of Seiberg—Witten Floer ho-
mology, which is invariant under the choice of metric and perturba-
tion. We give a detailed analysis of the boundary structure of the
monopole moduli spaces, compactified to smooth manifolds with
corners. The proof of the independence of metric and perturba-
tion is then obtained via an analysis of all the relevant obstruc-
tion bundles and sections, and the corresponding gluing theorems.
The paper also contains a discussion of the chamber structure for
the Seiberg—Witten invariant for rational homology 3-spheres, and
proofs of the wall crossing formula, obtained by studying the exact
sequences relating the equivariant and the non-equivariant Floer
homologies and by a local model at the reducible monopole.
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1. Introduction.

und das hat mit threm Singen
die Loreley getan.

(H. Heine)

The dimensional reduction of the Seiberg-Witten equations on 4-
manifolds leads to equations on a compact oriented 3-manifold Y, obtained
by considering translation invariant solutions of the original equations in a
temporal gauge on an infinite cylinder ¥ x R with translation invariant met-
ric. The solutions modulo gauge transformations of the reduced equations
on Y can be regarded as the critical points of a Chern-Simons-Dirac func-
tional, defined on the configuration space of U(1)-connections and spinors.
There is an associated Floer-type homology, which depends on the choice of
the Spin (-structure. Some of the properties of this Seiberg-Witten Floer ho-
mology have been discussed in [11], [13], [27], [38], [40], [41], [42], [54], [63],
[64], [65]. The properties are different according to whether the manifold
Y is a rational homology sphere or a manifold with 5'(Y) > 0. In partic-
ular, if Y is a rational homology sphere, for any Spin.-structure there is
always a reducible point in the moduli space, namely solutions with vanish-
ing spinor and a non-trivial stabilizer of the gauge group action. Unlike the
case with non-zero Betti number, the reducible cannot be perturbed away
just by adding a co-closed 1-form to the curvature equation. This gives rise
to an interesting metric dependence phenomenon, which has no analog in
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the instanton case. The Seiberg-Witten Floer homology for manifolds with
b'(Y) > 0 presents a periodicity of the grading and is graded over the in-
tegers only after passing to a cover. With the formulation we follow in this
paper, it is no longer finitely generated. Unlike the case of b'(Y) = 0, the
Floer homology of 3—manifolds with b'(Y") > 1 is independent of the metric
and perturbation, and, since we are dealing only with the case of Spin .-
structures with ¢; (L) # 0, and with perturbations that are cohomologically
trivial, this is true for '(Y) = 1 as well.

Summarizing, there are Seiberg-Witten Floer homologies with substan-
tially different properties depending on the underlying three-manifold Y.
One purpose of this paper is to give a unifying approach and a construc-
tion of Seiberg-Witten Floer homology for all 3-manifolds, which is always
independent of metric and perturbation.

The Floer homology always depends on a choice of the Spin .-structure,
as does the construction of Seiberg—Witten invariants. Thus, we really ob-
tain, over a 3-manifold Y, a family of Floer homologies HF5 W(Y, s), param-
eterized by s € S(Y'), with S(Y') the set of Spin .-structures on Y. We shall
always consider a fixed Spin .-structure, hence, for simplicity of notation, we
never explicitly mention the s dependence. |

1.1. Summary of the main results.

We give a unifying approach to Seiberg-Witten Floer theory, by introducing
a version of Seiberg-Witten Floer homology that is defined for all three-
manifolds and is always metric independent. In the case of manifolds with
b}(Y) > 0 we shall only consider Spin -structures with c;(L) # 0. The case
b'(Y) > 0 and c1(L) = 0 has a more subtle behavior with respect to the
choice of the perturbation and the compactification of the moduli spaces of
flow lines (cf. Remark 2.18). Since this case arises in important problems
connected to surgery formulae, we consider it separately in [42]. We con-
struct an equivariant version of the Seiberg-Witten Floer homology. In the
case of rational homology spheres, this approach counts all the contribu-
tions, both from the reducible point and from the irreducibles. The equiv-
ariant Floer homology also depends on the choice of the Spin .-structure.
We prove the invariance of the equivariant Floer homology with respect to
the metric and perturbation. The argument involves Taubes’ obstruction
bundle technique and an appropriate gluing theorem. In the two distinct
cases of rational homology spheres and of manifolds with non-trivial Betti
number, we compare the equivariant theory with the constructions of non-
equivariant Seiberg-Witten Floer theories. In the case of manifolds with
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non-trivial Betti number, we obtain an isomorphism of the equivariant and
the non-equivariant theories (both considered for a fixed Spin .-structure)
and in the case of rational homology spheres we construct some exact se-
quences that relate the equivariant and the non-equivariant theory. The
results are obtained by means of the spectral sequences associated to a fil-
tration of the complexes. The metric independence of the equivariant Floer
homology together with the exact sequences lead to an algebraic proof of
the wall crossing formula for the associated Casson-type invariant. We also
provide a geometric proof of the same formula, through the analysis of the
local structure of the moduli spaces.

Main Theorem. LetY be any closed and oriented 3-manifold with a fized
Spin .—structure s, with ci(s) non-torsion if b1(Y) > 0. Then there exists
a U(1)-equivariant Seiberg- Witten-Floer homology H Ff(‘}v(l)(Y, s), which is
a graded R[Q]-module, and is a topological invariant of (Y,s). This Floer
homology has the following properties:

e For b1(Y) > 0 and ci(s) non-torsion, H ng}v(l)(Y, s) is finitely gener-
ated and isomorphic to the non-equivariant Seiberg- Witten-Floer ho-
mology HF Y (Y,s).

e For Y a rational homology 3-sphere, and for any fized choice of
metric and perturbation, there exists a long ezact sequence relating

‘HFE%)(K s) and HFSW (Y,s), of the form

HFg)(Y,s) ——= HFSY (Y,s)

. A g
’T %
R[]

where Q 15 a generator of degree 2, the maps i and j preserve the
grading, and A decreases the grading by one.

1.2. Motivation.

Floer homology, as a gauge theoretic invariant of three-manifolds, made its
first appearance in the seminal work of Floer [24] on what is now referred to
as the Yang—Mills, or instanton, Floer homology. Instanton Floer homology
came to play an essential conceptual role in Atiyah’s Topological Quantum
Field Theory formulation of Donaldson theory [1], and in the definition of
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relative Donaldson invariants of 4-manifolds with boundary and their gluing
formulae, see for instance the work of Taubes [62]. Soon after the intro-
duction of the new Seiberg-Witten gauge theory, it became clear that an
analogue of Floer homology existed in the Seiberg—Witten context. Non-
equivariant versions of Seiberg—Witten Floer theory were presented in the
work of K. Iga, M. Marcolli, B.L. Wang, and R.G. Wang. In the last few
years, there has been a number of significant papers using Seiberg—Witten
Floer homology and gluing theorems for Seiberg-Witten invariants. It is now
known (see e.g., [29]) that a good understanding of the relation between the
instanton and the Seiberg—Witten Floer homology can lead to very striking
topological consequences. However, in the literature (both in the instanton
and in the Seiberg-Witten context) there seems to be a fundamental need
for a satisfactory foundational work which presents a detailed and careful
construction of the Floer homology. It is important to mention that, perhaps
surprisingly, the technical aspects involved in the Seiberg—Witten gauge the-
ory are substantially different from the Yang—Mills case and require different
techniques. An important issue, which has no analogue in the Yang—Mills
case and to which much of this paper is dedicated, is the metric dependence
of the Seiberg—Witten Floer homology in the case of homology 3-spheres.
Providing a metric independent version of Floer homology is essential in
all the important applications which involve surgery formulae and gluing
of relative invariants. Along the lines of the theory Austin and Braam
[6] developed for instanton homology, we develop an equivariant version of
Seiberg—Witten Floer homology. The main result in the paper consists of
showing that this is precisely what is needed to the purpose of avoiding
the metric dependence problem. The main technical issues involved center
around the fine structure of the compactification of the moduli spaces of flow
lines of the Chern—Simons—Dirac functional, and around the use of Taubes’
obstruction bundles in the course of the proof of the topological invariance
of the equivariant Seiberg—Witten Floer homology. :

It is not easy to give the skeptical reader an introduction to this paper
that justifies the many pages to come. To be perfectly honest, it took a long
time to convince ourselves as well of the real need to unravel all the detailed
technical issues that appear in the corpus of this paper. Nonetheless, we
hope the introductory paragraph above gives sufficiently clear an idea of why
it is genuinely useful to write a paper that covers the material presented here.
This paper has been under preparation since 1995. It circulated in preprint
versions in 1996, 1997, and 2000. Regrettably, several years passed between
the time when this paper was submitted and the time when the last of its
long series of avatars would finally see the light in printed form incarnation.
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We should signal to the reader the appearance, in the meanwhile, of other
papers that have a more or less extended overlap with the present one, most
notably [27] and [65].

We summarize, in the rest of the Introduction, the main results of the
various sections of this paper, pointing to precise references to Theorems,
Sections, etc. where the various statements are presented and proved.

1.3. Outline of the paper.

The paper is organized as follows. Section 2 presents preliminary material,
starting, in Propositions 2.3, 2.4, and 2.5, with a brief account of Seiberg-
Witten gauge theory on three-manifolds and a brief overview of the proper-
ties and the local structure of the moduli space M of critical points of the
Chern—Simons—Dirac functional, and then continuing in Sections 2.3 and 2.4
with an account of the properties of the moduli spaces M(a,b) of flow lines
connecting critical points. These are the moduli spaces that appear in the
construction of the non-equivariant versions of Seiberg-Witten Floer theory,
as used for instance in [13], [38], [63], [64]. The main result in Sections 2.3
and 2.4 is the construction of a suitable class of perturbations of the flow
lines equations, in Definition 2.10, and the proof of transversality in Propo-
sition 2.14. We also discuss the notion of relative Morse index of critical
points of the Chern—Simons—Dirac functional in Proposition 2.12 and the
orientation of the moduli spaces M(a,b) in Proposition 2.15. The construc-
tion and properties of the non-equivariant Seiberg-Witten Floer theory are
briefly summarized in Section 2.5, the main result being the gluing formula
of Lemma 2.16, which is essential in establishing the property 8 o 8 = 0 for
the boundary of the Floer complex. We do not present a complete treat-
ment of the non-equivariant Floer homology, since all the necessary results
follow from the equivariant case of Sections 4, 5, and 6, and the compari-
son results of Section 7. However, we discuss some essential aspects of the
non-equivariant theory, for instance the phenomenon of metric dependence
in the case of homology spheres. In the proof of Theorem 3.4 it is shown
that, in the case of homology spheres, the unique reducible point is isolated
whenever the metric and perturbation are chosen so that the twisted Dirac
operator ‘has trivial kernel. This condition on the choice of metric and per-
turbation determines a chamber structure with codimension one walls which
is analyzed in Section 2.2. We prove in Theorem 2.7 that the condition on
the Dirac operator is generic and that the space of metrics and perturbations
breaks into chambers with codimension one walls. We analyze the structure
of the walls in Theorem 2.8.
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In Section 3 we introduce the framed moduli space M? in the framed
configuration space B°. The results of Lemma 3.2, Lemma 3.3, and Theorem
3.4 can be summarized as follows: the framed moduli space M? is a smooth
manifold with a U(1)-action: the action is free in the case of manifolds with
b1 (Y) > 0. When b'(Y) = 0, there is a unique fixed point in M?, which
corresponds to the reducible point in M. In the case of rational homology
spheres, the finitely many inequivalent flat U(1) connections correspond to
the unique fixed point in M9 for all the different possible choices of the
Spin -structure. In Theorem 3.4 we also show that the critical orbits are all
isolated and the Hessian is non-degenerate in the directions orthogonal to
the orbits. That is, the Chern—Simons—Dirac functional satisfies the Morse-
Bott condition.

In the remaining of Section 3 we analyze the moduli spaces M(O,, Op)
of gradient flow lines connecting critical orbits O, and Op. In Section 3.3,
Theorem 3.8, we discuss the relative Morse index of critical orbits, which
requires introducing the relevant Fredholm theory. The analysis of Section
3.4 is aimed at proving that all finite energy solutions of the Seiberg-Witten
equations on the manifold ¥ x R decay asymptotically to critical orbits,
with an exponential weight which is determined by the smallest absolute
value of the non-trivial eigenvalues of the Hessian. Thus, every finite energy
solution lies in some moduli space M(O,, Op). The exponential decay to the
endpoints of solutions in a moduli space M(Q,,Op) is proved in Theorem
3.12, using the result of Lemma 3.10 (a Palais—-Smale condition), and the
estimate of Lemma 3.13. The argument of Theorem 3.12 is basically a
“finite energy implies finite length” type result (cf. [58]). Finally, we give
the transversality result for the moduli spaces M(O,, Op) in Proposition
3.14.

Section 4 is dedicated to the existence and properties of the compactifi-
cation of the moduli spaces M(O,, Op) of unparameterized flow lines. We
prove that a compactification can be obtained by adding boundary strata
of broken trajectories. The codimension k strata in the boundary are of the
form

(1) U M(Oa’oq) XO0¢, M(OCI7OC2) X X0y M(Ocmob))

C1,+C

where the union is over all possible sequences of critical points ¢y, - - - ¢, with
decreasing indices. We also show that the compactification has a fine struc-
ture of a smooth manifold with corners. The analysis in Section 4.1 shows
that a compactification exists, and that the points in the ideal boundary
consist of a certain subset of the set (1) of broken trajectories through inter-
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mediate critical points. This is the main result of Theorem 4.1. Unlike other
problems of compactification in gauge theory, the construction of Floer ho-
mology requires a more detailed analysis of the compactification. In fact,
the property that the boundary D of the (equivariant) Floer complex sat-
isfies D o D = 0 requires non only to know that a compactification of the
moduli spaces M(O,, O) exists, but also that all the broken trajectories (1)
in the ideal boundary occur in the actual boundary of the compactification.
Moreover, since the argument in the proof of Do D = 0 is based on a version
of Stokes’ theorem for manifolds with corners, it is essential to analyze the
fine structure of the compactification at the boundary strata (1). At the end
of Section 4.1, in Remark 4.5 we also compare different existing definitions
of the Seiberg-Witten Floer homology for manifolds with b'(Y") > 0.

In Section 4.2 we prove that in fact all broken trajectories through in-
termediate critical points listed in (1) actually occur in the compactifica-
tion, the main result being the gluing theorem 4.9. This theorem only
deals with the codimension one boundary, namely with the trajectories that
break through one intermediate critical orbit. The gluing construction which
proves Theorem 4.9 involves several technical aspects. The main idea is to
introduce a pre-gluing procedure, in which an approximate solution to the
Seiberg-Witten equations is obtained by splicing together with cutoff func-
tions a pair of solutions in the fibered product

M(0q,0p) X0, M(Op, Oc).

The gluing construction then takes place by proving, via a fixed point ar-
gument (Remark 4.20), that close enough to the approximate solution there
is a unique actual solution in M(O,,O,). The central technical issues con-
nected to this argument revolve around the analysis of the eigenspace of
small eigenvalues of the linearization of the Seiberg—Witten equations at
the approximate solutions. Lemma 4.7 and Lemma 4.8 deal with the slices
of the gauge action. These are necessary in order to introduce the pre-gluing
construction in Lemma 4.10. The analysis of the small eigenvalues is devel-
oped essentially in Lemma 4.12, Lemma 4.13, and Lemma 4.15, and then
recalled, in Section 6, in Lemma 6.13. In Lemma 4.15 we also provide an
estimate of the rate of decay of the small eigenvalues. The eigenspaces of
small eigenvalues, which give the normal bundle for the gluing construction,
are introduced in Definition 4.16 and in Proposition 4.17, cf. also Corollary
4.18 on the splitting of the index, and Remark 4.22.

In Section 4.3 we extend the results of Section 4.2, in order to deal with
the strata of higher codimension in the compactification, and to show the
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fine structure of the compactified moduli spaces, namely the fact that the
moduli spaces M(Oa, Op) compactify to smooth manifolds with corners, in
the sense of Melrose [44]. The main result on the corner structure, Theorem
4.23, is based on Proposition 4.25, which is an inductive generalization of
Theorem 4.9, and shows the existence of a smooth atlas of charts with
corners.

Throughout all the gluing construction in Section 4, we make essential
use of the transversality result, namely of the fact that the linearizations at
the solutions in M(Oa,Ob) and M(Ob, O.) have trivial cokernel. We say
in such cases that the gluing is “unobstructed”. The spectral analysis in
Lemma 4.12, Lemma, 4.13, and Lemma 4.15, however, is formulated in more
general terms that adapt to the case where cokernels are present. This gluing
theory “with obstructions” is elaborated in Section 6, with the purpose of
proving the topological invariance of the equivariant Floer homology.

As we discuss in the beginning of Section 4, the fine structure of the
compactification of the moduli spaces of flow lines is necessary in order
to establish the existence of the Floer complex, namely the fact that the
boundary operator D of the equivariant Floer complex satisfies D? = 0.

Section 5 introduces the equivariant complex, the boundary operator,
and the equivariant Floer homology. With the essential use of the results
of Section 4, we prove the property D? = 0 in Theorem 5.1. We then give
an explicit description of the boundary operator of the equivariant Floer
complex in Proposition 5.3.

Section 6 contains the proof of the invariance of the equivariant Seiberg—
Witten Floer homology with respect to the choice of the metric and per-
turbation. The proof of the invariance is obtained by defining a chain map
I connecting the equivariant Floer complexes associated to choices (go, 20)
and (g1, v1), a similar chain map J in the opposite direction, and then show-
ing that there is a chain homotopy H, satisfying id — JI = DH + HD,
that induces an isomorphism on the level of cohomology. The chain map is
constructed by means of moduli spaces M(Oq,O,) of solutions of Seiberg-
Witten equations on the cylinder Y x R endowed with a metric g; + dt2
that varies between go + dt? and g; + dt? along the cylinder. The main
theorem, Theorem 6.1 is presented at the beginning of Section 6, followed
by a “model” proof of the easiest case of metrics and perturbation in the
same chamber. The proof of the general statement of Theorem 6.1 will
only be given in Section 6.3, after the necessary technical tools have been
introduced.

The construction of the chain map, in the general case of Theorem 6.1,
requires a careful analysis of the boundary structure of the moduli spaces
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M(Oq,0y). In Section 6.1 we present the properties of the moduli spaces
M(Oq,0Oy). In Theorem 6.4, we prove the existence of a compactification
for the moduli spaces M(Oq, Oy), obtained by adding fibered products of
lower dimensional moduli spaces. This is the analogue of the results of
Section 4.1 in the case of flow lines. We then give a transversality result,
in Lemma 6.5 and Lemma 6.6, under the hypothesis that at least one of
the critical orbits O, and O, has a free U(1) action, or that the relative
Morse index p(fp) — p(01) is non-negative. In the case of the moduli space
M(6o,61), with p(6o) — p(61) < 0, we show in Corollary 6.7 and in Lemma
6.8 that the transversality result fails. The moduli space M (6g,01) consists
in this case of a unique reducible solution and the linearization has a non-
trivial cokernel of dimension equal to the index |u(fy) — 1(61)|. We prove
in Theorem 6.9 the gluing theorem for all the non-singular boundary strata
in M(Og4, Oy )*, namely those with trivial Cokernels. Similarly, we prove in
Theorem 6.10 the gluing theorem for all the non-singular boundary strata
in MF(0q, Op)*.

Section 6.2 contains the general theory needed in order to deal with the
gluing theorems in the presence of obstructions. It relies heavily on Taubes’
technique developed in [60] and [59], together with Donaldson’s results in
[16]. We recall in Lemma 6.13 the necessary eigenvalue splitting for the
Laplacians at the approximate solution, as proved in Lemma 4.12, Lemma
4.13, and Lemma 4.15 of Section 4.2. In Proposition 6.17 we introduce the
obstruction bundle with the canonical obstruction section. In Lemma 6.14
we derive the fixed point argument which we use to complete the proof
of the non-obstructed gluing of Theorem 4.9 and to formulate the gluing
with obstruction in Proposition 6.17. In the remaining of Section 6.2 we
analyze the modified boundary strata of M(O,, Oy)* and M (0,4, 04)*. In
Theorem 6.19 and Theorem 6.21 we identify the extra boundary components
in M(Og, Oy )* due to the zeroes of the obstruction section, and we define in
Proposition 6.20 the additional gluing maps. Similarly, in Theorem 6.22, we
identify the extra boundary components in M (O,, Op)* due to the zeroes
of the obstruction sections, and we introduce the additional gluing maps.

In Section 6.3, we finally complete the proof of the topological invari-
ance. The modification of the boundary structure discussed in Section 6.2
prescribes correction terms for the maps I and H (but not J), so that the
identities ID — DI = 0 and id — JI = DH + HD can still be satisfied.
We first discuss, in Lemma 6.25 and Lemma 6.26, some more properties
of the zeroes of the obstruction sections and some identities obtained by
counting these zeroes, which are useful in checking the identities satisfied
by the coefficients of the maps I and H. We then introduce, in Definition
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6.27, the modified maps I and H, and we prove, in Lemma 6.28, Lemma
6.29, Lemma 6.30, and Lemma 6.31, that the necessary identities hold, thus
completing the proof of Theorem 6.1 on the topological invariance of the
equivariant Seiberg—Witten Floer homology. It is clear, from the way the
proof is structured, that the argument breaks down for the non-equivariant
Floer homology. While the invariance within the same chamber is still ver-
ified (nothing changes in that part of the argument), in the case of metrics
and perturbations in different chambers we need essentially the contribu-
tion of the reducible points in order to construct the chain map I and chain
homotopy H, as one can see form Definition 6.27, and the Lemmata 6.28,
6.29, 6.30, and 6.31.

Section 7 deals with the wall crossing formula for the Casson-type invari-
ant of homology spheres obtained as the Euler characteristic of the (non-
equivariant) Seiberg-Witten Floer homology. In Section 7.1 we derive re-
lations between the equivariant and the non-equivariant Floer homologies.
We prove in Theorem 7.1 that, when we have b'(Y) > 0, the equivariant
and the non-equivariant Floer homologies are isomorphic. This is not a
surprising result: in fact, it is conceptually like considering the equivariant
homology of a manifold with a free group action, for which it is well known
that one recovers the homology of the quotient. In the case of rational ho-
mology spheres, we prove in Theorem 7.3 that there is an exact sequence
relating the equivariant Floer homology with the non-equivariant and with
the polynomial algebra H,(BU(1),R). The results of both Theorem 7.1 and
7.3 are derived by considering filtrations of the complexes and the associ-
ated spectral sequences, as in Lemma 7.2 and Lemma 7.4. We also give an
explicit expression of the connecting homomorphism in the exact sequence
in Proposition 7.5. The exact sequence that relates the metric independent
equivariant Floer homology with the metric dependent non-equivariant one
is the tool we exploit in Section 7.2, in order to derive, in a purely alge-
braic way, the wall crossing formula for the Euler characteristic in Theorem
7.7. The argument is based on the topological invariance of the equivariant
Floer homology proved in Theorem 6.1, and the result of Proposition 7.6
on the counting of the ranks of the equivariant Floer groups. The result
is generalized to multiple wall crossings, and to the case of the J-invariant
perturbations of [14], in Propositions 7.8, 7.9, and in Corollary 7.10. In
Section 7.3 we show how the same wall crossing formula can be derived
geometrically by considering the local model of the parameterized moduli
space of critical points M(g, v) along with a deformation of the metric and
perturbation (g,v).

Given the length of this work, we have thought it useful to add an index
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of notation at the end of the paper.
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2. Non-equivariant Floer theory.

There are two disjoint situations in which the non-equivariant Seiberg-
Witten Floer homology can be defined. They have been considered in [13],
[38], [64]. In this section, we first recall the general setting of Seiberg-
Witten theory on 3—manifolds, and then we summarize the construction of
non-equivariant Floer theory.

2.1. Three dimensional Seiberg-Witten theory.

Any three-manifold admits a Spin-structure. A choice of the metric de-
termines a (non-canonical) choice of a “trivial” Spin-structure with spinor
bundle S. A Spin .-structure is therefore obtained by twisting S with a line
bundle L. Suppose given a three-manifold Y with a Spin . structure S ® L.
Consider the space Ay, of pairs (4,1)), where A is a U(1) connection on the
line bundle L and 9 is a section of S ® L, endowed with a fixed L%-Sobolev
completion.

The group Gr41 is the gauge group of maps of Y in U(1) locally modeled
on the Lie algebra

Lie (Gyr1) = L%+1(9°(Y, iR)),
acting on pairs (A4,) by
A (4,9) = (A=2271d)\ ).
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The group Gy is the subgroup of Q~k+1 of gauge transformations A satisfying
the condition

(2) c1(L) A A?ldx =0.

2 Jy
Here c1(L) represents the Chern class of the line bundle L that defines
the Spin -structure on Y. Clearly, the group G coincides with the full gauge
group G in the case when ¢; (L) = 0 rationally, hence in particular for rational
homology spheres.
The functional

® ) =7 [ (A=A A (Fa+Fa)+ g [ (0,0a)ds

was first introduced by Kronheimer and Mrowka in the proof of the Thom
conjecture [30]. It is defined on the space A of connections and sections and
it is invariant under the action of the identity component Gx4q. Thus, it
descends to a real-valued functional on the space By = Ag/Gry1-

The first order increment of this functional defines a 1-form on the L%-
tangent space T A,

@) Fliapy (@) = /Y —a A (Fa— (i, ) + /Y (6, 04)).

Thus, the gradient flow of the functional (3), with respect to the L?-inner
product, is given by the paths of connections and sections (A(t),%(¢)) that
satisfy the equations

d
(5) E = —3A1/1,
and
6 d A= F .
( ) 'd—t' =—% A+a(¢’¢),

where the 1-form o(,) is given in local coordinates by %(eiw, et
These equations can be thought of as the three-dimensional reduction of
the Seiberg-Witten equations on four-manifolds introduced in [66] (see also
4], [5], [13], [38], [63], [64]). In fact, we can consider the four-manifold Y x R
with a cylindrical metric g 4+ dt?, and with Spin, structure determined by
the pullback of S ® L via the projection w : ¥ x R — Y. Thus we have
ST®L 2 n*(S®L). Over Y we have ST ® L = S~ ® L under Clifford
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multiplication by d¢, and the identifications Q% (Y x R, iR) = 7*(Q(Y,iR))
and QY x R,iR) = 7*(Q0(Y,iR) @ Q(Y,4R)), that is 7*(p(t)) = *p(t) +
p(t) Adt and 7*(f(t),a(t)) = a(t) + f(t)dt on Y x R.

Consider a pair (A, ¥) on Y x R, where A is a U(1) connection on the
determinant line bundle of ST ® L and ¥ is a section of the spinor bundle
St ® L. An element (A, 7) is in a temporal gauge if the dt-component of
A vanishes identically. Thus, a path (A(t),¥(¢)) corresponds to an element
(A, ?) in a temporal gauge.

Lemma 2.1. The Seiberg- Witten equations (5) and (6) on ¥ xR are equiv-
alent to

(7) Ffr=1v.7,
and
(8) Dp¥ =0,

where W - ¥ is the self-dual two-form given in local coordinates by ¥ - ¥ =
(eie; ¥, W)e' A el and Dy is the Dirac operator twisted with the connection
A acting on sections of ST ® L.

Proof. The Dirac operator Dy : ST ® L — S~ ® L on the four-manifold,
twisted with the connection A, has the form

Dp = 0; + 0aq),

where 04 is the self-adjoint Dirac operator on Y twisted with the time
dependent connection A(t). For the curvature equation (7), write F =
%(FA + %4F,). Since F, acts trivially on the positive spinors, the action
of FA" corresponds precisely to the action of %?- + x3F4. Here we have
introduced the notation *4 and *3 to distinguish the Hodge *-operator on
the 4-manifold Y xR and on the 3-manifold Y. In the following, we shall drop
the subscript, since it will be clear which *-operator is being used. Thus,
given the expression of the 2-form ¥ - ¥ and of the one form o (¥(¢),¥(t)),
we can write equation (7) as

L ) 1 )
z Fy + M5 ) et Adt = = (esen), ¥)et A dt,
2 I 4

with an implicit sum over repeated indices and the symbol € denoting the
sign of the permutation {itjk}. Upon applying the *3 operator and using the
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identification of ST ® L and S~ ® L on Y x R under Clifford multiplication
by dt, we can identify this equation with the equation (6). O

The Seiberg—Witten equations on the 4-manifold ¥ x R are preserved
by the action of the gauge group Gyxr of maps of Y x R in U(1). Any
element (A, ¥) can be transformed into a temporal gauge by effect of a
gauge transformation. Suitable Sobolev completions of these spaces will be
introduced in Proposition 2.9. For a general overview of the Seiberg-Witten
theory on four-manifold see [15], [39], [45], [56].

The critical points of the functional C are pairs (A, ) that satisfy

BA"p = 07
) « Fa= o).

Let My be the moduli space of solutions of (9) in By and M. be the
moduli space of solutions in By = Ak /Gry1.

Lemma 2.2. By elliptic reqularity, My can be represented by smooth ele-
ments.

Lemma 2.2 follows from the Sobolev embedding theorems. In the fol-
lowing we drop the subscript £ and just write M for the moduli space of
critical points.

The deformation complex that determines the virtual dimension of M
is given by

0 — Q°(Y,iR) ® Q' (Y,iR) ® T'(S ® L)
L 00v,iR) ® Q1(Y,iR) # T(S ® L) — 0,
with an index zero Fredholm operator

T |(ay) (@, 8) + G |4y (f)

(10) Lay) (f,a,¢) = { G* |(a) (o, ®)

defined between the Li and the L%_l-Sobolev completions of the spaces
above, where the operator

(11) G |aw (f) = (=df, fy)

is the infinitesimal action of the gauge group and G* is the adjoint with
respect to the L? pairing. The map T is the linearization of the equation
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(9) at a pair (4,9),

xdo — 2iImo (1, @)

(12) T | (@,9) = { Dt 1o

The Hessian of the functional C is given by a quadratic form in the
increment (o, @) € T A,

(13) VT |y (@) = (@, *da — 2iImo (1, $)) + (¢, Oad + ap).

This descends to the same operator T on the Li-tangent space 1} A’,/,]Bk,
when (A, ) is a solution of (9), since the condition

Glag) (Tay) (e, 8)) =0

is satisfied. The operator T is essentially self-adjoint.

As in the case of Donaldson theory [1], the linearization is a first order
elliptic operator, hence its spectrum is not in general bounded from below,
and this affects the definition of the index of critical points, as we are going
to discuss in Proposition 2.12.

We consider the functional C perturbed with a co-closed 1-form p,

149 oA =cAn) -2 [ (A=) A
We have the corresponding perturbed critical point equations

04 =0,
(15) * Fg = o (,9) + 2ip.

Notice that the first integral cohomology group of Y counts the homo-
topy classes of gauge transformations, namely H'(Y,Z) = mo(G) under the
identification

A= h= [i)\”ld)\] e H\(Y, 7).
27
We denote with H the subgroup of the classes h € H!(Y,Z) that satisfy
)

(D) UR, Y] = o /Y e1(L) A A"1dA = 0.

We have the following compactness result for the set of critical points of
the Seiberg-Witten functional.
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Proposition 2.3. The moduli space Mp of solutions of (15) modulo the
action of the full gauge group G is compact. The space M, of solutions,
modulo the subgroup G C G of gauge transformations satisfying (2), con-
sists of a copy of .A;lp for each class in H'(Y,Z)/H. M, is compact iff
HY(Y,Z)/H is finite. In particular, M, is compact if b*(Y) = 0.

Notice that the condition that H'(Y,Z)/H is finite corresponds to
c1(L) = 0 rationally.

Proposition 2.4. If the manifold Y has b*(Y) > 0, then, for an open set
of small perturbations, the perturbed equations (15) do not admit reducible
solutions. Moreover, by the Sard-Smale theorem, for a generic choice of p
the corresponding moduli space ./\;tp is a smooth manifold that is cut out
transversely by the equations. Mp is compact and zero-dimensional, hence
it consists of a finite set of points.

All the moduli spaces come with a natural orientation defined by the
determinant line bundle of the Fredholm linearization, as in [17].

When Y is a homology sphere the perturbation p can be written as
p = *dv and the equations (15) admit one gauge class of reducible solutions
[v,0].

Proposition 2.5. If Y is a homology sphere, then there is a unique gauge
class of reducible solutions 6 = [v,0] of (15) with p = xdv. If the metric on
Y is such that Ker (87) = 0, where 8 is the self-adjoint Dirac operator on'Y
twisted with the U(1)-connection v, then the analysis of the local Kuranishi
model shows that the reducible point is isolated and non-degenerate.

Propositions 2.3, 2.4, and 2.5 are proven in [64], [38], and [13] respec-
tively. See also the more recent [35].

2.2. Chamber structure.

In this subsection we prove that Ker (07) = 0 is satisfied for generic metrics.
The condition Ker (89) # 0 defines a chamber structure in the space of met-
rics. The walls form a stratified space with a codimension one top stratum
and higher codimensional strata, in the sense described in Theorem 2.8.
Notice that there is a more abstract approach [28] describing a stratifica-
tion of the space of Fredholm operators by their index and kernel dimension.
However, the result we are interested in does not follow directly by simply
applying the results of [28]. In fact, we know from the general result of
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Section 1 of [28] that the space Fy(S,Y) of index zero Fredholm operators,
acting on the bundle S (or S ® L) over Y, has the structure of a real ana-
lytic manifold, with a stratification given by the sets Fy»(S5,Y) of Fredholm
operators of index zero with the dimension of the kernel equal to n. In our
specific problem, however, we are considering the particular map from the
space Met x Z'(Y,R) of metrics and perturbations (g,*dv) to the space
Fo(S,Y) given by

X : Met x ZY(Y,R) — Fo(S,Y)

(16)
(g, *dv) — 85 =: X(g,v).

Thus, we need a specific result that shows how the image of the map X lies
in Fo(S,Y) with respect to the stratification of [28]. This is the purpose
of our Theorem 2.7 and Theorem 2.8. Although it is quite possible that a
“proof by library search” of these results may be provided combining the
circle of ideas in [28], [37], and the more recent [21], we prefer to give a direct
proof that covers our specific case. A note should be added: during the long
period between the initial submission of this paper and the completion of its
publishing process, a discussion of the chamber structure has also appeared
in [35] and [55].

Remark 2.6. Suppose Y is a homology sphere. There is a quaternion struc-
ture on the spinor bundle S, J : S — S locally given by (21, 22) — (—Z2, Z1)-
The action of J extends to the configuration space A as (4,9) — (4%, Jy).
This means that J acts on v by Jv = —v, hence

J(05¢) = 02, J4.

In other words, the Dirac operator 89 on a three-manifold Y is quaternion
linear, but the twisted Dirac operator 8 is only complex linear.

A J-invariant perturbation of the Seiberg-Witten equations has been
constructed by W. Chen [14], where the Dirac operator is perturbed with a
smooth real function f on Y. This choice of perturbation leads to a different
chamber structure in the space of metrics which lies inside one chamber of
the more general perturbation :

8A¢ = f¢)
*Fg = o(,) + xdv.

In this setting, transversality can be achieved by adding a perturbation by
a function of the holonomy. This choice of perturbations lead to a different
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wall crossing formula. However, we are going to show in Section 7, Proposi-
tion 7.9 and Corollary 7.10, that the wall crossing formula for the J-invariant
perturbations can be derived with the same technique that we employ in the
case on perturbations v.

The following theorems discuss the chamber structure in the space of
metrics and perturbations.

Theorem 2.7. Let Met be the space of all Riemannian metrics on a homol-
ogy 3-sphere Y. Consider the twisted Dirac operator 0y associated with the
chosen metric g and the connection v. The condition Ker 8] # 0 determines
a real codimension one subset in the space of Met x Z1(Y,iR).

Proof. Let gy be a metric on Y such that KerdJ] # 0 for the connection
vg. We can decompose the spinor space as H @ HL, under the L? inner
product, where % = Ker 85, equipped with a Hermitian metric from the
Spin . structure. Consider the Dirac operator 9; for (g, v) sufficiently close
to (go,v0) in the C*°-topology. Under the isometry identification of the
spinor spaces for gg and g, the Dirac operator for g can be considered to act
on the spinor space of go, still denoted by &7.

Claim 1. & acting on the spinor space Sy, is self-adjoint if and only if the
metrics gg and g define the same volume element.

Suppose dvoly = f dvoly, for a positive function f on Y, then with a
direct calculation we get

(05, 8) g = (¥, FOLF 7))o

Claim 1 is then immediate. Denote by Met? the space of metrics which have
the same volume element as the metric gg.

Claim 2. If two metrics g; and g2 are conformal, that is, g; = e?“g, for a
real function on Y, then the multiplication by e~ defines an isomorphism
between Ker 83* and Ker 0%2.

This is the consequence of the following relation: under the isometry
identification of the spinor spaces for g; and g2, we have (see [26] or [33]
Theorem I1.5.24)

0t =e"072e".

Notice that, in the formula for the variation of the Dirac operator under con-
formal changes in the metric, different conventions are used in the literature.
Here we are following the convention and notation of [26].
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Therefore, we only need to prove that the condition Ker 8] # 0 deter-
mines a real codimension one subset in the space of Met® x Z1(Y,iR).

We want to reduce the problem of the existence of solutions of the equa-
tion 71 = 0 to a finite dimensional problem on .

As a map from Met® x Z1(Y,iR) x T'(S) to I'(S), the linearization of the
equation 871 = 0 at (go,v0,0) is invertible when restricted to H+. Thus,
the implicit function theorem provides a unique map q : Y — H+ defined
on a neighborhood U of (go,,0) in Met® x Z1(Y,iR) x #, such that

(1 -1} (¢ +a(g,v,¢)) =0

for all (g,v,¢) € U, where II is the projection onto H.
Therefore, the operator 87 has non-trivial kernel if and only if the equa-
tion
193 (¢ + q(g,», ¢)) =0

admits solutions in H. This is a finite dimensional problem. Define a map
L: (Met® x ZY(Y,iR)) N U — U(H)

by setting
L(g,v)(¢) = 153(¢ + q(g, v, ¢))-

Direct calculation implies that L(g,v) is a Hermitian transformation of
the space H, that L(g,v) € U(H), where U(#) is the Hermitian transfor-
mation group on 7. The kernel of 87 is non-trivial if and only if the kernel
of L(g,v) is non-trivial. The determinant is a real-valued function on U(H).
Thus, we have a real-valued function f(g,v) = det(L(g,v)) on the neighbor-
hood of (go,vp) in Met® x Z'(Y,iR). Those (g,v) with non-trivial kernel
have value 0 for this function.

Now we only need to check that the derivative of f(g,v) at (go,0) is
surjective, then the condition Ker 87 # 0 determines a real codimension one
subset in the space of Met® x Z1(Y,iR) by Morse theory. It can be checked
by differentiating f(g,v) at (go, v0) along (0, &)-direction, for a € Q!(Y,4R).
Since

Df(go’,,o)(o,a) =Tr (¢ — II (%aq&)) ,

which is non-zero for suitable choice of a.
Theorem 2.7 now follows from Claim 2 and the fact that any metric is

conformally equivalent to a metric in Met?.
a
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Let W denote the wall in the space of metrics and perturbations Met X
Z\(Y,R),
W = {(g, *dv)| Ker 89 # 0}.

Motivated by Chen’s work [14], we analyze more carefully the structure of
W. This analysis will be useful in Section 7, in establishing the results on
the wall crossing formulae.

Theorem 2.8. W is a stratified space with the top stratum W; consisting
of those (g,v) with Kerd, = C. In general, the set of pairs (g,v) with
Ker 0] = C" is a codimension 2n — 1 subset W, in Met x Z'(Y,iR).

Proof. As in the proof of Theorem 2.7, we only need to prove the result for
(g,v) in Met® x Z1(Y,iR) (see Claim 1 and Claim 2 in the proof of Theorem
2.7). Consider a real Hilbert bundle £ over

Met® x Z1(Y,iR) x (L2(S) — {0})
whose fiber over (g,v, 1) is

(gu't/z) {¢ € L (S)|R6(¢7 ’“ﬁ)g - 0}

" Define a section ¢ of £ by assigning to (g, v,1) the element 871
Claim. ( is transverse to the zero section of L.

We need to prove that the differential map of ( is surjective at zeroes of
(. Suppose that (go, v0,%0) (with ¢ # 0) satisfies 95019 = 0. Differentiating
¢ with respect to the directions tangent to Z!(Y,iR) x (L?(S) — {0}) only,
we see that the differential map is

D¢ Qp (Y iR) @ LI(S) — {¢ € Li(S)|Re(p,iv) g = 0}
(v1,91) — Odthr + ';‘V1~1;b0-

If ¢ € L{gy,00,0) is orthogonal to the image of D, then ¢ satisfies:

(1). Re(d,1%0)g, =0,
(2). Re(q,’), v1.90)g, =0, for any 11 € Q}(Y,iR).

(3). 8% ¢ =
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From the second equation we see that there exists a function f : Y — R
such that ¢ = if1)y. Substitute this into equation (3), using 85010 = 0. We
obtain df = 0 which implies f = C is a constant function. Then

Re(iCo, i0) g, = Cltho|?

implies C = 0. Therefore, ¢ = 0, that means, D¢ is surjective at (go, V0, %0)-
It is easy to see that the index of D( is the index of 873, which is 1, since
ithg is orthogonal to the image of 9.

