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Semistable Degeneration of Toric Varieties and
Their Hypersurfaces

SHENGDA HU

We provide a construction of examples of semistable degeneration
via toric geometry. The applications include a higher dimensional
generalization of classical degeneration of K 3 surface into 4 rational
components, an algebraic geometric version of decomposing K3
as the fiber sum of two F(1)’s as well as it’s higher dimensional
generalizations and many other new examples.

1. Introduction.

Surgery operation has been a central topic in every branch of topology and
geometry. For example, in 3-dimension, geometrization conjecture states
that one can classify 3-dimension into eight different “geometries” up to
certain connected sum surgeries. For 4-manifold, we don’t have such a clas-
sification conjecture precisely because we do not yet understand the surgeries
of 4-manifolds. Unfortunately, connected sum is not a surgery in symplectic
geometry. Instead, surgery theory in symplectic geometry is more subtle
and influenced more by surgery in algebraic geometry. The latter is the
main topic of this article.

There are primarily two types of surgeries in algebraic geometry. One
class is birational transformation such as blow up-blow down, flip-flop. The
birational geometry is a central topic in algebraic geometry. The famous
Mori theory was designed to study this type of surgeries. Their importance
in symplectic geometry was documented by many important papers [17],
[15]. Another class of surgery comes from deforming the defining equation
of algebraic varieties. Suppose that F; = {f; = 0} for ¢t # 0 defines a family
of smooth algebraic varieties. We can let ¢ — 0 such that Fy = {fo = 0}
acquires singularities. We further require the singularities of Fj to be nor-
mal crossing. In this case, Fy can be viewed as a union of smooth manifolds
intersecting along (complex) codimension 1 submanifold. Namely, we “de-
compose” F; as a union of manifolds intersecting each other transversely.
This is precisely what we mean surgery in topology. However, this is still
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too general to have any nice theory. Mumford proposed the notion of “semi-
stable degeneration”.

Definition 1.1. A degeneration is a morphism = : X — U OpCen C with
0 € U, such that the restriction 7 : X \ 7~1(0) — U \ {0} is smooth.
7 is semistable, if X is nonsingular and the fiber 771(0) is reduced, with
nonsingular components crossing normally (cf. [12] Ch II).

In many ways, semistable degeneration is the correct set-up to work with.
For example, the monodromy is unipotent. Well-known Clemens-Schmidt
exact sequence related cohomology of F; to that of F{;. Hodge structure has
a nice limit at Fy. There is a theory of log differential forms on Fy. The list
goes on.

In a different direction, semistable degeneration also appears in quantum
cohomology. During last several years, a central topic in quantum coho-
mology is the surgery theory for Gromov-Witten invariants. In symplectic
category, there are two different versions of surgery theory by Li-Ruan [15]
and Tonel-Parker [11]. Recently, an algebro-geometric version analogous to
that of Li-Ruan was obtained by J. Li [16]. These surgery theories have
many important applications in quantum cohomology. The set-up in these
surgery theories is precisely semistable degeneration. One of purposes of this
article is to provide many more interesting examples to apply these surgery
techniques, which the author hope to investigate in the future.

Although we have many beautiful theories for semistable degeneration,
surprisingly, there are few concrete examples. Mumford proved a general
theorem that every degeneration induces a semistable degeneration. How-
ever, Mumford’s theorem is not constructive and not very useful in terms of
constructing example. The only nontrivial example in author’s knowledge
is the semistable degeneration of K3-surface into four copies of blow up of
CP? along 6-points. It is a beautiful construction and let us briefly describe
it. We first take a degeneration of smooth degree 4 hypersurfaces of CP? to
a union of four hyperplanes, say a pencil. This pencil has base loci. We can
blow up CP? to resolve base loci. In this process, we increase the number of
components in central fiber. Now the total space is a 3-fold and Mori theory
applies. We use Mori theory to blow down the total space. The resulting
one is a semistable degeneration where the central fibers are four copies of
the blow-up of CP? along 6-points. In higher dimension, we do not have
Mori theory. Hence, we do not know if there is a semistable degeneration of
quintic Calabi-Yau 3-folds into five copies of blow-up of CP?. Our method
in this article will provide such an example and much more. In fact, we
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will describe a general method to construct semistable degeneration of toric
varieties and their hypersurfaces. Then, we will use our methods to con-
struct many examples. Our examples include the classical example of K3
and its natural generalizations into higher dimension such as Calabi-Yau
hypersurface of CP". Many other examples are also constructed.

Toric varieties can be thought of as compactifications of an algebraic
torus (C*)™ and polytopes or fans are used to describe how the compacti-
fications work. They contain many interesting varieties as subvariety. For
example, most Calabi-Yau 3-folds known up to now are subvarieties of toric
varieties. In principle, one could obtain everything about a toric variety
from the fan or polytope that defines it. We consider here toric varieties
that can be defined by a polytope (open or compact). In the case of com-
pact polytope, it specifies not only the toric variety, but also a polarization,
i.e. an embedding into some projective space. This will enable us to write
down how the equations change when the toric variety (or its subvarieties)
degenerates. Through polytopes, our construction connects back to sym-
plectic geometry via the moment map — it can be thought of as “doing
surgery with respect to the image of the moment map”.

The first main result in this paper is that we can talk about semistable
degeneration in toric category. Namely, the total space, the smooth fibers
and the components in the central fiber are all toric varieties. The initial
data is a subdivision I of a nonsingular polytope A (thus X, the toric variety
defined by A, is nonsingular) and the theorem is

Theorem 3.1 If ' is a nonsingular semistable subdivision, then there ex-
ists a toric variety X and a map p : X — C, such that p is a semistable
degeneration of X to p~1(0). The dual graph of the fiber p~1(0) is given by
the dual graph of the subdivision T' and a component in p~1(0) is the toric
variety defined by the corresponding subpolytope in T.

Given a semistable degeneration p : X — C, we can consider a smooth
subvariety V in X. Suppose that V intersects transversely with general
fiber of p as well as all the components in the fiber p~!(0). Then in a small
neighbourhood of 0, the restriction of p to V' gives a semistable degeneration.
In our case, we also see that the components in (p|‘~,)71 (0) are subvarieties
of toric varieties. One application is

Theorem 4.7 There is a semistable degeneration of degree n+1 Calabi-Yau
hypersurface in CP™, such that all the components in the singular fiber are
rational and the dual graph of the central fiber is the triangulation of S
by the boundary of n-simplex.
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Another result also concerning Calabi-Yau hypersurface is a generalization
of realizing K3 surface as fiber-sum of two E(1)’s.

Theorem 4.8 There exists a semistable degeneration of Calabi- Yau hyper-
surface in CP?**1 into two components Y; (i=1,2), such that Y1 =Y, =Y
satisfy the following: (Ky)? =0, —Ky is effective and defines a Calabi- Yau
subvariety Z of Y, Z is isomorphic to a hypersurface in CPF x CP* and the
singular loci of the central fiber is Z.

The idea of studying families using subdivision of polytope has appeared
in the literature, e.g. [1]. Alexeev has completely different purpose of con-
structing the completion of an arbitrary one-parameter family of stable toric
pair and semi-stability was not an issue. In particular, semi-stability was
not an issue in [1]. For compact polytope, our construction fits well with the
GKZ construction [8] and Chow quotients and families [13] [14]. In partic-
ular, it gives geometric description for some facets of secondary polytopes.

