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Changing sign solutions of a conformally invariant
fourth-order equation in the Euclidean space

NICOLAS SAINTIER

We prove the existence of infinitely many solutions for the critical
equation A%y = |u|> ~2u in R", where A2 denotes the bilaplacian
for the euclidean metric. These solutions are non-equivalent in the
sense that we cannot pass from one to another by translation and
rescaling. Moreover, infinitely many of them must change sign.

Fourth-order equations of critical Sobolev growth have been an intensive
target of investigations in the last years, particularly because of the applica-
tions of the fourth-order Paneitz operator to conformal geometry and also
because of the parallel that exists between fourth-order equations of critical
growth and their second-order analogues. References for the Paneitz opera-
tor are Branson [2] and Paneitz [7]. We consider in this paper the following
fourth-order equation

(1) A%y = |u)* 2y

on R™, n > 5, where 2! = 2n/(n — 4) is the critical exponent for the Sobolev
embedding of H3-spaces (consisting of functions in L? with two derivatives
in L?) into LP-spaces, and A? = Ag is the bilaplacian operator with respect
to the Euclidean metric £. In [6], Lin proved that the only smooth positive
solutions of (1) are the functions given by

A\ > (n—4)/2

(2) Ura(2) = o (1_{_>\2|$_a|2

where a,, = (n(n — 4)(n? — 4))®=9/8 A > 0 and a € R”. The result extends
to non-trivial non-negative solutions of (1) when they belong to the Beppo—
Levi space D3(R"). Following standard terminology, we say that two
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solutions u and v of an equation such as (1) are equivalent if they are related
by an equation such as

(3) o(z) = A-(=D/2,, <fﬂ = a>

for some A > 0 and a € R™. Thanks to the above mentioned result of Lin [6],
two smooth positive solutions of (1) are always equivalent. Indeed,

upa(m) = A 29 o (A(z — a)).

Moreover, it is easily checked that equivalent solutions have the same energy
in the sense that
/ (Av)? de = / (Au)? dx
Rn n

if u and v are related by (3). The energy of the uy ,’s in (2) is precisely the
quantum of energy of a bubble in the blow-up study of positive solutions of
Paneitz-type equations. We refer to Hebey and Robert [4] for more details.

The purpose of this paper is to prove the following theorem. Such a the-
orem is the analogue of Ding’s result [3] when passing from the second-order
critical equation Au = |u|*("=2)y to the fourth-order critical Equation (1)
we consider in this paper.

Theorem. There exists a sequence (uy)7>, of solutions of (1) whose energy
tends to +00 as k — +oo, namely such that

/ (Aug)? dz — 400

as k — +o00. In particular, there exist infinitely many non-equivalent solu-
tions of equation (1). These solutions uy necessarily change sign when k
1s large.

We prove the theorem in the rest of the paper following Ding’s approach
[3] when proving the existence of infinitely many non-equivalent solutions
of the second order critical equation Au = |u[*(*~2u. Specific technical
difficulties are attached to the fourth-order case.

Proof of the theorem. The Paneitz operator P;* on the unit n-sphere (S™, h)
reads as

Plu= A%Lu + cpApu + dpu,
where ¢, = (n? —2n —4)/2 and d,, = (n(n — 4)(n? — 4))/16 (see Paneitz [7]
and Branson [2] for the definition of P;*). We let ® : S"\{N} — R" be the
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stereographic projection of north pole N in S™. Then, as is well known,

(4) (@ 1) h = ¥/ (¢,
where
(5) o(z) = 4(n*4)/4(1 + mZ)f(an‘)/Q_

We let u € C?(R™) be a solution of (1) and let @: S™ — R be given by
(6) o= (up~ ') o ®.
By the conformal properties of P

¢* 1 (PPa) 0 @71 = PPu = AZu = |[uf* 2u = ¢¥1(jaf* 2a) o 2.
Therefore, @ is a solution of
(7) Pla = |a|* 2.

