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Bohr-Sommerfeld tori and relative Poincaré series
on a complex hyperbolic space

TATYANA FOTH

Let T' be a cocompact discrete subgroup of SU(n,1) which acts
freely on B™ = SU(n,1)/U(n). We suggest a construction of rel-
ative Poincaré series associated to loxodromic elements of I'. For
I' ¢ SU(2,1) we describe Bohr-Sommerfeld tori in I'\B? associ-
ated to hyperbolic elements of T' and compute the asymptotics of
the relative Poincaré series associated to hyperbolic elements of T’
in semi-classical limit.

1. Introduction.
1.1. General definitions.

We shall start with a brief review of the general concept of an automorphic
form. Let G be a connected non-compact real semi-simple Lie group with
a finite center, which we also assume to be unimodular, K be a maximal
compact subgroup of G, I" be a discrete subgroup of G. Let V be a finite-
dimensional vector space, p : K — GL(V') be an (anti)-representation of K.
A smooth Z(g)-finite function f: G — V is called an automorphic form
on G for T if

(1) f(vgk) = f(g)p(k)

for any v € I', g € G, k € K, and there are a positive constant C' and a
non-negative integer m such that

(2) If(9)l < Cllgll™

for any g € G, here |.| is a norm in V, and ||g||*> = tr(g*g) is taken in the
adjoint representation of G.

The automorphy law (1) means geometrically that f defines a I'-invariant
section of the vector bundle G xg V' — G/K associated to the principal
bundle G — G/K, where G xg V = G x V/ ~, and the equivalence relation
is given by (gk,v) ~ (g,vp(k)).
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The growth condition (2) is automatically satisfied with m = 0 in the
case when I'\G is compact.

Recall also that a function f : G — V is said to be Z(g)-finite if it
is annihilated by an ideal I of Z(g) of a finite codimension, here Z(g) is
the center of the universal enveloping algebra U(g) (over C). U(g) can be
identified with the algebra D(G) of all left-invariant differential operators
on G (with complex coefficients): to Y € g is associated a differential oper-
ator Y f(g) = 4 f(ge™)|s=o, this establishes a linear map g — D(G) which
extends to an isomorphism from U(g) onto D(G). Z(g) can be viewed as
the subalgebra of all bi-invariant differential operators, it is isomorphic to
a polynomial ring in [ letters where [ is the rank of G. A useful example
to have in mind is G = SL(2,R) and codim I = 1, then we have: | = 1,
Z(g) is generated by the Casimir operator C, and saying that a function f
is Z(g)-finite is equivalent to stating that f is an eigenfunction of C.

A well-known construction of an automorphic form on G is Poincaré

series
> a(v9),

~yel

where the function ¢ : G — V is Z(g)-finite and K-finite on the right (i.e.,
the set of its right translates under elements of K is a finite-dimensional
vector space), and ¢ € L'(G). One can also consider relative Poincaré

series
> alv),

y€T\I'

where ¢ : G — V is Z(g)-finite, K-finite on the right, I'p-invariant, and
g€ L'(To\G).

Let us explain now how to construct an automorphic form on G/K. An
automorphy factor isamap p: I'xG/K — GL(V) such that p(g1g2,z) =
w(g1, g27) iu(ga, ). It allows to define an automorphic form on G/K as
a function f : G/K — V such that

fOyz)p(y,z) = f(z)
for any v € ', x € G/K. Notice that then the function

F(g) = f(9(0))n(g,0),

where g € G, z = g(0) € G/K, satisfies (1) with p(k) = p(k,0), where 0 is
the fixed point of K in G/K. If f is holomorphic then F' is Z(g)-finite.
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In particular, for a smooth function ¢ € L'(G/K) the Poincaré series on
G/K is

(3) > a(yz)p(y, )

yel

1.2. Automorphic forms on bounded symmetric domains and
quantization.

Consider a classical system (M,w), where M is a manifold, and w is a
symplectic form on M. The main problem of quantization is to associate a
quantum system (#, O) to (M,w), where H is a Hilbert space and O consists
of symmetric operators with domain in 7. Elements of H are wave functions
(quantum-mechanical states), and elements of O are quantum observables.

The map f — f, where f € C*(M) and f € O, should satisfy the
following requirements:

1) it is R-linear,

2) if f =const then f is the correspondlng multiplication operator,

3) if {f1, fo} = f3 then fifo — fofi = ififs.

These are Dirac quantization conditions and they are famously impossi-
ble to satisfy in most cases, so one should consider a certain modification of
them.

How do automorphic forms appear in the context of quantization ?

