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On the equivariant Gromov-Witten theory of
P2_bundles over curves

AMIN GHOLAMPOUR

We study equivariant Gromov-Witten invariants of P2-bundles
over a curve C. Our bundles are of the form P(Lo@® Ly ® L2)
for arbitrary line bundles Ly, L1 and Ls over C. We compute the
partition functions of these invariants for all classes of the form
s+ nf, where s is a section, f is a fiber and n is an integer. In
the case where the class is Calabi-Yau, i.e., K - (s + nf) =0, the
partition function is given by

u\ 29—2
39 (2 i f) .
sin 5

As an application, one can obtain a series of full predictions for
the equivariant Donaldson-Thomas invariants for this family of
non-toric three-folds.

1. Introduction

Let X be a P2-bundle over a smooth complex projective curve C of genus
g, and let Kx be its canonical class. We denote the cohomology class of the
fiber by F.

Definition 1.1. A class 3 € H*(X,Z) is called section class if F'- 3 = 1.
We say 3 is a Calabi—Yau class if Kx - 6 = 0. (3 is called Calabi—Yau section
class if both conditions hold.

Remark 1.2. A section class is not necessarily represented by a geometric
section of the bundle X. It could be, for example, a section with a number
of fiber curves attached to it.

Now let X be a P2-bundle of the form
]P)(Lo D L1 D LQ) — C,

where C' is a curve of genus g, and L; — C is a line bundle of degrees k;.
Without loss of generality, we will assume that Lg is the trivial bundle. As
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in [2], we use the word level to refer to (ki,k2). It can be shown that the
canonical class of X is given by

Kx =—-3H + <2g—2—k1 —kg)F,
where H is the first Chern class of O(1) — X.

Definition 1.3. There is a distinguished section in X, which is by definition
the locus of (1:0:0) in X. We denote by [y the cohomology class in
H*(X,Z), which is represented by this locus. We also define

f:=H-FcHYX,Z).

Note that {f, f} is a set of generators for H*(X,Z) and also the relations
H:-fyp=0and F -3y =1 hold in the cohomology ring. The latter implies
that fy is a section class.

Remark 1.4. One can see that for the P2-bundles of this form,
fe HY(X,Z)
is a section class (see Definition 1.1) if and only if it is of the form
B=po+nf
for an integer n (see also Remark 1.2).
The complex torus T = (C*)3 acts on X by
(20,21, 22)(x0 : 1 : x2) — (200 : 21271 : 22X2).

Let 3s € H*(X,Z) be a section class. The partition function of the degree
Bs Gromov—Witten invariants is given by

3,(9 k1, k2) = Z“Qh 2 Rxbe / L,

[Mh. (Xvﬂs )]vir

where Mp,(

X, is the moduli space of degree (s, genus h stable maps!
to X, and [M

Bs)
(X, Bs)]'" € AL(My (X, Bs)) is in the Dth equivariant Chow

!We assume that all domain curves are connected (see Remark 2.4).
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group for
D = —Ky - 3 = virdim M (X, ).

Since we are working equivariantly (the invariants are defined by equi-
variantly pushing forward to a point), our definition makes sense even for
negative values of D (c.f. Section 2.1 of [2]).

Remark 1.5. The equivariant Gromov—Witten partition functions are
invariant under equivariant deformations. The space X that we work with
is determined up to equivariant deformation by g, the genus of C, and the
level (k1, k2), and so in this paper we can refer to X by specifying only these
parameters.

Let tg, t1, t2 be the generators for the equivariant Chow group of a point:

Al (pt) = Q[to, t1, ta).

Z8,(g]| k1,k2) is a homogeneous polynomial in tg,t1,t2 of degree —D with
coefficients in Q((u)). In particular, it is zero if D is positive, and it is a
Laurent series in u, independent of ¢, t1, t2, when D = 0 (this happens when
Bs is a Calabi-Yau section class). In the later case, Zs_ (g|k1,k2) is equal
to the usual Gromov—Witten partition function. (c.f. Section 2.1 of [2]).

The partition function of the section class Gromov—Witten invariants is
given by:

Z(g| k1, ko) = > Z3.(g | k1, k2).

Bs is a section class

We will define the relative version of Z(g|k1,k2) and prove a gluing
theorem for it. The gluing formula allows us to compute the partition func-
tion in the general case in terms of the basic partition functions for the
case of g = 0, relative to one, two or three fibers. We will compute these
basic partition functions via localization techniques combined with relations
arising from the gluing formula. These give rise to explicit 3 x 3 matrices
G, U; and Us with entries in Q((u))(to, t1,t2). We will then prove the main
result of this paper, which gives a formula for Z(g| k1, ks) for any given
genus g and level (ki k).

Theorem 1.6. Let X be a P2-bundle over a curve C of genus g of the form
P(O @® L1 ® Ls), where Ly and Lo are two line bundles of degrees k1 and ks,
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respectively. Then
Z(g| ks ko) = tr (G 1UR U

where G, Uy and Uy are given by

(to — t1)(to — t2) 0 0
G = 0 (t1 — to)(t1 — t2) 0
0 0 (ta —to)(t2 — t1)
i 2(2t0 —t1 — tg) to+t1 — 2ts to + to — 2t1
(to—t1)(to —t2)  (to—t1)(to —t2) (to —t1)(to —t2)
| totti—2 22ty — to — ta) htt =2 |
(t1 —to)(t1 —t2) (L —to)(th —t2) (t1—to)(t1 —t2) |~
to + to — 2t t1 4+ to — 2ty 2(2t2 —to — tl)
L(ta —to)(ta —t1) (to —to)(ta —t1) (ta —to)(ta —t1)
R (t1 —t2)o 0 ]
to —t1 (to — t1)(to — t2)
Ul — o (t1 — to)2(t1 — t2)?¢ 2+ (2t1 — to — t2)@ o
1 — )
t —to (t1 — to)(t1 — t2) th—ts
0 (t1 —to)o o
L (tg — to)(tz — tl) to — 11
[ 9 0 (t2 —t1)¢ 1
to — t2 (to — t1)(to — t2)
_ ) (t2 —to)9
2= 0 t1 — to (t1 —to)(t1 —t2) ’
o o (ta —t0)%(ta — t1)%¢ ™2 + (2t2 — to — 1)
L to —tg o — 11 (tQ — to)(tz — tl) |

where ¢ = 2sin 5.
As an application of Theorem 1.6, we prove the following result:

Theorem 1.7. Let X be any P%-bundle over a curve C of genus g, and let
Bes € HY(X,7Z) be a Calabi-Yau section class, Then

29—2
Zs,.(g) =3Y (2 sin g) )
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where Zg_ (g) is the usual partition function for the degree (. Gromov-
Witten invariants of X, given by

Zg,.(g Zu% 2/ L

Mh(X1BCS)]Vlr
1.1. Donaldson—Thomas invariant prediction

Another application of Theorem 1.6 is the prediction for equivariant
Donaldson-Thomas partition functions (see Section 9 of [2] and also see
[9,10]).

As an example, by the assumptions of Theorem 1.7, and taking e = —g,
we can write

Z8T(9) =3 [Blg+q " +2)M(—¢)"¥] ",

=21 / X,6..) 1v"’

neL

where

and
M(g) =[] -d)7.
Jj=1
Moreover, by the same notations as in Theorem 1.6, if we define the partition
function for the class 05 equivariant Donalsdson—Thomas invariants as

Z8%(g | k1, k) = (—a W““Zq/ B

nez (XHBS)]VW

then Theorem 1.6 gives the full prediction for ZEST (g| k1, k2) for any section
class (s.

The GW/DT correspondence in the case 35 = [+ f has recently been
worked out to the first order in [3]. See also Appendix B for more explicit
formulas on the Gromov-Witten theory side.