The paper is organized as following: §2 describes the construction of
the polytope A. The main theorem 3.1 is proven in §3. The examples are
in §4. 85 describes a generalization of the construction to give semistable
degenerations with higher dimensional base.
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2. Semistable subdivision of polytopes.

This is a purely combinatoric section. The main result is theorem 2.8 and
we won’t need the details of the proofs in the rest of the paper.

Let M and N be dual lattices of rank n and (-, -) denote the pairing be-
tween them. We consider a (not necessarily compact) simple lattice polytope
A in Mp:

(2.1) A={veMr]| (v,n;) > —a;, n € N, a; €Z for i=1,...,s},

with all vertices in M. Let I' be a (polyhedral) subdivision of /A into union of
subpolytopes {A;}. T'is called simple if all /\;’s are simple polytopes. An
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open [-face o of A; will also be called I-face of I" and be denoted by o < T.
We make an exception for the 0-faces of A by declaring they are not a 0-face
of I'. The restriction of I to ¢ < A is defined to be the subdivision formed
by {AjNo} and denoted by I'No, thus the faces of I'No are also faces of I
When not explicitly stated, all faces are relative open faces while polytopes
are closed polytopes.

Definition 2.1. A simple subdivision I' is semistable if for any [-face o of
I' and k-face 7 of A, if o C 7, then there are exactly £ — 14+ 1 A;’s such
that o < Aj.

Example 2.2. Let M = Z and A be the line segment between 0 and n € Z.
Any subdivision with subdivision points in Z is semistable.

Example 2.3. Let M = Z? and A be the convex hull of the points (0,0),
(3,0) and (0,3). For the subdivisions shown in figure 1, the first two are
semistable while the last one is not.

Figure 1.

Proposition 2.4. If ﬂﬁzlAjiﬂak # 0, for a k-face o, < /A, then it has
dimension k — [+ 1.

Proof: We prove it in three steps.

Step 1: Ifni_ Aj, # 0, then it has dimension n — + 1.

First suppose I = 2. Assume the opposite, i.e., A;NA; # () has dimension
s < n—1. Let 7 be an s-face of I' that is contained in the intersection.
Suppose 7 lies in a t-face oy of A, then 7 is a face of t — [ + 1 Ag’s. Since
A is simple polytope, oy is a face of n — ¢ (n — 1)-faces of A. On the other
hand, there are n — s (n — 1)-faces of A\; having 7 as a face and at most n —¢
of them could lie on (n — 1)-faces of A, which left t — s of them contained
in the unique n-face of A. From assumption, A; and A; have no common
(n —1)-faces. Then 7 has to be a face of t —s A}’s other than A; or A;. In
all, 7 is a face of t — [ + 2 A},’s, contradiction.
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For general [, the [ — 1 intersections Aj; NA;, (k=2,...,1) are (n — 1)-
faces of A;,, which has non-empty intersection. They have exactly one
common (n — [ + 1)-face by property of simple polytope.

Step 2: If A;Noy, # ) for a k-face o), < A then it has dimension k.

Suppose A;Noy # 0. Let 7 < T be a s-face contained in the intersection.
Then 7 is a face of exactly k — s + 1 Ay’s, say, {A;,ANj,...A, .}. By
proposition 2.4, in the n — s + 1 (n — 1)-faces of A; that have 7 as a face,
k — s of them are the intersections with Aj,’s, which left n — & of those lie
on the n — k (n — 1)-faces of A that oy is a face of. So there is a k-face of
A\; having 7 as a face contained in o;. In particular, the subdivision I'Noy
is semistable.

Step 3: Apply step 1 to the semistable subdivision I'Noy. O

Proposition 2.5. T' is semistable then for any vertex p of I' which is not a
vertex of A\, there are exactly n + 1 edges og...,0, of I' such that p < o;.

Proof: First assume that p is in the interior of A, then p is vertex of n 4+ 1
subpolytopes, say Aj—q... . For each of the edges of I' that p is a vertex of,
there are n of the A;’s intersecting along it. The proposition follows.
Suppose p C o for o a k-face of /A, then p is vertex of k+ 1 subpolytopes,
say Aj—o, . k. Since I'No is semistable, p is vertex of k+1 edges of I'No. By
proposition 2.4, the A;’s intersect along the closure of a (n — k)-face of T',
which gives n — k edges of I' that have p as a vertex. Adding the numbers
we finishes the proof. O

We define the dual simplicial complex Kr associated to a semistable
simple subdivision I' as following. The set of vertices is the set of polytopes
in subdivision I'. For each [-face o in I' that lies in the interior of A, an
(n —1)-simplex « is defined by the polytopes that o is a face of. It’s easy to
see that Kt is contractible since A is contractible.

Let T" be a semistable subdivision and p < I" be a vertex contained in an
I-face 7 of AA. Then there are [ + 1 edges oy, ...,0; of I'N7T such that p < o;
(i =0,...,0). Fori=1,...,l, let 0;(p) denote the primary vector of o; at
p, then they satisfy a single integral relation wgog(p) + ... + wioy(p) = 0
for some w; > 0. Reorder the w;’s such that wy < wy < ... < w; and call
the primary vector W, = (wo,...,w;) € Z*! the weight vector of T' at p.
Recall that a vertex p < A is nonsingular if the primary vectors of the edges
meeting p form a basis of the lattice M.

Definition 2.6. A vertex p < I' is balanced if W), = (1,...,1), is nonsin-
gular if p is nonsingular in all sub-polytopes containing p. A semistable
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subdivision is balanced (resp. nonsingular) if all it’s vetices are balanced
(resp. nonsingular). Suppose Kt is [-dimensional, mazimal vertices of I" are
the vertices of I' that lie in some I-face of /A. A balanced I is mildly singular
if all its maximal vertices are nonsingular.

Obviously, p is balanced if p < I' is contained in an edge of A. Also clear
from the definition, any intersection among the subpolytopes of I' contains
at least one maximal vertex. The last sentence of the definition makes sense
due to the following;:

Proposition 2.7. For semistable subdivision I', nonsingular vertex p < I
1s balanced.

Proof: Let T be the [-face of A that contains p. First suppose [ = n, i.e. 7 is
the interior of A. Let oy,...,0, be the n+1 edges of I'N7 such that p < o;
(¢ =0,...,n). Since p is nonsingular, we can write oo(p) = > | £04(p).
Now the signs are all negative since p is an interior point of A.

For general [, the result follows from applying the above to I'Nr. g

Theorem 2.8. Let I' be mildly singular. There exist concave piecewise lin-

ear continuous functions F on T. Let A = {(y,z)|y > F(z)} CRx A C
R x Mg. F is unique upto addition of affine functions when we require F
be integral and

(2.2) A be nonsingular over the mazximal vertices of I

If furthermore A and I" are nonsingular, then A s nonsingular.

Proof: Suppose 0 = AjNAj be a (n — 1)-face of I'. Let p < o be a maximal
vertex, then there are n + 1 edges 79, ...,7, of I' that meet at p. Suppose
that 79 A A;, while 1 A Aj;. Let f;;, be the rational affine function
which defines the hyperplane that contains o and fi;,(p + 70(p)) = 1. By
definition, f;;, = —fjip- For another maximal vertex ¢ < o, we can define
fij,q similarly. Since p and ¢ are both nonsingular we have f;; , = fij.q =: fi;-

Let A= {f: Mr — R | f affine and f(M) C Q} be the group of all
rational affine functions on Mg. A can be identified with Q"*!. Let C(Kr)
be the oriented chain complex of Kp and define « € Hom(C1(Kr),.A) by
a(kp;nn;) = fij on the basis and extend linearly to the whole Cy(KT). It
follows from definition of f;; that « is a cocycle.