Suppose that M is a compact Kéhler manifold of complex dimension
n which is a quotient of a bounded symmetric domain D = G/K by the
action of a discrete subgroup I', i.e. M = I'\D. Then H consists of holo-
morphic automorphic forms on D for I'. More precisely, let us consider the
well-known quantization scheme for compact Kéhler manifolds via Toeplitz
operators (it is related to the standard scheme of geometric quantization
with Kéahler polarization). Automorphic forms are holomorphic sections of
L® where the canonical line bundle L = ATy M is the quantizing line
bundle on M, here k is a positive integer which determines the weight of an
automorphic form, and A = %

We also notice that the automorphic form (3) is a sum of coherent states
associated to a holomorphic discrete series representation of G.

Let us describe all this in a bit more details. Let D = G/K be a bounded
symmetric domain, it is a Hermitian symmetric space of noncompact type.
The irreducible Hermitian spaces of non-compact type are

) SU(p,q)/S(U(p) x U(q)),
IT) Sp(p,R)/U(p),
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IIT) 5O (2p)/U(p),
IV) SO,(p,2)/SO(p) x SO(2)
(and also there is the case of an exceptional Lie group). We have a metric

(4) d82 = gijdzidzj,

the corresponding Kahler form is w = ig;jdzt A dz¥ = i001n K(z, z), where
K(z,w) is the Bergman kernel of the domain D. Recall that K(z,w) =
K(w, z) and

K (yz,7yw) = [det J (v, 2)] " [det (v,w)| " K (2, w).

A quantizing line bundle L — M = I'\D is defined as a line bundle
such that the curvature of its natural connection is the Kéahler form w on
M. Denoting the canonical line bundle by L we see that the potential
1-form corresponding to the natural connection on L is § = i01In(s,s) =
—i0In K(z, 2), hence the curvature df = —id01In K(z,2) = w and this is
indeed a quantizing line bundle for M.

A holomorphic function f : D — C is called an automorphic form of
weight k if

(5) f(yz)[det J (v, 2)]F = f(2)

for any z € D, vy € T'; here J(v, 2z) is the Jacobi matrix of transformation -y at
point z. In the context of 1.1 the automorphy factor u(7, z) = [det J (v, 2)]*.
The space of automorphic forms of weight k£ can be identified with the
complex inner product space H(M, L®*) of holomorphic sections of L&,
Now we consider a family of maps pg, here k is a positive integer, such
that p(f) = TJEk), where f belongs to the Poisson algebra of smooth real-

valued functions on M and T;k) is the Toeplitz operator on H(M, L®)
obtained from multiplication operator M }k)(g) = fg on L*(M, L®*) by the
orthogonal compression to the closed subspace H°(M, L®*), i.e. T](ck) =
a®) o M }k) oII®) | where II®) is the orthogonal projection from L%*(M, L®F)
to HO(M, L®F).

In the Berezin scheme of quantization [1], [18] for each A = § we consider

the space Fj of functions holomorphic in D and satisfying (5) with the scalar
product defined by

(f, 9) = const (R) /M F(23() K (2, 2)] Fdu(2),
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where du(z) = w™ is the G-invariant volume form on D corresponding to
the metric (4). It is clear that F is naturally identified with HO(M, L®F).
For the sake of completeness let us also explain briefly how the operator
A corresponding a classical observable A = A(z), is defined. First, we
consider an analytic continuation A(z,w) of the function A(z) to D x D.
The covariant symbol A(z,z) of A is defined as the diagonal value of the
function

and
(Af)(2) = const (h) /M Az, w) f (w)[K (2, w)]F [K (w, w)] " Fdp(w).

So we end up with the algebra Aj of covariant symbols of bounded operators
acting in F5. The *-product in Ay is given by

1
K K 2
Ay x Ay (2, 2) = const (k) /M A1(z,w)Az2(w, 2) (KE:Z;K(S?;;) dp(w).
In conclusion let us discuss the Poincaré series (3). Consider a unitary
representation of G in L?(G/K) given by the operators

[ (9)(9))(2) = [det J (g, 2)]*a(g2).

It can be regarded as a subrepresentation of the right regular representation
of G in L?(I'\G). Fix q € F, then the set {7*(g)(q)|g € G} is a system of
(generalized) coherent states. Strictly speaking, we should regard two coher-
ent states 7*(g1)(q) and 7*(g2)(q) as equivalent if 7*(g1)(q) = e**7*(g2)(q).
Now it is clear that (3) is a sum of coherent states which belong to the
subsystem associated to T'.

