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Semi-perfect obstruction theory and
Donaldson—Thomas invariants of
derived objects

HuAal-LiANG CHANG AND JUN LI

We introduce a semi-perfect obstruction theory of a Deligne—
Mumford stack X that consists of local perfect obstruction theories
with a global obstruction sheaf. We construct the virtual cycle of
a Deligne-Mumford stack with a semi-perfect obstruction theory.
We use semi-perfect obstruction theory to construct virtual cycles
of moduli of derived objects on Calabi—Yau threefolds.

1. Introduction

In this note, we introduce the notion of semi-perfect obstruction of a Deligne—
Mumford stack. This notion has the advantage of the two perfect obstruction
theories introduced in [2, 13], by combining the local version of the perfect
obstruction theory formulated in [2] with the locality of the virtual normal
cone proved in [13]. This construction applies to moduli spaces that do not
have universal families, like moduli of derived objects; it makes working with
virtual cycles flexible.

Let X — M be a representable morphism from a Deligne-Mumford
stack to a smooth Artin stack of pure dimension. A semi-perfect relative
obstruction theory ¢ of X — M consists of an étale cover U, — X and
(truncated) perfect obstruction theory ¢, : Eq — L(E/ﬁj/l such that the
obstruction sheaves Oby, = H'(EY) descend to an obstruction sheaf on X,
and that the infinitesimal obstruction assignments of deforming closed points
in X are independent of the charts U,.

We denote by Oby the sheaf stack of the obstruction sheaf Oby of the
semi-obstruction theory ¢. We let s be the zero section of Obg. We will make
sense of the group of cycles Z,0by, and construct a Gysin map s Z+O0bgy —
A X.

Theorem 1.1. Suppose X — M as stated has a semi-perfect relative
obstruction theory ¢. Then the collection of intrisic normal cones Cy, s C

807



808 Huai-liang Chang & Jun Li
hl/ho((]L;]a/M)v)) push-forward and glue to a cycle [cx/p] € Z:Oby. We
define the virtual class of (X, ¢) be

(X, 6" = s'[ex ] € ALX.
This class has the usual properties satisfied by virtual classes.

Using the construction of the moduli spaces of derived objects by Inaba
[5] and Lieblich [14], and the perfect obstruction of derived objects over
Calabi-Yau threefolds by Huybrecht—Thomas [3], we show that the mod-
uli of derived objects has a semi-perfect obstruction theory. Applying the
main theorem, we obtain its virtual cycle, whose degree is the Donaldson—
Thomas invariant of the moduli space, and its deformation invariance
property.

The new input of this paper is that we put the cycle associated to the
coarse moduli of the intrinsic normal cone of a Deligne-Mumford stack into
its obstruction sheaf, assuming the existence of a semi-perfect obstruction
theory. Originally, Tian and the second named author [13] constructed the
virtual cycle after constructing the virtual normal cone in a vector bun-
dle that surjects onto the obstruction sheaf, and Behrend and Fantechi [2]
constructed the virtual cycle by constructing the intrinsic normal cone in
the normal sheaf of the stack and putting it in the bundle-stack h'/h® of
the obstruction theory. After [9] (see also [8] and [16]), one can apply the
Gysin map to a cycle in the bundle-stack directly, bypassing the need of
the mentioned global vector bundles. Later, in [11, 12] the intrinsic nor-
mal cone was implicitly put inside the obstruction sheaf. For moduli spaces
that lack universal families but do have obstruction sheaves (of their semi-
perfect obstruction theories), putting their intrinsic normal cones in the
obstruction sheaves allows one to apply the Gysin map to obtain their virtual
cycles.

Convention. In this paper, for a morphism p : V — U that is either a closed
embedding, an étale morphism, or a composition of both, we will use restrict-
ing to V, i.e. -]y, to denote the pullback under p. For instance, given a derive
object E on U, we denote by E|y = p*FE; for a stack Y over U, we denote
by Y|y =Y xy V, and for ¢ : E — F a homomorphism of derived objects
on U, we denote by ¢|y the pullback homomorphism p*¢ : p*E — p*F.

We fix a characteristic zero algebraically closed field k. All schemes and
stacks in this paper are defined over k.
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2. Intrinsic normal cones in the obstruction sheaves

In this section, we put the intrinsic normal cone in the obstruction sheaf,
and show that it only depend on the the obstruction class assignments.

We let M be as before, which is a pure dimension smooth Artin stack of
finite presentations. Let U — M be a morphism from a scheme of finite type
to M. In this paper, we denote by D(U) the derived complex of coherent
sheaves of Op-modules; we denote by L7/ the relative cotangent complex

of U — M [4], and by Ly its truncation Ly = IL[Z]/_AIA

Definition 2.1 [2]. A (truncated) perfect (relative) obstruction theory of
U — M consists of a morphism in D(U)

(2.1) ¢: E — Ly/m

such that

(1) E is a perfect complex in D(U) of amplitude contained in [—1, 0];
(2) hY(¢) is an isomorphism, and h=1(¢) is surjective.

Given ¢, we call Ob, := h'(EY) its obstruction sheaf.