From the Claim, ¢~!(0) is a Banach manifold and the projection

IT: ¢71(0) —» Met® x Q'(Y;iR)

is a Fredholm operator of index 1. Note that for any (g,v) € Met® x
QL(Y,iR) we have II"1(g, v) = Ker 5.
Moreover, at (go, %0, %0) We have

Ker (IL,) = {$|073¢ = 0}
dim Ker (II,) — dim Coker (II,) = 1.

Therefore, dim Coker (II,) = dim Ker (II,) — 1. Then the Theorem follows,
with the top stratum of codimension one described in Theorem 2.7, and the
stratification given by

Wh = XY (Fo2a(S,Y) N X(Met x Z(Y,R))),

where X is the map of (16). Thus, the structure of stratified set on W is
induced by the structure on Image (X) inside the stratified set Fo(S,Y). O

Notice that on any three-manifold it is possible to find special metrics
for which the dimension of the space of harmonic spinors is arbitrarily large.
The result for S was proved by Hitchin [26] and recently generalized to all
manifolds of dimension 3 mod 4 by Bér [9)].

2.3. Perturbation of flow lines.

We introduce suitable moduli spaces of gradient flow lines connecting critical
points. We prove in the Section 2.3, Proposition 2.14 that, generically, these
are smooth manifolds that are cut out transversely, hence with the dimension
prescribed by the index theorem. This property depends on an accurate
choice of a class of perturbations for the gradient flow equations.
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Consider the space of connections and spinor sections (A, ¥) on ¥ x R
with the product metric g + dt?, topologized with the weighted Sobolev
norms [24], [36]. Here we choose the weight es(t) = e, where 4 is a smooth
function with bounded derivatives, 6 : R — [—d, 8] for some fixed positive
number &, such that §(t) = —6 for t < —1 and §(¢) = 6 for t > 1. The
Li,a norm is defined as ||f|l2.x,5 = |lesf||2,x, where the Sobolev norms are

defined with respect to a fixed reference connection Ag in Li’l oc- BY the
Sobolev multiplication theorem of Proposition 2.9 below, the spaces LZ’ 5.A0
and L%, 5A, are equal whenever we have Ag — A; = ag+ a1, with ag in LZ 5.0
and a; is C® bounded, with £ > k — 1, cf. [46]. The weight es imposes an
exponential decay as asymptotic condition along the cylinder. A proof of
the following Proposition can be found, for instance, in Section 9 of [20].

Proposition 2.9. LetY be a compact oriented three-manifold endowed with
a fized Riemannian metric gg. Consider the cylinder Y x R with the metric
go + dt?. The weighted Sobolev spaces L%’ s on the manifold Y x R satisfy
the following Sobolev embeddings.

(i) The embedding L,%,J — L%_l, s s compact for all k > 1.
(ii) If k > m + 2 we have a continuous embedding L,%’ s = C™.
(i) If k > m + 3 the embedding Lﬁ,a — C™ is compact.

(iv) If 2 < k' and k < K’ the maltiplication map L} s ® L} 5 =5 L3 o5 is
continuous.

Consider a metric g; + dt* on the cylinder Y x R such that for a fized T we
have gt = go fort > T and g; = g1 for t < =T and g; varies smoothly when
t € [-1,1]. The same Sobolev embedding theorems hold for the L,%’ 5 spaces
on (Y x R, g; + dt?).

Choose smooth representatives (Ag, o) and (A1,%1) of a and b in
M. Choose a smooth path (A(t),v(t)) such that for ¢ < 0 it satisfies
(A(t),%(t)) = (Ao, vo) and for ¢t > 1 it is (A(t),¥(t)) = (A1,%1). The con-
figuration space Aggs(a,b) is given by the space of pairs (A, ¥) on ¥ x R
satisfying

(17) (A, T) € (A1), % (1) + Li (' (Y x R) (ST ® L)).

Consider the group Gi41,5(a,b) of gauge transformations in Gy xR, lo-
cally modeled on L2 +1,5(QO(Y x R,iR)), that approach elements A1 in
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the stabilizers G, and G} of (Ao, o) and (A1,91) as t — Foo. This gauge
group acts on Ay s(a,b) and we can form the quotient By s(a,b). There is
an action of R by translations on By 5(a, b).

We consider the perturbed gradient flow equations for a path (A(t), ¥(t)),

(18) 2(t) = bt
and
(19) £ A(t) = 0 (p(2),B(2)) — *Fay + 200+ 20,9 (0):

Equations (18) and (19) can be rewritten in terms of pairs (A, ¥) in the
form

(20) Dl =0
and
(2]_) Fg_ =V '\T’-I-’L./J:-l-P(A’\I;),

as proved in Lemma 2.1.

The perturbation P = #*q + ¢ A dt is a function of B(a,b) to
7*(QL(Y,iR)) = Q*F(Y x R,iR), such that the corresponding equations
in a temporal gauge (18) and (19) are preserved under the action of R by
reparameterization of the path (A(t),%(t)). The class of such perturbations
is described as follows.

Definition 2.10. The space of perturbations P is the space of maps
P : By s(a,b) = L s2°* (Y x R,iR),
that satisfy the following conditions.
(1) Paw) = *qa,v) (t) + qeav) (t) A dt, where Q(A,\p)(t) satisfies
gau)r (1) = qan)(t+T),
for any T € R, where (A, )T is the T-translate of (A, ¥).

(2) The Li s-norm of the perturbation P(s g is bounded uniformly with
respect to (A, T).
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(3) The linearization DP( a,v) 1s a pseudodifferential operator of order < 1.
In particular DPs ) is a compact operator from the Li, 5 to the L%_l’ 5
tangent spaces.

(4) For all I < k — 1, we have
lga,e) (Dl zz < CHlIVC(A(E), ¥ (£)l 2
in the L?-norm on Y x {t}, where

(22)  VC,(A(1),%(t)) = (=0aw)¥(t), o (¥(2),%(t)) — *Fa(p) + 2ip)
is the gradient flow of the functional C,, and 0 < Cj < 1.

(5) The inequality

IDg(a,w) ((t), 6| < Cra,m) IVCH(A(R), b - 1(x(2), D]

holds for ¢t > Ty. Here Dq(s v) is the linearization of the perturbation
q(A7\I/) )

With a perturbation in the class P the equations (18) and (19) are
invariant with respect to the action of R by translations along the gradient
flow lines, that is if (A(t),9(t)) is a solution of (18) and (19), then (A(t +
T),y(t+T)) is also a solution for any 7" € R.

An example of perturbation with these properties has been constructed
by Froyshov [25].

Proposition 2.11. The class of perturbations introduced by Froyshov in
[25] is contained in our class P.

According to Froyshov’s construction, for fixed smooth compactly sup-
ported functions 71, 12, with supp (71) C [—1,1] and n2|7(¢t) = ¢ on an inter-
val I containing all the critical values of C,, a function h : By 5(a,b) — C™(R)
is defined as .

o) (1) = [ m(s =T ( /R m(t - s>cp<A(t>,¢<t)>dt) ds.

Let Q2(Y x R) be the set of C™ 2-forms w that are compactly supported
in Y x 2, where E is the complement of a union of small intervals centered at
the critical values of C,. Froyshov’s perturbation is constructed by setting

Paw) = (h{pg @)*,
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where h’("A,\I,) (w) is the pullback of w along the map Idy x A gy : Y X R —
Y xR

As shown in [25], the function h(a g is bounded with all derivatives,
uniformly with respect to (A, ¥). Moreover, by the choice of =, the pertur-
bation h’(kA,\Il) (w) is smooth and compactly supported, hence in L%’J.

Condition (1) holds, since the function h(s ¢)(t) satisfies

h(aw)(t+T) = haw) (),

where (A, ¥)7 is the 7-reparameterized solution represented in a temporal
gauge by (A(t +7),¢(t + 7)). In fact,

Ry (T) = /}R (s = T)na ( /R m(t = $)Co(A(t + ), B(t + T))dt> ds
= [t =T ([ mlu— s = ricyA), i) as

_ /R m( =T — ) < /R m(u— v)Cp(A(w), 1,b(u))du> dv
= hau) (T + 7).

Condition (2) holds: in fact, it is shown in [25] that the function A, ) is
bounded with all derivatives, uniformly with respect to (A, ¥). The Sobolev
embeddings of Proposition 2.9 provide the uniform bound in the L? ,6TLOTINS.

Condition (3) and (5): we can write the function h(, g) With the notation

heawy =m * (n2(m * Cp(4,))),

where * denotes the convolution product on R. We obtain the variation with
respect to (A, ¥) of the form

vaw) (@) = n1* (ma(n1 * Co(A,9))m * (VCo(A,9), (, 8))) -

Thus, as shown in Froyshov ([25], Prop.5), for w a C™ form, the linearization
of the perturbation hz‘A ) (w) at the point (w, A, ¥) is a bounded operator

K(w,A,\II) : L%,J — C™ with

supp (K(w,A,q,) (e, ®)) C h&g’q,) () xY.

Thus Condition (3) follows, since 71 and 7 are smooth compactly supported
functions. In particular, if w is a smooth form, the linearization DPy g) is a
smoothing operator. The expression of the variation v(s y) also shows that
Condition (5) holds.
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Condition (4) follows from an estimate on ||dh(a ¢l

ldha,2) ()1 < CIVC(A(E), p(@))II;

where the constant C' only depends on the asymptotic values a and b of
(A, D).

Other perturbations of the functional C can be used to achieve transver-
sality of the moduli space of flow lines. For instance see the discussion in
[29], and the class of perturbations introduced in [11]. The perturbations
introduced in [11] have the advantage of being defined directly as pertur-
bations of the Chern—Simons—Dirac functional C, instead of being perturba-
tions of the 4-dimensional Seiberg-Witten equations, as in the case of the
class considered here.

2.4. Transversality of M(a,b).

Let L(4) be the linearization of equations (20) and (21) on By s(a,b).
The operator L is of the form

Dp® + ¥
(23) E(A,\IJ,P) (Oé, @) = d+a - %Im(\If . é) + 'DP(A’@) (Oé, ‘I))
Glaw) (o, ®)

mapping

L s(Q1(Y x R,iR) @ (ST ® L))
— L7 15(2°(Y x RiR) @ Q*T (Y x R,4R) @ T(S~ ® L)).

The operator G* is the adjoint, in the Lg’é-pairing, of the linearization of
the gauge group action G, ¢ (f) = (=df, f¥).

As the following proposition shows, the operator L4 g p) is obtained
by adding the compact perturbation DP, ) to a Fredholm map from L,%,J
to Lz_l 5> hence it is Fredholm. Therefore we have a well defined relative
Morse index of two critical points a and b in M.

Proposition 2.12. Suppose a and b are irreducible critical points for the
functional C,. Let {\s} and {\o} be the eigenvalues of the Hessian T at the
points a and b. Assume that the positive number § satisfies the condition

§ < min{[Aa|, [Ms[}-
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Let (A, ¥) be a solution of (20) and (21) in By s(a,b). Then the linearization
L) is a Fredholm operator of index

Ind(ﬁ(A’q;)) = O'(CL, b)

The right hand side o(a,b) is the spectral flow of the operator VF along a
path (A(t),v(t)) in A that corresponds to (A, V) under 7*. The quantity
o(a,b) is independent of the path, hence

a(a,b) = p(a) — p(b)

defines a relative Morse index of a and b, where u(a) is the spectral flow of
VF on a path joining a to a fized [Ag, o] in M.

Remark 2.13. In the case with Y a homology sphere, Proposition 2.12
holds for a reducible point a = [v,0] under the assumption that, for the
chosen metric g on Y, the condition Ker (85) = 0 is satisfied.

We state and prove an analogue of Proposition 2.12 in the context of
framed moduli spaces and equivariant theory in Theorem 3.8. We also prove,
in Theorem 3.8, that the relative Morse index of points in M is well defined.

Consider the moduli space M (a, b) of solutions of the equations (20) and
(21) in Bks(a, b).

Proposition 2.14. When a and b are irreducible critical points of Cp, for
a generic choice of the perturbation P € P, the moduli space M(a,b) of
gradient flow lines is a smooth oriented manifold, cut out transversely by
the equations, of dimension ‘

fiim(M(a, b)) = p(a) — p(b),

where p(a) — p(b) is the relative Morse index of the critical points.

Proof. It is first necessary to know that there are no reducible flow lines
connecting the critical points a and b. This fact is an easy consequence of
the definition of the configuration space (17), since the exponential weight
in the Sobolev norm forces elements in (17) to decay at the ends to the
asymptotic values, which are irreducible by assumption. On the convergence
of flow lines to the endpoints a and b, see the results of Section 3.4. Thus,
M(a, b) lies entirely in the irreducible component B; 5(a,b), provided that
at least one of the endpoints a and b is irreducible. The statement then
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follows via the implicit function theorem, upon showing that, for a generic
choice of the perturbation P, the linearization L is surjective.
Consider the operator

Liaw,p)(e,®,p) = Lawp)(x,®) +pay,p)e®),

where we vary the perturbation by an element p(s g p) of TpP. This cor-
responds to varying the parameter w € Q% (Y x R) in Froyshov’s class of
perturbations.

The operator £ is Fredholm, therefore L has a closed range. We show
that £ is surjective by proving that it has dense range.

Suppose given an element (5,&,9) in L2_k_1,_ s that is L?-orthogonal to
the range of the operator L. Here B is an element in Q2T (Y x R,iR), ¢
is a spinor, and g is a zero-form. The element (53,&,g) is in the kernel of
the adjoint £*, which is an elliptic operator with Lgk’_ s coefficients, thus

(B,&) lives in L2 k-6 by elliptic regularity. In fact, the perturbation satisfies
Condition (3) of Definition 2.10. If we consider the L?-pairing of Li, 5 and
Lak’_a, we get

<ﬁ,d+a - %Im(‘l’ - ®) + DPy v (a, @) + paw,p) (@, ‘I’)>
+ (&, Da® + a¥) + (9, G{p g (a, ®)) = 0.
By varying p € P we force = 0. The remaining inner product
(€, Da® +1ia¥) + (g, G{p gy (2, ®)) = 0

gives the following equations

(a) (e—sdes)g = 3¢ - ¥ and

(b) Dag — g¥ = 0,
We assume that ¥ is not identically zero. Applying d* to (a) and using (b)
we obtain d*(e_sdesg) + g|¥|? = 0. Equivalently, we get

(es/2d*e_s/2)(e—s/ades 2)es 29 + |¥[Pes /09 = 0.
The equation _
Asjaes29 + €529/ %) =0,

with
As = e_sAes,
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implies that g = 0, since g decays at +co0 and the maximum principle applies.
Then, by varying o alone in (§{, Dpo® + a¥) = 0, we force £ to vanish on
some arbitrary open set. We obtain (3,£) = 0.

Thus the operator £ is surjective. This implies that zero is a regular
value for the map defined by the equations (20) and (21). Therefore the
moduli space Mod of triples ([A, ], P) in BIL% J(a, b) ® P that satisfy the

equations is a smooth (infinite dimensional) manifold with tangent space
Ker (£).

The projection IT : Mod — P given by II([A, ¥],P) = P linearizes to
a surjective Fredholm operator DII : Ker (£) — TpP. The kernel of DII
is Ker (DII(4,,p)) = Ker (L(s,w,p)). The infinite dimensional Sard theorem
implies that the moduli space M(a,b), for a generic perturbation P € P,
is the inverse image under the projection map from Mod to P of a regular
value. Thus M(a,b) is a smooth manifold which is cut out transversely by
the equations. Equivalently, the linearization £ with a fixed generic q is
surjective.

The virtual dimension of the moduli space M(a,b) equals the index of
the Fredholm operator £. According to Proposition 2.12, this is the relative
Morse index p(a) — p(b).

The orientation of M(a,b) is given by a trivialization of the determi-
nant line bundle of the operator £. This is obtained given a choice of an
orientation of

H)Y xR) @ H2Y (Y xR) @ Hy (Y xR),

the cohomology groups of §-decaying forms, as discussed in the following
Proposition. O

Proposition 2.15. The manifold M(a,b) is oriented by a trivialization of
the determinant line bundle of the operator L. This is obtained from an
orientation of ’

H)Y xR) @ H2Y(Y x R) ® Hy (Y x R),
the cohomology groups of d-decaying forms.

Proof. Suppose given [z] = [A,¥] € M(a,b). Let z = (A(t),9(t)) be a
temporal gauge representative such that

Jim (A(t),%(¢)) = (As, ¥s),
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and

lim (A(1), 9(t)) = (Ao, o).
Consider the family of operators
dta— $Im(¥ - 9)
Lo(a,®) =< Dp® +a¥
Glaw (0 ®)

acting on the space of Lz, s-decaying 1-forms and spinor sections on ¥ x R.

An orientation of the moduli space M(a, b) is determines by a trivializa-
tion of the determinant line bundle of the family of operators £,. We can
separate L, in the first order term and a perturbation,

Lo =Ly + LY,

with
Ll=d"+di+ Dy

L0 — ( —3Im(-9) ) .

and
¥ i(‘lla )

The operators induced by £, on the asymptotic ends are

L(%00) = L' (400) 4+ L°(z00),
xd d* 0
LYco)=| d 0 0 |,
0 0 Oa,
xd d* 0
[M-o0)=| d 0 0 |,
0 0 Oa,

0 0 —2Imo(-,vs)
Lo(oo)=( 0 0 —i<-tp> )
| Uy Py 0
0 0 —-2iImo(-,%,)
Lo(—o0) = ( 0 0 —i<- 1> ) ,
'd’a ¢a 0

where we have

and
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acting on Q°(Y;iR) @ Q!(Y,iR) @ T(S ® L).
We can consider a deformation L of the family £, obtained as in [45]
Section 6.6,
LS =L+ (1—e)Ld.

The deformation changes the asymptotic operators in the form
L¢(400) = L*(f00) + (1 — €) L%(00),

We can guarantee that this is a deformation via Fredholm operators provided
that the weight J is chosen such that §/2 is not in the spectrum of L¢(4-00)
for all € ([36] Theorem 6.2, and [47] Lemma 8.3.1). That is, if the spectrum
of the operators L¢(#00) is uniformly bounded away from zero.

If this is the case, then a trivialization of the determinant line of the
family LS is obtained by a trivialization at € = 1. This induces a trivializa-
tion of £,. The trivialization at € = 1 is a trivialization of the determinant
line of the operator dt + dj + Da.

The Dirac operator is complex linear and it preserves the orientation
induced by the complex structure on the spinor bundle St ® L. Thus a
trivialization is obtained by an orientation of

H)(Y xR) @ H* (Y x R) ® Hj (Y x R),

the cohomology groups of J-decaying forms, [45], [48].

However, the condition on the spectrum of L¢(d00) may not always be
satisfied: the deformation £ may not be through Fredholm operators. It
is still possible to obtain an orientation of M(a,b): the following argument
was suggested to us by L. Nicolaescu [51].

We can change the family £, by a deformation such that the new family
H . satisfies

Hz'Yx[—l,l] = ['lex[-—l,l]~

OnY X (—o00,—2]UY x [2,00) it satisfies

—LIm(4,)
Haly x(—co—g) =dT +df + D +( 2 ¢ )
|Yx( —2] +ds Aa Z('lpa,‘)
—3Im(-1p) )
H o) =dt +di+ D 2 .
|Y><[2, ) +ds + A,,+< i (b, -)

A trivialization of the determinant line of A, induces a trivialization of
the determinant of L.
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The index of the family Ind(H,) on Y xR equals the index on Y x [—3, 3]
with APS boundary conditions [3], [53]. )
Now we can consider the family of operators H, that satisfies

Holyw(-3,3] = Holy (-3
OnY x (—oo,—4]UY x [4,00) it satisfies
Helys(—co,—a) = A" +dj + Da,,

Halyxa0) =" +dj + Da,.

On the cylinder Y x [—4,—3] and Y X [3,4] the index of the operator
H, can be obtained as Ind(% + H(t)), where H(t) is independent of z (but
depends on the asymptotic values a or b). Thus, Ind(H) on Y x [—4,—3]
and Y x [3,4] is the spectral flow SF(H(t)) of H(t).

The indices of H, and H, are related by the excision formula

Ind(H,) — SF(H(t)) = Ind(H,),

generalizing the excision formula of [52].

Thus the relative orientation of #, and by ’1':[9, is exactly (—1
Notice that [52] provides examples where this spectral flow is computed
explicitly and is odd.

Finally we can introduce a deformation ﬁ; with a homotopy that shrinks
to zero the spinor part. In this case the asymptotic operators H(+o0) re-
main constant, hence the deformation is through Fredholm operators. This
implies that the orientation determined by 7-lz is the same as the one deter-
mined by dt + d} + Dj, that is by an orientation of

)SF(H).

H)(Y xR) ® H2Y(Y xR) ® H} (Y x R).
2.5. Floer homology.
The Floer complex has generators
Cq={be M | () =g},
where M’ is the irreducible part of the moduli space of critical points. The

Morse index u(b) is computed with respect to a fixed element [Ag, 1p] in M,
[Ao, 0] = [v,0] in the case of a homology sphere.
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The boundary operator is given by

(24) O0a = Z €(a, b)b,

blp(a)—p(b)=1

where €(a, b) is the algebraic sum over the paths joining a and b of the signs
given by the orientation,

€(a,b) = Z €y

YEM(a,b)

Here M(a, b) is the moduli space of flow lines on Y x R with asymptotic
values a and b. A description of M(a,b) will be given in the next section.
The space M(a, b) is the quotient of M(a,b) by the action of R by transla-
tions. A compactness result for M(a, b) is needed in order to make sense of
€(a,b). This result will follow from the more general result proved in Section
4 in the equivariant setup, in Theorem 4.1, Theorem 4.9, and Proposition
4.25.

The property that 8 o @ = 0 relies on the gluing formula of Lemma 2.16
that follows from an accurate analysis of the properties of the gradient flow
moduli space M(a,b). In our setting, again, this result will follow from the
more general results in the equivariant context, see Theorem 4.9.

In the case where Y is a homology sphere, we need to ensure that in
the expression of 0 there is no contribution coming from trajectories that
break through the unique reducible solution. In other words, no component
of the form M(a,6) x M(8,b) can appear in the boundary of M(a,b) for
p(a) — p(b) = 2. This has been proved in [13]. In fact, the following gluing
formula holds.

Lemma 2.16. Suppose given a, b and ¢ in M', irreducible critical points
with p(a) > p(b) > u(c). Then, for large enough T, there is a local diffeo-
morphism

M(a,b) x M(b,c) x [T, 00) = M(a,c).

IfY is a homology sphere and 6 = [v,0] is the unique reducible critical point,
there is a local diffeomorphism

M(a,0) x M(8,¢) x U(1) x [T, 00) = M(a,c).

In this case U(1) is the stabilizer of the reducible solution 6 = [v,0].
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In Theorem 4.9, we prove the gluing formula in the equivariant setup. A
proof of Lemma 2.16 can be found in [38] and [13], and it follows from our
equivariant result, as discussed at the end of Section 4.2. The result has an
immediate corollary.

Corollary 2.17. Suppose Y is a homology sphere. Let 6 be the unique
reducible solution. If a and c are irreducible critical points such that p(a) —
p(c) = 2, then generically there will be no boundary strata of the form
M(a,0) x M(8,c). In fact for dimensional reasons the moduli space M (6, c)
of gradient flow lines is generically empty if p(6) — p(c) = 1.

The property that 2 = 0 in the Floer complex follows then from the
fact that the matrix elements

(80a,c) =Y " (a,b)(0b, c),

b

of the operator 8% are the algebraic sum of the points of the oriented zero-
dimensional manifold

Usepr M(a, b) x M(b,c) = dM(a, c).

In the case with non-trivial b!(Y'), we construct the Floer homology
under the assumption that ¢i(L) # 0 rationally and that the perturbation
is restricted to the trivial cohomology class [¥p] = 0.

Remark 2.18. For a 3-manifold Y with b; > 0 and a Spin .-structure with
c1(L) = 0 rationally, the methods discussed here do not extend directly
to formulate the corresponding monopole homology. In fact, the Chern—
Simons-Dirac functional is R-valued on the configuration space as long as
the perturbation term represents a trivial de Rham cohomology class. In this
case, however, the condition ¢;(L) = 0 implies the existence of a reducible
set of critical points that is a torus T?'(Y), These can be degenerate, in the
sense of Morse-Bott, even in the framed configuration space. Perturbing the
functional with a 1-form p that is non-trivial cohomologically can destroy
this reducible set, but the functional would no longer be R-valued. There is
then no uniform energy bound on the space of flow lines of a fixed virtual
dimension. This creates a problem in the compactification by broken tra-
jectories (see Theorem 4.1 and Theorem 4.9). The right framework for this
bad case seems to be a Novikov type complex, where trajectories with the
same virtual dimension but with different energies are counted separately as
coefficients of a power series. Since this case has important applications in
the gluing formulae, we deal with it separately in [42].
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Under our assumptions, when we have b!(Y') > 1 and a nontrivial ¢;(L),
the Floer homology groups can be proved to be independent of the metric
and of the perturbation. In fact a chain map and a chain homotopy are con-
structed by a cobordism argument between moduli spaces for two different
metrics and perturbations. This result follows from the topological invari-
ance of the equivariant Floer homology proved in Theorem 6.1, in Section 6,
and the equivalence of equivariant and non-equivariant Floer theories in the
case of manifolds with 5'(Y") > 1 and a nontrivial ¢;(L), proved in Section
7, Theorem 7.1.

In the case with b!(Y) = 1 one expects to find a dependence on the
choice of the perturbation, see [35], however, since we are only considering
perturbations that are cohomologically trivial, we obtain independence of
the metric and perturbation as in the b*(Y) > 1 case. A similar dependence
was detected in [5] in the case of the invariant of three-manifolds obtained
by counting points in M with the orientation. In [38] it is proved in the
case b'(Y) > 0 that this invariant is in fact the Euler characteristic of the
Floer homology. The same invariant was introduced in [12] following the
Quantum Field Theory formulation of Seiberg-Witten theory.

In the case of a homology sphere the metric dependence problem is more
complicated. In fact due to the reducible solution a cobordism argument
does not work and more generally the construction of a chain homotopy can
fail due to the presence of moduli spaces of gradient flow lines that connect
the irreducibles to the reducible critical point. The space of metrics and
perturbations breaks into chambers with codimension-one walls, so that the
Floer groups are isomorphic for metrics that belong to the same chamber
and are in general non-isomorphic when the metric crosses a wall. We shall
discuss the wall-crossing phenomenon in Section 7.

3. Morse-Bott theory.

We are now going to introduce the equivariant Floer complex. This can
be constructed for all three-manifolds. Clearly in the case of an integral
homology sphere there will be no question of different Spin -structures. In
the case of a rational homology sphere, we have finitely many choices of
Spin .-structures and there is a reducible point corresponding to each of
these. In the case of manifolds with b'(Y") > 0 there are infinitely many
possible choices of Spin .-structures. This gives rise to a family of Floer
complexes corresponding to the different choices of the Spin .-structures.
The relation between these requires further investigation and is analyzed



Equivariant Seiberg-Witten Floer Homology 487

elsewhere (cf. [11]). In all the following we always assume to work with a
fixed choice of the Spin .-structure. ,

In order to consider reducible as well as irreducible generators, we intro-
duce a framed configuration space with a U(1)-action, where the functional
C, is defined as a U(1)-invariant real valued functional. In order to apply
the analogue of the finite dimensional equivariant Morse theory [7], we need
C to be a Morse-Bott function. That is, we have to ensure that the Hessian
is non-degenerate on the normal bundle to the critical U(1)-orbits.

3.1. Framed moduli space.

Definition 3.1. Let o be a fixed base point in Y. We define the space B°
to be the quotient of A with respect to the action of the subgroup G° C G of
gauge transformations A that act as the identity on the fiber of S® L over zg
and that satisfy the condition (2). The space B° is the framed configuration
space.

The action of the group G° on A is free, therefore the space B? is an
infinite dimensional Banach manifold (using a fixed L? norm) that carries
a residual U(1) action. There is a fibration B® — B over the unframed
configuration space with fiber U(1). The solutions of the three dimensional
Seiberg-Witten equations (5) and (6) in BY form the framed moduli space
MO, that is the critical set of the functional (3) modulo based gauge trans-
formations.

As in the case of Donaldson theory [16], an equivalent description of
the framed configuration space can be given as the triples (A4,v,¢) with
(A,¢) € A and ¢ a unit vector in the fiber S ® L|g,. The full gauge
group acts freely on this space. Solutions of the Seiberg-Witten equations
in this configuration space modulo the full gauge group provide another
model of framed moduli space. This has been used in [4] and [5]. We use
the description given in definition 3.1, since M° has an explicit U(1) action
which allows us to work equivariantly.

Since the action of the base point preserving gauge transformations on A
is free, the reducible solutions with ) = 0 now have trivial stabilizer, hence
they are smooth points in M?. The reducible part of the unframed moduli
space M corresponds exactly to the fixed point set for the U(1) action on
MO.

Lemma 3.2. Consider the unperturbed equations (9) in B°. Let [A,0] be a
solution that is a fized point of the U(1)-action. Then the virtual tangent
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space of M at the point [A,0] is H'(Y,R) @ Ker (04). Moreover, the set of
fized points in MO is identified with the torus H*(Y,R)/H(Y,Z) together
with one point determined by the choice of the Spin .-structure, out of a
discrete set given by the torsion part of H'(Y,Z).

Proof. Fixed points are flat U(1)-connections modulo gauge: these are the
representations of 71(Y") into U(1). The linearization T at a point [A4, 0] is
of the form (— % d,84). For the element in the torsion part of H!(Y,Z) see
Theorem 3.4 below. o

We need to perturb the equations in some generic way in order to have
MO cut out transversely. For the perturbed equations (15), the fixed point
set is described by the equation *F4 = 2ip.

Lemma 3.3. If Y has non-trivial b*(Y) and the functional C is perturbed
with a generic co-closed 1-form p, then the set of critical orbits M contains
no fized point and is cut out transversely by the equations. The Hessian of
the perturbed functional C, is non-degenerate in the directions normal to the
critical orbits.

Proof. If the Chern class ¢1(L) is non-trivial, choose a perturbation p with
[*p] # imcy (L), or perturb with a harmonic form if ¢;(L) = 0. This implies
that there are no solutions of the equation Fiq = 2i * p.

Consider the linearization f/( Au,p) of the equations (15), where we allow
the perturbation to vary,

fj(Aﬂp’P) (Ot, ¢’ 77) = L(A,'zp,p) (a, ¢) d 27/77

The operator L has closed range, since L is Fredholm. We show that Lis
surjective. Let (3,€, g) be an element that is L?-orthogonal to the range of
L. Then (B,€,9) is in the kernel of the adjoint, hence by elliptic regularity
we can consider the L? pairing of Lz and L? P

(B, — * do — df + 20 (¢, ¢) — 2im)
+(€,04¢ + ap + ) + (g,G* (e, ¢)) = 0.

The argument is analogous to the proof of Proposition 2.14. By varying
n we force B = 0. The vanishing of

<£,6A¢ + a¢ + f¢> + (g’G*(a’¢))
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gives an equation Ag + 1/2g|1|? = 0 which implies g = 0 by the maximum
principle. Then by varying ¢ and a we get 946 = 0 and o(£,%) = 0. The
latter is satisfied if £ is an imaginary multiple of 1, £ = i\, where neither of
the two vanishes. Both £ and 1) are in the kernel of 04, thus if either of them
vanishes on an open set it has to vanish identically (and we know that 1 is
not identically zero). If we have £ = i\, we obtain that £ is identically zero
as a consequence of the vanishing of the inner product (£, fi) for arbitrary
smooth compactly supported functions f.

This is enough to show that for a generic perturbation p the moduli space
M (and therefore also M?) is cut out transversely, as in the analogous proof
of Proposition 2.14. a

When b'(Y) = 0 the virtual tangent space at a solution of *F4 = 2i * dv
is identified with Ker(84) and the perturbation p = #dv is not enough
to ensure that M9 is cut out transversely and that the fixed point set is
separated from the other components of MO,

Theorem 3.4. Let Y be a rational homology sphere. Suppose we choose
a perturbation by a co-closed 1-form p and a generic metric. Then the
framed moduli space M° consists of a disjoint union of finitely many cir-
cles (corresponding to the irreducible part of the unframed M) and finitely
many points (the reducibles of M). These correspond to different choices
of the Spin .-structure: for a fized Spin .-structure we have a unique fized
point of the U(1)-action. Moreover, the Hessian of the functional C, is non-
degenerate in the normal directions to the critical orbits.

Proof. The choice of a perturbation p = *dv makes the fixed point set into
the finitely many solutions modulo gauge of

(1) Fp=dy,

namely flat U(1) connections modulo gauge. These are representations of the
7m1(Y) into U(1), hence they are identified with the finitely many elements
in the group H'(Y,Z). Each of these elements specifies one choice of the
Spin ¢—structure. Thus, for fixed Spin °—structure, there is a unique fixed
point @ = [Ag + v,0] of the U(1)-action in the moduli space MO. If the
metric on Y satisfies Ker (04) = 0 at a solution [4, 0] of (1), then the virtual
tangent space at this fixed point is zero-dimensional, hence the Hessian of C,
is non-degenerate at the fixed points. The condition is satisfied for a generic
metric because of Lemma 2.7.
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The irreducible component of M is a zero dimensional manifold if the
perturbation p is generic. The moduli space M is compact, since b*(Y) = 0,
and therefore so is M?. However, we have to show that the unique fixed
point is separated from the other components of M%. We want to show that
no sequence of irreducible solutions can converge to a reducible solution.
We can apply the same perturbative argument used in [13], based on the
local Kuranishi model. In fact if (A,%) is an irreducible solution which is
sufficiently close to a reducible solution (Ag+v,0), then we have an expansion

A=Ay+v+eon +eag+---,

and
%= e + €Xhy + Py + -

Using the equation (15) and the condition that Ker (04,4+.) = 0 we get
that 9; = 0 for all 4, in contradiction with the assumption that (A4,)) is
an irreducible solution. Thus, for a fixed choice of the Spin —structure, the
framed moduli space M9 consists of finitely many circles and a unique point
fixed by the U(1) action. O

Corollary 3.5. Under the choice of a generic perturbation (and of a generic
metric in the case with b*(Y') = 0), the functional C, satisfies the Morse-Bott

property.

Remark 3.6. The condition that 04 satisfies Ker (04) = 0 at the reducible
critical point breaks the space of metrics and perturbations into chambers,
as discussed in Theorem 2.8. The Floer groups can be expected to change
when crossing a wall corresponding to metrics with non-trivial Ker (94).
The problem of possible dependence of the metric in this case was already
addressed by Donaldson in [15]. In Section 7, we prove that indeed the
non-equivariant Floer groups do change when crossing a wall. In fact, we
derive explicit wall crossing formulae for the Euler characteristic of the Floer
homology.

3.2. Gradient flow lines.
Denote by O, the critical orbit in MO that corresponds to a critical point

a € M. From Proposition 3.4 we know that M? is a U(1)-fibration over M,
where O, is a circle if a is irreducible and O, is the point a itself otherwise.
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Let us introduce the configuration space Ay §(Oq,0p). Consider the
space A 5((Ao,%0), (A1,11)) of elements (A, ¥) of the form

(26) (A, 0) € (A(t), 9 (1) + L 5(Q'(Y x R) @ T(S* ® L)),

where (A(t),¥(t)) is a smooth path such that (A(¢),¥(t)) = (Ao, o) for t <
0 and (A(t),%(t)) = (A1,%1) for t > 1, with G%-gauge classes [Ag, 0] € Oq
and [Al,’(/ll] € Op.

The space Ag 5(Oq, Op) is given by

(27) Ak 5(0a, 0p) = U Ag,5(A(Ao, %0), A(A1,91)).
AEU(1)

The space is endowed with a U(1)-action.

Let B,OC&(OG, Os) be the quotient of Ay 5(Oq, Op) modulo the free action
of the gauge group g,‘g +1, 5(Oa, Op) of based gauge transformations, modeled
on the Lz +1,6 completion of the Lie algebra, that decay, as t — +oo, to
elements A1, in the stabilizers G, and G;. The quotient has an induced
U (1)-action and endpoint maps

el : BY(0q,0p) = O,

and

e; : BYs(Oqy Op) — Oy,

We denote by M(O,,0;) the moduli space of solutions of equations
(20) and (21) in BY5(Oq, Op). These will be our moduli spaces of flow lines
connecting the orbits O, and O,.

Remark 3.7. Suppose one of O, and Oy is not the fixed point §. Then no
reducible solution arises among the flow lines M(Og, Op).

In fact, either (Aq,%aq) or (Ap,¥s) has non-trivial spinor. Thus 1 (t) has
to be non-trivial, in fact, the exponential weight on the Sobolev norms forces
the elements in (26) to decay to the endpoints, at least one of which has
non-vanishing spinor. Thus, the space A, 5(Oq, Op) only contains irreducible
lines. The action of G +1,6(Oa;, Op) is free and Bg’ 5(Oa, Op) is a manifold with
a free U(1)-action.
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3.3. Relative Morse Index.

We can rephrase Proposition 2.12 in the case of framed moduli spaces as
follows.

Theorem 3.8. Suppose O, and Oy are critical orbits of C, in B. IfY
s a rational homology sphere, assume that the metric and perturbation are
chosen generically so that C, satisfies the Morse-Bott condition. Let {)\;}
and {Xp} be the eigenvalues of the Hessian operators Qq, Qp (that is the
Hessian in B° restricted to the directions orthogonal to the U(1)-orbits).
Choose a weight ¢ satisfying 0 < & < min{|As|, |As|}. Then the linearization
Law) at a solution [A,¥] € Bg’J(Oa,Ob) of (20) and (21) is a Fredholm
operator from L2 ; to L2 | <. The virtual dimension of the moduli space
M(O,, Op) is gi'uén by the indez of L(aw) and is obtained as

dim M(Oq, Op) = 0(Oq, Op) + 1 — dim Gy,

where 0(Oq, Op) is the spectral flow of the operator VF on a path (A(t), ¥ (t))
in A corresponding to (A, V). The quantity 0(Oq,Op) is independent of the
path in Bg; by additivity of the spectral flow, it can be written as

0(0a, Op) = p(0a) — p(Os),

where pu(0,) is the flow of VF on a path connecting the orbit O, to a fized
orbit in MO.

Proof. The fact that the linearization L4 g) on the spaces B s(a,b) and
on By 5(0q, 0p) is Fredholm follows from Theorem 6.2 of [36], or Lemma
8.3.1 of [47] (cf. the previous discussion of this point in Proposition 2.15),
provided that the operator T has trivial kernel at the points ¢ and b and
the weight d is smaller than the least eigenvalue of T, see also [61].

We shall write Inde(L(a,)) for the index formula in BRs(Oq, Op). The
subscript denotes the fact that we are computing

Inde(L(a,w)) = dimKer (L (a,5)) — dim Coker (L(a,3)),

where Ker (L4, v)) is the extended kernel, which consists of solutions (a, ®)
of Lipw) (e, ®) = 0, with (o, ®) — (a—,¢-) in L 5, where (a-,4-) is a
solution of L4, y,(a—,¢_) = 0, namely a tangent vector to the orbit O,
in 7B°. Notice that this Ker ¢(L(a,w)) is the correct space representing the
tangent space of M(Oq, Op) in BY;(Oq, Op). The cokernel is simply given by
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Lz—l,é solutions of EEA,\I/) (£,8,€) =0, as in the setting of [3] I, p. 58. The
formula for the index of L4 ¢) on Bg,a(()a, Op)

Inde(ﬁ(&q,)) =0(0q,0p) +1 — dim G,,

then follows from the splitting of the index that will be proven in Corollary
4.18, together with the additivity of the spectral flow, and [3] III pg.95.
Thus we obtain the virtual dimension of M(Og, Op),

dimM(Oa, Ob) = O'(Oa, Ob) +1—dim G,

where the +1 contribution depends upon the presence of the U(1)-action
and dim G, is the dimension of the stabilizer of the point a.

The relative Morse index is well defined. To see this, we have to examine
the spectral flow of the operator V.F 4z y(t)) on a path (A(t),v(t)) in A with
endpoints (A,1) and A\(A4,), where X is a gauge transformation satisfying

i i
27r/yc1(L)/\)\ dA = 0.

According to [3] III p. 95, and [64], this spectral flow is just the index of £
on the manifold Y x S'. The index on a closed four-manifold is

2
Ind(£) = ex(L)? - 25 30
(cf. Corollary 4.6.2 of [45], or Theorem 2.3.8 of [39]), and this quantity
vanishes in the case of a manifold of the form Y x S1. O

Given the relative Morse index, we can define the Morse index of a
critical orbit up to fixing arbitrarily the index of a particular solution. In
the case with b'(Y) > 0 there is no canonical choice, hence the grading of
the Floer complex is only defined up to an integer. When b'(Y') = 0 we can
remove this ambiguity by fixing the trivial solution 8 = [Ay + v, 0] to have
index zero.

Notice that, in the case with b'(Y) > 0, c1(L) # 0, and [*p] = 0,
the relative Morse index would be defined only up to a periodicity if we
considered solutions modulo the full gauge group G. This is related to the
fact that the functional C is well defined on A/G, but is only defined as a
circle valued functional on A/G. The relation between Z-graded and 7Z;-
graded Seiberg-Witten Floer theory will be sketched briefly in Section 4.1,
in Remark 4.5.
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3.4. Decay estimate.