1.3. Comments on the subject of the present paper.

In [9] and in the present paper we consider holomorphic automorphic forms
on D =Hg = SU(n,1)/U(n). In [9] we construct sets of relative Poincaré
series which span the spaces of C-valued holomorphic cusp forms on a finite
volume quotient of D. In the present paper we regard holomorphic C-
valued automorphic forms on Hg as holomorphic sections of the line bundle
L® I'\H¢, where L is a quantizing line bundle on T'\HZ, & is an integer,
and I' is a discrete cocompact subgroup of SU(n,1). We construct relative
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Poincaré series associated to loxodromic elements of I' and we address an
interesting problem which is not resolved for Poincaré series in general: is
it true that these series are not identically zero 7 We restrict ourselves
to the case of complex dimension 2 and answer “yes” to this question going
through the following steps: 1) to each hyperbolic element of I we associate a
sequence A(l), I > 1, of Legendrian submanifolds of the unit circle bundle in
L* such that the corresponding Lagrangian tori in I'\SU(2,1)/U(2) satisfy
a Bohr-Sommerfeld condition, 2) following the method of [6] we compute
the k-th component uy of the delta-function associated to A(l) and the
leading order asymptotics of ||ug||, which allows us to conclude that the
relative Poincaré series associated to hyperbolic elements are not zero for
large values of k (i.e. in semi-classical limit /i = £ — 0).

2. Preliminaries.
2.1. Complex hyperbolic space.

Consider the complex hyperbolic space

HE = SU(n,1)/S(U(n) x U(1)) =P({z € C*** | (z,2) < 0}) ~ B™,

here B™ is the open unit ball in C*, ( ., . ) is the Hermitian product on
C™+1 given by (z,w) = 21W1 + - - - + 2ZnWn — Znt1Wnt1.

A vector z € C**1 — {0} is called negative (resp. null, positive) if the
value of (z, z) is negative (resp. null, positive).

21
For z,w € B™ the corresponding vectors in C"*! are (i) = z and

n

1
w1y

<Qf) = | |, and we denote (z,w) = zy@1 + -+ - + 2z, — 1.

n
1

The group of isometries of Hg is PU(n,1) = SU(n,1)/center. The
group SU(n,1) acts on B™ and on the boundary sphere 0B™ = P({z €
C**1 — {0}|(z, z) = 0}) by fractional-linear transformations: for

ailz ... Qin b1
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and z € B" (or z € 0B™) we have:

L (a1121+~~+a1nzn+b1 anlzl+"'+annzn+bn)T
caznnt-tepzm+d 7 azm 4 tepzm+d ’

and
det J(7,2) = (c1z1 + -+ + Cnzn +d)_(n+1),

where J(v, z) denotes the Jacobi matrix of transformation v at point z.

An automorphism is called lozodromic if it has no fixed points in B™ and
fixes two points in dB™. Notice that the fixed points of the automorphisms
correspond to the eigenvectors of the corresponding matrices in U(n,1). A
loxodromic automorphism is called hyperbolic if it has a lift to U(n, 1) all of
whose eigenvalues are real.

A loxodromic element vy € SU(n, 1) has n — 1 positive eigenvectors and
two null eigenvectors.

Let vy,...,up—1 be the positive eigenvectors of vg and 7q,...,7,_1 be the
corresponding eigenvalues. Then |7j|=1,1<j<n-1.

Let X, Y be the null eigenvectors of 79. Then the corresponding eigen-
values are A and A~! for some A € C, |\| > 1.

A loxodromic transformation can always be represented by a matrix in
U(n, 1) with eigenvalues 7y,. ..,7Th—1,A,A"1 where A € R, |A| > 1.

The geodesic connecting X and Y is the geodesic in the Poincaré metric
on the complex line containing X and Y (so it is an arc of a circle orthogonal
to OB™ or a diameter), it is vyp-invariant and is called the azis of 7.

2.2. Automorphic forms and geometry of the quotient.

Consider a compact manifold X :=I'\ B", where I is a discrete cocompact
subgroup of SU(n,1) which acts freely on B™.

The Bergman kernel for the domain B™ is K(z,w) = W (up to
a multiplicative constant) and an SU(n, 1)-invariant Kahler form on B™ is

(n+ 1)

Q=100InK(z,2) = — )

(z,2) Zdzj Ndz; — (dz,z) A (z,dz)
j=1

Remark 2.1. With this normalization the holomorphic sectional curvature
4 4

is equal to — =7 and the sectional curvature is pinched between ——=5 and
1

—n—l—l'
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A holomorphic function f : B® — C satisfying the automorphy law

6) F(yz)(det J(v,2))* = f(2)

for any v € I is called an automorphic form of weight (n + 1)k for I'. The
corresponding automorphic form on SU(n, 1) is given by F(g) = f(g(0))¢¥,
where ¢ = ((g) = detJ(g,0) and the origin 0 of B™ is the fixed point of
K =8(U(n) x U(1)) =~ U(n). The automorphy law on the group is

F(ygr) = F(g)p(k),

where p(k) = (det J(k,0))*, for any g € G, v € T, k € K. Notice that
v : { = (detJ(y,z) for any v € SU(n,1). The automorphic form F(g)
can be regarded as a section of L* where L = A™Ty X is the canonical line
bundle, and T} ;X denotes the holomorphic cotangent bundle on X.