Moreover, it is easily checked that

(8) /|u12”dx:/ 4% dup,.
n Sn

Conversely, if 4 is a solution of (7), then u: R® — R given by u = (4.0 ®~1)¢
is a solution of (1) satisfying (8). As a remark, if & € HZ(S") is a solution
of (7), then 4 € LP(S™) for all p, and 4 is actually in C*(S™). We claim now
that

(9) /H(Agu)2 dxr < +o00

In order to prove (9), we let £~ be the Riemannian metric on R” given by
£ = ¢g¥ (=g Then, if g is a Riemannian metric on R”, we let Ly be the
conformal Laplacian with respect to g given by

n—2

Lgu = Agu+ m

Squ,
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where S, is the scalar curvature of g. By the conformal properties of L,

Agu = Lgu
_ n+2)/(n—4 B —(n—2)/(n—4
= gD/ (w (n—2)/( ))

_ n2)/ (=) ( Ag(ug=mD/ =) | ”(”—2>u¢<n2>/<n4>> ‘
1

Therefore, we have that

/H(AEU)z dve = /Rn ¢4/(n_4) <A£<u¢—(n—2)/(n—4))

2
+n(n4— 2)u¢—(n—2)/(n—4)> vy,

and we can also write that

i3
= Ag(t0 @7 Y 4 Ag(¢7 ) (a0 07
—2(V(io ®1); VoY)

Aé(u¢—(n—2)/(n—4)) — A ((ﬁ o q)—l)¢—2/(n—4)>

E’
where (-;-) gls the scalar product with respect to €. It follows that
/ (AEU)2 dvg < 4/ (Ah’&)Q dvp, + 01(11 + Is + 13)
R» Sn
< Oy + Ci(I1 + Iz + 1I3),
where C1,Cy > 0 are positive constants, and
2
I = / (A6 0 @) (6Y0 0 B) duy
S'n.

= [ (e 0em) 7 (00 an

I = /Sn(qs—Q o @) (1o @) duy,
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Thanks once again to the conformal invariance of the conformal Laplacian,
we can write that

2
I = / (Aglo=20=))’ g0 gy

2
_ [ plenrd/m- <¢—(n+2>/<n—4>A§¢_”(7?4—2)¢—2/<n—4>> i
Rn

< 03/ (Aep)? de+Cy | ¢* dz < 400,
n Rn

where C3, Cy > 0 are positive constants. In a similar way, we can write that

2
I = / /0= [7g=2/0=)|”
Rn £

:/nqs?”

At last, by (6), we also have that

’13| S 05/ d’()g~

=C5s <Z>2m dr < +00,
Rn

2
wr?/(”*‘*)‘g da < +o0.

where C5 > 0 is a positive constant. Hence, (9) is true. In a similar way, we
claim that we also have that

(10) / Vul? de < oo,
R"

where 2* = 2n/(n — 2) is the critical Sobolev exponent for the embedding
of H?-spaces (consisting of functions in L? with one derivative in L?) into
LP-spaces. Another possible equation for 2* is 2* = 2 x 1%, In order to prove
(10), we note that, by (6),

[V(aod™)|, = ¢/ |Val,.
Then, we write that
/ Vul? da < 06/ V(aod )|} ¢* du+ 07/ Vol da
Rn R" R"
<Gy [ FdorCo [ VO do < +ox,
Rn R

where Cg, C7,Cs > 0 are positive constants. This proves (10).
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Now we consider n € C2°(R™) be such that 0 <n <1, n=1 in By(1)
and 7 = 0 in R™\ By(2), where By(r) stands for the open Euclidean ball of
centre 0 and radius r in R™. For R > 0, we set

nr(x) =1 (%)

and let u be a solution of (1). Multiplying (1) by 7,u and integrating by
parts over R”, we get that

(11) / 77R]u\2ﬁ dx = A¢(nru)Audr = Iy (R) + I2(R) — 2I3(R),
n ]Rn
where
DR = [ (Ben ds
Bo(2R)
B(R) = | (Acmu(den) ds