Because Kr is contractible, there exists 5 € Hom(Cy(Kt), A), such that
0(B) = a. Specifically, 3 assigns a function f; € A to each sub-polytope A;



66 Shengda Hu

in T, such that f; — f; = fi; if AiNA; # (. Suppose 66" = a as well, let
~v = (B — [ then éy = 0, i.e. v assigns the same function f € A to all the
sub-polytopes in I'. " We define F' : A — R by F|a, = fi. Then F is a
piecewise linear continuous function on I'. For concavity, we only need to
recognize that F' can also be defined as F(z) = max; f;(z). Obviously, the
F we just constructed satisfies (2.2).

Uniqueness is now easy to see. Let F’ be another function satisfying
(2.2), then the cochain ' € Hom(Cy(Kr,.A)) defined by F’ satisfies 63" = «
as well.

The rest of the theorem follows straightforwardly from the construction.
For example, A is simple by proposition 2.5 and the fact that there is a
vertical edge over each vertex of A. U

Remark 2.9. The function F is called a lifting function of I' and the poly-

tope A constructed in the theorem is an open lifting of A by I'. Note that
A may be non-compact.

Remark 2.10. The following is obvious. If I'No is mildly singular for some

closed face o < A, the function F|, and AN (o x R) satisfies the conclusion
of the theorem.

Remark 2.11. Sometimes it’s more convenient to work with compact

polytopes instead of open ones. In that case, we can consider Ac =
AN{(y,7) |y < (a,x) + b} for a € N and sufficiently big b € Z. We say
that A€ is a compact lifting of A by T.

Remark 2.12. Suppose A is compact and dim Kt > 1. Let (A, ANM) be
a pair as in [8] then the theorem implies that mildly singular subdivision
{(A;, A;NM)} is coarse, i.e. corresponds to a facet of the secondary polytope
of A.

3. Semistable degeneration of toric varieties.

We prove the main result (theorem 3.1) and give some examples. There
is also a similar result (theorem 3.5) on the degeneration of toric varieties
with orbifold singularities. As a result of the construction, we give concrete
description of the degenerations in remark 3.3.

We first recall some toric geometry and fix the notations. Standard
references for toric geometry are [5], [7] and [18]. Let M, N and A be as
in §2 and ¥ be the normal fan of A in Nr. For a (rational strongly convex
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polyhedra) cone o in Ng = N®zR, its dual cone in Mg is denoted by «V.
The toric variety X = Xy = Xa is defined by gluing together the affine
varieties X, = Spec(CleVNM]), where o is a cone of X. Let ¥’ be a fan
Y in Ng. A toric morhpism ¢, : X5y — Xy is given by homomorphism of
lattices ¢ : N’ — N which induces map on fans, i.e. for each cone ¢’ in ¥’
there is some cone o in ¥ such that ¢gr(o’) C 0. Let |X| be the support of
>, i.e. the union of the cones in X, then

b« is proper <= ¢ (|Z]) = 1|

Recall that the dual graph of the central fiber of a semistable degener-
ation is defined by assigning a vertex for each component and a k-simplex
whenever k£ components having non-empty intersection.

Theorem 3.1. Suppose A\ and subdivision T' are nonsingular, then there

exists a semistable degeneraiton p : X —C of X to p~%(0). The dual graph
G of the fiber p~1(0) is isomorphic to Kr and a component in p~1(0) is the
toric variety defined by the corresponding subpolytope in T'.

Proof: By theorem 2.8, let A be a nonsingular open lifting of A by I'. Let 5
be the fan of A then ¥ is a subfan of 3. Let X be the toric variety defined
by 3, then X is smooth. Note that by construction, \Z| C H = Ng x RT.
The cones a, that correspond to the vertical faces o of A lie in Ng x {0}
and all the other cones in ¥ lie in Ng x RT. Let A be the fan in R with
|A| = RT, then the variety it defines is C.

Consider the exact sequence of lattices:

(3.1) 0> NLNezZ Lz,

where p is the projection to the second summand and ¢ is the inclusion.
The maps are compatible with the fans 3, > and A and define a sequence
of proper morphisms:

(3.2) X=X 2L,

from which it follows that the fiber of p over the generic point of C is
isomorphic to X. The rays of Y in H is mapped to the open positive cone of
R, thus p maps the divisors defined by such rays to 0, i.e. p~1(0) = UF_, X;,
where X;’s are the divisors defined by such rays. By construction, X;’s
are themselves toric varieties which is defined by the subpolytopes in the
subdivision I'. The statement about the dual graph of the fiber p=1(0) is
obvious.
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Next we write down the map p in the affine pieces. Dualizing (3.1), we
have exact sequence:

(3.3) 0—25 Moz % M — o0,

where j is the inclusion and v is the projection to the first summand. Sup-
pose A is defined by the lifting function F'. Let ¢ < I' be a vertex which is
an inner point of A and ¢ be the lift of it in A. Let 00,...,0pn bethe n+1
edges of A that meet at ¢ and o, be the cone dual to ¢, then a}{ is gener-
ated by 00(q),...,0n(q). Let X4 be the affine piece defined by /. By the
definition of F' in theorem 2.8, we have >} ,0x(q) = (0,...,0,1) = j(1).
Thus the map j induces j, : C[t] — Clxo,...,zp],t — [[1_, K, where x;’s
are the coordinates given by the edges of ag. It follows that the map p on
the affine piece X, is defined by (zo,...,zn) — [[1_o Tk-

Now suppose ¢ < I' is a vetex which is an inner point of a 0 < 7-
dimensional face 7 < A. It follows from above and remark 2.10 that j, is
defined by t — [[,_,zx and p is defined by (zo,...,z,) — [[,_, % in the
affine piece X,.

If ¢ is a vertex of A, then it is a face of a vertical edge ¢ of A. Thus
J«(t) = zo and p(zo, ..., z,) = o in the affine piece X.

Since the affine pieces as described above cover the central fiber, the
theorem follows. (]

The theorem doesn’t require X (or A) to be compact. In the following
remarks we’ll make the assumption that X (and A) be compact.

Remark 3.2. If we take a compact lifting, then instead of (3.2), we get
sequence of morphisms of compact toric varieties:

i

(3.4) X & Xe 2 cp,

Remark 3.3. When A is compact, we are in fact constructing a degen-
eration of polarized toric varieties. The degeneration can be put in more
concrete terms using the embedding of X into CP‘~! given by the polaria-
tion (recall that £ = |[ANM|). Suppose F' and F’ are lifting functions that
give rise to nonsingular liftings of A as in theorem 2.8, then F/ = F + G
for some integral affine function G. Let ip : (C*)*t1 — CP‘~! x C be the
embedding defined by

T = (2, \) > (F)gmu . \Flme)pmey
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Let i be the similar embedding defined by F' ’. Then ip and ip has the
same images since A # 0. Let Xp be the closure of the image of EF It
follows that X = X is independent of the lifting and it’s the same X as in
theorem 3.1. The map p is given by

p: (AF@gme . \Fmagme yy

Suppose I" subdivision A into UfZOAZ- and let X; be the toric variety defined
by A;. By adding an affine function, we may assume that F|s, = 0, then

F(m) > 0 for m ¢ Ay by concavity. Let [y; : ... : y¢] be the homogeneous
coordinates of CP‘~! and define
Hi={y1:...:yllyy =0if m; ¢ A;} for ¢ =0,...,k.