We shall denote the space of automorphic forms of weight (n + 1)k for T
on B"™ by Siny1) x(T") and the corresponding space of automorphic forms on
SU(n,1) by S'(,H_l)k(I‘). The inner product in each of these spaces is given
by

(1.9) = (I 9() = [ falte, ) D¥a

where
ndz1 NdZLA - ANdzn A dZy,

V=i (—(z 2™

is a constant multiple of the SU(n,1)-invariant volume form for the metric
corresponding to 2.

Given a subgroup I'g of I and a holomorphic function ¢(z) satisfying (6)
n k
for all v € I'y and such that fFo\Bn lg(2)|(—=(z, z))( v < 00, the relative

Poincaré series associated to I'g is defined as

O(z) = Y qlvz)(detJ(y,2))*,

Y€\

By Theorem A.1 (Appendix) this series converges absolutely and uniformly
on compact sets and belongs to the space S(p41)x(T)-
The potential 1-form # on L* is characterized by

Vs = —1ibs,

where V is a connection on L* and s is the unit section. In local coordinates
the potential 1-form corresponding to the natural connection on L* is

0 = id1n(s,s) = —idIn(—(z,z))"+1.
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The curvature on L* is df = —(, hence L is the natural quantizing line
bundle for X.
Let
E, = HO(X, L®F)

be the complex inner product space of holomorphic sections of the k-th
tensor power of L. Consider the unit circle bundle P C L*. Denote also
L= \"Ty B, P - the unit circle bundle in L*.
The connection form o : TP — R on P is
d (dz,z) _ d¢

a=0+z?=—(n+1)z (Z,Z> +7;?——d¢+

in local coordinates z € B", ¢ = (—(z, z))nTHei¢. It serves as a contact form
on P and P.
A Lagrangian submanifold Ag C X satisfies a Bohr-Sommerfeld condi-

tion if "
— | 0€Z
2m /C €

for any closed curve C C Ag. The constant % plays role of the Planck
constant.

The unit disk bundle in L* is a compact, strictly pseudoconvex domain
with smooth boundary P. Let us consider the Hardy space of P: E C L?(P)
and the Szégo projector

n+ 1i(z,dz) —(dz, 2)
2 (z,2)

II:L*(P)— E
given by the orthogonal projection of L2(P) onto E. We identify:

E - @z.;oEk.

We also denote
E, = {f(z)(k | (2,¢) € P, f is holomorphic on B",

[ Rk < ool
We shall denote the corresponding orthogonal projection by
fl: L2(B) = 62 B

Both projectors can be extended to a class of distributions including the
delta function.
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3. Construction of relative Poincaré series associated to
certain loxodromic elements of I'.

Consider a loxodromic automorphism of B™, represent it by a matrix
70 € U(n, 1) with eigenvalues 71, ...,Tn-1,\,A7L, |75l =1, 5 =1,...,n — 1,
A € R, |A| > 1, denote the corresponding eigenvectors by v1,...,vn-1,X,Y
(v1,...,vp—1 are positive, X, Y are null). Notice that if each 7; is a root of
1 then some power of g is a hyperbolic element.

Now consider an arbitrary loxodromic element vo € I' C SU(n, 1) repre-
sented as described above and assume that g satisfies the following condi-
tion.

Assumption 3.1. Assume that 1 is among the eigenvalues of vg.

Remark 3.2. If g € U(n, 1) is hyperbolic then g? is a hyperbolic element
of SU(n, 1) which satisfies Assumption 3.1 and has the same eigenvectors as

g.
Generalizing the construction suggested in [9], for any collection, w.l.o.g.

V1, -, Um, m < n — 1, of positive eigenvectors corresponding to eigenvalue
1 we construct a relative Poincaré series

@’YOalak = Z QZ(")’Z)(det J(’Yaz))Qk € S2(n—|-1)k(r)7
YETO\T

where T'g = (7o),

{z,00)" - (2, 0m)"m
({2, X) (2, Y)) Dk E5E
li,...,l, are positive integers such that Iy +---+1,, is even, I = (I1,...,ln).
The series converges absolutely and uniformly on the compact sets of B™ by
the Theorem A.1 (Appendix) for k& > 1.