For a derive object B € D(U) quasi-isomorphic to a complex of locally
free sheaves [By — B a4, . -], we define k' /h°(B) to be the quotient stack
[ker(dy)/Byo] [2]. Following the authors in [2, 9], we denote the intrinsic
normal cone and the intrinsic normal sheaf of U/ M by

(2.2) Cuym C Nyjag = b /WY (Lyyjam)Y) =2 B RO (L)),
we denote its associated cycle by [Cyja] € Z«Nyjaq- Let
(23) WRO(@Y) : Nuyjaa = bl /hO(EY)

be induced by the truncated perfect obstruction theory.

In this paper, for a coherent sheaf F of Oy-modules. We form the sheaf
stack of F, which is the groupoid that associates to any p: S — U the set
I'(S, p*F). By abuse of notation, we denote the sheaf stack of F by the
same symbol F. And following the h!/h® notation, we denote by h'(EY) the
sheaf stack of the cohomology sheaf H'(E"). Applying this construction to
Oby = HY(EY) and composed with (2.3), we have the induced morphism
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of stacks
(2.4) g : Nyyjm — b /RO(EY) — h'(EY),

where the last arrow is defined as follows.

We claim that given a complex of locally free sheaves F' = [Fy — F1]
on U, the homomorphism of sheaves F3 — H'(F) induces a tautological
morphism

(2.5) R /RO (F) — hY(F)

of stacks. Indeed, given any morphism p : S — U, an element in h!/h°(F)(9)
consists of a principal G = Fy xy S-bundle R, where F; is the associated
vector bundle of &F; (i.e. Oy (F;) = F;) and G is viewed as an S-group scheme,
and a G-equivariant S-morphism ¢ : R — I} xy S, where G acts on F} X7 S
via the linear homomorphism Fy — F. Equivalently, ¢ € I'(R, ¥ ®¢o, Or).
Let ¢ : 1 — H(F) be the projection. Then qo ¢ € I'(R, H(F) ®¢o, Og).
Since ¢ is G-equivariant, and since the induced G-action on H(F) ®¢, Og
is trivial, ¢ o ¢ descends to a section ¢ € (s, |t (F) ®0, Os), which is an

element in h(F)(S). Since this correspondence ¢ + ( is canonical, it defines
a desired morphism (2.5).

Definition 2.2. We call a substack A C F a reduced cycle if for any locally
free sheaf V of Oy-modules and a surjective f : V — JF, and denoting by the
same f the induced morphism of their respective stacks V — F, (V as the
total space of the vector bundle V,) V x4 A is a reduced Zariski closed subset
of V. We say A is integral if it is reduced and is not a union of two distinct
non-empty reduced cycle of . We define Z,.F to be the (rational) linear
combinations of integral cycles in JF.

Lemma 2.1. Let A C h*/h%(EY) be an integral cycle. Then the image
ne(A) C hY(EY) is an integral cycle in h1(EY). We call the cycle [ns(A)]
the push-forward of [A], and denote it by ns.[A] € Z,h' (EV).

Proof. Welet E = [E_; — Ey] with both E; locally free; let V = EY, and let

V[—1] — EY be induced by the identity V — EY,. By viewing V as the sheaf

stack of V, the arrow V[—1] — EV induces a morphism p : V — h!/hO(EVY).
Let A C ht/h%(EY) be an integral Artin substack. By definition,

pil(A) =A Xhl/hO(E'V) vcVv
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is a reduced Zariski closed subset. Let p’ : V — h!(EY) be the morphism of
stack induced by the same V[—1] — EV. It fits into a commutative square

/\7 __— /\7

J» J»

hl/RO(EY) —— hY(EY).
We claim that

PN (q(A)) = q(A) xp gy V= p H(A) C V.

We prove that p'~1(q(A)) C p~1(A); the other direction of inclusion is
similar and more direct. Let T" be any affine scheme and p: T — U a mor-
phism. By definition, an object in p'~'(q(A))(p) consists of a pair of a
T-morphism & : T — V| and an Ej |r-equivariant T-morphism & : P —
EY,|r, where P is a principle Ey |p-bundle over T', such that

(2.6) poél=qo&/Ey,

where g o &/ Ey is the descent of g 0 & to T — h'(EY)|r using that Ey acts
on h(EY) trivially.

We need to show that £ is an object in p~!(A)(p). For this, it suffices
to show that p(&) = &. Following [2, Sect. 2|, p(&1) is given by the Ey |-
principle bundle P’ = E|r with the tautological projection 7’ : P’ — T and
alh: P — EY||rvia&(v) = d¥(v) + & (7' (v)), where d¥ : Ef — EY, is the
dual of [E_; — Ep).

Because T is affine, we can find a section s : T" — P of the bundle P — T..
Then (2.6) implies that

po&=(gop)oos=po&os: T — h'(EY)|r.

Therefore, there is a section ¢ : T — Ej|p so that &0s =& +dV ot : T —
V. Therefore, we can find an isomorphism P = P’ as principle bundle so
that &, =2 &. This proves that p(£1) & £2; namely, £ is an object in p~1(A).
This proves the lemma. O

Representing [CU/ ] as a linear combination of integral cycles in Ny, I M>
and applying the push-forward 74, we obtain

[¢o] = 16:[Cuym] € ZehH(EY).
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In the remainder of this subsection, we study the dependence of this cycle
on the obstruction theory ¢. Suppose we have another truncated perfect
relative obstruction theory

(2.7) ¢ E' — Ly,
and suppose we have an isomorphism
(2.8) o WY (EY) = hH(EY).