1.2. Plan of the paper
In Section 2, we define the partition function of the relative Gromov-Witten

invariants of the space P(O @ Lj @ Lg). Then we express a gluing theorem
for these partition functions.
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In Section 3, we compute some of the basic partition functions we defined
in Section 2 in the case g = 0. There are some basic partition functions in
this case that we can compute via localization, we compute them in 3.1.
We use the gluing theorem of Section 2 to compute those that we cannot
compute via localization. This will be done in Section 3.3.

In Section 4, using the results of Section 3, we construct the matrices
G, Uy and Us, which appeared in Theorem 1.6 and then we prove Theorem
1.6.

In Section 5, we first prove (Lemma 5.1) that any P2-bundle over a curve
C is deformation equivalent to a P2-bundle over C of the form P(O ® O @ L).
Having this, we use Theorem 1.6 to prove Theorem 1.7.

In Appendix A, we first prove that it is enough in this paper to only
consider the moduli space of maps with connected domains (Lemma A.1).
After that we give a proof for the gluing theorem expressed in Section 2.

In Appendix B, we provide some more formulas for the partition function
of equivariant Gromov—Witten invariants in some special cases.

2. Relative invariants and the Gluing theorem

Let (C,p1,...,pr) be a non-singular curve of genus g with » marked points.
Following the notations of Section 1, we take

X = P(OEBLI @LQ) — (Cap17' "7p7‘)'

We will review the definition of the section class equivariant Gromov—Witten
invariants relative to divisors F1, ..., F., where F; is the fiber over the point
p;. For a treatment of the foundations of equivariant relative Gromov—
Witten theory, see [5].

The complex torus T = (C*)3 acts on X as in Section 1. We need to
fix a basis, B,, for the equivariant Chow group of each fiber, F},, which is a
copy of P2:

2
AL (Fy) = AL(P?) = Z[H, to, t1, ta] / | [J(H —t5)
=0

Let 3s € H*(X,Z) be a section class (defined in Section 1). We take

ng (91k1,k2) a0,
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to be degree (;, genus h, equivariant Gromov—Witten invariant of X relative
to the divisors Fi, ..., F}., with restrictions given by «a, € B, one for each
divisor. More precisely, we take

L=(,....l,) ez, F=(F,....F).

Then following Section 2 of [10], let X[L L] be the l,-step degeneration of X
along each F,, and let Mp(X/ F , Bs) be the moduh space of relative stable
maps ¢ : ¢’ — X|[L] from nodal genus h curves?, C’, to X[L], for some L,
which are representing the class 3;. Then, Mh(X/F, Bs) is a DM-stack of
virtual dimension —Kx - (s (see also [7]).

For each p=1,...,r, we have an evaluation map which is determined
by relative points and is T-equivariant (see [8]):

evp : Mp(X/F,Bs) — F,.

Then,

2 (g1 k1. Ea)an . = / C evi(an) U Uevi(ay),
[Mh, (X/F”BS)]vir

where _
— — vir _ -
Mn(X/F 80| e AD (Ma(x/F.5.))
is in the Dth equivariant Chow group for

D = —Kx - 8, = virdim M, (X/F, ;).

Note that the invariants can be non-zero even for negative values of D (c.f.
Section 2.1 of [2], and also see Remark 1.5). Then the partition function of
the degree (3, relative, Gromov—Witten invariants is given by

oo
(2.1) Z3.(g| k1, k2)a,-a, ZZ (g | k1, k2)ay o, w2 HxBe.
h=0

We can also write the partition function of the section class, relative,
Gromov—Witten invariants as

Z(g ‘ k1, kQ)al"'OCr = Z Zg, (9 ‘ k1, k2)a1--'ar-

Bs is a section class

ZWe assume that all domain curves are connected (see Remark 2.4).
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It is evident that when r = 0, we get the partition function for the ordinary
invariants defined in Section 1.

Remark 2.1. Zg (9| k1,k2)a,--a, is @ homogeneous polynomial in tg, 1,2
of degree

N => deg(ap) — D = deg(a,)+2g—2— ki — ko — 3n,
p=1 p=1

with coefficients in Q((u)). In particular, it is zero if N <0, and it is a
Laurent series in u, independent of tg, t1, t2, when N =0 (c.f. [2], Sec-
tion 2.1).

Remark 2.2. We can reexpress the definition of the partition function for
the section class invariants as follows (see Remark 1.4):

Z(9| k1, k2)aya, = Z Z8ytnf (9] k1 k2)ay - a,-
nez

This sum is finite because by Remark 2.1, it is clear that the sum is ter-
minated from above, and it is also terminated from below because for the
large negative values of n, there is no curve representing the class Gy + nf,
which means that

M (X/F,Bo+nf) =0

for n < 0. To see the last claim, let £ = O & L ® Lo, and notice that for
n < 0 there is a one to one correspondence between geometric sections rep-
resenting Gy + nf (note that for n < 0, a curve class Sy + nf must be a
geometric section, see Remark 1.2) and degree —n sub-line bundles of E. E
has no sub-line bundle of degree greater than ki + k5. Therefore, for n < 0,
FE has no sub-line bundle of degree —n, which proves our claim.

Before expressing the gluing theorem, we fix a basis, B, for the equivari-
ant Chow group of P2, We take

g i — (H—tl)(H —tg),
€Tl = (H—to)(H —tl),
T9 1= (H - to)(H — tg).
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xo, X1, T2 are in fact equivariant classes represented by three fixed points of
the torus action on P2. We define

B = {xg,x1,22}.

It is easy to see that B is a basis for AT(P?) ® Q(to,t1,12).

2.1. Convention

From now on, we assume that each «;, for p=1,...,r in the definition of
relative partition functions belongs to this basis set, B.
We take

T(z0) := (to — t1)(to — t2),
T(x1) := (t1 — to)(t1 — t2),
T((EQ) = (tQ — to)(tg — t1).

‘We have these relations:

a2 = T(x;)x;,
(2.2) zxj =0 for i # j.

Then we raise the indices for the relative partition functions by the
following rule:

( |k1ak2 ;- aS: HT |k‘1,]{72)a1 Y1V

Then we have the following gluing rules similar to Theorem 3.2 in [2]:

Theorem 2.3. For any choices of elements a,...,as and 1, ..., from
the set B and integers satisfying g = g’ + ¢", k1 = ki + kY and ko = kb + Ef,
we have

Z(g ’ klv k?)al'“as’h“"}/t Z Z g | k k;/ Oé1 Qg )\Z( " ‘ /1/7 ké/)f)\yl...»y“
AeB

and

Z(g| k1, k2)ora, = D Z(g| k1, k),
\eB
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The proof of this theorem will be given in Appendix A.

Remark 2.4. In most of the contexts in which the relative Gromov—Witten
invariants are being used, maps with disconnected domain curves are con-
sidered as well as ones with connected domains. In Lemma A.1, we prove
that in our case, where we only deal with section classes, we do not need to
consider disconnected domain curves.

Remark 2.5. In exactly the same way as in [2], one can prove by using The-
orem 2.3 that the partition functions Z(g|0,0)q4,..q, give rise to a
1 + 1-dimensional TQFT taking values in the ring R = Q((u))(to,t1,t2).
The Frobenius algebra corresponding to this TQFT (see [1], Theorem 2.1)

is
2
H = @ Reg,
=0

for z; € B, with multiplication given by

2
ex, @ €a, = Y Z(g]0,0)3, ex.
k=0

We will prove that this Frobenius algebra and hence the corresponding
TQFT is semi-simple (Proposition 3.11). In Section 5, we use this fact for
proving Theorem 1.6 and 1.7 for the case g = 0.