If n = 2 then the loxodromic elements of I" satisfying Assumption 3.1 are
exactly the hyperbolic elements of I'. The relative Poincaré series associated
to a hyperbolic element vy € I is

Opik = Y. a(y2)(det J(v,2))** € Ser(T),
y€TO\T

1(2) =

where I'g = (7o),
e
W)= X, P

and ! is a non-negative integer.
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Remark 3.3. Let 7; and 72 be hyperbolic elements of I'. If y; = v’ for a
positive integer N, then ©,,;r = NO,, ;.

Remark 3.4. In further exposition we assume that [ > 0. The relative

Poincaré series with [ = 0 studied in [9] are associated to closed geodesics
(not to Lagrangian tori).

4. Bohr-Sommerfeld tori.

Consider a hyperbolic element v9 € I' C SU(2,1), denote its null eigenvec-

X1 i
tors by X = | X2 |, Y = | Y2 |, denote its positive eigenvector by v, then
1 1

the corresponding eigenvalues are A\, A™1, 1, for A € R, |A\| > 1. We have:
(v, X)=(@®Y)=(X,X)=(,Y)=0.

We normalize v so that (v,v) = 1, then the matrix

belongs to SU(2,1).

)’(Tv ot 1 0 O

The transformation A=! = s Y.X) + 5 |s,wheres={0 1 0 |,
XT _ YT 0 0 -1
Y, X) 2

maps the complex line containing X and Y to the complex li~ne {z1 = 0}
and maps the geodesic connecting X and Y to the geodesic C' connecting
(0,—1) and (0,1). More precisely

0 0
At x = [ &N 4ty = | 1|,
XéY) -1

where - stands for the standard linear action of GL(3,C) on C3, so

0 0
A x =1}, 4y =|-1],
1 1

also A7 1.y =

O O =
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The following loxodromic element of SU(2,1) preserves C and the com-
plex line {z; =0}:

1 00
yi=A"tpA=(0 a b]|,
0 b a
where
a:A2+1 b=1\.2_i_1
22 )N
Denote

-1
w=(w1,fw2) =A"1z, wy = A7 2, wy = A 2,

and apply the change of variables

ret — i _ .
Wy = , w1 =1 — wowaRe®©,

, red + i
\
0<op<m 0<r<+4o0, 0<R<1, 0<0 < 27T.

Proposition 4.1. Any 2-cylinder Cyp g = {¢ = const, R = const} is -
invariant.

Remark 4.2. The coordinates (r, ¢) are the polar coordinates on the upper-
half plane, (R, ®) are the polar coordinates in the unit disc, and the coor-
dinates (r,©) on the cylinder Cy g ~ R x S 1 are the axial and the angular
coordinates respectively.

Proof. Under the action of «

ib_; . ]
) — awy+b @ Zz +z +b _r(a+ b)e*® —i(a — b) g+2e’¢ -1
e b e et D Tila=b) | reed iy

SO ;
r—)ra+ , ¢ — o,
a—2>
also
|w1' lb'w2+a.| |w1|
\/1—'!021?)2 \/1 | act2 T VI—wwy

so R — R. O
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For a positive integer | consider the following submanifold of P:

T() 1= {(w, (~(w,u))}e¥) |we {p= 3, R= /), ¥ =10},

The natural projection of T'(l) to B2 is the cylinder C, \/— whose axis of
21V Bk+H

27
symmetry is the geodesic C. Denote T(l) = (v) \ T(1), A(l ) = AT(I) and
o = (70)-

Proposition 4.3. A(l) := AT(I) =Ty \ A(l) is a compact Legendrian sub-
manifold of P.

Proof. Both T'(I) and A(l) are compact submanifolds of P of real dimension
2.

Let us prove that A(l) is Legendrian. The restriction of o onto T'(I) is

_ggldww) | de
(w,w) ~ ¢
_ _§7: ’If)lii'wl +1D_2dw2 n §'I, 'wl_dﬂ)l —I—'LU_2d1I)2 _dy

2 wiwy +wowe —1 2 wiwy + wole — 1
B 3 (1 — woy ) R?idO + /1 — woWa R2d+\/T — watwg + wadwo