I3(R) = / (Vnr; Vu)e(Agu) dz,

Ar

and where Ap is the annulus Ar = By(2R)\By(R). Clearly, thanks to (9),
we have that

L(R) — [ (Agu)?da,
Rn

as R — +oo. We also have that

/ T]R"LL|2” de — ]u\w dz,
n Rn

as R — +o00. Independently, letting V(R) = Vol¢(Ag), by help of Holder’s
inequality, and noting that V(R) < CR", we can write that

()| = \ [ empusen s

(n+4)/2n
< OR72||u|y < / (Agu)?n/(v+4) dx)
Agr
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1/2
< CR™?||ul|2 ( / (Agu)2d$> V(R)*™
Ar

1/2
< C||u|2 </ (Agu)? dm) .
AR

Hence, I2(R) — 0 as R — +oo. In a similar way, by (10), we can write that

. </ Aguf ) g
Ar
1/2
o ( / (Agu)zda:) V(R)/"
Ar

1/2
< O|[Vuls: </ (M)%) .
Ar

Hence, we also have that Is(R) — 0 as R — +oo. Passing to the limit as
R — 400 in (11), we get that if 4 is a solution of (7), then u: R™ — R given
by u = (@10 ®~1)¢ is a solution of (1) such that

/(Agu)de:/ u|? da

:/ |4 dvy, < +00.

(n+2)/2n
|I3(R)| < CR™Y|Vu )

< CR™Y|Vu

In view of this result, and in order to prove the theorem, it suffices to prove
that there exists a sequence () of solution of (7) such that

Y
/ |uk|2 dvp, — 400,

as k — +oo. Let J be the functional associated to (7) given by

1

1
J(u) = 2/ ((Ahu)2 + cn|Vu|,Zl + dnu2)dvh — 2ji/s \u|2lj dvy,.

Let also G be a closed subgroup of the isometry group Isomy,(S™) of (S™, h).
For ¢ =1,2, and p > 1, we let

Hy (8" = {u€ HY(S")st. ulg-2) = u(e)
forall g € G and a.a.xz € S},
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where HY(S™) is the Sobolev space of functions in LP with ¢ derivatives in
LP. We denote by Of = {g-x/g € G} the orbit of x under G and let

k = min dim O¢.
TeS™
The composition of a continuous embedding and of a compact embedding is
compact. Moreover, we know from the general result in Hebey and Vaugon
5] that if £ > 1, then the embedding HY ,(S™) C L(S™) is continuous for
all 1 < g < pg; and compact for all 1 < g < pg;, where pf;, = +ooifn — k < p,
and pg = (n—k)p/(n — k —p) if n — k > p. Noting that (2*)5 > 2* when
k > 1, the sequence

H3 (") € Hig(S™) € LED5(s™)

then gives that the embedding H%yG(S") C L?(S™) is compact when k > 1.
In what follows, we let G be such that k > 1 and such that HZ,(S") is
infinite dimensional. For instance, as in Ding [3], we can let G :7O(n1) X
O(ng), where ny,ny are such that ny +ng =n+ 1 and ny,ne > 2. In this
example, k = min(ni,ny) — 1. We claim now that there exists a sequence
(U, )m of critical points of J restricted to H227G(S") such that

(12) / ﬁ,%i dvy, — +o00,

as m — +o00. In order to prove this claim, we first let || - || be the norm on
H2(S™) be given by

ol = [ (B + ol Tl + do?) d.

For J as above, it is easily seen that J is even, that J(0) = 0 and that
(A1) there exist p,a > 0 such that J >0 in By(p)\{0} and J > o on
SO(:O)? and
(A2) J satisfies the Palais-Smale condition,
where By(p) is the ball of centre 0 and radius p in H2(S™), and Sp(p) is the
sphere of centre 0 and radius p in H2(S™). We can also prove that for any
finite dimensional subspace E C H227G(S”),
(A3) EN{J > 0} is bounded.
Indeed, since FE is finite dimensional, there exists C' > 0 such that for any
u€ E, ||ul] <C|lullg:. Let E =span{fi,...,fn}, where the f;’s are an
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orthonormal basis for E, and u = Zf\il a;fi be such that ||ul]| = 1. Then,
for R > 0,