We will use the following corollary of Theorem 2.3 in our calculations:

Corollary 2.6. With the same notation as in Theorem 2.3, we have

Zgonf (9 k15 k2)ar-ay

=" " Zyinws (9 1K K o eainZaginr 1 (9 | KY D)),
AEBn=n'+n"’

3. Calculations
We will work with the space
X = ]P)(O ) Ll ©® LZ) — (Capla v 7pT‘)

throughout this section. In accordance with the notations in [2], we will use
the words cap, tube and pants to refer to the case where the base curve, C,
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is a genus zero curve with one, two and three marked points, respectively
(see Remark 1.5). We sometimes refer to the partition functions by referring
to the space to which they correspond. We will use the notation

U

= 2sin —
¢ 2
in the later calculations.

Similar to Section 4.3 in [2], one can see that the following partition
functions determine the theory completely:

Z(010,0)a, Z(0]0,0)a10s, Z(0]0,0)aya005, Z(0]—1,0)q,
Z(010,-1)q, Z(0|1,0)a, Z(0]0,1)q.

We refer to the partition functions above as the basic partition functions.
By the discussion given in Remark 2.2, one can prove the following
lemma:

Lemma 3.1. The basic partition functions are given by

Z(0]0,0)q = Z5,(0]0,0)q, Z(010,0)ay0, = Z3,(010,0) 0,0,
Z(0]-1,0)q = Z5,(0| =1,0)q, Z(0]0,—1)q = Z3,(0]0,—1)q,
Z(0]1,0)a = Z5,~£(0[1,0)a, Z(0]0,1)a = Z3,—£(0]0,1)q,
Z(010,0)a;0z05 = 23, (010,0)a,asas + ZﬂoJrf(O 10,0)a a0

Proof. We prove the last equality as follows. In the right hand side, we
do not have any partition function of degree By + nf for n < 0, because
O @ L1 @& Ly does not have any sub-line bundle of a positive degree, as L
and Lo are of degree zero. We also do not have any partition function of
degree Gy + nf for n > 1 because

3
N = Zdeg(ap) - D
p=1

=(24+24+2)— (3H +2F) - (Bp +nf) =4—3n,

which is negative for n > 1 (see Remark 2.1). The other equalities are proved
similarly. O

The rest of this section is devoted to computing the terms that appeared
in the right hand sides of the equations in Lemma 3.1.
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3.1. Calculations via localization
The complex torus acts on X as before. We define

So: thelocus of (1:0:0) in X 2P(O® LiLy" @ LaLy"),
Sy: thelocus of (0:1:0) in X ZP(LoL;' @ O @ LaLih),
Sy: the locus of (0:0:1) in X 2P(LoLy' ® L1L;' @ O).

It is clear that Sy, S1 and S5 are fixed under the torus action on X. One can
also see that Sy, S1 and S5 represent the classes Gy, Gp — k1f and Gy — ko f,
respectively.

As before, let G5 be a section class. The torus action on X induces
an action on M(X/F,B3s). We denote the fixed locus of this action by
My (X/F,Bs)". B B

By notations of Section 2, we let S;[L] C X[L] be the [,-step degeneration
of S; along intersection points 7, = S; N F), for p=1,...,r, and i =0, 1,2,
such that S;[L] is still fixed under the induced actions on X[L]. Then,
Mpy(X/ F, 3,)T parameterizes maps ¢ : ' — X [E] for some L, whose images
are either of S; [E] Uty fn for i = 0,1 or 2, where by the last expression we
mean SZ[I_:] with m; T-fixed fiber curves, f, (f, represents the class bf for
some b € Z1), are attached to it at some points. Note that the choice of
i € {0,1,2}, and also the number of fibers which are attached to S; [I_:], m;,
are constrained by the class [;.

In general, the moduli space M (X/ F, Bs)T can be quite complicated
because of the existence of the fibers attached to each S;[L]. However, in
the special case where m; =0 for some i (i.e., there is no fiber attached
to Si[L]), it is evident that the corresponding component of My,(X/F, )"
(parameterizing maps with images equal to S; [E]) is the moduli space of
degree one relative stable maps to curves, which we denote by M},(S;/7;, 1),
where T; = (i1, ..., Tir)-

3.2. Assumption

For the rest of Section 3.1, we assume that

(3.1) My(X/F, 3" = JMu(Si/7,1),
i€l

where I C {0, 1,2}, depending on the class .
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Then one can see that the T-fixed part of the perfect obstruction theory

of M,(X/F, ) is exactly the usual obstruction theory of |J;c; Mx(Si/7;, 1),
and therefore

" = vir o .

My(X/F,8)7] " = 3 [M(8i/7,1)]™

il

In the special case where m; =0 for all possible ¢, the assumption
above holds. One can see easily that this is the case for all the partition
functions in the right hand sides of equations in Lemma 3.1, except for
Zﬁo-i-f(o | 0, O)alazag'

In this section, we will use localization for calculating the former par-
tition functions. Zg,4+£(0]0,0)a,asa, Will be calculated in Section 3.3 by
combining the results of this section with the gluing techniques.

Applying the relative virtual localization formula (see Section 3 of [5]3),
we can write

Zﬁs (g | kl? k2)a1ar
o * *
_ 2h—2—K x5 eV1(041) N---Nevy(ay)
32 =SS u / levi(or)

icl h=0 (M, (S:/7,1)]v e(Norm}™)

where Norm!™ is the equivariant virtual normal bundle of the component
of the T-fixed loci in Mp(X/F, f;), and e(Norm}™) is its equivariant Euler
class.

Let 7 : U — Mp(X/F, ;) and q : U — X be the universal curve and the
universal map, respectively, and let Ng,,x be the normal bpndle of S; in X.
Then we have the following lemma for evaluating e(Norm;""):
Lemma 3.2. For each i € I, the equivariant Fuler class of the wvirtual
normal bundle of the component of the fixzed loci, which is isomorphic to
Mp(S;/75,1), is given by

)

e(Norm!") = e(R*m.q*Ns,/X) = e (R*meq*(L;L; ' & Li L7 1)),
where j and k are two distinct elements of {1,2,3} — {i}.

Proof. Following the notations of [5], for a normal crossings divisor D con-
tained in the smooth locus of a variety V', by Ty (— log D), we mean the dual

3In [5], the authors assume for convenience that the relative divisor is in the fixed
locus, but it is straight forward to adapt their methods to the case at hand [4].
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of the sheaf of Kéhler differentials with logarithmic poles along D. Let
G:C" — Si|L] — X|L]

be a relative map corresponding to an element of M,(S;/7, 1) and

-,

c: X[[] = X

be the natural contraction map. For the divisor D C V as above, and a
given integer [ > 0, let D, be the infinity section of the [th component of
the l-step degeneration of V along D (see Section 2.1 of [5] for more details).
Note that when [ =0, Dy, is D. Then by the description of Ty (—log D)
given in Section 2.8 of [5], we have the following equality in K-theory

T T
PiTxi) | =D 108 Fpoo | = Ty | =D 108 Tipeo | @ ¢*Ns,x,
p=1 p=1

where p; is the inclusion of S;[L] into X [L], and hence
T
H* | C',¢Txy | =Y 108 Fpoo
p=1
,
=H* Cl,(j*TSi[L} —Zlognppo @H*(C/,Q*C*N&/x)
p=1

The first equality in the lemma follows from this, and a comparison of
the moving parts of the obstruction/deformation sequences of Mp(X/F, 3s)
and M(S;/7;,1) under the induced torus action (See (2) and (3) in [5]),
and noting that we consider degree 1 maps to S5; [E}

The second equality in the lemma follows from the isomorphism:

Ng,x 2 L;L;' @ LyL; " .