2" (1 — wowg)R? + wetwg — 1
n § —(1 — wowy) R%dO + /T — wows R2d\/T — watis + wadiby — i
2 (1- ’LU2w2)R2 + wowg — 1
3 (1 — w3)R*dO + /1 — wiR%d\/1 — w2 + wadws
-9 (1—w3)(R2-1)
L3,-0- w3)R%d® + /1 — wiR?d\/1 — wf + wadw, "
2 (1-wi)(R2-1)
(1 —w3 R2id@ de@

l
"d®
=37 — + 20 =0.
3k+l

The form « is SU(2, 1)-invariant, indeed, under the action of M € SU(2,1),

(2,¢) = (Mz,¢det J(M, 2)) = (Mz,(c?),
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where ¢ = ¢(2) = (m3121 +ma222 +mg33)”L. We have:

o= z%“‘: —3i0In(—(z,2)) — zd(c(fg) —3i0In(—(Mz, Mz))
= z&:?%@ — 310 In(—(z, z)cc)
= z%g + 37,— —3i01In(—(z, z)) — 3id1n(cc)
_ z%g 31— — 30 In(—(z,2)) — 3%
= z% —3i01n(—(z, 2)).

The natural projection Ag(l) of A(l) onto X is a compact Lagrangian
submanifold of X.

Proposition 4.4. Ag(l) satisfies a Bohr-Sommerfeld condition.

Proof. Let To(l) be the natural projection of T'(I) onto B2, and let Ty(l) be
the natural projection of T'(l) onto X, ATp(l) = Ao(l). If C C Ag(l) is a
closed curve then A71C C Tpy(l) is closed too. Let z € Ag(l), w € To(l),
¢ = c(w) = (az1w1 + agaws + az3) !, we have:

—/09=3i/081n(—-(z,z)) =3i/A_1081n(—(Aw,Aw))
=3 /A_lcaln(—(w,w)cé) =3i /A_lo(aln(~(w,w)) +0lnc)

=3i /A_IC(Bln(—(w,w)) +dlnc) = 31'/A 0 ln(—(w,w)),

_1C

so [0 is A~ -invariant (in fact SU(2,1)-invariant) and it is enough to prove
that Tp(!) satisfies the Bohr-Sommerfeld condition. The restriction of 4 to
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To(l) is

. Widw; + Wedwy
— 3i—— =

wiw] + watwg — 1

3 (1 — wows) R%dO + /T — wowa R2dv/1T — watg + Wadws

(1 — wow2)R2 + wowy — 1
_ —3i(1 — w3)R%*dO + /1 — w3R%d\/1 — wi + wadws
(1 —w3)(R? -1)
~ 3i(l — w3)R%dO + /1 — w%RQ;le—\/ﬁ_d—E + wadwe
B (1-w3)(R?—1)
2¢
= -3 <R1212—z ld@ - ;Uidzwug) 3RR d® — 3i- dln(l —wd)
2

l 3.

= _EdQ - izdln(l —w?),
then
k l 3. 9
) (EdQ + Ezdln(l - wg))
=—l- d@=L27rm=lm€Z.
21 Ja-10 2m

O

So the torus Ag(!) is a Lagrangian submanifold satisfying the Bohr-
Sommerfeld condition.

Proposition 4.5. The orthogonal projection of the delta function at
(w,n) € P into Ey, is

Bk -1k -2) ¢*q*
472 (z,w)3k"

\Il(w,n) (z, C) Hk (5(w ) )

Remark 4.6. The orthogonal projection of the delta function at (w,7) € P
into Ej, is the coherent state in Ej, associated to the point (w,n) € 13, by
definition g¥(y ) = g,y for g € SU(2,1).

Proof. The fact that U, ) = I:Ik(d(wm)) is equivalent to the reproducing
property:

Flw,n) = /P ) (2 OV (2 O)V A i
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for all F € Ej,. Given any orthonormal basis {Fy 1} for E},, we can write the
reproducing kernel as the series ¥y, ,)(2,¢) = >, Fix(w,n)Fi(z,¢) which
converges absolutely and uniformly on compact sets.

Using the basis

3k41+m—1
Eumi(2,€) = w\/( l!m!(3k—3).) A7,

which is orthonormal with respect to the inner product

(F(2)¢F, g(2)¢F) = i* /B ] Fg(—(z,2))**73dz Adz1 A dzo A dZo,

we obtain:

\Ij(w,n) Z C) Zﬂmk w n)ﬂmk(z C)

Im
1 3k:—|—l—|—m—l) 1 - l k -k
- Z O I R A
gkk (Bk+1+m—1)!
2(3k — 3)! - I (w121)'(222)"

To calculate

Bk+1+m—1) Y™ Bk +1+m—1)
Z m=z—“z I z
m l

Im

we notice that

N+, d AN _ ﬂtN
; ! t = dtNZ TdtN1—t

v _1+ 1
TdN\1-¢t  1-t¢

41 N
TdtN1—-t (1-t)Nt
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hence

y_””_z(3k+l+m—l - _zy Bk+m—1)!

m! m! (1 — z)3k+m
m l

1 (3k+m —1)! m
=(1—at)3‘ICZ +m! ) (lga:)
1 (3k — 1)! (3k — 1)!