In this subsection we introduce some analytic properties of the functional
C,. We show that finite energy solutions of the flow equations necessarily
converge to asymptotic values that lie on some critical orbit. Moreover,
we show that, if O, or Oy is an irreducible orbit, then the flow lines in the
moduli space M(O,, Op) decay exponentially towards the endpoints. Notice
that in this case the moduli space M(O,, Op) only contains irreducible flow
lines.
We give the following preliminary definition.

Definition 3.9. A smooth path (A(t),%(t)) in A is of finite energy if the
integral

(28) | 1ve, a0, we)lfadt < o0

—-—00
is finite.

Notice that any solution of (18) and (19) with asymptotic values in O,
and Op is of finite energy, in fact in this case the total variation of the
functional C, along the path (A(t),%(t)) is finite and (28) satisfies

[ IVes A, pie) e < CCyla) =),

—00
because of the assumptions on the perturbation g(s ). Finite energy solu-
tions of the flow equations have nice properties: they necessarily decay to
asymptotic values that are critical points of C, as we prove in Corollary 3.11
and in Theorem 3.12. We begin by introducing some analytic properties of
the functional C, (see also [25], [48], [13]).

Lemma 3.10. Let M, be the moduli space of critical points of Cy, with p a
sufficiently small perturbation. For any € > 0 there is a A > 0 such that, if
the L3-distance of a point [A,] of B to all the points in M, is at least e,
then

IVC, (A, %)z > A

Proof. For a sequence [A;, ;] of elements of B with a distance at least € from
all the critical points, such that ’

IVCo(As, ¥i)|l L2 — O,
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as 1 — 0o, we would have

I+ Fa; — o (i, i) — ipll + [|10a,%:l] — 0.

Thus, there is a constant C such that
[ 1 Fag = o0 = ol + oanlPav < C.

If the perturbation p is sufficiently small, the Weizenbock formula implies
that

K
[ 1EA P+ bl )l + S + 2V agbifio < C.

Thus we have a uniform bound on the norms ||%;| s, |Fa;llzz, and
|V a,%ill2- An elliptic estimate shows that there is a subsequence that
converges in the L? norm to a solution of the critical point equations (15),
and this contradicts the assumption. O

Corollary 3.11. Let (A(t), ¥ (t)) be a smooth finite energy solution of equa-
tions (18) and (19) with a smooth perturbation q. Then there exist critical
points a and b of C,, such that the lim;_,+o(A(t),%(t)) are in the gauge
classes of a and b.

Proof. The finite energy condition (28) implies that
[VC(A(t), ()] = 0

as t — £oo. The Palais-Smale condition of Lemma 3.10 implies that there
exist T large, such that for [t| > T, [A(¢),%(t)] lies in a very small -
neighborhood of critical points of C,. The claim at the level of represen-
tatives (A(t),v(t)) follows from the finite energy condition and the flow
equations. O

Now we prove the exponential decay property.

Theorem 3.12. Let O, and Oy be non-degenerate critical orbits in By.
There ezists a weight § > 0 such that the following holds. Suppose
given any solution [A, ¥] of (20) and (21) that is represented by a smooth
pair (A(t),¥(t)) in a temporal gauge, with asymptotic values (Aq,)s) and
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(Ap,¥p) in Oy and Oy. Then there ezists a constant K such that, for t out-
side an interval [T, T), the distance in any fized C'-topology of (A(t),v(t))
from the endpoints is

diste: ((A(E), ¥ (2)), (As, 1)) < K exp(—4[t]),

withi=a ift<-T andi=0bift >T.

Proof. The proof consists of a few steps. Let us consider the decaying as
t — o0; the other case with ¢ — —oo is analogous.

For simplicity of notation we shall prove the Theorem in the case of flow
lines in B, with the action of the gauge group G of gauge maps that satisfy
(2), and perturbation p satisfying [¥p] = 0 in cohomology. This ensures that
the functional C, is R-valued. All the claims and the proofs extend directly to
the case of the based space with the G%-action and a non-degenerate critical
orbit Op in the quotient space By. In this case, the distance of (4, ¥) from
the orbit Op is the minimal distance from points on the orbit.

Lemma 3.13. Suppose b is a non-degenerate critical point of C,. Then
there exists a constant Cy such that if the L?-distance from [A,v] to b is
sufficiently small, then we have the following estimate of the L?-distance

from [A, )] to b:

diSth([A: 1/"]> b) < Cb”vcp(A7 TI))”IF

Proof. Consider the Hessian operator T}, acting as an unbounded operator
on the space of L? connections and sections. Since b is a non-degenerate
critical point, we have that

1
hy = ma,x{—-
|Adl

); is a eigenvalue of the Hessian operator T; at b}

exists and is bounded. We know that [A,v] — VC,(A,) defines a L2-
tangent section, which is smooth and transverse to zero at b. Thus, for any
€ > 0, we may choose a small neighborhood U} of b which may be identified
with a small neighborhood of 0 in the L2-tangent space of B at b, such that
for all (4,%) =b+ (a,¢) in Uy we have

||VCP(A> d)) - Tb(a7¢)”L2 < €,
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where we write VC,(A,) as the sum of the linear and a non-linear term,
VCP(A,’I,b) = Tb(a> ¢) + N(Oé, ¢),
with N(Ol, ¢) = (0'(¢’ ¢)>a : ¢)

When the neighborhood Uy, is small enough, we can ensure that

1N (a, p)Il < 1/2IVCo(A, D),

so that we have

[To(e, B)| < IVCo(A, )| + IV (e, )
< 3/2||VC,(4, ).

Thus, we get the following estimate:
distz2([4, ], b)
= [l(e, )l 2
< hol|(To (e, 9))l 2

< ghbn(vc,,([A, P lz2er)

< Shall VG4, ¥l

The Lemma, follows upon choosing the constant Cj with

3
Cy > §hb

Claim 1. Let (A(t),%(t)) be a representative of a path in B, such that
Jim (A(), 9(©)) = (A0 1)

where b = [Ap, 9] is a non-degenerate critical point in M,. Then there is a
To >> 0 and a constant Kp, such that the inequality

ICo(A(E), () — Col A, Yo)| < K3 VCo(A(E), % ()|
holds for all t > Tj.

Proof of Claim 1. Choose Ty such that for all t > Ty the path (A(t),9(t)) lies
in a neighborhood Uy, of b for which the result of Lemma 3.13 holds. Notice
that such a Ty depends in general on which path (A(t),4(t)) is considered.
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With the notation of (4) and (13), we have

Cp(A) ¢) ~ cp(Abaq)bb) + fb(a) ¢) + V'Fb(a)¢))

where (A,1) = b+ (e, ¢) in Up. Since b is a critical point, we have 7, = 0.
Thus we get

ICP(A> ’%b) - Cp(Ab’ ¢b)| < I(Tb(a> ¢)7 (Ol, ¢))|
Now applying Lemma 3.13 we obtain the estimate
|Cp(A"1)b) - cp(Ab) l‘ﬁb)l < ”Tb(a’ ¢)” : ”(Ol, ¢)”
3
< 3G IVC(A )7

This completes the proof of Claim 1, with the constant Kj; > 3C}/2.

Claim 2. For a finite energy solution (A(t),%(t)) of (18) and (19), the
inequality

5| IVCHA), B(6)IEads < CoAW) $(6) — Col )
<3 [ IVCAAE), B(s)IEads

holds for large t¢.

Proof of Claim 2. Without loss of generality we can assume that the per-
turbation in P satisfies Condition (4) of 2.10 with Cy < 1/2, so that

1
llga,wy )l < EIIVCp(A(t)>¢(t))||L2-
Thus, we can replace the equality ‘

Co(A(t),%(t)) — Co((Ab, ¥))

= /t°° B d% Cp(A(s), % (s))ds

_ /:o B <%(A(S),¢(S)),VCP(A(S),¢(3))> s
= /t ) IVC,(Als), (s)) s,

that holds for solutions of the unperturbed equations with the inequality of
Claim 2 for solutions of the perturbed equations.
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Claim 3. Let (A(%)),%(t)) be a finite energy solution of the equations (18)
and (19). The quantity

E(t) = / " IVCA(A(s), (5))|2ads

decays exponentially as t — oo.

Proof of Claim 3. In fact, the inequality of Claim 2 gives the first inequality
in the following estimate:

E(t) < 2(Cp(A(t), % (t)) — Co(Ap, b))
< K || VCo(A(t), v (1)) |I?

d
= —Kb-d-ZE(t).

The second inequality follows from Claim 1.

Claim 4. For large t we have the inequality

oo 1/2
dista (4O, 50, () < K ([ IVC, (A D) nds)

when z(t) = (A(t),v(t)) is a finite energy solution of (18) and (19).

Proof of Claim 4. We can prove that the following inequality holds true for

tZTot
[}
J

where Tp is such that for all ¢ > Ty the perturbation g4 ) satisfies the
inequality

2K,
ds < b

49 S T (Gl (0) - Coe)

d;
££E(S)

llacace),w@) @iz < C1lIVC(A(E), ¥ ()l L2,

with 0 < Cy < 1, as in property (4) of definition 2.10. Moreover, Tj is such
that Lemma 3.13 holds. The proof of this inequality follows [58] Lemma 3.1,
p- 542. We have »

-
”ggw(t) + [IVCo(z(t))]|* + 2 <%x(t), VCp(a:(t))>

2
<G

2

= lla(@®)|* < G

2 a(t)
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Thus we get

2

- {420, ve (a0 ) > S5 (u%‘““) IV )”2)

>(1-0Cy)

%x(t)“ Ve (=)l

for all t € [Ty, 00). That is,

F90)- 19 o)1,

d
2 ea) 2 (1- )
We obtain the inequality

2 (Colale)) — G0
0= e, att)) - coto) 2
(1-c) | d

> L0 o).

>

770 I9¢, )]

The last inequality follows from Claim 1. We can now integrate both sides
to obtain

r

s < s [T tae) - 6 0) s

= e (Cla®) = €02

d
%x(s)

Thus by Claim 2 we have

1/2

dist (40,900, (s ) < K ([ IVCA(A(s),$(6)) s

The exponential decay of E(t) proves the claim of the Theorem for the
case of L2-topology. Smooth estimates then follow by a bootstrapping ar-

gument and elliptic regularity. This completes the proof of the Theorem.
O

Analogous exponential decay estimates have been proven in [48], cf. [4]
and [13].
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3.5. Transversality of M(O,, Oy).

We have the following transversality result for the moduli spaces M(Oy,, Op).

Proposition 3.14. Suppose given two orbits Oy and Oy in MO. For a
generic choice of the perturbation P € P, the space M(Oq,Op) is a smooth
R x U(1)-manifold with dimension given by u(Ogs) — u(0p) + 1 — dim G,.
M(Oq, Op) is non-empty only if u(Og) — u(Op) > 1. There are endpoint
maps

el : M(Oq,O0p) — O4

and

e, 1 M(Oq,0p) = Oy
that are smooth U(1)-equivariant maps.

The computation of the virtual dimension follows from Theorem 3.8.
The transversality statement follows from Proposition 2.14, together with
the Remark 3.7, to the effect that the smooth manifolds M(a,b) of Propo-
sition 2.14 are just the quotient of M(O,, O;) with respect to the free U(1)-
action. The properties of the endpoint maps follow from the discussion on
the convergence to the endpoints of Section 3.4.

We have the analogue of Corollary 2.17 in this case.

Corollary 3.15. Suppose 0 is the reducible critical point in M and b any
point in M. Then, after a generic perturbation, M(0,0p) is a smooth R x
U(1)-manifold with dimension pu(0) — pu(Op). Moreover, M(6,04) is non-
empty only if u(0) — u(Op) > 2.

4. Boundary structure.

The purpose of this part of the work is to study the compactification of the
moduli spaces M(Oa, Op). The first step consists of showing the existence of
a compactification, obtained by adding a certain set of broken trajectories,
~namely trajectories that break through other critical orbits of intermediate
relative Morse index. We shall introduce the notation M(Oa, Oyp)* for the
compactified moduli spaces. Proving the existence of the compactification
by broken trajectories is dealt with in Section 4.1. Section 4.2 then deals
with the gluing construction, and Section 4.3 analyzes the fine structure of
the compactification.

" It is perhaps useful to recall why in Floer theory it is necessary to develop
the full gluing construction, as in Section 4.2. The results of Section 4.1 are
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sufficient to prove the existence of a compactification for the moduli spaces
of flow lines, obtained by adding broken trajectories. The points of the
ideal boundary are not completely identified, and the purpose of the gluing
construction of Section 4.2 is precisely to identify all the broken trajectories
that appear in the boundary. Recall also that, in the Floer complex, the
boundary operator is obtained by counting elements in the oriented moduli
spaces J\;l(a, b)* for critical points a, b of relative index one. The statement
that this is a boundary operator, namely that d o @ = 0, depends precisely
upon having a complete description of the ideal boundary in the compactified
moduli spaces M(a, c)* for critical points a and c of relative index two. In
other words, proving that all the broken trajectories

Up(a)>u(b)>u(eM(a,b)* x M(b,c)*

appear in the compactification M(a,c)* is necessary in order to have a
chain complex. In the equivariant setting we are considering here, there are
components of the boundary operator D which are obtained by pullback
and push-forward of forms on compactified moduli spaces M(O,, Op)*, for
orbits of relative index one, and on M(Oa, O.)* for orbits of relative index
two (see the explicit description of the boundary operator given in Section
5, in (72). The proof that Do D = 0 relies upon a version of Stokes’ theorem
for manifolds with corners (as in [7]). For this reason, it is necessary to show
that the compactification of the moduli spaces of flow lines of Section 4.1
has the structure of a smooth manifold with corners. This is proved in the
case of the codimension one boundary in Section 4.2, and the generalization
to the strata of higher codimension is considered in Section 4.3.

Thus, in Floer theory, a very elaborate analysis of the compactification
of the moduli spaces of flow lines is required, in order to construct the Floer
complex. This situation is essentially different from other issues of compact-
ification in gauge theory. For instance, in the case of Donaldson invariants
[18], one only needs to show the existence of the Uhlenbeck compactifica-
tion of the moduli space of anti-self-dual connections. The definition of the
invariants and the proof of the diffeomorphism invariance do not require to
show that every ideal anti-self-dual connection actually appears in the Uh-
lenbeck compactification, nor they require the existence of a fine structure
(such as that of smooth manifold with corners) on the compactification.

To start our analysis, we fix a unique way to identify the space of unpa-
rameterized trajectories '

M(Og,O0p) = M(Oq,0p)/R
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with a subset of the space of parameterized trajectories M(Og,Op). It
is sufficient to choose the parameterization z(t) of Z € M(Oq,Op) which
satisfies the equal energy condition

0 oo
e IVEAQ), $(E)IEade = /0 IVC,(A(), (2) [2adt.

This lifting of M (O, Op) to M(Oq, Op) is unique. In fact, in the family
of gradient flows {[A, ¥]T,T € R} that represent the class z € M(O,, Op)
there is a unique element which satisfies the equal energy condition (29).
The lifting is often referred to as M®*(0,,0p) C M(O,, Op), the balanced
moduli space. We have M(Og, Op) & MP(0,,0p). In the following, in
order to avoid exceeding use of different notation, we shall always write
M(Og, Op), unless we need to make explicit use of the equal energy condition
(29), in which case we may recall that M(Q,, Op) is realized by the balanced
moduli space M% (0,4, 0p) C M(O,, Op), as in the proof of Theorem 4.9 in
Section 4.2. /

4.1. Convergence theorem.

The following theorem describes convergence in the moduli space
./\/l(Oal Oy), and proves the existence of a compactification, which we de-
note M(O,, Op)*, obtained by adding broken trajectories.

Theorem 4.1. Consider the moduli space M(Qq, Op), with 11(Og) — 11(Op)
=k+1, k> 0. The space M(O,,Oy) is precompact. Namely, any se-
quence [Z;] of elements in M(Oq, 0p) has a subsequence which either con-
verges in norm to another solution [£] € M(Og,Op), or converges to a bro-
ken trajectory. This means that there are critical orbits O, ..., O, with
p(Oa) > p(Ocy) > ... > u(Oc,) = u(Os), trajectories [y;] € M(Oc;, Oc;,,),
and a sequence of real numbers T;, ; € R such that the sequence of parame-

Tik,:i

terized trajectories x; * converges smoothly on compact sets

Tik,j
:l?ik — y] .

Tipri oy N . . .
Here mik’“’] denotes the lifting of Z;, to the space of parameterized trajectories

Tip.i .
specified by the condition ; *”7 (0) = z;, (Ti,,;), where z;, is the equal energy

lift of 5, .
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Proof. The proof of Theorem 4.1 consists of several steps. Suppose that the
perturbation P, g) is smooth. Given a sequence of unparameterized trajec-

tories [Z;] in M (Oa, Op), choose representatives z; of the corresponding equal
energy lift in M(O,, Op). By elliptic regularity these can be represented by
smooth solutions.

Let (Ai(£00),%i(+£o0)) be the asymptotic values of the elements z; at
the ends of the cylinder Y X R. These represent elements [A4;(£00),1;(F00)]
in O, and Oy respectively.

Claim 1. There is a subsequence {z;, } that converges smoothly on compact
sets to a solution y of the perturbed flow equations.

Proof of Claim 1. We first show that there is a subsequence that converges
uniformly on compact sets. By the use of a bootstrapping argument is then
possible to improve the convergence to C* on compact sets.

It is useful to recall the following weak version of Arzela’-Ascoli.

Proposition 4.2. Let K be a compact subset of R and (X, || - ||) a normed
metric space. S is a subset of continuous functions from K to X. Suppose
the following conditions are satisfied

(i) pointwise bound:
sup || f(£)]| < o0
fes

forallt € K;

(ii) local equicontinuity: given € > 0, for all t in K there exists a neigh-
borhood Vi such that, for all T € V;

I£(m) = F(B)l <€
uniformly in f € S.
Then the set S is uniformly bounded, that is
S Sllf(t)ll =M < oo.

bl

We show that the sequence z; satisfies properties (i) and (ii) of Proposi-
tion 4.2.
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Equicontinuity. Choose t < t'. We have

tl
distya(ai(t), () < K [ I9C(ai(6)) g,

where we denote by dist 2 (xz(t), z(t')) the quantity

,
distyp((0),2(¢)) = | [ I ool

Since the perturbation satisfies condition (4) of Definition 2.10, we obtain

o 1/2
distL%(:ci(t),xi(t’)) < K|t —¢|M/? /t ||VCp(a:i(s))|Ii%ds

1/2

- t'+1
< Rle— e[| [ 19, (wi(s)) s
t—1

< KEJt —t|'.

Here the first step comes from the Holder inequality and the second step
from Lemma 6.14 of [48].

Pointwise bound. Fix ty. We can assume that
IVCo(zi(to)) L2 > A

for all ¢ >> 1, where A is the constant of Lemma 3.10. In fact, if there is
a subsequence z;, such that this condition is not satisfied, then by Lemma
3.10 the elements z;, (t9) lie in an e-neighborhood of a critical point hence
their norms are bounded. '

We can therefore choose a sequence ¢; of real numbers such that

IVCo(zi(t:))lL2 = A

and
IVCo(zs(t))llz2 > A

for t € (¢;,t0]. Lemma 3.10 then implies that there is an element (A,,%,)
with [Ag,¢,] € O, and there are gauge transformations \; such that

dist 2 (Aizi(t:), (Aa,¥a)) < €
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for all ¢, and therefore we can write

dist L? ()‘ixi (tO)’ (Aav wa))
< dist L2 ()\,'.’L‘i(ti), (Aa, ’(,ba)) + dist L (/\ia:i (ti), )\imi(to)) ;

to
<+ K [ Ve, (uan(e) gt
t;

Using the inequality
IVC(Nzi()Z:  IVC(Aims(t))|13

1 < 1
IVCo(Aszi(t))llLz ~ A
for t € [t;, to), and Lemma 6.14 of [48], we obtain

IVCo(Aimi(t))| 2 <

}:(-' to+1 5
dist L%()\ifﬂi(to), (Aa,l/)a)) <e+ T/ IIVC,,(Ai:ci(t))ll%z <e+ KE/)\.
ti—1

Now Proposition 4.2 implies that, given any compact set K C R, we
have

(30) tsg}}g izl L2y xay) = M < 00

uniformly in 3.

For simplicity of notation we refer in the following to the gauge trans-
formed sequence A;z; simply as x;.

From the uniform estimate (30) and from the equations (18) and (19)
we obtain a uniform bound of the L? norms of £;(t) on ¥ x K:

d

< Cllzi(®)|l 2 ,
. iz

hence the left hand side is bounded uniformly with respect to ¢t € K and 1.
We use the fact that the perturbations Py, y,) are uniformly bounded with
respect to (A;, ¥;) according to condition (2) of Definition 2.10.

In the following we shall always consider the set K to be some large
interval [—T,T]. The previous estimates provide a uniform bound of the
norms ||z;|| L3y x[-,r))- In fact, we have

llmill%%(Yx[_T’T]) <2TM +2TCM.

In order to bound the higher Sobolev norms we need the following gauge
fixing condition. Up to gauge transformations A; in the group Gr1(Y x
[-T,T7), it is possible to make A; — Ag into a sequence of co-closed 1-forms.
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We have elliptic estimates for the domain Y x [T, T7,

14 = Aollz2 (v x -y < CUIA" +dF)(Ai = Ao)llL2_ (vxi—177)
+ 1A = Aollzz_ (vx-1.m))

and
1¥ill 2y x[-r,1p) < € (||VA‘I’i||Lg_1(Y><[—T',T']) + ||‘I’i||Lg_1(Y><[—T,T])) ,

where [—T",T'] is any strictly smaller interval contained in [T, T]. We also
have an estimate given by the curvature equation:

1 N 2 v ey < 1% Uil 2 ¢y x -1,y + llip + Piag, w2 (v x(-1.10)-

These provide a uniform bound on the L%-norms of the (A;, ¥;) on a smaller
Y x[-T",T"]. By the Sobolev embeddings, this implies that on a smaller ¥ x
[-T",T"] there is a subsequence z;, = (A;,,¥;,) that converges uniformly
with all derivatives.

This completes the proof of Claim 1: there is a subsequence z;, that
converges smoothly on compact sets to a solution y = (A, ¥) of (18) and
(199 on Y xR

The limit y is of finite energy, hence it defines an element of some moduli
space M(O., O,) according to Corollary 3.11.

For simplicity of notation, assume that the sequence z; itself converges
to y smoothly on compact sets.

Claim 2. If the limit y is an element of M(O,, Op) then the convergence
x; — vy is strong in the L,ZC, s TOTTIL.

Proof of Claim 2. There exists a Ty such that for all ¢ < —Ty we have
dist 13 ((8), (Aa, ) < /2,
for some element (fla,ﬁa) with [Aa,vﬁa] € O,. For 7 >> 1 we also have
dist 12 (zi(—To),y(—To)) < €/2,

hence - -
dist 2 (z:(=Tb), (Aa, ¥a)) < €.

This implies that (Aq4,v,) is the same as the element (Aq,%a). Moreover,
the exponential decay property ensures that we have

(31) dist L? (xi(t)7 (Aa) "ba)) <e
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for all t < —Tpy. This, together with the uniform convergence on compact
sets, implies that the convergence is uniform on all Y x R. Thus, we have a
uniform exponential decay towards the endpoints, hence convergence in the
L% 5 norm.

"Notice that in this case we can ensure that there is a unique Ty such
that (31) is satisfied for all ¢ < —Tp, whereas, in the proof of the exponential
decay, the interval (—oo, Tp| depends on the solution (A(t),v(t)).

To improve the convergence to L,Zc, s we need to choose suitable gauge
transformations.

Lemma 4.3. There exist gauge transformations \; in Qg, 5(Oa, Op) such that
the forms A\i(A; — Ag) are co-closed, that is
dsi(A; — Ag) = 0.

Proof of Lemma. Let o; = A; — Ag. The element es/d*e_sa; is L2
orthogonal to the kernel of the Laplacian Aj/;. Thus we can define the
elements
9i = e_5/905 (€5 pd e_s0xi),
with
Ag/lz : Ker (A5/2)i_§,6 — Ker (A(;/z)i‘%ya.

These are elements in the Lg,é completion of the Lie algebra hence they
define gauge transformations A; € gg, 5(0a, Op). We have

Ai(A; — Ag) = B = a; — dg.
Thus, we can compute d}3; as
dsB; = dja; — d;de_g/zAg/lz(65/2(1*6_50(7;)
= djo; — 65/2(d§/2d5/2)A§/1265/2d*65ai
=dja; — dja; = 0.
This completes the proof of the Lemma.

Now we can use the elliptic estimates to improve the convergence to Lﬁ, P
This completes the proof of Claim 2.

Thus, we see that broken trajectories arise when the limit y is in some
M(O,, O4) where either O, # O, or Og # Oyp. These are constrained by the
condition ' ‘

Cpo(a) = Cp(c) 2 Co(d) 2 Cp(b).



Equivariant Seiberg-Witten Floer Homology 509

Without loss of generality, assume that y is in M(O,,O4) and Cp(a) >
Co(d) > C,y(b).

There exists a sequence of real numbers T; such that C,(z;(T3)) = «,
with o satisfying C,(d) > a > C,(b). Consider the reparameterization
a:?’(t) = z;(t + T;). This is another possible lifting of #; to the parame-
terized trajectories (which does not satisfy the equal energy condition). We
can apply the result of Claim 1 to the sequence a;;‘n and we obtain a sub-
sequence that converges smoothly on compact sets to a solution § of the
equations (18) and (19) on Y x R. Now the asymptotic values §(+o0) are
constrained by

Cold) > Cold(~00)) 2 Coli(00)) = Cylb).

The process can be repeated: at each step we either get strong conver-
gence or another broken trajectory. If we start with relative index k+1, the
process ends at most at the order &, in fact the condition

#(0a) 2 p(Oc) > p(Og) > p(Op)

has to be satisfied for dimensional reasons. O

Corollary 4.4. Notice that, in particular, if 1(Og) — p(Op) = 1 with Oy a
free orbit, or if p(Oa) — 1(Ob) = 2, with Oq = 0 the unique fized point, the

previous argument shows that M(Oa, Oy) is already compact, M(O, Op) =
M(Oa, Ob)

A brief notational remark about the case b'(Y) > 0:

Remark 4.5. In the case of a three-manifold with b'(Y") > 0, the Seiberg-
Witten Floer homology considered in this paper differs from the construction
of [38], where the connected component of the full gauge group Q(Y) is
considered. The relation is illustrated in the following.

With our notation, we have G(Y), the full gauge group on Y, and G (Y),
the group of gauge transformations on Y satisfying the condition (2). We
have another possible choice of an even smaller subgroup, the identity com-
ponent G.(Y) of the gauge group. These all have subgroups of base point
preserving gauge transformations, G°(Y), G°(Y), GO(Y).

Thus, we have configuration spaces B°, B, and BY. The map B? — B
has fiber H!(Y,Z), and the map B — B° has fiber the group H

H = {h € HY(Y,Z)|(c1(L) U h,[Y]) = 0}.
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The group H is the kernel of the morphism
¢:H\(Y,Z) - Z,

§(h) = (ei(L) U R, [Y]).
The quotient H(Y,Z)/H is either trivial or Z. It is trivial only when

c1(L) = 0 rationally, that is in the case of Remark 2.18 which will be con-
sidered separately in [42]. Thus we have the following diagram

BY) = A)/GA(Y)
/
BY(Y) = A(Y)/G°(Y) Sy HY(Y,Z)
\ )

BYY) = A(Y)/G°(Y)

As we are about to see, the choice of B~0(Y) gives rise to a periodic Floer
homology of periodicity

I = g.c.d{{ci(L)Uh,[Y]),h € H(Y,Z)}.

The choice of BY(Y'), that was suggested to us by R.G. Wang, represents
the minimal cover of BO(Y) that gives rise to a Z-graded Floer homology.
The choice of BY(Y) also gives rise to a Z-graded complex.

In [38] the Floer homology is constructed using the group G.(Y). The
relation to our construction here is as follows. Let {O}rcp be the family
of distinct critical orbits in B? that correspond to a critical orbit O, in BP.
Notice that in B? the relative Morse index satisfies

WO - w0} = [ ey nn=0
- We have the configuration space of flow lines

Ars(OR,0F) = | Ars(A(AaPa), A(As, %5)),
AeU(1)

with (Aa,'z,ba) and (Ayp, ) representatives of elements [Aq, %4 and [Ab,¢b]
in O and O} respectively, in the space BY(Y). The space A 5(OF,0F) is
acted upon by the gauge group of gauge transformations in G (Y x ]R) that
decay to elements of G, and G} respectively. We can form the quotient
space BY(OF,OF).
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We can consider the moduli spaces of flow lines M(O?, OF') in the space
BY(0Oq, Op). In the analysis of the boundary structure of M(O%, OF'), there
may be a question of whether a sequence of elements [z;] of M(O!,OF)
can converge to a solution y that lives in another M(OF, Og") (for different
h and A'). Claim 2 of Theorem 4.1 rules out this possibility. Thus, a nice
compactification of the moduli spaces M(O%, OF) can be achieved in this
setting as well, for all manifolds with !(Y) > 0 and ¢;(L) # 0. There is,
therefore, a well defined associated Seiberg-Witten Floer homology which is
finer than the one we are considering here.

On the other hand we can also consider critical orbits O, in the configu-
ration space B(Y'). In this case the relative Morse index is not well defined,
in fact the spectral flow between two gauge equivalent orbits satisfies

1(A04) — 1(0a) = /Y e1(L) A RN,

with A(\) = A"*d\. Thus the grading of the Floer complex is defined only
up to a periodicity of

I = g.c.d{{ci (L) Uh(\), [Y])}.

Therefore in the configuration space B (éa, Ob) obtained as a quotient of

Ay, 5(04, Op) = U Ars(M(Ag, ¥a), AM(Ap, 1)),
ACU(1)

with (Ag,%,) and (Ap,¥s) representatives of elements [Aq,%,] and [Ap, 1]
in O, and Oy respectively, in the space BO(Y) The space Ay J(Oa, Ob) is
acted upon by the gauge group Gi1, 5(Oa, Ob) of gauge transformations in
G (Y x R) that decay to elements of G, and G.

Now the space M(0O,,Op) has infinitely many components of virtual
dimensions

#(Oq) — 1(Op) + ki,

with k € Z. Each component has uniformly bounded energy, hence it has a
compactification by boundary strata of broken trajectories.

The Floer homology defined this way, namely with generators in M and
with the boundary operator defined by counting the components of minimal
energy in M(Oa, Ob) is finitely generated and Z;-graded. There are various
other ways of defining the Floer homology for b!(Y) > 0. For instance, a
way of obtaining a Z-graded Floer homology which is also finitely generated
(again for ¢;(L) # 0) is by a filtration as in [23] or [34]. The comparison
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between these different versions will be discussed in [42]. For the purpose of
this paper we shall only consider the Seiberg-Witten Floer homology defined
by the choice of the gauge group G.

4.2. Gluing theorem.

Theorem 4.1 proves that lower dimensional moduli spaces appear naturally
in the compactification of the spaces M(Oq, Op). In the rest of this section
we describe a gluing formula, thus proving that all the broken trajectories in
the ideal boundary which break through one intermediate critical point ac-
tually occur as codimension one strata in M(Oa, Op)*. The case of multiply
broken trajectories is analyzed in Section 4.3.

In order to show that the gluing construction is well defined over the
gauge classes, we need a preliminary discussion of slices of the gauge action.

Definition 4.6. Let I' = (A, ¥) be an element in A 5(Oq4, Op). The slice St
at T for the action of the gauge group Gy 11,5(Y X R), is the set of elements
(A, %) + (o, ¢) in the configuration space Ay 5(Oq,Op) with the following
properties. The element (o, ¢) satisfies

(a,¢) € Ker (G{y w)),

where G’EA ) is the adjoint with respect to the Lg norm of the linearization
of the gauge group action. There is a Ty >> 0, such that, on Y x [Tp, 00)
we have

(o, ) = (& @) + (e )*(A1,%1),

and on Y X (—oo0, —Tp| we have
(a’ ¢) = (d’ (];) + (6;)*(A0,1,b0),

with (&,¢) is in Li,& on Y x R. The elements (Ag,%o) and (A1,91) are
representatives in the configuration space A over Y of elements in the orbits
O, and O.

The following Lemma shows that there is a uniform choice of slices for
the gluing construction, cf. Lemma 2.1.4 and 2.1.5 of [46].

Lemma 4.7. Given T’ = (A, ¥) in the space A 5(Oa, Op), consider pu(a vy,
the first positive eigenvalue of the operator G?A,@)G(A,\I/)' There is a ball of
radius r(u) around I' in the configuration space Ak 5(Oa,Op) such that the
intersection of the ball with the slice Sy embeds into 82,5(0.1, Op).
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Moreover, there is a radius r such that we have an embedding
Saw) N Br(A, ¥) < By 5(0a, Op)
for all [A, U] in M(Og, Op).

Proof. The claim that the radius can be taken to be r = r(u) follows from
Lemma 10.3.1 of [47] (cf. similar arguments in Lemma 2.1.5 of [46]). We
need to show that there is a uniform lower bound for p(a,v) as [A, ¥] varies
in M(Qq, Op). Consider a sequence of elements z; in M(Oq, Op). Theorem
4.1 implies that a subsequence converges smoothly on compact sets to a limit
y that defines an element in some M (O,, O4). Since we are considering the
adjoint operator G?A,\IJ) with respect to the Lg norm, for a generic choice of
metric and perturbation, we have u, > 0, as discussed in Lemma 3.13. We
also have pz; — iy, and this provides the uniform bound. In fact, according
to Theorem 4.1, only finitely many different components M(O., O4) can
appear in the boundary of M(O,, Op). O

The following result is also useful in constructing a gluing map at the
level of gauge classes, cf. Lemma 2.1.8 of [46].

Lemma 4.8. Consider a compact subset K C M(Oq, Op). Then there is a
radius v, such that, for every [I'] € K, there is a U(1)-invariant submanifold
Vi C Ag,6(Oa, Op) with the following properties. Suppose given any solution
(A, ) of equations (20) and (21) that is in the ball of radius r around I'.
Then Vr contains an element gauge equivalent to (A, ¥). Moreover, the
quotient by the action of the gauge group G +1,5(Y x R) induces a map

VI‘ — M(Oaa Ob)

that is a diffeomorphism on a neighborhood of [I']. Moreover, there is a T
such that, for all T > Ty we can find families of gauge transformations

{)\,4.i | z € r}
such that the elements in the set
Wi ={\i(z) |z € W}

are in a temporal gauge on (—oco, =T in the case of Wi and on [T, 0) in
the case of WIT . The set Wl? has the same properties of Vr, namely the
quotient with respect to the gauge action induces a diffeomorphism

WE — M(Oq, Op)
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on a netghborhood of T.

Proof. Tt is sufficient to take Vr to be the intersection of the space of solutions
to (20) and (21) in Ay 5(Oq, Op) with the slice Sp. According to Lemma 4.7,
there is a radius 71 such that the intersection of this set with the ball of radius
r1 around I" embeds in M(O,, Op). In general, elements of Vr are not in
a temporal gauge, however, following Corollary 3.1.7 of [47], there exists a
constant C independent of z € Vi such that we obtain |MX(z)|| < C|lz|,
and the elements in the set

Wi = {\;(z) | z € ¢}

are in a temporal gauge on (—oo,—T] and on [T, ), respectively. This
follows from the exponential decay of solutions towards the endpoints. Upon
rescaling the radius r to r/C the properties stated for V1 hold for WF‘: The
constant C depends only on the set K, cf. Lemma 2.1.8 and Proposition
2.6.4 of [46]. a

Now we can introduce the gluing construction. This identifies the codi-
mension one boundary in the compactification M (O,, Op)*.

Theorem 4.9. Suppose given O,, Oy and O, in M® with u(0g) > u(Op) >
1(0.). Assume that b is irreducible. Then, given a compact set

K C M(O,,0p) x0, M(0s,O.),
there are a lower bound To(K) > 0 and a smooth map

(A1, 1), (Ag, 3), T) > (A1 #7Ag, U1 #7T3),

such that #1 is an embedding for all T > Ty(K). The gluing map # induces
a smooth embedding

#: K x [Ty, 00) -+ M(Oq,0,),

where

K C M(Oq,0) x0, M(Op, O,).

This local diffeomorphism is compatible with the orientation, where the ori-
entation on K x [Ty, 00) is induced by the product orientation on

M(Oa, 0p) X R x M(Oy, Ov).



Equivariant Seiberg-Witten Floer Homology 515

If b is reducible, then Oy is just a point and there is a similar orientation
preserving local diffeomorphism

# : M(0q,b) x M(b,0,) x [T, 00) = M(Oq, O,).

Moreover, any sequence of trajectories in M (O, 0.) converging to a broken
trajectory in M(QOgq, Op) X0, M(Os, O,) lies eventually in the image of the
gluing map.

In order to prove Theorem 4.9, we first define a pre-gluing map #81.
This provides an approximate solution via the following construction. Con-
sider classes [z] = [A1, ¥1] and [y] = [Ag, T3] in M(O,, Op) and M (O, O,)
respectively. Let

(A1(t), ¥1(t)) € Ak5(0a,0p), (A2(t),%2(t)) € Ak,s5(0p, Oc)

be temporal gauge representatives of [z] and [y].
Choose slices

(32) Sr,, C Ak,5(0a, Op)
and
(33) Sry. C Ak,5(0p, Oc),

determined respectively by the elements

Tap € A, 5((Aay¥a), (As,¥5))

and

Loe € Arks((As, b)), (Acy ).

We choose them so that there is a representative x in the ball of radius 7
in Ak 5(Oq,Op) centered at I'gp and a representative y in the ball of radius
7 in Ag5(Op, O,) centered at I'y.. According to Lemma 4.8, there are gauge
transformations )\f’ and A, such that we have

(34) NzeWd , MNyeWwy .

Thus, for |t| > Ty and for all T > Tp, we can write A z(t) = \p(Ap, ¥p) +

(a1(t), ¢1(t)) and A3 y(t) = Ap(As, ¥s) + (a2(t), ¢2(t)). Here we have Ay €
G(Y') and Ap(Ap,1s) is a representative of an element in the orbit Op that
satisfies

Jim (A1(8), 1)) = Ao(As, o) = Lim (A2(t),¥2(t))-
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The elements (a;, ¢;) have exponentially decaying behavior, as in Proposi-
tion 3.12.

We construct an approximate solution x#%y = (A #%Az, ‘Ifl#%\llz) of
the form

)‘i'- (A%Ta \I/%T) t S _'1
o ) Me(Abyths) + p~ (t)(ca(t +2T), ¢1(t + 2T))
(33) S#IY =\ | o+ (8)(0alt - 27), d(t — 21) L1<i<a
Ay (2T 02Ty t>1.

Here p*(t) are smooth cutoff functions with bounded derivative, such that
p~(t) is equal to one for ¢ < —1 and to zero for t > 0 and p*(t) is equal to
zero for ¢ < 0 and to one for ¢ > 1.

Lemma 4.10. The pre-gluing map #% descends to a map at the level of
gauge classes. Namely, it is well defined with respect to the choice of slices
of the gauge action.

Proof. Consider a different choice of slices
Sp., C Ak,6(0q, Op)
determined by _ L o
Lap € Aks((Aaya), (As,p))
and
Sp,. € Ag,(0p, Oc)
determined by 3 L o
Toe € Ak,s((Ap, ¥s), (Ac,e))-

Suppose that = and y are now in balls of radius 7’ < r centered at ['a and
Ty respectively. Then, according to Lemma 4.8, there are gauge transfor-
mations A and A that conjugate z and y so that we get

% + 5= -
Aze€ Wf‘ab’ Ay € Wf‘bc'

Consider the pre-glued element of the form

A (AT, w3T t< -1
5405 — ) M0 D) + p7 (D)@ (¢ +2T), 61 (¢ + 2T))
T97 ) 5% () (Gt — 27), da(t — 2T)) _1<t<1

Ay (AT ;2T t>1.
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The temporal gauge representatives are defined up to an ambiguity given
by the action gauge transformations that are constant in the R direction,
that is by the action of G(Y). Thus, on the interval [—1,1], the gauge

transformations S\f o /\gt—l are constant with respect to t,
1+ +-1 T y—1
AT O Tlyxi—1,) = AeAy

Thus A\ o )\1"_1 and A5 o\ ! define a gauge transformation \ in G (Y xR)
(depending on T') such that

F#HIT = MNa#Ty)

is satisfied. Thus, Lemma 4.7 and Lemma 4.8 imply that the pre-gluing map
induces a well defined map #81 on compact subsets of broken trajectories,

#7 : K C M(Oa, Op) X0, M(Op,0c) = B} 5(0a, Oc).
O

The proof of Theorem 4.9 will consist of showing that the pre-glued
approximate solution z#%y can be perturbed to an actual solution of the
flow equations by a small perturbation.

We need a preliminary discussion of some properties of the linearization
of the Seiberg-Witten equations at the pre-glued solution.