Remark 3.3. The last expression in Lemma 3.2 is consistent with the
notations of Section 2.2 of [2], where the authors considered the moduli
space of maps from curves to the total space of a direct sum of two line
bundles over a curve.
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For manipulating the evaluation functions in (3.2), we use the following
Cartesian diagram for each p=1,...,r, and i € I:

Mh(SZ/ﬁ,l) —_— {Tip}
i |
Mh(X/F:>ﬁs) i) Fp7

where two vertical maps are inclusions, and 7;, is the intersection point of
S; with Fj,, which is the fixed point of the torus action on Fj, representing
the class z; € B. From this diagram, it is clear that evy(a,), restricted to
M(S;/7;,1), is a class of pure weight for each p and can be taken out of
the integrals.

We summarize all the discussion above in the following equation:

(g|k17k2 oy — Zu2h 2—Kx P Z H €Vp Oji)*(ap)

i€l \p=1
(3.3) X / e (—R*m.q"(Ng,/x)) -
[Mn (i /7, 1))
By chasing the diagram above, one can see easily that

(3.4 (evpo g () = 4 L ) =
) evy, o j;) () =
peJ . 0 otherwise
for k € {0,1,2} (see Section 2 for the definition of T'(—)).
3.2.1. Computing degree 3, level (0,0) cap, tube and pants

Lemma 3.4. Partition functions for the degree [y, level (0,0) cap, tube
and pants are given by

Z5,(0]0,0),, =1
T(x,) if a=b

Z53,(010,0)3,2, =
ﬂO( | { otherwise

T(z4)? if a=b=
Zﬁo(0|00xaxbxc { " ‘

otherwise

for a,b,c € {0,1,2}.
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Proof. Since k1 = ko = 0, all Sp, S; and S5 represent the class Gy, and so in
(3.3) we have I = {0,1,2}.

We use the results of Sections 6.2 and 6.4.2 in [2] to evaluate the integrals
in (3.3), for the cap, tube and pants. We prove the formula for the tube, and
the other cases are similar. By Lemma 6.1 in [2] (for d = 1), and Lemma 3.2,
and also by (3.3) and (3.4), we have

Z5,(010,0)5,0, = Y w27 ((6V1 o jo)" (za)(eva © jo)" ()
h=0

. / _e(~Romq (LiLy' @ LoLyY))
[Mh(so/(ﬁnﬂ'oz),l)]

+ (ev1 0 j1)"(2a)(eva o j1)* ()

. / e (BT (LoLy" @ Ly L))
[M;L(Sl/(fu,‘l'm),l)]

+ (evy 0 j2)" (wq)(eva o j2)*(zp)
e (=Rmq*(LoLy"' & LiLy ")) >

2
- YT 6T

Note that the weights of the torus action on the first and the second factors
of L]-Li_1 @ L;.CLi_1 are t; —t; and t; — ¢, respectively (which they play the
roles of t; and ¢ in Lemma 6.1 in [2]). O

3.2.2. Computing degree 3, level (0, —1) and (—1,0) and degree
By — f, level (0,1) and (1,0) caps

Lemma 3.5. Partition functions for the degree By, level (0,—1) and (—1,0)
caps are given by
28, (010, 1)z, = (ta — t2)¢_1
28, (0]=1,0)z, = (ta — 751)‘1571
fora=0,1,2.
Proof. We prove the first formula, and the second one is proved in a similar

way. We have k1 =0 and ko = —1, Sy, S1 represent the class Gy, but So
represents the class Gy + f. Therefore in (3.3) we have I = {0,1}.
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By Lemma 6.3 in [2] (for d = 1), and also Lemma 3.2 and (3.4), we can
rewrite (3.3) as

25010, ~1),, = 3 w22 Kt ((ew o o) (za) [

h=0 [M},(So/To1,1)]¥
x e (—R*mq*(LiLy" ® LoLgt))

+ev o) (o) |

[My(S1/711,1)]¥0
X e (—R'W*q*(LOLfl SP) L2L1_1)) )

_ <5ST($0) N 5iT(fU1)> 51
to—t1  t—to

= (ta - t2)¢71-

0

Lemma 3.6. Partition functions for the degree By — f, level (0,1) and (1,0)
caps are given by

Zﬁo—f(o | 0, 1)xa = (ta - tO)(ta - t1)¢72
Zﬁo—f(0| 1,0)z, = (ta —to)(ta — t2)¢_2

fora=20,1,2.

Proof. For the first relation, note that only Sy represents the class Gy — f,
and so we have I = {2}. Note also that the normal bundle of Sy in X is
level (=1, —1) in this case. The rest of the proof is quite similar to the proof
of Lemma 3.5, except that this time the relevant integral is obtained by
applying Theorem 3.2 in [2] to the level (0,—1) and (—1,0) caps (given by
Lemma 6.3 in [2]) and the level (0,0) pants (given in Section 6.4.2 in [2]) to
get the level (—1,—1) cap. O

3.3. Calculations via gluing techniques

In this section, we use Corollary 2.6 (which is referred to as the gluing
formula), and the results of Section 3.1 to find Zg,4¢(0]0,0)a,asq,- For a
treatment of gluing spaces and applying the gluing theorem, see Appendix A.
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We first need to find the following partition functions of tubes:

Z(O ‘ 0’ _1)a1a2 = Zﬁo (0 | 07 _1)011042 + Zﬁo-‘rf(o | 07 _1)041012?
(35> Z(O ’ 07 1)061042 = Z,B()*f(o | 07 1)061062 + Zﬁo (0 | 07 1)061042'

Similar relations hold after swapping the degrees. These equalities can be
proven similar to the proof of Lemma 3.1.

3.3.1. Computing degree 3, level (0, —1) and (—1,0) and degree
Bo — f, level (0,1) and (1,0) tubes

Lemma 3.7. Partition functions for the degree By, level (0,—1) and (—1,0)
tubes are given by

(to — t1)(to — t2)?¢~ ! if a=b=0,
Zﬂo(o 10, =)z, = (t1 —to)(t1 — t2) o Lifa=b= 1,
0 otherwise.

(to — ta)(to — t1)%¢~ L if a=b=0,
Z5,(0] =1,0)z,0, = { (ta — to)(t2 — t1)?¢™" if a=b=2,

\ 0 otherwise

fora,be {0,1,2}.

Proof. The first relation is simply proved by attaching the level (0, —1) cap to
the level (0,0) pants and applying the gluing formula. This is schematically
indicated by the following picture:

01 (o 1)
WD = j@e
B b

Z5,(010, =1)z,2, = Z5,(0]0, —1)%250(0 10,0)z7 ;.

The result is now obvious by applying Lemmas 3.5 and 3.6. The proof of
the second relation is similar. O
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Similar to the proof of Lemma 3.7, we can prove this:

Lemma 3.8. Partition functions for the degree By — f, level (0,1) and (1,0)
tubes are given by

(t2 —t0)?(ta — t1)?¢ > if a=b=2,
Zﬂo—f(o | 0, 1)96a96b = {

otherwise.

(t1 = t2)*(tr — to)?¢™2 if a=b=1,

0 otherwise

Z/Bo—f(o‘ 1, O)xaxb = {

fora,b e {0,1,2}.

3.3.2. Computing degree (3, level (0,1) and (1,0), and also degree
Bo + f, level (0,—1) and (—1,0) tubes We do the calculations for
degree (3, level (0,1) and degree By + f, level (0,—1) tubes, the (1,0) and
(—1,0) cases are similar.