Let ¢; = |A;NM]|, then H; = CP%!. Taking limit of the embedding ip
as A — 0, we get the embedding of X into CP*~! = H,. Using different
presentations of X by using different lifting functions and taking limit as
A — 0, we see that p~1(0) = UF_, X;.

Remark 3.4. Recall that the Chow polytope of polarized toric variety X
is identical to the secondary polytope of A (cf. [14]). We may interpret our
construction as an explicit presentation of the Chow family over an affine
piece of the Chow quotient of CP‘~!. The description in remark 3.3 can
also be seen as a special case of “perturbing, translating and specializing”
in [10].

In case of A being singular, we can still formulate a similar result using
the concept of “weak semistable degeneration” as in [2]. The difference
between weak semistable and semistable degenerations is that the total space
in the first case need not to be nonsingular. The degeneration we construct
from a singular simple toric variety could not have nonsingular total space,
since A is not nonsingular, while we can still require the subdivision to be
mildly singular.

Theorem 3.5. Suppose I is a mildly singular semistable subdivision of sim-

ple A\, then there exists a weak semistable degeneration p : X —C of X to
p~1(0). The dual graph G of the fiber p~*(0) is isomorphic to Kt and a com-
ponent in p~1(0) is the toric variety defined by the corresponding subpolytope
mn I

Proof: The proof goes word by word as the proof of theorem 3.1, except
for the fact that X might be singular. The reducibility of the central fiber
follows from the fact that I" is balanced. O
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Example 3.6. The semistable degeneration for the subdivision in example
2.2 is the result of successively blowup smooth points in the central fiber of
CP! x C.

Example 3.7. In example 2.3, (a) corresponds to blowup one point in the
central fiber of CP? x C. The proper transformation of the central fiber is
then CP? = P(O(—1)®1). Blowing-up a fiber in P(O(—1)®1), we get the
degeneration corresponding to (b).

Example 3.8. The construction as in example 3.7 can be generalized to
CP". Let ¢g = (—1,—-1,...,—1) € Z™ C R™ and {e;} be the standard
integral basis of Z". Let A(n) be the polytope in R™ spanned by ey and
eot+(n+1)e;, i =1,...,n, then A(n) is the standard reflexive polytope that
represents CP". Let vg = ey, v; = e;41 —¢; fori =1,...,n, where e, 11 = 0.
Let ¥(n) be the maximal fan generated by {v;}}", then ¥(n) is complete
and nonsingular. A(n)NX(n) gives a nonsingular semistable subdivision
I['(n) of A(n). There are (n + 1) subpolytopes in I'(n) and let A;(n) denote
the subpolytope containing e;. The equations of the hyperplanes that bound
No(n) are:

J
(3.5) Zwi:O, for j=1,...,n.
i=1

Figure 2 shows the subdivision I'(3) for CP?.

Figure 2.

The semistable degeneration constructed from I'(n) will then have n + 1
components in the central fiber. The degeneration can also be viewed as the
result of blowing-up smooth subvarieties in the central fiber of the trivial
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family as following. Let F be a complete flag in CP", i.e. a chain of linear
subspaces pt = Fy C F1 C ... C Fn—1 where F; has dimension 7. Blow-up
F; in the central fiber starting from ¢ = 0 and then blow-up the proper
transformation of F;11, until all the F;’s are blown-up. By symmetry of the
subdivision, we see that all the components in the resulting central fiber are
isomorphic to Q", the proper transformation of CP" after all the blow-ups.
Figure 3 is an illustration of the polytopes for Q*, i = 1,2, 3.

I X

Q! = CP! Q? = CP2 Q3

Figure 3.

Example 3.9. We can similarly define a weak semistable degeneration of
weighted projective space. Let A be the polytope in R* spanned by e,
eo + 8e1 and eg + 4e; for i = 2,3,4, then A is the reflexive polytope rep-
resenting the weighted projective space P(1,1,2,2,2). We use the fan (4)
as described above to give a semistable subdivision of A. The resulting
subdivision is no longer symmetric, since A is not symmetric to begin with.
It’s not hard to show that the subdivision is balanced. It’s mildly singular
because the only maximal vertex (0,0,0,0) is nonsingular.

Example 3.10. It is not true that all the semistable degeneration con-
structed from the theorem can be constructed also by blowing up the central
fiber of a trivial family. The subdivision in figure 4 is a semistable subdivi-
sion, while the degeneration is not composition of blowing-ups on the central
fiber.

Figure 4.
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Example 3.11. For an example of non-compact variety let A = Mp or
equivalently

A ={me Mg | (m,0) >0}.

Thus the fan of A is ¥ = {0}, the trivial fan in Ng. The corresponding toric
variety is simply the torus (C*)". Let I" be the subdivision defined by the fan
Y (n) as in example 3.8, then it’s nonsingular. The semistable degeneration
defined by T is the familiar map p : C*"*! — C, where p(zq,71,...,2,) =

[Tio @i
4. Semistable degeneration of toric hypersurfaces.

Let p: X — C be a semistable degeneration and V C X be a subvariety of
X. Suppose V intersects transversely with the central fiber. Let py = p|y :
V — C and Vy = p;;'()\). Then over a small neighbourhood U C C of 0,
py is a semistable degeneration of V). The construction in the last section
provides a nice way to get semistable degeneration of toric hypersurfaces
and complete intersections.

This section is organized as following. In §4.1 we describe two basic con-
structions to obtain semistable degenerations of toric subvarieties from the
toric degeneration. The construction with open polytopes is more explicit,
while the construction with compact polytopes is more general. §4.2 proves
a lemma needed later to determine the components in the singular fiber of
the degenerations. The examples start with §4.3, in which we describe the
semistable degeneration of degree d surfaces in CP? into a chain of ratio-
nal components. We obtain in §4.3.3 an algebraic geometric version of the
fiber-sum operation of two copies of F(1) to get K3 surface and in §4.4.2 its
generalization to higher dimension (theorem 4.8). In §4.4.1, we recover the
classic semistable degeneration of K3 surfaces into four rational components
and generalize it to degenerations of higher dimensional Calabi-Yau hyper-
surfaces in projective spaces (theorem 4.7). The section ends with §4.4.3,
in which we briefly describe a weak semistable degeneration of Calabi-Yau
hypersurface of P(1,1,2,2,2).

4.1. Basic constructions.

4.1.1. Construction with open polytopes. Let A C R™ be a nonsin-
gular polytope and X be the toric variety defined by A. A also defines a
very ample divisor D in X. Let I' be a nonsingular semistable subdivision
of A. We first consider a generic hypersurface V' in the linear system |Da]|.
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Referring to remark 3.3, V is given by the intersection of the image of i
with a generic hyperplane in CP*~!, where ¢ = |ANZ"| is the number of
lattice points in AA. We can thus write down the equations of V), C X over
a nonzero \. Fix a generic hyperplane in CP‘~!:

¢
H={yr:...:yl>_ajy; =0}
j=1

The intersection of the image of i with H as subvarieties in CP*~! x C gives
the total space V' of the degeneration. Thus the equation of V) is given by:

)4
o\ = Z )\F(mf)ajxmf = 0.
j=1
We may again assume that F'|a, = 0 for some subpolytope 2. Let X (and
Dy) be the toric variety (resp. the divisor on Xy) defined by Ay. Taking
limit when A — 0, we see that the central fiber V{j contains as a component
a generic hypersurface of Xy in the linear system |Dy|.