Consider the weight function esr () = €*” ), with 6T (t) a function that
satisfies esr(t) = eHT) for t < 0 and egr(t) = €*¢=T) for t > 0. Here
es(t) = e9®) is the usual weight function introduced in Proposition 2.9. We

define the norm Lz’ 5(T) 88 171l L2 oy = | fest|| r2- We can choose the weight

function egzr(t) as above, so that the weighted norms satisfy the estimates

(36) e\ fllgz , < Iz ., < Coe I fllsz

k,6(T) —

with constants C; and Cy independent of T'.
Suppose given classes [z] = [Ar, ¥1] and [y] = [Ag, ¥2] in M(O,, Op) and
M(Op, O,) respectively. We can consider the operator

d*a— $Im(¥; - 8) + DPy, u,) (@, @)
(37) Ly(c, @) = { D, @ + a0
Gt (@, ®)
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acting on the space of Li s-decaying 1-forms and spinor sections on Y x R.
Analogously we have

dto — %Im(\Ifg . (i’) + DP(Az ,\1,2)(05, )
(38) Ly(o,®) = Dp,® + a¥y
G}, (a, @)

acting on L%’ s 1-forms and spinor sections on Y x R. We also consider
(39)
d+Oé - %Im(\lll#%\l}2 . @) + DP(A]#%AZ,‘I’]#%‘I’Z)(Q’ @)
Lopy(e,®) =1 Dy uop, ®+a- (T1#572)
Gty (@, @)

acting on Li 5(T) 1-forms and spinor sections on Y x R. Moreover, if (A, ¥)
is a representative of a point on Oy, with Oy a free U(1)-orbit, consider the
operator

dta — tIm(yy - @)
(40) Lo(, ®) = Da,® + ahy
GzAbﬂl»‘b) (@, @)

acting on L? 1-forms and spinor sections on ¥ x R. If Op = b is fixed by the
U(1)-action, consider the operator

dta
(41) Ly(a, @) = Dy, ®

acting on L? 1-forms and spinor sections on Y x R.
The central technique in the gluing construction is the study of the be-
havior of the eigenspaces of small eigenvalues of the Laplacians £ 40 yﬁz#oT v
T

and L0, L7 49y of the linearization of the Seiberg-Witten equations at the
approximate solutions. The general philosophy can be summarized as fol-
lows: we are trying to paste together solutions of a system of non-linear
elliptic equations. If the equations were linear, we would simply encounter

the obstruction to inverting the operator L 404" This obstruction is rep-
T

resented by Coker(ﬁz#oT ,)- However, the equations being non-linear, the
presence of eigenvectors with small eigenvalues of Ez#OT y,C; 40y also rep-
T

resents obstructions. (cf. the discussion of this phenomenon in [60], pg.
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169). For this reason, we introduce the notation “approximate cokernel”,
ApprC’oker([,m#o y) (cf. Definition 4.16) to denote this eigenspace of small
eigenvalues. The notation may be slightly confusing, as it may suggest a
space of approximate eigenvectors, whereas it simply denotes the eigenspace
of small eigenvalues, as explained in Definition 4.16. We trust that the
reader will not be confused by our, perhaps unorthodox, choice of notation.
So the central technical issue in the gluing construction becomes relating
the small eigenvalues eigenspace of the Laplacian ﬂx#o Lx 2#0.y (we call this

space ApprCoker(L o#, y)) to the kernels of the Laplacians £ L3, Ly Ly, and
LyLy, and similarly for the other Laplacians £; £, and £y L, and the small
eigenvalues eigenspace of L 49, yﬂz#c% (which we call App’rK er(ﬁz#oT ))-

First of all we can identify explicitly the kernel and cokernel of the op-
erator L as in (40) and (41).

Lemma 4.11. The operator Ly defined as in (41 ), that is, for Op =
the fized point of the U(1)-action, has trivial L1 s—kernel and trivial L2 ;-
cokernel. The operator Ly defined as in (40), with Oy a free U(1)-orbit, also
has trivial kernel in L1, 5» and trivial cokernel in L 0.6

Proof. We prove the case of (41), where the critical orbit Op = b is the
unique fixed point of the U(1) action b = 6. The irreducible case, with a
free U(1) orbit Oy follows by an analogous argument.
Let (o, ) satisfy
dta=0
Dy, ®=0
G}, 0(, @) =0,

where the operator G7,  is the adjoint of the infinitesimal gauge group
action with respect to the Lg,a inner product. In this case, this is sim-
ply given by the operator esd*e_s. The Dirac equation D4, ® = 0 can be
rewritten in terms of the 3-dimensional Dirac operator, (8; + 04,)® = 0.
Upon expanding the spinor on a basis of eigenvectors for the 3-dimensional
Dirac operator d4,, we obtain ® = 3 ai(t)¢y and the equation has solu-
tions ®(t) = >, ar(0)e* iy Since none of these solutions is in Lia, we
have obtained ® = 0. Now we consider the curvature equation. This gives
dta = 0 and esd*e_sa = 0. These two conditions imply that e_s/pc is
a harmonic representative in Hy /2 t(Y x R), with respect to the Laplacian
As/y = esjaAe_s)p. For a rational homology sphere Y’ (the only case where
we have to consider the presence of the reducible point 6), this is necessarily
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trivial. The argument for the cokernel is similar. Consider an element in
the cokernel, namely, suppose given a triple (8, f, &) of a self-dual 2-form, a
0-form, and a spinor section of the bundle of negative spinors over Y x R,
such that we have

(B,dT ) + (f, esd*e_sar) + (€, D4, ®) =0

in the L? pairing. We then have D4,& = 0 which implies ¢ = 0 by the
previous argument, and d*w = e_gdesf. This equation implies d*w = 0
and e_gdesf = 0. The first equation then implies that w is a harmonic
representative in H2t(Y x R). Again, this is trivial since the only case
where the reducible 8 appears is when Y is a rational homology sphere. The
remaining equation gives f = ce_s. The condition f(zg) = 0 at the base
point o = (yo,to) implies ¢ = 0, hence f = 0. a

The following Lemma, together with Lemma 4.13 and Lemma 4.15, con-
tains the key argument that will be used in Proposition 4.17 to relate the
spaces ApprCoker (L;40,) and ApprKer (L,40,) of eigenvectors of small
eigenvalues to the kernels and cokernels of £; and £y and in Corollary 4.18
for the formula on the splitting of the index.

Lemma 4.12. Let x and y be elements in M(Oa,Ob) and M(O4,O,) re-
spectively. Suppose given a sequence & of L1 s 1-forms and spinor sections
onY xR. Assume these elements live in the tangent space, in the L1 s—norm,
to the fiber (el)1(z4) of the endpoint map

e;'{ : Sr,. = O,

with z, the asymptotic value at t — —oco of £ € M(O,, Op), and for a given
choice of slices Sr,, and Sr,, as in (32) and (33), and

SFac C AI,&(O(M OC)’

Suppose given a corresponding sequence of gluing parameters Ty with
Tp — oo. We assume that & and Ty satisfy e’T¢||&ll 2, = 1 and

||Em# el — 0, with [:z#o as in (39). We have L? convergence

0,8(T},
e ’°§k|Yx[ T3, Ti] ——> 0. Then there emzst L1 s-elements u and v in Ker (Ls)
and Ker (Ly) respectively, with Ly and Ly as in (37) and (38), such that we

have convergence
— —T;
lorg & ™ —ullzz, = 0
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and
T;
”ptH_kakk - ’U”Lis — 0.

Here we have p“_L1+Tk (t) = pt(t — 1+ Tk) and py_p, () = p~(t + 1= Tj).

Proof. We first want to prove that the supports of the £ become more and
more concentrated at the asymptotic ends as £ — co. Consider the operator
Ly as in (40) or (41). If ¢ : Y xR — [0, 1] is a smooth function which is equal
to 1l onY x [—1/2,1/2] and equal to zero outside Y x (—1,1). Moreover
suppose that, for any fixed ¢, the function ¢ is constant on Y x {t}. Let
Ce(t) =¢ (Tik) Then, using the pointwise estimate |(x| < 1, we have

€5 Cue® gz

< NIcke®&ll g, + N1Gue®™™* Lodill 1z ,

1 , T, T,
< g max ]+ e (Lang  — Lo)e kgk”Lg,é + €L g 8

2
L0,6

1
< mmax|¢+ s [|Logg = Lo NeEullss, + |[Copg 60
Ty, [Ty ] w#Tky Lis zH# 1, Y L%,&(Tk)

The first and last term tend to zero as k — co. The remaining term

sup ‘ Ew#oTky - Eb” ”e‘sTkék”L%,&

te [-Tk ,Tk]

is bounded by

sup I

ﬁm#% v [,bH + sup ||[L e, — Lb|| + sup ||£y-2T,c — Ly
te[-1,1] k €[(1,Tk]

tE[—Tk,~1] Sl

All these terms tend to zero because of the exponential decay to the critical
point b of the trajectories (A;(t),¥1(¢)) and (Aa(¢),12(t)), and because of
condition (5) of Definition 2.10. Thus, we have ||y CkGJT"kaLg& — 0 as

k — oo.
Lemma 4.11 shows that the condition || £y (re’Tr& || rz, — 0 implies the

convergence (re’Tk&, — 0 in the L2 ;-norm, and therefore we have
oT,
l€°* &k ll L2 (v x {131y — O-

In other words, the £ get localized at the asymptotic ends exponentially
fast.
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This result allows us to rephrase the convergence condition
“[,Z#oTky&cH — 0 in terms of the Fredholm operators £, and L,:

Ly (P1__T,c ék_Tk )

2
Lg,s

1= —T;
< ||P 1-1.8

Lgy‘; L(Z),(s(Tk)
1— T, —
0,6 k L8 s(1y,)
<C ”eékak + | Lo &k —0
ST B I B S 7 I

where p;_q, (t) = p(t +1 — Tj) and f,:Tk(t) = &k(t — Ty).
The linearization £, is a Fredholm operator. The sequence Pi-T, $k_T’“ is
uniformly bounded in the Liﬁ norm: in fact, by the estimate (36) we have

- -T;
le—Tkgk * <C.

<C “Pl_e‘m&
5

L2

2
Ll, 1,6

This implies the existence of an Li s-€lement u in Ker (£;) such that, upon
passing to a subsequence, we obtain the Li 5 convergence

_ ~Ty
”Pl_Tk,fkr —U 12 — 0.
1,6
This implies the convergence
(42) ” pl_e‘sTk’{fk: — p~e¥Tw T " — 0.
1,8

Similarly we obtain an Li s-element v in Ker (£,) and a subsequence such
that

+ Tr
”p_1+Tk,€k/k -V 12 — 0.
1,6
and
(43) Hpt]_eJTk’ §k' _ p+€5Tk/,U—Tkl . 0.
1,6
Here we have pt(t) = p*(t — 1) and p7 (t) = p~ (¢t + 1). O

Thus, by Lemma 4.12 we have identified the eigenspace of small eigen-
values of £* 40 y['w#% , With a subspace of Ker (£;) x Ker (£y). Lemma 4.15
T
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will prove the reverse inclusion. The next Lemma proves a stronger re-

sult, namely that the operator £* 40 yﬁz#% y is uniformly invertible, in the
T

rescaled norm L%’ s(T) on the complement of the eigenspace of small eigen-
values. This is the essential result on the eigenvalue splitting which we are
going to use in Section 6, in Lemma 6.13.

Let us introduce the following notation. Let Fix, be the linearization of
the pre-gluing map (35). Thus, Fy, is a map

(44) Fprliny) + Ker (L) x Ker (£,) = Ti((e3) ™ (20)) C Ti(BY5(0a, O3)).

Here z, is the asymptotic value as t — —oo of z and €] is the endpoint map
el : Sp,, = O,. Since the pre-glued solution (35) involves translations, the
map Fl,. in (44) has operator norm bounded by Cr ~ Ce™ T, namely, we
have

(45) 1Frl o, (s 0)ll1,6 < Ce™T (1, 0) 1,6

We may also consider the same map acting as

(46) Fypl(y) : Ker (Ls) x Ker (£y)
= Tir((ed) ™ (za)) € TLr(BR 51y (Oas Ob)),
with 71,7 the virtual tangent space in the L2 §() horm. In this case Fl,. is

bounded in the operator norm uniformly in T, given the estimate (36) for
the rescaled norms.

Lemma 4.13. There exist Ty such that

”‘C:z:#g,ygan 2 CT“&”Li&’

0,6(T) —

for all T > Ty and for all £ in the orthogonal complement
T+ = (Fyp(Ker (£2) x Ker (£,)))*

in the space of L%’J-connections and sections. With this choice of norms,
the constant C grows like CeST. If we consider the rescaled norms L% 5(T)

or the original norms L%,J on both the source and target space, the constant
is bounded uniformly in T, given the estimate (36) for the rescaled norms.
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Proof. Suppose there is a sequence of parameters T} and elements & in the
orthogonal complement

& € (F#Tk (Ker (L) X Ker(ﬁy)))dL

in the space of L? ;-connections and sections, such that e?7* ||¢ || 2, =1 and
’ )

||£m#g“ky§k||Lg,6(Tk) — 0. We use the estimates of Lemma 4.12 to derive a

contradiction with the assumption & € 7+. We have
: 26T 2 : — 0Ty oT; oT; )
L=1lim e |gl|7s = lim(py €™ *&k, €™ *&k) 1z + (pT1eM ¢k, e Tkﬁk)Lg,s,
since the remaining term satisfies

lim((1 - py — pty)ef gy, e Tegg) = 0.

This follows from Lemma 4.12, since (1 — pj — pT;) is supported in [-2,2],
and we are considering the case where Ker (£;) =0 in Lia.

Moreover, we know from Lemma 4.12 that, upon passing to a subse-
quence we have convergence as in (42) and (43). This implies that, upon
passing to a subsequence, we obtain

li}in(l’f eékak’ 66Tk5k)L§ s liin e20Tk (P_UT" ) §k)L";’ 5!

and correspondingly

25Tk( +, —T%

0+ 6Tkp 0T _
lim(pZ,e™* &, e *Ek)pz , = lime™F (pTy &k 12 -

The sum of these two terms therefore gives

: 26T,
11]1;1’16 s k(‘F#Tk (u7 v)afk)LiJ'

But this term is zero since we are assuming that the elements ¢ are in the
orthogonal complement

1
& € (F#Tk (Ker (Ls) x Ker (cy))) .
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Remark 4.14. The results of Lemma 4.12 and Lemma 4.13 can be refor-
mulated and proved, with minor modifications, for the operator L} 40y and
T

elements
(u,v) € Ker (L3) x Ker (Ly).

Namely, suppose given a sequence & in 7o(Sr,,), bounded uniformly in the
Lg, 5(T,)"OTINS, such that £ #%kygk — 0 as k — oco. Then we have conver-

gence || Ly Cré || 2, = 0, which implies Lg’ s—convergence of the elements (x&
to zero. Moreover, there exist elements u € Coker (£;) and v € Coker (Ly)
satisfying
- T
lor_r & — ullos — 0

and
T;
||Pt1+Tk£kk —llo,s — 0.

Thus, for all T' > Tj, there is an estimate
12 9,Ell5 > Clilos,
for all £ in
(Fy(Coker (Lg) x Coker (£y)))" C To(Sr,.)-

The constant C is independent of T' > Tp.

Thus, in Lemma, 4.13 and Remark 4.14, we have obtained invertibility
of the linearization of the pre-glued solution on the orthogonal complement
of the linearization of the pre-gluing map. The norm of the inverse operator
grows exponentially with the gluing parameter T'. This is an effect of using
the weighted Sobolev norms that are not translation invariant. If we use the
rescaled norm §(T"), or the original é—norm on both the source and target
space, we obtain uniform invertibility, with the norm of the inverse operator
uniformly bounded in T

Consider the two Laplacians of the gluing construction, namely, the self-
adjoint operators

0 _ *
Hz#g,y - £m#8~y z#gy
and
1 _ p*
Hopgy = LapgyLattty

acting on Lg’ 5(T) (or L(Z), ;) and on Li 5(T) (or Li 5)» respectively.
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Lemma 4.15. The operator H; 404 has at least
T

dimKer (L) + dimKer (L)

independent eigenvectors with small eigenvalues pr satisfying ur — 0 as
T — oco. All these eigenvectors have fast decaying eigenvalues, namely pr
satisfying pr < Ce9T. The operator Hg 40,y has at least

T

dim Coker (L) + dim Coker (Ly)

independent eigenvectors with small eigenvalues, namely with eigenvalues
ur satisfying the property that pr — 0 as T' — oco. Again, these have fast
decaying eigenvalues, namely with pr satisfying pr < Ce=T.

Proof. Let us prove the case of H!,,, first. Suppose given an element u in
: E#Ty g

the L} ;~kernel Ker (£). Consider the element &7 = p~uT. We obtain the
following estimate

I1£op0y (67l L2

oT
35T < Hca:U”Lg,a + ||£m#0Tye fT”Lis(Yx[—l,l])'
The first term on the right vanishes, and the second term can be estimated
as
6T
||£m#0Tye fT”Lia(Yx[—l,l]) < C||‘36U”L§(Y><[T—1,T+1])’
by the effect of time translations on the norms. This last term is certainly
bounded by

C-érllzz
Thus, using the relation (36), we obtain
(47) 1appy(EDllzz, < O lerllzz

The same argument can be repeated starting with elements v € Ker (L)
and constructing ér = pTv~7. Notice moreover that if u and w are two in-
dependent vectors in Ker (£;), then the corresponding elements {3 = p~ul
and {F = p~wT are independent vectors in ApprCoker ([,z#% y), since we
have

(&80 0 = (ww)pa .

is analogous.

This proves the statement for H!,,, . The argument for H°
E#Ty zH# D

Sy

Thus we can give the following definition.
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Definition 4.16. We define the approximate kernel and cokernel
ApprKer (Lo40,) ApprCoker (L 40,)

of the linearization at the pre-glued solution as the span of the eigenvec-
tors of H! ,, and H?,, respectively, with small eigenvalues, namely with
-’B#Ty Z#Ty
eigenvalues pr satisfying ur — 0 as T — oo.

Lemma 4.12 and Lemma 4.13, together with Remark 4.14, and Lemma
4.15 give the following result.

Proposition 4.17. We have isomorphisms

(48) ApprKer (£,40,) = Ker (Ls) x Ker (Ly)
and
(49) ApprCoker (E‘”#OT » 3 Coker (L) x Coker (Ly),

given by the projections. Moreover, we obtain constraints on the dimensions
of the actual kernel and cokernel of the linearization at the pre-glued solution:

dim Ker (Lm#% y) < dimKer (£;) + dim Ker (£,)

and
dim Coker (,Cz#oT y) < dim Coker (£;) + dim Coker (Ly).

Proof. We have proved in Lemma 4.12 and Lemma, 4.13 that
dim ApprKer (L;40,) < dimKer (L;) + dim Ker (Ly),

and in Lemma 4.15 we have proved the reverse estimate, namely that
dim ApprKer (L'm#oT y) = dimKer (£;) + dim Ker (£y).

This, together with the result of Lemma 4.13 shows that the linearization
of the gluing map Fix gives the isomorphism of the Proposition. The result
for the cokernels is analogous, by Remark 4.14 and Lemma 4.15. d



528 Matilde Marcolli and Bai-Ling Wang

Corollary 4.18. A direct consequence of Proposition 4.17 is the splitting
of the index:

(50) Ind(Em#%y) = Ind(L;) + Ind(Ly).
This can be rephrased as
Inde(Loy0,) = Inde(Ls) + Inde(Ly) — 1,
in the case of gluing across a free orbit Oy, or as
Inde(ﬂm#%y) = Inde(Ly) + Inde(Ly)
in the case of the fized point b = 6, with Ind, as in Theorem 3.8, satisfying

Inde([:A,\p) = u(04) — (Op) +1 — dim(G,).

Proof. The index of the linearization £, 40, can be computed as

#7yY
Ind(Lyys. y) = dim(ApprKer (L 40 y)) — dim(ApprCoker (£ 40 v)

This can be seen, for instance, by the supertrace formula for the index.
Proposition 4.17 then gives the result. The statement for Ind. follows from
the relation

Ker (£;) = Ker((£;)/R and Ker (£y) = Ker(Ly)/R,

with Ker . the space of extended Li& solutions as described in Theorem 3.8.
O

All the previous discussion makes no assumption on the cokernels of
the linearizations £, and Ly, so it applies equally to the unobstructed case
analyzed in the rest of this section (the case of the moduli spaces M(Og, Op)
of flow lines), and to the obstructed case of the moduli spaces M(Oq,Oy')
and MF(0,, 0}) introduced in Section 6, Theorem 6.1. The obstructed case
is discussed in Lemma, 6.14 and Proposition 6.17.

For the remaining of this section we assume that Coker (£;) = 0 and
Coker (Ly) = 0. When these conditions are satisfied, we say that our gluing
theory is unobstructed. In this case, we obtain the following result.
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Proposition 4.19. Let K be a compact set
K C M(Oq,04) %0, M(0p,0,).

There ezist a bound To(K) > 0 such that, for all T > To(K) and for all
broken trajectories

((A1(2),¥1(2)), (A2(t), ¥2())) € K,
the Fredholm operator ﬁm#oT v
Lapsy  Tapdy = Tosugy

is surjective. We are also assuming that Coker (L;) = 0 and Coker (£y) = 0.
Then the composition of the pre-gluing map #9% with the orthogonal projec-
tion on the actual kernel Ker (£m#% y) gives an isomorphism

(51) Ker (L) x Ker (L) = Ker (L,40,)-

Proof. We know that £, 40, is Fredholm of index u(O,) — p(O.). We also
know that dim Ker (£ z) ( o) — #(0p) + dim(O,) and dimKer(L,) =
1(Op) — p(Oc) + dim(Op).

We need to know that for any pair z = (A1, ¥;1) and y = (Ag, ¥3) there
is a bound Tp = T(w,y) such that L 4o, is surjective for ' > Tp. The
compactness of K will ensure that there is a uniform such bound T'(K).

Lemma 4.13 provides the crucial step in the argument: the lineariza-
tion Ez#oT » has a bounded right inverse when restricted to the orthogonal
complement of Fi(Ker (L) x Ker (£y)).

Now Proposition 4.19 follows form the splitting of the index 4.18, since
we obtain the estimate

dim Ker (L,40,) < dimKer (L;) + dim Ker (£y)
= Ind(L;) + Ind(Ly) = Ind(ﬁz#%y)
< dim Ker (£z#oTy),

hence
dim Ker (£, 40,) = dim Ker (L) + dim Ker (Ly).
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In terms of the extended kernels, the isomorphism (51) gives rise to the
isomorphism

(52) Ker e(Ez#%y) = Ker((Lg) xr Kere(Ly).
The space on the right hand side is the tangent space to the fibered product
M(Oq, Op) x0, M(Op,O,).
Now we can proceed to give a proof of Theorem 4.9.

Proof of Theorem 4.9. Given the approximate solution obtained via the pre-
gluing map #%, we prove that this can be perturbed to an actual solution.
Similar arguments are presented in [18], [57].

In order to deform a pre-glued approximate solution to an actual solution
we need to construct a projection of pre-glued solutions onto M(O,, O,).
Thus we need a normal bundle to M(O,, O) inside BY5(O,, O.). We proceed
according to the following construction. Let U(O,4,O,) be the image in
B%(Oa, O;) of the pre-gluing map #9. defined on M(Oq, Op) X 0, M(Op, O¢).
Consider the Hilbert bundles 7; and 7y given by the Lia and Lg, s tangent
bundles of A(Oq, O.). Choose a slice

Srac C A(Oa, Oc),

such that the pre-glued element z#%y lies in a ball of radius 7 in A(O,, O;)
centered at I'yc. The flow equation
(53)
D, 9.8, (Z1#7P2)
Fz#3y)= F;rl#%z — (U1#7T2) - (U137 T2) — ipt — Pla, 50 a0, 49.9,)
Gt (Ar#3Ag, U1 #7.Uy)
induces a bundle map f : 71 — 7To. The linearization Em#g y is the fiber

derivative of f.
We assume here that the linearizations £, and L, are surjective. Thus,

consider the space
K= |J Kere(£s)xrKere(Ly).
Kx [To,oo)

The image of K under the linearization Fy of the pre-gluing map defines a
sub-bundle of 7;. We consider the space 72#0 v ‘of elements of the tangent
T

space T7 at the point z#%y that are orthogonal to
E#‘,}y = F#(Kere(ﬁw) XR Ker e(ﬁy))-
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The space T+ gives the normal bundle of the gluing construction. In the
case of the fixed point b = 6, we have

K = Uk «1p,00)Ker e(Ls) X Ker (£Ly)
and the normal bundle of the gluing construction given by

Toany = (Far (Kero(Ls) x Ker (£y)))*

Now we want to define the actual gluing map # that provides a solution
of the flow equations in M(Oq,O,). This means that we want to obtain a
section ¢ of 71 such that the image under the bundle homomorphism given
by the flow equation is zero in 7y. Moreover, we want this element

O‘(CB,y, T) = O'(Al,‘Ifl,Ag,\I’Q,T)

to converge to zero sufficiently rapidly as T' — oo, so that the glued solution
will converge to the broken trajectory in the limit T — oo.

The perturbation of the approximate solution to an actual solution can
be obtained as a fixed point theorem in Banach spaces, via the following
contraction principle.

Remark 4.20. Suppose given a smooth map f : F — F between Banach
spaces of the form

f(z) = f(0) + Df(0)z + N(z),

with Ker (Df(0)) finite dimensional, with a right inverse Df(0) o G = Idp,
and with the nonlinear part N(z) satisfying the estimate

(54) IGN(z) — GN ()|l < C(li=ll + vz — yll

for some constant C' > 0 and z and y in a small neighborhood B¢(0).
Then, with the initial condition ||G(f(0))|| < €/2, there is a unique zero zg
of the map f in B((0) N G(F). This satisfies ||zo|| < e.

The map f is given in our case by the flow equation, viewed as a bundle
homomorphism 77 — 7Tg.

Proposition 4.21. Lemma 4.13 and Proposition 4.19 imply that the lin-
earization Ez#oT y 18 uniformly invertible on the orthogonal complement of
the actual kernel

7;;&% = Kere(ﬁw#oTy)J‘ = (Fy, (Ker o(£s) xg Ker o(£y))) 1.
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Consider the right inverse map of L = L',m#% y restricted to T,
G:To— T+,
There is a T(K) and a constant C > 0 independent of T', such that we have
1Gx€llzz, < Clielzz,

for x = (z,y,T) € K X [T(K),00). Moreover, we can write f as a sum of a
linear and a non-linear term, where the linear term is L and the nonlinear
term 1is

Neaw,pw) (e 8) = (0(8, ) + Naawwe)) (@ ¢),a - ¢).

Here we write the perturbation q of equation (19) as sum of a linear and a
non-linear term, 2¢ = Dq + Nq. Then the conditions of Remark 4.20 are
satisfied. This provides the existence of a unique correction term

o(A1, P01, A, %y, T) € B(0O)NT+

satisfying f(o) = 0. This element o is smooth and it decays to zero when T
1s very large, as proved in Section 6, using the estimate (103). This means
that the glued solution converges to the broken trajectory (z,y) for T — oo.
The gluing map is given by

(55)  (Ar#trAs, vi#ripe) = (A1#3 Az, Y1#7v2) + 0 (A1, U1, A, U, T),
with a rate of decdy

(56) llo(Ar, U1, A2, s, Tl 2, < Ce™ T

as T — oo.

In Section 6, in Lemma 6.14 and Proposition 6.17, we shall consider
a similar fixed point problem in the presence of obstructions coming form
non-vanishing cokernels. The proof of Proposition 4.21 is given in Section
6, after Lemma 6.14, since it follows from the more general case discussed
there. The rate of decay ||o(A1, U1, A2, ¥2,T)|16 < Ce™T as T — oo is
derived in Lemma 6.14 in Section 6.2.

Remark 4.22. Notice that, if we have a nontrivial cokernel of £; or L,,
then not only 7+ is not be a bundle, but in general L0, may not be
invertible on all of the orthogonal complement of the actual kernel. We still
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know that ‘Cw#OT y is uniformly invertible on the orthogonal complement of
the approximate kernel, but in this case the kernel is only a proper subspace
of the approximate kernel. Thus there may be elements x = (z,y,T) in
K x [Tp, 00) that cannot be perturbed to an actual solution. In fact, as seen
in the proof of Lemma 4.13, the condition that the composition ﬁ’#T of the
linearization Fl, of the pre-gluing map #% with the orthogonal projection
onto Ker (Cz#oT ») gives an isomorphism

Ker o(Lg) xR Ker o(£y) = Ker o(Lo40,)
is equivalent to the condition that
Coker (L) x Coker (Ly) 5 Coker (,Cw#% )

However, in the general case, where we may have non-trivial Coker (L;)
and Coker (£,) we expect to have the isomorphism only at the level of the
approximate kernel and cokernel, whereas the actual kernel and cokernel
satisfy the weaker condition

dim Ker (L, 490,) = dim Ker (Lz) +dimKer (Ly) — k,
for some k > 0, and
dim Coker (Cw#oT y) = dim Coker (L) + dim Coker (L) — k,
according to the computation of Lemma 4.13. This case occurs for instance
in the case discussed in Section 6, Theorem 6.21 and Theorem 6.22.

To continue with the proéf of Theorem 4.9, we now look at the induced
map

# : K x [Ty, 00) = M(Oq,O,).

Recall that we have an identification of the moduli spaces M(Q,, O,) with
the balanced moduli spaces M®(0,, Op) of classes in M(Og, Op) that sat-
isfy the equal energy condition (29). Thus, we can define the induced gluing
map # by restricting the gluing map # of (55) to the subspace

M0, 0p) x0, M (04, 0.) C M(Oq,0p) X0, M(0s,0,),

and then composing the image z#71y € M(O,, O.) with a time translation
that determines an element z#7ry € M®(0,,0.). We define :c#Ty =
THTY.
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The identification ./\;t(Oa, Op) & M®(0,, Op) determines an identifica-
tion of the tangent spaces

(57) TaM(Oq,0p) = T, M(0,,04) ®R - U,
for £ € M%(0,, 0p). Here we have
Uy = s VCo(A'z(t)),

where the gauge transformation A} is as in (34) and IIs is the projection
on the tangent space to the slice 7(Sr,,). Here T denotes the Li s tangent
space.

In order to prove that # is a local diffeomorphism, we first prove that the
linearization ﬁ‘#T is an isomorphism. Then we prove that the linearization
of the gluing map is sufficiently close to F#T, by estimating the variation of

the error term with respect to parameters (the solutions in the component
spaces M(Og, Op), M(O,,O,), and T'). Finally, we prove injectivity of #r.
Recall that we have tangent spaces

TeM(Oq, Op) = Ker (L) and TyM(Oq, Op) =2 Ker o(Ly).

We have a decomposition as in (57) with an element Uy defined analogously.
Moreover, we have the isomorphism of Proposition 4.19, cf. Remark 4.22,
which gives an isomorphism

(58)  Fyp : Tiay)(M(Oa, Op) X0, M(O4,0.)) = TottryM(Oa, Oo),

where ﬁ'#T is the composition of the linearization Fi, of the pre-gluing map
with the projection onto the kernel Ker ¢(Lz7y)-
We can consider the subspace

(59) T(:c,y) (M(Oa’ Oyp) X0, M(Ob’ O.) &R (U, -Uy)
inside the space

7Ei'%y)('/\/t(om Ob) X 04 M(Ob7 OC)) = 7E;::,g,l)(J\;t(Oan Ob) XOp M(Ob, Oc))
R-U, ®R-U,.

Here we have z and y in M%(0,, 0p) and M>¥ (O, O,)), respectively.

Claim. For all T > Ty, sufficiently large, the restriction of the isomorphism
(58) to the subspace (59) gives the desired isomorphism
ﬁ# ﬁw,y) (M(Oa; Ob) X0y M(Ob, Oc))@R' (Ua;, —Uy) - E#TyM(Oa’ O.).

_—
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Proof of Claim. Suppose there exist a sequence T, — oo such that there
exist ({n,Mn, 7n) in the space (59), with the property that

F#Tn (5?17 nna Tn) € R * UTn,

where Ur, is defined as

Ur, = UsVC,(An(z#1,y)(t)),

with gauge transformations A, as in (34) and the projection IIs on the slice
Sr,.. We are using the identification

E#TnyM(Oa’ OC) = 7;:#tfr_l‘n'!pl\;l(Oa,, Oc) ® R- UTn.

We have
F#Tn (gm")m'rn) = 'FnUTn;

for some 7, € R. We can normalize the elements (,,7nn, ) so that 7, =1
for all n. By the result of Proposition 4.21, this implies that the pre-glued
elements satisfy

llF#gn (fm 77n) + TnF#g,n (Um ‘Uy) - F#gn (Uza Uy)”L2

1,6(Tn)

as n — oco. We are using the fact that the error term in the gluing map (55)
decays to zero as T;, — oo as in Proposition 4.21 and in (103). This then
implies the following convergence

én + (Tn — l)lelLf’s(Yx(—oo,Tn—l]) -0

and
I — (1 + Tn)Uy”Li&(Yx[H—Tn,oo)) -0,

where we use the norm estimate for the map (46).

This gives a contradiction, according to the decomposition (57), which
prescribes that &, L U, and n, L Uy, cf. Proposition 2.56 of [57].

We can estimate explicitly the norm of the isomorphism F; . This is
bounded by the product of the norm of the linearization F,. at the pre-glued
solution (44), the norm of the isomorphism Ker (Lx#g v) = Ker (Logry),
and the norm of the isomorphism Ker (Lg4,,) = Ker (£, #Ty) given by time
translation. The first norm is bounded uniformly in T', if we use the rescaled
norms Li 5(T,) On the tangent space of M(O,,0,). The second norm is
bounded by a constant Co = C2(K) over the compact set K because of
the decay of the error term in the gluing map (55), cf. (103). The third
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norm is bounded by Ce’™(*#7%) where 7(z#7y) is the unique time shift

that maps z#7y to the element x#7y satisfying the equal energy condition
(29). Thus, on the compact set K this norm is also bounded by a term
Ce?™(K), Summarizing, we have obtained the estimate || Fp Il < C, on the

operator norm of F#T, uniformly in T, for

Fy

or HF'#TH < Ce 9T for

: T1,6(M(Oa, Op)) % T1,6(M(0s, Oc)) = T1,5(1)M(Oa, Oc),

F;

2 T1,6(M(Oq, Op)) x T1,5(M(O, Oc)) = T1,sM(Oa; Oc).

The linearization F#T is an approximation to the linearization of the
gluing map. In order to show that the latter is an isomorphism, we consider
_ derivatives of the correction term, and show that they are small compared
to Fu,. Similar arguments are given in [18] §7.2.4-7.2.6.

We have the correction term o(z,y,T) = (e, ®), as in (55), such that
[z#%y + (o, ®)] € M(Oq,Oc). This term satisfies (99), which we write here
simply as

(60) f+Lo+No=0.

We write o = £L*7, with & = (5,£), as in Lemma 6.14. If we denote by
D differentiation with respect to parameters, we obtain from (60)

(LL* + NL*) DG = — (Df + D(LL* + NL*)F) .

We denote the right hand side with Q(Df,5). In the contraction neigh-
borhood of Lemma 6.14 and Proposition 4.21, we can estimate, for some
C >0,

(61) 1Q(Df,6)llzz, < CllFgrlle™T.

Here ||Fi4, || is the operator norm of Fi, acting between L%, s spaces. The

estimate (61) is obtained by combining the estimate |G| < Ce™®T for the
correction term, as in Proposition 4.21, and the estimate || D(LL*+NL*)| <
C||Fy,|l, together with an estimate for the derivative D f of the error term

f = f(z#3y):
1 Df(,) ()16
< “F#Tl(z,y)” (”‘Cz#%y(p_uT)Hl,ts + “L:z:#g,y(p—i-v—T)”l,&) )
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which gives, by estimates like (45) and (47), | Df]| 2, < C llF#THe_‘sT.
Thus, from the identity

D& = —(LL*)~1(1 - O)(NL*Dé + Q(Df, 7)),
with IT = II(u, 2#%y) as in Lemma 6.14, we obtain, for some C > 0,
1DG 12 , < CllFylle™*".

We still have to prove the injectivity of the map #r for all sufficiently
large T > Tp. Suppose there exist a sequence Tp — oo and elements
(xl,k7y1,k) # ($2,k7 y2,k) in Mbal(othob) X0y Mbal(Olh OC)) such that

TLEFT Y1k = T2 6 F T Y2,k

for all k. Then, there exist a based Lg,a gauge transformation A on ¥ x R
such that we have

. 0 0 =
kll>nolo o1ty y1e — )\(:L'z,k#Tkyz,k)”Lis =0.

We are using here the fact that the time shifts agree as T, — oo. Upon
passing to a subsequence, we know that there are limits x; = limy z; ;, and
y; = limy y; x, for < = 1,2, by the assumed compactness of K. We obtain

T1F#T.Y1 = T1H#T. Y2,

for all Ty, but for T, — co we have convergence of mi#Tkyi to the broken
trajectory (z;,y;). We obtain (z1,y1) = (22,y2) = (z,y). Now consider
the elements (u;r,vir) = (Tik — 2,¥ik — y), for i = 1,2. They satisfy
(u1,k, v1,k) 7 (u2k, v2,k) and

F. #my, |(w,y) (V1,6 V1K) = F#Tk |(z,y)(u2,k,vz,k),

for all k, which contradicts the fact that the map Fy is a local diffeomor-
phism, as we just proved. Notice that it is also possible to give an alternate
proof of this fact by direct estimates, along the lines of [18], replacing our
proof by contradiction: some may find that more appealing.

Now a comment about orientations. Notice that the isomorphism of
Proposition 4.19 induces an isomorphism

A™Ker o(L,) ® A™*Ker o(Ly) — A™*Ker o(Lostry)-
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Thus, in the unobstructed case we are considering, where all the cokernels
are trivial, we obtain that the gluing map #7 is compatible with the ori-
entations. Using the decompositions (57) we obtain that the gluing map
#T is also compatible with the induced orientations on the moduli spaces

~

M(Oq, Op), cf. Proposition 3.6 of [57]. Notice that the orientation on
(M(Oq,0p) X0, M(0p,0.)) x R
induced, under the decomposition (57), by the product orientation on
M(Oq, Op) %0, M(Op,O¢)
agrees with the pullback of the product orientation of
M(04,06) x R x M(Op, O,)

under the map (z,y,T) — (z,T,y).

We now come to the last statement in Theorem 4.9. We prove that any
sequence of trajectories in M(Oq, O,) converging to a broken trajectory in
M(Oa, Op) x0, M(Os,O,) lies eventually in the image of the gluing map.

This requires a preliminary statement about the endpoint maps

ey : M(Oq,0p) = Op and eb+ : M(Op, O¢) — Og.

Claim. Suppose given a sequence (Zn,yn) in
Ki x Ky C M(Oa, Ob) X M(Ob,Oc),

with K7 and Ky compact sets in the L%’J-topology. Suppose that the
endpoints e; (zn) and e (y,) converge to the same element z;, on the
critical orbit Op, in the L2-topology on B°. Then there is a subse-
quence (z,,ys) converging to an element (z',y') in the fibered product

M(Oa,03) X0, M(O,0,).

Proof of Claim. The compactness of K; x Ko ensures the existence of
a convergent subsequence (z},y.,) with limit (z',9'). Moreover, we can
estimate the distance

lley (') — €5 (¥)llzz < lle (wn) — €5 (=)l

+ lleg (n) = &5 (1) Iz + lleg (wn) — € (wn)ll 2.
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The last term goes to zero by hypothesis, and the first and second term on
the right hand side go to zero by the continuity of the endpoint maps. Thus,
we have e (z') = e (y') = z5.

Now we return to the statement on the range of the gluing map. This is
the analogue in our setting of the method of continuity used in Section 7.3
of [18], and of the arguments of Lemma 4.5.1 and Section 4.6 of [46].

Suppose given a sequence X}, of elements in M(O,, O.) which converges
smoothly on compact sets (as in Theorem 4.1) to a broken trajectory (z,y)
in the fibered product M(O4, Op) X0, M (04, O¢).

For a sequence of gluing parameters Ty, — oo, let (zg,yx) be the projec-
tion onto the slices Sr,, x Sr,.,

Srab - Ak,‘s(oa’ Ob) and SFbc - Ak,ts(oba Oc);

of the cut off elements (pl‘_Tk Xy T’°, pfl T, X ;f’“) The elements z and y;, are
no longer solutions of the Seiberg—Witten equations. However, we can choose
the sequence T — oo such that the elements z; and y; lie respectively
within neighborhoods of radius €/4 of the solutions = and y, in the Lg 5
norm. We choose ¢ so that it satisfies ,

€< min{fam €ab) ebc}-

Here we have €5, and ¢, determined as in Lemma 6.14, for the contrac-
tion principle for the fixed point problem (102) in Bj5(O4,0p) and in
B,5(0p,Oc), respectively. Similarly, the constant €, is the constant for
the contraction principle of Lemma 6.14 in By 5(Oq4,0;). (cf. Proposition
4.21 and Remark 4.20.) By applying the result of Proposition 4.21, there
are then unique elements £ and 7, in a €/2-neighborhood of z and yy, re-
spectively, which satisfy the equations. Notice that these elements (Z, J)
will in general have e; (&x) # e; (Jx), hence they do not define an element
in the fibered product. However, we can estimate that the distance between
the endpoints goes to zero. In fact, we have

ley (Zx) — e (1) 2

< O(dist 13 (Mg Ex(t), € (&) + dist 12 (A Tk (), e (§)))
+ClEk — allng , + 1 — wllz,)
+ C(dist 12 (A" 2(t), e (2)) + dist 2 (AT y(t), ef (1)))-

The first two terms and last two terms on the right hand side decay expo-
nentially like Ce~Itl by the results of Section 3.4, Theorem 3.12. The gauge
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elements ), , )\;c", A, and A\t are as in (34), cf. Lemma 4.8. The remaining
term is bounded by e.