We attach two tubes of levels (0,—1) and (0,1) to get a tube of level
(0,0) (see the picture). Now applying gluing formula and using Lemmas 3.7
and 3.8, we get

i} (0,-1) x4 (0,1) (0,—1) x4 (0,1)
w( 0= xQ 0 DeenQ 0 D

By *a Botf *a By~f
Zﬁo (0 | 0, O)Iaza = Zﬁo (O | 0, _1)xacfca Zﬂo (0 | 0, 1)22
+ Z6y4+£(010, =1)a,2, Z,— (0] 0, 1)z

fora=0,1,2.
By using Lemmas 3.4, 3.7 and 3.8, we can solve the equations above for
the other unknowns:

Zﬁo (0 ’ 07 1)350350 = (to - t1)¢7
Zﬁo (0 | 07 1)15111 = (tl - t0)¢a
Zﬁo+f(0 ‘ 07 _1);B2x2 = (252-

By changing relative conditions, we can get more relations:

(0,0) (0,-1) Xy (0,1
Nommetl xocxl
0 0 o 0

0= Zﬁo (O ‘ 07 0)3303?1 = Zﬁo (0 ’ 07 - )3503302,80 (0 | O 1)117
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which implies that
Zﬁo (O ’ 0’ 1)5E05E1 =0.
We can also write (by using Lemmas 3.7 and 3.8):

(0,1) Xq 0, 1) 0.1) X (0,-1)

xzc-xa cn( O Ow+) 0D Ow
B

0 « By Bo~f Y2 Botf
O = Zﬁo( ’ 0 0)1'21'{: = Z,Bo (0 | O 1)15237(1 Zﬁo (0 ’ O? _1)52
+ Z,Bo (0 | 0, 1)5029622,50+f(0 | 0, _1)332

for @ = 0,1. This with Lemmas 3.7 and 3.8 implies that

Zﬁo (0 | 07 1)10-%2 = Zﬁo-f—f(o | 0’ _1)1012 (t2 - tl)gb_l?
(3.6) Z5,(010, )3y, = Zgy (010, = 1)y, (t2 — t0) ™"

Attaching the level (0,0) cap to the level (0,1) tube, we get three rela-
tions:

0.1 (0,0) xo (0, 1) (0,0) x1 (0,1) 0.0 x, (0,1
COn = (O D OO Dn 3D
By By o ﬂo By By B2 By

0= Z5,(010,1)7° + Z5,(0]0,1)3! 4+ Z3,(0]0,1)32
for a = 0,1,2. We already know that
Z3,(010,1)3t = Zg,(0]0,1)3° =0,
so we get

Zﬂo (0 ’ 0, 1>Zozz = (t2 - tl)(ba
Zﬁo (0 ’ 0’ 1)501502 = (tQ - t0)¢7
Zﬁo (0 ’ 0, 1)1212 = (2t2 —tp — t1)¢-

Combining with (3.6), we find

ZﬁoJrf(O ‘ 0, _1)romz - Zﬁoﬂ“(o ‘ 0, _1)z1zz = ¢>2-



Gromov-Witten theory of P2-bundles 653

By writing more relations in a similar way (see the pictures, a =0, 1),
we can prove

Zﬁo-‘rf(o | 07 _1)51305170 = Zﬁo-‘rf(o | 07 _1)9315131 = Zﬁo-i-f(o | 07 _1)1“0231 = ¢2'

0,0) O,1)  xa (0,=1) 0.1 x (01
x{x<xa = Xg ( ()Xa + xu() ( ()xu
Bo+f By e Potf By *2 Botf
(0,0) (0,1) xo (0,-1) (0,1) x> (0,-1)
xo<x1 = x() { O+ x0() { {x
Botf By X0 By+f By B+

We now summarize all we have proven in this section into the following
lemma:

Lemma 3.9. Partition functions for the degree [y, level (0,1) and (1,0)
tubes and also for the degree [y + f, level (0,—1) and (—1,0) tubes are
given by

[0 — 11 0 to — 1
[Z,BO (O ‘ 07 1)$a$b] = 0 t1 — tO ty — tO ¢7
ty—t1 ta—ty 2ty —to—ty]

[to—ta 11—ty 0
(Z5,(0]1,0)5,2,] = |t1 —t2 2t1 —to—t2 t1—to| &,
0 t1 — to ta —to
(1 1 1]
[Z5,4£(0]0,=1)z,2,] = |1 1 1] ¢7
1 1 1]
(1 1 1]
[Z60+f(0|_170)xaxb:|: 111 ¢2»
1 1 1]

for a,b € {0,1,2}, where partition functions with the index x,x}, are the
(a+1,b+ 1) entry of the matrices above.
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3.3.3. Computing degree (3, + f, level (0,0) pants

Lemma 3.10. Partition functions for the degree By + f, level (0,0) pants
are given by

Z6,+1(010,0) 20,2, = 0, Z8y1£(010,0) 0020, = (t2 — t1)¢?,
Z5y4£(010,0) 2,202, = (t2 — t0)¢?, Z5y+£(010,0) a2z, = (to — t1)¢?,
ZﬁoJrf(O 10,0)z,2,2, = (t1 — t0)¢37 Zﬂoﬂ”(o 10,0) 201,

= (2ty — to — t1)¢,
Z0£(010,0) 00,2, = (t1 — 12)0°, Z3y4£(010,0) 020z, = (o — t2)¢?,

Zﬁo-i-f(o | 07 O)IEOIOZO = (2t0 —t1— t2)¢37 Z,@o+f(0 | 07 O)ﬂvlwlfﬂl
= (2t; — tg — t2)d>.

Proof. We attach the level (0,1) cap to the level (0,0) pants to obtain the
degree [y, level (0,1) tube. Applying the gluing formula together with
Lemmas 3.6 and 3.9, we get the following relation

(0,0
0,1) (0,1)/)62 Xp
W) Om o=
By ﬁO_f » X

Botf
Z,Bo+f(0 | 0, O)xzwawb = Zﬂo (0 ’ 0, 1)%:51)(?52-

From this, we can get all Zg,4¢(0]0,0)z,2,.. with at least one of a, b, c equal
to 2. If we attach the level (0,—1) cap to the level (0,0) pants to obtain the
degree B + f, level (0,—1) tube, we will get

0,0)
( 0,-1 (0 =D % (0 -1 xl
X4 U)Xy
ﬁ0+f g %o .Bo xl

Bo+f o+f
ZBOJrf(O ’ 07 O)J»’oﬂﬂoﬂﬁl - Z/B0+f(0 | 07 0)$0231231 = (to - t1)¢3?
Zﬁo-i-f(o | 07 0)$0$010 - Zﬁo-‘rf(o | 07 0)-’150930931 = (to - t1)¢37
(37> ZﬂoJrf(O ’ 07 O)LUoﬂCliUl - Z/30+f(0 ‘ 07 0)331331331 = (t() - t1)¢3'
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We now write a Frobenius relation as follows (all the pants are level (0,0)):

Xy

X X X
_ X0 % " X .,
ﬁ() ﬁo"’f
O O O O
X0 X0

Xo Xo

0= Zﬁo-i-f(o 10,0) 2022, Zg, (010,0)z°

XoXo
+ Zﬁo (0 | 0, O)lelmlzﬁtﬁ‘f(o | 0, O)iéﬂﬁu’

where the left hand side is zero by Lemma 3.4.
By Lemma 3.4, this simplifies to

(to - tQ)ZﬂoJrf(o ’ 07 O)LUinliUl = (tl - tQ)ZﬁoJrf (O ‘ 07 0)3?03?0731 :

Combining this with (3.7), we will find the rest of the partition functions in
the lemma. i

We now know all the partition functions of pants, and so we are able to
prove the semi-simplicity of the TQFT (see Remark 2.5):

Proposition 3.11. The level (0,0) TQFT resulted from our setting and
Theorem 2.3 is semisimple.