R? R¥
TR =5 = 5F

R? 2R¥ 2
=5 ' wem
and (A3) follows. Now, by (Al)-(A3) we can apply Theorem 2.13 of

Ambrosetti and Rabinowitz [1] and we get the existence of an increasing
sequence (ayy)m of critical values for J given by

!
13

13 m = 8 inf  J(h ,
(13) om=sup. _infJ(h(w))

m—1

where S = Sy(1), E,, = span{fl, R fm}, E:L is the orthogonal complement
of En,, (fi)i>1 is an orthonormal basis of HS’G(S”) and I'* is the space of
odd homeomorphisms of H227G(S”) onto H22,G(S”) such that J(h(B)) >0,
where B is the ball of centre 0 and radius 1 in HQQ’G(S"). Then, in order to
prove that there exists a sequence (i, ), of critical points of J restricted to
H3 (S™) such that (12) is true, it suffices to prove that

(14) Oy, — +00
as m — +o0o. We define

T = {ue H}5(S") s.t. 2¢|[u))® = 2ju)| %}

and let
= inf .
B = _int [l
Then,
(15) B — 400

as m — +oo. Indeed, if it is not the case, there exists (u,)n, such that
U € Ei- for all m, u, € T for all m, the u,,’s are bounded in H2(S™) and
Uy, — 0 in H227G(S") since u,, € E;-. The compactness of the embedding
H227G(S”) C L¥(S™) then implies that (up to a subsequence) uy, — 0 in
L?(8™). Tt follows that w, — 0 in H2(S™) since uy, € T for all m. On
the other hand, by the Sobolev inequality corresponding to the embedding
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H3(S™) ¢ L¥(S™), and still since uy, € T for all m, there exists C' > 0 such
that ||us,|| > C for all m. A contradiction, and (15), is proved. For u € Ej},
we let

hm(u) = %ﬁmu

Following Ambrosetti and Rabinowitz [1], it is easily seen that h,, extends to
hm € T*. Given u € Hg’G(S")\{O}, we let f(u) € R be such that f(u)u € T.
Then, if u € SN E;,

w3 (5) (- () ")
() (-6

and we get with (13) and (15) that (14) holds. In particular, there exists
a sequence (U, )m of critical points of J restricted to H227G(S") such that
(12) holds. The 4y,’s are solutions of (7) when restricted to H%vG(S”) in the
sense that for any m and any ¢ € H227G(S”),

/ (Aniin)(Arp) + en(Vims Vg + duiimsp) don

— / \ﬁm\QLQﬁ,m(p dvy,

Let ¢ be any smooth function on S™ or any function in H2(S™). Let also
pa be given by the equation

pa(z) = /G o (0(2)) dpu(o),

where du is the Haar measure on G. Clearly, ¢ is smooth and G-invariant
if ¢ is smooth or g € H22’G(S") if o € H(S™). Then we can write that

/ ((Ahﬂm)(AhSoG) + Cn<vamv V¢G>h + dnﬂm(PG) dvh
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-/ ( [ (3w (2up00)

+ en(Viim, V(0 0 0)) + dpin (0 0 a))dvh> du(o)
= |G| g ((Antim)(Anp) + cn(Viim, Vo) + dnlmep) dop,

where |G| is the volume of G with respect to du, and that

/ | epcs do

_ /G < / ’]ﬂm]2u2ﬂm(cpoa)dvh> du(o)

Sn
=G |t |* i dup,.
Sn

It follows that

/ (Aniim) (Arp) + cn(Vim, Vi, + dniimp) du, = / |t |2t dup,

n

for all ¢ € H2(S™) and all m. In particular, for any m, d,, is a solution
of (7). The u,,’s associated to the ,,’s have to change sign for m > 1
according to the remark on equivalent solutions as given earlier and the fact
that

/(Aum)zdaﬁ = / i |?* dvp, — +o0.
R n

This ends the proof of the theorem. O
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