Since in the statement of Theorem 4.9 we are only interested in the
codimension one boundary, we may as well assume that, upon passing to
a subsequence, the sequence (Z,Jx) converges in the strong topology to a
pair (z',y'). By the result of the previous Claim, we know that this element
(z',y') is in the fibered product M(Oq,0p) X0, M(Op,Oc).

Now consider the pre-glued solutions w’#%cy’ . By our construction, the
original elements X}, lie within neighborhoods of radius € of x’#%cy’ in the
Lg,a—norms. By Lemma 6.14, and Remark 4.20 there is a unique zero of
the map f in this neighborhood, that is, a unique solution of the Seiberg—
Witten equations, obtained as a small deformation of the approximate so-
lution w’#%cy' . This implies the desired equality X} = z'#7,y'.

This completes the proof of Theorem 4.9. |

Before discussing the fine structure of the compactification, we can add
a brief comment about the gluing result in the non-equivariant setting, as
stated in Lemma 2.16. The difference in the non-equivariant setting is the
presence of the extra U(1)-gluing parameter, in gluing across the reducible
0. Namely, the gluing map is of the form

# : M(a,0) x M(8,c) x U(1) x [Ty, 00) = M(a,c).

The reason for the presence of the extra U(1) gluing parameter is the
fact that the reducible point 6 is not a smooth point in the non-equivariant
moduli space, hence, in order to formulate the pre-gluing and gluing con-
struction, it is necessary to lift the pre-gluing to the framed moduli space,
in the proximity of the reducible point. More explicitly, we define the pre-
gluing map as

(M (AT, 02T t< -2
)\O(AO + v, 0)
+exp(iu(t + 2))(ea(t +2T), 1 (t +2T)) —-2<t< -1
(62) x#g",uy =3 2o(4o + v,0) + exp(iu)- -1<t<1

(p™ () (e (t +2T), 1 (¢ + 2T))
+p* (t)(2(t — 2T), ¢2(t — 27)))

(A (4577, ;T t>1

with the extra gluing parameter A = exp(iu) in U(1).
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This pre-gluing map gives a choice of a lift of
M(a,8) x M(8,¢c) x U(1)

to M (O, 8) x M(8, O.), then the gluing construction works as in the equiv-
ariant case and composition with the projection onto the quotientAby the
U(1) action then provides the resulting gluing map with values in M(a,c).

4.3. Multiple gluing theorem and corner structure.

We now generalize the result of Theorem 4.9 of the previous subsection to
the case of multiple gluings of broken trajectories in boundary strata of
higher codimension. The purpose is to identify the fine structure of the
compactification, namely to show that the spaces M(Oq, Op) of flow lines
compactify to a C*° manifold with corners, in the sense of [44]. We shall
follow the notation M(Qq, Op)* to distinguish the compactification from the
original space M (O,, Op).

Theorem 4.23. The compactification M(Oa,Ob)* has the structure of a
smooth manifold with corners, with codimension k boundary faces of the
form

(63) U M(04,0c,)" X0, M(Ocy,06;)* % - X O, M(Ock,Ob)*.

c1yC

Here the union is over all possible sequences of critical orbits Oc,,- -+ , O,
with decreasing indices.

We also have the following.

Corollary 4.24. The endpoint maps e} and e, and their derivatives extend
continuously over the boundary and on the boundary they coincide with e}
and e; on M(Oq,O¢,) and M(O,, Op) respectively. Thus, the maps e} and
e, are fibrations with compact fibers in the category of smooth manifolds with
corners.

Proof of Theorem 4.23. We proceed as follows. First we prove that
M(0O,, 0p)* is a t-manifold (has a C* structure with corners) in the sense
of Definition 1.6.1 of [44]. This amounts to showing that the multiple gluing
maps define a compatible set of charts in the sense of Section 1.6 of [44]
on open sets in M(O,,Op) near the boundary. We then show that this -
manifold has the structure of a smooth manifold with corners, in the sense of
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Section 1.8 of [44], by showing that the boundary faces satisfy the condition
(1.8.7) of [44].
Consider broken trajectories (zg,1,...,Z) in a compact subset

K C M(04,0¢,) 0., M(Oc;,0¢,) % -+ X0, M(Og, Ob),
where O, ..., O, are the critical points with decreasing indices
#(Oa) > 1(Ocy) > p(Oc;) > - -+ > pu(Ogy) > p(Os).
We introduce multiple gluing maps
#i K x [Ty, 00)F = M(O,, Oy).

Here (T%,...,Tk) € [To,00)* are gluing parameters, and the indices
{i1,...,1} are a permutation of the set {1,...,k} which specifies in which
order the multiple gluing is performed as a sequence of k gluings as in The-
orem 4.9. For instance, we have

A Th, T A A . )
L @0, @1, mk) = (- ((woFtn @) # 2 w2) #ryma) - - )T Ty
or
T 1y n N n n
s (o, @, - k) = (- (Codtny (212 m0))Fmy 33) - -+ ) e ks
etc.

The gluing construction is non-canonical, in the sense that the identifi-
cation of the normal bundle 7+ in the pre-gluing construction, as in Lemma
4.13, is dependent on the order of the gluing, hence there is no obvious as-
sociativity law for multiple gluings. However, we are going to show that the
maps #Tl’ T , or rather their inverses, to be consistent with the notation
of (1.6. 1) of [44] define a system of charts of a C* structure with corners, or
t-manifold. We prove the following result, which ensures that the #Tl’ ’T’°
are local diffeomorphisms as needed.

Proposition 4.25. Suppose given Og, O, - Oc, and Oy in MO with de-
creasing indices. Then, given a compact set K in

M(Omocl) XOc, M(OCI’OCZ) Xoeee XOck M(Ockiob)7

there is a lower bound To(K) > 0 such that the gluing maps #TI’ ’T" define
local diffeomorphisms

Fiin K x [Ty(K),0)k — M(Oq, Op).
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where the orientation on the left hand side is the one induced by the product
orientation on

(((M(Oa, Oct) X R X M(O¢y,06,)) X R) X -+ x ]R) x M(O.,, Op).

Proof. We want to generalize the analogous statement proved in Theorem
4.9 for the case of one intermediate critical point.

First, we need to show the analogue of the error estimate (56), which
shows that the glued solutions #Tl’ ’T’“ (zo,...,zk) converge to broken tra-
jectories in the limit when a certain subset {Til, ... T;,.} of the gluing pa-
rameters satisfies T3, — 0.

We then need to show that a sequence of solutions in M(Og, Oy) that
converges to a broken trajectory (zo, ...,zx) in the boundary

M(04,0¢,) x0,, +* X0, M(Oc,,0%)

lies eventually in the range of a gluing map #Tl’ ’T’° We first prove that,
when the gluing parameters {71, ..., T} satisfy T ——) oo, foralli =1,...,k,
we have an estimate

(64) ||0-k($07---733k,T1,---,Tk)”L%B S Ce_JT,

with T = min{T1,...,T;}. This is the analogue of the estimate (103) for
multiple gluing. Here oy is the error term

T1,. ,T T1,...,1)
Uk(m07 s >xk>T1> s )Tk) = #@11, k(x()) 73315:) - #Oill,,,,,;:kk (.’EO, s ’xk))

with #OTI’ T the pre-gluing map, namely the composite of k¥ pre-gluing
maps as in (35) in the order specified by (i1,...,).

We prove the estimate (64) for the case of the gluing map #Tl’ Tk The
same procedure works with a permutation of the order of gluing. We proceed
by induction on k. The case k& = 1 follows from Theorem 4.9. Assume as

induction hypothesis that the gluing map #Tl’ ’T" ! can be written as

Type T
1 (@oy - Tk—1)

Ty, T,
=#9 (=o, - Tho1) + Ok-1(T0s - -, Te—1, T, -+ Thmt),
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with #OTI’ ’T’“ ! the pre-gluing map (i.e., the composition of k—1 pre-gluing
maps (35), and with the error term o1 satisfying the estimate

lok-1(zo, -, Th—1,T1, .-, Th—1)ll 12, < Ce™T,

with T = min{Ty,...,T,}. We can then form the pre-glued solution
y#%cmk, with
T, ,T
Y= 1 (@0, Th-1):

By Proposition 4.21 this approximate solution can be deformed to an actual
solution y#r, zx, which by definition is the same as

YH#HT, T = #11, k k(an xk)‘

We need to estimate the difference y#r1,zx — yo#%kwk, where yg is the ap-
proximate solution

Tlcl

T 1y
yo = #°1. w1 (20, - -, Th-1)-

We have
(65) lly#n.er — vo#r,zellzz,
< lly#nor — y#haelz, + ly#hor — vonzel iz -
Now we can estimate the second term on the right hand side by
ly#d, 2 — vo#m oz, < 1Fpr |- ly — vollzz -

We know that (44) has norm bounded by Ce 9Tk, Moreover, the quantity
lly — vol| is given by

lok—1(zo, ..., Tr—1,T1,. .. ’Tk‘l)”l'f,s‘
Using the induction hypothesis, we obtain
|ly#%, zx — yo#g’kwk”Lis < CceT.
The first term in the right hand side of (65), on the other hand, is given by

”y#kaBk - y#g’kxk”Lia = ”U(y’xkaTk)”Lis‘
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By the estimate (103) (cf. Proposition 4.21, Lemma 6.14, Remark 4.20, and
Proposition 4.21), this satisfies the estimate

||U(y,$k,Tk)|lL%6 < Ce 9Tk,
Thus, we have the next step of the induction, namely we have obtained
low (@, - -y @k, T1, -, Tz, < Cem ™I,

for
ok(zo, ..., ok, 11,...,Tx) = y#1. 28 — yo#%kxk-

Now consider a sequence X; in M(O,, Op) that converges smoothly on
compact sets, in the sense of Theorem 4.9, to a broken trajectory (zo, . . ., )
in the fibered product

M(Oq, Oc,) X0e " XOqg; M(Ocy, Ob).

We need to show that these X, belong eventually to the range of at least
one of the multiple gluing maps #;, ... ;.. We proceed as in the analogous
argument in Theorem 4.9, for a single gluing. Convergence in the sense of
Theorem 4.9 implies that there exist time shifts {1} ¢, ..., Tk} with T, —
oo for ¢ = 1,...k, and combinatorial data which describe the order in which
successive limits on compact sets and reparameterizations are considered in
Theorem 4.9. These data determine which gluing maps #;, ... ;, have the
points X, in the range. These combinatorial data can be described as the
set of binary trees with k+ 1 leaves, one root, and k — 1 intermediate nodes.
To one such tree we associate a cutoff element

T1 .45, T T1,¢5.-,T
(66) (0T (Xe), T (X))

where the nfl"""’Tk’l act as a composition of time shifts and cutoff functions,

as specified by the combinatorics of the tree.
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For instance, the two trees of the figure correspond respectively to the

elements .
— — — —T3,6N—T5 )\—T;

(P1—T1,K(P1—T2,e (P1—T3,4Xe 26Ty~ The

_ _ T30\ _
Pt1+T1,e (P1—T2,z (P1—T3,4 ST The,

+ — —Ts.e\T
P_1+T2,,(P1_T3,eXe ) 2,
+ T3,
p—1+T3,¢X£ )

and

_ _ _T
(o1, ,(P1_1, KXo H)~Te,

_ : T )
Pi-1, (pi—l-i—Tz’l (/’1—T3,1X 30 T20) Tt

+ + — —T3,6\T; 4\T

P_1+T”(P_1+T“(P1_T3,£ : ) )t
N

/"—1+T3 ,Xes )-

These correspond to cases where a sequence of solutions X, in, say,
M(O,, Op) converges smoothly on compact sets, after the different repa-
rameterizations specified above, to elements in M(Oq, Oc,), M(O¢,, O¢,),
M(O¢,,Oc;), and M(Oc;, Op), respectively.

We denote by (21,4, .., Tk ) the projection onto the slices of the cutoff el-
ements (66). The elements z; ¢ are no longer solutions of the Seiberg—Witten
equations, however, by hypothesis, for £ large enough, they are contained in
e/ 2k+1_peighborhoods of the solutions z;, for i = 0,..., k. Pick € satisfying

€ ogl}lglic+1{ec"°j+l}’

where the €c;c;,, is the constant for the contraction principle, as in Lemma
6.14 in B3 5(O¢;, Oc;,,), and we take co = a and cg41 = b. Then, proceeding
as in the proof of Theorem 4.9, we find elements Z; ¢, for .= 0,. .. k that sat-
isfy the Seiberg-Witten equations and are contained in €/ 2k-neighborhoods
of the elements z;. The elements (Zog, ..., %) are not necessarily in the
fibered product, however, by the same argument used in the proof of The-
orem 4.9, we obtain convergence of the elements (Zog,...,Zx,) to a limit
(zg, - - -, },) in the fibered product

M(Oa’ocl) Xocl Tt XOck M(OCk’Ob)'

By construction, the approximate solution

#OTI Laees Lk, z(xo, m;c),
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with the order (i1,...%x) of gluing specified by the combinatorial data, is
contained in an e-neighborhood of Xy in the L%’ s-norm. By the contraction
argument of Lemma 6.14 together with the first part of the proof of this
Proposition, we know that we must then have

X #Tll, )Tke( 0) m;c).

This completes the proof. O

Thus, the changes of coordinates

Tl; ,Tk (#Th )Te -1

are local diffeomorphisms between open subsets of
R? = R"* x [Tp, 00)*

and
R} = R x [Tp, 00)?,

with n = dim M(O,, Op), as prescribed in Section 1.6 of [44].

Notice, in particular, that given two multiple gluing maps T, T

i1 yeenik and

#?11,’_'.'_‘;?, for two different orders of gluing (41, ...,i%) # (J1,.-.Jk), We ob-
tain an estimate
Ti,...,T) T _
(67) || o, m) — # (o, )|, < €T,
1,6
for T = min{Th,...,Tx}. The proof of this estimate is completely analogous

to the argument used in the proof of Proposition 4.25. For instance, we can
estimate

|(zo#t T, 1) # 1 22 — To# T (T1#1,22) ||
< ||(o#tr m1)#1x2 — (ToFtr, 1) #5922 ||
+ [(zoFhr, 1) #%, T2 — To#T T1H R, 2|
+ [lzo#T, T1#2, T2 — To#R, (T1#1,72)||
+ [lzo# Y, (z1#1,72) — To#n (T1# 1, 22) |
< Ce 2 + Ce 11Tz  Ce 1HT2 4 Ce™T1,

The estimate (67) implies that, when all the T; go to infinity, the glued
elements #;’ T,y "(xo, s Tk) and #Tl’ ’T’“ (zo,...,xk) end up in the same
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coordinate patch. This may not be the case if only some of the T; tend to
infinity and other remain bounded.

We have shown, as a result of Proposition 4.25, and by Lemma 1.7.1 of
[44], that the strata

M(04,06,)* %0, %+ X0, M(Ocy, Op)*

inherit the structure of smooth t-sub-manifolds of codimension & in
M(Og, 0p)*.

The codimension one boundary strata described in Theorem 4.8, com-
pactified to smooth t-manifolds, define the boundary hypersurfaces of
M(Oq,0p)*, as in (1.8.3) and (1.8.4) of [44].

Let us recall that a C* manifold with corners is a t-manifold where all
the boundary faces are C*° embedded sub-manifolds. According to Section
1.8 of [44], to ensure that this is the case, namely that the compactification

M(Og, Op)* has the structure of a C* manifold with corners, one only needs
to check the following fact.

Lemma 4.26. Every compactified codimension k boundary face
M(04,04,)* x0,, X+ X0, M(Oc,Op)*

of M(Oa, Op)* is a component of (precisely) one intersection of k boundary

hypersurfaces

H,Nn...NH;,.

Proof of Lemma 4.26. All the boundary hypersurfaces are identified by
Theorem 4.9. Thus, we see that the Lemma is verified by setting

‘Hi = M(Oa’ 061)* XOcl M(Ocu Ob)*

Hy, = M(04,0s)* X0,, M(Oc;,0)"

Hik—1 = M(Oa:ock_l)* XOcp_; M(Ock_uob)*
Hik = M(Oa; Ock)* xOck M(Oék’ Ob)*~

This completes the proof of Theorem 4.23. (]
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Corollary 4.24 now follows, by considering the restriction of the asymp-
totic value maps e} and e, to the range of the gluing maps. By the conver-
gence property, when a subset of the gluing parameters goes to infinity, we
obtain that the asymptotic value maps restrict to the corresponding maps
on the boundary strata.

5. Equivariant Homology.

Let us recall briefly the construction of the de Rham model for U(1)-
equivariant cohomology (and homology) on a finite dimensional manifold
with a U(1) action. The main reference is [2].

Let W be the Weil algebra of the Lie algebra iR of U(1). This is a
free commutative graded algebra in one generator 6 of degree 1 and one
generator €2 of degree 2, with differential § that satisfies

0= N=0.
Let M be a manifold with a U(1) action. Consider the complex
C* =W @ 2 (M),
with differential
dyy = d — Qc(T).

Here T is the vector field on M generated by the infinitesimal U(1) action
and c is the unique derivation in W that satisfies

c@)=1 ¢(Q)=0.

We choose a sub-complex of C* by taking the cochains on which c+¢(T')
and L£(T) vanish, where £(T) is the Lie derivative. Let us call this sub-
complex Q?](l)(M )- An alternative description of the complex Qz*](l)(M )
is

v (M) = R[] © Q5(M),
where Qj(M) are de Rham forms that are annihilated by the Lie differ-
entiation £(T'). The cohomology H *(QB(I)(M ) dy(1)) is isomorphic to the
equivariant cohomology with real coefficients,

H*(Qpqy (M), dy(y) = Hyj) (M, R).

In order to compute equivariant homology with real coefficients a de
Rham complex can be constructed as in [8] by considering differential forms
graded by the dimension of M minus the degree,

Quywy (M) = R[9] ® 25~ (M),
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with boundary operator dy 1y = d ~ ¢(0) ® c(T).

Austin and Braam [8] proved that this complex computes the same ho-
mology as the equivariant complex of currents introduced by Duflo and
Vergne [19] and studied by Kumar and Vergne [32]. With this understood,
we can consider the complex Quyr(1)(0,) associated to each critical orbit O,
in Myp. This will be a copy of the polynomial algebra R[] for the fixed
point and a complex of R[Q]-modules with de Rham forms in degree zero
and one in the case of orbits that come from irreducibles.

We can give a more explicit description of the boundary operator 9y ()
in this case. Let O, be a critical orbit with a free U(1) action. Then, the
generators of Q§7*(0,) are a 1-form 7, that generates H'(S!), in degree
zero, and a zero-form 1, (the constant function equal to one on O,), in
degree one. Thus we have

BU(I) (Qn ® 10,) =0
and
6U(1) Q" ®ng) = -0 le 1,.

5.1. The equivariant complex.

We can form the bigraded complex that computes equivariant Floer homol-
ogy as in [6], defined by

(68) o) = @ Qyu)(Oa)
p(Oa)=isi+j=k

with differentials

Auyn Oq = Oy
(69) Dagn=1{ (-1 (e;)u(ed)*n w(0a) > 1(Op)
0 - otherwise.

Here 7 is an equivariant differential form on the orbit O,, that is, an
element of Q.y7(1)(Oa). The number 7(n) is the de Rham degree of 7, that is,
the maximum degree of the elements of (0, ) that appear in the expression
of n. Recall that Quy(1)(O,) is the dual of the de Rham complex, and the
forms are graded by dim(Og) — * =1 — .

The analogous complex that computes equivariant Floer cohomology is
given by

(70) Ctyy@)= P  Yyp(0w),
I"’(Oa)=ivi+j=k
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with coboundaries

dyayn O, = Oy
(71) Sapnn =3 (=1)"™(ef)u(e;)*n 1(Oa) > 1(O)
0 otherwise.

Here 7 is an equivariant form, that is an element of O, and r(n) is the de
Rham degree of 7, i.e. the maximum degree of the elements of Qf(Op) that
appear in the expression of 7.

The boundary map is well defined, since the endpoint maps are compat-
ible with the boundary strata as stated in 4.24. Notice that, as pointed
out in [6], for dimensional reasons the maps D,; are trivial whenever
1(Oq) = p(Op) + 3. A more explicit description of the boundary map will
be given in the following.

5.2. Equivariant Floer Homology.

We can prove that the composites D? and §2 are zero. Moreover we can see
that there is a duality at the level of forms that induces a duality between
equivariant Floer homology and cohomology as in [6] and [8].

Theorem 5.1. The composite maps D? and 62 are zero, this means that
the identities

Dczl,,c = Z Da,bDb,c = O,
b

52,0 = Z‘sb,cda,b =0,
b

hold, with Oy that ranges among critical orbits satisfying u(Og) > u(Op) >
w(Oc). Moreover there is a pairing {,) of forms in Ciy(1) and in C*yyy that
satisfies

(Dﬂ, 7) = (777 5’7)

Proof. The statement is true for O, = O,. Given critical orbits with u(0,) >
1(O,), we have the expression

Dien=(-1)® 3 (=1)r(e)s () m)
{00|1(0a)>p(0b)>1(0c)}

() ()" (&5 )x(ed)™n + (e2)x(e3) Buyn + By ay (€2 )s(ed) ™.
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This expression vanishes since the co-dimension 1 boundary of M(O,, Op)*
is the union of the components M(Oq,Op)* x0, M(Op,O.)*, as in 4.9.
Thus, if we use Stokes theorem applied to the fibration with boundary

~

ez : M(Oq,0¢)* — O, we obtain [6] that
Buy(e2)y = (e2)xByayy — (=1)r =M F (=), .

Here +y is an equivariant form on M(Oq, O.)* and the map (€5 )« is the
push-forward map induced by the restriction of the bundle to the boundary
of each fiber F. If we choose v of the form v = (eJ)*n where n is an
equivariant form on the orbit O,, then the map (e, )s « can be written as

(e)ony = _(e)=(ef)* (€5 )uled)™n,

b

for all the b that satisfy u(Og) > p(Op) > u(O,), as shown in the diagram.
Notice that the sign (—1)"((% )+(ed)™) ig exactly the sign (—l)T((ei)*")'dimF .

-~

M(Oq,0.)*
t

M(Oq, 0p)* X0, M(Op, O.)*

— T

Oa <= M(Oq, Op)* Oy M(0p,0.)* = O,

The statement about the pairing follows from the identity

(e )a(ed)yn Ay = / @A)

Oy M(Oq,0p)*

O

Definition 5.2. We define the equivariant Floer homology and cohomology
to be
HFY 4y = Ho(Cuva), D)

and .
HF 0y = H*(Cjay, )-

We now give a more detailed description of the equivariant Floer com-
plex, which will be useful in Section 6 and Section 7.
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Proposition 5.3. Let Q" ®n, and Q" Q®1, be the generators of the equivari-
ant Floer complex. The only possibly non-trivial coefficients of the boundary
map D are those of the form

("7 ® 10, D(Q" @ 71a)),
or of the form
(" ® 15, D(A" ® 1,)),
(Qn @ Nb, D(Qn ® 77a)>,
when u(Oq) — u(Op) =1, and

(2" ® 1c, D(Q" ® 7a)),

when p(Oq) — u(Oc) = 2. In the case of the critical orbit 0, we obtain the

boundary component
Q" ® 1., D(O" ® 6))

when p(f) — p(O:) = 2, where we consider the one-dimensional space
M(6,0,.) fibering over O, with zero-dimensional fiber. We also have the

component
(" ®0,D(Q" @ na)),

when p(0,) — () = 1, where the space M(Oq,8) is one-dimensional. In
this case the coefficient is obtained by integrating the 1-form n, over the
1-dimensional fiber of the endpoint map eg : M(O,,0) — 6.

Proof. For a given orbit O, the complex of equivariant forms is given by

Q>0<,U(1)(Oa),
with the total grading
Qow(0.) = @ R @057(0,).

Here Q is of degree 2 and [ is the grading in the dual de Rham complex
where forms are graded by dim(O,) — *.
Thus we have

Q0,0(1)(0a) = R(1 ® n4),
Q1,0(1)(0a) = R(1 ® 1a),
Q2,U(1) (Oq) = R<Q ® 1),
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Q3,0(1)(0a) = R(2® La),

and so on, where 7, is the one form that generates H'(S') and 1, is the
constant function equal to 1 on O,.

The differential is given by 8g = d—Qc(T), where Q is the element in the
dual of the Lie algebra iR such that (Q, ) = 1 under the trace pairing, and
¢(T) is the contraction with the vector field T' generated by the infinitesimal
action of U(1).

As we have already discussed at the beginning of Section 5, the differen-
tial Oy (1) of the equivariant complex 2, 7(1)(O.) acts as

D(O"®1,) =0

and
D(Q"®n,) = - l191,.

The homology of this complex (for a fixed irreducible orbit O,) is there-
fore one copy of R (corresponding to the generator 1®m,) in degree zero and
zero in all other degrees. This is just the usual result that the equivariant
homology of O, with a free action of U(1) is isomorphic to the ordinary
homology (with real coefficients) of the quotient, that is of a point.

Now let us consider the bigraded complex where several orbits are con-
sidered. The bigraded complex is of the form

P 2uw0.)

#(Oa)+j=+

The equivariant boundary operator can be written explicitly in compo-
nents of the form

"® 1, — —nabﬂn ® 1p

2 D:

(7 ) " ® Na +* (nabﬂn b2y 77b) 52 (maCQn ® 16)
@(_Qn—l ® 10,)-

In the case of the generator #, there are extra components as in the
statement of the Proposition. Here ng, = #M(Oq, Op)*, where the rel-
ative index is p(Oq) — u(Op) = 1, so that —(e; )«(eF)*la = —ngply and
(€5 )«(€d)*na = napms. The coeflicient mq. comes from the integration of the
one-form 7, over the one-dimensional fiber of the moduli space M(Oq,O;)*
with 4(0g) — 1(0.) = 2, namely (e, )«(ef)*ns = mgclc. The components of
D are represented in the following diagram.
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Remark 5.4. In view of the result of Proposition 5.3, we notice that the
full strength of Theorem 4.23 is in fact more than what is strictly necessary
in order to prove that the boundary D of the equivariant Floer complex
satisfies D? = 0. In fact, knowing that the boundary operator only depends
on the moduli spaces M(Qq, O) of dimension at most two, makes it only
necessary, strictly speaking, to know the properties of the compactification
for moduli spaces M (O, O.) of dimension at most three.

Clearly, it does not make any substantial difference to derive the proper-
ties of the fine structure of the compactification M(Oa, Op)* in this reduced
case or in the general case proved in Theorem 4.23. However, both here and
in Section 6, where we analyze the case of obstructed gluing, it seems useful
to identify explicitly what is the minimum requirement on the fine structure
of the compactification that is needed in the arguments, cf. Remark 6.2 and
Remark 6.3.

5.3. Intermezzo: the coefficient m.

We now give a topological description of the coefficient m,. that appears in
the component

(D(Qn ® 77a), Q" 1c> = Mgqc

of the boundary operator, for p(Og) — p(O.) = 2. This coefficient is defined
as the pullback and pushforward of the 1-form 7, along the U(1)-equivariant
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endpoint fibrations

el : M(Oa,Oc)* — O,

and X
e; : M(O,,0.)" — O,

that is,
Mac = (€7 )x(€3) Na-
The 2-dimensional U (1)-manifold M(O,, O.)* fibers over the circles Oq

and O, with 1-dimensional fibers. Topologically, M(Oq, 0.)* consists of a
collection of finitely many cylinders and finitely many tori.

Lemma 5.5. The pullback 1-form (el)*n, defines a Cartan connection on
the principal U(1)-bundle M(Oq, Oc) — M(a,c).

Proof. We want to obtain a splitting of the exact sequence
0= T(U1)) = TM(Oa,Oc) — TM(04,00)/T(U(1)) = TM(a,c) — 0.

Since the endpoint map e} is U(1)-equivariant, and 7, is the gener-
ator of H 1(0,), the kernel Ker ((e})*n,) defines a horizontal subspace of
TM(O,,O,). O

Lemma 5.6. Over each component of M(Og,O.), the pushforward
(e2)+(ed) e

computes the winding number W (v) of the 1-dimensional v = (e7)~!(z.),
for a point z. € O, around the fiber of the U(1)-fibration  : M(O,,0.) —

M(a,c).

Proof. Consider a connected component X of M(a,c). For p(0g) —pu(Oc) =
2, the component

1(X) c M(0a,0.)
is a cylinder or a torus. Choosing a point z. € O, one can identify the fiber
(e7) Hze) N (X)

with a lift v of the path X € M(a,c) to M(O4,0c). In fact, the end-
point fibration e, is compatible with the boundary strata M(Oa, Op) %0,



Equivariant Seiberg-Witten Floer Homology 557

M(0s,0,). Since the 1-form 7, is the generator of H!(O,), the pullback
(e})*n, integrated along the path

7= (e2) H(ze) N7 H(X)

measures precisely the number of times this path winds around the fibers of
the map m,
/ _(ed)*na =W ().
(ec)~Hze)Nm=1(X)
a

Notice that in M(Oa,OC) we have a choice of a horizontal direction
{(z,), given by the integral lines of Ker ((e})*n,), for any initial condition
T, € O,, and a direction given by the path (e;)~!(z.) for fixed z. in O..
The horizontal line £(z,) can be identified with the fiber of the other end-
point map (e})~!(z,). Both the lines (e, )~ (z.) and (e} )~!(z,) represent
a homeomorphic lift of M(a, c) to M(Oa, O.), however, in general, an el-
ement [A, ¥] € (e;)"!(z.) has a limit at ¢ — —oo which is some Az, in
O,, not equal to z,, and similarly an element [A, ¥] € (ef)~!(x,) has a
limit at ¢ — +oo which is some Az, in O, not equal to z.. Different el-
ements in (e})~!(z,) have different Az, limits in O, and similarly for the
other endpoint fibration. The intersection between the two lines then con-
sists of finitely many points. By our identification of £(z,) = (e)~!(z,)
with the horizontal direction, this number is equal to the winding num-
ber of the path (eJ)~!(z.). This intersection number counts the solutions
(A Y] € M(Oa, O.) that actually have prescribed endpoints z, and z. at
both ends.

Now consider the U(1)-bundle M(O,,0.) — M(a,c) over the param-
eterized moduli space. Connected components X of M(a,c) are infinite
cylinders or strips of the form X 22 [0,1] x R. Consider a choice of a base
point (yo,t0) on Y X R, and a complex line £y, in the fiber Wy, of the spinor
bundle W = S®L over yo € Y. We choose £y, so that it does not contain the
spinor part ¢ of any irreducible critical point. Since there are only finitely
many critical points we can guarantee such choice exists. We consider the
line bundle

(73) Loc = M(Oq, Oc) XuU(1) (Wyo/lyo) = M(a,c)
with a section given by

(74) s([A, ¥]) = ([A, ¥], ¥(yo, t0))-
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Lemma 5.7. For a generic choice of (yo,to) the section s of (74) has no

zeroes on the boundary strata M(a,b) x M(b,c). This determines a trivi-
alization of Lq. away from a compact set in M(a,c). The line bundle Lqc
over M(a,c), with the trivialization ¢ specified above, has relative Euler
class satisfying

e(Lac, p) = Maqc.

Proof. The section s induces a trivialization of the line bundle £,. away
from a compact set in M(a,c). In fact, for T — oo, we have

s((A,9)T) = 5((Aa,%a)) # 0

and
s((A2)T) = s((4c, %)) # 0.
This corresponds to trivializing the fibration M(Ogq,0,.) x {T} with the
horizontal lines £(z4,\) = (e}) 1(Az,), for T < —Tp and with the lines
£zc, A) = (e7) " (Az) for T > Tp. The obstruction to extending the trivial-
ization over all of M(a, ¢) is then measured precisely by the winding number
Mqc. This is therefore the relative Euler class of L., which can also be com-
puted as
e(Lac, p) = #3_1(0)~
O

In particular, this implies that the coefficient m,. can be computed by
counting zeroes of any transverse section

s: M(a,c) = Lgc

which is non-vanishing away from a compact set, and induces the same
trivialization ¢,
Mae = #571(0).

We discuss some identities satisfied by the coeflicients mge.
Remark 5.8. Let a and d be two irreducible critical points with p(a) —

u(d) = 3. Assume that all the critical points ¢; with p(a) > p(c;) > p(d)
are irreducible. Then we have the identity

E Na,c;Mey,d — E Ma,coMNcy,d = 0.

cr:p(a)—p(er)=1 ca:p(c2)—p(d)=1
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When the reducible critical point 6 has index between (u(a), u(c)), with
p(a) =1 and p(d) = —2, we have the identity

(75) Z Na,c1Mey,d + Nggneg — Z Ma,cyNey,d = 0.
c1:p(e1)=0 ca:p(e2)=—1

This identity follows directly from the definition of the invariant mgc
as pullback and pushforward of the 1-form 7,, using Stokes’ theorem for
fibrations with boundary on the compactified moduli space M(Oa,Od)*.
The sign comes from the orientations in the gluing theorem. However, the
identity (75) also has a topological interpretation in terms of relative Euler
classes. In fact, the counting above is the counting of the boundary points
of the zero set of a strata transverse section of the line bundle L,q over
the unparameterized moduli space M(a,d). For such section, s~1(0) is a
1-dimensional manifold with boundary. The counting above corresponds to
a section that has

ds~1(0) = U M(a,c1) x (s71(0) N M(c1,d))

c1:p(a)—p(e1)=1

U U (=s71(0) N M(a, c2)) x M(ca,d).
ca:p(c2)—p(d)=1
The other identity can be proved by the similar methods, with an extra U(1)
gluing parameter when gluing along 0, as in Lemma 2.16.

Now consider the case of the 2-dimensional moduli spaces M (O, 6), for
1(0g) — u(8) = 2, and M(8,0,) for u(8) — u(O;) = 3, with 6 the unique
reducible (the U(1)-fixed point in M?).

The moduli spaces M(O,,8), with u(0,) — u(8) = 2, do not contribute
components to the boundary operator D of the Floer complex, because we
have

(e0)+(e3) a = 0,

since the fibers of the endpoint map
eg : M(O,,0) — 0

are 2-dimensional.

It is still true that (e} )*n, defines a connection on the principal U(1)-
bundle over M(a,d). Moreover, a component X C M(a,6) is again topo-
logically a circle or a line segment. Given a choice of a lift v of X inside the



560 Matilde Marcolli and Bai-Ling Wang

component 7~ 1(X) ¢ M(O,,8), we can still compute its winding number
and follow the same construction given above. However, now the choice of
the lift 7 is no longer determined by the endpoint fibration

eg : M(Og,0) — 6.

Different possible choices of the lift v can have different winding numbers
W (7).

Similarly, we can still construct the bundle £, over M(a,§). However,
the Section (74), in this case, does not give a trivialization away from a
compact set. Similarly, the fibers of the endpoint map eg do not provide
a trivialization at the T' — oo end, since they do not determine a lift of
M(a,8).

However, we claim that it is still possible to associate an invariant mgg
to the moduli space M(a,#), which can be interpreted topologically as a
relative Euler class. We briefly illustrate here why this should be the case,
then in Section 6.3, in Remark 6.24, we give a definition of the invariant
Mqg as counting of the zeroes of a particular section of L, g, the obstruction
section.

The choice of the base point (yo,%p) determines a trivialization of the
U (1)-fibration B° over the configuration space B, in a small neighborhood
of each irreducible critical point. If we think of parameterized flow lines
between two critical points a and c¢ as embedded in the irreducible part
B* of B, then the U(1)-fibration M(Oq,0O,) has an induced trivialization
away from a compact set in M(a, c), which agrees with the trivialization ¢
given by the cross section (74) of the associated line bundle £,.. We can
choose a small neighborhood Uy of the reducible critical point 6 such that
Uy = Up N B* is 1-connected, hence there is also a unique trivialization of
B over Uj. We assume that this trivialization is given by a constant cross
section. Thus, there is an induced trivialization away from a compact set in
M(a,8) (where u(Oy) — () = 2) or M(6,0,.) (where p(0) — pu(O;) = 3).
Using this trivialization, we can define mgqg and my. to be the relative Euler
class of the corresponding associated line bundles L£,9 and Ly, respectively.

We return to the description of the invariant m,. for the case of O, and
O, free orbits of relative index two, in order to illustrate the point of view
we shall adopt in Remark 6.24 in describing the invariant mgg.

In general, we can construct the relative Euler class which is a cycle
defined by the zeros of the transverse section as follows. Over the unparam-
eterized moduli space M (a,c), consider the line bundle

Loc = M(0q,0.) x(1) C,
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associated to the principal U(1)-fibration
7 : M(Og,0.) = M(a,c).

The pullback under the quotient map M(a,c) — M(a, c) induces a pullback
line bundle, which we still denote Lq., over the parameterized moduli space

M(a,c).

Lemma 5.9. Over the boundary strata
M(a,b) x M(b,c)

of M(a, ¢), the line bundle L4 has the form

Loc = WILab [ ﬂ;ﬁbc.

Proof. The result follows by showing that, for all critical orbits Op and O,
with u(Op) > p(Oy), the principal U(1)-bundles

™ M(OP) Oq) - M(pa q)
are compatible with the gluing maps, namely they define a line bundle

in the category of manifolds with corners. The compatibility of the U(1)-
fibration with the gluing maps follows from our proof of Theorem 4.9. [

We now specify a choice of a class of transverse sections of L, over
M(a,c). We prescribe a choice of non-zero complex numbers s, for each
critical point a. For each pair of critical points a,b of relative index 1, we
choose a path of non-zero complex numbers sg, : R — C— {0} connecting s,
and sp, which is contractible in C—{0} and is constant outside a compact set
in R. Over the 1-dimensional M (a,b) we define nowhere vanishing sections
of L4 as pullbacks of the s4; on ./\;l(a, b). We still denote these sections over
M(a,b) by sgp. Over the 2-dimensional M(a, c) we consider the class of all
transverse sections sqc of Lqc that satisfy

Sac = 71'fsa,b Y W;Sbc
over the product submanifolds

M(a,b) x M(b,c) x [0,€) x R
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where [0, ¢) is the gluing parameter, and such that, for a sufficiently large
T, Sqc 1s the constant section s, over

M(a,c) x (—co, =T
and the constant section s, over
M(a,c) x [T, 00).

Clearly, any such section s, gives the same trivialization ¢ of £,. away from
a compact set in M(a, c¢). We can therefore compute the relative Euler class
by counting the zeros of this transverse section, that is,

e(Lac, ) = #s5:(0).

For higher dimensional moduli spaces M(a,c), we proceed analogously,
by inductively defining the class of transverse sections of L,. which are
compatible with the boundary strata of M(a,c), that is, we require that

Sac = M Sab ® T3 Sbc
over all the product submanifolds
M(a,b) x M(b,c) x [0,€) x R
and that s,. agrees with the constant section s, over
M(a, c) x (—o0, =T
and with the constant section s. over
M(a,c) x [T, 00).

Lemma 5.10. Consider the line bundle L,. over a parameterized moduli
space M(a,c), where p(a) — u(c) = 3 and a is irreducible or where a is re-
ducible and p(c) = —4, with the cross section sqc as above. Then the zero set
572(0) is a co-dimension 2 submanifold of M(a,c) which can be compactified
by adding lower dimensional boundary strata such that the codimension one
boundary strata are given by

0s20)= | J  s3(0) x M(b,c)
u(b)—p(c)=1
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U U M(a, b) x 5.1 (0),
1(b)—p(c)=2

for p(a) # 1; .
| 0520 = |J sz (0) x M(b,c)
p(b)~p(c)=1

u U Mlab) x s }(0)
p(a)—p(b)=1

Usz2(0) N (M(a,8) x M(8,c) x U(1))
for p(a) =1 and p(c) = -2.

Proof. The result follows from the choice of the class of sections s,., together
with the result of Lemma 5.9. 0O

If we compare the results of Lemma 5.9 and Lemma 5.10, with Lemma
5.7, we see that our previous definitions of the invariant

Mac = e('caca ‘P) = #5;c1(0)

are a particular case of the procedure illustrated here. In particular, the
identities of Remark 5.8 are then the direct consequences of Lemma 5.10.

6. Topological invariance.

In the present section we show that the equivariant Floer groups, defined
as in Definition 5.2, are topological invariants, in the sense that they are
independent of the choice of the metric and of the perturbation.

Throughout all this discussion, recall that the Floer groups depend on
the choice of a Spin -structure. We always assume to work with a fixed
Spin .-structure, so we never mention explicitly this dependence.