We study when the cycles ¥.[cg] = [cq/].

As was proved in [13], the cycle [¢y] is determined by the obstruction
theories to deforming closed points in X. The uniqueness proof given here
reminiscent to that in [13].

For any closed p € U, we denote

(2.9) T3 gy = H (Luyam) ¥ lp)-

Definition 2.3. We define the intrinsic obstruction space to deforming
p €U to be TplU JIVERLS define the obstruction space (of the obstruction

theory ¢) to deforming p € U to be Ob(¢,p) = H'(EV|,).

Definition 2.4. Let +:T — T’ be a closed subscheme with 7" local
Artinian. Let I be the ideal sheaf of T'in 7", and let m be the ideal sheaf of
the closed point of T”. We call ¢+ a small extension if I - m = 0. Given a small
extension (7,7, I, m) that fits into a commutative square

T 2. U

(2.10) l l

77— M
so that the image of g contains a closed point p € U, finding a morphism
g : T — U that commutes with the arrows in (2.10) is called “infinitesimal
lifting problem of U/ M at p”.
Applying the standard obstruction theory and using
(2.11) Ext(¢* Ly/m, 1) = Ext’(g* v D)y i=0,1,

we obtain
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Lemma 2.2 [4, Chap. 3, Thm. 2.1.7]. For an infinitesimal lifting problem
of U/M at p as in (2.10), there is a canonical element

w(g, T, T') € Ext' (¢" Ly, ) = Ty 1y ©xc 1,

whose vanishing is necessary and sufficient for the lifting problem to be solv-
able; in case the lifting problem is solvable, the collection of the solutions
form a torsor under

EXtO(g*LU/Ma I) = Hom(g*QU/Ma I)

Definition 2.5. Let ¢ in (2.1) be a perfect obstruction theory. For the
infinitesimal lifting problem (2.10), we call the image

(2.12)
ob(¢, ¢, T,T') := H'(¢")(w(g,T,T)) € Ext'(¢" E, I) = Ob(¢, p) @x [

the obstruction class (of ¢) to the lifting problem (2.10).

Corollary 2.1 [2]. Let ¢ in (2.1) be a perfect relative obstruction theory.
Then the lifting problem (2.10) is solvable if and only if ob(¢,g,T,T") = 0.

Proof. This is true because H'(¢"|,) is injective. O

We now back to the pair of obstruction theories ¢ and ¢’ mentioned
in (2.7).

Definition 2.6. We call ¢ and ¢’ v-equivalent if there is an isomorphism
of sheaves

(2.13) v HY(EY) = HY(E"Y),

so that for every closed point p € U, and for any “infinitesimal lifting prob-
lem of U/M at p” as in (2.10), we have

Ylp(ob(, g, T,T')) = ob(¢', g, T, T") € Ob(¢', p) @k 1.
The main result of this section is

Proposition 2.1. Let (2.13) be a v-equivalence of ¢ and ¢', and let 1y :
Nyjm — h*(EY) be the induced morphisms of stacks (2.4). Then for any
integral cycle A C Ny,

U 19+ A]) = 19 [A] € ZLB'(E™).
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We recall the following known facts.

Lemma 2.3. Suppose G s a perfect complex over U of amplitude < 0.
Let p € U be a closed point and denote V' = H'(GV|,). Then canonically,
hY/RO(GV)|, =2 [V1/VY), where VO acts on V! trivially.

Proof. Let G=1--- g, G_1 i>GO — 0], where G; are locally free. With-
out loss of generality, we assume dol, : G_1|p — Golp is trivial. Let G' ; =
coker(d_1). Then G=Z=! =[G’ | — Gp]. We let C = Spec Sym(G’ ;). Then
the arrow G”_; — Gy defines an action G xy C' — C, where we view G
as the total space of the bundle Gy. By definition [2], h!/h°(GY) = [C/GY],
where [-] means the quotient stack.

By the base change property of coker(d_;), we have coker(d_i|,) =
G’ |p- Since do|, = 0, we have C' xyy p = V1. The lemma then follows from
the definition of h!/h° construction. O

We quote the following:

Lemma 2.4 [2, Prop. 4.7]. Let the situation be as in Definition 2.4, and
let p be a closed point of U. Given any vector v € Tpl,U/./\/l’ there exists an
infinitesimal lifting problem of U/M at p as in Definition 2.4 such that for
some w # 0 € I, the obstruction class

w(g, T,T") = v®w € Bxt'(g" Ly/ag, 1) = Ty Oxcip) -

Proof of Proposition 2.1. Let E' = [E' | — E{] with both E! locally free.
Let V = E",. To prove the proposition, by definition, we need to show that
for the surjective morphism V — h!(E"Y),

(214) 1/)(77¢(A)) Xhl(E/\/) V= 77¢/(A) Xhl(E/v) v

as subsets in V. Since V is a scheme and A is integral, both sides of (2.14)
are reduced and Zariski closed. Thus to show (2.14), it suffices to check that
for any closed p € U, we have