4.1.2. Construction with compact polytopes. We may consider more
general hypersurfaces and complete intersections by looking at compact lift-
ing X¢ of A by I'. Then by (3.4), p° gives a family over C]P’1 We'll drop the
superscript ¢ in this paragraph. Suppose D is a divisor on X such that |D\
is generated by sections. Then, a generic hypersurface in |D\ is smooth and
it intersects transversely with generic fiber of p. Over a neighbourhood of
0 € CP', we have a semistable degeneration of V=V Np~t(N\). We use p
to denote the vertical faces in ﬁ, o to denote the faces from the subdivision
I" and 7 to denote the face at infinity and we’ll abuse the notation to denote
the faces in A as p as well. Then D, is the class of a generic fiber. Suppose
D= > ppDp+> 2, asDg + ar-Dr and let D =37 a,D,, then VY is in the

linear system |D| of X. There is an obvious relation in A, (X):
D; =) D,.
g

Suppose {3, a,(1)D, = 0li = 1,...,n} are the relations in A,_1(X). Then,

besides the obvious one, all the relations in A, (X) are given in

O a,(i)D, = B,(i)Dyli =1,...,n} for some B, (i).

Using these relations, we can get information on the components C; in the
central fiber Vj.
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4.2. A Lemma.

Before the examples, we need a lemma to identify the components in the
central fibers. Suppose X is a smooth projective variety of dimension n. Let
L be a Cartier divisor on X and L be the corresponding line bundle over X,
with a generic section s. Let 7 : E = Px(L®1) — X be the projectivization
of £ and f be the class of the fiber. Let A = [A\g : \;] € CP! then (s, \g)
are sections of LBH1. Let Vj (resp. Vi, V) be (the closure of) the image of
(0,1) (resp. (s,0), (\1s, o)) in E. Vy are sections of the CP! bundle E. As

divisors in E:
V)\#[IZO] = Voo + 7T_1(L)7 and ‘/0|V0 = L.

Let D be an ample divisor in X such that L + D is also ample and D be
the corresponding line bundle. Let sp (resp. s,) be a generic section of D
(resp. L&D) and Lp = (LH1)QD = LXDED, then sp (resp. sp,) defines a
generic hypersurface D, (resp. Dyp) in the linear system |D| (resp. |L+ D]).
Let T'= DgNDy, then T is smooth codimension 2 subvariety of X since
everything is generic. Consider the sections sy p = (A5, Aosp) of Lp. Let
Wy be the closure of the image of s) p in £ ~ Px(Lp), then for A # 0, oo,

(4.1) WinVo = Do, WiV = Doy, and W)y - f = 1.

Apply Theorem IV-23 and Proposition IV-25 in [6], we see that 7|y, : Wy —
X is the blow-up of X along T for A # 0,00. Denote the blow-up as )?T.

We claim that (4.1) essentially characterizes the blow-up of X along T
as divisor in E.

Lemma 4.1. Suppose R is a divisor in E that satisfies (4.1), where the first
two equations will be replaced by the corresponding intersections of divisor
classes. Then a generic hypersurface W in the linear system |R| is the
blow-up of X along T, where T now is interpreted as intersection of generic
hypersurfaces of X in the linear systems |D| and |D + L|.

Proof: By (4.1), W is generically a section of E over X and W has at least
2 points over the points in T'. Thus W contains the whole fibers over points
in T. The restriction of 7 to W is surjective and 7~ 1(T) = E|r is Cartier
in . By the universal property of blow-up, |y factors through a unique
morphism ¢ : W — )?T. Well, ¢ has to be isomorphism since W and )N(T
have identical exceptional loci. O
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For the special case of L = 0, F = X x CP!, this gives the construction
of a Lefschetz pencil. The W in the lemma is the closure of the graph of a
map from X \ T to CP!.

Remark 4.2. The T in the lemma is not generic, since it has to be the
intersection of two hypersurfaces. For example, let X = CP?, D = 2H,
L = H, then T is 6 points and W is CP? blow-up 7. But T is not generic
since the 6 points lie on a conic. Thus, W is not a cubic surface. Instead,

one can check that W is the resolution of a cubic surface with an ordinary
double point. (cf. [19] Ch 1, Ex 13)

Now fix some k > 0 and assume that kL + D is ample. Let £F = £®F
is the k-th tensor power of £ and LY = L¥®D&D. Let s7, be a generic
section of £F@D, then s, defines a generic hypersurface D} in the linear
system |kL + D| and s = z—g is a (meromorphic) section of £*. Define a
“multi-section” r of £ from s; as:

(?”(p))®k = si(p).

Consider 7y p = (A7, Ag). Let W{ be the closure of the image of r p in E,
then similar to (4.1), we have

(4.2) WENVy = D), W¥NVe = Do, and WY - f =k.

This is very similar to the “Branched Covering Trick” (cf. [4]) in which
one constructs a branched covering of X with branching loci B in |kL| for
some divisor L. Here, W)’f is generically a branched k-ple covering of X and
contains the whole fiber CP' over the intersection D{ND. In fact, W)]f can
be defined by a generic section of the line bundle O (k)®@7*D over E. For
k =1, this is the case of lemma 4.1 (cf. [9J§IL.7).

4.3. Semistable degeneration of algebraic surfaces.

We consider here a generic element in the linear system |dH| in CP3, i.c. a
degree d surface S. Let

3
A = {(x1,z2,23)|x; >0, for i =1,2,3 and le <d} C R,
i=1

then every nonsingular subdivision of A give raise to a semistable degenera-
tion of S. We describe some obviously “universal” such subdivisions and the
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corresponding semistable degenerations. Then we’ll treat specifically the de-
generation of K3 surfaces, since it leads to some interesting generalizations
in higher dimensional Calabi-Yau hypersurfaces.

4.3.1. Degeneration into a chain of rational surfaces. 4.3.1.1. Con-
sider the subdivision I'; defined by the following hyperplanes:

3
Lj ={(x1,x2,23)| > x;=j}, for j=1,...,d—1.
i=1

Label the subpolytope between L;_; and L; as A for j = 1,...,d. Let
Y; be the toric variety defined by A;, then except that Y; ~ CP?, we have

Y; ~ CP3, the blowup of CP? at one point, for j = 2,...,d. Let H be the
pullback of the hyperplane class and E be class of the exceptional divisor,

then they generate H?(CP?). Let D; be the divisor on Y; defined by A;.
Then
Di=H, and D;=jH—(j—1)E forj#1.

Note that CP? ~ Prp(O(—1)@1). Let f denote the class of a fiber CP*,
then we have the intersections

(4.3) H-f=E-f=1=D; - f=j—-(j—1) =1

There are d subpolytopes thus S degenerates into d components S;, j =
1,...,d. Each S; is a toric hypersurface of the corresponding Y; defined by
D;. The intersections D; - H and D; - EF'in H ~ F ~ CP? are curves of
degree j and j — 1 respectively. Thus, by lemma 4.1, X; is the blow-up of
CP? at the intersection of degree j and j — 1 curves, which is j(j — 1) points.
It’s clear from the above description that the intersection of the components
Xj and X1 is a degree j curve, whose self-intersection number is j in Xj,
for all 0 < 5 < d.

4.8.1.2. More generally, consider the subdivision F’; defined by the hyper-
planes L;‘-‘ :

k
L? = {(:vl,:vg,:cg,)\Z:ci =j}, for j=1,...,d—1,where 1 <k <3.
i=1

Notice that £ =1 and k = 3 give isomorphic subdivisions in the sense that
one is transformed to the other by an integral affine isomorphism that maps
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Figure 5.