The easiest case, for the proof of topological invariance, is under the
assumption that b'(Y) > 2. In fact, in this case there are no reducible
solutions, hence a cobordism argument can be used to construct a morphism
of the chain complexes that gives an isomorphism of the cohomology groups.
In the case when b'(Y) = 1, the metric and the perturbation cannot be
chosen arbitrarily. This was already noticed in [5] in the case of the invariant
associated to the moduli space M (which is the Euler characteristic of the
Floer homology, [38]). However, given two generic metrics, it is possible
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to find a path of metrics joining them and an open set of sufficiently small
perturbations p such that the invariant does not change. The dependence
which is introduced in this case is rather mild and it amounts to a choice
of a homology class in H!(Y;Z). Thus, the b*(Y) > 1 case will follow by
exactly the same argument that we present below in our simple model case
of same chamber metrics and perturbations.

The case of a homology sphere [13] is rather different. In fact in this
case there is an explicit dependence on the metric ([15], [31]). The interest-
ing fact about the equivariant Floer homology is that it is instead metric
independent. This means that, in this case, though we still have a condition
on the kernel of the Dirac operator (Ker (04) trivial at the reducible solu-
tion) that breaks the space of metrics and perturbations into chambers with
co-dimension one walls, it is however possible to construct a chain homo-
morphism between the Floer complexes that correspond to different metrics,
and a chain homotopy. That is, for the equivariant Floer homology the wall
crossing consists only of a global grade shift.

The main theorem of this section is the following.

Theorem 6.1. Let Y be a rational homology sphere with fized Spin.—
structure. Suppose given two metrics go and g1 on Y and perturbations vy
and v1. Then there exist a chain homomorphism I between the equivariant
Floer complezes (Cxy(1)(govo), D) and (Cxvr)(g1,m): D), defined by consid-
ering a generic path (g¢,v¢) and moduli spaces M(Oq,Oy) of solutions of
the flow equations on (Y x R, g; + dt?). This chain homomorphism induces
an isomorphism in homology up to an index shift given by the spectral flow
of the Dirac operator 83t. The analogous construction works for cohomology
groups.

We first give a “model proof” in the much simpler case of two metrics
and perturbations (go,2p) and (g1,v1) that are in the same chamber. The
proof in this case is obviously much simpler than the general statement
of Theorem 6.1. In fact, the interesting part of the statement is only for
different chambers. The reason why we present explicitly the proof of this
case is because, once we know that all the HFSI‘}V(I)(K (g,v)), for (g,v)
in the same chamber, are isomorphic, we can prove the general case just
by analyzing the case of two sufficiently close metrics and perturbations
(go,0) and (g1,v1) in two different chambers, across a codimension one
wall. Moreover, having the model case presented explicitly, we can discuss
the case of different chambers by pointing out the various points in the
proof where the original argument has to be modified. We prove the general
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statement of Theorem 6.1 in Section 6.3.

Proof, Part1: the same chamber case.

Choose a path of metrics and perturbations (g¢,2;) with ¢ € [0,1] that
interpolates between (go,2p) and (g1,v1). Consider the manifold ¥ x R
endowed with the metric g; +dt? on Y x {t} extended as the product metric
outside Y x [0, 1]. Consider on ¥ xR the perturbed “gradient flow” equations
with respect to the metric g;. Denote {O,, O, - - - } the critical orbits for the
metric gg and {O,, Oy, -- - } the critical orbits for the metric g;.

We adopt the convention of fixing the absolute grading of the Floer
complex to be the relative grading with respect to the reducible solution
1(Oa) — (60), and p(Og4) — p(61), where 6y = [10,0] and 6; = [v4,0].
We perform a shift of grading in the complex Cru() (Y, g1,v1) by setting
p(61) = —SF(87), where SF(85!) is the spectral flow of the Dirac operator
along the path of reducible solutions [v4,0]. In the same chamber case this
shift is irrelevant, since the spectral flow is trivial, but it will be relevant in
the general case we prove in Section 6.3.

We have moduli spaces M(O,, Oy ) of solutions modulo gauge transfor-
mations of suitably perturbed Seiberg-Witten equations on the manifold
(Y x R, g; + dt?), as specified in (87) and (88).

We need an analogue of Proposition 2.14 which ensures that, under a
generic choice of the perturbation, the moduli spaces M(O,, O,/) are smooth
manifolds of dimension ;(O,) — p(Oy) +dim(O,), where u(O,s) denotes the
shifted grading. In Lemma 6.5, Lemma 6.6, Corollary 6.7, and Lemma 6.8
we deal with these transversality issues.

We construct a degree zero homomorphism of the Floer complexes

I': Cryy (Y, 90, 0) = Cruny (Y, g1,11)-

We define the homomorphism I as

=\ [k _
- PP (CANC R P CAECREY
0 ,U,(Oa) - N(Oa’) <0,
with € Qx_,0,),v1)(Oa). The maps e, and e are the end point maps
for M(Og,Og). Clearly, such I commutes with Qc(T).
Requiring that the expression (76) is well defined, that is, that we have
a well defined push-forward map (e},)«, implies checking some properties
of the compactification of the moduli spaces M(O,,O,). For the same
chamber case, the analysis of the boundary structure of M(O,, O,) follows
closely the model developed in Section 4 for the compactification of the
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moduli spaces of flow lines. However, when adapting this argument to the
general case of different chambers, this compactification will require a much
more delicate analysis.

The next step is then to prove that the map I is a chain homomorphism.
We want the relation o D — D o I = 0 to be satisfied. This corresponds to

the expression
(77)
(I.D — DI)(n)a,,b’

[ (e)«(ed)*Buym — Buqu)(ey )« (ed)*n
for Op = O, and pu(0p) > p(Oy)
or Oy = Oy and u(0,) > u(Oy)

—(=1)") 3 (bl(05)<(0)} (€5 ) (€5 )* (€5 )x(ed)*n

r((e7, )« e;" * — *[ - *
+(-1) (e} (e)™m) Z{al|#(oa,)>ﬂ(ob,)}(ebl)*(e:r) (ea,)*(e;,") m
for 4(Oa) > u(Os) = u(Oy) and p(Oa) 2 p(Oa’) > 1(Ow)

\

where the first line in the right hand side of (77) corresponds to Op = O,
and pu(Op) > pu(Oy) or Oy = Oy and p(O,) > p(Oy ), and the other terms
correspond to u(Og) > u(0p) > p(Oy) and p(Oq) > w(Og) > p(Oy).

In order to show that the right hand side is zero, we consider components
of the form

~

Useru(0,)>0(0,)} (M (Oa, 02 )* x0,, M(Oar, Oy)*)

(78) . g .
Utb14(04)<p(02)} (—M(Oa; Ob)* X0, M(Ob, Op)*),

We want to show that these are precisely all the components of the ideal
boundary that appear in the actual boundary of the compactification
M(O,, Oy )*. We need Stokes’ theorem to apply, hence we need to prove
that the compactification M(Og,Oq)* with boundary strata (78) has the
structure of a smooth manifold with corners. We also need an analogue of
Corollary 4.24, which shows that the endpoint maps

el : M(O,,0L)* = Oq

and

e : M(0,,0.)* = Ou

a

are fibrations compatible with the boundary strata and with compact fibers,
as in Theorem 6.9. Thus, using Stokes’ theorem again, we write the ex-
pression (e})*n in terms of the push-forward map on the co-dimension one
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boundary strata. This proves that (77) vanishes identically, as expected.
Notice that the sign (—1)’((‘9;)*(6I)*’7) is just (—1)7(),

Now consider another path of metrics and perturbations (gt, 7¢) that
connects (g1,71) to (go,%). We construct the corresponding homomorphism

J 2 Cryr) (Y, 91,v1) = Cruy) (Y, 90, 10),

as in the previous case,

_J (e)(ef)n p(Ow) = u(0g) >0
(79) Jotal = { 0 ! #(Oa) — 1(04) < 0,

with 7 € Qx_,0,,),0(1)(Oar). The maps e;', and e; are the end point maps
for the moduli space M(O,/,0,) of solutions on (Y x R, §; + dt?).

The statement of the theorem now follows if we show that there is a
chain homotopy H such that

(80) idy, — (JI)p = Dpy1Hy, + Hy—1 Dy,

In order to define H let us consider the manifold Y x R endowed with
the metric y; which is

go + dt? t< =2
Gey2 +dt? t e [-2,-1]
g1 + dt? te[-1,1]
G2t + dt? te(L,2]
go + dt? t> 2.

(81) T

Consider a path of metrics 7, with o € [0, 1] that connects vy = go + dt?
to 71, such that for all o the metric 7, is the product metric go + dt? outside
a fixed large interval [T, T].

Let MF(O,,0p) be the parameterized moduli space of (A(t),¥(¢),0),
solutions of the perturbed gradient flow equations with respect to the metric
Vo>, modulo gauge transformations. Lemma 6.5, with minor modifications
to accommodate the presence of parameters, can be employed to show that,
under a generic choice of the perturbation, the moduli spaces M¥(0,, O)
are smooth manifolds of dimension p(O,) — p(Op) + 2 — dim Gq, cut out
transversely by the equations. Denote by €} and €, the end point maps
from M¥(0,, Op) to O, and Oy respectively.

Now we can define the degree-one map H to be

H : Cry(1)(Y, 90,v0) = Crt1y(1y (Y5 90, 10)
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(82) Hop: 0= (-1)0(E).(ED)*n,

with 7 € QIc—u(Oo,),U(l) (Oa)‘

Again we need to verify some properties of the compactified moduli
spaces MF(O,, Op)*, which ensure that the map H is well defined and has
the desired properties. '

The identity (80) which proves that H is a chain homotopy can be rewrit-
ten as the following two identities:

ida,a - Zal Ia,a’ Ja’,a,
= 2 (b1u(0)<u(0a)} PabHbia + 2 141(05)>1(00)y Hap Db
and, for a # b,

(83)

- Zal Ia,a’ ']a,’ ,b

(84)
= YAelu(0)<p(0a)} DacHep + Xoelu(00)2p(0a)) HareDep:

The identities (83) and (84) can be proved by applying Stokes theo-
rem again, in the way we discussed already. To this purpose, consider the
components

OV MP (04, 00)* = Uy (M(0a, Our)* X0, M(Oar; 0a)*) U{—0a}
85)  Uplu(0npa(0n) (-1 I MO0 MP (04, 04)* x 0, M(Ob, 0a)*)
U piu(0n)<u(0a)y (DI M OO NA(O4, 05)* x 0, MF (05, 0a)")

and, for a # b,
(86)
W MP (0q,08)* = Uy (M(Oq, 0a)* X0, M(Oat,O0p)")

U{clu(oc)zu(oa)}((-1)dimM(O°’O”)MP (0a, 0c)* X0, M(Oc, Op)*)
i P v * *
Uselu(0)<u(0ay (D)= M @0 M(0a, Oc)* x 0, MP(Oc, Oa)”).

We need to know that these components are precisely the actual co-dimen-
sion one boundary in the compactifications MF (Oq, O4)* and MPF(O,, 0p)*
respectively. If we prove that the compactification MP(0,,0p)* has the
structure of a smooth manifold with corners, with the actual boundary strata
in the codimension one boundary consisting precisely of the components of
(85) and (86), then the argument is complete.

Again, since we are dealing only with the model case of same chamber
metrics and perturbations, the necessary properties of the compactification
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MPF(0,,0)* follow from the analysis introduced in Section 4, as in the case
of moduli spaces of flow lines. This is another crucial point that requires a
much more accurate analysis in the general case of different chambers. The
signs in the formulae (78), (85), and (86) denote the difference of orientation,
as in Theorem 6.9 and Theorem 6.10. a

In particular, we can describe more explicitly the components of the
maps I and H. This identifies what are, in fact, the minimal requirements
on the compactifications of the moduli spaces M(O,,Oy) and MF(0,, Op)
that are necessary for the argument given above to work.

Let g be the one-form that generates H'(S') and 1, be the constant
function equal to 1 on O,, so that we can write the generators of the equiv-
ariant complex in the form Q" ® n, and Q" ® 1,. We have the following
explicit description of the maps I and H.

Remark 6.2. The components of the map I vanish whenever we have
1(Oq) — p(O4r) > 2. Moreover, the only possibly non-trivial components
of the chain map I are

Naar = (" ® Nar, I(N™ ® N4a)),

and
Ngg! = (Qn ® la/,I(Qn ® la)),

when p(0,) — u(Oy) = 0, with O, and O free U(1)-orbits. In this case we
need to know that the moduli space M(O,, O,) has a nice compactification
M(O,,O4)* analogous to the compactification of the moduli spaces of flow
lines analyzed in Sections 4.2 and 4.3. We then have

Naa' = F (M(a')a',) = M(Oa; Oa’)/U(l)) :

‘We also have
My = (" @ 1y, [(N" @ ny)),

when 4(Oy) — p(Op) = 1 and with O, and Oy free U(1)-orbits. In this
case we need to know that the compactification M(Og, Oy )* is obtained by
adding the co-dimension one boundary strata (89) and satisfies the analogue
of Theorem 4.9, hence the push-forward map (e;;)« is well defined. Moreover,
in the case of the critical points 0y and 8; we have

a0, = (Qn ® b1, I(Qn ® "7a)>>
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when 1(O,) — p(61) = 0. The coeflicient in this case is obtained by integrat-
ing along the 1-dimensional fibers of the map eg, : M(O,,60;) — 6;. Thus,
we need to know that the moduli space M(O,,61) is compact. This gives

Neo, = #M(a,01).
We also have the component
nays = (27 @ Ly, I(2" © 60)),

when p(6p) — p(Oy) = 1. Here we have a 1-dimensional space M (6o, Oy)
fibering over Oy with zero-dimensional fiber, and again we need to know
that we have M(6p, Oy )* = M(6y, Oy ) in this case, which gives

Ngo,pt = #M (6o, b).

Remark 6.3. The components of the map H vanish whenever we have
1(0g) — p(Op) > 1. Moreover, the only possibly non-trivial components of
the chain homotopy H are

nigp = (" ® 1, H(Q" ® 71a)),

and
nk = (0" ® 1, HQ" ® 1,)),

when p(0,) — u(0p) = —1, with Oy and Oy free U(1)-orbits. In this case
we need to know that the one-dimensional moduli space MF(O,,0p) is
compact. This gives

nky = # (MF(a,b) = MP(0,,04)/U(1)) -

‘We also have
mfc = <Qn ® 1, H((Qn ® 77a)>’

when 1(0,) — #(O;) = 0 and with O, and O, free U(1)-orbits.

In this case we need to know that the compactification MF (0,4, O.)* of
the 2-dimensional moduli space M (0,,0,) is obtained by adding the co-
dimension one boundary strata (86) and satisfies the analogue of Theorem
4.9, hence the push-forward map (€ ). used in the definition of H is well
defined. Moreover, in the case of the critical point g

nEg, = (" ® b0, H(Q" ® 7a)),
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when u(O,) — u(f) = —1. In this case the moduli space MF(O,,8) is
one-dimensional.

Thus, in this case, the coeflicient of H is obtained by integrating along
the 1-dimensional fibers of the map eg, : M¥(O,,80)* — 6. Thus, we
need to know that the 1-dimensional moduli space MF (O, 8)) has a nice
compactification MF(O,,8p)*. This gives

nlq, = #MF(a,6).
We also have the component
g s = (" ® 1y, H(Q" ® by)),

when u(6p) — p(Op) = 0. Here we have a one-dimensional space MF (6, Op)
fibering over O, with zero-dimensional fiber, and again we need to know
that MP (6o, 0p)* is a nice compactification. This gives

ngo » = #MF (60,b).

This gives a fair description of the model argument in the easy case of
metric and perturbations in the same chamber, and of the minimal require-
ments on the compactifications, in order to extend the argument to the more
general case. Now we can begin to analyze the general case.

6.1. The boundary structure of M(O,,0.).

In this section we analyze some properties of the moduli spaces M(Oq, Oy )
that are needed in the proof of Theorem 6.1. Here we make no assumption
about the metrics and perturbations (go, 0), (91,71). We shall soon restrict
our attention to the case of two sufficiently close metrics and perturbations
on opposite sides of a codimension one wall, which is the only case we need
to complete the proof of Theorem 6.1.

Let us first give a more precise account of the construction of the moduli
spaces M(Og,04). On (Y x R, g; + dt?) we consider the equations

(87) Dp¥ + p¥ =0
and
(88) Ff =90 +ip+ Py ).

Here the form p is determined by the path 14 of perturbations, and the
additional perturbation P satisfies conditions (2)-(5) of Definition 2.10 and
the modified version of condition (1):
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(1') the perturbation P, g) restricted to the interval (1,00) can be written
as Pag) = *q(a,w) (t) +qea,w) (t) A dt with respect to the constant metric gy,
where q(a v)(t) satisfies

Iawif ., O =qant+ 1),

for any T > 0 and for any t > 1. Correspondingly, when restricted to
the interval (—oo,0) the perturbation g(a y)(t), defined with respect to the
constant metric gg, satisfies

U w7, o 8) = qam (t+ T),

forall T < 0andt<0.

In the Dirac equation (87), we add the perturbation term given by a 1-
form p on Y x R that is supported on some compact set Y x [—Tp, T1], with
To > 0 and T3 > 1. Notice that, according to condition (1’), the equations
(87) and (88) are translation invariant outside the interval [~Tp,71]. The
moduli space M(Oq, Oy ) is defined as the set of gauge equivalence classes
of solutions of (87) and (88) in Bg,a(Oa, Ou).

Now, we first proceed as in Section 4.1 and prove the existence of a com-
pactification for M(O,, Oy). Theorem 6.4 (the analogue of Theorem 4.1)
shows the existence of a compactification and identifies the ideal boundary
with fibered products of lower dimensional moduli spaces, as in (89) and
(90). This convergence argument follows very closely the argument for The-
orem 4.1, whereas the gluing arguments will require a more sophisticated
analysis.

Theorem 6.4. Suppose either O, or Oy is an irreducible critical orbit.
Consider the moduli space M(QOy, Oy), with p1(Og) — p(Ogr) +dim(O,) > 1.
The codimension-one boundary of M(Oq,Oy) is a subset of the space

(89) | JM(Oa,00) X0, M(0s,0a) U\ M(Oa;, Or) X0, M(Oy,Ox).
O Oy

Similarly, the components of higher codimension in the ideal boundary
consist of fibered products of the form

Ucl,--- ,Ck,b M(Oa, Ocl) xocl e
X 0¢, M(Ocy,, Ob) X0, M(Op, Our)
Ub’,c’l,--- ch M(Oa, Obr) Xob, M(Ob'>0c'l) ><oc,1 o
XOCQM(Oc'e) Oa')~

(90)
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Proof. As in the proof of Theorem 4.1, we want to show that the space is pre-
compact. Namely, any sequence z; of elements in M(O,, O,/) has a subse-
quence which either converges in norm to another solution z € M(O,, Oy/),
or converges to a broken trajectory.

Given a sequence z; in M(O,, Oy ), we can follow the steps of the argu-
ment given in Theorem 4.1.

Claim 1. There is a subsequence {z;, } that converges smoothly on compact
sets to a finite energy solution y of the perturbed equations (87) and (88)
on (Y x R, g; + dt?).

The proof of Claim 1 can be divided in the two cases of a compact set
contained in the complement of ¥ x [0, 1], where the metric is constant,
and of the set Y x [0,1] where the metric changes. The first case is a
direct application of the proof given in Theorem 4.1. In the second case,
we obtain convergence as in [31], Lemma 3.19. We can find a sequence of
gauge transformations \; such that the forms \;(A; — Ag) are co-closed and
annihilate normal vectors at the boundary. Lemma 4 of [30] then shows
that the sequence \;(A;, ¥;) has a subsequence that converges smoothly on
Y x [0,1].

Notice that the notion of finite energy, as well as the results of Corollary
3.11 and Theorem 3.12, extend to the case of solutions on (Y x R, g; + dt?),
since the metric is constant outside the compact set Y x [0,1]. This implies
that the argument given in Theorem 4.1 proves the following claim as well.

Claim 2. If the limit y is an element of M(O,, O,) then the convergence
z; — y is strong in the Li, 5 norm.

Thus we need to check whether there are obstructions to the convergence
in norm, that is, whether broken trajectories arise as limits.

Suppose the element y is a limit smoothly on compact sets, but is not a
limit in norm. Again, since the result of Corollary 3.11 holds, the solution
y defines an element in some moduli space M(Op, Oy ).

Since the metric is translation invariant only outside the interval [0, 1],
consider the restriction of the sequence z; and of the limit y to the interval
(1,00) with the constant metric g;. We can choose a value « satisfying

Cp(Obl) >a> CP(OU/).

We can find times T; > 1 such that C,(z;(T3)) = a. The restriction to (1,00)
of the reparameterized sequence 3331" is again a sequence of solutions of the
flow equations with the constant metric g; on ¥ x (1,00). A subsequence
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converges smoothly on compact sets to a solution . This defines an element
in some M(Oy, Oy ), subject to the constraint

Cp(ob’) 2 CP(OC’) > Cp(od’) 2 Cp(oa’)-

Notice that the proof of Theorem 6.4 is essentially along the same lines
as the proof of the analogous result, Theorem 4.1, for the moduli spaces
of flow lines M(Oa, Op). If we could guarantee that the cokernels of the
linearizations are always trivial, then we could also extend the results of
Section 4.2 and 4.3 to this case, showing that the same properties of the
compactification hold true. However, the essential new feature which ap-
pears in dealing with the moduli spaces M(O,, O,) is precisely that not all
the cokernels are trivial. Thus, we need a much more accurate analysis of
the fine structure of the compactification.

The strategy we follow is to restrict our attention to just the cases which
are needed for the proof of Theorem 6.4, and show that, in those cases, we
obtain the desired properties of the compactification. The purpose of the
rest of Section 6 is to deal with these issues in detail.

In order to identify where the problem of cokernels may arise, we study
the transversality issue for the moduli spaces M(Og4,0,). The following
Lemma shows that the appearance of non-trivial cokernels is confined to the
case of the moduli space M(6p,0:1) with p(6p) — (61) < 0.

Lemma 6.5. Suppose given (go, ), (g1,v1) and a generic path (gt,v¢) con-
necting them. Consider the manifold Y xR with the metric g;+dt?, constant
outside the interval [0,1]. Suppose given z, a solution of equations (87) and
(88), with asymptotic values on the critical orbits O and Oy . Consider the
linearization L, of equations (87) and (88). Under a generic choice of the
metric and of the perturbations P and p, we have the following result. If
the solution x = (A, U) satisfies U # 0, then the linearization Ly is surjec-
tive. If we have O, = 0y and Oy = 01 and the solution x is of the form
z = (A,0), then the linearization L, is surjective, provided that the relative
Morse indez satisfies pu(6p) — pn(61) > 0.

The result of Lemma 6.5 can be rephrased as the following transversality
statement for the moduli spaces M(O,, O).

Lemma 6.6. Consider the following cases:

(a) at least one of the asymptotic critical orbits Oq and Oy has a free
U(1)-action.
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(b) We have O, = 0y and Oy = 61 under the condition that u(0o)—p(61) >
0.

Then, for a generic choice of the metric and perturbations, the moduli
space M(QOq,Oy) is a smooth oriented manifold that is cut out transversely
by the equations, of dimension pu(O4) — u(Oy) + dim(O,). In particular, in
case (a) the moduli space is generically empty when the virtual dimension
1(0g) — u(Oyr) + dim(0O,) is negative.

Proof of Lemma 6.5 and 6.6. No solution with ¥ = 0 arises under the hy-
pothesis of case (a). Thus the argument of Proposition 2.14 and Proposition
3.14, applied to the linearization

Dp® +_Ol\I’ -+ p<I>
Liawpp(e,®) ={ dta—{Im(¥-®)+ DPy (e, ®)
Giaw (@ ®)

gives the desired transversality result. In case (b), we can find solutions in
M(6y,01) with ¥ # 0, as well as a solution with ¥ = 0. The linearization is
surjective at solutions with ¥ # 0 because of the argument of Proposition
2.14 and Proposition 3.14. Consider the linearization £, at a solution of the
form z = (A, 0). We have

Dp® + p®
Liao,pp(c,®) =1 dta+DPyg(a,?)
G?A,o) (c, @)

Consider the operator
i) Yy p(A,O,P) (a, @)

where we vary the perturbation of the curvature equation by an element
P(a0,p) of TpP, and the perturbation of the Dirac equation by a compactly
supported 1-form 7. We follow the analogous argument of Proposition 2.14.
Suppose (5,&) is an element orthogonal to the range of EA(A’O, Pp)- We have
terms of the form

(B,d" o+ DPy0) (e, ®) + p(ao,p) (o, ))
+(§,Dp® +17n-®) =0.
By varying p € P we force 8 = 0. If u(6p) — pu(f1) = 0, then the condition
(6 Da®+n-®)=0
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implies that £ is in the kernel of Da_,, but for a generic choice of 1 this
operator has trivial kernel. If p(6p) — p(61) > 0, the argument is similar:
choose @ to be a non-trivial element in Ker (Dy). This is possible since we
are assuming that pu(6g) —p(61) > 0, hence that dimKer (£;) > 0. We show
that, by varying n we force £ to vanish. In fact, suppose

(§n-®) =0

is satisfied for all possible compactly supported 1-forms 7, and for a non-
trivial £. Then we can follow the argument of [45] 6.2.1: choose some small
open set where both & and ¢ are non-trivial and approximately constant.

The isomorphism
R* ®g C — Homc(S™,87)

induced by Clifford multiplication implies that there exist 7 € R* such that
Re({(¢,n-®)) >0

at some point in the small open set U. By a trivialization of 7*(Y x R) on
U the vector n can be extended to a 1-form n# on U. This 1-form can be
extended to a compactly supported 1-form in a neighborhood of U, so that
we get

Re((&)" ) Q)) > Oa
Y xR

which contradicts the initial assumption.

Notice that, since we consider the gauge group G%(04,0q) of gauge
transformations that decay to elements A(+oo) in the stabilizers G, and
Gy, a constant element g is necessarily trivial, hence the element z = (A, 0)
is a manifold point in B%(O,,O4), fixed by the U(1)-action. Thus, the
operatorL s v p,) is surjective, for a generic choice of the perturbations P
and p. This proves that in case (a) or case (b) the moduli space M(Oq, Oq')
is cut out transversely by the equations and of dimension equal to the virtual
dimension prescribed by the index theorem. The orientation of the moduli
spaces M(O,,Oy) is obtained as in Proposition 2.15, from an orientation
of the homology groups

H)(Y xR) ® HZY (Y xR) ® Hi(Y xR).
O

Notice that, since we are dealing with the case of homology spheres, we
have only finitely many critical orbits O, and O,. Thus we can assume that
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there is a fixed compact set Y x [—Tp, T3], with Tp > 0 and T} > 1, such
that transversality of all the moduli spaces of case (a) and (b) of Lemma 6.6
can be achieved by a perturbation p supported on Y x [—Tp,T}], together
with the perturbation P of the curvature equation.

Notice that outside [—~Tp,T}] the metric is translation invariant and the
equations coincide with the gradient flow equations. For simplicity of no-
tation in the following we shall assume that [—Tp, T3] is just the interval
[0,1].

We have the following result.

Corollary 6.7. If either Oy or Oy is a critical orbit with a free U(1)-action,
then there are no reducible flow lines in the moduli space M(Op,Oy), and
the moduli space is generically empty if the virtual dimension is negative.
Consider instead the case Oy = 0y and Oy = 01 with u(6p) — pn(61) < 0.
In this case no solution with ¥ # 0 appears in the moduli space M(6p,01).

Both statements are consequences of Lemma 6.5. In fact, if there were
any solution, then by argument of Lemma 6.6 the linearization ought to be
surjective for a generic choice of the perturbations, and this is incompatible
with the value of the index.

This result shows that reducible solutions (non-smooth points) in
M(0O,,04) may appear only in the moduli spaces M (6o, 61), with p(6o) —
w1(01) < 0, which is in fact the only case not covered by the transversality
result of Lemma 6.5.

We can give a more precise description of this moduli spaces as follows.

Lemma 6.8. Consider a choice of metrics and perturbations (go,v0) and
(g1,21) in different chambers, with a negative spectral flow SF(87;) < 0. In
this case, the moduli space M(0y,601) consists of a unique reducible class x =
[A 0]. In particular, M(60,61) is non-empty, though the virtual dimension
w1(6o) — n(61) < 0 is negative. Thus, we have

dim Coker (Lg) = |u(bo) — u(61)| = —SF(93).

Proof. Lemma, 6.6 shows that M (6, 1) can only contain reducible solutions.
In particular, z = [A, 0] is obtained as the unique solution of the equations

dtA=p and d*A =0.

Here d* is the operator on the four-manifold ¥ x R, with x4 the Hodge
operator with respect to the metric g; + dt?, and the perturbation form y is
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of the form p = dv; + *3dv; A dt, with the %3 operator with respect to the
metric g;.

This solution of the four-dimensional Seiberg-Witten equations gives an
element z = [A,0] which is a fixed point of the U(1)-action on the con-
figuration space B%(6p,61). Notice that, though the point = [A,0] is a
smooth point in B%(fy,0;) (fixed by the U(1)-action), it is a singular point
in M(09,61), due to the lack of transversality, that is, the presence of a
non-trivial Cokernel. O

We see, from the previous discussion, that one first problem we encounter
in extending the proof of the easy case of Theorem 6.1 to the harder case
is the compactification of the moduli spaces M(Oq, Oy ). In fact, consider
the case of the compactification of a moduli space M(fy, O,/), under the
assumption that u(6y) — p(61) < 0. o

For instance, in the case u(6y) — pu(61) = —2, by the result of Theorem
6.4, we know that the product

(91) M(eoael) X M(GI;OO/)

is a possible component of the ideal boundary. The counting of the virtual
dimensions is correct as prescribed by Theorem 6.4 for components of co-
dimension one in the ideal boundary. In fact, we have

virtdim(M (6o, 61) X M(61,04)) = u(8o) — p(61) + p(61) — p(Og) — 1
= u(0o) — p(Ox) — 1 = dim(M(6o, Og)) — 1.

However, from the result of Lemma 6.8, we know that the actual dimen-
sion of M(6y,01) is zero, since it consists of the unique solution z = (A, 0),
hence the actual dimension of (91) is equal to u(61) — p(Og ). This gives

dim(M (6, 81) x M(61,04)) = u(01) — u(Ox) — 1
=pu(lo) +2—p(Oy)—1= dim(Mv(Go, Ou)) + 1.

Clearly, this implies that, if an entire component of the form (91) actu-
ally appears in the compactification (that is, if they can be spliced together
and deformed to actual solutions as described in Section 4.2), then the re-
sulting compactification M(6p, Oyr)* does not have the structure of smooth
manifold with corners described in Section 4.3. This could cause problems
in applying the arguments based on Stokes’ theorem in the proof of Theo-
rem 6.1. Section 6.2 deals with this problem. The main result is stated in
Theorem 6.21.
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We now proceed with general properties of the compactification of the
moduli spaces M(O,, Oy) and M¥(0,, Op) which we can derive in general,
regardless of the behavior of the singular components of the ideal boundary.

We have the following gluing theorem.

Theorem 6.9. For Oa and Oy irreducible, given a compact set
K C M(Oq,04) x0, M(Op,04)

or '

K C M(Om Ob’) X Oy M(Ob’)oa’))

there is a lower bound To(K) > 0 and gluing maps

(92) #: K x [T,00) = M(Oq, O),

such that #r1 is a smooth embedding for all T > To(K). The gluing maps
have the property that any sequence of solutions in M(O4,04) that con-
verges to an element in the boundary is eventually contained in the range
of the gluing map. The map # is orientation preserving with respect to the
orientation given by

(M(0a, 0p) x RY) x0, M(0p,04)
and R
M(Oq, Oy) X0, (M(Oy, Oyr) % R+).

Similarly, for .
K C M(Oq,60) x M(6,04)

or

K C M(Og,81) x M(61,04),
there is a To(K) > 0 and gluing maps

(93) | #: K x [T,00) = M(Oq,Op),

which are smooth embeddings for T > Ty(K), and with the same properties
on the range and on the orientation.

Proof. We know from the results of Lemma 6.6 that all the moduli spaces
involved are smooth manifolds, cut out transversely by the equations. In
particular, for any element (z,y) in a fibered product as above, the coker-
nels Coker(L;) and Coker(Ly) are trivial. Thus, we can adapt the same
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argument used in Section 4.2 for the gluing construction, using the result of
Proposition 4.21. '

Namely, we proceed as follows. We show that all broken trajecto-
ries of the form M (O,, Oy) X0, M(Oy,Oq) are indeed contained in the
boundary of M(Og4,O4). The argument for the components of the form
M(Oq, Op) X0, M(Op,Oy) is analogous. We need to show that, given z
and ¢ in M(Og, Oy) and M(Oy, O,) respectively, we can form a pre-glued
approximate solution and perturb it to an actual solution as in Theorem
4.9. We have temporal gauge representatives

(Al (t), ¢1 (t)) € Ak,d(oa; Ob')

and

(AQ(t),’(,bz(t)) € Ak,a(Ob/, Oa/).

The solution y is translation invariant, but the solution z is not, since the
metric is constant only outside the interval [0,1]. Thus we have to modify
slightly the definition of the pre-gluing map. Choose slices

Sr,, C Ak,5(0a, Oy)

and
Sty C Aks(Ow,On),

determined by the elements

Lo € Ak,é((Aa, ¢a)a (Ab” ¢b’ ))

and

Ty € Arks((Ap,Yw), (Aars Yar))-

We choose them in such a way that we have representatives z and y in a ball
of radius r centered at I' gy and Ty respectively. Then, according to Lemma
4.8, there are gauge transformations )\i" and A, that conjugate z and y into
W;‘; y and Wl"_b . respectively. For ¢ > T, there is a gauge transformation
Ay € G(Y) such that we can write A\{z(t) = Ay (Ap, Yr ) + (01 (t), ¢1(t)) and
A7 y(t) = My (Aw, Yy ) + (a2(t), #2(t)), where [Ay,1y] is a point on the orbit
Oy and we have

(A1 (t),%1() = M (Ap,¥p) = Lim (A(8), $2(2))-

lim
t—o0
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The (right) pre-glued approximate solution is given as follows:

Mz t<T -1

_ ) 2w (A, ¥y) + pp(t)(ca(t), 41(t)+
(94) 21y = p%(t)(ag(i - 2T:§, ¢2(t1— 2T)1) T—1<t<T+1
Ay t>T+1.

Here p%(t) are smooth cutoff functions with bounded derivative, such that
pr(t) is equal to one for ¢ < T — 1 and to zero for ¢ > T and p(t) is equal
to zero for t < T and to one for ¢t > T + 1. Lemma 4.10 shows that #%
descends to a well defined pre-gluing

#7 : M(Oq,0y) %0, M(Oy,0y) = B%(O,, Oy).

We are assuming that O, and O, have a free U(1) action, thus, according
to Lemma 6.6, Corollary 6.7, and Proposition 2.12, we can ensure that, for
a generic choice of the metric and perturbation we have Coker(L;) = 0
and Coker(L,) = 0. Lemma 4.13 and Proposition 4.19 show that we have
an isomorphism at the level of the actual kernel of the linearization of the
pre-glued solution:

Ker (Lyy0,) = Ker (L;) x Ker (Ly).

This implies that we have Coker(ﬁz#oT y) = 0 We proceed as in Proposition
4.21 and we are able to perturb the approximate solutions to an actual
solutions by the fixed point argument of Theorem 4.9.

In the case of pre-gluing broken trajectories in the components

M(04, 0y) X0, M(Op, Our)

we need to consider the (left) pre-gluing map
(95)
Az t<-T-1
T Ao(Ap, Pb) + pEp(8) (a2(t), d2(t)+
- p_r)(ea(t+2T), 1 (t+2T)) —-T—-1<t<-T+1
Ay y t>-T+1.

Here p™(t) are smooth cutoff functions with bounded derivative, such that
p_7(t) is equal to one for t < —T — 1 and to zero for t > —T and pT,(¢)
is equal to zero for ¢t < —T and to one for t > —T + 1. The rest of the
argument is analogous. We have

Ker (Lz#%y) = Ker (L;) x Ker (L)
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and Coker (£$#°T ) = 0. We then proceed as in the previous case. 0

We have a similar result for the moduli spaces M (O,, Oc).
Theorem 6.10. For O, and O, free orbits, consider a compact set
K c MF(0,,04) x0, M(Os,O,)

or

K C M(Og,0) x0, MF(0y,0.).
There is a bound To(K) and gluing maps

# : K x [Ty, 00) = MF(0,,0.)

that are smooth embeddings, compatible with the orientation induced by the
product orientation of

MP(0q,04) x R x M(0y,0.)

and

M(Oq,04) x R x MP (04, 0).

Similarly, for a compact set
K C M(Oa,04) %0, M(Oa',0c),
there is a To(K) and an orientation preserving gluing map
(96) #:K C M(O,,04) x0,, M(Oa,0c) = MF(0,,0.) N {0 =1},

that is a smooth embedding. Since by construction the moduli space
MPF(0,,0,) satisfies

MF(0,,0.) N {o € (1 —¢1]} = (MFP(04,0c) N{o =1}) x (1 —¢1],
this provides the necessary collar structure at the boundary components
(97) M(0q,04) x0, M(Oua,Oc).

Moreover, any sequence of solutions in MF (0,4, Oc) converging to the bound-
ary lies eventually in the range of the gluing map.
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Proof. The proof of the first two cases is analogous to the case of flow lines
analyzed in Section 4, therefore we concentrate on the case of the gluing
map (96).

Consider the moduli space

Mf:l(oa’ OC) = MP(Oaa OC) n {0' = 1},

with the metric y; = g:#9:, as in (81). We define the metric y1 (R) = g:#Rr3t,
for sufficiently large R > Ry, as

go + dt* t<—-2-R
Gty2 +dt? te[-2—R,—-1 - R]
(98) yR)={ g+d*® te[-1-R,1+R]
gz_t+dt2 t€[1+R,2+R]
go + dt* t>2+R.

Correspondingly, we have metrics v,(R), for o € [0,1]. We consider
the moduli spaces MF(0,,0,) as before, defined with respect to the met-
rics 75 (R). All the properties of these moduli spaces discussed so far, are
independent of the choice of a fixed R. However, to describe in detail the ap-
pearance of strata of the form (97) in the compactification, and their gluing
properties, we need to work with a large R. This correspond to stretching
a long cylinder Y x [-1 — R, 1 + R] with the constant metric g; + dt? inside
the manifold Y x R. The proof is obtained via the following argument.

Proposition 6.11. Consider a solution z = [A, V] in ME_,(0,,0,.) on
the manifold (Y x R,v1(R)). For every € > 0, there exists Ry, such that,
if R > Ry, the restriction of x to Y x [—2,2] is sufficiently close to a solu-
tion [Ag, Y] € Og, for some critical orbit O,. Moreover, given a pair of
solutions (z,y) in the fibered product (97), for R sufficiently large, we can
consider the pre-glued solution obtained by splicing together the solutions
z and y cut off by functions p_ and p; supported in Y x (—oco,—1] and
Y x [1,00), respectively. For R sufficiently large, these approzimate solu-
tions can be deformed to actual solutions. Thus, we obtain the gluing map
(96) with the desired properties.

Proof of Proposition 6.11. The proof of the first statement follows closely
the argument of Proposition 8 of [30]. The gluing argument again follows
very closely the argument illustrated in Section 4.2, Theorem 4.9 in the case
of the moduli spaces of flow lines. Again, the key feature is the fact that
the cokernels Coker (£;) and Coker (L) vanish, hence the gluing argument
presents no surprise with respect to the case of gluing flow lines. d
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All the remaining statements of Theorem 6.10 are proved by the same
techniques developed in Section 4. O

The main problem now is to extend these gluing theorems to the case
of strata involving a contribution from the singular moduli space M (6o, 61).
The strategy we develop in the rest of Section 6.1 and in Section 6.2 is
to identify precisely the contribution of these singular components (91) to
the compactification of the moduli spaces M(fy, Oy/)* and to the analogous
case for MP(0,,04)*. The main technique we employ is the obstruction
bundle for the gluing construction and a direct analysis of the zero set of
the canonical obstruction section. We aim at showing that all the compo-
nents of the actual boundary in the compactification M(O,, Oy )* behave
according to the picture described in Section 4.3, hence the arguments of the
easy case of Theorem 6.1 involving the properties of the compactifications
moduli spaces M(O,, Og)* and MP(Oq, 0p)* can be extended to the case
of different chambers as well.

Remark 6.12. Recall that, in the proof of Theorem 6.1, we need only con-
sider the case of two sufficiently close metrics and perturbations (go, p) and
(91,v1) in two different chambers. Thus, we can assume that the path (g, v;)
satisfies SF(87;) = —2 and the path (g;, 7%) satisfies SF'(95) = 42. Thus,
the compactified moduli spaces M(O,,0,)* used in the definition of the
map J and in the proof of DJ — JD = 0 all satisfy the properties of Section
4.2 and 4.3, by simply rephrasing the same arguments. The only problem
then remains in the analysis of the moduli spaces needed in the definition
of I, in the proof of ID — DI = 0 and in the construction of the chain
homotopy.

6.2. Obstruction bundle and gluing theorems.

The obstruction bundle technique we discuss in this Section will both com-
plete the proof of the unobstructed gluing theorems, as stated in Proposition
4.21, and identify the precise boundary structure in the gluing with obstruc-
tions.