V(104 (A)) Xp1 gy (VIp) = ng (A) Xprgrvy (V]p)-
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But this follows from that there is an isomorphism 7, making the following
square commutative:

lp
NU/M‘p = hl/hO(LZ/M)\p - hl(Ev)|p
(2.15) | ke

n /|p
NU/M‘p = hl/hO(L\L/f/M)|p — hl(E/v)‘p'

Applying Lemma to G = Ly/ps, we obtain canonical isomorphisms

WY RO (Luya) o = TH (Loymlp) T HO (Loyaalp) Y] = [Ty 0 /aa/ Tovr s

applying the same lemma to G = E, we obtain the identity h'(EY)|, =
Ob(¢, p). Similarly we obtain isomorphisms with ¢ and E replaced by ¢’
and E’. Therefore, the existence of 7, making (2.15) commutative if the
square

H'(¢V]p)
T;U/M —— Ob(¢,p)

| vl

H'(¢"|p)
Ty 00 ob(g, p)

is commutative.

We prove this commutativity. Given any v € T;U/ A0 by Lemma 2.4
there exists an infinitesimal lifting problem (g,7T,7") for U/M at p as in
(2.10) and a 0 # w € I such that

VW = W(g,T, T,) € Tpl,U/M ®k(p) I.
Since ¢ and ¢’ are numerically equivalent, we have

H'(¢"],)(v) @ w = H'(¢"],)(v ® w)
= H'(¢"]p) (H' (6" |p) (v @ w))
= Hl(wv‘p) (H1(¢/V‘p)(v)) Q@ w.

As w # 0 and I is a k(p) vector space, we have

HY (6" ]p)(v) = H' (" |p) (H' (¢"]) (v).-

This proves the proposition. O
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3. Semi-perfect obstruction theory

Let M be as before and let X be a Deligne-Mumford stack of locally
finite type with a morphism X — M. Given two schemes U, and Ug with
étale Uy, Ug — X, we denote U, = U, X x Ug, and for any derived object
F € D(U,) we denote by F|y,, the pull back of F' under the projection
Uap — Uq.

Definition 3.1. A semi-perfect relative obstruction theory of X — M con-
sists of an étale covering {Uy}aen of X by affine schemes, and truncated
perfect relative obstruction theories

ba : Eo — LUG//\/b a€l

such that

1. for each pair «, 3 € A there is an isomorphism
(31) waﬁ : HI(E(\)z/)|U(y5 —>H1(Eg)’Uaﬁ7

so that the collection (H*(EY), ¥as) forms a descent data of sheaves.

2. for any pair a, 3 € A, the obstruction theories ¢|y,, and ¢g|v,, are
v-equivalent via ,g.

Obviously, a perfect obstruction theory is a semi-perfect obstruction
theory.

We fix a semi-perfect obstruction theory ¢ = {¢a,Uq; Ea,Vastr. We
denote by Oby the resulting descent sheaf on X from (1) of Definition 3.1;
we call it the obstruction sheaf of the semi-perfect obstruction theory.

Let & be a coherent sheaf of Ox-modules, viewed as a sheaf stack.

Definition 3.2. A reduced cycle A of F is a substack A C F so that for
any étale open U — X, U x5 A C F|y is a reduced cycle in the sense of
Definition 2.2; we call A integral if it is not a union of two distinct non-
trivial reduced cycles. We define the cycle group Z.F be (rational) linear
combinations of integral cycles of F.

Since F is a sheaf over X, by descent, A C F a reduced cycle if it is
given by an étale covering U, — X and reduced cycles A, C F|y, such that
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over each Ugg:
(3.2) A, Xy, Uag = Ag XU, Uag C ff’UQﬂ.

We continue to work with the semi-perfect obstruction theory ¢ as in
Definition 3.1. We construct a group homomorphism

(3.3) N+ ZeNx/m — ZxOby
by patching the collection
(3.4) 7]%* : Z*NUQ/.M e Z*Ob¢a.
Lemma 3.1. Given an integral Artin substack [A] C Z.Nx,p, the collec-
tion
[Aa] = 77¢>n*[A X x Ua] S Z*Ob¢‘UQ
satisfies the descent condition (3.2) to form an integral cycle in Z,Oby.

Proof. This follows from the definition of semi-perfect obstruction theories
and Proposition 2.1. O

We denote the resulting cycle by ng[A]. We denote by
T - Z*NX/M — Z*Ob¢>

the homomorphism by linear extension. Applying this to the cycle [Cx / M| €
Z*NX/M, we define

(3.5) [ex/m] = N6« [Cx/pa] € Z:Oby.

Let s be the zero section of Oby. To define the virtual cycle of X, we need
to construct a Gysin map st Z,0by — A, X. The Gysin map for a bundle
stack is constructed in [9]. The construction given here was first introduced
in the work of the second named author in [11]; it is reiterated in [6]. We
now sketch its construction.

Assume X is proper and of finite type. Let F be a coherent sheaf of Ox
modules, considered as a sheaf stack.