Tl L)* T (I-z -y

sO

B Ckﬁk 3k —1)!

U (wm)(2,€) = A72(3k — 3)! (1 — W1z1 — Wozg)ok
_ BE-1)(Bk—2) 4 4 1
= . ¢ n (-—(z,w)):”k.

For Esp we have:

(6 — 1)(6k — 2) (g2

Yum(z,0) = Mok (S(u,m)) = An2 (z, u)oF"

We omit the weight in the notation ¥, ;)(z,() but further exposition will
be for Ey (i.e., weight 6k) so this will not lead to any confusion.

To get the orthogonal projection of the delta function at [(u,n)] € P =
'\ P (by [(u,n)] we denote the equivalence class of (u,n)) into By we
average over the action of I':

(7) Mot (Situsm) = D 9% (un)-
ger

The series (7) converges absolutely and uniformly on compact sets by The-
orem 9.1 [4].

Following the method of [6], to the submanifold A(l) C P we associate
a section ugy € Eop defined as follows:

ugg = /A )sz )V = / 99 um¥

QEF (l)

Z Z / 970 un) 2 C)V

g€l /Tg m=—00
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- X [ ot or

ger'/Tg m=—o0
Z / \I[(uﬂ?) z C Z / \Ij(u,n) z C
g€l /Ty g~ 1elo\T

where
. d(A—l’lLl) A d(A—l’U,z)

A‘lul 1- (A_1U2)2 '

Proposition 4.7.

(i) I:= fA (wm(z: Qv = C((z Xg’z’:;f;)%Jr ¢?*, where the constant C is
given by
23k =2 (3K 4+ 11— 1)) (3k)3kI!

™ (20)I(6k — 3)! (3k + [)3k+ (—(¥, X))*+,

C =

(i1) fA(l) |v| = 2mIn |\

Remark 4.8. The 2-form v on 1~\(l) is «p-invariant and in properly chosen
coordinates (r,0) on Ag(l) it is expressed as v = tdond.

Proof. Let u € A(l), w = A~ 'u € T(l), then

;- (6k—1)(6k—2) o2 / 72* d(A™ ) N d(A™uy)
472 o (7w A=l 1— (A=1ug)?
_ (6k —1)(6k —2) c2
B 472
/ ((—(w,w))Te~ det J(A,w))2* dw;  dws
’ 6k A 2
(1) <Z, A’LU) w1 1-— wy

_ (6k —1)(6k — 2) .5 (—(w, w))3* e ?*¥ (det J (A4, w))**
N 47?2 ¢ / 0 (A7lz,w)0k(det J(A,w))%
o dw1  dws

A
w1 1 — w?

U1
let A7z = (w) , then we get:

1

- (det J(A7L, 2))

(6k — 1)(6k — 2)

¢ (det J(ATH 2))

I =
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/ (—(w, w))3*e 26 duyy dws
(1) (1)11?)1 + vowo — 1)6k w1y 1-— w%’

on T(1)
_r=1l [ 5nie_ 2VT o e
w2_'r+1’ wi = 1/1—wsRe —T+1Re ,
4r
_ 2 2y _ 2
so we have:
1= O DORZ2) on ot g4, 241 - )
/ (‘(rll)f)?’ke_izw i N dr
() (v1 %Re—ig +vplr — 1)6k 2 T
= OR 2 VOR=2) o qen g4, 2))% (a1 - B

(&S] 2 ,,,3k—lei2l@
. / dr de - .
0 0 (v124/TRe™© 4 vo(r — 1) —r — 1)6k

The integral

/ 1 dw B o1
hol=1 (Aw + B)k w2417 |4

is equal to

omi d? 1 oo = omi (6k + 20 — 1)1 A%
20)! dw? (Aw + B) “=° ~ (21 (6k — 1)l BOk+2l’

Let w = e7©, A = v12\TR, B = vy(r — 1) — 7 — 1. Let us check that
8> 1.

vg(r—-l)—r—lk_ vowg — 1 S [vowg — 1]
U12\/FR v R4/1 — wg V1 — v Ry/1 — wg
> [vowg — 1| 51
\/1—’1)2’172\/1—102i

because

0 < vy — wa|? = (Tg — w) (v — wa) = vaTy — Towg — Wovy + Wi

= —Ugwg — W2V + 02’17210% + 1+ vovg + w% - ’1)2’17211)% -1
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= (Tqws — 1)(vowa — 1) — (1 — vata)(1 — w%)
We get:
2mi (6k + 21 — 1)!