Let U(Oq, Op) be the image of M(O,, O;) xo, M(O,, Op) under the pre-
gluing map #°, for a large gluing parameter T >> 0. In the case of a
translation invariant metric, analyzed in Section 4, the statement of the
gluing theorem 4.9 is equivalent to the statement that the subset

U(Oq,O3) C BY5(0a, Op)
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can be deformed to M(O,, Op), whenever U(O,, Op) is obtained by pasting
together solutions along Op with (Og) > p(Oc) > u(Op). It is this equiva-
lent statement which we are going to verify in the proof of Proposition 4.21
given in this Section, following Lemma 6.14.

However, if we consider the moduli spaces M(O,, Oy ) with the metric g;
that varies along the cylinder, there might be topological obstructions that
make it impossible to deform the set of pre-glued trajectories to actual so-
lutions of (18) and (19). In other words, given a point [z#%y] € U(Oq, On)
there might be an obstruction to pushing that point onto M(O,, O, ). Typ-
ically obstructions may arise either because of the presence of non-trivial
cokernels of the linearizations £, and Ly, or because Sard’s theorem is not
available. In the problem we are considering the obstruction originates in
the presence of the non-trivial cokernel of Lemma 6.8. Similar topological
obstructions to gluing solutions arise in other gauge theory problems [59],
[60]. Following Taubes’ construction of the obstruction bundle, it is pos-
sible to describe the obstruction completely in terms of the vanishing of a
canonical section.

We maintain the notation (53) as in the proof of the gluing theorem: for
an element z#%y, with z = (A;, ¥1) and y = (A2, ¥3), we write

DAl #2.Ao (\111#81\112) + P(‘I’1#3=‘If2)
Fa#§) = { Ff o, — (U1#§0) - (WA T2) —in—Pa, 49 4, v, 4900)
Gr, (A #3A, U1 #3T5),

for a fixed choice of a slice Sr,_, in A(Oq, Oy), such that z#2y is in a ball
of radius 7 in A(O,, Oy ) centered at I'yyr. If the pre-glued element z#%.y
can be deformed to an actual solution, then there exists a small (a,®) €
Ker (Lyz0 ,)* such that we have

[e#7y + (o, ®)] € M(Oa, Ou),
that is, the following equation is satisfied
(99) F@#TY) + Loy (0, ®) + Noys (o, ) = 0.
Here A denotes the nonlinear term in the equation, as in Proposition 4.21.
Nowoy(e, @) = (2 ) + NPy, (a, @), @),

where the perturbation P of equation (88) is written as sum of a linear and
a non-linear term, P = DP + N P.
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The presence of a non-trival approximate kernel of £ 40, Can generate

T

obstructions to solving equation (99) for (a, ®). In fact, the hypothesis that
Ex#% , has a trivial approximate cokernel is essential in the proof of the
gluing theorem (see Lemma 4.13 and Proposition 4.19): the same argument
cannot be extended to a case with a non-trivial cokernel.

We follow [60] and introduce open sets U(u) of elements [z#%y] €
U(Oq, Oy) such that p > 0 is not an eigenvalue of the operator £,40,L" o

T Z#Ty

acting on Lg 5(T) connections and sections. There are projection maps
*
e#3y
value smaller than p. These are smooth maps of [z#%y] € U(u).

We have the following result, which gives the necessary eigenvalue split-

ting for the operators Loy Lo 49y and L} 49 yﬁx#g v

(g, :c#%y) onto the span of the eigenvectors of [Ix#% e with eigen-

Lemma 6.13. There ezists a po = p(To) > 0, such that, for all T > Ty, all
the small eigenvalues pr of L, 49 yﬁm#% y (or Loyoy Ly 49 y), satisfy pr < po
and pr — 0, and all the other eigenvalues are bounded below by po.

Proof. Recall that, from Lemma 4.12 we know that the number of inde-
pendent eigenvectors of £ 4 y‘CfE#% y OT Em#% L 49y with small eigenvalue

pur — 0 is at most
dimKer (£;) + dim Ker (L)

or at most
dim Coker (L) + dim Coker (Ly),

respectively. Moreover, by Lemma 4.15, we know that the spans of the eigen-
vectors of the small eigenvalues have exactly these dimensions, cf. Proposi-
tion 4.17. So there exists a pg such that, for T' > Tp, there is exactly this
number of independent eigenvectors with eigenvalues pur < po and pur — 0.
In fact, we also know more precise estimates on the rate of decay of these
small eigenvalues, as specified in Lemma 4.15.

It remains to be shown that such po can be chosen so that all the re-
maining eigenvalues are bounded below by pg. In other words, we have to
show that we cannot have other sequences of eigenvalues pp(k) satisfying
pr(k) = px > 0, as T — oo, but with the limits pz — 0 as k — oo.
This follows from Lemma 4.13. In fact, we have proved that the opera-
tor L* 49 yﬁz#oT y (or Loyoy L, 49 y) is uniformly invertible on the orthogonal
complement of the small eigenvalues eigenspace. Notice that Lemma 4.15
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and Lemma 4.13 give norms for the operator Em#% , (and by similar argu-
ments for the operator L7 40 y) which are uniformly bounded in T', when the
T

operators are considered as acting between Sobolev spaces with the same ¢
weight on source and target space (or with the same rescaled weight §(7")
on both source and target space). In other words we have

1£2 40 Lapay€llzz, 2 Cléllza

for
€ € (Fip(Ker (L) x Ker (L))"
inside
Ti5((ed) 7 (za)) € Ti8(St,,0),
and
1Ly Copo,Ellia , > CliElzs
for

¢ € (Fy,(Coker (£;) x Coker (Ly)))*

inside 7o,5(St,,,)- With this choices of norms, the constants are all indepen-
dent of T'. Here z, € O, is the asymptotic value as ¢ — —oo of the solution
z € M(04,0u), and €} : S, — O, is the endpoint map, for the fixed
choice of slices. O

It is important to notice that the difference between using the rescaled
d(T)—norms or the original é—norms in the previous Lemma is reflected in
the different norm bound on the gluing map F#T, as explained in the proof
of Theorem 4.9.

The kind of analysis of the behavior of small eigenvalues described in
Lemma 6.13 has been used in similar context in [59], [60], with a fuller
account in [49], and in [10]. A similar analysis has also been used, more
recently, in [11], [22].

By Lemma 6.13, we now know that there exist Tp >> 0 and u(Tp) >
0, such that, for T > Tp and 0 < p < u(Tp), we can identify the
projection map II(u, z#%y) with projection on the approximate cokernel
ApprCoker(L,4.,), as defined in Definition 4.16.

Consider a compact set K C U(Oq, Oq). Suppose it can be covered with
one open set U (). If not, we can paste together the projections correspond-
ing to the finitely many open sets that cover K, using a suitable partition
of unity as in [60], pg. 193 and slightly modifying the argument that follows
in [60].
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Since the element (e, ®) is in Ker (L0 y)5, we have
(Ol, (I)) = [’:;#g,y(ﬂaé‘)'

Suppose that [z#%y + (o, ®)] is a solution, for a non-trivial element (a, ®).
For u small enough, we can assume that (3, ) satisfies

(8,€) € Ker (I(i, z#3))-

Then (8, &) solves the equations

(100) LopgyLige, (B:6)

(1= (s, 5#3)) (Nosgy Logay (8,6 + F@#hy)) = 0.
and
(101) T 2#9) (Masgy Coga, (8,6 + F(0#3)) = 0.

Lemma 6.14 below ensures that it is always possible to find a small
solution of equation (100), hence the problem of deforming an approximate
solution to an actual solution depends on whether equation (101) can also
be solved. The latter has a geometric interpretation as the section of an
obstruction bundle, as described in the following (see [16] Section 4, [59]
Section 3 and 5, [60] Section 6).

Lemma 6.14. There is an € > 0 and a constant C > 0 such that, for any p
with Ce < p < po, with pg the least eigenvalue of HS 40, O the complement
T

of ApprCoker (Ex#% y), the equation (100) has a unique solution

(8,€) € Ker (T(, 2#7))

with ||(8, )]l 12, < €, provided the error term || f(z#>y)| satisfies an esti-
mate

If@#3)ll < £-.

Proof. For > 0 and any (A, ¥), the operator

Hu gy = Law) Liaw)
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has a bounded inverse, when restricted to the image of (1 — II(y, (A, ¥)), in
the space of L} connections and sections, as discussed in Lemma 4.13.
Thus, the equation (100) can be rephrased as a fixed point problem

(102) (8,€) = —H2y9,~ (1=T1(s, 2#3)) (Mo gy Lopo o (8, )+ F(#5)).

We need to prove that the right hand side is a contraction. For all (5, ¢)
and (B',¢'), we have an estimate

< -llzll(l ~I(NL*(B,8) ~ NL (B, €)1

-1

(1 = I, s#7y)) (NL(B,€) = NL*(B',€))

0

1 * *
The quadratic form (¢ - ¢, a - ¢) satisfies an estimate of the form

[N (z) = N(y)ll < C(ll=]l + llylDllz - yll

as required for the contraction method 4.20.

The perturbation term also satisfies a similar estimate for large enough
T because of the assumptions on the perturbation space P. Thus we can
improve the last estimate to get

LIV (8,6) =N L'(8,8)z
< (L B.O1+ 1278 (B0 - Bz,
< 2B O + 16 ODIE.O) - (5 €)iz,.

Thus, we have

B2, (= T, 2#3)) (Mo Lin, (8,6) + Fa#w) ) |

C
< 2,0l + -j;nf@#%y)n.

Suppose given € and u satisfying

max{2Ce, e} < p < pg,
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and assume the the error term also satisfies
N
17 @#w)l < 2.

Then the map is a contraction on the ball ||(3, £)|| z<e O

Remark 6.15. Lemma 6.14 relies on the identification of the image of 1 —
II(p, a:#%y), that is, the complement of the small eigenvalues eigenspace for
the Laplacian Hg P with the space

T

Fy.(Coker (L) x Coker (Ly)).

This identification is obtained from Lemma 4.13 together with Remark 4.14.
In particular, recall that, by Lemma 4.13 and Remark 4.14, the isomorphism

Fy,. : Coker L x Coker L, 5 Image (1 — (p, z#%Y))

has norm bounded uniformly in T if we use weighted norms with rescaled
weight §(T) on the target space and the J-norms on the source spaces. It
has norm bounded by Ce~®7 if the target space is also endowed with the
d—norm.

Remark 6.16. In the case of the gluing theorem for flow lines, with approx-
imate solutions z#%y in U(O,, O), obtained from elements z € M(Og, Op)
and y € M(Oy, O,), it is possible to choose the constant ¢ in Lemma 6.14
independent of T' > Ty. In fact, in this case it is possible to choose p < py,
the least eigenvalue of H 2 494 which in this case is independent of T, cf. the
spectral decomposition of Lemma 6.13. The constant C is also independent
of T > Ty, cf. Lemma 6.13. Thus, in this case, the projection II(y, x#%y) is
trivial, hence the gluing result reduces to the following argument that proves
Proposition 4.21.

A proof of Proposition 4.21 follows from Lemma 6.14 in the case the
cylindrical metric on Y x R, and under the assumptions that Coker (£;) =0
and Coker(Ly) = 0.

Proof of Proposition 4.21. Let us consider the space Ti,5(Sr,,.), endowed
with the Li s—norm. The initial condition of Remark 4.20 is provided by the
exponential decay. In fact, we have

1 f (A #FAg, U1 #5T0)|| 12
1,6

S IFgz - (e, $0)ly x-14mmlzz , + 2, d2)ly x(-1,-r41ll 22 -
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The operator norm ||Fy, ||, for Fu, acting on the L:{’é spaces, is bounded
by Ce9T, as in (45). The terms

(a1, @)y x(-14mmllcz, and (@2, b2)lyxi-1-7411llz2,

are bounded by a constant, uniformly in T" > Ty, because of the exponential
decay of (A1(t),¥1(¢t)) and (A2(t),¥2(t)) to the endpoints.
Thus, for all T' > Ty, we have obtained an estimate

(103) I f (A1 #FAg, T1#3Ts)[l1 5 < Ce™oT.

O

This result can be adapted to prove all the unobstructed gluing results,
such as the ones stated in Theorems 6.9 and 6.10. Now we turn to the more
interesting case with obstructions.

Using the result of Lemma 6.14, we can construct the obstruction bundle
and the canonical section, in the case with non-trivial approximate cokernel
(i-e., non-trivial small eigenvalue eigenspace of Hg "y y).

Proposition 6.17. There is a local bundle € over U(Oy,, Oy) and a section
s, such that the following property holds. A point #3y in U(Oq, Oy') can
be deformed to a solution of the flow equations (18) and (19) iff

w#%y € 3;1(0).

Proof. Consider the section

su(e#2y) = Mk, z#3y) (Nz#gy 20y (B, + f (w#OTy))

of the vector bundle over U(O,, O,s) with fiber ApprCoker (Ew#% y). Here
(B, &) is the unique solution of (100).
Since (B, ¢) satisfies (100), we have

[ #3y + Ly (5, )] € M(Oa, O)

iff
Su(w#OT’y) =0.
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In the case of moduli spaces of solutions of the Seiberg—Witten equations
on Y x R with the changing metric g; + dt?, as in the construction of the
map I and the subsequent arguments, Proposition 6.17 characterizes which
points of U(O,, Ogr) can be deformed to actual solutions. We need a more
explicit description of this obstruction bundle in the specific problem at
hand, namely in the case of approximate solutions U(6y, O ), with the pre-
gluing map

#° 2 M(69,81) x M(81,04) x [To,00) = U(fy, Og)
or U(Oy,, 61) with the pre-gluing map
#9 : M(Oa, 60) x M(6o,061) x [To, 00) = U(Oa, 61).

We first need to derive the equivalent of Remark 6.16. Namely, we need
a suitable choice of i and €, so that the map in the fixed point problem
(102) is a contraction. This choice depends upon estimating the error term
| £ (z#%y)||. We have the following resuls.

Lemma 6.18. Let z = [A,0] be the unique reducible in M(90,91), with
w(6o) — ,u(91) = —2. Consider (right)pre-glued solutions z#%y in U (6o, Oy),
with y € M(01,04'). We have an estimate on the error term || f (z#3y)|| of
the form

If @#59)ll2, < C,

for some constant independent of T' > To, satisfying C < po. Moreover,

choose C < U < po, independent of T', with C as above, and with pg the lower

bound on the spectrum of the Laplacian Hz 40y acting on the complement of
T

the space of small eigenvalues, as in Lemma 6.13. Then for max{2C¢, €} <
u, we obtain that the map of (102) is a contraction, and the fized point
problem has a unique solution as in Lemma 6.14. The case of the other
pre-gluing maps is completely analogous.

Proof. Recall that (A,0) is the unique solution to d*A = p and d*A = 0.
Here we have the 4-dimensional d*, with *4 with respect to the metric g;+dt?,
and p of the form p = dv; + *3dvy A dt, with *3 with respect to the metric
gt- We have

17 (z#79)|l < CllFgll-

(Hes @)z ;v xi-r-1,-7+1) + 1A = A2 (v wir—1,741)-
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Here A; is the solution of d™A = p; and d*A = 0, with py = dvy +*3dvy Adt.
Here we have the 4-dimensional d*, with %4 with respect to the metric g; +dt?
and *3 with respect to the metric g;. In the rest of the proof we write d*s
and d*91 and *4, and #*4, for the 4-dimensional *-operators with respect
to the two different metrics. (We hope this will not cause confusion with
our previous notation *4 and *3.) The norm ||Fy, || is exponentially small
|Furll < Ce 9. The term ”(ah¢1)”L';’,6(Y><[—T—1,—T+1]) is bounded by

a constant because of the exponential decay of (ai,¢$1), where we write
y = A1(A1 +v1,0) + (a1,¢1), as t = —oo. The estimate for the remaining
term is obtained as follows. We write

A=Ay =do(py — pa) + (% = d™1)p.
Thus, we have
A = Al 2y xr-1,re1) < 1470 (e — )l L2y sr-1,741))
+[1(d*et — d*1)ull L2y xr-1,741)-

The first term in the right hand side goes to zero for T sufficiently large,
because the path v; ends at v;. Upon writing

d*ee —d'n = *gy © do (*gz - *91) + (*gz - *91) odo *01

we estimate the second term by a constant times the norm || *g, —*g, ||, using
the fact that d is invertible on Ker (d*), since Y is a rational homology sphere.
The difference of the *-operators is controlled by the difference |/|g:| —
V/]g1]l, with |g| the absolute value of the determinant of the metric. For
(90,0) and (g1,v1) two sufficiently close points in two different chambers,
the path (g:, ) can be chosen so that this term is small enough, so that we
obtain an estimate

[ Egerll - 1A = Adllzz (v xir-1,741)) < C,
with € < 1o, after combining the resulting estimate

A = A1l 2y sir—1,041) < C1

which gives
oT
1A = Adllg2 [ wx-r-1,-T+1) < Cre

with the estimate [|Fy, || < Ce™T.
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This gives the required estimate for the error term. We then have the
estimate

‘ HYyo y"l(l — I(p, z#3y)) (Nz#%y o0y (B 6) + 1 (m#%y)) “

C 1
< ;n(ﬂ, Oll+= || f(e#3)]|

596+g.
T

With the choice of p and € as indicated, the map is a contraction. The case
of (right)pre-gluing maps is completely analogous. d

For T > Ty sufficiently large, the projection II(u,z#%y) is identified
with the projection on the approximate cokernel

ApprCoker (L0 y) = Coker (£,) = C

Thus, the construction of the obstruction bundle in [59] can be rephrased
as in Theorem 4.53 of [16]. Namely, we obtain the following description of
the obstruction.

Theorem 6.19. Consider the space U(6y,Oy), obtained by gluing z =
(A,0) in M(60,61) with y € M(61,0q). There ezists a bundle £ over
M(61,04)/U(1) with fiber

Coker (£;) = C,

with the following property. The set of pre-glued elements w#Ty in
U(00,0y) that can be deformed to an actual solution in M(6y,Oy) form
a codimension 2 submanifold of :

M(81,a") = M(81,04)/U(1)

given by the zero set of a transverse section of £. The case of U(Oq,01) is
analogous.

Proof. As a result of Lemma 6.18, we know that, in the case of U(6p, O,),
the obstruction bundle described in Proposition 6.17 is a bundle £ over
M(6,01) x M(61,0,) with fiber ApprCoker (£$#% y)- Since we are consid-
ering the case with p(6g) — p(61) < 0, according to Lemma 6.6, the moduli
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space M(6p,61) consists of a unique gauge class [A,0]. Thus we have a
diffeomorphism

m: M(61,04) = U6, 0u)

induced by the pre-gluing map. According to Corollary 4.17, since we can
restrict our attention to the case p(6g) — p(61) = —2, we have

ApprCoker (Ez#oT y) & Coker (L) = C.

Consider the bundle & over M(0y1,0,) with fiber
Coker (L) = C,

obtained as pullback of the obstruction bundle £ via the diffeomorphism 7
of the base spaces. There is a section 5 = 7*s, of £ that corresponds to the
canonical section s, of Proposition 6.17. Recall that there is a free U(1)-
action over the moduli space M (01, O,), hence there is a smooth projection
to the quotient

M(81,042)/U(1) = M(8y,d)).

The bundle £ can be regarded as the pullback, under this quotient map, of
a bundle € over M(61,04)/U(1), with fiber

Coker (£;) = C.

The section 5 is the pullback of a corresponding section 5 of £. We are going

to proceed as follows. We show that, for a generic choice of the perturbations

p and P of equations (87) and (88), this section 5 is a generic section of £.
Consider the universal pre-glued space

I;{(Hl,Oa') = {(p> P, x#%y)}

with p a compactly supported form in Al(Y x R), P a perturbation of
P as in Definition 2.10 (with the modified property (1’) specified at the
beginning of Section 6.1). The pre-glued element x#%y is obtained from
z and y, solutions respectively of the equations (87), (88) and (20), (21),
with the perturbations p and P. We can extend the bundle £ to a local
bundle over (1, 0,) with fiber Coker(L;). We can still identify this as
the pullback of a local bundle £ on the quotient /(61,04 )/U(1). There is
an induced section 3 of £ whose pull-back agrees with the section 7*s, for
fixed perturbations (p, P).
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We prove that this section 5 over U(#1,04)/U(1) is transverse to the
zero section, hence the restriction to a generic (p, P) gives a generic section
over U(61,04)/U(1).

The section s is given by
§(p, P, x#g’y) = Igoker (L2) (J\/(p,P,w#%y)E?p,P,w#%y) (,B, £) + f(p,P) (fc#%y)) .

Suppose given a point (p, P,z#%y) in 571(0). Consider a small variation of
the perturbation p + en. The variation of the term f(,4 ey, p)(w#%y) is given
by

n- U#FTs =10 ph 0.

Let ®; and ®2 in Ker (Da—,) be the generators of the 2-dimensional
space Coker (£;). Consider a small open sets U; where ®; and pj 057 are
non-vanishing, and almost constant. There exist 1-forms 7; supported in
small neighborhoods of the open sets U; such that

<q)i’ i - p;\Il2_2T)

is non-zero on U;. Thus, we obtain
/ (®i,mi - pF 5T )dv # 0.
Y xR

Thus, by varying the perturbation p alone, it is possible to achieve sur-
jectivity of the linearization of the section 5 onto Coker (Lg).

There is a free U(1)-action on the space M(61, O ), whereas the element
[z] = [A, 0] in M(0, 01) is fixed by the U(1) action. The section

§=m"s, : M(61,0q) = I3

is invariant under the U(1)-action, being the pullback of 5. We have seen
that, for a generic choice of the perturbation (p, P), the section § is a generic
section. Thus, the approximate solutions in U (6, O,) that can be glued to
actual solutions in M (6, O,) are identified with the co-dimension 2 U(1)-
submanifold

§71(0) € M(61,04).

In other words, we have then proved that the bundle £ over the moduli
spaceM (61,04)/U(1) is a model of the obstruction. O

We have the following consequence of Theorem 6.19 and Lemma 6.18.
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Proposition 6.20. For any compact set
K C M(6o,61) x §71(0),
with §71(0) C M(01,0,:) the zeroes of the obstruction section
§710)/U(1) = 571(0) € M(61,d"),
there is an orientation preserving gluing map
#: K C M(6o,61) x 51(0) = M(6y,04)

that is a smooth embedding. There is a similar gluing map for any compact
set
K C 571(0) x M(69,6,),

with §71(0) C M(O,, 8o) the zeroes of the obstruction section
§710)/U(1) = 571(0) c M(a, bp).

Finally, we have the following result on the singular components in the
ideal boundary of the moduli spaces M(Og, Og).

Theorem 6.21. Assume that p(a) — pu(6o) > 2 and p(61) — u(a’) > 3, then
the contributions of the singular strata

(104) M(00,01) X M(el,Oa/)
and
(105) M(Oq, 00) x M(bo, 61)

to the actual boundary of the compactified moduli spaces
M(600,04,)* and M(Og,601)*

are given by the terms

(106) M(60,61) x 8W (571(0) 0 M(61,0w))

and

(107) 8™ (571(0) N M(Oa, 60)) x M(6p,01),
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respectively, where s are the obstruction sections. Thus, the compactification
of the moduli spaces M(Og, Oy ) has the structure of a smooth manifold with
corners, but in addition to the strata of the form (78), we also have the strata
(106) and (107). Thus, we obtain
(108)

O M(00,00)* = Uralu(0,)>u(0,7(M(00, Op)* X0, M(Oy, Our)")

-

Ubl1u(0)<p(60)3 (M (80, O)* X0, M(Ob, Op)*)
UM (8o, 61) x 8V (571(0) N M(61,04)%)

and
(109)
OIM(0a,01)* = Uia|u(o,)>u(e)yM(Oa, Ou)* x0,, M(Our, 61)*)
Utbl(0)<u(02)} (=M (Oa; Ob)* X0, M(Os,61)*)
ud® (571(0) N M(Oa, o)) x M(8o, 1)

Proof. By the results of Proposition 6.20, we have gluing maps
M(00,91) X §_1(0) - M(eo,a/)

and

5_1(0) x M(6p,61) = M(a,b6,)

that are smooth embeddings. The dimension count then implies that these
gluing maps are diffeomorphisms of 371(0) to a union of connected com-
ponents of M(6p,a’) or M(a,6;). Similarly, we have diffeomorphisms of
U(1)-manifolds between §7'(0) and a union of connected components of
M(6y,0y) or M(O,,6;), induced by the gluing maps

(110) # M(eo,el) X 5_1(0) — M(HO,OQI)
and
(111) #:571(0) x M(6q,601) = M(Oq,61).

Under the gluing maps, the image of
M (0g,00)N57E0) or MP(B,0,)N57L(0)

is a co-dimension 1 submanifold of M(6p, O,/) or M(Og, 61). This subman-
ifold actually lies in the interior of M(fy, Oy ) or M(O,,61), and is not
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part of its boundary strata. This can be seen from the fact that the glu-
ing maps (110) and (111) provide the collar structure around these smooth
codimension one embedded submanifolds. In other words, this means that
any sequence of solutions in M (6, O,/) or M(O,,0;) that converges to an
element in the ideal boundary components (104) and (105) is in fact already
convergent in the interior (top stratum) of M(fy, Oy) or M(Oq,61). The
only contribution of (104) and (105) to the actual boundary of the compact-
ification then comes from the boundary points of

M(Oq,80) N 51(0)

and

M(81,04) N 51(0).
This gives the formulae (108) and (109). O

Similarly, we can analyze the boundary structure of M¥ (69, 0,), in the
presence of obstructions. We have the following result.

Theorem 6.22. For a generic choice of perturbation, the obstruction sec-
tion ‘

5: M(61,a) = Lo, = M(01,0.) xya) C
defines a codimension 2 submanifold 5~1(0) C M(61,a), which corresponds

to a U(1)-submanifold of co-dimension 2, §~1(0) C M(61,0,), such that the
gluing map

#: K C M(8o,61) x 571(0) = ME_,(60,0,)

is a smooth embedding, for any compact set K C M(8o,0:1) x §71(0). Thus,

the co-dimension one boundary strata of the compactification MF (8y, 04)*

are given by

(112)

OWMP (65,04)* = Uy (M(60,00)* X0, M(Ou,0b)*)

U M(6o,61) x (571(0) N M(61,0,))
Utelu(0a)2aooy (M (60, 0c)* x0. M(Oc, 0)")
Ueu(00)utopy (X100, 00)* x0, MP(Ocy,00)*)

with the orientations given by the gluing theorem.

The proof follows from the analysis of the obstruction bundles and sec-
tions, as in the case of Proposition 6.20 and Theorem 6.21.
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6.3. Proof of topological invariance.

We gave an argument for the easy case of theorem 6.1, with maps I, J, and
H as in (76), (79), and (82). This gives us an isomorphism between the
equivariant Floer homologies for any two choices (go, 1) and (g1,71) within
the same chamber. Now we prove the general case

Proof of Theorem 6.1, Part II: the general case. In Section 6.1 and Section
6.2, we analysed the boundary structure of the moduli spaces M(O,, Oy)*
and MP(0,,0p)*, in the case of two metrics and perturbations (go, 1)
and (g1,71) in different chambers, connected by a path (g¢,v¢) satisfying
SF(03;) = —2, and a path (g:,7;), in the opposite direction, satisfying
SF(0}!) = —SF(dJ;) = 2. We assume throughout the discussion that the
metrics (go, ) and (g1,v1) are “close enough”, on the two sides of the wall.
We can assume, similarly, that the paths (g:,1:) and (g¢,7%) are also close
enough.

Recall that we perform a shift of grading in the complex Cky(1)(Y, g1,v1)
by setting u(61) = —SF(87), where SF(85!) is the spectral flow of the Dirac
operator along the path of reducible solutions [, 0].

The analysis of the obstruction bundles in Section 6.2 implies that the
boundary structure of the moduli spaces M(O,,O,4) and MPF(0,,0p) is
modified by the presence of the zeroes of the obstruction sections. This
difference determines suitable correction terms for the maps I and H, so
that the argument of Theorem 6.1 can be adapted to this general case.

Remark 6.23. The moduli space M(6y,6p), as a U(1)-manifold, consists
of a disk, containing the fixed point z; = [A;,0] (the unique solution of
d*A; =0 and d*A; = jit), and with boundary a circle, given either by a
component

M(61,04) x0, M(Oa, o)
with u(O,) — u(6o) = 1, or by a component
M(61,0%4) xor M(OL,60),

with u(0,) — u(6p) = 0. Thus, we have the following identity that counts
the boundary components of the framed monopole moduli space M(61,6p):

(113) D e Tagybo T D Moraigy Mafgyf0 =
a(1) )

The sum is over all O, in MPO(Y, go,v0), and O“{o) in M%(Y,g1,v1) of
(shifted) index 14(Oay,y) — 1(6o) =1 and ”(Oaio)) — u(6o) = 0, respectively.
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In particular, notice that we can derive the observation of Remark 6.23
if we make explicit use here of the information on the local structure of the
moduli space M°(Y, g;, v4) of critical orbits, as the metric (g;,v:) approaches
the wall, This is derived in Section 7.3.

We know that two possibilities arise: either an irreducible orbit O,,
with 4(Os) — (o) = 1, disappears into the reducible as the metric and
perturbation (g, ;) hits the wall, or an irreducible orbit O, with p(O4/) —
w(6p) = 0 arises from the reducible, as (g¢, ;) hits the wall. In the first case,
the disk of Remark 6.23 has boundary the circle

~

M(601,0,) %0, M(Oq,b)
and in the second case it has boundary the circle
M(81,04) X0, M(Oy, o).
The relation (113) then yields the separate identities
(114) #M(61,00) =nga =1 and #M(Oq,00) = nag, = 1,

for O, the unique orbit that hits the reducible, and

D MoragyMags + anh%) Mafgy00 = 0>
ay#a azo)

for u(Oagyy) — (fo) = 1 and p(O,
analogous.

The moduli space M (61, 6p), containing this separate component with a
fixed point, is one of the differences with respect to the picture for metrics
and perturbations within the same chamber. Another essential difference
is, of course, the presence of the singular moduli space M(6y,0;). We have
already seen, in the analysis of the obtructions how this moduli space plays
an essential role. However, what we wish to point out here is that the basic
asymmetry between the moduli spaces M (6, 61) and M (61, 8p) is what calls
for correction terms in the maps I and H, but not in the map J.

In fact, consider first the action of the map J, defined as in (79) on the
generator 2" ® 1y, in the Floer complex for (g1,v1). We have

) — u(fg) = 0. The case of Oy is

o)

J(Q’n ® 101) = Znola(l) Qn ® ]-a(l),

(1)

with the sum over all Oa(l) with ,u(Oa(l)) — u(6o) = 1.
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Notice that the existence of the extra disk component in the boundary
of M(61,6p), as in remark 6.23, does not affect the identity JD — DJ =0,
in fact, even though now the count of boundary terms in M(6p, 61) satisfies
(113), we still do get

Q" ® 1g,,JD — DI(Q" ® 1p,)) = 0.

In fact, the fibrations

M(O ,90) — 90,

%)
M(Oa(l) , 00) — 90,

have 1-dimensional fibers, and the pushforward of a zero-form is trivial. The
identity JD—DJ = 0 at all the other components follows the argument given
in the proof of the easy case of Theorem 6.1, without any modification.

Now, instead, consider the case of the map I acting on 2" ®1y,. The first
difference we notice, with respect to the model case of metrics and perturba-
tions in the same chamber, is that the moduli space M (6o, 1) consisting of
the unique point zy = [Ag, 0] defines a non-trivial “pull-back push-forward”
acting on the zero form 1lg,. To account for this moduli space, we have to
assume the existence here of an extra component of the map I connecting
Q"®1y, to Q"1 ®1y,, where the drop of degree in 2 accounts for the change
of grading of the reducible point, so that the map I can be of degree zero.
Thus, we have a new component

(115) Q1 @1y, I(Q" ® 14,)) = 1.

Notice that the necessity of the additional term (115) in the map I can
be made clear by looking at the following example.

Example. Consider a model case where the moduli space M®(go,v0)
consists solely of the fixed point 8y and of an irreducible orbit O, in degree
one. The Floer complex for (go, ) then has generators 2" ® 1g, in even
degrees p=2n >0, Q" ® 1), in odd degrees p=2n+1>1,and Q"1 ® 1,
in even degrees p = 2n > 2. The boundary operator D has a component

Q" @1 = —O" 1 ® 14 + 10" ® 1g,.

In the wall crossing with u(6p) — u(61) = —2, the orbit O, disappears into
the reducible, and the Floer complex for (g1,1) only has the fixed point as
generator. In this case, we have the equivariant Floer homology

RO ' ®1,] p=2n>2
SwW _ a -
HE, ;71)(Y, (90, 10)) = { 0 otherwise,
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with [2" 71 ® 1,] = [2" ® 1g,] for all n > 1, and [1 ® 1g,] = 0. The Floer
complex for (gi,v1) has Q" ® 1g, as unique generators, and no boundary
components, hence the Floer homology is

RO"®1p] p=2n+2>2
SW _ 6
HFp,U(l)(Y) (91,1)) = { 0 ' otherwise,

after degree shift. The map I that maps 2" ® 15, — Q"1 ® 15, gives
the desired isomorphism. Notice that such examples can in fact be real-
ized geometrically, for instance when considering a metric of positive scalar
curvature on S° as g;. a

It becomes then clear that, if we change the map I with an extra com-
ponent as in (115), to account for the moduli space M(6p,61), we need
to add further correction terms to the original map I on other generators,
so that the identity ID — DI = 0 continues to be satisfied. In assigning
the necessary correction terms, we need to take into account the different
structure of the compactification of the moduli spaces M(O,, Oy/), with the
boundary strata (108) and (109). Studying the boundary information of
M(Go,a'(_z)), we know that there is a contribution of the singular gluing
from the monopoles in

s71(0) N M (6, aé_z)),
which contributes to the expression
(ID - DI)(Q" ® 1g,),

in addition to the ordinary components ngoa/(_l)Q" ® 1a2_1), where Mgoa_,,
effectively counts the monopoles from the zeros of the obstruction section
over M(61, az_l)). This is precisely the correction term which is needed in
order to obtain the identity ID — DI = 0 once we take into account the
presence of the component (115) originates from the presence of the moduli
space M (6o, 61) consisting of the unique point zg = [Ag, 0].

Similarly, we need to introduce correction terms to the map H so that
it continues to be a chain homotopy, satisfying id — JI = DH + HD, with
respect to the modified map I and with the modified structure of the com-
pactification of MF(O,, Op).

In order to introduce the correction terms for the maps I and H, we
need a preliminary discussion on some identities derived from the counting
of zeroes of the obstruction sections.
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Consider the case of the 2-dimensional moduli space M(a,8p), with a
an irreducible critical point of index 2 and 6y the unique reducible point.

In Section 5.3, in Lemma 5.7, we described the invariant m,. as the rel-
ative Euler class of the complex line bundle £,. over M(a,c). Consider now
the case of the 2-dimensional moduli space M(a,6p), with O, a free orbit
of index 2 and 6 the fixed point in M°(Y, go,v0). We also introduced the
invariant m,g, in Section 5.3, as as the relative Euler class of the associated
complex line bundle over M(a,6p), according to Lemma 5.9 and Lemma
5.10. As we point out in the following Remark, we can use the obstruction
section to obtain the necessary trivialization and compute the invariant mg,
as relative Euler class of Lqg,-

Remark 6.24. We use the same choice of trivialization sq; over M(a,b),
for all the free orbits O, and O of relative index 1, as determined by the
trivialization ¢ of Lemma 5.7. For M(b, 6p) with u(Op) — p(6) = 1, we set
Sb,0, 7 0 to be the obstruction section

Shgy =S¢ M(b,60) = M(Os,6) Xu() Coker (L) = Lo, -

We then set sq9, over M(a,6p), with p(Oq) — u(fo) > 2 to be the
obstruction section

(116) Sa60 =5 : M(a,60) = M(Oq, 00) Xy (1) Coker (Ls) = Lag,-

This choice satisfies the requirement of the class of sections specified above.
Over a moduli spaces M(a, 6p), with u(Og)—p(6o) > 2, then the obstruction
section

Sag0 = 5 : M(a,bp) = M(Oq,00) xy) Coker (Ly) = Lag,

is homotopic to
* *
T1Sab @ T2 Sb,6y

over all the submanifolds
M(a,b) x M(b,6)
of M(a,6y), where we identify
Lagy = T Lab @ 3L0,60,
with m; and 7 the projections on the two factors in

M(a, b) X M(b, 00),



Equivariant Seiberg-Witten Floer Homology 605

with 4(O0,) > u(Op) > p(6o), and section spg, is the obstruction section
over M(b,6p), and the section sq is a transverse section of the line bundle

Lap = M(O4,0p) xy) C
over M(a,b) as discussed in Section 5.3.
In summary, we have obtained the following lemma which claims that

the relative Euler class Ma 300 and Mpyq)_,, Can be calculated by count-

ing the zeros of the obstruction section over M(a(y),60) and M(Bl,a’(_l))
respectively.

Lemma 6.25. For pu(a(y)) — (o) = 2, the relative Euler class Maybo 1
given by
-1
#Sa(z)oo(o)

where Sq, 9, is the obstruction section over M(ay,bo), similarly, for
u(6r) — p,(a’(_l)) = 3, the relative Euler class Moral_,, is given by

H#g

1
0%(~-1)

(0)
where S00a_,, is the obstruction section over M(Gl,a’(_l)).

As a consequence of Remark 6.24 and Lemma 6.25, we have the following
identities.

Lemma 6.26. Let Oa(p) denote a free orbit in the moduli space
MO(Y, go, o), of index #(Oa,y) — 1(00) = p. Let Oa/(q) denote a free or-
bit in the moduli space M°(Y, g1,v1), of (shifted) index /.L(Oazq)) —u(bo) = q.
We have the following properties.

1. Consider the obstruction bundle over M(a(z),60). The counting of the

zeroes of the obstruction, that is, of the flowlines in M(a(s), o) glued
to the singular reducible z = [A°, 0] in M(6g,81), is given by

Ma 580 = #(3—“1(0) n M(a(Z); 90))'
This satisfies

(117) Z Mazya(1)Maqybo — Zn“(s)“(z)ma(z)eo =0.

(1) a(2)
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2. The counting of the zeroes of the obstruction section § of the obstruc-
tion bundle over M (61, az_l)), which counts the gluing of the singular
reducible z = [A9, 0] in M(6y, 01) to flowlines in M (61, a'(_l)), is given
by

Mol = #(EH0)N M(61,a'(_1))).

This satisfies

(118) Z mela( 1) ( 1)@ ( —2) _Z 01(1(0) (0) ( 2)

(1)

Proof. In this case, we know that, for dimensional reasons, we have
57 0)N M(aqy,bo) = 0

Thus, by the previous discussion, and the results of Lemma 5.9, Lemma
5.10, and Remark 6.24, we know that the boundary of the 1-dimensional
manifold (571(0) N M(a(s),00)) consists of the set

U M(ag) a@) x (57(0) N M(agz), o))

a(2)
U U a(g)a(l)(o) N (M(a(z),a(l)) X M(a(l),eo)))
(1)

This implies that we have the identity

D MagyaMagto — Y NagyamMagyso =0

(1) a(2)
with the sign denoting the different orientation. The remaining case is anal-
ogous. a

Now we define the necessary modifications to the maps I and H.

Definition 6.27. We modify the maps I, H on Q" ® 1, and Q"1 ® Lagy
as follows:
1.

I(Qn ® 1.90) = Qr1 ® 1e,
(119) + 20, Mo 1)9 ® Ly,
+ Z 01a(0) " ® na’(o)’
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2.
(120) Q" @ Lagy) = Pagya " ® Lo, )
+2ar,) Magyal, 'O 1y ;
3.
(121) HQ"®1g,) = Yo, Mhoae 2" ® La)

+ 20y Mrag 2" ® Taq) -

In order to show that the relations ID = DI and id — JI = DH +HD
are still satisfied, we only need to check explicitly all the terms that are
directly affected by the presence of the correction terms.

Lemma 6.28. We have
1. ID=DI on Q" ® 1y, and Q"1 ® Lagys
2. ID = DI on Q" ®ag,;
3. ID=DI on Q" ® Nagys

Proof. We prove the claim by direct analysis of the boundary strata of the
various moduli spaces involved. We have

ID(Qn ® 100) = Z n00(z(_2)na(_2)a

G(-2)

"R 10’2

/
(-2) -2)

and
n = — ! ' ' n !
IO ® 1a0) = ,Z ne"“(—x)”“(—x)“(—z)ﬂ ®1“<
%(-1)

n
+ Z "61a,, mazo)“(—z)ﬂ ® 1“2—2) .

%(0)

_2)

The first claim then follows, since we know that the co-dimension one
boundary of M(6y, Oa(_z)) consists of

U (60, 0a_) X0a_yy M(Oa_s), Oai_,))

(=2)
a(-2)
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U |J M(60,0a_,)) X M(Oa(_y), Ou_,)
-1

UM (g, 61) x (571(0) N (M(el,oazo)) X0y, M(O,,
0

w Oain):

In fact, according to Theorem 6.21, we have boundary strata as in (108),
M(60,6,) x 8V (§—1(0) N M(6s, oa,(_z))*) .
Here § is the obstruction section. By Remark 6.24, we have
am (5—1(0) NM(01,04 )*)
= 510N (Ua, M(61,04, )" X0y, M(Oq Oq_,))")

©’
UsO) N (Uyy_, M(61,0q_))" X0, M(Ou_,:0u;_,))")-

-1) a.(
Note that the coefficient Moa_,, effectively counts the monopoles from the

zeros of the obstruction section over M6y, az_l)), so we are left with the
remaining counting,

n
2 Torefy Mty @ B Ly
!
%)

which proves the claim.
In order to prove Claim (2), we compute

ID(Q" ® lq,,) = — Z Ra(1)a(0) a0 afg) Vel

2(0)

1
(0)

and
n _ n n
DI ® Lay)) = — Z:”a(l)“'(nn“h)“'(o)Q ® 19'(0) + a1l 2 @ Lo
%)
Then the claim follows from the boundary structure of M(a(y), a'(o)). The

zeroes of the obstruction section contribute the term

na(l) 6o 'n’ela.'(o)

in the counting of the boundary points.
The argument for Claims (3) and (4) is analogous. a

Now we need to check the effect of the correction terms on the identity
1-JI=HD+ HD.
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Lemma 6.29. We have the identity 1 — JI = DH + HD on Q" ® 1y,.