Given a non-trivial integral cycle A C F, where F is a sheaf stack of a
coherent sheaf F of Ox-modules, we pick an affine scheme U and an étale
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p:U — X sothat A xx U # (. Since U is affine, we can find a vector bundle
Vi on U and a surjective Vi — F|y. By definition,

Aly xg1, Vu CVu

is a reduced Zariski closed subset. We let B C U be the image of A|y x Fu VU
under the projection Vi — U. We let Y C X be the closure of the image
p(B). Because A is integral, Y is integral; because X is proper, Y is proper.

Because X is a proper Deligne-Mumford stack, we can find a projective
variety S and a generic finite morphism f : S — Y [10, Cor. 16.6.1]. Then we
can find a locally free sheaf V on S and a surjective sheaf homomorphism
V — f*F. Pick an open Sy C S so that fl|g, : So — Y is étale. Let Dy =
V|s, x5 A C V|s,, and let D4 C 'V be the closure of Dy. We call

(3.6) (f:S=Y, V- ff"F DyCV)

a proper representative of the integral cycle A. Let e be the degree of f :
S — Y. We define

s'[A] = e 1 £, (0y[D4]) € ALX,
where 0!V : 2,V — A, S is the Gysin map of the zero section of V.
Proposition 3.1. The stated procedure defines a Gysin map
(3.7) s 2,5 — AX
by linear extension.

Proof. We need to show that the map s'([A]) of an integral A € Z,F is
independent of the choice of the proper representatives of A. This is essen-
tially proved in [11] and [6, Sect. 3]. We outline the main idea here. Let
(f',S",V',D’y) be another proper representative of A. Then we can find
a third proper representative (f,S,V, D4) that fits into the commutative
squares

’ ’

S« 9 s/ \7 P g/*vl
(3.8) lg lf, and lp l

Since f is generically finite, both ¢ and g_’ are generically finite. Then by the
construction of the cycles D, D'y and Dy C 'V, we have p,[Da] = d(g)[D 4]
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and p,[Da] = d(g')[D'y]. Therefore, for s" and 5 the zero sections of V' and
V', we have

(deg g) f.5'[Da] = 9«5 [Da] = (deg g') fLs"[D'y].

Pushing forward to A,X, we prove that (3.7) is well defined. O

We prove that the Gysin map preserves the rational equivalence. Like the
usual rational equivalence, an integral rational equivalence is a pair (A, h)
of an integral cycle A of F and a non-trivial rational function on A, which
we define now.

Definition 3.3. We define a proper representative of a rational function
on an integral A € Z,F to be a proper representative (f,V,D4) of A as in
(3.6) and a rational function hy € k(D 4) so that for D'°" the normalization
of Dy, izf the extension of hy to D}, and ¢ : D°" — F the tautological
morphism, we have that for any closed p € D}°", the restriction h f|L71(L(p))
is either nowhere defined or takes a single value.

Let (f', 8", V', D)) and h'}, € k(Dj) be another proper representative of
a rational function on A. We say hy~ R % if for a third proper representative
(f,S,V,D4) of A fitting into the commutative squares (3.8) so that

(') (p) = (91, )" (hs) € K(Da).

We define a rational function on A to be an equivalence class of proper
representatives of rational functions of A.

We define an integral rational equivalence be a pair (4, h) of an integral
cycle A of F and a non-trivial rational function h on A. We define W, F be
the (rational) linear combinations of integral rational equivalences of F. We
now define the boundary homomorphism

(3.9) 0:W.5 — Z,9.

Let (A, h) be a rational equivalence with A integral and with a proper
presentation (f,S,V,D4) as in (3.6) and hy € k(D4)*. We now construct
O(A, h). We first express

(3.10) O(Da,hy) = Z na[D
A€l

where D, C 'V are integral. Let (g :V — f*F be the tautological map and
let (x : f*F — JF be the projection. By our definition of Ay, for each D,, the
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B,.s = (s(D,) C f*F has the property that D, = (51(3%3). Hence follow-
ing the proof of Proposition 2.1, one checks that B, g is an integral cycle.
We let B, = (x(Bg,s) C JF; it is an integral cycle in F. Let e = deg f; after
defining e,, which should be the degree of (x|B, ; : Ba,s — Ba, we define

(3.11) O(A,h) = e neeq[Ba]
a€l

We define the degree e, using étale representative of (A,h). We let 7 :
F — X be the projection. Since B, C F is an integral cycle, 7(B,) CY C X
is an integral substack. We pick an affine S’ and an étale f': S’ — Y so
that S’ xy 7(B,) — 7(B,) is dominant. We pick a locally free sheaf V' on
S’ and a surjective V' — f*F. By shinking S’ if necessary, we can assume
rank V = rank V. We let D’y = A xgV' C V.

To compare Dy and D'y, we form T' = S xy S'; welet p: T — S and p' :
T — S’ be the projections. We then pick an affine opens U C T so that if we
let ¢ : V — S be the projection, U N (¢(Dy,) xy S’) is dense in ¢(D,) xy S;
we pick a dense affine open Uy C U so that p/|y, : Uy — S’ is étale. Since U
is affine, we can find an isomorphism p*V|y = p*V'|; that commutes with
the projection p*V — p* f*F and p*V' — p* f*F:

UycUcT 2 & PV —— p "7
J» | = [ |
S Yy Vi=pVy —— pf*F

We now view Dy xg U and D’y xg U as subsets in v using the isomor-
phisms above, and using that Uy — Y is étale. Since Uy — Y is étale, we
have that

DaxsUy= D)y xs Up=AxgV|y, C Vg,

We let D 4 be the closure of Dy xg Upin V. Welet ¢ : V — Vand ¢ : V — V'
be the projections.