Proof. By Lemmas 3.4 and 3.10, we have

Z(O | 0, O)iZmb ”UZO = Zﬁo (0 ‘ 0, 0)zazb -

o, JT(@a) ifa=b=c,
0 otherwise.

This means that for v = 0, the basis {es, /T (z0), €z, /T (x1), €z,/T(x2)} of
the corresponding Frobenius algebra (see Remark 2.5) is idempotent:
€x, €.

i 5]
T(e) & () ~

ez,

T(x;)

This proves the semi-simplicity when u = 0 (see [1], Section 2). Now the
proposition follows from Proposition 2.2 in [1]. O
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4. Proof of Theorem 1.6

We now know everything we need in order to prove Theorem 1.6. We first
find the first and second level creation operators and also genus adding
operator, which are by definition

Uy =[2Z(0|1,02],  Us=1[2(0]0,1)®], G =][Z(1]0,0)%],

respectively. Here partition functions with the lower index x, and the upper
index x;, are the (b+ 1,a + 1) entry of the matrices above.

We can find U; and Us by simply raising the indices in Lemmas 3.8
and 3.9:

00
Uy = [Z5,—7(0]0,1)%] + [Z3,(0]0, 1) ] = |0 O 0 2
0 0 (to—to)(ta —t1)
r1 0 to — t1 7
to — to (to —tl)(to —tg)
1 to — to
L By rep yrapa
1 1 2t2 —tg—t1
[ty —tg to—t1 (ta —to)(ta —t1) ]
(4.1)
[ ¢ 0 (ta —t1)¢ T
to — to (to — t1)(to — t2)
_ 0 ¢ (t2 —to)o
t, — to (t1 —to)(t1 — t2)
¢ ¢ (ta—t0)*(ta —11)*¢ > + (2t2 — to — t1)¢
_tQ — t(] t2 — Ifl (tg — to)(tg — t1> i

U, is obtained in a similar way, and it is as in Theorem 1.6.
By Lemma 3.4, [Z3,(0]0,0)% ] is the identity matrix, and by the gluing
formula, we can write

[Z2(0]0,0)2*] = [Z(0]0,1)z¢] [Z(0]|0,-1)3"] .
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Therefore, by Lemmas 3.7 and 3.9, we have

Uyt = [Z5,(010,=1)32] + [Z3,4£(0]0, ~1)32]

to — t2 0 0
=] o0 t1—ta 0f ¢!
0

0 0
1 1 1
(to —t1)(to —t2)  (to —t1)(to —t2)  (to —t1)(to —t2)
. 1 1 1 r
(tr —to)(t1 —t2)  (t1 —to)(t1 —t2)  (t1 —to)(t1 —t2)
1 1 1
(tz2 —to)(t2 —t1)  (t2 —to)(t2 —t1)  (t2 —to)(t2 —t1)
(4.2) ]
[(to —t1)(to — t2)2¢~ ! + ¢° ¢? ¢?
(to —t1)(to — t2) (to — t1)(to — t2) (to — t1)(to — t2)
_ ¢ (t1 —to)(t1 — t2)*¢~ " + ¢° ¢ .
(t1 —to)(t1 — t2) (t1 —to)(t1 — t2) (t1 —to)(t1 — t2)
¢* ¢* ¢*
(t2 —to)(t2 — t1) (t2 —to)(t2 — t1) (t2 —to)(t2 — t1) ]

U ! is obtained in a similar way. U; ' and U, ! are the first and second
level annihilation operators, respectively.

Now we are going to find the matrix G. By the same argument as that
given for Lemma 3.1, one can prove that

Z(l | 0, O)waccb = Zﬁo(l ‘ 0, O)xaxb + ZﬁoJrf(l ’ 0, O)mamb
for a,b € {0,1,2}. Thus, we have
G = [Z5, (110,005 ] + [Zg,+5(1]0,0)3] .

For calculating the terms in the right hand side of this, we attach two pants
at two points (see the picture) and apply the gluing formula:

(0,0) Xa

(0,0) (0,0)
[0}

B, ¢
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0,0) 0.0) Xa ©.0) 0.0) Xp (0.0)
ﬁ0+f B 0 5 B0+f ﬁ0+f % B 0
Z5,(110,0)z,2, = Z5,(0]0,0)z,2,2,Z5,(0]0,0)7",

Z,@o+f(1 10,0)z,2, = Zﬁo(0|0 0)z,z vaﬂU+f(O’0 0)3: pe
+ Z8,+£(010,0)z,2,2,23,(0]0,0)72*",

658

which implies that

[Z3,(110,0)%]

(to *751)(750 — 1l2) 0 0
= (t1 — to)(t1 — t2) 0
0 0 (ta —to)(t2 — t1)

and

[Z6,45(110,0)2 ]

F2(2t0 —t — 1) to+ti— 2ty to+1to — 2t
(to —t1)(to —t2) (o —t1)(fo —t2)  (to —t1)(to — t2)
| torti =2t 2020 —tg—ta) 1+t — 2t 5
=)t —t2) (i —to)(tr —t2)  (ti—to)(ti—t2) |
to+1to — 2t tiHta—2ty  2(2ty —to—t1)
[ (to —to)(ta —t1) (ta —to)(ta —t1) (t2 —to)(ta —t1).

Now Theorem 1.6 for g > 1 is a direct application of the gluing rules

(Theorem 2.3).
The same formula holds for ¢ = 0, which follows from the semi-simplicity

of the level (0,0) TQFT (see Remark 2.5 and Proposition 3.11. See also
Section 2 in [1], and Section 5 in [2]).

5. Proof of Theorem 1.7
We first prove the following lemma:
Lemma 5.1. Any P?-bundle over a curve C is deformation equivalent to
POeO0O® L) — C,

where O — C' s the trivial bundle and L — C' is a line bundle.
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Proof. First, we show that every P2-bundle over a curve C' is of the form
P(E) — C, where E — C is a rank 3 bundle. A rank 3 vector bundle
(resp. P2-bundle) over C is classified by an element in H'(C,G1(3)) (resp.
H'(C, PGI(3))), where G1(3) (resp. PGI(3)) is the (non-Abelian) sheaf of
Gl(3) (resp. PGI(3)) valued holomorphic functions on C. From the exact
sequence of sheaves

0— O — GI(3) — PGI(3) — 0,

we get a map
H'(C, PGI(3)) — H?*(C,0%).

By examining the cocycles, one can see that a P2-bundle over C is of the form

P(E) — C if and only if the corresponding element in H'(C, PGI(3)) goes to

zero under the above map. This element is represented by the Cech cocycle

obtained from the transition functions of the bundle. But H?*(C,0*) =0

for a curve C; this completes the first part of the proof of the lemma.
Next, we show that P(E) — C' is deformation equivalent to

P(O®O® L)~ C.

It is a standard fact that for a rank 3 bundle F over a curve, we have the
following exact sequence of bundles over C' (see [6], Example 5.0.1):

0— 00— E(m)— L — 0,

for some line bundle L and some m >> 0 such that E(m) is globally generated
by its sections. Thus E(m) corresponds to an element

v e Ext!(L, 0@ 0O).

We can deform E(m) by deforming the extension class v to 0 inside this
vector space. But 0 € Ext!(L, O @ O) corresponds to

Oap0a&L—C.

So we have proven that F(m) is deformation equivalent to O & O @ L.

Now we use the isomorphism P(E) = P(E(m)) to complete the proof of the
lemma. U
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By this lemma, we assume that the space X = P(O® O @ L), and we
let ¢1(L) = k. For simplicity, we use the following notations in this section:

A=[Z5(110,002], B=[Zs4+s(1]0,0)2], C=[Zs_s(0]0,1)2],
E = [Zﬁo(0|07 1)%2] ) N = [ZBO(O|O’_1)£Z] ) M = [Zﬁo+f(0|07 _1)52] .