Ag to itself. Thus k = 2 is the only new case. Figure 5 shows the two
subdivisions for d = 4.
We label the polytope between L?_l and L? as A? and let Yj2 be the

toric variety defined by A?, for 1 < j <d. Then Yj2 is isomorphic to CP?

blow-up two non-intersecting line for 1 < j < d and is isomorphic to CP?
blow-up a line for j = 1,d. An equivalent description of the YJ-Q’S is the
following:

(4.4) Y7 2 Y? = Pepiop (01 O(1)@p30(-1)00), for 1< j<d,
' and Y2 ~ Y7 ~ Z = Pep (O(1)@0O(1)30),

where p1 (p2) are projections to the first (resp. second) factor.

First consider 1 < j < d. Let Dy (resp. Do) denote the class of the
divisor defined by the facet on L? (resp. L?q)a then it’s the class of the
0-section (resp. oo-section) of the CP! bundle. Then A? defines the divisor:

D} = jDy = (j = 1) Do + dH' = (d+ j — 1) Dog — (d — j) Dy + dH",

where H = H' + Dy = H"” + D, is the pullback of the hyperplane class in
CP? via the blow-down map. The component Xj2 of the central fiber of the
degeneration is a toric hypersurface of Yj2 in the linear system |D32\ Let f
be the class of the fiber then we have the following:

Dy f=Ds-f=land H - f=0= DV f=1,
which shows that X]2 is generically a section. We compute

D3 - Do =jH" - Do+ (d— j)H' - Dy
D3 Do =(j —1)H" - Do + (d — j + 1)H" - Do
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Let Hy = s*H" and Hy = s*H’, where s stands for 0 or oco-section of the
CP! bundle, then H; is the divisor class of a fiber of p; in CP! x CPL. It
follows from lemma 4.1 that X 32 is the blown-up of CP' x CP! along the
intersection:

(JH1+ (d=j)H2) - ((j —1)Hi + (d—j + 1)Hz) = 2j(d — j + 1) — d points.

It follows that the components X]2 and X]2 1 intersect along a curve of
bidegree (j,d — j), whose intersection number is d — 25 in X; for 0 < j < d.
For j = 1, A? is shown in figure 6. We label the facets as shown and the

Figure 6.

shaded rectangular facet is labelled F5. The divisors defined by the facets
are also denoted F;. In our notation, the class of the exceptional divisor is
Fy, Fi = F5 + F, is the pullback of the hyperplane class from CP? and the
divisor defined by A? is:

D? = Fy + dFy.

Then X7 is a hypersurface in the linear system |D7|.

Proposition 4.3. X? is in the list {Fg,Fq_o,...}.

Proof: Let {1 = Fy - Fy, {5 = F5 - F1. Then by simple calculation, we see
that

D? . Fy=1{;, D? Fy=(d—1){1+0y and D?-F, =dl + 0.

The first equation tells us that X? is a CP' bundle over CP'. The last two
intersections are the sections of this CP! bundle. Calculating the intersection
numbers of the two sections, we see that X? is a Hirtzebruch surface in the
list {Fgy9;, ¢ € Z}. We need more information to pin down the i, which
can be seen in the following way of determining X7.

Consider the divisor D? = Fy+dFy in Y2, then a generic hypersurface X?

in |D?| is generically a section. By lemma 4.1, we see that X? is a blow-up
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of CP! x CP! at (H; + (d — 1)H,) - dHy = d points, where H; is the divisor
class of the fiber of projection to the i-th factor. Let £ = |A2NZ"|, then
morphism ¢? of Y2 to CP'~! defined by A? contracts the fiber of ps in F,

from which Y? appears as the image. The image of generic X? is a (smooth)
hypersurface of Y2, which is X2. Since the map Y2 — Y} is a blow-up, we

see that X? — X% is a blow-up as well. In fact, since D? - Doy = dHs,

)?12 is the blow-up of X? at d points. Thus, X? is rational and fits into the
blowing-up diagram s
CP! x CP! — X? — X7.

In general, the blowing-up blowing-down process as above can only tell us
that X7 is in the list {Fgq,Fq_o,...}. O

Similar arguments as above apply for j = d. Thus, the subdivision I'?
gives rise to a semistable degeneration of degree d surface into a chain of
rational surfaces, with both ends in the list {Fg,Fg_o,...}.

4.3.2. Inductive structure. We can subdivision the polytope A, using
some of the hyperplanes L; as above and get a subdivision which has fewer
subpolytopes. One special case is to take the subdivision of A4 given by
a single hyperplane Ly 1. We end up with a semistable degeneration of
degree d surface into two components. One of the component is a degree
d — 1 surface and the other is the X, described above, which is the blow-up
of CP? at d(d — 1) points. Thus, surfaces of all degrees in CP? as a system
has an “inductive” structure.

Remark 4.4. The degenerations described in these two subsections eas-
ily generalize to higher dimension and leads to similar structures in higher
dimensional hypersurfaces.

4.3.3. Degeneration of K3 surfaces. 4.5.3.1. Consider the subdivision
of A4 into 2 pieces by L% and denote the resulting toric varieties as Z; and
Zy. Then Zy ~ Zs ~ Z as in (4.4). The subpolytopes define the same
divisor in Z:

D = 2F5 =+ 4F4.

This subdivision induces a semistable degeneration of K3 surface into 2
components P;, i = 1, 2. Then P; are in the same linear system |D|, thus
P1 >~ P2 ~ P.

Proposition 4.5. P ~ E(1) as topological manifolds.
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Proof: It’s easy to compute the intersection D - F5 = 2{; + 2¢5, then by
genus formula we see that P intersects with F5 in an elliptic curve A. By
adjunction

Kp = (Kz+ D)lp = (—F5)|p,

we see that Kp = —A and
A(P) = A- A= (F5)|p = (F)2- D =0.

By Lefschetz hypersurface theorem, we have ¢(P) = 0. Since —Kp = A
is effective, Kp - Kp = 0 and ¢(P) = 0, we see that P is rational by the
Castelnuovo-Enriques theorem. Using the cohomology sequence associated
to the exact sequence

0—0z(-D)— 0Oz —0p—0
and h%(0z) = h3(Oz) = 0, we see that
h*(Op) = h*(Oz(~D)) = 0,

while the latter is 0 by Serre duality and Kodaira vanishing. By Noether’s
formula, we get e(P) = co(P) = 12 and thus h?(P) = h1(P) = 10. Then
the signature

1
o(P) = 3(ci(P) = 2¢5(P)) = =8
Let @ be the intersection form of P, then @ = (1)®9(—1) if it’s odd, or

Q = —Eg®H if it’s even where H is the intersection form of 2-torus. From
4-manifold theory, Q # —Fg@®H, which gives

Q = (1)®9(-1).
We see that P is the blow-up of some ruled surface F, at 8 points. Thus,
topologically, we have P ~ E(1). O

In light of proposition 4.5, we may think of the degeneration as an alge-
braic geometrical version of the fiber sum operation.