By our assumption on hy € k(Da)*, we see that (q|p )*(hy) descends
to a rational function on D';; we denote the descent by hy € k(D',)*. We
express

d(Dly, hyr) = my[ Dy,
bel’

where Dj are integral.
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Finally, we pick a b(a) € I’ so that the intersection

(3.12) Dy := (Do x5 U) N (Dygy x5 U) CV,

where we view both D, xg U and ‘D;)(a) X g U as subsets of v using the

isomorphisms in the square above, D, dominates both D, and D{) .- Because
hy is the descent of (q|5 )*(hy), a direct checking shows that such b(a) € I'
exists.

The geometric meaning of this construction mimics the fiber product
over F. We let B, C JF|s be the image stack of D, under V — f*F = F|g. We
let Bl/;(a) C F|s be the image of Dg(a) under V' — f*F = F|g,. Our assump-
tion that (3.12) dominates D, and D{)(a) ensures that the image of Bl’)(a)

under F|s: — F is B,. (Note that B, maps to B, because B, is the image
of D,.) This way, the degree of B, — B, is the same as the degree of

To define this degree, we pull back the first term in (3.13) to the bundle v
over U to obtain the D, in (3.12); we pull back the second term in (3.13) to
V' to obtain Dé(a) C V. Thus the degree of (3.13) is the same as

eq = deg(q| p, D, — Diyay)-

Since this definition uses the fact that the degree of a map is preserved
after an étale base change of both the domain and the target, it implies that
eq is well-defined, independent of the choice of the étale cover 8" — Y we
pick. Since the checking is routine, we omit it here.

With e, defined, we define 9(A, h) using (3.11). By linear extension, we
obtain the boundary operation (3.9).

Corollary 3.1. We have the relation
s'00=0:WTF — AX.

Proof. We only need to check that for any integral (A, h) € W, F, we have
(s' 0 0)(A, h) = 0. The proof is routine using proper representative of (A, h),
which transform this identity to the identity s' o @ for rational equivalence in
a vector bundle over a scheme. Since the proof follows the argument in [11]
and [6, Sect. 3], we will omit the details here. O
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Definition-Theorem 3.1. Let M be an Artin stack locally of finite type,
and let X be a proper Deligne-Mumford stack of finite presentation. Suppose
M is smooth and of pure dimension, and suppose ¢ is a semi-perfect rela-
tive obstruction theory of X/M. The stated procedure produces a (virtual
normal) cone cycle [cx/r(] € Z.Obg. We define the virtual cycle of X be

[X, ¢]vir = SI[CX/M] e A X.

We prove that the virtual cycle [X, o] is deformation invariant in the
sense of cycles. Consider a fiber-diagram [2, Sect. 7] of separated Deligne—
Mumford stacks X and X’ to smooth Artin stacks M and M’

X %, x

M LM
such that M and M’ are of pure dimensions, u is representable, and v :

M’ — M is a regular immersion. Let v A, X — A, X' be the Gysin homo-
morphism associated to this square.

Proposition 3.2. A semi-perfect relative obstruction theory ¢ of X/ M
induces a semi-perfect relative obstruction theory ¢' of X'/ M', and their
virtual cycles are related by

U![X, ¢]Vir — [X/,¢/]Vir.
Proof. We let ¢ be given by {¢a,Uq, Eq,Vap}r. We cover X' by Ul =

U, X x X'. Let uy be the induced morphism fitting into the Cartesian square

/ U
U, e U,

(3.14) J l

(2

M —— M.
For each a € A, we let

Go, = Unpa : By = uEo — up Ly, jpa — Lus jans

where the last arrow is induced from the Cartesian square (3.14).
According to [2, Prop. 7.2], ¢, is a perfect obstruction theory of U/, —

M'. To form a semi-perfect obstruction theory of X’ — M’  we need tran-

sitions 1/1;5. Over U&B =U! xx Ué = X' xx Uy, let uqgs: Uéﬂ — Uyp be
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the tautological inclusion. We define

Vg = (Uap) (Vap) : By

Since ¢ is a semi-perfect obstruction theory, one checks that ¢’ = {U!, ¢/,
EL,, ¥} is a semi-perfect obstruction theory of X’/M'’. Since the checking
is routine, we will omit the detail.

We now prove the identity v'[X, ¢ = [X’, ¢/]''. Let L = Npq/pq be
the normal bundle to M’ in M. Because v : M’ — M is a regular closed
immersion, V' is a vector bundle. By the proof of [2, Prop. 7.2] and [7], the
Vistoli’s rational equivalence

/
U(;ﬁ Eﬁ Uclxﬁ‘

(B, h) € Wi(L xp Cxymlxr) € WilL Xmr Nxjmlx)
gives the following identity as cycles:

(3.15)
a(R? h) = [CCX/M‘X//Cx/M] - [L XM’ CX'/M'] € Z*(L XM’ NX/M|X/)

In case X/M has a perfect relative obstruction theory, push-forward this
relation to the bundle-stack of the obstruction complex proves the desired
identity v'[X, ¢ = [ X', ¢/]VI".