A and B were given at the end of Section 4, and C' and E (respectively, N
and M) were the first and the second matrices in the right hand side of (4.1)
(respectively, (4.2)). By using the notations of the previous sections, we
can write

G =A+B, Uy=C+E, Uyl =N+ M,

and hence the formula in Theorem 1.6 (for k&1 =0 and ks = k) reads as
follows:

Z(g)0,k) = tr((A + B)Y"1(C + E)").

Now we are looking for those terms in this formula that correspond to
Calabi—Yau section class. If we denote this class by B.s = B9 + nf, then
n must satisfy

Kx- =0 = 29—2—-k—-3n=0.

If for given ¢ and k there is an integral solution for n in this equation, then
the Calabi-Yau class exists. We write the above equation in terms of n
instead of k:

Z(g|0,k) =tr((A+ B)9H(C + E)*97273),

Now by the gluing formula, G = A + B commutes with Us = C' + F, and so
we have

(5.1) Z(g|0,k) =tr(((A+ B)(C + E)?)9~YC + E)~3).
5.1. Notation

For two matrices U and V, by (U%,V?) for a,b € ZT, we mean the sum of
the all the products that we can write containing a copies of U and b copies
of V. For example

(U%,V)=U?V +UVU + VU?.
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We first assume that g > 0. We distinguish two cases:
(i) n < 0. One can see that E3 =0 and BE? = 0, and so we have

Z(g10,k) = tr(((A+ B)(C* + E* + (E,C)))"™"
X ((B%,C) + (E,C?) + C*)™")
=tr((AE? + B(E,C) +--- )9 1 ((E?,C) +---)™™).

A, B,C and E correspond to the classes By, 80 + f, 80 — f and [y, respec-
tively. One can see that only those terms that have been written in the last
equality above contribute to make the class G.s = Gp + nf. Thus,

Z5..(910, k) = tr((AE® + B(E, C))? 1 ((E?,C))™™)
= tr((AE* + BEC + BCE)'"Y(F*C + CE* + ECE)™)
= tr((AE®)9"Y(CE?)™) + tr((BEC)Y~ 1 (E?*C)™™)
(5.2) +tr((BCE)Y Y (ECE)™).

For the last equality, we only used the fact that £3 = BE? = 0 again, and
also

(5.3) t(UV) = tr(VU),

for any two matrices U and V.
Now one can see easily by induction that for any non-negative integer a

1 1 1
AE? (CE?)" = AE*= |1 1 1|¢°
1 1 1
Therefore, the first term in (5.2) is
11 17!
tr((AE*)9 Y (CE?)™) =tr | [1 1 1 2972
1 11
2

(5.4) = 39712972,
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Again induction on non-negative integers a, b together with simple calcula-
tions imply that

- PR
0 o h l2
to — ta
(BEC)"(E*C)*=3" |, ( fo—t2|¢®
t — to
001 |
Therefore, the the second term in (5.2) is
(5.5) tr((BEC)I™ 1 (E*C)™") = 39714972,

Powers of BC'E are more difficult to compute, and so for computing the
third term in (5.2) we first notice that

CEB = ??,

w O O
w O O
w O O

and also (ECFE)® = ECFE for any positive integer a, and so for b > 1, we
can write

(BCE)*(ECE)* = (B(CEB)" 'CE)(ECE) = 3" "Y(BCE)(ECE)¢*2.
An easy calculation shows that
tr (BCE)(ECE)) = tr(BCE) = 3¢°.
Putting all together, we can find the third term in (5.2):
(5.6) tr((BCE)Y"Y(ECE)™) = 397 1¢?972,
By (5.2)-(5.6), we find Zg_ (g|0,k) = 39¢29~2, which proves the theorem in
this case.
(ii) n > 0. We have Uy, ' = M + N, and so we can rewrite (5.1) as
Z(g]0,k) = tr(((A+ B)(C + E)?)9 (M + N)3™).
One can check that (M2 N) = M3 =0, and so

Z(g|0,k) = tr((AE? + B(E,C) + --- )97 Y((M,N?) + N3)").
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By the same reason as in the last case, we have

Z5..(g]0,k) = tr((AE?)9"Y(N2M)™) + tr((BEC)9" 1 (NMN)™)
+tr((BOE)Y Y (MN?)"),
The rest of the proof is similar to the last case and is omitted.

For g = 0, the result is deduced from the semi-simplicity of the TQFT
(Proposition 3.11, see also Remark 2.5).

Remark 5.2. The partition function for a Calabi—Yau section class is a
priori independent of the equivariant parameters. Hence, the calculation for
Theorem 1.7 can be done with any choice of equivariant parameters. For
example, the choice of

tg =0, t1 +t2 =0,

makes the calculations simpler.

Appendix A. Proof of the Gluing theorem

We first prove the assertion of Remark 2.4, which deals with the fact that
we do not need to consider maps with disconnected domains:

Lemma A.1. The contribution of maps with disconnected domain curves in
the section class equivariant Gromov—Witten invariants of the space P(O @
Ly & Ly) is zero.

Proof. A disconnected domain curve whose image represents the class Gy +
nf is a union of a distinguished connected component, whose image repre-
sents the class 3y + n'f, and a number of other components, whose images
represent the class n” f for some positive integer n”. We have

virdimM (X/F,n"f) = —(=3H + (29 — 2 — k1 — ko) F) - 0" f = 3n" > 0.
So by a discussion similar to Remark 2.1, one can see that

/‘ ) 1=0.
(VT (X/ Fo )]
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Disconnected invariants can be expressed in terms of the products of the
connected invariants?, and so the lemma follows from the vanishing above.

O

Now we return to the proof of Theorem 2.3. We prove the first formula,
and the proof of the second one is similar. For simplicity, we prove the case
s =0 and t = 0. Extending the argument to the general case is straight-
forward.

Let Cp be a connected curve of genus g with two irreducible components,
C’ and C” of genera ¢’ and ¢” respectively, which are attached together at
one point p. In other words

CO — ' U C//,

p=p'=p"
where p’ € C" and p” € C". Now we consider two P?-bundles
X' =P(OoLi® L) — ', X'"=POaL]® L)) — C",

where L), L}, LY and L} are line bundles of degrees ki, kb, k{ and kJ,
respectively. We attach these two spaces by identifying the fibers, F’ and
F" over p’ and p”, respectively, such that the resulting space is Wy = P(O ¢
Ly ® Le) — Cy, where Ly and Lo are line bundles of degrees ky = k} + kj
and ko = kY + kY, respectively. In other words

wo=Xx" | X
FP=F'=F"

where F' is the fiber over p.

Let W — A! be a generic, 1-parameter deformation of W, for which
the fibers W; for t # 0 € Al are P(O @ Ly & Ly) — C, where C is a smooth
curve of genus g, and L1 and Lo are line bundles of degrees ky, k».