2@ (6k —1)!
3k 1+ 2l22lR2l

- (det J(A™, z))%/ (ar—1) =7 1)6k+2ld

431+ (6 4 20 — 1)! R2(1
(20)!(6k — 3)!

;- _(6k— 2526’? -2) 2 (4(1 — B2 )3k i

( R2)3k<~2k(d t ,]( z))2k

2l [eS) 3k—1+l
. dr.
(’U2 _ 1)6k+21 /0 (,r _ zzi—i )6k+21

Notice that —3— can not be a real non-negative number, and the integration
by parts glves

/-oo p3k—1+1 i — ((Bk+1-1)1)2 v —1 Sk+
o (r— wEl)kia " 6kt 21— 1) v2 +1 ’

va—1

hence

43k+l—1 ((3k +1- 1)!)2

T (21)!(6k — 3)! R¥(1 — R%)3F
v2142k
(det J( z))?k; [(1 — ’1)2)2]_ +’U2)]3k+l’
and
v
[(1 = v2)(1 + vp)] 3%+
= (A71z, A7)
= ((A_lz’A—1X><A_12,A_1Y>)3k+l
2. 0)2 -
- (<Z7X<><7:>Y>)3k+l (det J(A™",2))7* (‘@) ,
therefore

2k H=2 ((3k + 1 — 1)1)%  (3k)3*
7 (20)!(6k — 3)! (3k + [)3k+

Proof of (ii):

/ o / |d(A‘1u1)/\ d(A~u)
A() ar@y| A7tur 1 (A7lup)?

(g, st

= (o X) (2, V)
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/ dw: dws
= A >
)| w1 1—w;

BY 27 1
= / dr dO— =2mIn|A|.
|)\|—1 0 2r

We got:
gy (2,¢) = ¢ Z a(gz)(det J(g,2))** € Soppni1)i(T),
g€To\T

where
(z,0)%

({2, X)(2,Y))3+

~—and the relative Poincaré series associated to Ag(l) is

ql(z) =C

Orok(2) = Z q(gz)(det J(Q,Z))Zk € So(n+1)k-
g€TO\T

From the results of [6] (Theorem 3.2, Corollary 3.3) it follows that for
large values of k

2k
3e]2 = [ 5l[% ~ 2 / V] = 4kIn|A]),
™ JAQ)

and, in particular, the relative Poincaré series ©., ; 1 are not identically zero
for large weights.

Acknowledgements. The author would like to thank Svetlana Katok for
suggesting to consider the problem and the referee for useful and interesting
comments.

Appendix A.

We shall prove the following theorem modifying the proof of convergence of
Poincaré series contained in [4] and [3].

Theorem A.1. Let ¢ be a C-valued function on G = SU(n,1). Assume
that :

1) ¢ is Z(g)-finite,
2) pE LI(FO \ G):
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3) ¢ is K-finite on the right.

Let po(x) = 3 ero\r £(1%)-
Then p, converges absolutely and uniformly on compact sets.

Proof. By Lemma 9.2 [4] there exists a € C°(G) satisfying a(k~'zk) =
a(z), k € K, z € G, such that ¢ = ¢ x @. Fix a neighborhood U of 1 in G
such that U~! = U, the closure of U is compact, and U D supp . We have:

o(vz) = (o * o) (yz) = /G o(vzy)e(yHdy = /U o(vzy)a(y™)dy,

hence

o)) < llalle | ToCran)ldy = llalle [ lo(rw)ldy
U zU

Here o] oo = sup,cy la(y)|

Fix a compact subset C of G. We want to prove absolute and uniform
convergence on C. The closure of CU is compact. CU is covered by N copies
of a fundamental domain of I in G (i.e., a connected set of representatives
of I'\ G), where N is a positive integer. Denote these domains by F1,. .. ,Fy.

Let z € C. Then

o)l < llodles [ letrilay < llalloo [l
and we get
llelleo | le(yy)ldy
= |lafloo o(vy)ldy
VGFZO\F/
<leflo > lo(yy)ldy +---+ | le(yy)ldy
y€To\l (/ /FN >
= Jlaloo ( > / lo(y)ldy +-+ > / (1) Idy)
~vEL\I ~v€TO\T

= Nloflo /]P ey < oo
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So we proved that

p(72)] < ey 1= lon /C lelw)ldy

and that the numerical series szFo\F cy converges, hence by Weierstrass
theorem the series ZveFo\I‘ ©(yz) converges absolutely and uniformly on C.
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