We now show that (3.15) proves the same identity in the case of semi-
perfect obstruction theory. We let

?:: L XOM, ObX/M’X’?

which is L X@M/ ObX//_/\/l’ since ObX’/M’ = ObX/M’X’-
We let

N : L xpme Nxyplor, — Flur, = L xar Oby, ypane

be the morphism (of stacks) induced by (LLE,:/IM)V — EY — HY(EY).
Repeating the proof of Proposition 2.1, we conclude that the collection of
image cycles Nax[L X amr Cxryag] (1€8DP- Nax[Coyanlxr /0 ai U2 ]) forms a cycle
in F. Obviously, the former form the cycle L X o ¢xi/aq; we denote the
later by [b] € Z,J. Letting so be the zero section of the stack Obx. /e, we
conclude

S'[L e exoyanr] = splex ] = (X, ¢ € AX.
Mimic the proof given in [11] and [6, Sect. 3], we conclude that

s'[b] = v'[X, @] € A, X'
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Finally, like before we can push R via 7, to form a cycle in F; we then
check that h descends to a rational function on this cycle, resulting a rational
equivalence 3 € W, F. Then the relation (3.15) gives

862 [b] — [L X M’ CX’/M’] S Z*gj

Since the argument is routine, we will omit the details here.
Combined, we have

VX, @] = 'L xmr cxoyae] = 5'[0] — 5'(98) = [X7, 9]

This proves the theorem. O

4. Virtual cycle of derived objects and
deformation invariance

In this section, we construct semi-perfect obstruction theory of the moduli
of derived objects on a projective Calabi—Yau threefold. In case the moduli
space has an open, proper Deligne-Mumford substack, the virtual class of
the semi-perfect obstruction defines the Donaldson—Thomas invariant of this
moduli space. This for instance applies to the moduli spaces constructed
in [15].

We fix a smooth family of projective Calabi—Yau threefolds S — B. We
follow the convention that for T'— B, we use pg and pr to denote the
projections of S xgT to S and 7.

We quote a theorem of Inaba [5], generalized by Lieblich [14].

Theorem 4.1. Let Dg/p be the stack of objects E in D*(S) that are rela-
tively perfect over B and that for all geometric points b € B we have Ext?<?
(Ep, Ey) =0 and Ext’(Ey, Ey) = k(b). Then Dg/p is a Deligne-Mumford
stack locally of finite presentation over B.

Recall that since S — B is smooth and projective, an E € D*(S x5 T) is
relatively perfect if it is locally perfect [14]. In this section, we are interested
in the substack of derived objects with fixed determinant line bundle.

Definition 4.1. Let £ € D*(S xp T) be relatively perfect, and let L be a
line bundle on S. We say det £ ~ pgL if there is a line bundle J on T" such
that det E = pt{L @ piJ.
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Following Inaba [5], we introduce the moduli functor
Splcpxé/B : (Sch/B) — (Sets)

that sends any B-scheme T to the set of all E € D(S x g T) satisfying the
requirements in Theorem 4.1 and det E ~ p¢ L. Applying the proof in [5] (see
also [14]), its étale sheafification D% /p 1s a Deligne-Mumford stack, locally
of finite presentation over B.

We introduce the notion of semi-families and show that ’Dg /B admits a
universal semi-family.

Definition 4.2. For any Deligne—-Mumford stack X — B, a semi-family of
derived objects in D?(S) on X consists of an étale open covering {U,}a of
X, derived objects E, € D’(S xg U,), and quasi-isomorphisms

fop : Balsxutn, = Eglsxyv., in DU(S xp Usp),

that satisfy the semi-cocycle condition: for any triple («, 3,7) in A, there is
a capy € (O, ) such that

(4.1) o fva 0 sy [y 0 Tapfap = Capy - 1d : Balsx sUns, — EalsxsUas,
where mo5 : S Xp Uagy — S X g Uyg is the tautological projection.

Definition 4.3. Let X C @g p be an open substack. A universal semi-
family over X consists of a semi-family {E,, fop}a on X of which the fol-
lowing holds: for any scheme 7" over B and any object F' € Splcpxé / 5(T)
such that the induced morphism T — @é /B (induced by F') factors through
X C @é/B, then there is an étale cover {T,}x of T' (indexed by the same A
in {U,}a) and morphisms ¢, : T, — U, such that

(15 X Spoa)*Ea = F|S><BUQ~

Proposition 4.1. Let X C 'Dg/B be an open and closed substack. Then X
admits a universal semi-family.

Proof. The proof follows from that ’Dg /B is a sheafification of Splcpxg /B O

Using universal semi-families of X, and applying the Atiyah class con-
structed by Huybrecht—Thomas [3], we construct semi-perfect obstruction
theory of X/B.
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Lemma 4.1. Let X C C‘Dg/B be an open substack. Then X — B has a semi-
perfect relative obstruction theory given by the Atiyah class constructed in [3].