We follow Jun Li’s proof of the degeneration formula in [8]. Let 20 be
the stack of expanded degenerations of W, with central fiber 20, and let

4For non-relative invariants, this follows from the elementary fact that the moduli
space of disconnected stable maps can easily be expressed in terms of products and
finite quotients of connected map moduli spaces. For the relative invariants, the
moduli space of disconnected maps no longer has a simple description in terms
of the moduli spaces for connected maps; however, the corresponding statement
relating the disconnected invariants to the connected invariants still holds. This
can be proven using the results of [11], where the authors prove that the relative
invariants can always be expressed in terms of the non-relative invariants [13].
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M 1,(20, 3) be the stack of non-degenerate, pre-deformable, genus h, degree
B maps to 20, where (3 is a section class [7].
We have the evaluation maps

ev' : My (X'JF',3') — F' = F, ev' : My (X'/JF",3") — F" = F.
Li constructs a map
D, M(X'/F',3') xp M(X"/F",3") — M(200, 3),

where 7 includes a pair of classes (3, 3”), such that 8 = ' + 3" and a pair
of genera (h',h"), such that h =h'+ h”. Then, he gives a virtual cycle
formula, which in our case is

[(VI(200), 8] = 3 @y ([M(X'/F, )] x [M(X"/F",8")]™"),
n
(A1)
where A : F' — F x F'is the diagonal map.

Remark A.2. The torus action on the family W — A! gives an action on
the stack of expanded degeneration, 2J. One can check that pre-deforma-
bility condition is invariant under this action, and so it induces (canonically)
an action on each of the moduli spaces M, (X'/F’, 3'), Mp.(X"/F",3") and
M (203, 3). Therefore, Li’s formula holds in the equivariant Chow groups.

If we work with the basis elements xg, 1, 2 (introduced in Section 2),
for the equivariant Chow group of the fiber F', by using (2.2), one can see
easily that

is its dual basis, and so the cohomology class of the diagonal of F' x F' is
given by [12, Theorem 11.11]

2
im(A) = sz x x;
1=0
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Using this, we can rewrite (A.1) as

[M QUQ, v1r Z (1)777 (Z /)*(xz) N W (X//F/,IB/)]Vir

=0
% (eV '$Z) n W(X"/F",ﬂ”)}“? '

‘We now have
Zj(g |k, ka) :/ 1 =/ 1
[M(20,,8)]vi [M (200,8)]vir
(ev")* ()

_ e
ZZ/ X/F/ / Vix' ) ( ) [M(X///F//’B//)}vir T(xl)

7]20

_ZZZ@ ) Zh::( //‘ )xl

n =0

Then we can write

Z(g| k1, k2) = Z Zuzh_Q_KX'BZg(Q | k1, ko)

[ is a section class h

2
= 3 Y S K K 2 4 )
B8 h n i=0
S X 2| R R

B? h’ ,'771

28" K K"

2
=D Z(g | K Ky Z(g" | K K5
i=0
Appendix B. Some special cases

In this appendix, we provide a few more applications of Theorem 1.6. The
proofs of the first three theorems are straightforward. One first expands the
formula in Theorem 1.6 in each case to get a polynomial in tg, t; and to.
The partition function that appeared in the statement of each theorem then
corresponds to the terms in this polynomial of a specific degree, determined
by the given curve class in that theorem (see Remark 2.1, and also the proofs
of Theorem 1.7 and Theorem B.4).
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Theorem B.1. Assume that k1 >0 and ko > 0. Then the degree By —
kif, level (k1,—k2) equivariant Gromov—Witten partition function of X is
given by

—2k,—k>
Zgo—t (g k1, —k2) = (t1 — to)ITH 72ty — tp)9thatha—t (2 sin g)

Theorem B.2. Assume that k > 0. Then the degree By — kf, level (k, k)

equivariant Gromov—Witten partition function of X is given by

Zgo—ks(g k. k) = (1 — o) F 1ty — t2)9 ™"
.U\ Tk
+ (ta — o)1ty — £1)97Y) (2 sin 5) .

Theorem B.3. Assume that k1 > 0 and ko > 0. Then the degree By, level
(—k1, —k2) equivariant Gromov—Witten partition function of X is given by

Zﬁo(g| - kl? _kQ)
w\ k1+ke
) k1 > 0, ko > 0,

(
(to — t1)9+k1_1(t0 — t2)9+k2_1 (2 sin 5

((to — t1)9F =L (kg — t2)9 ™"

k1
+(t2 — to)gfl(tg — tl)ngkl*l) (2 sin g) ki1 >0, ko

=9 ((to — t1)9 71 (tg — to)9tF—1

I
o

k2
—|—(t1 — to)g_l(tl — t2)9+k2_1) <2 Sin%) k1 =0, ko >0,

(to — t1)9 Y (to — t2)97 1 + (t1 — tg)9 7!
(tl — tg)gfl -+ (tQ — to)gfl(tg — tl)gfl k1 =0, ko =0.

Theorem B.4. Let n be the greatest integer that satisfies 3n < 2g — 2.
Then the degree By + nf, level (0,0) equivariant Gromov—Witten partition
function of X is given by
0 g = 3k,

w\ 29—2
39 (251n§) g=3k+1,

Zs.4nf(g]0,0) =
R FE PR RN

u\ 29—4
—tot1 — tota — tltg) <2 sin 5) g = 3k + 2.
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Proof. The case g = 0 again follows from the semi-simplicity of the level
(0,0) TQFT (Corollary 3.2.5, see also Remark 2.5), once one knows the
result for g > 0. So we will assume that g > 0.

Applying Theorem 1.6 to this case, we can write

Z(g10,0) = tr((A+ B)*™),

where A and B were defined in Section 5. We prove each case in this theorem
separately:

(i) g = 3k. In this case, n = 2k — 1, and one can see that (by using the
notation introduced in Section 5):

Zﬁo-ﬁ-(?k—l)f(g | 0, O) = tr((Ak7 B%fl))‘

We have

so for any positive integer a, we have

(B.1) (AB%)7 = 33a=340a=6 A B2,
One can prove easily that

(B.2) B* =0, (ABAB?*)* = 0.

Applying (5.3) a few times to each term of tr((A*, B?*~1)), and using
the other equalities above, we can prove that each of these terms is
either zero or is equal to

tr(AB(AB?*)k~1) = 33k =645k-12 ty(ABAB?).

However, an easy calculation shows that tr(ABAB?) = 0. This proves
that each term of tr((A¥, B%*~1)) is zero. So,

Zgy+(2k-1)£(910,0) = 0.

(il) g =3k + 1. In this case By + nf is the Calabi-Yau section class,
and we have proved the theorem for this case in more generality in
Section 5.
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(iii) g = 3k + 2. In this case n = 2k, and this time we have
Zgy12k7(910,0) = tr((A*, B?F)).

The cases k = 0,1 can be proved by easy calculations, and so we assume
that & > 1. Applying (5.3) a few times to each term of this, and using
(B.2), we can prove that each term of tr((A*T!, B?*)) is either zero or is
equal to either of

tr(A(AB%)%),  tr((AB)2(AB%)F ), tr(A2BY(AB?)F 1),

where the number of the terms of the first, the second and the third kinds
are 2k 4+ 1, 3k + 1 and k, respectively. So we can write

Zgyrorf(9]0,0) = (2k + 1) tr(A(AB%)%) 4+ (3k + 1) tr((AB)*(AB?)F1)
(B.3) + ktr(A2B2(AB%)F ).

Using (B.1), we can write

tr(A(AB%)F) = 3387396k =0 tr(A(AB?))
= 32 4 2 4 2 bty — tots — tit) gk,
tr((AB)Q(ABQ)k_l) — 33k—6 46k—12 tr((AB)Q(ABQ))
=231 4 2 442 oty — toty — tito) o0k,
tr(A2B2(AB2)k_1) — 33k—6¢6k—12 tr(A2B2(ABQ))
= 3L + 15 + 13 — tot1 — tota — tit2)d%F.
We define () := t(2) + 12 + 3 — tot] — toty — t1tz. Putting all these into (B.3),
we get
Z5(g]0,0) = 33712k + 1+ 2(3k + 1) + k)Q¢*F
= 3% (3k + 1)Q¢%" = 397%(g — 1)Q¢™ *,

and this proves the theorem in this case. ]
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