4.83.3.2. Consider the subdivision defined by Lg. There are two components
in the central fiber of the induced semistable degeneration of K3 surfaces.
Both components are hypersurfaces in Z. One of them, say Wi, is in the
linear system |Fj +4Fy|, which by proposition 4.3 is one of Fy, Fy and CP! x
CP!. The other, Wy, is in the linear system |3Fy 4 4Fy|. By toric geometry,
the canonical class of Z is

5
Kz =-) Fy=—(3F;+4F)).
=1
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Thus, Kw, = (Wa+ Kz)|w, = 0 by adjunction and h'(Ws) = 0 by Lefschetz
hypersurface theorem. We see that Wy is again a K3 surface. The two
components intersect along a rational curve ¢ by the calculation in the first
subsection and the self-intersection of ¢ in W5 is —2 either by checking
directly or using genus formula.

4.4. Semistable degeneration of Calabi-Yau hypersurfaces.

4.4.1. Classical degeneration of K3 and its generalizations. We’ll
use the notations of example 3.8. Recall that Q" is defined by the polytope
Ag(n) C R™. The 1-skeleton of the normal fan 3y(n) of Ag(n) is generated
by 2n vectors:

J
€l,... ey and w; = — E e; forj=1,... n.

i=1

Let Dy,...,D, and Dypiq,...,D2, be the divisors corresponding to
el,...,en and wy, ..., wy, respectively. Then Ay(n) defines the divisor D

on Q":
n
D= ZDZ-
=1

Sometimes we will use D;(n) to emphasize that D; is a divisor of Q™. In the
description of Q™ as CP" blown-up a complete flag, D;(n) is the pull-back
of the hyperplane class on CP". The properties of Q" are collected in the
following:

Proposition 4.6. Fiz any n > 0 and set Q° = pt, we have the following:
1. Q" is rational.
2. Q™ is Fano, with canonical class K = — 21221 D;.
8. Dj =37, Dpyi forj=1,....n.
4. Q" =Pgn-1(D1(n - 1)@1).
5. Dy and Dy1q are (resp. 0- and co- ) sections of the above bundle.

6. Let f be the class of the fiber, then D; - f =0 when i # 1,n + 1.

7. Di(n)|p, = Di(n —1) and Dy41(n)|p, ., = —D1(n—1),
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8. Let my : Q™ — Q"1 be the bundle map, then Diy1(n) = 7, (D;(n —

1)), fori = 1,...,n — 1 and Djya(n) = m,Y(Di(n — 1)), for i =
n,...,2(n—1).

9. hPP(Q™) = Ch for all p.

O

Now we should describe the degeneration of a Calabi-Yau hypersurface
V in CP". The components in the central fiber of the degeneration of V' will
consists of n 4+ 1 hypersurfaces of the Fano variety Q™ in the linear system
|D|. Let C"~! be a generic element in |D| then C"~! is generically a section
of the CP! bundle Q™ — Q™ '. Tt then follows from lemma 4.1 that C"!
rational. It’s easy to see from the subdivision I' that the dual graph of the
central fiber (Vp) is a triangulation of S"~! by n + 1 simplices. To find more
information on C™ ! we compute the intersections of D with the 0- and
oo-sections.

4.4.1.1. n =3, i.e. K3 surfaces in CP?. Recall Q% = (ETP’Q with exceptional
divisor E = D3(2) and Q3 = P (H®1) where H = D;(2). Then

D -Dy=2H+fand D-Dy=H+ f

as divisor in @2. Note that 2H + f is the anticanonical divisor of (ETP’Q .
Thus, C? is CP? blow-up

(2H + f)-(H+ f) =5 points.

Contracting F, we see that C? is isomorphic to CP? blown-up the intersec-
tion of two curves of degree 2 and 3. As in remark 4.2, we get the resolution
of a cubic hypersurface with an ordinary double point.

Since the Q3’s in the central fiber of the degeneration of CP? meet along
the subvarieties Dy, D5 and Dg, we can get the singular loci of V by the
following computation:

Dy: D-Dy= H+ f, we see that the intersection is a CP'.
Ds: is also isomorphic to CP?, then D - D5 = H + f gives a CP! as well.

Dg: is isomorphic to CP! x CP! and D - Dg is of bidegree (1,1) thus we get
another CP*.
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Thus, the components of Vj intersect along CP'’s and we recover the known
construction of K3 degenerates into 4 rational surfaces.

4.4.1.2. n = 4, ie. quintics in CP*. 1In the CP!'-bundle Q* =
Pgs(D1(3)®1) — Q°, Dy is the O-section and Ds is the co-section. Let
K (3) be the canonical class of Q% then we have the following intersections:

8
D'Dl = (ZDz)Dl = —K(3),
=2
3
D-Ds=-K(3)~Di(3) =Y Di(3).
=1

Thus C? is isomorphic to Q3 blown-up along the intersection of a K3 surface
and C? in Q3. One can check that the curve T has genus 12 and is in the class
8D1(2)—3D3(2)+3f where D;(2) (resp. D3(2)) is the image of the divisor D
(resp. Ds3) in Q% under the embedding Q2 = D;(3) — Q3 = Dy(4) — Q*,
while f is the class of fiber in Q*.

4.4.1.8. In general, C" is a blow-up of Q" along the intersection of two
hypersurfaces in the linear systems | 3>, D;(n)| and | 327, D;(n)| respec-
tively. The first one is a Calabi-Yau since it’s in the anticanonical class
and the second one is in fact C™~!. The class of the intersection can be
computed as following. Let Dy(n) = >_"" , D;(n), then

n—1
Di(n) =" (O Di(n—1)) =z, (C").
i=1

Since 22", D;(n) = 2Dy (n) + Dy, we have

2n n
T =) Di(n)- ) Di(n)
=1 =1
= 2D;(n) - D1(n) +3Di(n) - Dy(n) + Dy(n) - Dy(n)
=2Dy(n — 1)+ 30" 4 (Cm . cnTh.

where Di(n — 1) and C™! are regarded as classes of Q™ by the embedding
Q" ! = Di(n) — Q™. The computation for C"~!.(C""! can be carried out
similarly and eventually we arrive at an expression involving D1(5), C7 and
composition of pull-backs by ;.

We summarize what we got as the following:
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Theorem 4.7. There exists a semistable degeneration of degree n + 1
Calabi- Yau hypersurface in CP", such that the dual graph of the central
fiber is the triangulation of S™~1 by the boundary of n-simplex. The compo-
nents in the central fiber are all isomorphic to a blow-up of Q™' along the
intersection of two hypersurfaces.

4.4.2. Degeneration of Calabi-Yau hypersurfaces in CP?**1, In this
subsection, we generalize the degeneration of K3 surface into two copies of
E(1). Although it’s hard to determine the components in the central fiber,
we find that the many properties generalize.

We consider the subdivision of Aggyo defined by Liﬂ and denote the
resulting toric varieties as X1 and Xs. It’s easy to check that

X, ~ Xy~ X = the blow-up of CP?***! along linear subspace CP*.

Equivalently, we have X = Prpr(O*T1(1)@1). The exceptional divisor is
E = CP* x CP* and the canonical class of F is K = —(k+1)(p} Hy +piHa),
where p; (resp. H;) is the projections to (resp. hyperplane class on) the i-th
factor (i = 1,2). Let H = H' + E be the pull back of the hyperplane class
in CP***! then simple calculation gives:

Kx=—(2k+2)H — (k+2)E, and E-E=(H—H')-E = p}Hy — p}Ho,

where p; H; is regarded as classes in X via the inclusion ' — X.