Proof. Let {Eq, fag}a be a universal semi-family. Using that it is universal
locally, we conclude that for any closed x € U,, the family FE, restricted
to the formal completion of U, at x is the universal family of the hull
of the infinitesimal deformations of z in U,. Thus applying the work of
Huybrecht-Thomas [3], after fixing a closed embedding U, — W, into a
B-smooth scheme W, and presenting the truncated cotangent complex of
U, — B as

LUQ/B = [IUQCWQ/I?JGCwa - QWQ/B|Ua]a

we obtain a perfect relative obstruction theory
¢q : Fo := RHomg,, (Eo, Eo)o — Ly, /B

where the subscript 0 stands for the traceless part.
Using f,g, we obtain an isomorphism g, as shown making the square

¢a|U0‘ﬁ
Folv,, — Ly.,;B = Lu./B

$slu,s
Fsly,, — Ly,,/B = Lu,/Blu.,

Uas

commutative in D(U,g). Let
’¢aﬂ = Hl(gzoa) : Hl(Fc\y/)’Uaﬁ I Hl(Fﬂv)|Uaﬁ'

Because a scaling automorphism ¢, - id : E, — E,, co € F(O* ), induces the
identity automorphism of RHomoe,, (Ea, Es)o, the cocycle condition (4.1)
implies that for any triple indices (o, f,7), pullback to U,g, we obtain
identity

UralUas, © Vpy|Uas, © Yapl.,s, = 1d.
This proves that {Uy, ¢, Ea, Vst is a semi-perfect relative obstruction

theory of X — M. O

Definition-Theorem 4.1. In case B is a closed point, S is a smooth pro-
jective Calabi—Yau threefold and L is a line bundle on S, for any proper, open
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and closed substack X C D%, we define its associated Donaldson-Thomas
invariant be deg[X]""", where [X]"" is the virtual cycle constructed by apply-
ing Definition-Theorem 3.1 to the semi-perfect obstruction theory of X con-
structed in Lemma 4.1.

Back to the case of a smooth family of projective Calabi—Yau S — B over
a smooth base B, we let X C :Dé/B be a B-proper, open and closed substack.
For any closed point b € B, we denote X, = X X p b, denote 45 : Xy — X the
inclusion and i!b : A X — A, Xy the Gysin map.

Corollary 4.1. Let the situation be as stated, then ij[X]V" = [X;]'F.

Proof. This follows from Proposition 3.2. U

This confirms the deformation invariance of Donaldson—Thomas invari-
ant of proper moduli of derived objects.

5. Further comments

One can define the same Donaldson—Thomas invariant of a moduli of derived
objects using Behrend’s weighted Euler number [1], based on Huybrecht—
Thomas’ construction of perfect obstruction theory [3]. However, semi-
perfect obstruction theory proves that the Donaldson—Thomas invariant of
derived objects is deformation invariant.

We can weaken the assumption on semi-perfect obstruction theory by
replacing (1) in Definition 3.1 by that restricting Oby_ to the reduced part
(U )red of U, descend to a sheaf on the reduced part of X; the item (2) is
unchanged since v-equivalent only requires the restriction of the obstruction
sheaves to the reduced part of the Deligne-Mumford stack. The results of
this paper hold true in this weaker version of semi-perfect obstruction theory.
Since we do not see immediate application of this, for notational simplicity,
in the end we phrase the semi-perfect obstruction theory relying on the full
obstruction sheaf of the stack.

In many applications, the t,3 in (3.1) are induced from quasi-
isomorphisms

\Paﬁ : Ea’UaB —>E,B‘Ua,8'
If we further assume that these quasi-isomorphisms form a descent data

for the stacks h'/h(EY), namely there is a two-term perfect complex E
on X such that E, = E|y, and the quasi-isomorphism W,z is isomorphic
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to that induced by the identity map of E, then we can use intersection
theory on bundle stacks to define the virtual cycles. Indeed, by assumption,
Obg = H'(EV), which induces the coarse moduli functor ! /h%(EY) — Oby.
For the cycle [cx/a] € Z+Oby, by expressing it as rational combination of
integral cycles [cx/ ] = >, nilci], we define & = ¢; xop, h'/h°(EY), where
each ¢; € Z,h'/h°(EY) is an integral cycle, and define

[cx/m] = Zni[zi] € Z.h' /O (EY).

Let 5 be the zero section of h!' /h°(EY); using the Gysin map ' defined in [9],
we obtain

!

§lexyml = 8'lex/ml € AX.
This way, the intersection theory on Artin stacks can be applied directly.
The last comment is on the relation of the perfect obstruction theory
formulated by Tian and the second named author in [13] with the semi-
perfect obstruction theory defined in this paper. It can be shown that a
“family Kuranishi model” over an affine chart U, — X constructed in [13]
induces a perfect obstruction ¢, : Eq — Ly, /0 as formulated in [2]. The
v-equivalence over intersection U,g follows from the definition of the perfect
obstruction theory in [13]. It is in this sense we say that the semi-perfect
obstruction theory is a mixture of the two versions of perfect obstruction
theories formulated in [2, 13].
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