Proof. By direct calculation, we obtain
(1-JI)(Q" ©1,)
— — -1 1 n ’
= Q"Q1lg, — JO" 11, + Eaz_l) Ngoa)_,, " ® Loy

n
+ Zazo) ngl“?o) " ® nazo))
— -1
= Q"® 1y, — Za(l) Tgya0, 2" ® Lo, |
n
_(Ea’(_l) neoaz_l)naz_l)a(_l) + Z“’(O) n01a'(0)ma20)a(_1))9 ® 1a(_1)

— n _ n
Z“'(o) ngl“iO)”“iO)“(O)Q ® Mlago) Z“20) ngl“?O)n"'(O)a"Q ® Lo,

)

We also get
(DH + HD)((2" ® 1p,)
= D(Xay, Moo " @ Lo + Xayy, Mr1a0) 2" ® 7Magyy)
FH (S, 00" © Lay)
= Lay (Zaa) 910y Maqya(-1) ~ Lag ngla(m”a(om—l)
= Daoay Mooy Ma_ya ) X" B La-1)
+ Ly MiemMeaan X" @ Nagy = Lag) M1am @ @ Lag,

+ D0 Mrag e oS © Lo

Let us first check the coefficient of Q" ® 1g,. Equating the coefficients of
2" ® 1y, in the two expressions above yields the identity

> Mragy et + D 14l Malgyf0 = 1
a(1) afy)

This identity is satisfied, since it is exactly the counting of (113).
We then check the coefficient of Q" ®1a o, - We need to prove the identity

> 101y Ma(ryago) T ) M01alg Mty a) = O
'

a(1) %0)

This follows from the boundary structure of M(61, Oa(o))*, given by

U M(el, Oa(l))* Xoa(l) M(Oa(l) ) Oa(o))*

%(1)
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u | mé, Oaty,)” X Outy M(Ogiy) Oag))"

%o)
In order to compare the coefficients of 2" ® 14(_1), we need to prove the
identity

Eaz_l)
. P
(122) - Ea(_z) neoa(_g) na(—Z)a(—l)

+ z:'1'(0) M10(5) Maigya(-1) T D aqy MraayMeqya-1y = 0

_ P
nooa‘l(—l) na'(-l)“(—l) Z:0(0) n9oa(o) Ma)a(-1)

Among these terms we can isolate a contribution

P P
Z Moa(_y1)"a{_1ya-1) T Zneoa(o)"am)a(—l) - Z Moa(—2)Ma(-z)a(-1)’
ai_y) a(0) a(-2)

which is the contribution of the boundary terms in M¥ (6, Oa(_y) )* obtained
by gluing co-dimension one boundary strata along irreducible critical orbits.
The term

Z n90a2—1)na2—1)"'(—1)

1)
counts the contribution of the special gluing
M(eoa 91) X M(elia’/(—l)) X M(a’,(—l)7a(—1))a
where the coefficient
Naoa_,, = #5(0)

counts the zeroes of the obstruction section in M (61, “’(—1))'
According to Theorem 6.22, the counting of the remaining boundary
components for MF (8, a(-1)) is given by the gluing

M(6o,61) x s71(0),

with
8_1(0) C M(Gl,a(_l)).
Recall that, in this case, s~1(0) is zero-dimensional.
We claim that the zeroes of this obstruction section are counted precisely
by the expression

Z M910¢0) Mafgya(-1) T Z M1a(1) Mag)a(-1)*
a.'(o) a(1)
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In fact, we can describe the obstruction bundle as the line bundle
M(01, Oa(_l))* XU(I) Coker (£z);

over M(01,a(—1))*, with & = [Ag,0] the singular reducible in M8y, 61),
and Coker (£;) = C. With the choice of trivilizations, the zeros of the
obstruction section are localized in some compact set in

U M(Ol,a'(o)) x M(GI(O),G(—l))

%0)

U U M(elia(l)) X M(a(l),a(—l))‘
(1)

Thus, counting the zeros of this obstruction section, which gives the
relative Euler class of the associated complex line bundle over M(61,a()),
contributes )

#3‘— (0) = Zazo)
+ za(l) M1a1) Maqya(-1)1

Then the vanishing condition of (122) follows from #(dM?* (6o, a(_1))) =
0. Thus, we have completed the proof of the identity 1 — JI = DH + HD
on the generator 2" ® 1g,. O

6, ’aéo) m"'zo)"'(—l)

We proceed to check the remaining identities.

Lemma 6.30. We have the identity 1 — JI = DH + HD on Q" ® 1

) ”

Proof. We compute
(1 - JI)(Q“ ® la(l))
= 0" lagy — J(na(l)gOQ”"l ® lp + Zah) n“(l)“’(l)ﬂn—1 ® 1“’(1))
= V@ Lag) — Xagy ay, Maqyaly, Papyyiy + a1 )" ® Lag,
(DH + HD)(Q" ® La,,)

— P ~ P n ;
= (B Pepan @iy T Lag Mamen Mawin " O Lig-

If we compare the coefficient of each term in DH + HD — 1+ JI, we see
that the coefficient of 2" ® 1, ,, is given by

aq)
P P
Mayag Ma@aeq) Z Tag)a) Pagaq
ag) a(o)
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+2 Magyalyy Malgyaq ~ 1 T Pagbieq):
!
%)
Notice that the sum

P P
Z Magyae Ma@eq T Z Mag)a) Mayan) T Z Ragyafyy Malyyaa) ~ 1
%2) HON ay)

is the algebraic counting of the boundary points in MP (aq),a(1))* that
correspond to boundary components of the form

U MPF(ay, a9)) x M(agz),aq)) U U M(aqy, ag)) x MF (a), 1))

a(2) 2(0)
U U M(a(l)aal(l)) X M(a'(1),a(1)) U{-a}.
)

Similarly, for @1y # a(1), the coefficient of 0" ® 15, is given by

P ~ P
Z My a@ Ma@da) T Z Maya0) Pagyaq)
a(2) a(o)

+> Maqy el Mafy)aa) T Me)8™rdq-
’
)
Again, notice that the sum

P - P -
Z Ta1yagz) Me@)dq) + Z Ra1yae) Ma)aq) + Z na(l)ah)nah)a(l)
(2) o) a1

is the algebraic counting of the boundary points of MF (a(1), @(1))* which
correspond to boundary components of the form

U MF(aqy,a)) x M(ag, dm)) U | M(ey,a() x MP(a),8(1)

2(2) %(0)

U U M(a’(l)aal(l)) X M(a’l(l)aa'(l))
%)
We only need to prove that the counting of the remaining boundary

components of M¥ (a(1),G(1)) is given by

na(l)eon(h&(l) )
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which counts the contribution of the zeros of the obstruction section, that
is, of those monopoles of MF (a(l),&(l)) which are obtained by gluing the
singular reducible € M(fp, 6;) with

M(aqy,60) x U(1) x M(61,d1)).
Recall that the non-equivariant gluing
#:571(0) € M(aqy, 80) x U(1) x M(61,301)) = MP(ay, dgry)
corresponds to the equivariant gluing in the framed moduli spaces
#:571(0) € M(Oag,y, 60) X M(61,04,)) = MP(Oayyy, sy
The pull-back and push-forward map
(€ () ()

defines the relative Euler characteristic number on the associated line bundle
of
‘Ca(l),ﬁ(l) = (M(Oa(l),eo) X M(64, 0&(1))) XU(1) C

This gives
(€, )+(€asy)" (Magy) = Nagy00m815¢,-
Consider the obstruction bundle

(M(Oa(l),eo) X M(00,01) X M(Bl, 0&(1))) XU(l) Coker (['a:)

over the space

M(a(l),Oo) X M(Gl,&(l)) X U(l),

with Coker (£;) = C, for z € M(fy,0;) the singular point z = [Ag, 0]
Counting the zeros of the obstruction section

#(571(0) N (Maq), b0) x M(61,3)) x U(1)))
gives another computation of the same relative Euler class above, that is,
#(571(0) N (M(aqy,b0) x M(61,d0)) x U(1)))
= Ma)00M614y) -

Thus, the components of the boundary of MP (a(l),d(l))* which come
from the gluing with the singular x € M(6p, 61) contribute a term

Maq)bo™014(,)
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to the counting of the boundary points. This completes the proof of the
Lemma. a

Finally, we have to check the following.

Lemma 6.31. We have the identity 1 — JI = DH + HD on Q" ® Tagy -

Proof. Direct calculation of the terms (1 — JI)(Q" ® 74(,,) and (DH +
HD)(Q" ® 7q,,) shows that the conditions required in order to have the
same coefficients on all the generators are precisely the conditions already
verified in the case of Lemma 6.30. a

Notice how clearly this argument of topological invariance breaks down
for the non-equivariant Floer homology. The invariance within the same
chamber is still verified: in fact, no substantial changes are necessary in that
first part of the proof, in order to adapt it to the case of the non-equivariant
Floer homology. However, as wee see clearly from the structure of this
second part of the proof, the general argument for the proof of Theorem 6.1,
for metrics and perturbations in two different chambers, relies essentially
on the contribution of the reducible points, in order to construct the chain
map I and chain homotopy H, as discussed in Definition 6.27, Lemma, 6.28,
Lemma 6.29, Lemma 6.30, and Lemma 6.31. The example presented at the
beginning of Section 6.3 also clarifies why the argument cannot be adapted
to the non-equivariant Floer homology.

7. Wall crossing formula for the Casson-type invariant.

We want to compare the equivariant Floer homology with the ordinary Floer
homology in the cases where the latter is defined, i.e. when b*(Y") is non-
trivial [38] or when Y is a homology sphere, [13].

In the case when b*(Y) is non-trivial, we expect to find that the equiv-
ariant Floer homology, which is computed by considering framed moduli
spaces, is isomorphic to the ordinary Floer homology computed in the un-
framed space. In fact this is the analogue of the well known result for equiv-
ariant cohomology of a finite dimensional manifold, where, if the action of
the group is free, then the equivariant cohomology is just the ordinary coho-
mology of the quotient, H5(M;R) = H*(M/G;R) as H*(BG; R)-modules.

In the case of a homology sphere, instead, we expect to find an exact
sequence that connects the equivariant Floer homology with the ordinary
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Floer homology and an extra copy of R[(}] that corresponds to the unique
reducible solution that has been removed in the computation of the non-
equivariant Floer homology.

Recall that we have the explicit description of the boundary operator
in the equivariant Floer complex, as analyzed in Section 5, Proposition 5.3,
which gives the formula (72),

"1, — -1l Q 1

D:
O"Qng (nabﬂn ® 77b) @ (macﬂn ® lc)

(-0 1®1,)

with the extra components in the case of the generator 6.
7.1. Comparison with the non-equivariant Floer Homology.

Now we can define a chain homomorphism that maps the equivariant to the
non-equivariant complex.
Let us first work in the case with no reducible solution (i.e. with b*(Y) >
0). In this case for each O, that appears in the equivariant complex we have
a generator Ra that appears in the non-equivariant complex (coefficients in
R).
Now we define the chain map
ik 1 Crya)(Y) = Cp(Y),
so that it satisfies Oxi = ix_1Dy. Let g act on the generators as follows
(123) ir: P %uw0a) = D Ra,
wa)+j=k w(Oa)=k
Zk(Qn ® ]-a) =0,
for all values of n and p(0,),
’Lk(l ® 77a) =a,
if u(Oq) = k, and in all other cases
(2" ®n,) =0.

This means that the map iy kills all the generators in degree k that are
not the generator of the equivariant homology of some orbit O, of degree k.

With this definition it is clear that ¢, is a chain map. Thus it defines a
sub-complex of C, y7(1)(Y) given by Q. = Ker (i.) with the restriction of the
boundary operator D.
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Theorem 7.1. If there are no reducible solutions (i.e., b'(Y) > 0) the map
ix defined in (123) induces an isomorphism in cohomology,

HES .y (Y) = HFSV (v).

Proof. The complexes Cy, 71), Qk, and Cj, all have a filtration by index. For
Ck,y(1) the filtration is given by

(124) Cru@(n) = P 2;,01)(O0a)-
#(Oa)+i=k,p(0a)<n

The complex @, is written as

(125) Qr = @ Q;,0(1)(Oa)-

p(a)+i=k,>1

It has a filtration by index of the form

(126) Qi(n) = P Q; (1) (Oa)-

w(a)+i=k,j>1,u(a)<n

On the other hand also the non-equivariant complex has a filtration by
index of the form

(127) Cr(n) = @ Ra.

n(a)=k<n

Thus we can look at the spectral sequences associated to the filtrations
and prove that 7 induces a map of spectral sequences and an isomorphism of
the E'-terms of the spectral sequences associated to the filtration of Ciu(1)
and of C,. Thus we get the resulting isomorphism of the E* terms, i.e. of
the homology of C, y(1) and of Ci.

Lemma 7.2. Let Ey(y), Eq, and E be the spectral sequences associated to
the filtration of the complezes Cy(1y, Q and C respectively. The chain map ix
induces a map of spectral sequences. Moreover, in the case when b'(Y) > 0
the map iy induces an isomorphism of the E-terms

1 ~ l
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Proof. Consider the filtration of C, y(1). The EY terms of the spectral
sequence are given by

Euua) = Cerua)(®)/Crruy(k — 1).
From (124) we get

Egl,U(1)= @ Ql,U(l)(Oa)>
u(Oa)=Fk

and the differentials Egl vy ~ Elgl—l u@) are just given by the differential
of the equivariant complex on each fixed orbit O,. Thus the El-term of this
spectral sequence is given by

EI}:I,U(l) = Hk+l(Elg*,U(1))’
Eiz,u(l) = @ Hi1,0(1)(0a)-

#(Oa)=k

But since the O, are irreducible orbits, with a free U(1) action, the equiv-
ariant homology is concentrated in degree zero,

El:cl:O,U(l) = @ Ra’y
u(Oa)=k

Eypay =0
for I # 0.
Now let us consider the filtration of the non-equivariant complex Ck.
From (127) we get
: EY = @ Ra
p(Oa)=k

and E, = 0 for [ # 0. Thus ir this case the only terms that survive in the
E'lis in degree [ = 0 and is

E]{.‘O = @ RG,.
p(Oa)=k

O

Thus the map 7, induces an isomorphism on the El-terms of the two
spectral sequences, hence on the E*°-terms, namely on the homology

7

H(Cryq)(Y), Dr) = Hu(Cr(Y), O)-
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This completes the proof of Theorem 7.1. a

Now let us consider the case when the manifold Y is a rational homology
sphere. In this case there are also terms in the equivariant complex that
come from the reducible solution § = [v,0]. We assume that § has index
zero, u(6) = 0.

Theorem 7.3. LetY be a rational homology sphere. Then there is an exact
sequence

i A
s = Hop)(0) = HESG ) (V) = HEFY (Y) S Hi_yumy(9) -

In the equivariant complex in degree k we have an extra generator QF®4.
The boundary maps that come from the equivariant complex associated to
the degenerate orbit v with the trivial action of U(1) are trivial: in fact the
equivariant homology of a point is

H, 1(1)(6) = RI9] = H.(BU(1), R).

However, there are non-trivial boundary maps that hit the generators 2" ®4.
These can be described as follows. Suppose O, is the orbit of an irreducible
solution with index p(Og) = 1. Then we have a moduli space M(Og, 6) that
is 1-dimensional and that fibers over # with a 1-dimensional fiber. Thus the
pullback-pushforward map acts as

Mg (e;)*(e:)*"?a = Myp,

where mgg is the integration along the 1-dimensional fiber of the 1-form
(eF)*n,. This gives rise to a component of the boundary map of the form

1Qmn, — meyl ® 6.

Moreover, there is a non-trivial boundary map that comes from the moduli
spaces that connect the reducible to generators with the orbits with p(0,) =
-2.

Now the map i, is defined as before with the additional condition that
it kills the extra generator QF ® 6.

Lemma 7.4. LetY be a homology sphere. Then the homology of the com-
plex Q, is just the equivariant homology of the point 0,

H.(Q) = H, y1)(6) = R[Q)].
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Proof. The complex @, contains the extra generator QF ® 6 in degree k and
this generator appears in all levels of the filtration Q(n) for any n > 0,
since @ is of degree zero.

Thus if we look at the spectral sequence associated to the filtration of
the complex @, we find

E) o = Qi+1(k)/Qrwi(k — 1),

that is, for £ > 0 and [ > 0,

Eyo= P QuumO).
1(Op)=k—1

This complex is clearly acyclic because the differentials are just the equiv-
ariant differentials for each orbit and no generator survives in homology
because we are counting only [ + 1 > 1, hence the terms 1 ® 7, are sup-
pressed (in fact they are not in Ker (i+)). On the other hand for & = 0 we
get

E(())l,Q = R<Ql ® 0)>

with trivial differentials, so that the El-terms are

B0 = Hiyuq)(9)-
This means that the homology of the complex Q. is actually H, y1)(0) =
R[Q)]. d

Thus if we consider the long exact sequence induced by the short se-
quence

0— Qr — Cruq) —-i-)Ck -0

we have
v+ = Hypy(0) = HESH (V) 5 HESW (V) — -
This proves Theorem 7.3. O

Remark. Notice that, in the case where the spectral flow SFg(d5) is
zero, we obtain an isomorphism HF W (Y,s, go) &= HFSW (Y,s,g1) by the
five-lemma applied to the exact sequence relating equivariant and non—
equivariant Floer homologies.

The connecting homomorphism A in the above long exact sequences is
particularly interesting.
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Proposition 7.5. Suppose given a representative Y x.a in H FZS’,;VL(Y)
We assume that Y is a homology sphere. Then the connecting homomor-
phism in the long exact sequence is

Ag: HFZY ) — Hopp1)(0) = RQF,

where

(128) JAVA (Z maa> = Z TaMacMee * - MataNanlE @ 6.
a

Here the sum is understood over all the repeated indices, that is over all
critical points with indices u(0,) = 2k + 1, pu(0:) = 2k — 1, pu(Oy) = 3,
#(0a) = 1.

Proof. The map is defined by the standard diagram chase and by adding
boundary terms in order to find a representative of the form (128), as illus-
trated in the following diagram. Sums over repeated indices are understood.

i | o

0 = Qopt1 —— Carr1,0(1) : Cogp1 —=0
To 1®Ng=<————-ATa @

T
|
|
by

0— Qo Coruq) a Cor 0
|
Y

Ap(zq a)<— = —|= ~ 4TMec 1 ® 1,

For a cycle 3, 0,)=2k+1 Ta@ We have 37, oy op 1 Taigy = 0 for any b
with p(Op) = 2k. The element ), z,a has a preimage ) .1 ® 1, under
igk+1. The image of this element under the equivariant boundary is given
by

Z ma-D(l ® na) = Z ToNapl @ Mp + Z ZTaMacl ® 1,
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where the first term is zero due to our assumption on ) z.a. The element
Ay (zqa) is unchanged if we add to Y 2,1 ® 1 an element in the kernel of
iok+1. Adding the element Za’c ZoMacS) ® e, which is in the kernel of 4, we
get the following diagram

i i |

0 = Qa1 ——— Co1,0(1) Cokt1—=0

T 1®7,

+ZoMae 2 @ e
T

<——d-—-ZgQ

_ -t - — =

0 — Q2 Cor,u(1)

Y
Ak(ma a)< - - == - _‘wamacmce Q® 18

where we have
D(z,1 ® g + TaMac2 ® Ne) = TaMacl @ e+

mamac(_l ®le+ 12 ®@ng + Meef2 ® 1e) = mamacmceQ ®1e

with sums over repeated indices. The last equality follows from the identities
> MgeNed+nNapMid = 0 and > Tanapmpa = 0. We can iterate the procedure.
In the following step we add a term Ewamacmceﬂ2 ® 7ne to the preimage
of 3" z,a. The corresponding image under the boundary of the equivariant
complex is 3 ZaMacMeeMegQ2 ®1g, where p(Oc) —p(Oe) = w(0e)—p(Og) =
2. The procedure can be iterated until the reducible point ¢ is hit. Con-
tributions from other irreducible critical orbits Op with u(0p) — u(f) = 0
are killed in finitely many steps, iterating the same procedure, since the
complex is finitely generated and they eventually hit the lowest index criti-
cal points. Thus, the resulting image under the connecting homomorphism

Ak(z:a,:/.m,=2k+1 xaa) is given by

k
E TaMacMee * * * MalaMad$ -
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As in the case of instanton Floer theory [62], one expects Ker (Ay) &
Im(igk+1) to be the part of the Floer homology where the relative invariants
of four-manifolds with boundary live.

7.2. Wall-crossing formula: the algebraic picture.

In this section, we will apply the equivariant Seiberg-Witten-Floer homology
theory to study the dependence of the metric for the Casson-type invariant
[12], [13] of a rational homology sphere. In order to define the Casson-
type invariant, we choose a metric whose ordinary Dirac operator has trivial
kernel. The metrics whose ordinary Dirac operator has non-trivial kernel
form a chamber structure as proven in Theorem 2.7 and Theorem 2.8. The
usual cobordism argument can be adopted to prove that the Casson-type
invariant is constant in each chamber. The aim of this section is to get a
wall-crossing formula for a path of metrics and perturbations that crosses
the wall.

Denote by Asw (Y, g,v) the Casson-type invariant for the metric and
perturbation (g,v): Asw(Y,g,v) is the Euler characteristic of the non-
equivariant Seiberg-Witten-Floer homology. Recall that this Floer homology
[13] is defined by removing the reducible critical point, the trivial solution
6 = [v,0]. We have

(129) /\SW(Y,Q,V) = Z(—l)kdlmHFégW(Kg, V)‘
k

In this Section 7.2 we derive the wall crossing formula under the following
assumption. Fix metrics and perturbations (go, 1), (g91,71) in two different
chambers, with the property that there exists an open set of paths (g, ;)
connecting (go, o) to (g1,71) such that (g¢, ) hits a co-dimension one wall
only once, transversely.

This situation is certainly verified if the two points (go, o) and (g1,v1)
are close enough points on either side of a wall Wi, in the notation of Theo-
rem 2.8, that is, a wall of metrics and perturbations satisfying Ker (87) = C.
We also assume that, along the path (g:,11) we have SF(d5) = 2, that is,
that we have u(6p) — u(61) = 2 in the notation used in Section 6, which
determines a global grade shift between the equivariant Floer complexes for
(g0, v0) and for (g1,v1).

Using the topological invariance of the equivariant Seiberg-Witten-Floer
homology, we obtain the following isomorphism:

HFI::S:(VIV(U(K 9o, VO) = HF,CSK,U(I) (Y, g1, 1/1).
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In fact, the necessary degree shift is computed as follows: if we set p(6y) = 0,
hence w(f1) = —2, and the map I has degree zero, we obtain that the
generators (2" ® 1g, and Q"1 ® 15, have the same degree.

First of all, we express the Casson-type invariant (129) in terms of some
alternating sum of the equivariant Seiberg-Witten-Floer homology groups.
We consider the Casson-type invariant for metric an perturbation (go,v0).
The exact sequences given in Theorem 7.3, relating the equivariant to the
non-equivariant Seiberg-Witten-Floer homology, and the fact that we have
H, y1)(0) = R[] give us the following result.

Proposition 7.6. (1) Fork <0,

HFSW(Y 90,10) = HF ()Y, 90, v0)-

(2) For k > 0, we have the following exact sequences

0= HERY, vy (Y g0, v0) = HF51(Y, go, 10) = RQF —

— HF5 [y (Y, 90,10) = HFy' (Y, go,v0) = 0.

Thus the dimensions are related by
dim HF5)V — dim HFYY, = dim HFy5 [y — dim HFRY, 0y — 1
This gives the wall-crossing formula for the Casson-type invariant.

Theorem 7.7. Suppose given two metrics and perturbations (go,vo) and
(g91,11) in two different chambers and a generic path (gi,v¢) that connects
them and that crosses the wall VW once. Assume that the crossing happens
at a generic point of W, so that the relative Morse index with respect to the
reducible solution decreases by 2 across the wall, i.e., that we have u(6p) —
w(01) = 2. Then the Casson-type invariant changes by

Asw (Y, 91,11) = Asw (Y, go, o) — 1.

Proof. We can assume that we are in one of the following two cases for the
non-equivariant Floer homology group.

Case 1. There exists an integer N such that H FSW(Y go,v) = 0 for all
p > 2N but HFSW (Y, go, ) # 0.
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Case 2. Here exists an integer N such that HFfW(K 90,%) = 0 for all
P2 2N + 1 but HESY (Y, o, 1) # 0.

0 P> 2N, pis odd
o HFSW (Y, g0, 1) =
p,U(l)( 90 Vo) { RO™ p=2m>aN

[ J
dim HFéSKz(K 90, v0) — dim HFﬁqAI;Kl (Y, 90, )
= dmHFRY, 0 g0,10) - dim HERY | oy (¥, g0,v0) — 1
dm HELY (Y, 90) — dim HESY (¥, g0, v5)
= dimHFéSIJ\I;‘:I;,U(l) (Y; 90, ) — dim HFEK&U(U(K 90,v0) — 1

dim HFW (Y, go, v0) — dim H FPW (Y, go, )
= dim HF&‘%I)(Y, 90,v) — dim HFf%) (Y, go,10) — 1.

e For k <0, HESW (v, 9o, ) = HF,;S:IVIV(I) (Y, 90, 10).

Given the above information, we can calculate the Casson-type invariant
for the metric and perturbation (gg, 1) as,
Asw (Y, 90,00) = 3,(~1)% dim HEZW (Y, go, vp)
= Ek<N(dim HFzsl;I:I(;(U (Y, go, V)
—dim Hngl;v.rl,U(l) (Y, 90, n)) = N.

From the isomorphism HF,;S:II}V(U(Y,gl,Vl) = HF,;S_I’IZI’U(I) (Y, 90, %), we
have

HEX (Y, 01,0) =

0 P>2N +2, pisodd
P Qm

p=2m > 2N + 2.

If we apply the above isomorphisms to the exact sequences in Proposition
7.6, we can see that the Casson-type invariant for metric and perturbation
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(g1,v1) can be rewritten as
Asw(Yyg1,m1) = Yp(-1)Fdim HFFW(Y, g1, 1)
= Zk<N+1 (dlmH ok U(1)(Y g1, 1)
dlmHFéS;cv_‘,_ll U(l)(Y,gl, v1))— (N +1)
= Asw(Y,g0,0) — 1
For case 2, similarly, we have
0 p> 2N, pis odd
o HESW (Y, g0, 10) =
p,U(l)( 90 0) { RO™ p=2m>2N +2

.
dim HESY (Y, go,v0) = dim HFJ! U(l)(Y, go,v0) — 1
dim HFz'S'AI;V 2(Y, 90, v0) — dim HE3W (Y, go, v0)
= dim HF2N 9 U(l)(Y, 9o, Vg) — dim HF25N 1 U(l)(Y’ g0, v0) — 1
dim HFW (Y, go, v0) — dim HESW (Y, g0, v0)
= dimHFW, U(l)(Y go, vo) — dim HF,W U(l)(Y’ go, 1) — 1

dim HFSW(Y, go, Vo) — dim HFSW (Y 90, v0)

e For k <0, HFESW (Y, go, v0) = HF,f,lV,V(l)(Y, 90, 0).
Then the Casson-type invariant for (go,vg) is
Asw (Y, 90,v0) = Y (-1)Fdim HFSW (Y, go, o)

= D p<n(dim HFzs;cw{j 1) (¥> 90, 0)
—dim l‘IFZSkV_"f1 U(1)(Y7 go,0)) — N

+ dim HF25N U(I)(Y7 9o, o) — 1.
From the isomorphism H kU(l)(Y g1,V1) = HFkS 2U(1)(Y’ 90,%0), We
know that
0 p>2N+2, pisodd

HE U(l)(Ygl,Vl) { RO™ p=2m > 2N +2.
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If we apply the above isomorphisms to the exact sequences in Propo-
sition 7.6 again, we can see that the Casson-type invariant for metric and
perturbation (g1,1) is

Asw (Y, g1,11)
= Ek(—l)k dlmHFSW(Y a1, Vl)

= Ek<N+1 (dlmH ok U(l)(Ya g1,v1) — dim HF2k+1 U(1)(Y’ g1,v1))
= Asw(Y,g0,0) — 1

Thus, we have proven the wall-crossing formula:

Asw (Y, g1,v1) = Asw (Y, go, v0) — 1.
Od

Now we are interested in generalizing the argument of Theorem 7.7 to
the case of a path (g, ) that crosses the wall structure W at a point which
lies in a stratum W, of higher codimension.

If we know that a stratum W, of metrics and perturbations satisfying
Ker (89 ) = C" is obtained as the transverse intersection of n strata Wit

- N Wir | where every Wi* consists of metrics with Ker (89) = C, then a
path (g¢,v¢) that crosses W at a point in W, can be deformed to a path that
crosses each Wi* once transversely. In this case, the wall crossing formula
simply follows by applying repeatedly Theorem 7.7. However, we do not
really need the assumption on the structure of W near a stratum of higher
codimension. In fact, it is enough to know that the complex spectral flow
SFc(83t) = ASF(6%) is equal to £n along the path (g¢,14) that crosses a
point on W,,. In that case, we can follow the same argument in the proof of
Theorem 7.7, but starting with a grade shift of 2n between the equivariant
Floer complexes for (go, ) and (g1,21). We obtain the following result.

Proposition 7.8. Let (go,v0) and (g1,v1) be two metrics and perturbations
in two different chambers. Suppose given a path (gt,v¢) joining them that
crosses the wall W once transversely at a point of a stratum Wi, of codimen-
sion 2n — 1. The relative Morse index with respect to the reducible solution
decreases by 2n across the wall, that is, that we have u(6o) — pu(61) = 2n.
Then the Casson-type invariant changes by

Asw (Y, g1, 1) = Asw (Y, g0, o) — 7.
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Since the argument of Theorem 7.7 depends only on the counting of the
grade shift between the Floer complexes for (go, o) and (g1, v1) given by the
spectral flow SF(9J) , together with the proof of topological invariance of
the equivariant Floer homology (up to this grade shift), we can formulate
the result under these more general hypothesis.

Proposition 7.9. Let (go,v0) and (g1,v1) be two metrics and perturbations
in two different chambers. Suppose given a path (gi, 1) joining them that
crosses the wall W transversely in finitely many points. Then the Casson
invariant changes by

(130) Asw (Y, 91,v1) = Asw (Y, go, vo) — SFc(63),

where SFc(0%) = $SF(0%) is the complez spectrdl flow of the Dirac oper-
ator along the path of reducible solutions [vt,0].

Proof. If the spectral flow along the path (g¢,14) is given by SF(87), the
topological invariance of the equivariant Floer homology gives

SW ~ SW
HFk,U(l)(Y;ngO) = HFk+SF(6§:),U(1)(Y’ g1, Vl)-

We can then follow the steps of the proof of Theorem 7.7 and compare the
ranks of the Floer groups and the counting of the Euler characteristic. This
can be done by induction on |SF(87)|. The result is the formula (130). O

The wall crossing formula in the case of J-invariant perturbations con-
structed by W. Chen [14] can also be derived with the same method. This
gives rise to the following wall crossing result.

Corollary 7.10. Consider the invariant Asw (Y, g, f) where f is the J-
invariant perturbation of [14] Prop. 2.6.

Given two metrics and perturbations (go, fo) and (g1, f1) in two differ-
ent chambers and a generic path (g, fi) that crosses the wall once with
Ker (6?) = H. The relative Morse index with respect to the reducible so-
lution decreases by 4 across the wall, namely, we have u(fy) — p(61) = 4.
Then the

Casson-type invariant changes by

Asw (Y, g1, f1) = Asw (Y, g0, fo) — 2.
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Proof. Again the main issue is the change of grading of the equivariant Floer
homology induced by the spectral flow of the Dirac operator along the path
(g¢, ft)- This time, since we are using J-invariant perturbations, the Dirac
operator 8? is quaternion linear, hence, for the chosen path the spectral flow
satisfies SF(9%) = 4. This implies that there is a degree shift

HF()(Y, 90, fo) = HFY, 5y (Y, 91, f1)-

By applying the previous Proposition 7.9, we obtain the result. O
7.3. Wall-crossing formula: the geometric picture.

In this section we re-derive, in a more geometric way, the wall crossing
formula for a homology three-sphere Y that we proved algebraically in the
previous section. We analyze the local structure of the parameterized moduli
space. A geometric proof of the wall-crossing formula has been also worked
out by [35].

Let M*(g,v) denote the irreducible part of the moduli space M for the
metric and perturbation (g,v). Given a family of metrics and perturbation
(g¢,v¢) with (¢t € [~1,1]), the moduli spaces M*(g_1,v—1) and M*(g1,11)
are cobordant as long as the path (g¢, +) does not cross the wall, that is the
co-dimension one subspace W in the space of metrics and perturbations

W = {(g,v)|Ker (87) # 0}.

Suppose the path (g, 1) crosses the wall W just once at t = 0. Generi-
cally, Ker (87¢) = C. We want to analyze the local structure of the parame-
terized moduh space

M = {M(ge,ve) x {t}]t € [-1,1]}

at the reducible point 99 = (6o,0), where 6y = [1,0] is the class of the
reducible solution of (15) with the metric and perturbation (go,20). There
is a family of reducibles 9¥; in M. Let M* be the irreducible set in M, U
be a sufficiently small neighborhood of 6y in M, and U* be the irreducible
part of U.

We construct a bundle over ne1ghborhood of 9 in A x [-1, 1], together
with a section ¢ such that

U= (0 - {9, 1)})/9.



Equivariant Seiberg-Witten Floer Homology 629

Lemma 7.11. (1) The slice of the G/U(1)-action at a point (Ap,0) is
V(40,0) = Ker (d*) x T'r2(S),

(2) The slice of the G/U(1)-action at a point (A,) is

Viaw) = {(a, 9)|d*(a) — 2iIm(¢, ) is a constant function on Y.}

(3) For (A,v) close to (Ao, 0) there is an isomorphism

Aaw): Viaw) = V(a0

Proof. Properties (1) and (2) follow by direct computation. For (3), choose
(o, ¢) in Vi 44) and define (4 4)(c, @) to be

(o — 2d€(a,¢) (i )V + D)

where §(4,4) is the unique solution of the following equations:

2d* df(a’q;) =d*a

a.s)dv =0
/Yﬁ( )

Direct computation shows that A(4,4) is an isomorphism. O

The above Lemma shows that we obtain a locally trivial vector bundle
V over the space of connections and sections .A endowed with a U(1)-action.
Define the section ¢

s:Ax[-L,1] -V

to be
S(A,9,t) = Aay)(*g.(Fa — dvi) — o (2, ), 04%).
Near 6y, we know that ¢ = ¢71(0)/G. Therefore, the local structure of
U* at ) is given by the Kuranishi model of ¢~1(0)/G at 6.

Suppose (At, ;) is an element in U*. Consider a formal expansion at 9
of the form

A =v; +tay +t2ag+ -,

e =th + 2y + -
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The section ¢ is approximated by

*go A1y + tag + tlag+---) = *go Al
— oty + e + -t + 2 +--),
0L (thy + 2o + -+ ) + (tar + g + -+ - (thr + t2ha + - -),
where we are perturbing in a neighborhood of the wall W just by changing
the perturbation and fixing the metric go.
The zero set of the section therefore determines the conditions *dog = 0
and d*a; = 0, which imply a3 = 0 on a homology sphere. Moreover, we

have d*ag = 0 and

*dag = o(1P1,1).

On the kernel of d* the operator *d is invertible, hence we have
ag = (xd) o (1, 41).
The Kuranishi model near ¥y is given by a U(1)-equivariant map
S : R x Ker (0%2) — CoKer (09),

where U(1) acts on Ker (99;) = CoKer (89;) = C by the natural multiplica-
tion on C.

There exists a sufficiently small § > 0 such that, for ¢ € [-§, §], we have
that 87; has exactly one small eigenvalue \(t) with eigenvector ¢; and with
A(0) = 0, that is

0%t = A(t) s

This implies that, if X'(0) > 0, then the spectral flow of 85, for (¢t €
[-1,1]) is 1 and, if M(0) < 0, the spectral flow of 87, for (¢t € [-1,1]) is —1.

The map § is given by

S:RxC—C,

S(t) w¢) = HKer (829) (aAtw¢)'

Here we assume that ¢ is a spinor in Ker (89) with ||¢|| = 1, so that
Ker (0%0) = C¢. Consider the expression

(0506, 8) = =(t).

Notice that we have 2'(0) = A(0), in fact, we write formally A(¢) ~ ¢tA’(0),
¢t ~ ¢+téy and the Dirac operator 87 ~ 875 +tC, where v, ~ vp+tr; and
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C acts as Clifford multiplication by 1. We can write the first order term in
the relation 87, ¢: = A(t)¢; as

t(0% 41, ) + t{Ch, ¢) = tX'(0) + A(0).

Here the term (870 ¢1, #) = (¢1, 050 ¢) vanishes, and also A(0) = 0. Thus, we
have the relation

(C,¢) = X(0).
On the other hand, we have

(Co,¢) = 2'(0)

from the expansion of 87, ¢ = 2(t)¢.
Thus the map S can be rewritten as

S(t,wg) = 2(t)wp + t*{a2¢, p)ws + O(t°)
= wé (2(t) + t°r?((xd) 0 (8, ¢), (¢, 9))) + O(F°).

Here we use the fact that the first order term of the Dirac equation gives
%41 = 0, therefore 91 = re®¢ and o (1h1,11) = r20(d, $).
The term
7(Y; 90,0) = {(xd) "' (9,4),0(¢, )

is a constant that only depends on the manifold and on 6y. An inductive
argument shows that, if y(Y, go,0) vanishes, then all the forms «; in the
formal expansion of A; must also vanish identically. Thus, we can assume

that v(Y, go, v0) # 0.
Notice that we have

R x (Ker (8%) — {0})/U(1) =R x R.

The irreducible part of ¢71(0)/G is tangent to {0} x RT as ¢ approaches 0,
as we see in the following.

The difference A between the Casson-type invariant at ¢ = +§ can be
evaluated by counting the number (with sign) of oriented lines in ~1(0)/G,
with ¢ € [—4,d], that are tangent to {0} x Rt x {0}. Here we identify U*
with the set (S71(0) — {w = 0})/U(1). The sign of the wall crossing term
is determined by the section S, as follows. The zero set (S71(0) — {w =
0})/U(1) is given by the condition :

X'(0)

AN - -
TZ’Y(Ya 90, VO)
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Thus, we have one line in U* which is counted with the orientation deter-
mined by the sign of —y(Y, go,20) and the spectral flow. Suppose that we
have A’(0) > 0, then the spectral flow is SF¢(87;) = 1 on the path t € [-1,1].
If we have (Y, go, 1) > 0, then there is a unique irreducible solution, which
contributes a +1 to the invariant, that flows into the reducible as ¢ — 0, with
t < 0. If we have (Y, go, o) < 0, then a unique irreducible that contributes
a —1 to the invariant approaches the reducible as ¢t — 0, t > 0. This gives
the wall crossing term

AY,91) = A(Y,g9-1) — SFc(03).

This provides a geometric interpretation of the wall-crossing formula that
we derived algebraically in the previous section from the exact sequences.

Remark. With the metric dependence of A(Y,s, g) understood, we can
modify this quantity by introducing a correction term as follows. Choose
any four manifold X with boundary Y, such that X is endowed with a
cylindrical-end metric modeled on (Y, g). Choose a Spin, structure sx on
X, which over the end is the pullback of s on Y, and choose a connection A
on (X,sx), which extends the unique reducible s on (Y,s). Then we set

(131) 6v(5,9) = Inde(D) - 3 (e1(sx)* = (X)),

where Indc(DX) is the complex index of the Dirac operator on (X,sx),
twisted with the chosen Spin. connection A, and ¢(X) is the signature of
X. By the Atiyah-Patodi-Singer index theorem, £y (s, g) is independent of
the choice of (X,sx) and A. Actually, &y (s,g) can be expressed as a com-
bination of the Atiyah-Patodi-Singer eta invariants for the Dirac operator
and signature operator on (Y,s). From the definition (131), we see that

§Y(S,gl,1/1) - gY(S,g—hV—l) = _SFC(ag: )

where (g¢,¢) is a family of metrics and imaginary-valued 1-forms on Y.
Then the modified SW invariant

’\(K g) - €Y(s)g)

is a topological invariant of (Y,s). In [43], we show that the averaged version
of these modified Seiberg-Witten invariants agrees with the Casson—-Walker
invariant for any rational homology sphere.
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