The induced semistable degeneration of Calabi-Yau hypersurface has two
components in the central fiber, say Y; C X; (i = 1,2). The divisors defined
by A; (i = 1,2) are both linearly equivalent to D = (k + 1)(H' + H). Tt
follows that Y7 ~ Yo ~ Y and the canonical class of Y is Ky = (—FE)|y.
By D‘E‘ = (kﬁ + 1)(Hl + H)|E = (kﬁ + 1)(p>{H1 +p§H2) = —Kpg, we see that
the anticanonical class — Ky defines a 2k — 1 dimensional Calabi-Yau Z in
Y. The two components Y; intersect along Z. By property of semistable
degeneration, the self-intersection of Z in the components add up to 0,
while Z has same self-intersection in this case, we see that Z - Z = 0, i.e.
(Ky)? = 0. We can state the result as:

Theorem 4.8. There exists a semistable degeneration of Calabi- Yau hyper-
surface in CP?**1 into two components Y; (i =1,2), such that Y1 ~ Yy ~Y
satisfy the following: (Ky)? =0, —Ky is effective and defines a Calabi- Yau
subvariety Z of Y, Z is isomorphic to a hypersurface in CP¥ x CP* and the
singular loci of the central fiber is Z.
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4.4.3. Degeneration of Calabi-Yau hypersurface in P(1,1,2,2,2).
By theorem 3.5 and example 3.9, we obtain a weak semistable degener-
ation of the Calabi-Yau hypersurface in P(1,1,2,2,2) into 5 components.
There is one smooth component which is isomorphic to C* in §4.4.1. The
other four components are toric hypersurfaces with quotient singularities.

5. Higher dimensional base.

We can construct higher dimensional liftings for certain subdivisions, which
leads to degeneration with higher dimensional base. For simplicity, we’ll
assume that polytopes and subdivisions are nonsingular.

Suppose I' is a subdivision of polytope A with dim Kt = 1, then A is
subdivided into a chain of subpolytopes {A;}!_,. Let the dividing hyper-
plane L; be defined by {(m,n;) = ¢;} where n; € N is primary vector for
1=1,...,1. We perform the lifting in [ steps as following.

Step 1: Lift A by the subdivision defined by L1, to A1 C A xR C
Mgr x R. Let L;; be the preimage of L; (i > 1) under the projection
7 ¢ Mr x R — Mg, then L;; (i > 1) define a subdivision I'; of A;. It’s
easy to check that I'; is nonsingular, given everything we started with is
nonsingular.

Step 2: Repeat Step 1 for Ay, I't and Lo to get Ay C Mg x R? and
subdivision I'y of Aj given by (I —2) hyperplanes L;.2 (i > 2) which are the
preimage of L; (i > 2) under the projection 7 : Mg x R? — Mg.

Step [: The result is a nonsingular polytope 2\; C My x R
In each step above, the lifting polytope A; can be chosen to be either com-
pact or open. The results of the first 2 steps for the subdivision on [0, 4]
defined by lattice points 1, 2,3 is shown in figure 7.

Another way to get the final result in one step is to construct a suitable
function Fr; : A — R! and let Gr, be the graph of Fy; in A x R!. Then
we get polytope A, by taking the Minkowski sum of Gr; with (R*)!. The
function Fr; can be constructed in steps that are parallel to the steps above.
Instead, we’ll define it as following. Let {e;}|!_; be the standard basis of R'.
For each L;, define f; = (m,n;) — ¢;, then f;|, = 0. Let fy = 0. Define

i
FF,l:Zfiei, on A; for i=0,...,1,
=0

then it’s easy to check that Fr; induces the polytope 4.
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Step 1 Step 2

Figure 7.

Example 5.1. Let A = R the toric variety is then C*. Without loss of
generality, we let I" be defined by the integers {j € Z | 0 < j < I}. The
above construction recovers the construction of the special standard model
of expanded degeneration in [16].

Remark 5.2. We note that in dimension 1 the subdivisions of (A, ANM)
defined by the lattice points are all semistable and nonsingular. Let
A = 10,/] then the secondary polytope is combinatorially a cube of dimen-
sion £—1 (cf. [8]). The subdivisions defined by lattice points correspond not
only to the facet of secondary polytope, but also the lower dimensional faces
as well. In fact, the codimension of the face is the number of subdivision
points. Restricting example 5.1 to finite interval [0,...,¢], i.e. twisted ra-
tional curve in CP, the construction gives explicit presentation of the Chow
family over an affine piece of the Chow quotient CP?/ /enC* containing the
point corresponding to the finest subdivision [0, 1]U...U[¢ —1,/].

Let X (resp. X;) be the toric variety defined by A (resp. /\;). By similar
argument as in the proof of theorem 3.1, there is a morphism of toric varieties
p : X; — C!, with generic fiber X and singular fibers over the coordinate
planes in C!. The singular fibers correspond to subdivisions defined by
subsets of {L;}._,, especially, the fiber over (0,...,0) corresponds to the
original subdivision I". Again, we want to consider the induced degeneration
of subvarieties of X. We’ll consider compact liftings in the following and
use the basic construction with compact polytopes.
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Lemma 5.3. Suppose A C Mg is a nonsingular polytope and I is a subdi-

vision defined by a single hyperplane. Let AC Mg X R be a compact lifting
of A by . Let ¥ and S be the normal fans of /A and A respectively, then X
is a subfan of 3. Suppose @ is an integral conver piecewise linear function
on X, then there exists an integral convex piecewise linear function (E onY
that restrict to ¢ on 3.

Proof: By construction, S has three more 1-dimensional cones than . We
may assume that —e; = (0,...,0,—1) € Ng x R generates an edge of %
and let v; and vo generate the two edges in upper half space. Let f)z be the
fan generated by ¥ and v; for i = 1,2, then |3%;| = H+ = Ng x RT. Let
7; : Ng X R — Np be the projection with kernel Span(v;), then the function
¢i = 7/ (¢) is convex on the fan generated by ¥ and v;, for i = 1,2. By
definition, ¢1(v1) = ¢o2(vy) = 0. Let

¢ = max (td1 + (1 - t)do),

then the set {(z,y) | y < ¢(z)} ] HT x R is the convex hull of the corre-
sponding sets of ¢; and ¢3. Thus (b is convex on H+. Now, pick 0 >ac€l
and set ¢(—e1) = a and linearly extend to all H™ on each cone of 5. Then
¢ is convex on the whole Ng x R. It’s obvious that (b is piecewise linear on
Y and integrality follows. O

Remark 5.4. The function (;NS constructed in the above proof has an extra

feature, i.e. (;NS = 0 on the cone generated by the new edges in 5.

Let D =) _asD, be a Cartier divisor on X, where D, is the divisor
corresponding to the facet ¢ < A. The supporting function ¢p of D is
defined on the fan XA by setting ¢p(v,) = —a, where v, is the primary
normal vector of o and extend so that ¢p is linear on each cone of Xa.
Suppose D is generated by sections, then its support function ¢p is a convex
integral function on . Apply lemma 5.3 on ¢p inductively to each step of
the (compact) lifting of A to A, we get a function ¢; which is integral
and convex on the fan f]l given by the compact lifting A;. Let ¢ < /\; be
the facet that maps to the facet ¢ < A under projection Ng x Rt — Ng.
By remark 5.4, we see that the divisor defined by ¢; is lN)l = >, asD5,
where D5 is the divisor on )NQ defined by o. Since ¢; is convex, the linear
system |Dl| is generated by sections. Let V' be a generic hypersurface of X
in the linear system |D| and V be a generic hypersurface of X; in the linear
system \Dl| then V intersects the invariant divisors transversely. Thus, over
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a neighbourhood of (0,...,0) € C", we can restrict p; to V and obtain a
semistable degeneration of V' over a [-dimensional base.
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